EE 381V: Large Scale Learning Spring 2013
Lecture 12 — February 26 and 28

Lecturer: Caramanis & Sanghavi  Scribe: Karthikeyan Shanmugam and Natalia Arzeno

12.1 Introduction

In this lecture, we focus on algorithms that compute the eigenvalues and eigenvectors of a
real symmetric matrix. Particularly, we are interested in finding the largest and smallest
eigenvalues and the corresponding eigenvectors. We study two methods: Power method and
the Lanczos iteration. The first involves multiplying the symmetric matrix by a randomly
chosen vector, and iteratively normalizing and multiplying the matrix by the normalized
vector from the previous step. The convergence is geometric, i.e. the ¢; distance between
the true and the computed largest eigenvalue at the end of every step falls geometrically in
the number of iterations and the rate depends on the ratio between the second largest and
the largest eigenvalue. Some generalizations of the power method to compute the largest &
eigenvalues and the eigenvectors will be discussed.

The second method (Lanczos iteration) terminates in n iterations where each iteration in-
volves estimating the largest (smallest) eigenvalue by maximizing (minimizing) the Rayleigh
coefficient over vectors drawn from a suitable subspace. At each iteration, the dimension of
the subspace involved in the optimization increases by 1. The sequence of subspaces used are
Krylov subspaces associated with a random initial vector. We study the relation between
Krylov subspaces and tri-diagonalization of a real symmetric matrix. Using this connection,
we show that an estimate of the extreme eigenvalues can be computed at each iteration which
involves eigen-decomposition of a tri-diagonal matrix. At the end of the n—th iteration, the
estimate of the eigenvalues is shown to match the true eigenvalues. Further, we study bounds
on the difference between the largest (smallest) eigenvalue and the estimate computed at the
end of each step and show that the estimates in each step are better compared to the power
method for each step.

Notations: Let S™ denote the space of real symmetric matrices in R". In equations
and expressions involving matrices, smaller case alphabet (e.g. a) corresponds to a column
vector and larger case alphabet (e.g. A) corresponds to a real matrix. [¢; ¢z ... q,] denotes
the matrix with columns ¢;. e; denotes the canonical unit basis vector in R". Let A” denote
the transpose of the matrix A. ||.||2 denotes the 3 norm of a vector.

For the sections on the power method, we use the following specific notation. Let \;
denote the i—th largest eigenvalue of a symmetric matrix A. Let, u; denote the normalized
eigenvector associated with the i—th eigenvalue of A. Let A = diag(A1, A2 ... \,) be the diag-
onal matrix with diagonal entries being the ordered eigenvalues of A. Let U = [uy ug ... uy).
Then, by the spectral theorem, we have A = UAU? and U is orthonormal.
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12.2 Power Method

Given A € S™, find the largest (and the smallest) eigenvalues and their associated eigenvec-
tors. The power method algorithm is given in Alg. 1:

Algorithm 1 Power Method
Initialize: ¢y = a random vector
for k=1,2... do

2 = Aqp—1

— 2k
T = Tl

S‘(k) = QIZAC]k
end for

A(k) denotes the estimate of the largest cigenvalue (i.c. A;) at the end of step k. gz is the
estimate of the eigenvector (i.e. u;) associated with the largest eigenvalue. We will review a
simple example where A is diagonal to intuitively understand why the recursive procedure
should work.

12.3 Application of the power method: an example

Consider the following example.

300 1 1
A= 0 2 0 , o = 1 , Up = 0 ,)\1:3
0 01 1 0

Here, A\; and wu; are the largest eigenvalue and corresponding eigenvector respectively.
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In this example, after the k—th iteration, the estimate of u; is given by:

= a0
| Axqol|2
3 0 0 1
0 28 0 1
0 0 1 1
o 32k 1 92k 4 |
3k
2k:
1
o 32k £ 22k 4 |
1
(2/3)" 1
_ (1/3)k k tends to X 0
I+ 2P+ (13 0

The convergence to u; is geometric i.e. g — u; at the rate (2/3)*. Hence, we can expect to

k
see a geometric convergence at the rate (i‘—j) . We formalize this notion in the next theorem

for any general A and a suitable initial condition gq.

Theorem 12.1. Let A € S". Let the eigenvalues be Ay > Xy > A3... > \,. Let U be
the unitary matrix associated with the orthonormal eigenvectors of A. Let 6, be the angle
between g, and uy for all k € {0,1,2...}. If cos (6p) # 0, then we have:

1. |sin (6,)] < [tan (6] (i—)k

2 JAG) Ml < [ = Aol (tan(0p))? (32)

Proof (Part 1): From previous discussions,

AkC]O

= 12.1
%= gl (12.1)

Since, columns of U form an orthonormal basis for R", let ¢y = aju; + asus ... ayu, such

that > a? = 1. Since, cos(by) # 0, a; # 0. Since, u; are orthonormal set of eigenvectors of
A,

Afgy =) aiMfu; (12.2)
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Now, we have:

(Sin(Qk))QZ — (cos(6y))”

— (g w) 2 (by definition of 6y, )

T Ak
uy Aqo
= HAkQOHQ) (from eqn. 12.10)
)\Qk
———  (from orthonormality of U and eqn. 12.2)
Z 2/\2k
2 a2 A2
B Z a2)\2k
Z a2)\2k
<=
=
> aiAgt
~ ‘
1—a2 [\ ™ _
— 2 1 )\—j (since Za? =1)
3\, 26
= (tan (6))” )\—2 (since a; = cos(fp))
1

Taking square root on both sides proves part 1.

Proof (Part 2): From the results in the previous part,

gA2k+1 % Za2)\2k+l

k) = ¢F Agq
( ) 4 Gk = qg“AquO Z a2)\2kz
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Therefore,
> ai A (A = A1)
IAE) = N\ | = 22— (12.11)
> ai A
=1
> a
<=M | F— (12.12)
> aah
=1
a2\
DV W [ E— 12.13
—| 1 | a%)\%k ( )
1—(12 )\2 2k
< A=\ L= 12.14
<D= a0 () (12.14)
hY 2k
< A1 — Al (tan(6y))? (f) (12.15)
1
This proves part 2. 0

From the above proof, it is clear that the power method is ineffective if ¢y is orthogonal
to uy. But if gy is chosen randomly, then this happens with probability 0. Hence, choosing
a random vector is a good initialization.

12.4 Variations of the Power Method

Suppose, we have identified some A close to \; for some i, then (A — A\ )71 has a very large
eigenvalue associated with u; since A — A\ is very close to being rank deficient. Hence, one
can do power iteration on (A — 5\1)_1.

If u is an eigenvector of the symmetric matrix A, then Au = Au for some \. In other
words, m/\1n||(A — M) ullz = 0 if u is an eigenvector. When w is not an eigenvector, then

analogously, we can define an ‘approximate eigenvalue’ by:
r(u) = arg m/\1n||(A — M)ul|2 (12.16)

r(u) is called the Rayleigh quotient associated with the vector u. We have the following
result regarding the Rayleigh quotient.

Theorem 12.2. r(u) = arg min|[(A — M )u| = W Au,
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Proof:
T T
9 u Au o u' Au 9
(A — M) ul| :||(A— e J—M) ul (12.17)
ul Au ul Au
—H(A— )l (St = ) ull
ul Au
(AT e ) (UTU ) (12.18)
T T
_H(A— uA“) ( A“I M)un +

uTu uTu

ul A ul A A
= | (A LA ) ul]? + ||( “1 )J) ul? (since u” (A - “1) w=0)
u Uu u-u
(12.20)

ul uT
r (A - Au[) u < Au - )\) (since A is symmetric) (12.19)

Therefore, minimizing the left hand side with respect to A is equivalent to minimizing the
second term on the right with respect to A since the first term does not depend on . Clearly,
. . . e e T
the second term on the right hand side is minimized when A = “quL“. 0

Combining the idea of inverse iteration and the Rayleigh quotient, one can modify the power
method iteration. One such modification of power method is given in Fig. 2.

Algorithm 2 Power Method Modified using Inverse Iteration
Initialize: ¢y = a random vector
for k=1,2... do
pe—1 =1 (qr-1)
Solve: (A — pp_11) 2z, = ¢F 1
% = Tl
A(k) = qf Agy
end for

In this modified algorithm, r(.) is the Rayleigh quotient. Effectively, every iteration
involves a power method like iteration with (A — g1/ )71

12.5 Generalization of the Power Method

If we are interested in the top m (m < n) eigenvalues and the corresponding eigenvectors,
we can maintain m orthonormal column vectors in (), instead of a unit vector ¢, in each
iteration. Instead of normalizing z, we need to orthonormalize Z, = AQ_1 by using Gram-
Schmidt orthonormalization yielding a QR decomposition. Hence, Z; = Qi Ry, where Q) is
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an orthonormal n X m matrix and Ry is upper triangular. The next iteration continues with
Q. It is easy to check that when m = 1, it reduces to the algorithm given in Fig. 1. The
Generalized power method is given in Alg. 3.

Algorithm 3 Generalized Power Method
Initialize: () = a random matrix of size n x m with orthonormal columns
for k=1,2... do
Zy = AQk
QR Decomposition: 7, = QiR
end for

Q. will be the estimate of [uy us ... u,,| after iteration m.

12.6 Introduction to Lanczos Iteration

Given A € S", we would like to find out the eigenvectors and eigenvalues. More specifically,
we are interested in finding good estimates of the top and the bottom eigenvalues very quickly.
Henceforth, we will study a method named Lanczos Iteration which at the end of any step
gives a tri-diagonal matrix whose extreme eigenvalues approximate the extreme eigenvalues
of the A. Under suitable initial conditions, the tridiagnoal matrix at the n'® step has the
exact same eigenvalues and the eigenvectors of the original matrix. Being tri-diagonal, the
eigendecomposition is easily carried out for that matrix using other methods (possibly power
method).

To understand Lanczos iteration, we will review some preliminary concepts that would
be required in the next section.

12.7 Preliminaries

12.7.1 Rayleigh quotient

From Sec. 12.4, we know that given any vector u, the approximate eigenvalue associated
ul Au
TU .

with w is given by the Rayleigh quotient r(u) = *

12.7.2 Krylov Subspaces
Given a vector ¢ € R and A € §", the Krylov subspace K (A4, ¢, k) is given by:

K (A, q,k) = span {q, Ag, A%q, .. .Akilq} (12.21)
and the Krylov matrix K (A, ¢, k) is given by:

K (A q,k) = [q Ag A%q --- A" 1q] (12.22)
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12.7.3 Tri-Diagonalization

If A € S", there exists an orthogonal @ such that QTAQ = T where T is a tri-diagonal
matrix. Clearly, by the spectral theorem,there is an orthonormal U (whose columns are
eigenvalues) that diagonalizes A. Since a diagonal matrix is also tri-diagonal, the statement
above is true. Often, tri-diagonalization is an intermediate step to diagonalization. We will
see that Lanczos iteration seeks to tri-diagonalize the matrix A at the end of n steps.

12.7.4 Connection between Tri-Diagonalization and Krylov Sub-
spaces

Suppose the columns of Qr = [¢1 ¢2 --- ¢ form an orthonormal basis of IC(A4, ¢, k), then
we have the following property:

Theorem 12.3. QT AQ, =T is tri-diagonal.

Proof: Let us consider Tj; for i > j+ 1. Tj; = ¢l Ag;. Aq; € span{q, Aq, A%q... Alq} =
span {qi, ¢z . .. qj, gj+1}- Since {g;}?, form an orthonormal set, ¢; is orthogonal to span {q ... ¢;, ¢j+1}
for i > j + 1. This means ¢/ Ag; = 0. Since, QL AQ,, is symmetric, T' is symmetric. Hence,
T;; = 0 for i < j — 1. Therefore, T' is tri-diagonal. 0

12.8 Key Ideas behind Lanczos Iteration

We focus on what the method seeks to do at every iteration. Let us consider the goal of
finding/approximating the largest and the smallest eigenvalue of A € S". Let \; be the i
largest eignevalue of A. By the variational characterization of the eigenvalues, we have the
following:

yT Ay

Theorem 12.4. \; = max L+ v Ay,
y#0 Y

A, = min
y T e vy

Proof: By the spectral theorem, the eigenvectors {u;}? ; of A form an orthonormal basis.
n

Any y # 0 can be written as: y = Y a;u;. Consider r(y) = y;;;y- We have,
i=1

(Z aiuiT) A auy)
> af
CLZ‘UT /\lazu,
= (2 Z£(§ ) (u; is eigenvector with eigenvalue \;) (12.24)
a;
Z CLQ)\Z
= L 12.25
> 122
Clearly, r(y) is a weighted average of the eigenvalues \; with weights being proportional to
a?. Hence, A, < r(y) < A;. The extreme values, i.e. A; and \,, can be attained by setting
a; = 1 with all other a; set to 0 and a,, = 1 with all other a; set to 0, respectively. ]

r(y) = (from orthonormality of {u;}) (12.23)
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Let us define two quantities, M and my, as follows:

TA TA
Mk:maxy 4 my = miny 4

) 12.26
0£yevi yly o£yevi YTy ( )

Here, V. is a k-dimensional subspace. Clearly, for any choice of increasing sequence of
subspaces, i.e. Vi C Vi1, M is non-decreasing and M, = A;. Similarly, m; is non-
increasing and m,, = \,. This is because, for each k, the optimization is performed over a
larger domain than the previous. This means, My (my) is an increasingly better estimate
for the largest eigenvalue (smallest eigenvalue) as the step index k increases.

Lanczos iteration runs for n steps and in each step k, it augments the subspace Vy, suitably
to ensure the subsequent estimate of the largest eigenvalue is good. We will now focus on
the question: What sequence of subspaces are ‘good’ if we want to get good estimates of the
extreme eigenvalues at each step?

Let us re write M, and my in terms of an orthonormal basis, given by the columns of
Qr = [¢1 g2 - qx], of the subspace Vi. Any vector u # 0 in Vi can be written as u = Qxy
where y € R¥!. Since QTQ. = I, we have

rTor T T
Y @ AQky Y QFAQu
M, = max ————— = maxr , MR = min ————— =minr
Comeria Ty sy (@), e ofyerbx  yTy 07y (Q(klg;)ﬂ)

Let the maximum value M}, be attained at y = ¢ and the minimum value m; be attained
at y. Let up = Qry, vp = Qry. Clearly, uy, vy € span{qi,q2...q.}. We would like to add
k11 to the set of orthonormal vectors {g;}¥_; such that {g;}**! is also orthonormal and the
column space of Q.1 will be the subspace V1.

Based on an optimization based idea, intuitively, Vr(uy), Vr(vg) € span{q, 2. .. qx+1}
where V is the gradient with respect to the vector argument for r(-). The gradient of r(x)
is given by:

Vir(z) = % (Az — r(z)z) (12.28)
This implies that, Vr(z) € span{z, Az}. Since uy,vy € span{q,qs...qr}, we need to
have Vr(ug), Vr(vr) € span{qi,qz ... g, Aqr, Aga ... Aqe} = span{qi, ¢z, . .- G Qe }. I
we choose Krylov subspaces, i.e. Vi, = K (A4, ¢, k) = span {ql,Aql, .. .A’“_lql}, such that
columns of @), is an orthonormal basis for IC (A, ¢1, k). Then clearly,

span {q1, ¢z - . - G, Aq1, Age ... Aqi} = span {q1, Aq1 ... A" g1, A" "¢t} and

VT(Uk), VT(Uk:) € span {Qh Aqp ... Ak_l(h; Ale} = Spaﬂ{Qh qz - .. qk, Qk+1}.

Hence, one needs to orthonormalize the columns of Krylov matrix K (A, g1, k) to get Qx at
every step.

Also, at the end of n'" step, finding the eigenvalues and eigenvectors of A is equivalent
to finding the eigenvalues of QT AQ,,. But, this is equal to a tri-diagonal matrix T by
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Thm 12.3. Hence, computing eigenvalues and eigenvectors of A reduces, at the end of n—
steps, to finding the eigendecomposition for tri-diagonal T'. Also, to find @i, we need to
orthonormalize columns of K (A, ¢, k).

In the subsequent sections, we will see that orthonormalizing K (A, q, k) can be done
iteratively through recursively trying to tri-diagonalize A using the relation AQ, = Q,T.
Every step of the iteration also yields . Further, we will show that the extreme eigenvalues
M, and m; can found by eigendecomposition of a suitable tri-diagonal matrix at every
step, and that M} and my form good estimates of the true extreme eigenvalues of A. The
theoretical guarantees concerning these properties of Lanczos iteration is the subject of the
subsequent sections.

12.9 Review of Motivation for Lanczos Iteration

We want an iterative algorithmic way to find an orthonormal basis for the Krylov subspace
K(A,q, k). The key idea that we have discussed is tri-diagonalization.

We have seen that it is always possible and “easy” to tri-diagonalize a symmetric matrix
A such that QTAQ = T, where T is tri-diagonal and ¢; = Qe; is the first column of Q.
Then we have K (A, q1,n) = Qley, Tey, ..., T" te;] such that T, Q give a QR-factorization of
the Krylov matrix K (A, ¢;,n), which also gives an orthonormal basis for K(A, ¢1,n). Thus,
if there exists an orthogonal @ with Qe; = ¢; and QT AQ = T, then we want to iteratively
find this Q.

12.10 Tri-diagonalization and the Lanczos Iteration

12.10.1 Householder Reflections

One way of tri-diagonalizing a symmetric matrix using an orthogonal transformation in-
volves using Householder reflections, which achieve tri-diagonalization by performing n — 2
orthogonal projections. Though this method is efficient and popular, it might yield dense
intermediate steps for a sparse A. Since we want to benefit from any special structure of A,
including sparsity, we will not use this method.

12.10.2 Lanczos Iteration

Instead, we want a direct algorithm that can exploit the sparsity of A. Restating the problem,
for Q = [q1 -+ qn], we want T' = QT AQ, where T is tri-diagonal and symmetric:
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ar B 0
fr as B
T = & _Of?’ ?3 ) . (12.29)

Bn—2 Q1 Bn—l
0 ﬂnfl an_

Since () is orthonormal, finding 7' = QT AQ is equivalent to solving AQ = QT.
If we examine the k™ column of AQ, we have
Ag, = QT
= Br-1qk—1 + Wqr + BrGrr1 - (12.30)

This provides a recursion to find (). We first set Syqo = 0. Since g; are orthonormal, we have
0 Agk = arllael” = o (12.31)

which gives us the equation for ap. Now we can solve for Srqriq:

BreGrr1 = (A — )@ — Br—1qr—1 - (12.32)
Setting 7 to be equal to the right hand side of eq. 12.32, if r, # 0,
Qe+1 = T/ Br (12.33)

where S = ||7x|2-

Algorithm 4 Lanczos Iteration
Initialize: 7o =q1, 5o =1, g0 =0, k=0
while i # 0 do

Qe+1 = Tk/ B
k=k—+1
Qp = CIEA%
e = (A — ad)qr — Br—1qr—1
Be = llrxll2
end while

12.10.3 Termination of the Lanczos Iteration

If Algorithm 4 runs until k& = n, then it will produce QTAQ = T. However, what if the
algorithm terminates at iteration k < n? In particular:

1. What if it terminates early because by = 07

2. What if we terminate it early? Would we still get good estimates of the eigenvalues \;, A,
(compared to the Power Method)?
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Early termination of Lanczos iteration due to g, =0

Note that £, = 0 is equivalent to r, = 0. This will only happen if ¢; is constrained in a
proper invariant subspace of dimension < n: {qi, Aqi,... A*q.} C {q1, Aqy, ..., A™q} for
m < n.

Theorem 12.5. Let A € S", ¢y € R" and ||¢1|| = 1. Then, the Lanczos algorithm runs until
iteration m = rank(K (A, q1,n)). Moreover, for k = 1,...,m, we have AQy = QT + rrel,

ar B 0
B - B
where T}, = and Qr = [q1 - - qx)-
Br—2 - Br—a
| 0 Br-1  ap |

By our definitions, m is the rank of the smallest invariant subspace that contains ¢; and
Qy, is the span of (A, ¢1,k).

Proof: We will complete the proof by induction on k. The base case, k = 1 is immediate
from the algorithm. Now, suppose that at iteration k we have Qr = [q1 - qx] such that
range(Qr) = K(A,q, k) and @y, is orthogonal (QFQy = I). By construction, we have
AQk = Qka + T'ke;f. Then,

Qi AQy = Ty, + Qyriey, (12.34)
Since A is symmetric, Qf AQy € S". Inspecting the elements on the diagonal of (QF AQy):
(Qx AQk)i = 4 Agi = (12.35)

by the definition of «; in the algorithm. Similarly following the algorithm updates, we have
i1 Ag = B; . (12.36)

Equations 12.35 and 12.36 imply
QLAQL =T . (12.37)

Equation 12.37 combined with equation 12.34 further implies
Qirwer =0, (12.38)

Equation 12.38 will hold for two cases:

1. If 7 # 0, we update gr11 = r/||7%|l2- Then QFry, = 0 requires gr1 L {qi,...,q} and
Qrt1 € span{Aqy, Gk, gr—1}. Therefore, QEHQHI = I and range(Qr41) = K(A, q1,k + 1)
and our algorithm is working as claimed by the induction.

2. If rpy = 0, rpel =0 and AQy = QxTy. Thus, we have k = m = rank(K (4, q;,n)). O
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If the algorithm terminates at m < n, then we have found a proper invariant subspace.
In this case, we can reduce the size of the problem. Note that this will never happen if we
choose ¢; at random and A full-rank.

Now that we have proved that the algorithm will not terminate early, we want to examine
if it is necessary to run the algorithm to completion. In particular, we are interested in looking
at whether T}, will give us good estimates of the eigenvalues and eigenvalues of A, or if this
is only the case for T,.

Forced early termination of Lanczos iteration

Theorem 12.6. Suppose we have run the Lanczos iteration for k steps without termination
on its own (i.e. have produced T},). Since Ty € S", we can find an orthonormal matrix Sy
that diagonalizes T,:
01
S];FT]CS;C = @k: = . (1239)
Ok
Let Yy = Q1S € R™*; Yy, = [y1 - - - yx], where y; are column vectors.

Then: y; are “close” to the eigenvectors of A and 6, are‘“close” to the eigenvalues of A.
Specifically: || Ay; — O;yill2 = |Bk| - | Skil, where S; is the (k,i)™ element of S.

Proof: Recall: AQ;, = Qi T}, + rrep . Right-multiplying by Sy, we get:
AQLSy = QpT1LSk + rke;fSk. (1240)
Using the definition Y, = QS and the fact that Sy is orthonormal:

AYk = QkSkSngSk + rkeESk
Looking at the i*" column:
Ayi = 0;y; + riey, Skes. (12.42)

Equation 12.42 implies ||Ay; — 0;y;|l2 = |Bk| - |Ski| since |Bk| = [|7k]]2-
U

12.10.4 Bounding the approximate eigenvalues after early termi-
nation of Lanczos

In the above section we showed forced early termination of Lanczos results in “close” eigen-
values and eigenvectors. However, we want to explore how “close” we can get to the true
values.
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Kaniel-Paige Convergence Theory

Theorem 12.7. Let A€ S". Let \y > --- > A\, and 2z, ..., z, respectively be the eigenval-
ues and eigenvectors of A. Let T}, be the k x k tri-diagonal matrix obtained after k steps of

Lanczos with eigenvalues 601, ... ,0,.
Then: )
(A1 — An) (tan(¢1))

(cr-1(1 +2p1))”

where cos(¢1) = |< qu,z1 >|, pr = (A — A2)/(Aa — \n), and cg_1(x) is the Chebyshev
polynomial of degree k — 1.

)\1>91>)\1—

Proof: The upper bound is immediate from the definitions of A\; and #,. By definition of
the largest eigenvalue:

A = max wlAw
[[w]l2=1
wT Aw

and (12.43)

(12.44)

= max T .
0Awek(A,q1,k) W-W

Thus, 6; is the maximum of a more constrained set than that in the calculation \; and
81 S )\1.
To prove the lower bound, we will use the definition of #; from eq. 12.44:

wT Aw
0, = max T
0£wek(A,q,k) wlw

where the Krylov subspace K(A, q1, k) = span{q, Aqy, ..., A¥*"*q; }.The Krylov subspace can
be rewritten as

K(A,q1,k) = {p(A)q: : pis a degree k — 1 polynomial} . (12.45)
Note that since A € S, we will also have p(A) € S™. Using this new definition of (A, g1, k),

we can rewrite 6y:
Tn(A)Ap(A
0, — max qlp(T) p(A)q
P qi p(A)?q

(12.46)

where Py_1 is the set of degree £ — 1 polynomials.
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Since we are assuming A is full rank, we can rewrite ¢; as a weighted sum of the eigen-

vectors of A: z1,...,2, as
n
q1 = g d;z;.
i=1

n

Since ||¢1][2 = 1 and the z; are an orthonormal basis, we have Y d? = 1. Using this
i=1

decomposition of ¢, we can find a lower bound on #; by:

> Ep(0)2A
a1 p(A) Ap(A) g ; ()
T 2 - n
q1 p(A) q1 ; d3p<)\i)2
Mdip(M)? + A, Z dip(\i)
> T (12.47)
dip(A)? 4 >0 dZp(Ni)?
=2
/M@%WV+ZﬁMMﬁ—MXM%WV+MZ£MM
_ =2 1=2 1=2 (1 2 48)
n (t&-
dip(A1)? 4 Y0 dZp(\i)?
=2
(12.49)
Z dip(\i)
= M= =\ =2 (12.50)

d2p(\)? + ;d?p(&)Q

In order to make the bound as tight as possible, we want to design a polynomial to maximize
the right-hand side of Equation 12.50. This can be achieved by using Chebyshev polynomials,
which are designed to be bounded by 1 in the interval [-1,1] and grow rapidly outside of this
interval. Recall that the Chebyshev polynomial is constructed as:

c(r) = =z
ce(z) = 2xep_1(x) — cp_a(x)

Example plots of several Chebyshev polynomials can be seen in Figure 12.1.

In order to exploit the characteristics of the Chebyshev polynomial, we need to translate
and rescale so that the value is bounded by 1 not for x € [—1, 1] but for € (—\,, A2). Since
A1 is outside of this range, the function value will be high at A\;. We can achieve this by
defining p(A) as:

PV = 114200 = A)/ (e — An)) (12:51)
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Figure 12.1. Chebyshev polynomials of varying degrees.

We can see that [p(\;)| < 1 for i = 2,...,n since due to the decreasing order of the eigen-

values, (A; — A2)/(A2 — Ap) will be a number between 0 and -1. At A\; we will have

p(M) = k-1 (1 +2(A1 — A2) /(A2 — A\n))

(12.52)

Putting together the bound from Equation 12.50 with the bounds on c;_1(A;), we have:

01

Z dip(\i)
A= (A= A) =
dip(M)? + 32 dip(Ai)?
=2
> d;
A= (A=A 12.
M A e S = 1) (12.54)
BERRTTONE o '
A — (A= Ap) L—di ! (by eq. 12.52 and def. of p;) (12.55)
1 1 n d% Ckil(l T 2p1) Yy €q. . . P1 .
(tan(¢y))? : 2 2\ /72
M=M=y —————— t =(1—-dy)/d 12.56
(= On =) IS (e (tan(on))” = (L= dd)/d}) (1250
0
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We can bound the lowest eigenvalue of T} in an analogous way.

Theorem 12.8. )
(A1 = A) tan((9n))
Ck,1(1 + Qpn)2

Y

An_1-X
where p, = Kli)\n” and cos ¢p, =< Qn, Zn > .

Proof: The proof follows analogously to that of Theorem 12.7, but replacing A by —A. O

12.10.5 Lanczos vs Power Method

In the homework, we will implement Chebyshev polynomials in Matlab and compare the
bounds from the Lanczos iteration to those of the power method. We will find that the
bound achieved by Lanczos is much better. We can gain some intuition as to why Lanczos
is better by examining the eigenvalue the approximations. Lanczos approximates A\; by

wt Aw

My= max ————,
0£we(Aq k) wTw

whereas the power method approximates A\; by

~ wT Aw
M, = max T
O0#wespan{Ak—1q;} W W

However, it should be noted that the max in M, is not a true max since it does not search
for w in the entire Krylov space. Thus it is clear that My, < M.

Another way to compare the methods is through the proof of the bounds in the Lanczos
algorithm. If we used p(x) = z*°! instead of cleverly designing our polynomial by using
the Chebyshev polynomial, we would get the power method bound instead of the Lanczos
bound.
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