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Adman A'ﬁ

Math. 225 Robert M. Solovay
Take-home final April 15 1992

This final is due on or before 3 PM May 19, 1992. The best way to hand it in is
to deliver it to me personally. You run the risk if you slip it under the door or deliver
it to my mail-box that it will not get to me, though I do intend to look in my mailbox
before leaving Evans Hall on Tuesday May 19th. I will be in my office (717 Evans) that
day from 4-5 PM.

If you absolutely can’t contact me, an alternative resource for returning the final
is to leave it with my secretary, Catalina Carpenter, 731 Evans, 642-2065. You should
make sure that she places it on the chair in my office.

Your work on the final should be individual work. Although I don't think they

fall final that a few people were “solving” problems by the device of wholesale copying.
I let it slide then since I had not explicitly forbidden this; I will not let this slide this
spring. It is certainly fine to ask me questions concerning the problems on the final
either in person or via electronic mail. My email address ig solovay@math.berkeley.edu
or simply solovay@math if you are mailing from a Berkeley machine.

Mathematics is done with a combination of the conscious and unconscious minds;
therefore, it is imperative for’ you not to leave working on the final to the last minute,
since this will allow the unconscious mind no time to contribute. The following point is
very important. Your answer should not be a faithful rendition of your thought processes
(with all the associated false paths and misstarts) but a well-organized presentation of
the answer when. you finally understand it. . _

There is-another point which I mentioried orally last term, but which was not talken..
sericusly—this caused me considerable discomfort. Finals in pencil or written in a very .
tiny hand are un"ciccep;ablq'.fllf you are nnaﬁlé‘tb'ﬁﬁi Your final, then it is best to write it:
on every other line of lined paper. Miﬁisﬁﬂé'ilhrea.dable handwriting muist be avoided.
Violation of this rule may cause your final t6 be returned for rewriting or a lowering of
your grade. _ . o ‘ ‘

These caveals are caused by the misbehaviour of a very few people. I' hope my
complaints about this misbehaviour will'not pitt the restiof you iri s sour mood,
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1. Variations on the self-referential lemma.

(a) Show that there is a recursive function of two variables f(m, n) such that:

1. For each fixed m the function f(m,-) is one-to-one;
2. If m is the Gddel number of a formula ¢(vg) having at most the variable vy free,
then f(m,n) is the Gddel number of a sentence ® of Lp such that

QF @ <= ¢(f(m,n)).

Remark: In the preceding formula, we are using the following convention. If e is a
non-negative integer, then e denotes the corresponding numeral, i. e., the term S0 of

Le.
M (b) The following asks you to prove a two formula version of the self-referential
lemma. € A SoAnL D L I Liaaninas
Let ¢(vg,v1) and v v, v1) be formulas of Lp having at most the variables vg and
1, occuring freely in them. Show that there are sentences © and ¥ of Lp having Godel
numbers p and g respectively, such that the following equivalences are provable in ¢:

3 < $(p,q); ¥ <= ¥(pq)

A 2. Rosser’s Theorem.

N\g_@d\w\f‘ Yo Q(I\‘J%t T be a theory in the language of Lp such that the following hold:

v U\ b&}b 1. T is consistent.
W 9. Every axiom of Q is a theorem of T.

A+

R

LR b

@ﬁ (?'\J\..f
2

3. T is recursively axiomitizable.

Let R be a sentence of Lp such that the following is provable in Q:

ey R holds iff the following obtains:
3 ’% O For any integer g, if there is a proof of R with Gédel number g, then there is a proof
6, %22 ) 4ot the negation of R with Godel pumber less than ¢. (R is easily constructed by means

of the self-referential lemima. This should be clear to you, but you need not argue this
. point for this final.} ' . SR I
" '-Show that neither R nor its nég'atiqﬁ‘.-ié" a theorem of 7.

Remark: This result of Rosser pr'm'ri‘dé'é an éxpligit failure of :c‘éqiﬁpleﬁenéés ifo_r T; and
imptoves Godel'’s original result since it does ot require that T"be w-consistent.

3. w-consistency and truth. A

Let P be Peano arithmetic. If @ is a sentence of Lp, then the. theory P+ ® is the
theory Whose axioms are those of P together' with the sentence ®.

(a) Show that if @ is any sentence of Lp, then at least one of the theories P + @
and P + =& is w-consistent.

Vs .‘4{\ “PWWJ\ im}zqrnﬁ,%"ﬁ'bu\/w L4

1 '(3
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(b) Let W = {#® | @ is a sentence of Lp and P + & is w-consistent.}. Show that

W is definable in the standard model of P. L. e., there is a formula @(vg) of Lp having

only vg free such that (letting A" be the standard model of P)

Nk ¢le) — ecW.

- {c) Conclude from (b) that there is a sentence ® such that both P+ ® and P + -®
are w-consistent. Hence, there is a theory T extending P which is w-consistent, but
does not hold in the standard model of P.

Hint for (c): This follows “in one line” from part (b).

4. Primitive recursive functions.

i i ; : A VO
Y Copmdg;_ the following sequence of functions F,: nt L@:\q“ﬂ gl
o VI '
C Lt . .
Ho . Fy(@)=2+% Fap(z) = F*(0). B
(Here if G 1w —w, then G7(z) is defined by induction as follows: o M‘w’b\ g ff;v-:;\ \,L:_M
. . X . g;,\,h_i'{f\ laé-:,' Al ,
Gz) = 2,67 (z) = G(G(x)).) e 7 A
(a) Show that each of the functions F; is primitive recursive. \TQ/‘“N\ AR Gﬂ\
(b) Prove the following facts about the Fys.
1. F J(I) > @
2. If & >y, then Fj(z) > Fj(y).
3. It j > k, then Fi(z) > Fi(z).
{c) Let H(21,...,7t) be primitive recursive. Show that there is an integer j such

that
: ‘ F}(max(ml,...,z:k))zﬂ'(ml,...,mk).

Discussion: Define a function . F, by .F,(n). = Fa(n). ‘Then F, is a variant of
“Ackerman’s function”. One can show that F, is recursive but not primitive recursive,

(The fact that F,, is not primitive rge__ct@rsim follows. easily from the pfecégiing exercise.)
" The function F; has approximately the growth rate of 2%, The function Fj grows’
very rapidly. For example, . . o
F3(1) > 101",

h : I | ’ . | o N .'l. ._I'(;k?;\
B e g (1,3 Sk ey
RA”M&LJ \W\J\_ ‘l\ \’MM WA x\ﬁf\/“g(sru






