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Abstract. We show that the maximal-matching 2-approximation for
vertex cover and the classical primal-dual f-approximation for weighted
set cover can be formulated as lattice-linear predicate (LLP) compu-
tations on canonical sublattices induced by deterministic lexicographic
rules. In each case, the forbidden predicate identifies pairwise noncon-
flicting coordinates that may advance simultaneously, making the al-
gorithm’s parallel structure explicit. We then study weighted set cover
subject to definite Horn constraints. For binary implications, correspond-
ing to width-two clauses, we derive an LLP primal-dual f-approximation
by projecting the dual onto closure inequalities and computing advances
through parametric min-cuts. In contrast, for width-three clauses, no
polynomial-time constant-factor approximation exists unless P = NP.

1 Introduction

A wvertex cover of an undirected graph (V) E) is a set C C V meeting every edge.
A set cover of a universe U is a subfamily of a given collection whose union is U.
Vertex cover is the special case in which each element (an edge) lies in exactly
two sets (its two endpoints). Both problems are NP-hard and admit classical
approximation algorithms [35]. Specifically, a maximal matching yields a vertex
cover of size at most 2 - OPT. In the weighted setting, the primal-dual method
of Bar-Yehuda and Even [3] maintains this approximation and, more generally,
gives an f-approximation for weighted set cover where f is the maximum number
of sets sharing a common element.

In this work, we describe these mechanisms as computing the least fixpoint
of an appropriate function in a distributive lattice. We show these problems, and
certain constrained variants, can be solved via the lattice-linear predicate (LLP)
Algorithm [11]. In the LLP model the state is a vector G over an index set ordered
componentwise. A forbidden predicate marks at every state the coordinates that
must increase, and an advance rule increases them. When the predicate is lattice-
linear its satisfying states are closed under meet, so a unique least fixpoint exists
and is reached by advancing forbidden coordinates from the bottom state in any
order, and in particular in parallel, since the forbidden coordinates of a round
remain forbidden until they themselves are advanced.

For this, the LLP algorithm has given a conceptually simple view of parallel
algorithm design for a number of problems we overview in the related work, which
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recent experiments have shown yields competitive runtimes compared with state-
of-the-art parallel combinatorial optimization algorithms [2]. Furthermore, the
LLP algorithm is naturally asynchronous because advancements can be made
in any order (even on stale information). This has led to applications in self-
stabilizing and asynchronous distributed computing algorithms [17, 19, 20, 18].

The difficulty is that classical approximation algorithms do not fit the LLP
model as readily as exact ones do. Previous LLP algorithms compute exact
optima: stable marriages, shortest paths, and the assignment problem [11], min-
imum spanning trees [1], min-cuts [34] and others. For those problems the exact
solutions are naturally meet-closed, either by way of uniqueness or well-known
lattice representation theorems [32, 21]. For an approximation algorithm the nat-
ural property is feasibility and a certification of approximate value. This is a
looser structure, and in general gives many minimal incomparable approximate
feasible solutions under some natural order (which cannot be meet-closed).

Our fix is to use deterministic lexicographic tie-breaking to define a suitable
sublattice on the solution space confining the resulting LLP computation. Specif-
ically, for each of our algorithms we show the possible states are always lesser
than that of a solution computed by a greedy algorithm with lexicographic tie-
breaking, and that on this principal ideal (that is, the sublattice of all states less
than or equal to that of the greedy solution) the computation primitives fit the
LLP model in a way recovering classical approximation guarantees. Our work
thus extends the LLP framework from exact optimization to approximation.

In general, formulating algorithms in the LLP framework pays off in three
ways. First, uniformity: all LLP algorithms reduce to the same three-step recipe
— choose a lattice, exhibit a lattice-linear forbidden predicate, and give the ad-
vance function. Second, explicit parallelism: the forbidden predicate exposes, at
each state, a maximal pairwise non-conflicting batch of coordinates that advance
together in one step, so every algorithm is inherently parallel and its depth is
the number of rounds. Third, the framework generally composes: specifically,
conjunctions of lattice-linear predicates remain lattice-linear, which has led to
LLP algorithms for constrained optimization problems [34,15]. However, this
phenomenon is more nuanced for approximation algorithms (since approximate
solutions are not easily described as lattice-linear predicates). In particular, while
constraints defined by Horn clauses have been successfully composed with LLP
algorithms for exact problems [34], Section 5 shows a sharp contrast for approx-
imation: constraining by width-two Horn clauses (i.e. binary implications) still
yields f-approximation LLP algorithms for weighted set cover, whereas width-
three clauses make any constant-factor approximation NP-hard.

Contributions. In summary, this paper makes the following contributions:

— An LLP formulation of 2-approximate vertex covers via maximal matching.
In each round the forbidden predicate selects a pairwise non-conflicting batch
of coordinates, so the algorithm is explicitly parallel (Section 3).

— An LLP formulation of the primal-dual f-approximation for weighted set
cover, due to Bar-Yehuda and Even [3]. The forbidden predicate raises slack
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objects which are non-interacting (with lexicographic tie-breaking); this makes
the predicate lattice-linear and parallel updates conflict-free (Section 4).

— An investigation into solving covering problems under constraints defined
by Horn clauses using LLP algorithms. We extend the primal-dual weighted
set cover algorithm to the setting with width-two clauses using network flow
and min-cut techniques. The forbidden predicate now raises slack objects
belonging to different components in the implication graph for conflict-free
parallel updates (Section 5.1). Then, we establish a hardness boundary by
showing any constant-factor approximation algorithm to the setting with
width-three Horn constraints can be used to solve 3-SAT (Section 5.2).

Related work. The greedy set-cover heuristic and its H,, analysis are due to
Johnson [24], Lovasz (28], and Chvatal [5]; Hochbaum [22] gave the LP-based
vertex-cover approximation, and Bar-Yehuda and Even [3, 4] the local-ratio and
primal-dual method. Vazirani [35] and Williamson and Shmoys [36] are standard
references for approximation algorithms, and Goemans and Williamson [16] sur-
vey the primal-dual method. On the hardness side, Dinur and Safra [7] show
that vertex cover is NP-hard to approximate within a factor of 1.36, and Khot
and Regev [25] show that it is hard to approximate within 2 — & under the
Unique Games Conjecture. The LLP framework [11] builds on lattice-theoretic
methods for combinatorial optimization [10]; it has been applied to dynamic
programming [13], housing allocation [12], minimum spanning trees [1], min-cuts
[34], multiplication and modulo [20] and generalizations of stable matching [15].
Gupta and Kulkarni also extend lattice-linearity to self-stabilizing algorithms
[17,19,18,20]. In [18] these authors also examine problems which are not easily
cast in the LLP framework. However, while their method stabilizes into a re-
gion on which the predicate becomes lattice-linear, our work instead identifies
sublattices containing every reachable state and proves lattice-linearity on that
structure. A forthcoming book gives a uniform treatment [14].

For parallel approximation algorithms, Luby [29] and Israeli and Itai [23]
give parallel maximal matching (hence a parallel 2-approximate vertex cover);
Khuller, Vishkin, and Young [26] give a parallel primal-dual approximation for
weighted vertex and set cover; and Rajagopalan and Vazirani [33] give RNC primal-
dual approximations for set cover. These algorithms are problem-specific. The
LLP formulation instead obtains parallel algorithms from a single framework.
Finally, [30] give a primal-dual algorithm for a class of problems related to that
studied in Section 5.1. Their formulation modifies the primal program, whereas
ours projects the dual onto closure inequalities and uses network flow and min-
cut machinery. As a result, we achieve incomparable approximation ratios. Fur-
thermore, our method is explicitly parallel while that of [30] is not.

2 Preliminaries

We work with the Lattice-Linear Predicate (LLP) framework of [11]. A lattice
is a poset (£, <) in which every pair z,y has a meet x My and a join z Uy, with
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a bottom 1 and top T. The algorithms explore a distributive lattice, which will
always be a lattice of vectors indexed by a set I ordered componentwise. We call
G € L a state and GJi| its component at ¢ € I. A predicate is a map B : L —
{true, false}; an LLP computation seeks the least state G with B(G) = true.

Definition 1 (Forbidden index). Given a state G with -B(G), an indexi € T
is forbidden in G if every H > G with H[i] = G[i] also satisfies ~B(H).

In English, ¢ is forbidden whenever the predicate cannot be met without
increasing (i.e. advancing) G[i]. This leads to lattice-linearity.

Definition 2 (Lattice-linear predicate). A predicate B is lattice-linear on
L if for every state G with =B(G) at least one index is forbidden in G, and such
an index can be found efficiently.

We remark that the existence of a forbidden index in every state G with
—B(G) is equivalent to the satisfying elements of the predicate being meet-closed
[11]. So, our lemmas showing lattice-linearity on chosen sublattices also show
meet-closure on the sublattices. Lattice-linearity gives a universal algorithm.

Theorem 1 ([11]). If B is lattice-linear, then {G € L : B(G)} is closed un-
der meet and hence has a unique least element. This least element is computed
by starting at 1 and repeatedly advancing forbidden indices; because a forbid-
den index stays forbidden until it is itself advanced, the forbidden indices of a
round may be advanced in parallel, and the computation reaches the least fixpoint
regardless of the order of advancements.

For a finite lattice, termination follows from finite height. For the continuous
price lattices of Sections 4 and 5, this follows instead from the advance rule: each
advance makes a new object tight, and only finitely many such events can occur.

The design of any LLP algorithm amounts to (i) choosing the lattice, (ii)
exhibiting a lattice-linear forbidden predicate, and (iii) giving the advance func-
tion. A difficulty is that our predicates will generally not be lattice-linear on the
full lattice of solutions. However, by imposing lexicographic ordering conditions
in the forbidden predicates, we will see the predicates are lattice-linear on sub-
lattices containing the entire space of possible intermediate states computed by
our algorithms. This allows us to correctly apply LLP methods.

3 Vertex Cover via a Lex-Minimal Maximal Matching

Given a graph (V) E), it is classically known that a maximal matching induces a
2-approximation for vertex cover by selecting the endpoints of the edges in the
matching [35]. We now give an LLP algorithm based upon this observation.
Throughout this section, fix a lexicographic order <., over F using the
endpoints. We work in the Boolean lattice {0,1}¥ ordered componentwise. The
state G records the currently selected edges, so Gle] = 1 if the edge e is currently
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Algorithm LLP-LexMatchVertexCover: Parallel 2-approximation
for vertex cover via lex-minimal maximal matching.

Input: Graph (V, E) with vertices labeled 1,...,n
Output: C' C V: a vertex cover

G: array[E] of boolean, initially Ve € E: Gle] :=0 // matching edges
forbidden (e) : minuncoveredc(e)

= advance : Ge] ;=1

return C:={v eV :3e€ E withGle] =1Av € e}

-0 OO0

Fig.1. The instance of Example 1: paths 1—2—-3 and 4—-5—-6—-7—8. LLP-
LexMatchVertexCover selects the lex-minimal edges (1,2) and (4,5) (bold) in the
first parallel round and (6,7) in the second; their endpoints (shaded) form the cover
{1,2,4,5,6, 7}, which is exactly 2 OPT since the optimum is {2,5,7}.

selected and 0 otherwise. An edge e is uncovered at G if no selected edge shares
an endpoint with it,

uncoveredg(e) = Vf € E: Glf]=1 = enf =0,
and min-uncovered when it is lex-minimal among adjacent uncovered edges,

minuncoveredg(e) = uncoveredg(e),
AYf € E : (uncovereda(f) NeN f #0) = e <jex f-

We use forbiddeng = minuncoveredg, so our LLP algorithm computes,
By.(G) = Ve € E: = minuncoveredg(e),

through advancements defined by the update Gle] := true for forbidden e. The
resulting method is shown in LLP-LexMatchVertexCover. The method computes
a maximal matching and returns a vertex cover C' by taking the endpoints. We
illustrate the resulting computation on a small instance before identifying the
lattice on which B, is lattice-linear and verifying correctness.

Ezample 1. Let V ={1,...,8} and E = {(1,2),(2,3), (4,5), (5,6),(6,7),(7,8)},
see Figure 1, ordered (1, 2) <1ex (2,3) <lex (4,5) <iex (5,6) <jex (6,7) <iex (7
Write ey = (1,2), e2 = (2,3), e3 = (4,5), es = (5,6), e5 = (6,7), 6 = (7
The run takes two parallel rounds:

Round 1. Every edge is uncovered. Each of e; and e3 is lex-smaller than its
uncovered neighbour (es and ey, respectively), and the two are non-adjacent, so
both are lex-minimal and advance in parallel. Selecting them covers 1, 2,4, 5, so
es and eq become covered, leaving e5 and eg uncovered.

Round 2. Among the remaining uncovered edges, e5 = (6, 7) is lex-smaller than
its uncovered neighbour eg = (7,8), so es is lex-minimal and advances while eg
waits; selecting e covers 6,7 and hence eg.

8).
8).

)
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Fig. 2. The two lattices for a smaller four-edge instance (the paths 1-2—3 and 4—5—6),
with edges labelled 1 = e1 = (1,2), 2 = e2 = (2,3), 3 = e3 = (4,5), 4 = es = (5,6).
Left: the full Boolean lattice {0,1}¥ (16 states; a subset is written as its list of edge
indices). The shaded nodes and bolded edges are the sublattice Lvc. Right: L. on its
own, a four-element distributive lattice whose top {e1, es} is the unique state satisfying
By (which is the fixpoint the algorithm reaches).

Termination. No edge is uncovered. The output is C' = {1,2,4,5,6,7} of size
6, while the optimum is {2, 5,7} of size 3.

For the path e; = (1,2) <jex €2 = (2,3) both {e;} and {e2} leave no edge
uncovered, yet their meet @ does. So on the full lattice {0,1}¥ we find B, is
not meet-closed, and so is not lattice-linear. But, the algorithm can never visit a
state like {es}. Specifically, it selects only lez-minimal edges, and such edges are
contained in a sublattice of {0,1}¥ on which B, is lattice-linear. The correct
LLP interpretation is then obtained by restricting to this lattice: let m; be the
lex-minimal edge of (V, E). Delete m; and every edge adjacent to it, let mg be
the lex-minimal edge of what remains, and repeat until no edge is left. The union
M* = J,{m;} is the lex-greedy maximal matching, and its edges are exactly the
selectable ones. Every state reachable by the algorithm has support contained in
M*, so define,

Lo ={G€{0,1}¥ : Gle] = 0 for every e ¢ M*},

which is a sublattice of {0, 1}¥. Figure 2 draws both lattices for a smaller four-
edge instance. Lattice-linearity on L. now follows.

Lemma 1. Select G € Lyc. If = By.(G), then all of the following are true:

(i) some edge e is min-uncovered,
(ii) advancing Gle] := 1 remains in Ly,
(iii) —Byc(H) holds for all H € L. with H > G and Hle] = Gle].

Proof. Suppose = By(G). Then some edge e is min-uncovered by the definition
of By.. This gives (i). For (ii), by way of contradiction suppose e ¢ M*. By the
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construction of M*, the edge e was deleted precisely when some edge m € M*
adjacent to e was chosen. Since m was chosen and not e, this makes m <jex e.
So, for e to be min-uncovered in G it follows that m is covered in G. But the
support of G is a subset of M*, so m is covered only if G[m| = 1. This implies e
is covered, a contradiction. This shows e € M*, i.e. (ii). Finally, select H € L.
with Hle] = Gle]. We've shown e € M*, and so e must be uncovered in H as
the support of H is a subset of the matching M*. The set of uncovered edges
is decreasing as the state advances, so H > G implies e remains lex-minimal
among uncovered edges in H. So e is min-uncovered in H, hence (iii). ad

Theorem 2. LLP-LexMatchVertexCover returns a vertex cover C satisfying
|C| < 20PT.

Proof. Lemma 1 shows By, is lattice-linear on L., so forbidden indices correctly
remain forbidden until they are advanced. Hence, a min-uncovered edge remains
min-uncovered until it is advanced, meaning the support of the final state G
will be a matching. At termination, every edge is covered, so has an endpoint
incident to some edge in the matching. So C' = Ue:G[e]:l e is a vertex cover.
The rest is classic: every vertex cover must contain at least one endpoint of
each edge in the matching defined by G, so OPT > }_ _p Gle]. Since |C| =
23 .cp Gle], this implies |C| < 20PT as desired. O

4 Weighted Set Cover via Primal-Dual Methods

With vertex weights w : V' — R>( the matching argument fails (an edge (a,b)
with w(a) = 1, w(b) = K gives ratio 1 + K). The primal-dual method instead
maintains a price G[e] > 0 on each edge and raises prices until every edge is
paid for by a tight endpoint. Note that weighted vertex cover is just a weighted
set cover instance, where the elements are the edges and the sets are the edge-
incidence sets corresponding to each vertex. The primal-dual method of [3] ex-
tends to any weighted set cover instance to obtain an f-approximation, where
f is the maximum frequency of any element (note that in a transformed vertex
cover instance f = 2, since each edge is incident to two vertices). We will give
an LLP algorithm based upon this pricing mechanism.

Let U be a universe on n elements and S a collection of m sets {Y1,...,Y,,}.
Impose a lexicographic order <o, over U, and assume that the instance is feasible
(which is for all # € U there exists Y € S with € V). The state is now a
price G[z] > 0 for each & € U, raised until every element lies in a tight set.
These notions come from the linear programming relaxation, where the prices
are the dual variables and tight sets correspond to tight dual constraints (see
Section 5), though the present method is explainable without linear programming
techniques. Finally, note that by assuming the instance is feasible, raising an
element’s price until a containing set becomes tight is always well defined.

Working in the continuous lattice R, of element prices, write prices(Y) =

Glz]. A set is tight when price~(Y) = w(Y), i.e. its cumulative price
EzEY g p G ) b
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Algorithm LLP-WeightedSetCover: A parallel f-approximation for
weighted set cover via lex-minimal element pricing.

Input: Universe U; collection S; weights w : S — Rx>g
Output: C C S: a set cover

G: array|U] of real, initially Vz € U : Glz] :=0 // element prices
forbidden (x) : slackming(z)

= advance : G[z] := Gz] + min{w(Y) — price(Y) : Y € S,z € Y}

return C:={Y € S: pricec(Y) = w(Y)}

meets its weight, and an element is slack when it lies in no tight set:
slackg(x) =-3Y € S:x € Y Apriceg(Y) = w(Y).

Call an element slack-minimal if it is slack and lex-minimal among other slack
elements contained in a common set,

slackming (z) = slackg(x),
Az el :slackg(z) N(FY € S: {z,2} CY) = z <jex 2.

We will use the forbidden predicate forbiddens = slackming, and advancing x
will raise G[z] until some set containing it becomes tight. Thus, the advance is
Glz] := Gz]+miny cs.pey w(Y) — price(Y). The forbidden predicate advances
a slack element only when it is lex-minimal among the slack elements sharing a
set with it. Distinct lex-minimal slack elements share no set, so raising them in
parallel charges each set’s budget through at most one element. This maintains
feasibility, and will assist in Lemma 2 in showing lattice-linearity. The predicate
the algorithm computes is,

Bys(G) =Vz €U : —slackming(x).

The algorithm is shown in LLP-WeightedSetCover. The method returns the tight
sets at termination. Observe that an element is never slack after it advances, so
the algorithm terminates in at most n advancements.

As in the last section, Bysc is generally not lattice-linear on all of R@O.
To identify a suitable lattice, let G* be the price vector given by (sequentially)
increasing slack elements with lexicographic tie-breaking. This is, beginning with
the bottom element (i.e. 0), select the lex-minimal slack element z; and increase
its price until a set containing z; becomes tight (equivalently until z; is no longer
slack). Repeat with zo and so on until no slack element exists to obtain G*. It is
important to note that G* is feasible (in the sense that prices(Y) < w(Y) for
all Y € §) and no element is slack at the end of this process. Define,

Luse 2{G eRY,: G < G*},

i.e. Lysc is the principal ideal generated by G*. We show that the advancements
made by LLP-WeightedSetCover can never attain a state beyond Ly, and that
Buysc is lattice-linear on Lygc.
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Lemma 2. Select G € Lysc. If 7 Bysc(G), then all of the following are true:

(i) some element x € U is slack-minimal,
(ii) advancing Glx] := Glz] + minycs.zey wW(Y) — pricec(Y) remains in Lysc,
(iii) for all H € Lose, if H> G and H[z] = Glz] then ~Buyse(H).

Proof. The first item (i) follows by definition of Bysc. Fix such slack-minimal
x € U. For (ii), by way of contradiction suppose that,

G*[z] < Glz] + Yelg:lalcleyw(y) — priceq(Y)

This implies x is slack in the state G obtained by the advancement G[z] := G*[x].
So for x to not be slack in G*, there must exist z; # x contained in a set
containing = with G*[z;] > G[z;]. Let i be the first index satisfying this among
elements selected in the construction of G*. Then z; is such that there exists
noY € S with {z,2;} CY or G*[z] < @[z]] for all j < i. Therefore, the price
of every set containing x according to G is greater than or equal to that in the
construction of G* at the time z; is selected. So x is slack when z; is selected,
meaning that z; <jex * must hold. Therefore, for = to be slack-minimal in G, z;
cannot be slack in G. Select a set Y € S with Y 3 z; and priceg(Y) = w(Y).
But G < G* and G*[z;] > G[z;] implies priceq(Y) < priceq«(Y). This makes
priceq-(Y) > w(Y) which contradicts the construction of G*. And so (ii) follows.

Finally, for (iii) select H € Ly with H > G and H|[z] = G[z]. Observe that
the set of slack elements is decreasing with increasing state. So, as long as x is
slack in H then it is slack-minimal in H. Well, (ii) shows H[z] < G*[z], and so
by H < G*,

priceg(Y) < pricec-(Y), YY e€S:zeY.

In particular, no set containing x can be tight since G* is feasible, priceq.(Y) <
w(Y) for all Y € S. So z is slack in H, and —By,s.(H) follows. O

Theorem 3. Let f := maxzey|[{Y € S : * € Y}| be the mazimum element
frequency. LLP-WeightedSetCover returns a set cover C with )y cow(Y) < f -
OPT.

Proof. Let G be the terminal state. Observe that Bys.(G) holds as Ly contains
a state satisfying the predicate (i.e. G*) so no element is slack in G. For any choice
of set cover C* C § this implies,

Y G <) Gl - fyectzeYl =Y Y Gll< > w®) (1)

zelu zeU YeC zeY Yecr
Therefore, »_,, G[r] < OPT. But because every set in C is tight, we also have,
dDw¥)=Y Ga]-{YeC:zeY}<f> Gla]< f-OPT.
YeC rcl zeld

This proves the theorem. ad
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5 Weighted Set Cover with Definite Horn Constraints

A Horn clause is a disjunction with at most one positive literal, and is definite
if it contains exactly one positive literal. Associate with each Y € § a positive
literal ay . In implicational form, a definite Horn clause is equivalent to,

/\ ay = az, (2)
YeH

for some H C S and Z € S\ H where H may be empty. If we associate az with
selecting Z for the cover, (2) encodes the constraint that selecting all of H for
the cover requires also selecting Z. The width of a Horn clause is the number
of literals, so a definite Horn clause of width two or less is such that |H| < 1.
Constraining exact problems solvable by LLP algorithms by clauses has been
investigated in prior work [34] since they are naturally lattice-linear: (2) is false
only if Z is not in the cover while H is a subset of the cover. In this case, Z is
forbidden as no greater satisfying solution can be found until Z is included.

Because conjunctions of lattice-linear predicates remain lattice-linear, the
LLP method has solved exact problems under constraints encoded by lattice-
linear predicates [15,34]. However, this principle does not transfer cleanly to
LLP algorithms for approximate solutions. In this section, we use definite Horn
constraints as a case study. Specifically, we modify the LLP method from Sec-
tion 4 to achieve an f-approximation under definite Horn constraints of width
two, and prove obtaining any constant-factor approximation to unweighted ver-
tex cover under width-three Horn constraints is NP-hard.

5.1 Primal-Dual LLP Method for Width-Two Horn Constraints

Suppose we are given a collection of width-two Horn clauses as constraints. For
simplicity and space constraints, we exclude width-one Horn clauses from our
examination. Encode the constraints by the set I C S x S, so that (Y,Z) € I
means we must satisfy ay = ayz. This defines the program,

min  wTv,
s.t. Av>1,
vy —vy >0, V(Y,Z) el,
ve{0,1}%,
where A = [xy, ... Xy,,] is the matrix whose i*! column is the characteristic

vector xy, of the set ¥; € S. After relaxing the final constraint to v > 0, we
obtain the dual linear program,

max ZG[CL‘],
zeU
st pricea(Y)+ Y. AWY)— > MY, Z)<w(Y), VY ES,
W:(W,)Y)el zZ(Y,Z)el
G\ > 0.
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Unlike unconstrained weighted set cover this dual is not positive, and so a price
raising mechanism will not immediately apply. To solve this, the next lemma
describes a projection of the dual onto the G-coordinates using the closures
of the implication graph corresponding to the Horn constraints. Anticipating
this, observe that I defines a binary relation over S, so we may consider the
implication graph (S, I). Following Picard [31], a collection of sets C C S is a
closure if it is closed under the graph’s reachability relation; equivalently Y € C
and (Y, Z) € I implies Z € C. We use closures to define an equivalent program.

Lemma 3. A price vector G € RY extends to a feasible dual solution (G, \) if

and only if Yy copricea(Y) < Yy cow(Y) for all closures C C S.

The argument interprets A as a flow in the reversed implication graph. To
streamline the symbolic expressions we let 7¢(Y) = w(Y) — priceg(Y) be the
residual budget for the set Y. The dual constraint is equivalent to the net flow
through a vertex Y € S being bounded by r¢(Y). So we apply Gale’s theorem
(in a form translated to directed graphs).

Theorem 4 (Gale’s feasibility theorem [8]). Let (V, E) be a directed graph
with capacities ¢ : E — RsoU{oo} and demands d : V' — R. Moreover, let 6~ (v)
and 6T (v) be the incoming and outgoing edges for a vertex v € V. There exists
a flow f : E — R satisfying f(e) < c(e) for all e € E and,

Z fle) — Z f(e') >dv), YveV,

e€d— (v) e’€dt(v)
if and only if 3,y d(v) < D ces—wycle) for all W C V.

Proof (of Lemma 3). Consider the reversed graph (S,1)°PP and assign infinite
capacity to every edge. Let 6~ (Y) and 6+ (Y) be the incoming and outgoing
edges of Y € S respectively in the reversed graph. Then the dual constraint is
equivalent to Y- o5 () Ale) = Xopesr vy Al€) = —rg(Y) for all Y € S, so we
let —r give the demands. However, for any C C S, our construction makes,

T o) {0, if 5-(C) = @,

00 otherwise
e€d—(C) ’ ’

where §7(C) is the natural extension of 6~ giving the edges incoming to C in
(S, I)°PP. However, C has no incoming edges in the reversed graph if and only if
it is a closure in (S,I). And so, by Gale’s theorem, there exists A € IR{IZO such

that - c5- vy AMe) = Doresr vy Al€)) = —ra(Y) if and only if,

0> — Z ra(Y) = Z (priceq(Y) — w(Y)),

YeC YeC

for all closures C in (S, ). So, rearranging terms gives the result. O
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Now suppose G is feasible in the sense of Lemma 3. If one were to raise the
value of G[z] by value § > 0, then G remains feasible if and only if,

Y eC:zeY}+ Z priceq(Y) < Z w(Y),
vec vec

for all closures C. Therefore, the largest possible such increase is,

. 2yeera(Y)
A 2 < .
a(®) cavetimey HY eC:x e Y}

We obtain a (possibly non-optimal) solution to the projected program by com-
puting a price vector satisfying,

BhCWSC(G) =Vexel: AG(JL‘) =0,
and so we let forbiddeng = clslackming with,

clslackming(z) = Ag(z) > 0,
AVZzEU:z oz NAg(z) >0 = z <jex 2,

where the (reflexive) neighboring relation z «~ x is defined by z and z being
contained in sets in a shared weak component of (S,I). The neighboring rela-
tion is used in the proof of Lemma 4 to ensure that forbidden elements stay
forbidden when other elements are advanced, and that advancing a forbidden
element does not create a state outside of our chosen lattice. Specifically, two
distinct cl-slack-minimal elements are never contained in sets in a shared com-
ponent of the implication graph, and so simultaneous advances affect disjoint
component-contained closure systems and preserve feasibility. Finally, we ad-
vance the state G[z] via the update G[z] < G[z] + Ag(x). Efficiently computing
Ag (and corresponding forbidden and advancements) is done using parametric
min-cut algorithms [9]; we defer this explanation to the end of the section. For
a parallel or distributed implementation, we remark that computing Ag(z) is
local to the components containing a set containing x.

In a similar vein to Section 4, we let G* be the solution constructed by
the following sequential process: Initially let G = 0, and first select the lex-
minimal z; such that Agx(21) > 0. Update via the advancement G7i[z1] :=
Golz1] + Agz(21). Then select the next lex-minimal zo with Agx(22) > 0, and
perform the same advancement to obtain G3. Repeat until Ag:(x) = 0 for all
x € U, and take G* = G} . Observe that G* is feasible for the projected program
defined by Lemma 3 by the advances. Finally, define the lattice,

L:hcwsc £ {G S Rgo -G < G*}

We show Bpewse is lattice-linear on Lycwse, and verify the advancements never
leave the lattice.

Lemma 4. Select G € Lycwse- If 7 Bhewse(G), then all of the following are true:
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(i) some element x € U is cl-slack-minimal,
(ii) advancing Glz] := Gz] + Ag(x) remains in Licwse,
(iii) for all H € Lycwse, if H > G and H[z] = Glz] then = Bpewsc(H).

Proof. For the first item, see that —Bpewsc(G) implies Ag(z) > 0 for some
x € U, and so some such element must be lex-minimal among any neighbors z
with Ag(z) > 0. This shows (i). Now, select a cl-slack-minimal x. For (ii) we
proceed by contradiction: assume G*[z] < G[z] + Ag(z). Observe that every
element is contained in a set in some tight closure by the construction of G*. We
can localize this to the components of the implication graph. In particular, let
{K;}; be the (weak) components of (S, ), and observe the intersection C N K
is also a closure for all j and closures C. Then, for any element x € I/ and closure
C such that there exists a set Y € C with x € Y,

ZYec ra(Y) Zj ZYECﬂKj ra(Y)

{YecC:zeY} Y, {YeCnK;:zeY}

S min ZYECﬁKj ra(Y)
T 7:3YECNK:zEY |{Y eCn Kj S Y}|’

as graph components are disjoint. This implies that the minimization defining
Ag(x) is attained by a closure contained entirely in a component. And so, if
Ag(z) = 0 then some closure containing a set containing z is both tight and
contained entirely in a single graph component.

Since Ag~(z) = 0, there exists a tight closure C in G* entirely contained in a
component, which contains a set containing x. Let CA}’Abe the state resulting from
the advancement G[z] := G*[z]; we see C is slack in G. So because G[z] = G*[z],
there exists z # x contained in a set in C (i.e. z «~ x) such that G*[z] > @[z] =
G|z]. Hence we may select the earliest selected distinct neighbor z; # x in the
construction of G* for which G*[z;] > G[z]. Let P £ G}_,. By the minimality
of i, it follows that P[2'] < G[#/] for all neighbors 2’ « . Therefore, for every
closure C contained in a component for which there exists Y € C with x € Y,

Z pricep(Y) < Z priceg(Y).

YecC YeC

Since G[z] < G[z]+Aq(z) we have Ag(z) > 0, and so by the previous equation it
follows that Ap(z) > Az(x) > 0. That is, no closure containing a set containing
x was tight when z; was chosen for G*, so it must be that z; <jex . But, because
z; e~ x and z is cl-slack-minimal in G, we observe Ag(z;) = 0. So there exists
a closure C’ such that for some Y € C’ we have z; € Y, and )y, priceg(Y) =
> vee w(Y). However, because G < G* and G[z;] < G*[z;] it is also true that,

Z priceg(Y) < Z priceg« (V).
Yec! Yec!

This makes )y o priceg-(Y) > Yy oo w(Y) which contradicts the feasibility
of G* under Lemma 3. This gives (ii).
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Algorithm LLP-HCWeightedSetCover: Parallel f-approximation
for weighted set cover with width-two Horn constraints.

Input: Universe U; collection S; weights w : S — R>o; implications I CS x S
Output: CC S
G: array|[U] of reals, initially Vx € U : G[z] :=0 // element prices
V:=8U{s,t}
E:=TU({s} xS)U(S x{t})
max{0, —rq(Z)}, if s=Y,
co(Y,Z) := ¢ max{0,rc(Y)}, ift=2,
0, otherwise.
forbidden (x) : clslackming(z)
= advance : G[z] := G[z] + Ag(z)
(A,T) := maximal (source-side inclusion) min-cut of (V, E) with co
return C := A\ {s}

Finally, for (iii) select H € Lpeyse such that H > G and H[z| = G[z]. So
long as Ag(x) > 0, the element z is also cl-slack-minimal in H by H > G (as
it can be observed that G — Ag(x) is antitone). By (ii), we find H[z] < G*[z],
and so by way of H < G*,

Z price(Y) < Z priceg-(Y),

YeC YecC

for all closures C containing a set containing x. This implies that every closure
containing a set containing x must be slack in H, equivalently Ay (z) > 0. This
concludes (iii). O

The algorithm is given in LLP-HCWeightedSetCover. Notice Ag(z) remains
zero after x is advanced, so the algorithm terminates after at most n advance-
ments. The solution is extracted via computing a maximal min-cut with respect
to source-side inclusion (which is found efficiently via reachability computations
on the residual graph; see [6]) on the following construction: create a flow net-
work (V, E) from (S,I) by introducing source and sink vertices s and ¢ with
edges to every element in S. We use the capacities,

co(s,Y) = max{0, —rg(Y)}, co(Y,t) = max{0,rq(Y)},

and infinity for the preexisting edges from the implications in I. Therefore, any
cut (A,T) whose source side is not given by A = C U {s} for some closure C
has infinite capacity, so any min-cut always corresponds to a closure in this way.
This is a standard min-cut formulation of closure problems given in classic works
[31,27,9]. Now, if we let kg (C) be the capacity of (C U {s},{t} US\ C) for a
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closure C, after noting that the empty set is always a closure we see,

>~ max{0, Tg(Y)}> + (Z max{o,ra(Y)}> :

(Yec vec

> max{0, —TG(Y)}> + (Z max{0,rg(Y)} — max{0, —rG(Y)}> ,

YeS YeC

ka(2)+ Y ra(Y).

YeC

ka(C)

Since } Jycera(Y) > 0 for all closures C for feasible price vectors G' by way of
Lemma 3, it follows that a closure generates a min-cut if and only if its capacity
equals kg(@), equivalently if and only if ) 'y, 7c(Y) =0 (i.e. C is tight).

Note that source-side sets of min-cuts are closed under union [32], so the
preceding analysis shows the maximal min-cut (CU{s},{t} US\ C) is such that
C is the union of all tight closures and C is tight itself since it corresponds to
a min-cut. This fact is used to show the algorithm returns a feasible set cover,
and (weak) duality is used to obtain the approximation factor.

Theorem 5. Let f := max,ey|[{Y € S : © € Y}| be the mazimum ele-
ment frequency. LLP-HCWeightedSetCover returns a feasible set cover C with

Yyeew(Y) < f-OPT.

Proof. At termination Bpeyse(G) holds true, so Ag(z) = 0 for all z € U. Tt
follows that there exists some tight closure C’ such that there exists Y € C’ with
x € Y, and so because our prior discussion shows C contains all tight closures,
we have Y € C' C C. As the choice of x € U was arbitrary, C defines a set
cover. Moreover, C is a closure in (S,I), and so C satisfies the Horn clauses.
Now observe that the value of the cover gives >y o w(Y) = >y o priceg(Y)
because C is tight (as it corresponds to the min-cut, the maximal one). But,

Z priceq(Y) = Z Z Glz] < fz Glz].

YeC YeCzeY zeU

Because G extends to a feasible solution of the dual relaxation by Lemma 3,

weak duality makes >, Glz] < OPT. And so )y, w(Y) < f-OPT. O

To conclude the section we discuss how forbidden and advance can be com-
puted efficiently. The neighbor relation «~ can be precomputed by identifying
the components and associating each & € U with the components (see [14] for
LLP algorithms for connected components) containing a set containing x. So,
what remains for verifying we may efficiently evaluate forbidden.(x) and ad-
vance is giving a method for evaluating Ag. One may evaluate Ag(x) via pre-
existing methods: Again create a flow network from (S, I) by introducing source
and sink vertices s and ¢ with edges to every element in S, but now assign the
parameterized capacities for each Y € S,

co(s,Y) = Oxy (z) + max{0, —rg(Y)}, co(Y,t) = max{0,rq(Y)},
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and infinity for the remaining edges defined by I.

Again, any cut whose source side is not given by C U{s} where C is a closure
has infinite capacity, so every min-cut is a closure. The capacity kg (C) defined
by a closure C is exactly,

ka(C) = (Z Oxy () + max{0, —rg(Y)}> + (Z max{O,rg(Y)}> ,

Y¢c Yec

= ka(@) + (Z rg(Y)> —0{yec:zeY}, (3

YeC

where rg(9) = > ycs0xy(7) + max{0, —rg(Y)} is the capacity of the cut
defined by the empty closure. Note that because G is feasible, by Lemma 3 we
have Dy cora(Y) > 0 for all closures C. So, (3) shows that the cut defined
by the empty closure is a min-cut exactly while § < Ag(z). At 0 = Ag(z),
the capacity of the cut generated by a nonempty closure first ties that of the
empty closure and becomes strictly cheaper thereafter. Hence, Ag(z) defines the
smallest breakpoint in our parametric min-cut instance, and so is computable
by Gallo, Grigoriadis, and Tarjan [9] as the source-side capacities are increasing
in 6 and all remaining edges are constant.

5.2 Hardness for Width-Three Horn Constraints

Now we show it is NP-hard to achieve any constant-factor approximation to
(unit-weight) vertex cover with Horn constraints of width three. Recalling this
is a weighted set cover problem through the edge-incidence sets of the vertices,
this and the last section show a boundary at width-two Horn constraints.

Let /\;n:1 C; be a 3-SAT formula with m clauses over n variables by, ..., by,

and M = [a(n+m)] +1 for a fixed constant c. In the reduction, o will encode
the target approximation factor for a Horn-constrained vertex cover algorithm.
Create a graph (V, E) as follows: For each variable b;, associate two vertices ¢;
and f; with an edge between them, and for each clause C; create a set of M + 1
isolated vertices Q; = {qo.j,q1 ., - -,qnm,; }- For a literal ¢, define the function,

fi» lffzb“
=
o(f) {ti, i 0 = —b;.

That is, when ¢ is defined from the variable b;, ¢(¢) maps to f; when the literal
is positive and t; when the literal is negative. Suppose each clause is written as
C; =101,V ; VI ;. Tomake an instance with constraints, add the Horn rule,

(¢(l15) €C) A (¢(le,j) €C) = qo; €C, (4)
and the M separate Horn rules,

(QO,j S C) A ((ﬁ(fg,j) S C) — qi,; S C, (5)
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for each clause C; and ¢ € {1,...,M}. Finally, the reduction is polynomial
because « is fixed and independent of n and m and M = O(n + m).

Lemma 5. If the 3-SAT instance is satisfiable, then there exists a feasible Horn-
constrained vertex cover C of size |C| < n + m.

Proof. Examine any satisfying assignment. We construct a feasible vertex cover
C in the following way: If b; is assigned true in the assignment, then add t; to
the cover. Otherwise, add f; to the cover. Then, add go ; to the cover for any
clause C; whose first two literals are false to complete C.

See that ¢(¢) € C if and only if the literal £ is false in the 3-SAT assignment.
So our rule for adding g, easily satisfies (4) for each clause C;. Furthermore,
since we started with a satisfying assignment, gy ; € C implies the third literal
l3 ; must be true for C; to be satisfied, meaning that ¢(¢s ;) ¢ C in this case.
Therefore, for each clause all M implications in (5) are satisfied. This makes C a
vertex cover satisfying the Horn constraints. The construction makes |C| < n+m,
so the lemma follows. O

Lemma 6. If there exists a feasible Horn-constrained vertex cover C of size
|C| < M, then the 3-SAT instance is satisfiable.

Proof. Since C covers every edge (t;, f;), we may define an assignment by,

true, if f; ¢C,
b; := | false, ift; ¢ C,
arbitrary, otherwise.

Under this assignment, ¢(¢) ¢ C implies the literal £ is true. Now examine the
clause C;j. If either ¢(¢; ;) ¢ C or ¢(f2 ;) ¢ C then the corresponding literal is
true (so C; is satisfied). Otherwise, if {¢(¢1 ;), #(¢2;)} C C, then as C is feasible
(4) forces qo; € C. However, ¢({¢3 ;) cannot be contained in C as then the M
implications in (5) force {q1 j,...,qm;} C C, contradicting |C| < M. So l3; is
true. Thus, C; is satisfied in any case, and as our choice of j was arbitrary the
instance is satisfiable. O

Theorem 6. For every fixed constant o« > 1, unless P = NP, there is no
polynomial-time «-approximation algorithm for (unit-weight) vertex cover sub-
ject to width-three Horn constraints.

Proof. Examine any 3-SAT instance, and let C be any a-approximate solution
over (V, E') with the constraints we've described. If the 3-SAT instance is satis-
fiable, then Lemma 5 implies OPT < n + m, so,

IC] < aOPT < a(n+m) < M.

If the 3-SAT instance is not satisfiable, then the contrapositive of Lemma 6
implies |C| > M. Consequently, the 3-SAT instance is satisfiable if and only if
|C] < M. And so, if there did exist an a-approximation algorithm to width-three
Horn-constrained vertex cover, we could solve 3-SAT. a
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