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lelaxed Heaps:
An Alternative to

Fibonacci Heaps with

Applications to

Parallel Computation

JAMES R. DRISCOLL, HAROLD N, GABOW, RUTH SHRAIRMAN,

and ROBERT E. TARJAN

ABSTRACT: The relaxed heap is a priority queue data
structure that achieves the same amortized time bounds as
the Fibonacci heap—a sequence of m decrease_key and

n delete_min operations takes time Ofm + n logm). A
variant of relaxed heaps achieves similar bounds in the
waorst case—O(1) time for decrease_key and O(log n) for
delete_min. Relaxed heaps give a processor-efficient paralle]
implementation of Dijkstra’s shortest path algorithm, and
hence other algorithms in nerwork optimization. A relaxed
heap is a type of binomial queue that allows heap order to
be violated,

1. INTRODUCTION

The Fibonacci heap data structure of Fredman and
Tarjan allows an optimal implementation of Dijkstra's
shortest path algorithm {3]. It is central to the best-
known algorithm for minimum spanming trees [5] and
many ather algorithms, These applications are based
on the fact that, with a Fibonacci heap, a sequence of
m decrease_key and n delete_min operations takes time
G(m + n log n). Equivalently, Fibonacci heaps achieve
an amortized time of G{1) for decrease_key and O(log n)
for delete_min.

————
The research effort of Gabow was supported in part by NSF Grant No. MCS-
8302648 and AT&T Bell Laboraiaries, The research effort of Tarjan was
supportad in part by NSF Grant No. DCR-B605962 and ONR Contract No.
NDOOI4-87—K-0§B?.
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This article presents a new data structure called the
relaxed heap. Two implementations of relaxed heaps
are given. The first achieves the same amortized
bounds as Fibonacci heaps, but maintains more struc-
ture. This structure may make relaxed heaps faster in
practice. The second implementation of relaxed heaps
gives a theoretical improvement over Fibonacci heaps:
it achieves the above time bounds for decrease_key and
delete_min in the worst case, rather than in the amor-
tized case. The article concludes with sorne applica-
tions. The main result is a processor-efficient parallel
algorithm for shortest paths on a directed graph with
nonnegative edge lengths. Specifically, for an EREW
PRAM paralle] machine with P processors and a graph
with n vertices and m = » log n edges, an optimal
running time of O(m/p) is achieved for p=m/(nlogn).
This result can be achisved using either implementa-
tion of relaxed heaps. We do not know whether the
same result can be achieved using Fibonacci heaps. The
parallel shortest path algorithm can he used as a sub-
routine to get processor-efficient algorithms for other
problems in network optimization, such as the minj.
mum spanning tree problem, assignment problem,
transportation problem, and others,

Relaxed heaps are based on a more structured family
of trees than Fibonacai beaps, namely the binomial
trees. The height of a binomial tree of n nodes is a
factor log.¢ = 0.69+ times the height of a Fibonacci
tree. This improves the constant in asymptotic esti-
mates. Whether these savings are actually realized in

Communications of the ACM
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practice is a matter for experimental verification,
which we have not done. (Brown [2] shows that the
closely related binomial queues are efficient in prac-
tice.) Relaxed heaps give a large family of alternatives
to Fibonacci heaps. These alternatives provide both
theoretical insight and possibly the flexibility needed
for efficient practical implementation.

Concurrent with this work, Peterson [12] has pro-
posed an elegant data structure that achieves the same
amortized bounds as Fibonacci heaps. it has a number
of interesting properties, such as working with binary
trees. Comparing Peterson’s work with the concerns of
this article, [12] does not achieve the bounds in the
waorst case, and does not seem to support the applica-
tions to parallel computation given here.

In this article log n denotes logarithm to the base two.

A priority queue is a data structure for storing a set of
items x, each having a numerical key denoted k{x}. The
main operations are;

make_heap—initialize a heap to store the empty set;

insert(x)—make x a new item in the heap;

decrease _key(x, v)—decrease key k(x) to a smaller
value 7;

delete _min(x}—delete an item of minimum key from
the heap and return it as x.

Two useful additional operations are:

find_min(x)—return an item of minimum key as x;
delete(x)—delete item x from the heap.

Other operations will be introduced as needed.

Binomial queues were introduced by Vuillemin [14].
The biromial trees B, are defined recursively as follows:
B, is one node; B,,: consists of two B, trees, the root of
one being & child of the root of the other. See Figure
1{a). In all figures, a triangle labsled r represents the
binomial tree B,. Figure 1(b} shows an equivalent de-
scription of By..: For any k, 0 = k =1, By consists of a
B, tree with additional children of the root that are
themselves roots of By, Bsst, - - . » By trees. For any node
x in a binomial tree, rank{x) is the index r of the maxi-

mal subtree B, rooted at x. A binomial tree is an or-
dered tree, with the children of a node ordered by
increasing rank. The last child of & node is the child of
highest rank. Note that B, has 2" nodes and height r.

In a tree data structure, each node c stores one item
{including its key, denoted k(c)). Node ¢ is good ifitis
the root, or if its parent p satisfies k(p) = k(c); otherwise
{k(p) > k(c)) ¢ is bad. In a heap-ordered tree, all nodes are
good. A binomial queue for 27 items is a heap-ordered
tree B,. A binomial queue for n items, n arbitrary, con-
sists of at most Llog nl + 1 heap-ordered binomial trees,
& tree corresponding to each one bit in the binary ex-
pansion of n. The link operation for binomial queues
takes two root nodes of equal rank r and creates a heap-
ordered tree B,., by making the node with larger key a
child of the smaller.

It seems difficult to process decrease_key in O(1) time
and maintain heap order. The philosophy of relaxed
heaps is to avoid this difficulty by permitting violations
of heap order (whence the name). The rank relaxed
heaps of Section 2 allow just one bad child per rank.
The run relaxed heaps of Section 3 are less stringent
and allow runs of bad children.

2. RANK RELAXED HEAPS

A relaxed tree is a tree data structure where some nodes
are distinguished as ective and any bad node is active.
The terms relaxed binomial tree and relaxed binomial
queue are interpreted according to this definition. A
rank relaxed heap is a relaxed binomial queue that satis-
fies two conditions:

{a) For any r there is at most one active node of
rank r.
(b} Any active node is a last child.

Condition {a) implies there are at most Llog nl active
nodes. Condition {h) is not crucial. It determines var-
jous programming details; we shall return to this point.
In the rest of this section, “relaxed heap” means “rank
relaxed heap.”

The crux of the data structure is processing m de-
crease_key operations in time O(m). The next paragraph

Brs: \

(@

k+1

{0}

FIGURE 1. Recursive Definition of Binomial Tree B,
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FIGURE 2. Pair Transformation

gives a plan for accomplishing this, We then fill in the
details of the plan and give the algorithm for delefe_
min.

The decrease_key algorithm rearranges nodes to keep
the heap relaxed. It does this with three transforma-
tions. More precisely decrease_key(x, v) resets kix)to v,
after which it may stop or execute a transformation; a
transformation does O{1) work, after which it may stop
or execute another transformation. This gives rise to
& sequence of transformations. To achieve the time
bound, let « denote the number of active nodes at any
point in the algorithm. Initially there are no active
nodes, so a is zero. If resetting k{x) in decrease_key
makes x bad, r is designated active. This increases o
by one. Each transformation either

(i} decreases «, or
(ii) does not change « and does not execute another
transformation.

Observe that (i} and (ii) imply that any sequence of m
decrease_keys uses time O(m): There are at most m type
(ii) transformations since each is last in its sequence.
There are aiso at most m type (i) transformations, since
a is nonnegative and only decrease_key increases . This
argument will not be affected by delete_min operations
{see the proof of Theorem 1).

To fill in the details of the plan we describe the
transformations, at first informally. They are illustrated
in Figures 2-5. In these figures an edge joining a child ¢
to its parent p is labeled in one of four ways: An arrow
from ¢ to p indicates that ¢ is good; a cress mark on the
edge indicates ¢ is active {and so can be good or bad);
no mark indicates the status of ¢ is unknown; an arrow
pointing to the edge indicates ¢ may be a new active
node, The transformations use an operation “make
node x the rank r child of rode y.” This means that the
entire B, tree rooted at x becomes the B, subtree of y.
For each transformation, assume decrease_key (or a
transformation) has created an active node a of rank r
with parent p and grandparent g (2 is actually a bad
node, although this fact is not used).

November 1988 Volume 31 Number 11

The main idea is embodied in the pair transformation
shown in Figure 2. It applies when a is the last child of
p. and further, the relaxed heap already contains an
active node a” of rank , with parent p’ and grandpar-
ent g’. Note that by condition (b), node a’ is the last
child of node p’. The transform removes the active
nodes from their parents, so nodes g, a’, p, p* all have
rank r. Without loss of generality assume k{p) =k(p).
The transform makes p* the rank r child of p (hence P
remains a rank r + 1 node). Then it links 2 and 4’ to*
form a B.; tree with root c (50 c is 2 ar a*), It makes ¢
the rank r + 1 child of g’. If ¢ is now a bad child it is
active, and a transformation is done for it. Note that ¢
need not be the last child of g*. ‘

The last detail concerns linking 2 and a’. In general,
as in Figure 3, suppose nodes g and 4° of rank s + 1
have just been linked, making 4 the new root. If x, the
rank s child of g, is active, it now violates condition {b)
of the relaxed heap structyre. Figure 3 compensates for
this by performing a cIeamgg operation. it uses the fact
that x’, the rank s child of 4’, is good if x is active. This
follows fram the definition of a relaxed heap. (Care
should be taken here, since the transformations are
applied to heaps where the relaxed heap structure has
been violated; however, we will use the clean operation
only when this deduction is valid.) The operation re-
pairs the damage by interchanging x and x’. In the
following, to clean node g4 means to apply the operation
of Figure 3 if x is active; otherwise do nothing. To com-
bine two nodes means to link them and then clean the
new root. Thus, in Figure 2, the pair transformation
combines a and 4,

The pair transformation achieves property (i), since
two initially active nodes are replaced by at most one,
Also note that the reason this transformation is used
only when g and 2’ are last children is to achieve the
0{1) time bound: If 2’ has rank r but is not the last
child, its siblings must not be moved along with p.
Assuming a reasonable data structure (e.g., a parent
painter for each node) this can consume more than
constant time. Note that this objection does not apply if

Communications of the ACM 1345



Research Contributions

FIGURE 3. Cleaning

a’ is a last child but & is not. This is the case in the
good sibling transformation described below, which
does a pair transform of this kind. :

The remaining transformations are “sibling transfor-
mations.” For these assuime that g has rank r + 1 sibling
s. The active sibling transformation applies when s is ac-
tive, as shown in Figure 4. The definition of a relaxed
heap implies that s is a last child, so rank{p) = r + 2.
The transform removes the two active children from
their parent p. It combines p and a, making a a rank r +
1 node. Then it combines a and s into a tree whose root ¢
becomes the rank r + 2 child of g. If ¢ is now bad, a
transformation is done for it. The active sibling trans-
formation achieves property (i), since two active nodes
are replaced by at most one,

The good sibling transformation applies when s is good.
Let ¢ be the last child of 5; hence rank(c) = r. There are
two cases, If ¢ is active the algorithm does a pair trans-
form for a and ¢ {as depicted in Figure 5). As noted
previously, the transformation works correctly even
though # is not a last child; the only delicate point is to
make sure that if k(p) = k(s} the algorithm makes s the
child of p, not vice versa. This case achieves property
(i), as above. The second case occurs if ¢ is a good child.
In this situation the cleaning operation of Figure 3 is
applicable. The transform cleans p, making 4 a bad last
child of s. It then processes a as a new active last child:
If there is an active node of rank r a pair transform
achieves property {i); otherwise the sequence of trans-
formations stops, achieving {ii).

FIGURE 4. Active Sibling Transformation
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FIGURE 5. Good Sibling Transformation: c Active

Now we describe the delete_min operation. Note that
in most applications (e.g., all these in [3, 5]} it is unnec-
essary to reclaim the storage used by a deleted node.
We give two implementations of delete_min, the simpler
of which does not reclaim storage. Both implementa-
tions start by finding the smallest node x. Since x is
gither active or the root of a tree in the queue, it can
be found in Oflog n) time.

The nonreclaiming algorithm sets k{x) to = and
changes rank(x) from r to 0. Then it merges x and its
former children into a new rank  node, by repeatedly
combining the two nodes of smallest previous rank. The
new rank r node replaces x in the tree. Note that x
becomes a leaf and will not participate in any future
transformation.

The reclaiming algorithim is similar. It deletes x and
removes the root node of smallest rank y from its tree;
this makes the previous children of y into roots with
the smallest ranks in the queue. Then it processes ¥
(not x) and the former children of x as in the nonre-
claiming algorithm.

Figure 6 gives a more detailed description of the algo-
rithm in pseudo-Algol. The delete_min implementation
uses the reclaiming algorithm. The following data
structure is assumed. Each node x has a record contain-
ing k{x), rank(x), and pointers to its last child, its two
neighbaring siblings, and its parent. (A sibling pointer is
needed in the sibling transformations. Hence pointers
to both siblings are needed to allow nodes fo be moved.
A last child pointer is needed in the good sibling trans-
formation.) There is a dummy node p treated as the
root of the entire queue: each root of a binomial tree
has parent p, so the roots can be treated as siblings and
are not special cases. Further, k{p) = —= and p is its
own parent. In addition, there is an array A[O .. llognl
— 1]; each A(r) is a pointer to the active child of rank r,
if it exists. The A array is used to check if a node is
active, e.g., promote tests if s is active by checking the
condition A(r + 1) = s. It should be clear that this data
structure supports the desired operations and can be |
maintained in time O{1} per transformation.

It should be noted that the data structure can be
initialized in O(n) time (assuming, as is often the case,

November 1988 Volume 31 Number 11

that the number of items n is known in advance). One
way is to construct a binomial queus on n items, with
each key equal lo e, The operation inseri(x) is done by
executing decrease _key{z, k[x]}.

TuroreM 1. Rank relaxed heaps correctly process a
sequence of m decrease_key and k=n delete_min opera-
tions in time O(m + k log n).

Proor. It is easy to check that the algorithm main-
tains the following invariant: At the start of each call to
promote, making the edge between a and its parent good
gives a valid relaxed heap structure. This implies cor-
rectness. {Note that an active node can be good or bad:
An entry in the A array starts out as a bad child; it may
become good without being processed in a transforma-
tion, if the key of its parent is sufficiently decreased.)

For the timing, observe the decrease_key routine uses

0(1) time and the delete_min routine uses Oflog n) time.

The time for transformations is bounded by the argu-
ment given as the plan for the algorithm (delete_min
decreases o by one or zero, and so only improves the
beund). O

The algorithm of Section 4 uses several other proper-
ties of relaxed heaps. We start with an extension of the
theorem.

CoroLLaRY 1. Any subsequence of k consecutive
decrease_key operations is processed in time O(k -+ log n).

Proor. Let the subsequence start with ao active
nodes and end with oy active nodes, Each decrease_key
increases o by at most one. Hence the number of type
(i) transformations (that decrease «) is at most ag + k —
o. The number of type (ii) transformations {that are
last in their sequence) is at most k. Since ag, o < logn
the number of transformations, and hence the total
time, is O(k + logn). O

As noted in the proof of the theorem, a single delete_
min operation in a sequence uses time Of(log n). Section
4 uses two other priority quens operations: The opera-
tion find_min (defined in Section 1) is implemented ex-
actly like the first part of delete_min. Hence it uses time
O(log n). The operation delete(x) can be implemented by
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