
Clocks [Contd.] 1Goals of the lecture� Direct dependency clocks� Pred and Succ functions� Matrix clocks� Properties of matrix clocks
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Clocks [Contd.] 2Overhead of the vector clock algorithmm = # of messages sent/recd by any processn = # of processes� Space overhead : n logm� Time overhead : O(n)� Communication overhead : n logmcVijay K. Garg Distributed Systems Spring 96



Clocks [Contd.] 3Direct Dependency Clocks� Main drawback of the vector clock algorithm� O(N) integers with every message� Direct Dependency Clocks require only one integer to beappended to each message� Used in Lamport's algorithm for mutual exclusion
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Clocks [Contd.] 4AlgorithmFor any initial state s:(8i : i 6= s:p : s:v[i] = 0) ^ (s:v[s:p] = 1)Rule for a send event (s; snd; t) or an internal (s; int; t):t:v[t:p] := s:v[t:p] + 1;Rule for a receive event (s; rcv(u); t):t:v[t:p] := max(s:v[t:p]; u:v[u:p]) + 1;t:v[u:p] := max(u:v[u:p]; s:v[u:p]);
---100100

100 @@@@@@@R1 120 @@@@@@@R2 023cVijay K. Garg Distributed Systems Spring 96



Clocks [Contd.] 5Properties of Direct Dependency Clocks� projection on ith component results in the logicalclock algorithm.Lemma 1 s! t ) s:v[s:p] < t:v[t:p]Converse ?Lemma 2 (8s; t :: s 6! t ) :(s:v[s:p] � t:v[s:p])Converse ?
cVijay K. Garg Distributed Systems Spring 96



Clocks [Contd.] 6Direct Dependencys!d t � (s � t) _ (9 q; r : s � q ^ q ; r ^ r � t)--@@@@@Rss stLemma 3 8 s; t : s:p 6= t:p : :(s !d t) ) :(s:v[s:p] �t:v[s:p]) !!d
cVijay K. Garg Distributed Systems Spring 96



Clocks [Contd.] 7Higher Dimensional ClocksWe describe a matrix clock and its properties below.To initialize:Mk[�; �] := 0;Mk[k; k] := Mk[k; k] + 1;To send a message:Tag message with Mk[�; �];Mk[k; k] := Mk[k; k] + 1; increment local clockUpon receipt of a message tagged with W [�; �]:for i := 1 to n doif (Mk[i; i] < W [i; i]) thenMk[i; �] := W [i; �]; copy vector clock for (i;W [i; i])Mk[k; k] := Mk[k; k] + 1; increment local clockMk[k; �] := diagonal(Mk);cVijay K. Garg Distributed Systems Spring 96



Clocks [Contd.] 8
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Clocks [Contd.] 9Interval -��� et ft @@R gt hte � f i� there is no communication between the state e andf .� is an equivalence relation.Further, � is a congruence w.r.t. !. That is,s � s0 ) 8u : u:p 6= s:p : (s! u � s0 ! u)^(u! s � u! s0)Congruence exploited by assigning same identi�er to all statesin the same equivalence class (interval).cVijay K. Garg Distributed Systems Spring 96



Clocks [Contd.] 10Interval [contd.]

-
-@@@@@@@@R AAAAAAAAAAAAAAAU �������������

���(1,1) -(2,1) (1,4)

(3,1) (3,2) (3,3)(2,2)(1,2) (1,3)
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Clocks [Contd.] 11Pred and Succ functions� Si = set of local states at Pi� Defn of Pred : pred:u:i = maxfv j v 2 Si ^ v ! ugreturns ? if the above set is empty.Similar defn for SuccBecause of congruence, can use intervals instead of states.Lemma 4 (p; i) = pred:(q; j):p ) (8 k : k > i : (p; k) 6! (q; j))cVijay K. Garg Distributed Systems Spring 96



Clocks [Contd.] 12For Vector Clocks
V nk = vector clock in the interval (k; n)8i; k; n : k 6= i : pred:(k; n):i = V nk [i]

---
(1; 1)[1; 0; 0] (1; 2)[2; 0; 0](2; 1)[0; 1; 0](3; 1)[0; 0; 1]

@@@@@@@R (2; 2)[1; 2; 0] (2; 3)[1; 3; 0]@@@@@@@R (3; 2)[1; 2; 2]cVijay K. Garg Distributed Systems Spring 96



Clocks [Contd.] 13Properties of Matrix Clock
� For Pi; ith row implements the vector clock� Mnk [k; k] = n� Diagonal is same as the ith row
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Clocks [Contd.] 14Properties of Matrix Clock [Contd.]� i 6= j ) (j;Mnk [i; j]) = pred:(i;Mnk [i; i]):j� i 6= j ) pred:(pred:(k;n):i):j = (j;Mnk [i; j])h
h

----h Pi
PjPk

(k; n)pred:(k; n):i = Mnk [k; i]
pred:(pred:(k; n):i):jcVijay K. Garg Distributed Systems Spring 96



Clocks [Contd.] 15Discarding Obsolete InformationIf process s:p �nds that its s:p column is uniformly bigger thanr:v[s:p; s:p] (that is, its local clock in some previous state r),then the information at r has been received by all processes.Lemma 5 Let s:p = r:p. If (8i : s:v[i; s:p] � r:v[r:p; r:p]),then 8t : tks : r ! t.Proof: --- Ps:pPisr ss������ @@@@@R� t -@@@@@R ������tks ) pred(s):i! t (1)(8i : s:v[i; s:p] � r:v[r:p; r:p]) ) r � pred:(pred(s):i):(s:p)(2)From the above two equations: r ! t.cVijay K. Garg Distributed Systems Spring 96


