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Abstract

We consider the dimensionality-reduction problem
(finding asubspace approximation of observed data)
for contaminated datain the high dimensional regime,
where the the number of observations is of the
same magnitude as the number of variables of each
observation, and the data set contains some (ar-
bitrarily) corrupted observations. We propose a
High-dimensional Robust Principal Component Anal-
ysis (HR-PCA) algorithm that is tractable, robust
to contaminated points, and easily kernelizable. The
resulting subspace has a bounded deviation from
the desired one, and unlike ordinary PCA ago-
rithms, achieves optimality in the limit case where
the proportion of corrupted points goes to zero.

1 Introduction

Theanalysis of very high dimensional data— data sets where
the dimensionality of each observation is comparable to or
even larger than the number of observations— has drawn in-
creasing attention in the last few decades [1, 2]. Today, it
is common practice that observations on individual instances
are curves, spectra, images or even movies, where a single
observation has dimensionality ranging from thousands to
billions. Practical high dimensional data examples include
DNA Microarray data, financial data, climate data, web search
engine, and consumer data. In addition, the nowadays stan-
dard “Kernel Trick” [3], apre-processing routine which non-
linearly maps the observations into a (possibly infinite di-
mensional) Hilbert space, transformsvirtually every data set
to a high dimensional one. Efforts of extending traditional
statistical tools (designed for low dimensional case) into this
high-dimensional regime are generally unsuccessful. This
fact has stimulated research on formulating fresh data-analysis
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techniques able to cope with such a “dimensionality explo-
sion.”

In this paper, we consider a high-dimensional counter-
part of Principal Component Analysis (PCA) that is robust
to the existence of corrupted or contaminated data. In our
setup, alow dimensional Gaussian signal ismappedto avery
high dimensional space, after which point high-dimensional
Gaussian noise is added, to produce points that no longer
lie on alow dimensional subspace. Then, a constant frac-
tion of the points are arbitrarily corrupted in a perhaps non-
probabilistic manner. We refrain from calling these “out-
liers’ to emphasizethat their distributionis entirely arbitrary,
rather than from the tails of any particular distribution, e.g.,
the noise distribution. We call the remaining points “authen-
tic”

Work on PCA dates back as early as [4], and has become
one of the most important techniques for data compression
and feature extraction. It is widely used in statistical data
analysis, communicationtheory, pattern recognition, and im-
age processing [5]. The standard PCA a gorithm constructs
the optimal (in aleast-square sense) subspace approximation
to observations by computing the eigenvectors or Principal
Components (PCs) of the sample covariance or correlation
matrix.

It is well known that such analysis is extremely sensi-
tive to outlying, or corrupted, measurements. Indeed, one
aberrant observation is sufficient to cause arbitrarily large
changes in the covariance or correlation matrix, and hence
the corresponding PCs.

In the low-dimensional regime where the observations
significantly outnumber the variables of each observation,
several robust PCA algorithms have been proposed (e.g.,[6,
7, 8,9, 10, 11, 12]). These agorithms can be roughly di-
vided into two classes: (i) performing a standard PCA on
arobust estimation of the covariance or correlation matrix;
(i) maximizing (over al unit-norm w) some r(w) that is a
robust estimate of the variance of univariate data obtained
by projecting the observations onto direction w. Both ap-
proaches encounter serious difficultieswhen applied to high-
dimensional data-sets:

e There are not enough observations to robustly estimate
the covariance or correlations matrix. For example, the
widely-used MV E estimator [13], which treats the Min-
imum Volume Ellipsoid that covers half of the obser-
vations as the covariance estimation, is ill-posed in the



high-dimensional case. Indeed, to the best of our knowl-
edge, the assumption that observations far outnumber
dimensionality seems crucia for those robust variance
estimators to achieve statistical consistency.

e Unlike standard PCA that has a polynomial computa-
tion time, the maximization of »(w) is generally anon-
convex problem, and becomes extremely hard to solve
or approximate as the dimensionality of w increases. In
fact, the number of the local maxima grows so fast that
it is effectively impossible to find a sufficiently good
solution using gradient-based algorithms with random
re-initialization.

In contrast to these approaches, we propose aHigh-dimensional

Robust PCA (HR-PCA) algorithm that takes into account the
inherent difficulty in analyzing the high dimensiona data. In
particular, the algorithm we propose here is tractable, prov-

ably robust to corrupted points, easily kernelizable, and asymp-

totically optimal.

The proposed a gorithm takes an “ actor-critic” form: we
apply standard PCA in order to find a set of candidate di-
rections. These directions are then subjected to a hypothesis
test, that uses a computationally efficient one-dimensional
robust variance estimate. This hypothesis test determines if
the variance is due to corrupted data, or indeed the “authen-
tic” points. In case of the latter, the algorithm has found a
true PC. In case of the former, we use a randomized point
removal scheme, that guarantees quick termination of our al-
gorithm with deviation guarantees on the PCs it ultimately
reports, from the true PCs.

One notable difference between this paper and previous
robust PCA work is how we measure the robustness of an
algorithm. Thetraditional robustness measurement is the so-
called “breakdown point” [14], i.e., the percentage of cor-
rupted pointsthat can make the output of the algorithm arbi-
trarily bad. Thisisan indirect measurement: except that the
error is not unlimited, thereis no guarantee that the output is
good enough, even when the algorithm does not breakdown.
In contrast, we directly investigate the “robust performance”
of the algorithm, i.e., the performance gap between the out-
put of the algorithm and the optimum, as a function of the
fraction of corrupted points. Therefore, such direct measure-
ment provides an explicit guarantee of the performance of
the algorithm, which we regard to be of importance in prac-
tice.

The paper isorganized asfollows: In Section 2 we present
the setup of the problem, the hypothesis test, and then the
HR-PCA algorithm including the randomized point removal
scheme. Based on some technical results established in Sec-
tion 3, we show the validity of HR-PCA in Section 4 by pro-
viding abound on the probability that our algorithm removes
acorrupted point at any giveniteration, and then using thisto
bound the running time of the algorithm, and finally to give
finite sample and asymptotic performance guarantees. Sec-
tion 5 is devoted to the kernelization of HR-PCA. We provide
some numerical experiment resultsin Section 6.

Notation: Capital letters and boldface letters are used
to denote matrices and vectors, respectively. ®(-) stands for
the cumulative distribution function of N(0,1) and we let
®~1(c) be —oo and +oo for ¢ < 0 and ¢ > 1 respectively.

U(-) is the Tracy-Widom distribution of order one (c.f [15,
2]), implemented using a numerical lookup table. A £ x k
unit matrix is denoted by 7. The largest eigenvalue of a
symmetric matrix C' is represented as A< (C). For ¢ € R,
[c]* £ max(0, c).

As this paper is notationally very heavy, we introduce a
number of parameters to simplify long expressions, in the
hopes of highlighting the key elements. While we introduce
the parameters at the appropriate parts of the text, we keep
the following convention, to facilitate the reader’s job. Pa-
rameters which have a physical meaning, such as the largest
singular value of amatrix, or thefraction of corrupted points,
etc., all havea' . Parameterswhich areintroduced as* slack”
factorsin order to deal with finite-sample estimates (and go
to zero asymptotically) all have a‘*’. Finaly, parameters
synthesized from the two categories above, and introduced
simply to shorten and simplify expressions, all havea“™

2 HR-PCA: TheAlgorithm

The agorithm of HR-PCA is presented in this section. We
start with the mathematical setup of the problem in Sec-
tion 2.1. Asdiscussed in the Introduction, HR-PCA follows
an “actor-critic” approach in which arobust univariate vari-
ance estimator serves as a hypothesis test, to evauate the
robustness of PCs found. We call this the “ Sensitivity Test”
and provideits formulationin Section 2.2. The HR-PCA a-
gorithmis then givenin Section 2.3.

2.1 Problem Setup
We consider the following problem:

e The “authentic samples’ zy,...,z, € R™ are gener-
ated by z; = Ax; + n;, where x; (the “signal”) and
n; (the“noise”) are independent realizations of random
variables x ~ N(0,1;) and n ~ A(0,1,,) respec-
tively. The matrix A € R™*< is unknown.

e Thecorrupted dataaredenotedo, ...,0,—+ € R™ and
they are arbitrary (even maliciously chosen).

e We only observe the contaminated data set

yé {yl --'ayn} = {Zla'"aZt}U{Ola"'aon—t}-
An element of ) iscalled a“point”.

We denote the fraction of corrupted pointsby 7 £ n — t/n.
In this paper, we focus on the case wheren ~ m > d and
Amax(ATA) > 1. That is, the number and dimensionality
of observations are of the same magnitude, and much larger
than the dimensionality of x; the leading eigenvalueof A " A
issignificantly larger than 1.

For a set of orthogonal vectorsvy, ..
is measured by the Expressed Variance

., vq, performance

d
gy, s iz Vi AATvi
Y viTAATY;

7

where {vi,...,v"} are the largest d eigenvectorsof AAT
(i.e., the desired PCs). Notice that the maximum of E.V.
equals 1, and is achieved by recovering the span of the true



PCs {v7,...,v}}. Inaddition, when d = 1, the Expressed
Variancerelatesto another natural performancemetric— the

anglebetweenv; and v —since E.V.(vy) = cos?(£(v1, v}))

(see Figure 1). When d > 1, such geometric interpretation
no longer exists since the angl e between two subspacesis not
well defined. The Expressed Variance represents the portion
of signal Ax being expressed by v, ...,v4. Equivaently,
1 — E.V.isthereconstruction error of the signal.
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Figure 1. Expressed Variance vs Angle for d=1.

While we give finite-sample results, our main theorem
gives the asymptotic performance of HR-PCA when the di-
mension and the number of observations grow together to
infinity. To be more precise, our asymptotic setting is as
follows. Suppose there exists a sequence of sample sets
{Y()}; = {¥(1).Y(2),... }, where for Y(j), n(j), m(),
A(j), d(4), etc., denote the corresponding val ues of the quan-
tities defined above. Then the following must hold for some
positive constants ¢y, co:

Jm Gy T e d(j) < c2; m(j) T +o0; M

Amax(A(7) T A(j)) T +00.

2.2 Sensitivity Test

We present the formulation of the “Sensitivity Test” in this
subsection. Thistest isbased on evaluating the“ 6 confidence
interval” of a collection of scalar values, i.e., the shortest
interval containing a6 fraction of the scalars. For unit-norm
w € R™, let

lo 2 1(0.5+ g,wTyl, . ,wTyn),

which is the 0.5 + 77/2 confidence interval for the points
projected on the direction w. This confidence interval I,
is an estimator of standard deviation robust to the existence
of corrupted points [14]. Once PCA outputs directions of
largest variance, for each direction we use this estimator to
determineif the confidenceinterval is consistent with the ob-
served variance, and hence if the variance is a phenomenon
due to the authentic points, or due to the corrupted data. We
refer to Figure ?? for an illustration. Thisfigureillustrates a
sensitivity test used often in practice, whereby the variance,
o2, of acorrupted sample set along a direction w is deemed
consistent with the confidence interval or not, according to
therule:

consistent  if (1+/7)(1 —N)Hy > 02
inconsistent if (1+ /7)(1 —7)Hw < 0? ’

Confidence Confidence
Interval Interval
|

S

-
Standard
Deviation

No Corrupted Data

Standard
Deviation

Some Corrupted Data

Figure 2: lllustration of the Sensitivity Test
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A lw

Becausewe areinterested in asensitivity test at each iter-
ation, when some number s of the points have been removed
in previous iterations, and because we require finite sample
bounds in the sequel, we need a modification of the above
sensitivity test that incorporates some slack factors. We note
that asymptotically, our slack factors disappear, and our sen-
sitivity test corresponds with the one given above. Before
providing the exact form of the Sensitivity Test, we definethe
following terms to simplify the expressions. Again we use
our convention whereby parameters with aphysical meaning
havea' ™, slack parameters which go to zero asymptotically
have a ‘"’ and parameters synthesized from the two cate-
gories above, and introduced simply to shorten and simplify
expressions, al havea“™

In the quantities below, the subscript ‘¢’ corresponds to
the number of authentic points, and therefore is a quantity
that in the asymptotic analysis will go to infinity. The sub-
script ‘6" will be aprobability parameter we usein the sequel
to control the probability of finite sample deviation results,
and therefore will be taken to be a very small positive num-

ber.
El é \/ )\max(AAT);

< s 4 2ot
Ats = —
I (1 -t

The first quantity above implicitly has a ¢-index, since the
size of the matrix A is fixed to t. Note further that by as-
sumption, 71 goesto infinity as¢ — oo. The second quan-
tity above bounds the variance of the noise realizations, as
shown in Theorem 3 below.

d? 1
b5 = \/67 <1112d2 + In 5),

N 8d+ 8 t 8. 8
i é\/—l b 88,
6.9 P R

b5 2 28(0.75) — 207(0.75 — hy5);

(I £ ét,zﬁ% +[1+ ét,&/Q]\/ Xt,651 + Xt,é;

5. & {lw+<5t,551+20}.
w= MW A\ S
e>v/2xs 201(0.75 — 55)
Hy 2 63, + Ut5.



Finally, we can define our sensitivity test.

Definition 1 If s points have been removed, and the empiri-
cal variancein a direction w is o2, then the Sensitivity Test
H is defined as

H( ) & consistent,  if VA > 52
W7 0-7 S = . .

inconsistent,  if MH < o2
Note that O takes the place of the term m in the ex-
pression given for the first sensitivity test above.
2.3 Main Algorithm
The main algorithm of HR-PCA is as given below.
HR-PCA
Input: Contaminated sample-set) = {y1,...,yn»} C R™,

ﬁy da 61 El'

Output: vy,...,vg.
Algorithm:

1L Let = yi:=y;fori=1,...n;s:=0.
2. Compute the empirical variance matrix

n—s

3. Let 61,...,6% and vy,..., vy be the d largest
gi genvalues and the corresponding eigenvectors of
2.

4. If thereisaj € {1,...,d} such that Sensitivity
Test H(v,, 6, s) fails, do the following:
e randomly remove a point from {y;}'"* ac-
cording to

Pr(y; isremoved) (vayi)Q;

o denote the remaining points by {y;}:~*~ L
e s:=s+ 1,goto Step 2.
5. Output vq, ..., vg4. End.

In each iteration, HR-PCA finds a set of directions maxi-
mizing the empirical variance of the points (i.e., of authentic
and corrupted samples). If all directions pass the Sensitiv-
ity Test, then the variances of “authentic samples’ projected
on them must be close to being the largest, and hence the
chosen directions are close to the true PCs. If the Sensitivity
Test fails, then the corrupted points must have a large influ-
ence on the variancein this direction. In this case, the PC is
not selected, and a point is removed in proportion to its vari-
ance. We show that this proportional removal guarantees a
minimum probability that a corrupted point will be removed.

The correctness of HR-PCA is shown in the following
sections.  We outline here the main theorem providing an
asymptotic lower bound of the performance (illustrated in
Figure 3). Thisis based on a finite-sample result, which we
state and provein Section 4.3.

Theorem 2 If Equation (1) holds, and 77(j) — 7%, then the
following holds in probability with j T oo,

S va(i) T (AG)AG) T )ve(h)
PO v*(j)WA(j)A(j)T)vz ()

c* 2 @
J s S exp(=5)da $1(0.75)
> — - —
1+\/77 P- (075+m)
Fx D o p—1 VT
where ¢* = ¢ (1_1—WT*)'
, Lower bound on Asymptotic Performance
é 0.6
= 0.2
o 107 107° 107 10 10°

Figure 3: Lower Bound of Asymptotic Performance.

Remark 1 If 77(j) | 0 (e.g., there are a fixed number of
corrupted points), then the right-hand-side of Inequality (2)
equals 1, i.e., HR-PCA is asymptotically optimal. This is
in contrast to PCA, where the existence of even a single cor-
rupted point is sufficient to bound the output arbitrarily away
from the optimum.

3 Technical Results: Uniform Convergence

This section is devoted to establishing the uniform (w.r.t. all
directions w € R") convergence properties of the sample
variance and the “ confidence interval” for authentic samples
{z1,...,2:} (Theorems4 and 5 respectively). These results
are used as technical lemmas in proving the validity of HR-
PCA in Section 4. Dueto space constraints, al proofsin this
section are omitted and deferred to an online appendix, [16].
Consider the following events:

Condition (A): Amax 1/tz:nz ) < A

Condition (B):

1
sup w'( qu —Ig)w| < éys
weER, [|wl|= 1 i

Condition (C):
1 ~
{2(1)_1 (%6 - ht75> S l(eawalv cee aWTXt)

1+6 .
< 2@*1(% + hes),

Vlwl2 = 1,6 € [0, 1]} .

Theorem 3 For sufficiently large ¢t and m:

1. Condition (A) holdswith probability at least 1 — ¢;



2. Condition (B) holdswith probability at least 1 — 0;
3. Condition (C) holds with probability at least 1 — .

The vaidity of Condition (A) follows from alemmain [2].
Conditions (B) and (C) are finite dimensional uniform con-
vergence results that follow from V C-dimension style argu-
ments. (See[16] for the full proofs).

The next two theorems give analogs of Condition (B) and
Condition (C) but for the high dimensional points.

Theorem 4 Under Conditions (A) and (B), and n > 4, the
average variance along direction w, of the authentic points,
has distance from the size of (AAT + I) in the w direction
bounded as follows:

1 t
sup ‘WT — E ZZ'ZzT W
weR™,|wll2=1 Rt

Séwal |:]. + %76] \/Xmsﬁl + Xt;g — 1.
©)

Theorem 5 Under Conditions (A) and (C), for any ||w||2 =
land# € (0, 1), the 6-confidence interval of all the authen-
tic points projected on direction w is sandwiched as follows:

sup {2<I>_1(1Lt9 - M)\/ wlAATw

c>0 2 2c?
1+6 1+6 .
J— _1 —_— — —_ J—
(207 (—5=) = 207 (= — hus))7 2}
<10,w'zy,...,.w'z)
< inf {2@71(i6 + M)\/W—'—AATW
c>0 2 2c?
1+46 1+6
420 (%mta)—m (e )os +2c}.
(4)

Note that these bounds are, up to addition of appropriate
slack factors, the #-confidence bounds for the original low-
dimensional points {x;} as given in Condition C, elongated

by VwAATw.
4 Correctness of HR-PCA

Based on the results presented in the previous section, we
show in this section the correctness of HR-PCA, i.e., with a

high probability, the subspace spanned by theoutput vy, . .., vy

is agood approximation (in the sense of the Expressed Vari-
ance) of that spanned by vy, ..., v}.

In Section 4.1 we lower bound the probability of remov-
ing a corrupted point in each iteration. We then show that
the number of iterations is small with high probability in
Section 4.2. We complete the argument in Section 4.3 by
showing that when HR-PCA stops within a small number of
iterations, the PCs found are good approximations of the de-
sired ones.

Throughout this section, we assume without explicitly
stating it in each theorem that Conditions (A), (B) and (C)
hold simultaneously. As shown in Section 3, this occurswith
probability isat least 1 — 35. We further assumen > 4.

—w'(AAT + I,)w|

4.1 Probability of Removing a Corrupted Point
In this section, we lower bound the probability of removing
acorrupted point in each iteration of HR-PCA.

Theorem 6 If the Sensitivity Test fails (i.e., it returns “in-
consistent” ) in the s iteration, then

Vi
L+7
To prove Theorem 6, we need the following lemma.

EZ I(WTZz) <H.

Proof: By definition, aninterval withlengthi, covers(0.5+
77/2)n pointsin ), whichimpliesthat it coversat least (0.5 —
77/2)n = 0.5¢ authentic samples. Therefore,

Pr(The next removed point is corrupted) >

Lemma? For all [|w]ls =1,

10.5,w'z1,...,w'z) <ly (5)

Now, from Theorem 5, when (B) and (C) hold, we have for
al 6 and||w|2 =1,

20 1 (120 AT AT

2 2c2
<O, w'zi,...,w'z)
140 1+60 -
+ (2@*1(7) —20~ (T — ht.5))T1 + 2c.

Taking 6 = 0.5, by applying (5) we get for al ¢ > /2,

VWTAATwW < (ly + ¢r.501 + 2¢)/2071(0.75 — ;\LC;S)
Minimizing over ¢ impliesw " (AAT + I,,)w < 53‘, + 1.
Applying Theorem 4 compl etes the proof. |

Proof of Theorem 6: First recall that our point removal
strategy implies

Pr(The next removed point is corrupted)
_ ZYi€f5 (Vqui)Q
Zyiels (Ve Tyi)? + Zyiefs (v "yi)? 7

where I, and I, denote the set of remaini ng authentic sam-
ples and remaining corrupted points, respectively. We prove

that
\/7:7 Z (VqTYi)Q < Z (VqTYi)Qv
yi€ls yi€ls

which will conclude the proof.
By definition, if the Sensitivity Test fails it must be that
forsomeq € {1,...,d}

1+ /7)1 —7)

At the s'" iteration, there are n — s remaining points. We
have |I;| + |Is| =n—s,and I C {z1,...,2z:}. Therefore,

t
qu yZ quz

yi€ls

nHy,/(n—s) < &2. (6)

(1 —=mnHy,, ()



where the last inequality follows from Lemma 7. Further-
more,

. 1
03 = Z (Vqui)Q
n—s )
yvi€ls U1 (8)
= (n-s)Gr= > (v v+ Y (vq'yi)
yi€ls yi€l,

Substituting (7) and (8) into Inequality (6) leadsto

Case 2: the dgorithm has not terminated up to step s — 1,
and the hypothesis test of the s*" iteration succeeds. Thus,
the algorithm terminates at step s, i.e., no extra point will be
removed. Hence V(s) = V(s — 1). By definition of X we
have X, = X,_; inthiscase.

Case 3: the agorithm terminates at step 7' < s — 1.
Observethat X, = X,_; inthiscase.

Combining all three cases shows that E(X s|Fs—1) >
X1, which provesthe lemma. [ |

(1+ \/%) Z (Vqui)Q < Z (Vqui)Q + Z (Vqui)Q

yi€ls yi€ls yiel,
= \/% Z (Vqui)Q < Z (VqTYi)Q- u
yi€ls yi€ls

Theorem 6 impliesthat if the Sensitivity Tests fails, then
thereis at least one corrupted point remaining.

Since the probability of removing a corrupted point at
any giveniteration of thealgorithmis /7/(1 + /), eachiit-
eration decreases the “ expected number of corrupted points’
by that amount. In the next section, we bound the probability
that the algorithm failsto terminate before some particul ar it-
eration. For thiswe use twice the number of corrupted points
divided by the expected reduction at a given iteration:

5022 (1%‘%) n.

4.2 Number of Iterations

In this section, we show that with high probability, HR-PCA
terminates quickly: within s iterations. The key to the proof
is the previous theorem, that each step removes a corrupted
point with probability at least \/7/(1 + /7). If the event of
corrupted point removal at subsequent iterations were inde-
pendent, then the expected number of points removed by s
iterationswould be s - /77/(1+ /1), and sincethere are only
nn corrupted pointsin total, the result would be straightfor-
ward. Instead, we must use a Martingale argument to arrive
at the desired result.

By definition, HR-PCA terminates at step s if the Sen-
sitivity Test succeeds after s — 1 points have been removed.
Let random variable V (s) denote the number of corrupted
points removed up to iteration s, inclusive. Define the fol-
lowing stochastic process:

n(T—1 .

e { V(T) — % HR-PCA stoped at 7' < s;
V(S) - 1f%a

Let F, be the filtration generated by the set of events up to

iteration s. Hence, X, is measurablew.r.t. 7.

Otherwise.

Lemma8 {X,, Fs,s =1,...,n}isasub-martingale.

Proof: Observethat X, € F, by definition of 7. We show
that E(X,|Fs—1) > Xs—1 by enumerating the following
three cases.

Case 1. the algorithm has not terminated up to step s — 1,
and the hypothesis test of the s** iteration fails. Thus by
Theorem 6,

E(Xs - X571|-/T571)
Vi

=Pr(The next removed point is corrupted) — T

> 0.

S

Theorem 9 For all s > (1 + k) An/k, we have
Pr(the algorithm does not terminate up to step s) <
—()\n — 1’3_1)2)
8s '

exp (

Proof: We prove the theorem by exploiting the deviation
bound of amartingale process. Lety, £ X, — X,_1, where
recall that Xy = 0. Consider the following sequence:

v 2 ys — E(yslyr, -, ys—1)-

Observe that {y’.} is a martingale difference process w.r.t.
{fs} Since{Xs} isawb'martingaleaE(yslyh s 7?]8—1) >
0 a.s. Therefore, the following holds a.s.,

i=1

Xo= Y= w4+ Y Bl
i=1 i=1 i=1
©)

By definition, |ys| < 1, and hence |y%| < 2. Now for any
6 >0,

S
Wie1) = )Y

E{exp(0 Y (~))

=E{ exp(0 i(—yé))}Ew Yol =y, —y)
<E{exp(0Y(~y)))} exp(6?] — 3 [2/2)
=1

=E{0exp(Y_ (=)} exp(26%).

i=1

Theinequality followsfrom Lemma8.1 of [17]. By iteration
we have

E{ exp(9 > (~y0)} < exp(2s6?).

=1
Using the Markov inequality, we have that for any € > 0,

S

Pr(Z(—yg) > se€) < exp(256? — Ose).

i=1

Taking the minimum over 6 of the right hand side and apply-
ing (9) leads to

Pr(X, < —se) < exp(—se?/8).



Now natice that, if the algorithm does not terminate up to
step s, we have X, < An — ks/(1 + k), because there are
only An outliers. Thuswe havefor al s > (1 + k)An/k,

Pr(the algorithm does not terminate up to step s)
<Pr(X, <An— ")
1 + K

(An — Ty s )2
< - lTRZ

=exp ( 8s )’

which establishes the theorem. [ |

The probability that the algorithm does not terminate up
to 5o = 2(1 + /7)7n/+/7 is hence bounded by

o (),

which goes to zero exponentially in n.

4.3 Deviation Bound of Output PCs

In this section, we show that when HR-PCA terminates, i.e.,
when all vy, ..., v, pass the Sensitivity Test, the output is
close to optimal, in the sense that we bound the distance
of Y4 v AATv, to 30, viT AAT v}, where recall the
{v}} are the true PCs. We state some technical Lemmas,
then prove afinite sample result (Theorem 13) and finally go
on to prove the asymptotic result stated abovein Theorem 2.
The proofsare omitted due to space constraints, and deferred
to [16]. To simplify the expressions, we define the following
terms:

o 117

227’
. . 1+6 146
wt,ééQ‘b (T-thé)—zq’ (T)’

We sometimes drop the subscript of §t75 and simply write ¢.
It should be understood that ¢ dependson ¢ and 6.

Lemmal0 Forall |w| <1,lw <1(0,w'z1,...,w z).
Proof: This followsfrom the definition of 6. |

Lemma 11 For all unit-normw, the following holds,

VwTAATwW

/\21‘625 )Ow — 2¢ — (Qgt,é + 7/315,6)% }
. e '
P 1(1450 + 262;)

The proof of thislemmafollows from the lemmaabove, and
from Theorem 5 (but see [16] for the full details).

Lemmal2 Let ay,...,a; bei.i.d. realizations of a scalar
random variable @ ~ A(0,w?). Then, for any fixed v €
[0, 1), the following holds with probability at least 1 — 20:

2
IC{1,.. rr}m|?|>(1 'y)ftz
—x2 1 1
dr — 72/ =1 —}
—5 \/27rexp T 2t Og(s ’
where 7 2 ¢! (1——3—— Slflog(ls).

We sketch the proof, leaving the full details to [16]. Define
the function f(a) = (1M§W)a2. Applying Hoeffding's in-
equality, one can show that with probability at least (1 — 9),

[t

~

Next, defining g(a) = 1/,<.,,, again by application of Ho-
effding it is possible to show that with probability at least

(1-19),

zt: (a Eq (a)<,/ilo E

e g a~N(0,w2)9 > o g 5
SinceIEENN(OMQ)g(E) =®(1)=O(—7) = 1—v—/5; 4 1og%,

we have that with probability (1 — §),

t
Z y<1—n

Combining the above yields the result.

~ | =

H—I»—\

We now prove a finite-sample result, which we subse-
quently use to prove the main theorem of the paper.

Theorem 13 Under (A), (B) and (C), ifAIgorithmZ 3termi-
natesat the s'” iteration, where s < 3, andf c F exp(=

(%\/ 4 log 4 > 0, then with probability at least 1 — 26 the
following holds

d
> viT(AAT + L)V

q=1
- g 1+v7
mz mz
5 )dm—CQ\/ log(S
2
HG + ;fcg) ‘ T AAT
Imn = (Z v, AA vy
Voxes 1(0.75 — 527) a=1

e + ;c )(dc + ¢1,571 + Vr.551)
(@075 - 351
d

o= =2
x |3 vyaaTy, ¢ Bt ot + P 591)
=1 4[@1(0.75 — 55)]?

2¢?

-+ 77t,6} .

(10)

Proof: By definition, if HR-PCA terminates at the s** itera-
tion, thenforal ¢ € {1,...,d}

(1+ V7)(1 —7)n—

v 252
n-—s

QN

: o [T 2? —z? 9 9 /1 1
— i > _— — —1 —.
él fla;) > w /_T \/%exp( 5 Ydr—w®o 5 og 5

2)cla:—



Substituting the definitions of v, s and H,, into Lemma 11,

with some algebrawe have

n-—s 52

T+ V(L —mn’
Q)-l(lié_’_xt,é) 2
< min — 2227 | v AATv,
e>v2xes | \®1(0.75 — 557)
A140 Xt,é 7 = -
" d (T + 52 )(4C+¢_A)t,601 +7/}t,60'1) /V;AATVQ
[®1(0.75 — 555)]?
e+ G501 + Prso1)? |
+( c+ G501 +Vi,501) —H)t,a}

A[1(0.75 — Aus))2

2c?

Summing up for ¢ = 1,...,d, noticing that the minimal
value of the sum is no less than the summation of the mini-
mal value of each term and using the inequality >°¢ | a; <

VAL, a2 forany a; € R, we have

_ ~ 2
(2 + ;t'és) T T
. VO (L 4 268 (de + 571 + zﬁt,ﬁl)
[@1(0.75 — 348)]2

2c2

d
X Z vy AATv, +

de+ by 5T1 + U s71)%
( G1,501 + V.501) _H)w}

Pt 4[@2(0.75 — 342
(11)
Since v, arethe PCs of the remaining pointsat the s*" itera-
tion, then for all orthonormal {¥+,..., ¥4},
A d A
D VT <Y viNv, =) 62,
g=1 g=1 q=1

where 3 is the covariance matrix of the remain points.

Recall that v7, ..., v} are orthonormal and are indepen-
dent to ). Hence for afixed ¢ € {1,...,d}, the projec-
tion of the authentic samples onto v; follows a Gaussian
distribution with variance v; " (AAT + I,)v;. Therefore,
by Lemma 12 and since s < 5, we have with probability
1—26/d

- 1
V;TZVZ > min E (VZqu;)Q
n—src{l,..n},|I'>n— Sl

>t vTAAT £ IV

n—s'4
¢ a2 — 1. d
X {/g _QWexp( )dx—{ %logg}.
Summing up over ¢ and substituting it into Inequality (11),
we establish the theorem. |

Notice that Conditions (A), (B) and (C) hold simultane-
ously with probability at least 1 — 35, and Algorithm 2.3
terminates at s < 50 with probability at least 1 — 2(1 +
V1) /+/Tmn. Hence, Theorem 13 impliesthat thisfinite sam-
ple bound holds with probability at least 1 — 55 — 2(1 +

Vi) /.

Finally, we prove Theorem 2, which provides bounds on
the asymptotic performance of the agorithm. To simplify
the expressions, let

H*A 1+77*
2 o5t
d

NEY vali)T(AG)A

d

)£ Vi) T (A)A

Proof of Theorem 2: Teking ¢ = /&1 (j) and dividing both
sides of Theorem 13 by p*(j), we have:

f((ﬂ) ;r2 exp( )dx C( )2
1+vi0)
< (@(1% ) [ o)

Aui).o p*(7)
D075 — S5

4\/r+¢f(j) 501(7
2v/p*(J)
4\/r+¢f(3)501 ) + i (j),671(] ))2+@t(j),5
4O — 0 () o)

12)

1 d

3) + i),551 )))2

Notice that by definition
more, we have

ét(j),é 105 @t(j),a 105
Thus the right-hand-side of Inequality (12) convergesto
) 2
a01400) | Meghs -
(q’l( 2 T m) | pl) ) 13

A i, *(1q
$1(0.75 — punsy | #70)

since all other terms go to zero. Notice that (13) further con-

vergesto
e (EE) [ o)
3%(0.75) \| p°(5)
asai(j) increasesand 77(j) — 7*. On the other hand, notic-

ing that ((j) — ¢* and \/7j(j) — /7', we have that the
|eft-hand-side of Inequal ity (12) convergesto

7(G) = 71(j) 1 +oc. Further-

4
.64 T—+

Deiys 105 Ay :

2

1 + \F
The corollary follows by definition of /77" and 6*. |



5 Kernelization

We consider kernelizing HR-PCA in this section: given a
feature mapping Y'(-) : R™ — H equipped with a kernel
function k(-, ), i.e, (Y(a), Y(b)) = k(a,b) holds for al
a,b € R™, we perform the dimensionality reduction in the
feature space H without knowing the explicit form of Y(+).

Noticethat HR-PCA involvesfinding a set of PCs{vl, ..
and evaluating /(-) that is a function of {v Viye-sV yn}
forq=1,...,d. Theformer can be kernelized by ao ying
Kernel PCA mtroduced by [18], where each of the output
PCs admits arepresentation

E:(u yvi), ¢=1,....d.

Thus, I(-) iseasily evaluated by

ZOKL y“}’j

Therefore, HR-PCA is kernelizable since both steps are eas-
ily kernelized.

6 Numerical Illustrations

We report in this section some numerical experimental re-
sults. Welet n = m = 100, i.e,, 100 points, each with
100 dimensions. Each element of A is generated according
to a uniform distribution; A is then scaled so that its lead-
ing eigenvalue equals the given ;. All corrupted points are
generated on arandomly selected direction. We compare the
performance of PCA and HR-PCA for different ratios of cor-
rupted points, magnitudes of corrupted points and ;. For
each set of parameters, we report the average result of 100
tests.
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Figure4: Performancefor different ratios of corrupted points

The performance of PCA and HR-PCA of different 77 is
reported in Figure 4, where both 7, and the magnitude of the
corrupted points are fixed as 50. As one would expect, HR-
PCA outperforms PCA for all 7. The performance of HR-
PCA breaksonly for 77 aslargeas 0.4, i.e., 40% of pointsare
corrupted. We notice that the empirical performanceis much
better than predicted by the theoretical lower-bound, which
is to be expected since the lower bound is derived from a
very pessimistic analysis. We also observe that PCA per-
forms much better in the case d = 5 than for d = 1. This

is mainly due to the fact that corrupted points are generated
in only one direction. Thus even though PCA wrongly picks
the corrupted point direction as a PC, for d = 5, the other
4 directions PCA picks are correct, and hence the total Ex-
pressed Variance seems to be acceptable. Figure 5 shows a
significant performance degradation of PCA inthed = 5
case when the corrupted points are generated in 5 random

» Vd }dfirections.
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Figure 5: Performance for different ratios of corrupted
points: corrupted points generated in multiple directions
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Figure 6: Performance for different magnitudes of corrupted
points

Figure 6 shows the performance of HR-PCA and PCA
for different magnitudes of corrupted points, with 7 = 50
and 7 = 0.05. One interesting observation is the perfor-
mance of HR-PCA seems to be quite consistent for different
magnitudes of the corrupted points. Indeed, when the cor-
rupted points are large, the performance of HR-PCA is as
good as the no-corruption case, mainly because the corrupted
points become easier to remove.

Figure 7 shows that the performance of HR-PCA be-
comes satisfactory for reasonably large 71 (71 > 5 for 1-d
caseand 7, > 20 for 5-d case).

7 Concluding Remarks

In this paper, we investigated the dimensionality-reduction
problem in the case where the number and the dimension-
aity of samples are of the same magnitude, and a constant
fraction of the points are arbitrarily corrupted (perhaps mali-
ciously so). We proposed a High-dimensional Robust Princi-
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pa Component Analysisalgorithm that istractable, robust to
corrupted points, easily kernelizable and asymptotically op-
timal. The algorithm takes an “actor-critic” form: iteratively
finding a set of PCs using standard PCA and subsequently
validating the robustness of those PCs using the confidence
interval, using a point removal procedure in case of valida-
tion failure. We provided both theoretical guarantees and fa-
vorable simulation results about the performance of the pro-
posed agorithm.

To the best of our knowledge, previous efforts to extend
existing robust PCA algorithms into the high-dimensional
case remain unsuccessful. Such algorithms are designed for
low dimensional data sets where the observations signifi-
cantly outnumber the variables of each dimension. When
applied to high-dimensional data sets, they either lose statis-
tical consistency dueto lack of sufficient observations, or be-
come highly intractable. This motivates our work of propos-
ing a new robust PCA agorithm that takes into account the
inherent difficulty in analyzing high-dimensional data.
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