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Midterm March 14™ 1990

CS170 (
R. Scidel \

This is an open book exam. You may use any books or notes that you brought along.
Remember that clarity of presentation is deemed important. All questions have equal
weight.

GOOD LUCK !

.. 1. Draw a decision tree for finding the third largest of the four keys x,,x5,%3,%4.

2, LetU=1{0,1,234,5)and T = {0,1,2}. Consider the following five functions from
UtoT:

hi(x) = (x+1)mod3 ho(x) = (x+2)mod3 hs(x) =xmod2
RO =hy(5)=2 A D=h2)=1 hy3)= hy(4)=0

h5(0)=h5(1)"—“2 h5(2)=k5(3)= 1 h5(4)=h5(5)=0

Determine a function hg from U to T so that the set (Aphohshghshe) is a
1-universal class of hash functions.

3. Letf and g be two functions in N—R™* so that f (n) = O (g (n)).

Define the function # : N—sR* as 2 (n) =f (2n).

Is it necessarily true that 4 (n) =0 (g (1)) ? Prove your answer.

10 4 You are given n keys and an integer k& with 1<k<n. Give an efficient algorithm to
(¥

o

find any one of the k& smallest keys. (For example, if k=3, the algorithm may pro-
vide the first-, the second-, or the third-smallest key. It need not know the exact
rank of the key it outputs.) How many key comparisons does your algorithm make?
(Hint: Don’t look for something complicated. One insight gives a short, simple
algorithm.)

Give a lower bound, as a functon of n and k , on the number of comparisons needed
to solve this problem. (As model of computation use comparison based algorithms.)

5. For a sequence § = (xy,...,x,) of n real numbers let d(S) denote the number of
distinct elements in S .

Show that it is possible to sort S in worst case time O (nlogd(S).
You must not assume that d (S ) is known in advance.






A -
‘.f-f"’?*'; oyt
T / o J o

-
b, - o
- o
Planey 4 O3 )
i LY EE‘T e )
fors ol oo T v, el ot
! )

4 £« 3 o PR

¥ ), B, ‘ \
AN Vo - N A T n \ S Y
<M/ e u’)ﬂh 4— =MD T . w \ LC o B M e Ay B )
: a !
1 (

‘i‘;j 4 ( Cane H_E‘;‘J‘i" a3 6: 1A (\/“ “_;;-s o H \

Rt tma vl
i A N ¢ é
h;> i 11?«”5‘/,,4/2} < i‘ffﬂ L Lo Mg Y i-?jéj:f“‘/ e > H \)

Bapig

i

-

H’i T LR éﬁd}f»\f‘\,.ﬁ_, ‘-!{‘A,L T %’f‘”" "y j} Ay T&‘_ qu

f

g,
AA Wi







.
P ' L . P
Givew, e 20,1,273

H

: ﬁ JOs v O ra g R jfﬂ ER

et
3

- } .’”‘
o -
i {
4 oo
e
Vasl e
50 ‘

Covoidn TTra ellanadias,

or
pd
2
Loy
i
e

" .
%fr"? xt:."pf'--fx; - VMG

";"4
B ST S W B
, ,_MJQLJ;;E

L , | -
£ L f\‘Mﬁf : {;QWW"}“& J%im\f s } 7 \
‘) i

@ - ?1 *f} ’{—- L {ed .f’il-a-z'-j

o







: D) e

- o
A
PR RN

=
VA

. i
A i}\ - ﬂf\ ﬂ‘- ){/\ & j\.{\ ﬁ u (T,,,C)J--u’-r-:ﬁ;""”"

” £
RN DN

% L ;
e ;/f < e v >i A
< v o v v A
L/ . -
{

.. eedod ey
;.\./‘,\.jz w"é’ . p..f ) '*f\'w“'«/“---’(uhl

& VYRS DV GV N

Uieam Cadia, wn borgen L uvivesad)

i i Paw:
oy e, At }? L

. > ‘
- St Eg 2 - -
.... ¢ — = -

S Lf\f\ﬁﬁjjm N /Fr\,z;; s "%ff..ﬁj‘“ o 5}23/@@,%;} o

Jvr (933 LhHA ) 22

‘. ..:_-:;{ {o prt_gn

n 14 .
L0 ﬁl,,%:?m;»ﬁg RV g ( )

; . e D 4
;P»r:}"\f“ ' {.O;f}\) {2,857 01, 4)
i

o« .
oty 4 A ke

bos e cabloses

3

- J W A ey A :}1}(

o
e,
-
bt
2 R |
by
[T
Tt










QL ¢ W) ot a Ay Cquigjﬁ’“m g ’j“’” e \/\/\\5} T
| ”zgl}if’%,ijJ}x Lo Aﬁ/(/)j ) ﬁ/‘i fﬂfnf\ o 5 Yy g D Py "??

oAy X T,
v '

7 f

T ‘m\‘.ﬂaﬁ,{ o f’* & dimretdn s Aanms on Assod Sl fust
7" '

; ?Mﬁvb ‘f‘;f" \c.G‘d %,(f\J. 5 (_ﬂv‘?\\» r‘“u;fw ’_’,{ A -jll LAt S(f{/‘ YATAN 2,4 :, \/-.\:3 e
f/ﬂfu(w, AL g 3 fv’«*@ljjf;ft wobsicd v e )\Jjjjd Y OV =Y

>0 SN otd €Y Aty wﬁf “f’!/u_ PN Y, &’\/\M‘Jj\ﬁmﬁ:j-,

do VIR I - - 3 ) D .

/&z‘&%fﬁ"‘s’ Hlans & O bwrd v

Ty + A /[7\ ‘ 1 w2y b ' o
ny Are 0 v MBI D T s = ros e Tl

FAGEY ,;;.Mm{e}:(i'

{ ?} L0 g/vfmg') WA v\g A A tan N—l = ‘fr -t = < CELAALRD
!

l

AAAAAA

o R
>
I P
o oy L
e ) . .
i . |
% -—M \\‘_‘
e s : “n\..
S tietd | 1
L i R i
Y L G o =
i 7 E I = ' > q "‘:,r P { i s

) Ty VgL T
O 7fi.)'712',/3 ‘jj %3 T '
vy Ve

(l § 1_ ‘ff\:{}; ‘3,/‘1,“’,": ‘1 WA ‘ @w/f y ) j_,‘; P ¥ ___.-:/_\ ,2 C_,@”‘!/"Jh}\b ve

.......




\\.
P - .
LR S
§
\,,.
s
e e oy <
A B

-

e

ﬁ T upsss

A e ﬁ%, ﬁw@i

£ RS

WY A

%mg/\f\ma
N

2V S

\_) {M.\f{u@)‘lmv

by

Fal
e

Bl
A

P
<.

P-J,me_\lzv

Y

T,) - J\xﬂ.\_{,\:

AAATD L vod
Hrold o
.,H_f mﬂsso/wm \m m\/ - /
. | ,n

—

VIAAAL
T

x@bﬂnv

. O .)ah.r%w,/ Fﬁr\,ﬂ\f%; e
v ?ﬁ%ﬁ\fa o | o i

~

"y \\,..m%,

\,,wi*),\a.\%.,a&mfs .

%ﬁ.swﬁ

N







. . A A A s b T
fornm 1 we st esgmrina AEE Thl N -

[ Y

; St QAN /»,:) )}\%} o SO (: j\‘& — \{\\) e L/\J\LA._J_/ e

,‘grm? U g
S LA ) whauldy e M= Z, R e B

Wd

g J\WL'L,’—\. ala A ﬁ/ fc:s) /‘V{j“ f(,[)“ﬁ’?’"’“f ﬂ-j o =7 KL v, K Ry mf‘ e

L -4
o o asa crudd Vel Koed e B e e ki ;‘/ Rt
"’”? SV

1.
4} g}A _rf}‘sij? ..... A ; f) f qu ,!\ J~ _J;Z A J":’""’”:L_ME { ._!“ ﬁ,,/"\w%“"i‘- } :!_'!ww/'\-.\?/.w. i i
| | SAPIUS) ISR )
LA clrgeat /‘f:/ i AN J o]

Ha
PR OMAL A ﬁ”f 4.
: ESM S g VAV f\ﬁ*---«-.’* 6 ¥ JJWJ&W\ CN- L)‘ :

ey

MNad  podia \\‘-g;/{f H-k)+

Ao, W-i’% . SR S S 2 ! AL
: Y
\ e BN AN A 1 T %,«u\/f/* iwn,/{\:,

o TEIAN )

e s

B WV‘}J«{‘ ““““ 5 ﬁ_JJz “’)? ;_f? J,Nﬂ 5/}'
Sy

f—{gﬁ,\’g iy ~f ™ e (“.JT'Y' At

} 1

3

_ . L.
~EN L P o Ui Ty PO ERER s
L,g;;u/{w S PSLSGA = A )

5 e Lga st b V"'-wg

[N

i

MDA d A [Ty
1’Lﬁv& -y (=80 ppnanads (rad b ot
lvsr o hvronnd olan, o AN

- N i
y ot A
/ N\ i fo el St A N O
{ {;; lna g RERAL T e

I8 B 4 “ # \ v A
J)\}J‘jf ,O_NJ g L - aw,!%?/"wv@i?/f?-f AN

A A Y e

i { ) ) M - T
<AL JA parnian (i/‘ TS VW ( o S )y =L o (“?f'f\!i"’)‘

- 1. -
Jboas T 03w o0 oA Y s b o

L=

i

/
[

Rasad A @ .

L

’f ffﬁ A4 wi b D/f K Mﬁ/ﬂmm% Carin e /J-J“‘#ZVU Ara [ R
Cffl-ﬁi o f i X ” [' C‘,j»wﬂ,wjg I A LA - 'fJ”lJ!J CAALTT S l 8_%{. £






£
@% S = f’ Ea ) Ho 3 R P ‘) by f";_."‘-!,.’»::}_,lj\mg_}v/"\ AL "E}'}L 1A f\,j“_‘g,\ ’77%:\”5;

o . W.Q L’/ e ' o
_43(2, s ”“F 5Jw 7,4/,“ ijl/xf/Jf”jJ* A o

i,

v-r— PT" S 0 oLAA {/‘_}_4 = 5“«'{”1143

O (wiosldesiy )
| S IRV SV U DY BRIV D SVY. VR NG
( 1 @) : Cﬁ’!ﬁ-\/ﬁ“{g&ﬂﬂ~ Ury TIWBL“}W%MWJKWVE(‘ S CAr g A,
4 N A : =
/{’/\Q Jw 'fh.rfu'{:) J /{ /{j\/?{/:? = (J ) . ﬂ'«ﬁ“(}wﬁ l/M\“-Mf j
s/ T

>€\ TiA LAALAAS \/(ﬂw‘w» G"} DC A w/\\ﬂw_f«a 4
i

Fo "ﬁf “‘ﬂ”“fxxsﬂ,g WAL ) /{ﬂ.}m{}ﬁ« o A /ﬂj i’“"‘*"“.f (f "’@7’”/
W : e 7 !L VM | CJ | JVJ{‘ ( F/J‘\a’i\%' j“?"\.w_éﬂx ?.' ﬁw\ ;»ﬁ(:)u Jf“fﬂd e
/? s odA ,:9 l I L e T D e A e

Lerdo Tl L adg = Tl &«é‘mffc_fmkw@rwf:?ﬁfﬁ% Vol %/1 1

‘(})l {VJ; .|‘ nf\} ey m}“*‘{‘ i " (\’(f\wl_’__ Wi""\.« b B 3 Ul {jg,im;;;liﬁ,z A WA ‘«-/CTCQJ.

LAY e 0D A darant sl couatt @) o @t
G\N &) b -\"fg,,ﬂwﬁ L 4,5‘{, }E

I
i

U : ,
Tae "%’”V;ﬂm { v CALA G

i ¢ i Aot
r'g”"w‘\ ¥y /:; Lt Gk JENS Q,»% Vo 5 A }. \f‘r'} ALk e IOV L.
» i
A

e - Ty pd [,,uj Tlae  amsaanin cbo G

s ’
Y YN ’uw AL A a i w ML' ZR } LALSLAS 4

] S i wf ooy d W‘T
A 1 ’ ) e
) ’f’f/\., 4 VAL A,\; ” Im« = ,"f"”f‘j /,'Q—r’f‘"r:ﬂ\ij{_,f‘\flifx_lﬂ 5, J J\JL W”“ YO b 3o TS

| L
A LE L i

JE VYLV PYY VA 4 ) Ao Eﬁﬁ’a_ﬁﬁw r AN

_— J
& (Lo O Tles

ISEP UV <,@TM,,.FW ux_,vf] Fra AT
Q foea. o 5-& C_# e J_‘) O Cw

~y{\ e (_’\““*;, Soa P {r,} 3 oA
@ Gl A A

& L. YY) ;z,,,. e T

\ A P
A
13 (23

A AV, S 'g

b it i

|In Rale)

(N






£

i ,_—‘»\- -
I ’:f’jj—f\ﬁu Yeass e e =y

] i B
o A e iy U AN Y
,\ N.‘.\ !‘ ?? &«Wﬂ S i ,'s?"/‘l Qﬂf _4 = fp‘; —-—i-«m Lol :_L«..._.._.ail-—--‘;f‘_j!g/

e i . e B T
v ana YL e Bt 3 A NN iy > ‘T CENALS I Arano .
]

(‘! l\%} MWJJAA‘“ (LU\// M»ﬂMﬁ./‘_f‘u A\ij/"{) ”‘"“r\/ﬂ/"{ {%fé‘—"‘ﬁ
. " 1"‘ f i - /:
Hin S Jﬁ'\f“‘- %f ST WJ gy R | ’m;f‘,gm oA | B g }

el

' ! = i

Tragan G [bag ACS) ) “Prvasea

H Rl T | & - B - ’

VI L bmraand g e Ll/mi} 48] I Lt ,f—*‘vf@ LA
o . - ] \.

Wil ol oo fses thhvane g [ wie e & “JI
[ Jﬂ:
W T madAaasdbAA C??/ ISV I /4/')

/ﬁg o ool JJ\JU\/\/\,UJLT' RV ,/Lu\j L@/w{ . uw_:?% o S
fﬁ\\/l/ Fveas e O Clog 48 ) ”k RV \V\J_\WJJJ""V.‘ \/‘w/
vy «Q)\JJ\/\./\JJJ\:};:';“} St O (wipel f‘lq ) SIACaWE

!

Lot eget e @fu\_.)»fw‘ Al leg d9 )r A

: i . !
RGBSRV, oL ATV Y SR P G (L) h”“%’{wﬂ raard J

5,207

P
228 &



.‘JT‘[JWJ‘.’P'i

£ Ex CQ,K)’V el W)T/E_ i e-.(\ | R S N "‘%j,- To Facqel,
W)

e,x/x“rmmbh

o
i




~J
r
s
ed
~
rid
X
e
L f

7{2‘”‘1‘/\}3 MA AW aa 3 [ T

!

s
iy LN w—
ol PRSI Lt =)

;_"7-1 < Mz

ey L T

™ - " I 1 i 4 < 7"’/
o S
~n Do e T A
§ ‘
S e Pz HA
) . {_’_’ - h,
P A4 L vz Lo
oy Ly
3 HR M4




0

i Y

(=]

Cgnr, ﬁ“ )

&;{... [J\.,QJH‘% =t J;}‘m@\.M_L.»&:E{l

CLQ C /b

f’jr“‘f““fi-f iﬁﬁ\f’h A v

LO_CT?/ et fg’ ka—j

‘f.



