CS 170 Assignment 1 January 30", 1990
R. Seidel Due: February 6" 1990

1. Which of the following statements are true? Prove your answers.
(i) n%ogn = O(rY)
(i) n3 = 0(n%logn)
(iii) 2"t = o2M
(iv} (n+ 1) = O(nl)

(v) For any function /: N»R™
fin) = O(n) = [f(n)? = 0(n?

~2.Let f and g be two functions in N—R*. In class we showed that the

v - existence of lim ‘};3 implies that f(n) = O((g(n)). What about the
n—x
converse? Does the fact that f{n) = O((g(n)) imply that lim Qi))

exists? Prove your answer.

3.Let f and g be two functions in N->R™*, We say that f(n) = Olg(n)) iff
fln} = Olg(n)) and g(n) = O(f(n)). Give a characerization in terms
of limits for when f(n) = ©(g(n)).

4. Prove that (logn)® = O(Vn) for any k>0 but that Vn =0 ((logn)*)

- 5.0() and 6() behave for functions like “<” and “=" behave for numbers,
' i.e. they define an ordering relation for functions. Put the following
functions into a non-decreasing sequence according to this order.
Prove your answers. (Assume that ¢ is an arbitrary but fixed positive
real number.)

nlogn, n® nl*e (1+¢)", (n2+8n+lcg3n)4, and n?/logn
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CS 170 Assignment 2 February 13th 1990
R. Seidel Due: February 20", 1990

1. Consider the universe U ={0,1,2,3,4,5} and a hash table of size 3. What is
the smallest real number ¢ so that the set H = {hy,hy,k3,k } of func-
tions from U to {0,1,2} is c-universal, where

hi(x) = xmod3 ho(x) = x?mod3
ha(x) = (2x+1)mod3 hy(x) = xmod2.

2.8how the AVL tree formed by inserting the number 1,2, . . . ,20 in order.

/3. Show an AVL tree with a node whose deletion results in a non-AVL tree
h?

that cannot be made into an AVL tree by only one (single or double)
rotation. Draw the tree, specify the node, and explain why the result-
ing tree cannot be balanced with one rotation.

4. A concatenate operations takes two binary search trees T; and T'5 where
all keys in T'; are less than all keys in T, and produces a new binary
search tree T for the union of the keys in T, and T, (the old trees can
be destroyed in the process).

Design an algorithm to concatenate two AVL trees into one valid AVL
tree. The worst case running time of the algorithm should be O(h),
where h is the maximal height of the two trees.

5.The AVL tree algorithms presented in class assumed that with every node
in a tree one stored the height of the subtree rooted at that node. It is
not difficult to see that it would suffice just to store the “balance fac-
tors” -1,0,+1, depending on whether the left or right subtree has
greater height or whether their heights are equal. To represent these
three values one needs three bits.
Suggest a method for implementing AVL trees so that only one extra
bit per node is necessary to store the balance information.

EXTRA CREDIT: Suggest a method for implementing AV, trees so that
NO extra bit at all is necessary to stors balance informsation.

6. Develop a technique to initialize an entr7 of an array A[1 - - - m] to zero

the first time it is accessed, thus obviating the need to spend Of(m)
time on initializing the entire array. Your sobition is allowed %o use
additional storage.
(Hint: Maintain a pointer for each initialized entry to a back pointer on
a stack. Each time an entry is accessed, verify that the contents are
not random by making sure the pointer in that entry points to the
active region on the stack and that the back pointer points to the
entry.)
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Shseianeren O February 22°¢ 1990
Due: March 1%, 1990

= all vodes @ 7y have f2ys that are smalier than
;rerar 2 CC’NCr IENAT (T {,T,) resumns a single

S two TRE,M;; T;and

e Leys are not grr“c sor than x , and T con-
o s gyeeser than x.

Give nom-rocuislve, nn—dnwn implementations  of CONCATEEIATE (0 and

SPLIT(). The running time is supposed to be O (&), where & is the largest heigth

of any TREAP involved in the operation.

Give non-recursive, top-down implementations of INSERT(x,p,I) and
DELETE (x,T), where x is akey, p is a priority, and T is a TREAP.

.~ 2.Design a data structure for the following dynamic query problem:

The underlying universe are items. Each item is an ordered pair (key,value),
where keys are drawn from some totally ordered set K, and values are integers
(positive and negative). The data structure is to store a set S of items.

The update operations for your data structure are

CREATE EMPTY STRUCTURE(S)
INSERT (item ,S)
DELETE (item ,S)

with the usual semantics.

The query operation SUM (x,y,S ) is supposed to return the sum of the values of all
the items (key ,value ) in S, with x<key <y.

Your data structure is supposed to use only O(n) space, where n=15I. Each
update and query operations should take time O (logn).

3.Suppose we have a set § of words, ie. strings of the letters a —z. We want to sort §

accordmg to the usual ‘‘dictionary’’ order. This is the ‘‘lexicographic’’ order
defined in class with the additional stipulation that if word o is a prefix of word B,
then ¢ precedes B in the ordering.
Assume the sum of the lengths of all the words in § is n. Design an algorithm that
sorts § in time O (n).

q/,/')\/ Note that if the maximom length of a word in § is constant, then one could “‘pad”

) the shorter words and apply radix-sort to achieve the desired O (n) bound. How-
ever, your algorithm is supposed to work in O (n) time even if the word sizes in §
are very diverse.
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CS 170 Assignment 4 March 6™, 1999
R. Seidel At Due: March 13 199¢

1Lt

2.Let

S

S be a sequence x4, . . +X Of n real numbers and let A be a real number.

(a) Design an algorithm to determine whether there are two members of § whose
sumis exactly A. The algorithm should run in worst case time O (nlogn ).

(b) Suppose now that the sequence S is given in sorted order, Design an algorithm
to solve the above problem in O (n) worst case time,

S be a set with » real numbers. Design an O (n) time algorithm to find a number
that is not in the set. What kind of lower bound can you prove for this problem?

- 3.The weighted selection problem is defined as follows: The input is a sequence of 1 dis-

tinct numbers x4, . . . +X,, where each number x; has a positive weight w(x;) asso-
ciated with it. Let W be the sum of all the weights. The problem is to find, given a
value X, 0<X <W, the nuberxj so that

A dnsoet X r—\\‘ft' g it Otw)

V<X, tonpute 2ty ey :
x.E.W(xl) had! S (e, ¥ Su(xY
P £ <X Hacn Setme prob e LB . ’
and 5T2>3nwsm,N.WCCMJx)

wE )+ ¥ wix)>X. Bty +Rmbran Byt

B
X;<x; oTE N Preet- ac’kﬂa"‘"}*b o M‘S'}‘) e /

(Notice that when all weights are 1, this problem becomes the regular selection
problem,)

Design a randomized algorithm to solve this problem, and also a deterministic
algorithm. Both algorithms should be as efficient as possible.

/4.Draw a decision tree that corresponds to ““merge-sorting’’ four keys.
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CS 170 Assignment § March 15, 1990
R. Seidel Due: March 229, 1990

1.Let M be an nxn integer matrix in which the entries of each row are in increasing
order (reading left to right) and the entries in each column are in increasing order
(reading top to bottom). Give an efficient algorithm that either finds the position of
an integer x in M or determines that x does not appear in M. Tell how many com-
parisons of x with matrix entries your algorithm performs in the worst case.

2.Consider the problem of question 1. Give an adversary argument to establish a lower
bound on the number of comparisons of x with matrix entries needed to solve this
problem. Your lower bound should be applicable for all algorithms whose only
primitive operations are comparisons between x and matrix entries.

Can you make the lower bound match the upper bound obtained in question 1 ?

3.Let P be a simple polygon (not necessarily convex) with vertices vg,v,,...,V,3. A
chord of P is a straight line segment that connects two vertices of P and that lies
entirely in the interior of P. A triangulation of P is a set of chords such that no
two chords cross each other and the entire polygon P is divided into triangles.

Of course, a simple polygon P might have many different triangulations. Design
an algorithm that computes the number of different triangulations of a given simple
polygon P. '

The input to your algorithm will be , the number of vertices of the polygon P, and
a procedure

function CHORD (i ,j :integer ) : boolean

that given two intgers 0<i <j<n returns true if and only if the line segment that
connects vertices v; and v; is a chord of P. Assume that a call to CHORD takes
constant time.

Assuming that arithmetic operations on integers can be performed at constant cost
per operation what is the running time of your algorithm? (It should be polyno-
mial.)

Hints: Use a dynamic programming approach. Note that in every triangulation of
P every edge of P (in particular the edge v,_,v) is part of exactly one triangle.
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CS 170 Assignment 6 April 10", 1990
R. Seidel Due: April 172, 1990

o

The input is a connected undirected graph G=(V,E), a spanning tree T of G, and a
vertex v. Design an algorithm to determine whether T is a valid DFS tree of G
rooted at v. In other words, determine whether T can be the output of DFS under
some order of the edges starting with v. The running time of the algorithm should
be O(IVI+IET).

Let G=(V,E) be an undirected weighted graph, and let T be a shortest paths-tree
rooted at a vertex v. Suppose now that all the weights in G are increased by a con-
stant number ¢. Is T still the shortest-paths tree rooted at v ?

Let G=(V,E) be a directed graph in which a depth-first-search has been performed
that constructed a DFS spanning forest F and assigned prenum [v] and postnum v ]
to each vertex v € V accordmg to the call inititation and call completion sequence
of the search.

Without knowing G you are presented with an arc e=(v,w) of G along with the
ordered quadruple of integers

(prenum [v], postnum [v]; prenum w1, postnum [w ]).

a) How can you tell whether ¢ is a “‘back edge’” with respect to F'?
b) How can you tell whether e is a *‘cross edge’” with respect to F?

c) Show by a counterexample that given only this information it is impossible to
decide whether ¢ is a “‘tree edge’”’ or a "’forward edge™ with respect to F.

Now assumne that without knowing G you are given a vertex v € V together with
the set N, ={w | (v,w) e E}. Along with each vertex w € N, you are also given
the ordered pair of integers (prenum([w],postnum|[w]); the pair
(prenumiv], postnum[v]) is available as well.

d) Give an algorithm that based on only this information determines which
members of N, are children of v in F.
Remark In all of the above proolcms assume, fhat the mformatmn given to you is
correct. = S e :

Give an algorithm to dstermine the length of the longest direcied path in a directed |,
royclic gruph G. Assuine an edjacency dst represeniation for G, Your algorithm
ﬂi‘!ovld be as efficient as poesible. What is its rumiing time? '

U.n s gthi of 2 paib is meant to be the number of arcs along the path.)
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CS 170 Assignment 7 April 17'%, 1990
R. Seidel Due: April 24t 1990

. . Show an implementation of the algorithm discussed in class to find a perfect match-
' ing in a graph with 2n vertices, each with degree at least n. Your algorithm should
runin time O (| VI+|El).

Let G=(V,E) be an undirected weighted graph. Prove or disprove the following
statements:

(a) If all the edge weights of G are distinct, then the minimum cost spanning tree is
unique.

(b) If the minimum cost spanning tree of G is unique, then all the edge weights of
G must be distinct.

- 3. The input is a directed graph G=(V,E) with a positive cost ¢ (w) associated with
cvery vertex w. Let v be a distinguished vertex of G. For a vertex u €V the cost

of the directed path VA 1X9 .., X1 is defined as ¥ ¢ (x;). (Thus the costs of
1Si<k

the two endpoints v and u are ignored, and so if (v,u)eE, then the cost of getting

fromv tou is 0.)

Design an efficient algorithm to find the minimum-cost paths from v to all other
vertices.

4. Let G=(V,E) be a connected weighted undirected graph, and let T be a minimum
cost spanning tree of G. Suppose the cost of one edge e in G is changed. Discuss
the conditions under which T is no longer a minimum cost spanning tree. Design
an efficient algorithm that either determines that T is stil] a minimum cost spanning
tree or, if it is not, finds a new one. (Note that e may or may not belong to T'.)
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CS 170 Assignment 8 April 26%, 1990
- R. Seidel Due: May 8%, 1990

1. Prove that the following problem is NP-complete: Given an undirected graph G and
an integer k, determine whether G contains a spanning tree T such that each vertex
in T has degree at most k.

2. Prove that the following problem is NP-complete: Given an undirected graph G and
an integer k, determine whether G contains a clique of size k and an independent
setof size k.

3. LetE be a CNF expression such that each variable x appears exactly once as x and
exactly once as x. Either find a polynomial time algorithm to determine whether
such an expression is satisfiable or prove that this problem is NP-complete.

4. Prove that the following problem is NP-complete: Given an undirected graph G and
an integer k >3, determine whether G is k-colorable.

Your reductions should only involve problems of this homework and problems proved
NP-complete in class.
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5 PROVING NP-COMPLETENESS RESULTS

@€ V", To see that this truth assignment satisfies each of the clauses ¢ EC,
consider the three edges in EJ'. Only two of these edges can be covered by
vertices from ¥} N V', so one of them must be covered by & verlex from
some ¥, that belongs to V. But that implies that the corresponding literal,
either u; or U, from clause ¢, is true under the truth assignment ¢, and
hence ciause c; is satisfied by 1. Because this holds for every ¢, €C, it fol-
lows that 7 is s satisfying truth assignment for C.

Conversely, suppose that {: U—{T.F) is a salisfying Lruth assignment
for C. The corresponding vertex cover ¥'inciudes one vertex from each
T, and two vertices from each S, The veriex from T, in V' is u, if
t{u) = T and is & if t{) = F. This ensures thal at lesst one of the three
edges from each set E;' is covered, becouse ! satisfies each clause ¢;.
Therefore we need only include in V' the endpoints from S, of the other
two edges in £;' (which may or may not also be covered by verlices from
truth-setting components}, and this gives the desired vertex cover. B

3.1.4 HAMILTONIAN CIRCUIT

Tn Chapter 2, we saw that the HAMILTONIAN CIRCUIT problem can
be transformed to the TRAVELING SALESMAN decision problem, so the
NP-completeness of the latter problem will {ollow immedialely once HC has
been proved NP-complete. At the end of the proof we note several varianls
of HC whose NP-completeness also follows more or less direcily from that
of HC.

For convenience in whai foliows, whenever <uj,vy,...,%,> is 1
Hamiltonian circuit, we shall refer 10 {v, vy}, 1<i<n, and (v, v] as the
edges “in" that circuit. Our transformation is a combination of (wo
wransfarmations from [Karp, 1972], also described in [Liv and Geldmacher,

19781

Theorem 3.4 HAMILTONIAN CIRCUIT is NP-complele

Progfs It is easy to see that HC € NP, because a nondelerministic algorithm
need only guess an ordering of the verlices and check in polynomial lime
that all the required edges belong to the edge sel of the given graph.

We transform VERTEX COVER to HC. Let an urbitrary instance of
VC be given by the graph G = (¥,E) and the positive integer X' < | V] We
must construct a graph G'=(V',E7} such that G' has & Hamiltonian circuit
il and only if G has a veriex cover of size K or less.

Once more our construclion can be viewed in terms of components
connected together by communication links. First, the graph G has K
“selector verlices aydy. . . . , dg, which will be used to select K vertices
ftom the veriex set ¥ for G. Second, for each edge in E, G' conlains 8
“cover-testing"” component that will be used lo ensure that at least one
endpoint of thal edge is among the selecled K verlices. The component for

3.1 5IX DBASIC NP-COMPLETE PROBLEMS 57

e=1{u,v} € E is iltustrated in Figure 3.4. It has 12 vertices,

V, = {(u,e.0),(v.e,i): 1€i<6)

E_.n_ 14 edges, .

E = {{(ue,i), (e, i+ D) v .0, (v e, i+ D) 1<i<5)
U {[(r,e.3),0v,e,1)), {(v,,3),(u,e,1)}}

U {[(u,e.6),(v,e,8)), [(v,e,6),(u,e,8)}}

(u,e,1} {v,e,1}
(u,e,2) // (v,e.2)
{u1,e,3) {v.e,])
(u,e,4) (v.e.4)
(u,e,5) / {v,e.5)
(u,e,6) / {v,e6)

Figure 3.4 Cover-lesting component for edge e = [u,v] used in transforming
VERTEX COVER 1o HAMILTONIAN CIRCUIT.

In the completed construction, the only verlices from this cover-testing
component that will be involved in any aodditional edges are
{u,e,1, (v.e,1), {u,e,6), and {v,e,6). This will-imply, as the reader may
readily verify, that any Hamiltonian circuit of &' will have to meet the
edges in £ in exaclly one of the three configurations shown in Figure 3.3.
Thus, for example, if the circuit “‘enters” this component at (u,e,1), it wil{
have 10 “exit’ ol (u,e,6) and visil either aii 12 vertices in the component
or just the 6 vertices {u, e, /), 1 €i<6.

Additiona! edges in our overall construction will serve to join pairs of
cover-lesting components or lo join & cover-testing component to a selector
veriex. For each vertex v € V, fel the edges incidenl an v be ordered {(arbi-
trarily) a8 e, €31, « - - » Buldegts)] » Where deg(v) denotes the degree of v in
G, \hat is, the number of edges incident on v. All the cover-lesting com-
panents corresponding lo these edges (having v as endpoint) are joined
together by the following connecling edges:

E = {l(v.e,01.6), (voe, ey, I 1S i< deg ()}

As shown in Figure 3.6, this creates a single path in G' that includes exactly

those vertices (x,p,z) having x = .

!
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60 PROVING NP-COMPLETENESS RESULTS

(@11.(r € 1ty ty1. ), 1S 1<K
and
(. (vx, e faegsy . 6))

We leave to the reader the task of verifying that this set of edges actually
corresponds to a Hamiltonian circuit for G*. @ .

Several variants of HAMILTONIAN CIRCULIT are afso of interest,
The HAMILTONIAN PATH problem is the same as HC except that we
drop the requirement thal the first and last vertices in the sequence be
joined by an edge. HAMILTONIAN PATH BETWEEN TWO POINTS is
the same as HAMILTONIAN PATH, excepl that two vertices u and v are
specified as part of each instance, and we are asked whether G contains a
Hamiltonian path beginning with u and ending with v. Both of these prob-
lerns can be proved NP-complete using the following simple modification of
the transformation just wsed for HC. We simply modify the graph &'
obtained al the end of the construction a3 follows: add three new verlices,
90 dg41, And dyy,, add the two edges {ag.ay) and {ax,;.ax.,), and
replace each edge of the form {a,,(v, Crlaee (31 6)] bY {a11, (v, €100, 6)].
The two specified vertices for the latter variation of HC are a, and ay,;.

All three Hamiltonian problems mentioned so far also remain NP-
complete if we replace the undirected graph G by a directed graph and
replace the undirected Hamiltonian circuit or path by a directed Hamiltonian
circuit or path. Recall that a directed greph G = (V' 4) consists of a vertex
set V and a set of ordered pairs of vertices called arcs. A Hamiltonien path
in & directed graph G=(V.4) is an ordering of V as <wv,,... Ve,
where n=| V|, such that (v} €4 for 1<i<n, A Hamiltonian circuit
has the additional requirement that {v,.v} €4. Each of the three
undirected Hamiltonian problems can be transformed 10 ils directed coun-
lerpart simply by replacing each edge {u, v} in the given undirected graph by
the two arcs {u,v} and (v,u4). In essence, the undirected versions are
merely special cases of their directed counterparis.
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