Verification 1

Objectives of this Lecture

e Induction on —

e Induction on 4

e Formal proof of the vector clock algorithm
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Causally precedes and its complement

BB

Y

° ﬁ> relation used for induction on —.

For £ > 0,
Sitéml(s,t):k

Thus s % ¢ if and only if s — ¢ and the longest chain from
s to t has length k.
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Verification 3

Induction on —

Lemma 1s >t & (3k:k>0:8£>t)

Lemma 2s 5 ¢ = s <11tV s§~1 Is Converse true 7
Proof: .
s — 1
= mi(s,t) =1 { defn of 5}
= dc: first(c) = s Alast(c) =t Alen(c) =1
= §<1t AN s~t { defn of a chain }

Lemma3(8£>t) AN(k>1) = (Eluzzsk:}u/\uimf)

Proof:

(
= (ml(s,t) =k) A (k> 1) { defn of £
= (Ju = mi(s,u) =k—1 A ml(u,t) =1) { chain lemma
= (u::sk:}u/\uimf) {defnofﬁ

LLI
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Define for £ > 0:
ko A .
sAt=sAtAml(Initt) =k

k
Thus s 4 t if and only if s /& ¢ and the longest chain from
some Initial state to ¢ has length k.
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Verification 5

Induction on 4

k
Lemmad4s At & (dk:k>0:s55A1)

Proof:
s /At
& (sAt) AN (ml(Init,t) > 0) { by defn of mi(Init,t) }
k
& Fk:k>0:s55h1) { defn of & )

0
Lemma 5s At & Init(t)
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Verification 6

Induction on 4 [Contd.]

Lemma 6 ,
k | | J
(k>0 A(sAOAN(u—t)=(Fj:0< 1< k:s5hu)

Proof : .

E>0ANsAtAu—t
ik>0/\874>u/\3712>t {otherwise s — t}
= k>0AsAuAml{nit,t) =k {defn of7lz>}

= k>0AsAuAml(Init,u) <k
{otherwise ml(Init,t) > k}

. . y J
= (d7:0<7<k:s5Ahu) {defn of A} =

(©Vijay K. Garg Distributed Systems Spring 96



A variant of the vector clock algorithm

e vector components incremented less frequently; it
maintains:

(Vs,t:spF£tp:sv<tv & s—t)
For any initial state s:
(Vi :i# s.p:swfi] =0)A(s.v]s.p] =1)
Rule for a send event (s, snd,t):
t.v 1= 8.v;
tolt.p] + +;

Rule for a receive event (s, rcv(u),t):
t.v := max(s.v, u.v);

Rule for an internal event (s, nt,t):
t.v = s.v;
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o (Vs,t:sp#tp:sv<tw < s—t). accomplished by

spELpAs—t = sv<tw (1)
spFElIpAsv<tv = s—t (2)

Lemma 7s >t = swv<tw
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Verification 9

Proof [Contd.]

Proof : Sufficient to show that Vi > 0:5 5 ¢ = s < t.v

Base (k=1) :
s 5t
= $=<1tVs~t {lemma 2 }
= (s,int,t) V (s,snd,t) vV (Fu :: (s, rcv(u),t))
V(Ju :: (u, rev(s),t)) {expand s <t and s~ t}

= (s.v=tw)V(swv<to)V(sv<twv)V(swv < to)
{Snd, Rcv, and Int rules}

= s <tw { simplify }

Induction: (k> 1)
L (k>1)

= (Ju:us Slaunu b t) {lemma 3}

=  (Ju: s.v <wuwvAuv < two) {induction hypothesis}

= s <tw {simplify} =
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Verification

10

k
Use of induction on 4 [Base Case]

Contrapositive of 2:
Vs,t:sp#tp:shHt = =(swv<to).

Lemma 8 (Vs,t:s.p#£tp:sAHt = twls.p| < s.vls.p])
Proof Base (k =0) :

=
=
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0
sAtANspF£itp

Init(t) A s.p# tp {lemma 7}
Init(t) Ns.p#tpA {let u be initial state in s.p}
(Ju : Imit(u) Aup=sp:u=sVu—s)

Init(t) Ns.p#tpA {lemma 7}
(FJu : Imit(u) Au.p=s.p:uv=svVuv<sv)
t.uls.p] =0 A {Init rule}
(Ju :uww[s.pl=1:uv=svVuv<sv)

t.uls.p] < s.v[s.p] {simplify}
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Verification 11

Proof [Induction Case]

Induction: (k > 0)

k
sAtANspFEtpANk>0
= { let u satisfy u <1 ¢, u exists since =Init(t) }

k
sAtANspEtpAup=tpAu=<t
= {lemma6 }

37]4>u/\0§j<k/\u.p7£s.p/\u<1t
= { inductive hypothesis }
w.v|s.pl < sw|s.p] A u <1t
= { expand u <1t}
u.v[s.p] < s.v[s.p)
A ((u,int, t) V (u,snd,t) V (u, rcv(w),t))
Consider each disjunct separately.
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Verification 12

Proof of Inductive Case [Contd.]

Case 1: (u,wnt,t)
w.v[s.p] < s.wls.p] A (u,int,t)
=  w.|s.p|] < s.w[s.p] Atow =wu.v {Int rule}
= tw[s.p] < s.v[s.p] {simplify}
Case 2: (u, snd,t)
u.v|s.p|l < s.wls.p| A (u, snd, t)
= w.v[s.p] < s.v]s.p| A tw|s.p] = u.v[s.p] {Snd rule, s.p # t.
= tw[s.p] < s.v[s.p] {simplif
Case 3: (u,rcv(w),t)
u.v|s.pl < s.wls.p] A (u, rev(w),t)

=  w.v|s.p| < s.w[s.p] A (u, rev(w),t) A {Rcv rule}
(t.v|s.p| = w.v[s.p] V t.w|s.p] = w.v|s.p])
= (t.w][s.p] < s.w[s.p]) V {simplify}

((u, rcv(w),t) A twls.p] = w.vls.p])
It suffices to prove the two cases: w.p = s.p and w.p # s.p.
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Verification

Proof of Inductive Case [Contd.]

13

Case 3A: w.p = s.p
t.vls.p] = w.ls.p] A (u, rev(w),t)

= tw|s.p] = w.v|s.p] A (w, snd, x)

= tw|s.p] = w.v|s.p] A (w, snd, x)
ANWw — S

p%
= twls.p| = w.v[s.p]) A w.v[s.p] < z.v[s.p]
p)

A(z.v < s.0)
= t.v]s.p] < s.v[s.p]
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let & satisfy w < «x,

X exists since w ~ t

implies = Final(w)
{otherwise s — t}

{since w < =}

{Snd rule}

A w.v[s.p] < z.v[s.p]

{lemma 7}
{simplify}
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Verification 14

Proof of Inductive Case [Contd.]

Case 3B: w.p # s.p
t.uls.p] = wols.p] A (u,rev(w),t) Aw.p # s.p

k
= {usesAt k>0, and lemma6 }

t.uls.p] = wols.p] Nw.pFspAs 7]4> w
ANO<j<k
= { inductive hypothesis }
tuls.p] = w.uls.p] A wols.p] < s.v[s.p]
= { simplify }
t.v|s.p] < s.vls.p]
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15

Converse

Eqn 2

cspFEtpAsv <ty = s—t

Lemma 9 (Vs,t:s.p#£tp:s—>t = sv<to)
Proof Base (k=1) :

=
=

=
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s Bt A s.p £ t.p
S~tAspF#tp {defn of L and lemma 2}
s.p # u.p A (u,rcv(s),t) {let u satisfy u < t}
otherwise ¢ — s (since there is only one
event between u and t)

u A sANs.pF£upA(u,rcv(s),t)

s.vlu.p] < w.v|u.pl {lemma 8 and rcv rule}
A (Vi :: too[t] = max(u.v|i], s.v]i]))
s < tw
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Verification 16

Converse [Contd.]

Induction (k> 0)
Sﬁ>t/\]€>0/\8.p#t.p

= (Ju : 3k1>1u/\ui>t/\s.p;ét.p) {lemma 3}

= (Ju: s Sl ALt A {u.p can not have two values}

(u.p #t.pVu.p # s.p))
=  (Ju (s k:>1u/\ui>t/\u.p7£t.p) V
(s k:>1u/\ui>t/\u.p7£8.p))

= (Ju (s S A < t.u)V {inductive hypothesis}
(sv < uvAu-3t))
= (Ju:(swv<uvAuv<to)V {lemma 7}

(5.0 < u.v Au.v < tw))
= sw<tw

Theorem 1 (Vs,t:sp#tp:s—t & swv<tw)
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