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Veri�cation 2Causally precedes and its complement����s1 ����s2 ����s3 ����s4����t1 ����t2 ����t3 ����t4- - -- - -� k! relation used for induction on !.For k > 0, s k! t 4= ml(s; t) = kThus s k! t if and only if s ! t and the longest chain froms to t has length k.c
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Veri�cation 3Induction on !Lemma 1 s! t , (9k : k > 0 : s k! t)Lemma 2 s 1! t ) s �1 t _ s ; t Is Converse true ?Proof:s 1! t) ml(s; t) = 1 f defn of k! g) 9c : first(c) = s ^ last(c) = t ^ len(c) = 1) s �1 t ^ s ; t f defn of a chain gLemma 3 (s k! t) ^ (k > 1) ) (9u :: s k�1! u ^ u 1! t)Proof:(s k! t) ^ (k > 1)) (ml(s; t) = k) ^ (k > 1) f defn of k! g) (9u :: ml(s; u) = k � 1 ^ ml(u; t) = 1) f chain lemma g) (9u :: s k�1! u ^ u 1! t) f defn of k! gc
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Veri�cation 4The relation 6! ����s1 ����s2 ����s3 ����s4����t1 ����t2 ����t3 ����t4- - -- - -De�ne for k � 0:s k6! t 4= s 6! t ^ml(Init; t) = kThus s k6! t if and only if s 6! t and the longest chain fromsome initial state to t has length k.c
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Veri�cation 5Induction on 6!
Lemma 4 s 6! t , (9k : k � 0 : s k6! t)Proof:s 6! t, (s 6! t) ^ (ml(Init; t) � 0) f by defn of ml(Init; t) g, (9k : k � 0 : s k6! t) f defn of k! gLemma 5 s 06! t , Init(t)c
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Veri�cation 6Induction on 6! [Contd.]Lemma 6(k > 0) ^ (s k6! t) ^ (u! t)) (9j : 0 � j < k : s j6! u)Proof :k > 0 ^ s k6! t ^ u! t) k > 0 ^ s 6! u ^ s k6! t fotherwise s! tg) k > 0 ^ s 6! u ^ml(Init; t) = k fdefn of k6!g) k > 0 ^ s 6! u ^ml(Init; u) < kfotherwise ml(Init; t) > kg) (9j : 0 � j < k : s j6! u) fdefn of j6!gc
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Veri�cation 7A variant of the vector clock algorithm� vector components incremented less frequently; itmaintains:(8s; t : s:p 6= t:p : s:v < t:v , s! t)For any initial state s:(8i : i 6= s:p : s:v[i] = 0) ^ (s:v[s:p] = 1)Rule for a send event (s; snd; t):t:v := s:v;t:v[t:p] + +;Rule for a receive event (s; rcv(u); t):t:v := max(s:v; u:v);Rule for an internal event (s; int; t):t:v := s:v;c
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Veri�cation 8Proof
� (8s; t : s:p 6= t:p : s:v < t:v , s! t). accomplished bys:p 6= t:p ^ s! t ) s:v < t:v (1)s:p 6= t:p ^ s:v < t:v ) s! t (2)

Lemma 7 s! t ) s:v � t:v

c
Vijay K. Garg Distributed Systems Spring 96



Veri�cation 9Proof [Contd.]Proof : Su�cient to show that 8 k > 0 : s k! t) s:v � t:vBase (k = 1) :s 1! t) s �1 t _ s ; t flemma 2 g) (s; int; t) _ (s; snd; t) _ (9u :: (s; rcv(u); t))_(9u :: (u; rcv(s); t)) fexpand s � t and s ; tg) (s:v = t:v) _ (s:v < t:v) _ (s:v � t:v) _ (s:v � t:v)fSnd, Rcv, and Int rulesg) s:v � t:v f simplify gInduction: (k > 1)s k! t ^ (k > 1)) (9u :: s k�1! u ^ u 1! t) flemma 3g) (9u :: s:v � u:v ^ u:v � t:v) finduction hypothesisg) s:v � t:v fsimplifygc
Vijay K. Garg Distributed Systems Spring 96



Veri�cation 10Use of induction on k6! [Base Case]Contrapositive of 2:8s; t : s:p 6= t:p : s 6! t ) :(s:v < t:v):Lemma 8 (8s; t : s:p 6= t:p : s 6! t ) t:v[s:p] < s:v[s:p])Proof Base (k = 0) :s 06! t ^ s:p 6= t:p) Init(t) ^ s:p 6= t:p flemma 7g) Init(t) ^ s:p 6= t:p ^ flet u be initial state in s:pg(9u : Init(u) ^ u:p = s:p : u = s _ u! s)) Init(t) ^ s:p 6= t:p ^ flemma 7g(9u : Init(u) ^ u:p = s:p : u:v = s:v _ u:v � s:v)) t:v[s:p] = 0 ^ fInit ruleg(9u : u:v[s:p] = 1 : u:v = s:v _ u:v � s:v)) t:v[s:p] < s:v[s:p] fsimplifygc
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Veri�cation 11Proof [Induction Case]Induction: (k > 0)s k6! t ^ s:p 6= t:p ^ k > 0) f let u satisfy u �1 t, u exists since :Init(t) gs k6! t ^ s:p 6= t:p ^ u:p = t:p ^ u �1 t) f lemma 6 gs j6! u ^ 0 � j < k ^ u:p 6= s:p ^ u �1 t) f inductive hypothesis gu:v[s:p] < s:v[s:p] ^ u �1 t) f expand u �1 t gu:v[s:p] < s:v[s:p]^ ((u; int; t) _ (u; snd; t) _ (u; rcv(w); t))Consider each disjunct separately.c
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Veri�cation 12Proof of Inductive Case [Contd.]Case 1: (u; int; t)u:v[s:p] < s:v[s:p] ^ (u; int; t)) u:v[s:p] < s:v[s:p] ^ t:v = u:v fInt ruleg) t:v[s:p] < s:v[s:p] fsimplifygCase 2: (u; snd; t)u:v[s:p] < s:v[s:p] ^ (u; snd; t)) u:v[s:p] < s:v[s:p] ^ t:v[s:p] = u:v[s:p] fSnd rule, s:p 6= t:pg) t:v[s:p] < s:v[s:p] fsimplifygCase 3: (u; rcv(w); t)u:v[s:p] < s:v[s:p] ^ (u; rcv(w); t)) u:v[s:p] < s:v[s:p] ^ (u; rcv(w); t) ^ fRcv ruleg(t:v[s:p] = u:v[s:p] _ t:v[s:p] = w:v[s:p])) (t:v[s:p] < s:v[s:p]) _ fsimplifyg((u; rcv(w); t) ^ t:v[s:p] = w:v[s:p])It su�ces to prove the two cases: w:p = s:p and w:p 6= s:p.c
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Veri�cation 13Proof of Inductive Case [Contd.]Case 3A: w:p = s:pt:v[s:p] = w:v[s:p] ^ (u; rcv(w); t)) t:v[s:p] = w:v[s:p] ^ (w; snd; x) 8>>>>>>>>><>>>>>>>>>: let x satisfy w � x,x exists since w ; timplies :Final(w) 9>>>>>>>>>=>>>>>>>>>;) t:v[s:p] = w:v[s:p] ^ (w; snd; x) fotherwise s! tg^ w ! s) t:v[s:p] = w:v[s:p] ^ (w; snd; x) fsince w � xg^ (x = s _ x! s)) t:v[s:p] = w:v[s:p] ^ w:v[s:p] < x:v[s:p]^ (x = s _ x! s) fSnd ruleg) t:v[s:p] = w:v[s:p] ^ w:v[s:p] < x:v[s:p]^ (x:v � s:v) flemma 7g) t:v[s:p] < s:v[s:p] fsimplifygc
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Veri�cation 14Proof of Inductive Case [Contd.]Case 3B: w:p 6= s:pt:v[s:p] = w:v[s:p] ^ (u; rcv(w); t) ^w:p 6= s:p) f use s k6! t, k > 0, and lemma 6 gt:v[s:p] = w:v[s:p] ^ w:p 6= s:p ^ s j6! w^ 0 � j < k) f inductive hypothesis gt:v[s:p] = w:v[s:p] ^ w:v[s:p] < s:v[s:p]) f simplify gt:v[s:p] < s:v[s:p]
c
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Veri�cation 15ConverseEqn 2 : s:p 6= t:p ^ s:v < t:v ) s! tLemma 9 (8s; t : s:p 6= t:p : s! t ) s:v < t:v)Proof Base (k = 1) :s 1! t ^ s:p 6= t:p) s ; t ^ s:p 6= t:p fdefn of 1! and lemma 2g) s:p 6= u:p ^ (u; rcv(s); t) flet u satisfy u � tg) 8>>>><>>>>: otherwise t! s (since there is only oneevent between u and t) 9>>>>=>>>>;u 6! s ^ s:p 6= u:p ^ (u; rcv(s); t)) s:v[u:p] < u:v[u:p] flemma 8 and rcv ruleg^ (8i :: t:v[i] = max(u:v[i]; s:v[i]))) s:v < t:vc
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Veri�cation 16Converse [Contd.]Induction (k > 0) :s k! t ^ k > 0 ^ s:p 6= t:p) (9u :: s k�1! u ^ u 1! t ^ s:p 6= t:p) flemma 3g) (9u :: s k�1! u ^ u 1! t ^ fu:p can not have two valuesg(u:p 6= t:p _ u:p 6= s:p))) (9u :: (s k�1! u ^ u 1! t ^ u:p 6= t:p) _(s k�1! u ^ u 1! t ^ u:p 6= s:p))) (9u :: (s k�1! u ^ u:v < t:v)_ finductive hypothesisg(s:v < u:v ^ u 1! t))) (9u :: (s:v � u:v ^ u:v < t:v)_ flemma 7g(s:v < u:v ^ u:v � t:v))) s:v < t:vTheorem 1 (8s; t : s:p 6= t:p : s! t , s:v < t:v)c
Vijay K. Garg Distributed Systems Spring 96


