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UNIFORM RECURRENCE PROPERTIES OF CONTROLLED
DIFFUSIONS AND APPLICATIONS TO OPTIMAL CONTROL*

ARI ARAPOSTATHISt AND VIVEK S. BORKARF

Abstract. In this paper we address an open problem which was stated in [A. Arapostathis
et al., SIAM J. Control Optim., 31 (1993), pp. 282-344] in the context of discrete-time controlled
Markov chains with a compact action space. It asked whether the associated invariant probability
distributions are necessarily tight if all stationary Markov policies are stable, in other words if the
corresponding chains are positive recurrent. We answer this question affirmatively for controlled
nondegenerate diffusions modeled by It6 stochastic differential equations. We apply the results to
the ergodic control problem in its average formulation to obtain fairly general characterizations of
optimality without resorting to blanket Lyapunov stability assumptions.
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1. Introduction. This paper is concerned with controlled diffusion processes
X = {X;, t > 0} taking values in the d-dimensional Euclidean space R? and governed
by the It6 stochastic differential equation

(11) dXt = b(Xt,Ut) dt+U(Xt)th

All random processes in (1.1) live in a complete probability space (Q,§,P). Here,
W is a d-dimensional standard Wiener process independent of the initial condition
Xo. The control process U takes values in a compact, metrizable set U, and U;(w) is
jointly measurable in (¢,w) € [0,00) x Q. In addition, it is nonanticipative: For s < t,
W; — Wy is independent of

Ts 2 the completion of o{Xg, U,, W,., r < s} relative to (g, P).

Such a process U is called an admissible control, and we let 4l denote the set of
all admissible controls. We adopt the relazed control framework (see section 3.2),
and we assume that the diffusion is nondegenerate; i.e., o is nonsingular. Standard
assumptions on the drift b and the diffusion matrix o to guarantee existence and
uniqueness of solutions to (1.1) are discussed in section 3. Recall that a control is
called stationary Markov if Uy = v(X}) for a measurable map v : R¢ — U. Let Hgpm
denote the set of stationary Markov controls. Under v € gy, the process X is strong
Markov, and we denote its transition function by PY(¢,x,:). We let P, denote the
probability measure and E; the expectation operator on the canonical space of the
process under the control v € $lgn, conditioned on the process X starting from x € R¢
at t =0.
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4182 ARI ARAPOSTATHIS AND VIVEK S. BORKAR

The term domain in R? refers to a nonempty open subset of the Euclidean space
R?. We denote by T(A) the first exit time of the process {X;} from the set A C R%,
defined by

T(A) L inf {t>0: X, & A},

Consider (1.1) under a stationary Markov control v € gy The controlled process is
called recurrent relative to a domain D, or D-recurrent, if PL(t(D°¢) < co) = 1 for all
x € D¢ (D¢ denotes the complement of D). Otherwise, it is called transient (relative
to D). A D-recurrent process is called positive if E.[t(D¢)] < oo for all z € D¢
otherwise it is called null. We refer to t(D¢) as the recurrence time to D, or the first
hitting time of D.

A controlled process is called (positive) recurrent if it is (positive) D-recurrent for
all bounded domains D C R?. It is well known that for a nondegenerate diffusion the
recurrence properties are independent of the particular domain. Thus a nondegenerate
diffusion is either recurrent or transient, and if it is recurrent, then it is either positive
or null, relative to all bounded domains [19]. A control v € sy is called stable if the
associated diffusion is positive recurrent. We let Ugssy C Usym denote the set of all
stable stationary Markov controls.

The first relatively surprising result is that if all stationary Markov controls are
stable, i.e., Usgn = Usm, then EL[t(D*)] is bounded uniformly in v € iggpm, for every
fixed domain D and = € D¢ (Corollary 5.2). We call this property uniform positive
recurrence. It might appear that uniform positive recurrence is due to the compactness
of U and that it can be derived by a simple compactness argument. However, this is
not the case. A sequence {v,} C Ussy may satisfy EL" [t(D¢)] — oo, while at the
same time v, — v* € Uggm, as n — 0o, and therefore at the limit E; [t(D%)] < oo.

Here, convergence of v, is in the topology of Markov controls described in section 3.3.
For example, with d = 1, let o(z) = v/2, b(z,u) = u, and

— sign(x) if |z| <mn,
vp(z) =
—n~le "sign(x) if |z| > n.
Then v,(z) — v*(x) = —sign(x), as n — oo, and the corresponding diffusions,
including the limiting one with drift b(z) = — sign(x), are all positive recurrent, even

though the mean recurrence times of any bounded interval grow unbounded as n — co.
Note that the corresponding invariant probability distributions pu,, satisfy

n
1+n’

o ([, ) ~

Uniform positive recurrence relies on the fact that Markov controls can be spatially
concatenated. If G is an open set and v' and v” in gy, then the control defined by

L fol@) ifzeg,
(12) (0.G.0/) (@) £ |
o'(x) ifxeGe

is clearly a stationary Markov control. If G and G’ are bounded domains in R?, we
use the notation G € G’ to indicate that G € G'. We say that a subset U C LUgym
is closed under concatenations if there exists a collection of bounded domains with
C? boundaries which is ordered by €, is a cover of R, and satisfies (v, G,v") € U,
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UNIFORM RECURRENCE OF CONTROLLED DIFFUSIONS 4183

whenever v,v’ € U. Theorem 5.1 asserts that the diffusion is uniformly positive
recurrent over any U C LUssy which is closed in $iggy (in the topology of Markov
controls), and is also closed under concatenations.

It is well known that under a stable Markov control v € Ugsn the diffusion has
a (unique) invariant probability measure, which we denote by u,. In other words, u,,
satisfies

/ 1o (A2) PP (2, A) = j1o(A) WE >0,
Rd

and all Borel sets A C R? 1In [11] the concept of uniform stability was intro-
duced: $Ugsy is called wuniformly stable if the associated invariant probability mea-
sures J £ {py : v € Ussm } are tight. In general, uniform positive recurrence does not
imply tightness of the corresponding invariant probability measures, as the following
example shows. Consider a one-dimensional controlled diffusion with

o) =v2 and b(z,u) =1+ |z)u, wel[-1,1].

Define a sequence of controls by

—Silgf‘(;) if |z|<nor|z|>n+/n,

fjfigf) if n<lz|<n+yn.

vp () =

Then {v,} C Ussm, and it can be easily verified that sup,, EX*[t(D°)] < oo for any
bounded domain D. Also v,, converges, as n — 00, t0 Voo (x) = _Szilgf\(;\)’
stable control. Therefore the controlled diffusion is uniformly positive recurrent under
{vn, 1 <n < oo} C Ugsm. However, w,, ([—n,n]°) > 1/, so the family {u,, } is not
tight.

An open problem stated in the framework of discrete-time, controlled Markov
chains in [1, Remark 5.10, p. 314] is whether {ggn = LUsn implies that J is necessarily
tight. This is settled in the affirmative in Theorem 8.3. The importance of the result
can be appreciated in the context of ergodic control problems. Suppose that g is a
bounded, continuous, nonnegative functional defined on R%. If v € Uggm, Birkhoff’s
ergodic theorem asserts that

which is a

T
(13) tm 7 [ EloX0)dt = [ gle)pulaa).
T—oo T 0 Rd

and of course, (1.3) also holds a.s., without the expectation operator, and for any
measurable g which is integrable with respect to y,,. Thus when minimizing (1.3) over
v € $gsm in the stable case, i.e., under the assumption that LUggy = sy, tightness
of J, and therefore also compactness, since J is closed, guarantees the existence of an
optimal stationary Markov control. When treating the problem in the stable case, a
blanket Lyapunov stability assumption is usually imposed to guarantee tightness of
J 9, 12, 14]. Theorem 8.3 dispenses with the need for Lyapunov stability conditions.
Moreover, a converse Lyapunov theorem is asserted. For f € C?(R?), where C?(R%)
denotes the space of twice continuously differentiable real-valued functions on R,
define the operator L : C?(R9) C(Rd x U) by

@j ()
(1.4) Za axzaxj +Zb axz) uel,
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4184 ARI ARAPOSTATHIS AND VIVEK S. BORKAR

where a £ 2o 6. Then, provided Yssy = Usu, it follows from Theorem 5.6 that

there exist nonnegative functions V € C2(R?) and h : RY — R satisfying

max LV(x,u) < —h(z) VzecR?,
ue

and

lim h(z) = .
|| =00

The proof of uniform stability is made possible by some sharp equicontinuity
estimates for the resolvents of the process, which are obtained in Theorem 6.2 and
are important in their own right. Moreover, Corollary 6.3 asserts that as long as
the running cost is integrable with respect to the invariant probability measure of
some stable stationary Markov control, then the a-discounted value functions are
equicontinuous. One approach to the ergodic control problem in the stable case is to
express the running cost functional as the difference of two near-monotone functions
and then utilize the results obtained from the study of the near-monotone case [9, 14].
The results obtained in section 6 facilitate a general treatment of ergodic control in
the stable case, without the need of blanket Lyapunov stability hypotheses. A by-
product of the analysis of the ergodic control problem is the uniform stability property
stated in Theorem 8.3. This leads to a fairly general existence result in Theorem 8.5,
which can be viewed as the analogue of the well-known result for the linear-quadratic-
Gaussian problem, which states that when the system is stabilizable there always
exists a stationary Markov optimal control. Theorem 8.5 asserts, without assuming
that all stationary controls are stable, that provided the a-discounted optimal controls
have a limit point in Lsgy (as o — 0) which results in a finite ergodic cost, then there
exists a solution to the ergodic Hamilton-Jacobi-Bellman (HJB) equation, and a
control v € gy with finite ergodic cost is optimal if and only if it is a measurable
selector from the minimizer in the HJB.

Most of the notation used is summarized in section 2 for quick reference. In
section 3 we review the model of controlled diffusions. Section 4 is devoted to invariant
probability measures and their properties. Uniform positive recurrence is proved in
section 5, and equivalent characterizations of uniform stability are provided. Section 6
is dedicated to continuity estimates of the a-discounted value function. The ergodic
control problem, along with the proof of uniform stability, occupies sections 7 and
8. Concluding remarks are in section 9. A summary of results on elliptic partial
differential equations (PDEs) used in this paper occupies Appendix A. Some proofs
are in Appendix B.

2. Notation. The standard Euclidean norm in R? is denoted by |-|, and (-, -)
stands for the inner product. The set of nonnegative real numbers is denoted by R,
N stands for the set of natural numbers, and I denotes the indicator function. As
introduced in section 1, T(A) denotes the first exit time from the set A C R%. The
closure and the boundary of a set A C R? are denoted by A and 0A, respectively. Also
|A| denotes the Lebesgue measure of A. The open ball of radius R in R?, centered at
the origin, is denoted by Bg, and we let Tp = T(Bg) and tr = t(B%).

The Borel o-field of a topological space E is denoted by B(FE). Metric spaces
are in general viewed as equipped with their Borel o-field, and therefore the notation
PB(E) for the set of probability measures on B(E) of a metric space E is unambiguous.
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UNIFORM RECURRENCE OF CONTROLLED DIFFUSIONS 4185

The space B(F) is always viewed as endowed with the topology of weak convergence
of probability measures (the Prohorov topology).

We introduce the following notation for spaces of real-valued functions on a do-
main D C R%. The space LP(D), p € [1,00), stands for the Banach space of (equiva-
lence classes) of measurable functions f satisfying [|f(z)|P dz < oo, and L>(D) is
the Banach space of functions that are essentially bounded in D. The space C*(D)
(C>(D)) refers to the class of all functions whose partial derivatives up to order k (of
any order) exist and are continuous, C¥(D) is the space of functions in C*(D) with
compact support, and Cf(R?) is the subspace of C*(R?) consisting of those functions
whose derivatives up to order k are bounded. Also, the space C*" (D) is the class of
all functions whose partial derivatives up to order k are Holder continuous of order 7.
Therefore C%1(D) is precisely the space of Lipschitz continuous functions on D.

The standard Sobolev space of functions on D, whose generalized derivatives up
to order k are in £P(D), equipped with its natural norm, is denoted by W*P(D),
k >0, p > 1. The closure of C°(D) in W*P(D) is denoted by ng’p(D). It is well
known that if B is an open ball, then ng’p(B) consists of all functions in W*»(B)
which, when extended by zero outside B, belong to WP (R%).

In general if X is a space of real-valued functions on D, A, consists of all
functions f such that fo € X for every ¢ € C°(D). In this manner we obtain
the spaces £F, (D) and WiP(D).

Let h € C(R%) be a positive function. We denote by O(h) the set of functions
f € C(R?) having the property

| f(@)]
@1) s @)
and by o(h) the subset of O(h) over which the limit in (2.1) is zero.
We adopt the notation 09; = aa—m and 0;; L %azj. We often use the standard
summation rule that repeated subscripts and superscripts are summed from 1 through
d. For example,

< o0

a"0;jp + b'Oip £ Z a’ 83:13@ ; 33&

3,j=1

3. Controlled diffusions. In integral form, (1.1) is written as
t t
(3.1) X: = Xo +/ b(Xs,Us) ds +/ o(X)dWs.
0 0

The second term on the right-hand side of (3.1) is an It6 stochastic integral. We say
that a process X = {X;(w)} is a solution of (1.1) if it is Ft-adapted, continuous in ¢,
defined for all w € 2 and ¢ € [0, 00), and satisfies (3.1) for all t € [0, 00) at once a.s.
We impose the following conditions on the drift and diffusion matrix of (1.1).

Local Lipschitz continuity. The functions

b=[b" ..., b R xU—R? and o= [0"]:R? s R4

are locally Lipschitz in & with a Lipschitz constant K depending on R > 0. In other
words, for all x,y € B and u € U,

(3.2) [b(z,u) = by, w)| + [lo(z) — o(y)|| < Krlz —yl,

where [|0]|? £ trace (co"). In addition, b is continuous in (z,u).
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Growth condition. b and o satisfy a global “linear growth condition” of the form
(3.3) b(z,u)|* + ||lo(2)|* < K1(1+ |z]?) V(z,u) € RY x U.

The linear growth assumption (3.3) guarantees that trajectories do not suffer an
explosion in finite time. This assumption is quite standard but may be restrictive for
some applications. As far as the results of this paper are concerned it may be replaced
by the weaker condition

(3.4) 2(z,b(z,u)) + [|o(@)||* < K1 (1 + |2*) V(z,u) € RY % U.
Nondegeneracy. For each R > 0, there exists a positive constant kKr such that
d
(3.5) > a(2)&&; > krl¢* Va € Bg,
i,j=1

for all € = (&1,...,&) € RL

Remark 3.1. Let (,F,P) be a complete probability space, and let {F:} be a
filtration on (€2, ) such that each §; is complete relative to §. Recall that a d-
dimensional Wiener process (W3, §+), or (§t)-Wiener process, is an §¢-adapted Wiener
process such that W; — W, and §s are independent for all ¢ > s > 0. An equivalent
definition of the model for the controlled diffusion in (1.1) starts with a d-dimensional
Wiener process (W3, ;) and requires that the control process U be Fi-adapted. Note
then that U is necessarily nonanticipative.

We summarize here some standard results from [15, 21].

THEOREM 3.2. Let W, U € 4, and Xy be given on a complete probability space
(Q,5,P), and let X be a solution of (1.1). Under (3.4),

E [ sup |Xt|2} < (1+E|Xo|?) e T
0<t<T

With T, £ inf{t > 0: | X;| > n}, applying Chebyshev’s inequality we obtain

(3.6) P(t, <t)=P (sup | Xs| > n)
s<t
(14 E|Xo[2) et
’n/2 n—r oo
from which it follows that T, T 00, as n — oo, P-a.s. If in addition (3.2) and (3.5)
hold, then there exists a pathwise unique solution to (1.1) in (Q,§,P).

Of fundamental importance in the study of functionals of X is It6’s formula. For
f € C3(R?) and with L as defined in (1.4),

<

0,

(3.7) f(Xt):f(X0)+/O Lf(X,,U))ds+ M, as.,

where
t
Mté/ (VF(Xs),0(Xs)dW,)
0

is a local martingale. Krylov’s extension of the It6 formula [20, p. 122] extends (3.7)
to functions f in the Sobolev space WiP (R?).

With u € U treated as a parameter, (1.4) also gives rise to a family of operators
L% : C%(RY) — C(RY), defined by L f(z) = Lf(z,u). We refer to L* as the controlled
extended generator of the diffusion.
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3.1. Markov controls. An admissible control U is called Markov if it takes the
form U; = v;(X;) for a measurable map v : R? x [0,00) — U. It is evident that U
cannot be specified a priori. Instead, one has to make sense of (1.1) with U; replaced
by v¢(X:). In Theorem 3.2, Xy, W, and U are prescribed on a probability space
and a solution X is constructed on the same space. This is the strong formulation.
Correspondingly, the equation

(3.8) Xt:x0+/0tb(xs,vs(xs)) ds+/0t o(X,) dW,

is said to have a strong solution if, given a Wiener process (W, §;) on a complete
probability space (€2, §,P), there exists a process X on (Q,§,P), with Xy = 2y € R?,
which is continuous, Fi-adapted, and satisfies (3.8) for all ¢ at once a.s. A strong
solution is called unique if any two such solutions X and X’ agree P-a.s. when viewed
as elements of C ([0, 00), RY).

Let {SE’V} be the filtration generated by W. It is evident that if X; is §}"-adapted,
then such a solution X is a strong solution. We say that (3.8) has a weak solution
if we can find processes X and W on some probability space (©,F',P') such that
Xo = xg, W is a standard Wiener process, and (3.8) holds with W; — Wy independent
of {XS/,WS/, s’ < s} for all s < t. The weak solution is unique if any two weak
solutions X and X', possibly defined on different probability spaces, agree in law
when viewed as C ([O, 00), Rd)-valued random variables.

It is well known that under (3.2), (3.4), and (3.5), for any Markov control v,
(3.8) has a unique weak solution [16]. Weak solutions are also guaranteed for feedback
controls, which are defined as admissible controls that are progressively measurable
with respect to the natural filtration {§} of X. We do not elaborate further on
feedback controls, as we do not need these results in this paper. The analysis in this
paper is based on weak solutions. Nevertheless, we mention parenthetically that the
results in [25, 26], based on the method in [28], assert that under the assumptions
(3.2), (3.3), and (3.5), for any Markov control v¢, (3.8) has a pathwise strong solution
which is a Feller (and therefore strong Markov) process.

It follows from the work of [6, 24] that under v € Llgn, the transition probabilities
of X have densities which are locally Holder continuous. Thus LV is the generator of
a strongly continuous semigroup on Cy(R?), which is strong Feller.

As in the case of stationary Markov controls, we let ]P’zU denote the probability
measure on the canonical space of the process X starting at Xy = z, under the control
U € 4. The associated expectation operator is denoted by EmU

3.2. Relaxed controls. We describe the relaxed control framework, originally
introduced for deterministic control in [27]. This entails the following: The space
U is replaced by (U), where 3(U) denotes the space of probability measures on U
endowed with the Prohorov topology, and b?, 1 <4 < d, is replaced by

Bi(x,v)é/bi(x,u)v(du), reRY, vePU), 1<i<d.
U

Note that b inherits the same continuity, linear growth and Lipschitz (in its first
argument) properties from b. The space PB(U), in addition to being compact, is
convex when viewed as a subset of the space of finite signed measures on U. One
may view U as the “original” control space and view the passage from U to B(U) as
a “relaxation” of the problem that allows 3(U)-valued controls that are analogous
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to randomized controls in the discrete-time setup. Note that a U-valued control
trajectory U can be identified with the 3(U)-valued trajectory U; = dg,, where &,
denotes the Dirac measure at q. Henceforth, “control” means relaxed control, with
Dirac measure-valued controls (which correspond to original U-valued controls) being
referred to as precise controls. The class of stationary Markov controls is still denoted
by $Usm, and Usp C sy is the subset corresponding to precise controls.

DEFINITION 3.3. To facilitate the passage to relazed controls we introduce the
following notation. In general, for a measurable function h: R* x U — R*, k € N, we
denote by h: R x P(U) — R* its extension to relaved controls defined by

(3.9) ho,v) & /U h(z, wy(du), v ePU).

Since a relazed stationary Markov control v € Ugm is a Borel measurable kernel on
P(U) x RY, we adopt the notation v(z) = v(du | z). For any fived v € tUsy and h as
above, x +— ﬁ(x, U(x)) is a Borel measurable function, and in the interest of notational
economy, treating v as a parameter, we define hy,: R* — RF by

(3.10) ho(z) £ h(z,v(z)) = / h(z,u)v(du | x).
U
Also for v € Ugw,
Vs aij&-j + bﬁ,&l
denotes the extended generator of the diffusion governed by v.

3.3. The topology of Markov controls. We endow sy with the topology
that renders it a compact metric space. We refer to it as “the” topology since, as is well
known, the topology of a compact Hausdorff space has a certain rigidity and cannot
be weakened or strengthened without losing the Hausdorff property or compactness,
respectively [22, p. 60]. This can be accomplished by viewing sy as a subset of the
unit ball of £ (R?, 9, (U)) under its weak*-topology, where 90, (U) denotes the set of
signed Borel measures on U under the weak*-topology. The space £ (R%, M, (U)) is
the dual of £! (R?,C(U)), and by the Banach-Alaoglu theorem the unit ball is weak*-
compact. Since the space of probability measures is closed in 9,(U), it follows that
Ugn 18 weak*-closed in L (Rd, N (U)), and since it is a subset of the unit ball of the
latter, it is weak*-compact. Moreover, £ (Rd, C (U)) is separable, which implies that
the weak*-topology of £ (Rd, M (U)) is metrizable. We have the following criterion
for convergence in Lgys [10].

LEMMA 3.4. For v, — v in sy it is necessary and sufficient that

/ 9() (ho, (2) — hol@)) dz —— 0
Rd n—oo
for all g € LY(R?) and h € C,(R? x U), where h,, is as defined in (3.10).
Throughout this paper, convergence and, in general, any topological properties
of gy, are with respect to the compact metrizable topology introduced above. We
make frequent use of the following convergence result.
LEMMA 3.5. Let {v,} C Usm be a sequence that converges to v € gy in the
topology of Markov controls, and let {p,} C W*P(D), p > d, be a sequence of solutions
of L', = h,, n € N, on a bounded C*> domain D C R?. Suppose that for some
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constant M, HcanWQYP(D) < M for alln € N, and that h,, converges weakly in LP(D),

for p > 1, to some function h. Then any weak limit @ of {¢on} in WP(D), as n — oo,
satisfies Lo = h in D.
Proof. We have

(3.11) LY —h=a"d;(p — ¢n) + by, 0i(0 — on) + (b, = by, )ip — (h — ) .
Since p > d, by the compactness of the embedding W?P(D) < C"(D), r < 1 — %
(see Theorem A.11), we can select a subsequence such that ¢, — ¢ in C1'"(D). Thus
bi, 9i(¢ — ¢n) converges to 0 in £(D). By Lemma 3.4, and since D is bounded,
(bt, — b, )Dip converges weakly to 0 in LP(D) for any p > 1. The remaining two terms

in (3.11) converge weakly to 0 in £LP(D) by hypothesis. Since the left-hand side of
(3.11) is independent of n € N, it solves LY¢ — h = 0. O

4. Invariant probability measures. We start the presentation with some use-
ful bounds of mean recurrence times. For uncontrolled diffusions, these are well
known. The next lemma extends them to the controlled case. This is made possible
by Harnack’s inequality for LY-harmonic functions [17, Corollary 9.25, p. 250], or by
its extension to a class of LV-superharmonic functions (Theorem A.9). The proof is
fairly standard and can be found in Appendix B.

LEMMA 4.1. Let Dy and Dy be two open balls in R?, satisfying Dy € Dy. Then

(4.1a) 0< inf Ej[t(D2)] < sup Ej[t(D2)] < oo,
xeD reD
v eeLls 11v1 v eeuls) 11v1
(4.1b) mégﬁb E2 [t(D)] >0,
velssm
(4.1c) sup EY[t(Df)] <oo Vv € tssm,
x€OD>
(4.1d) v&}ILléM ;gﬂ PY(t(D2) > t(Df)) >0

for all compact sets I' C Dy \ Dy.

The following construction due to Has’minskii which characterizes the invariant
probability measure of the diffusion via an embedded Markov chain is standard [19,
Theorem 4.1, p. 119]. What we have added here is the continuous dependence of the
invariant probability distribution of the embedded Markov chain on v € {Uggy. The
proof is in Appendix B.

THEOREM 4.2. Let D1 and Ds be as in Lemma 4.1. Let T9 = 0, and for k =
0,1,... define inductively an increasing sequence of stopping times by

f2k+1 = inf {t > Top : X; € Dg},

Togt+2 = inf {t > Topt1 @ Xt € Dl}.

(i) The process X, & X4,,, n > 1, is a 0D;-valued ergodic Markov chain,
under any v € Ussm- Moz“eover there exists a constant 0 € (0,1), which does not
depend on v, such that if P, and [, denote the transition kernel and the stationary

distribution off( under v € Uggm, respectively, then for all x € 0D,
||P1En)(957 ) = ﬂv(')HTV < VneN,
(4.2)

0Py (z,) < fiu (") -

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



4190 ARI ARAPOSTATHIS AND VIVEK S. BORKAR

(ii) The map v — [i, from Ussm to P(OD1) is continuous in the topology of
Markov controls.
(iil) Define p, € P(RY) b

S, B[ fy (X))
/fd“”‘ fmu*:[ 2] Fro(de

Then w, is the unique invariant probability measure of X, under v € $ssm-
Let v € Ussm. A Borel probability measure v on R? is called infinitesimally
imwvariant if

(4.3) /R L'f(x)v(dx) =0 VfecC*(RY).

) f € Cb(Rd) .

fiy(dz)
)

The invariant probability measure of the Markov semigroup generated by L" is in-
finitesimally invariant, and for the model considered the converse is also true. We
state this without proof as a theorem. For recent work on these issues see [6, 7, 8].

THEOREM 4.3. A Borel probability measure v on R is an invariant measure
for the process associated with LV, v € $gsm, if and only if (4.3) holds. Moreover,
if v satisfies (4.3), then it has a density ¢ € Wll(;i’(Rd) with respect to the Lebesgue
measure which is a generalized solution to the adjoint equation given by

d
(19 -3 (S egEn ko) -

=1

where

4.1. Ergodic occupation measures. Let ¢ : R? x U — R, be a continuous
function, serving as the running cost.

The ergodic control problem in its average formulation seeks to minimize over all
admissible U € 4 the functional

t
F(U) £ limsup ! / EY [¢(Xs, Us)] ds
t—o0 t 0

We say that U* € Al is average-cost optimal if F(U*) = infyey F(U), and that it is
average-cost optimal in U, for some collection U C 4, if F(U*) attains the value of its
infimum over U.

By Birkhoff’s ergodic theorem, if v € $ggm, then provided ¢, is integrable with
respect to U,

T—o0

e _ ,
(4.5) lim T/o co(X3) dt—/Rd/Uc(x,u)v(du|x)uv(dx) a.s.

This motivates the following definition. We define the ergodic occupation measure
7y € P(R? x U), corresponding to v € tUssm, by

7o(da, du) = p, (dz)v(du | z).
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We denote the set of all ergodic occupation measures by M. By (4.5), the ergodic
control problem over ggy is equivalent to a linear optimization problem over M. It
is well known that the set of ergodic occupation measures M is closed and convex,
and its extreme points belong to the class of stable precise controls denoted as $ssp
[9].

Let ¢[u] denote the density of u € J, and for I C 7, let

O(K) £ {plu] : pe Kk}

If K is tight, then Harnack’s inequality for (4.4) [17, Theorem 8.20, p. 199] implies
that there exist Rgp > 0 and a constant Cy = Cg(R) such that for every R > Ry,
with |Bg| denoting the volume of By C R¢,

1 ) Cu
4.6 —— <inf ¢ <su < — VpedK).
(4.6) 2Cu|Br| ~ Br Y= B1£) 7= | BR o€ 2k)

Moreover, the Holder estimates for solutions of (4.4) [17, Theorem 8.24, p. 202] imply
that there exists a constant Cy = C1(R,K) > 0, and a7 > 0, such that

(4.7) lp(z) = e(y)] < Cile —y|** Va,y € Br, Ve e ®(K).

Invariant probability measures enjoy the following continuity properties with re-
spect to v € LUggn.-

LEMMA 4.4. For a subset U C LUgsm let Ty and My, denote the set of associated
invariant measures and ergodic occupation measures, respectively. Suppose Iy is tight.
Then

(i) the map v+ p, from U to Iy is continuous under the total variation norm
topology of J.
(ii) the map v — m, from U to My is continuous in P(R? x U).
Proof. The proof is in Appendix B. 0

5. Stability of controlled diffusions. Stability for controlled diffusions can be
characterized with the aid of Lyapunov equations involving the operator L*. We first
review two sets of stochastic Lyapunov conditions. Recall that f € C(X), where X is
a topological space, is called inf-compact if the set {x € X : f(x) < A} is compact (or
empty) for every A € R.

Consider the following Lyapunov conditions, each holding for some nonnegative,
inf-compact function V € C%(R%):

1. For some bounded domain D

(5.1) L*Y(z)< -1 VxeD¢ Vuecl.

2. There exist a nonnegative, inf-compact h € C(R?) and a constant kg > 0
satisfying

(5.2) L'V(z) < ko—h(z), YreR? Yuecl.

The Lyapunov condition (5.1) is equivalent to the finiteness of the mean recurrence
times to D, uniformly over all admissible controls. The main result in this section is
that if all stationary controls are stable, then (5.1) holds (see Corollary 5.2 below).
The stronger condition (5.2) is equivalent to the tightness of the invariant probability
measures (Theorem 5.6). A central result in this paper is that (5.1) and (5.2) are in
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fact equivalent. This is shown in Theorem 8.3, and its proof is interleaved with the
analysis of the ergodic control problem.

We next present a key result that establishes a uniform bound of a certain class
of functionals of the controlled process over subsets U C Ugsy that are closed under
concatenations, as defined in section 1.

THEOREM 5.1. Let U be a closed subset of Ussnv which is also closed under
concatenations. Suppose that for some nonnegative function h € C(R? x U), some
bounded domain D, and some x € D¢, we have (using the notation in (3.9))

(D)
E;U h(Xt,Ut)dt} <oo WwelU.
0

Then for any bounded domain G C RY and any compact I' C G¢,
T(G°)
(5.3) sup sup E; {/ h(X¢, Uy) dt} < 00.
veld xel’ 0

Proof. We argue by contradiction. Define
T —
0

If (5.3) does not hold, then there exist a sequence {v,} C U, a bounded domain
G C R? and a compact I" C G° such that sup,cp So [1(G°)] — oo, as n — oo.
Then, by Harnack’s inequality, for all compact I' C G¢,

(5:4) inf B [T(G)] = co.

One can show that (5.4) holds for any bounded domain G C R? and compact I" C G°¢
by following standard arguments as in [19, Lemma 3.1, p. 116]. This also follows
directly from Lemma 5.3 below.

Fix a ball Gy and let I' C G§. Select vy € U such that inf,er B2 [T(GS)] > 2.
Since U is closed under concatenations, there exists a cover G of R¢ consisting of
bounded domains ordered by &, with the property that for any v',v” € U, their
concatenation as defined in (1.2) is in Y. Let G; € G such that I’ U Gy € Gi,
satisfying

B (GH)] <2850 [P(Go) At(Gr)] Vo e
This is always possible since, with Tz = T(Bg), as defined earlier, we have
B [TM(GE) Atr)] 1 B0 [T(GG)] as R — oo,
uniformly on I'. Select any Gy € G satisfying G1  G1, and let

(5.5) pu2 inf it P(x(Ga) < (GF))

By (4.1d), p1 > 0. By (5.4), we select v1 € U such that

(5.6) inf B [¢(GF)] > 8pr ",
r€e0G1
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and let
01 = (vg, G1,v1) .
It follows by (5.5) and (5.6) that
61 int 52 (Gl > (inf B (x(@n) <) ) (int o Ie(e)]) = 5.
Therefore, there exists Go G in G satisfying
B [T(GE) At(Ga)] > 4.
We proceed inductively as follows. Suppose 9x_1 € U and Gy € G are such that
B [T(GE) A T(Gr)] > 2.

First pick any Gy, € G such that G, © Gy, and then select vy, € U satisfying

- —1
i, 0] > 27, PG <)

This is always possible by (5.4). Proceed by defining the concatenated control
Ok = (Vk—1, G, vk) -
It follows as in (5.7) that

. Ve c k+2
inf Bt [v(Go)] > 277

Subsequently choose Gj41 ék, such that

inf 3% [e(G) AT(Grin)] > 3 inf 52 [e(G5)]

xzel’
thus yielding
(5.8) Bk [1(G6) A t(Gryr)] > 28

By construction, each Uy agrees with 91 on Gg. It is also evident that the sequence
{01} converges to some control v* € U, which agrees with 9 on G, for each k > 1.
Hence, by (5.8),

inf B [7(G§) AT(Gy)] > 2° Yk EN.
Thus 82" [T(G§)] = oo, contradicting the original hypothesis. O

When Ussm = Usn, a direct application of Theorem 5.1 yields uniform positive
recurrence. This is summarized as follows.

COROLLARY 5.2. Suppose that all stationary Markov controls are stable, i.e.,
Ugem = Usm. Then if D is a bounded domain with C*' boundary, there exists a
function V € C%*(R?) which solves max, L'V = —1 on D¢, with ¥V = 0 on 0D.
Moreover, for any x € D¢,

(5.9) V(z) = JSup B, [t(D9)] = sup E; [1(D°)].
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Proof. Applying Theorem 5.1, with h = 1, yields sup,cq.q,, Ep[T(D)] < oo. It
is then straightforward to show, using Theorem A.15, that the Dirichlet problem
max LV =—-1 in D¢, V=0 ondD
has a unique solution V € C*(D¢), and that V(z) = sup,cyq,, Eplt(DC)] for all
x € D¢ The second equality in (5.9) follows via a straightforward application of It&’s
formula. O
In the next lemma we extend a well-known result of Has’minskii [18] to controlled

diffusions. The proof is in Appendix B.
LEMMA 5.3. Let D C R? be a bounded domain and G C R? a compact set. Define

N T(D°)
&) o(x) 2B [ / Ta(X0) dt] |

Then

(1) SUDyeuoy SUPrepe Eb (@) < 00;

(ii) if X s recurrent under v € Uswm, then &} o is the unique bounded solution
in WIQ(;?(DC) NC(D), p > 1, of the Dirichlet problem L'¢ = —lg in D¢ and € =0 on
oD;

(i) if U C Usm is a closed set of controls under which X is recurrent, the map
(v, ) = &) () is continuous on U x D°.

Now let D, € D, be two fixed open balls in R¢, and let 5 be as defined in
Theorem 4.2. Let h € Cp(R? x U) be a nonnegative function and define

(DY) _
(510) @%(3}) £ EZ [A HBIC2 (Xt)h(Xt, Ut) dt , T E 8D2 , V& uSSM .

Let Rog > 0 such that Br, © Ds. Then, provided R > Ry, $%(x) satisfies LY®}, =0
in Bgr, N D¢, and by Harnack’s inequality, there exists a constant Cy, independent
of v € Uggm, such that &% (x) < Cyd%(y), for all x,y € 0D, and v € Ugy. Har-
nack’s inequality also holds for the function z — EZ[T2] on 0D; (for this we apply
Theorem A.9). Also, by Lemma 4.1, for some constant Cy > 0,

inf inf EY[t(Df)] > Cy su sup EY[t(D32)].
nfint (D)) 2 Co s sup Efe(Dy)]
Consequently, using these estimates and applying Theorem 4.2(iii) with f = h,, we

obtain positive constants k1 and ko, which depend only on Dy, D5, and Ry, such that
for all R > Rg and x € 0D»,

@'U
(5.11) kl/ hdr, < — PR _ ng/ hdm, Vo€ Ussu.
B¢, xU Iég& Bz [t(D1)] B¢, XU

Similarly, applying Theorem 4.2(iii) with f = Ip,, there exists a positive constant ks,
which depends only on D; and D5, such that

(5.12) wo(D1) sup EZ[T(DY)] < ks sup E,[t(D2)] Vv € Ussm -
TED Do rz€EODq

Recall the definition of My, in Lemma 4.4. We obtain the following useful variation
of Theorem 5.1.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



UNIFORM RECURRENCE OF CONTROLLED DIFFUSIONS 4195

COROLLARY 5.4. Let U C $ssm be closed in Ussy and be also closed under
concatenations. Suppose that a nonnegative h € C(RY x U) is integrable with respect
to all m € My Then sup ¢y, [hdr < oo.

Proof. By Corollary 5.2, sup,g;, E.[T(Df)] < co. Then, since by hypothesis
J hdm, < oo for all v € U, (5.11) implies that &% (z) < oo, for all v € U and x € IDs.
Therefore, applying Theorem 5.1, we obtain sup,¢, P%(r) < oo, and the result
follows by (4.1b) and the left-hand side inequality of (5.11). O

Recall that a collection of stationary Markov controls U € Uggy is called uni-
formly stable if the set Ty = {u,, v € U} is tight. Corollary 5.4 implies that if
U C Uggy is closed in Uggy and also closed under concatenations, and if some non-
negative, inf-compact function h is integrable with respect to every m € My, then U
is uniformly stable.

The next theorem provides some important equivalences of uniform stability. This
is an augmented version of the results in [11]. We need the following definition.

DEFINITION 5.5. Let € denote the class of nonnegative functions h € C(R? x U)
that are locally Lipschitz in their first argument, uniformly in uw € U. More specifically,
for some Cj,: Ry — Ry, h satisfies

(@, u) = h(y,u)| < Cp(R)|w —y| Va,y € B,

for allu e U and R > 0.
THEOREM 5.6. Let U be an arbitrary subset of Ugsm. The following statements
are equivalent (with h € € an inf-compact function which is common to (i)—(iv)):
(i) For some open ball D C R* and some x € D¢,

(D)
sup E? [/ h(Xt,Ut)dt} <o Ywelu.
velu 0

(ii) For all open balls D C R? and compact sets I' C RY,

(D)
sup sup E} [/ h(Xe, Up) dt} < o00.
ved xzel’ 0

(iii) A wuniform bound holds:

(5.13) sup / h(z,u)m, (dz, du) < co.
veUd JRIxU

(iv) Provided U = Mgy, there exist a nonnegative, inf-compact function V €
C%(R?) and a constant ko satisfying
L"V(z) < ko — h(z,u) YuecU, VreRe

(v) ProvidedU = Usyp, for any compact K C R? and to > 0, the mean empirical
measures

(v, ixeK, t>t, Ue}
defined by

1/t ~
(5.14) / favd, = ;/ EY [f(X,,Us)]ds, t>0,
R4 xU 0

for all f € Cy(R? x U), are tight.
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(vi) Jy is tight.
(vil) My, is tight.
(viil) My is compact.
(ix) For some open ball D C R? and x € D¢, the family {( ]P’”), v E Z/{}
is uniformly integrable, i.e.,

sup B [7(D%) L) (W(DD] 40 as ¢ 1 00.

(x) The family {( ]P’”), veEU, T € F} 1s uniformly integrable for all open
balls D C R and compact sets I' C R%.

Proof. Tt is clear that (ii) = (i) and (x) = (ix). Since U is compact, (vi) <
(vii). By Prohorov’s theorem, (viii) = (vii). With D; € D, any two open balls in
R%, we apply (5.11) and (5.12). Letting D = Dy, (i) = (iii) follows by (5.11). It
is evident that (iii) = (vii). Therefore, since under (iii) Jy; is tight, (4.6) implies
infyeys po(D1) > 0. In turn, by (4.1a) and (5.12),

(5.15) sup sup EZ[t(Df)] < o0
vEU TEODDo

Hence applying (5.11) and Lemma 5.3(i), we obtain (iii) = (ii). We continue by
proving (vi) = (iii) = (iv) = (i), (ix) = (vii), and (iv) = (v) = (viii) = (x).
(vi) = (iii): Let

,1/2

ilv(aj)é (MU(BFwI)) ., velUd, zeR?,

and define h £ inf,cyy hy. A simple calculation yields Jza hydp, = 2. Next, we
show that h is locally Lipschitz continuous. Let R > 0 and z,2’ € Bg. Then, with

9(x) £ po (B,

Do lal) =g
(.16) ) = R (W + V@)

By (4.6), the denominator of (5.16) is uniformly bounded away from zero on Bp,
while the numerator has the upper bound (supp, ¢u) ||Bjs)| — |Bja|l|, where @, is
the density of y1,. Therefore, by Lemma 4.4 and (5.16), (,v) — h, () is continuous in
R? x U and locally Lipschitz in the first argument. Since I/ is compact, local Lipschitz
continuity of A follows. Thus (5.13) holds. Since Jy is tight, sup,ey, 10 (Bf,) — 0,
as |r| — oo, and thus lim|,| o h(z) = oo.

(iii) = (iv): By Theorem A.15, the Dirichlet problem

max [L"fr(z) + h(z,u)] =0, z € B, \ Dy,
(5.17) u€y

fr ‘ dD1NdB, 0

has a solution f,. € C**(B, \ D1), s € (0,1). Let v, € tsp be a measurable selector
from the maximizer in (5.17). Then using (5.10) and (5.11), with »r > R > Ry, and
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since, as shown earlier, under the hypothesis of (iii) equation (5.15) holds, we obtain

T(DYAT,
(@) = BV { / (X0, U7) dt}
0

< (sup h) €5, p, () + 25 ()
BRXU

g(sup h)gngR(x)Jrkg/ hdm, , x€dDs,
BrxU ’ Rd

for some constant k5, > 0 that depends only on Dy, Do, and Ry. Therefore, by (iii)
and Lemma 5.3(i), f. is bounded above, and since it is monotone in r, it converges
by Lemma A.16, as r — 0o, to some V € C%(D$) satisfying

L'V(z) < —h(z,u) YueU, Vze DS.

It remains to extend V to a smooth function. This can be accomplished, for instance,
by selecting Dy 3 D3 © D1, and with ¥ any smooth function that equals zero on D3

and 1) = 1 on DS, to define V = ¢V on D$ and V = 0 on D;. Then L*V < —h on
D5, for all u € U, and since |L*V| is bounded in Dy, uniformly in u € U, (iv) follows.

(iv) = (i): Let D be an open ball such that h(z,u) > 2ko for all € D¢ and
u € U. By Ito’s formula, for any R > 0 and v € gy,

TU)%ATR _ _
(5.18) EY [/ (h(X¢,Uy) — ko) dt] <V(z) Vxe D"
0

Since h < 2(h — ko) on D¢, the result follows by taking limits as R — oo in (5.18).
(ix) = (vii): By (5.10) and (5.11) with A = 1, we obtain, for any ¢, > 0 and
R > Ry,
(DY)
m (B < 0) < WEE| [ g 06
0
< kito Py(tr < to) + ki Ej [7(D)I(t(DS) > to)], « € dDy,

for some constant k] > 0 that depends only on Dy, Do, and Ry. By (ix), we can
select tg large enough so that the second term on the right-hand side is as small as
desired, uniformly in v € U and « € 9D2. By (3.6), for any fixed ¢y > 0,

sup sup Pi(trp <ty) —— 0,
vEUsM xEOD> R—o0

and (vii) follows.
(iv) = (v): Applying Itd’s formula, we have

(5.19) EY V(Xiae,)] = V(z) = ko BV [t AT,,] — EY Umn h(X,,U,)ds]| .
0

Letting n — oo in (5.19), using monotone convergence and rearranging terms, we
obtain that for any ball B C R,

(5.20) (min h) /OtEg 15 (X,)] dsgfotEg’ [h(X,,Uy)] ds

Bg xU
< kot + V({E) .
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By (5.20), for all z € R?,

t
1/ EY [Ipe (X,)] ds < ’“OH—V(@ YU € iU, ¥t >0,
t 0 R t (mlnBlc%X[U h)
and tightness of the mean empirical measures follows.

(v) = (viii): Since the mean empirical measures are tight, their closure is compact
by Prohorov’s theorem. Tightness also implies that every accumulation point of a
sequence of mean empirical measures is an ergodic occupation measure [9, 23]. Also,
if v € Ugsm, then 7 , converges as t — oo to 7, [19, Lemma 2.1, p. 72]. Therefore,
tightness implies that the set of accumulation points of sequences of mean empirical
measures is precisely the set of ergodic occupation measures M, and hence, being
closed, M is compact.

(viii) = (x): Let D = Dy, and without loss of generality, I' = 9Dy. Then (5.11)
implies

(DY)
(5.21) sup sup E? [/ Ips, (Xt)dt] = 0.
veEU xEID2 0 oo

Given any sequence {(v,,z,)} C U x 0D, converging to some (v,z) € U x dDs,
Lemma 5.3(iii) asserts that, for all R such that Dy € Bg,

(DY (DY)
(5.22) ]EZZ [/ B, (Xt)dt} —>—> ]EZ {/ Ip, (Xt)dt] .
0 n—roo 0

Combining (5.21) and (5.22), we obtain E}" [t(Df)] — EZ[t(Df)] as n — oo, and (x)
follows. 0

6. Equicontinuity of the a-discounted value functions. In the analysis of
the ergodic problem, we follow the vanishing discount approach. Let @ > 0 be a
constant which we refer to as the discount factor. For any admissible control U € 4,
we define the a-discounted cost by

JU(x) £ BV [ [ et v
0
and we let

(6.1) Vo(z) 2 inf JY(x).

The following theorem is standard [4, 9].
THEOREM 6.1. Let ¢ € C (see Definition 5.5). Then V,, defined in (6.1) is the
minimal nonnegative solution in C2(R?) N Cyp(R?) of

(6.2) Lnelf[rjl [L*Va(z) + c(z,u)] = aVa(z).

Moreover, v € gy is a-discounted optimal if and only if v a.e. realizes the pointwise

minimum in (6.2), i.e., if and only if

sz x) + ¢p(x —Inln szxu (z) + c(z,u)| ae xR,
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where bi and ¢, are as in Definition 3.3.

We next show that for a stable control v € $lggnm, the resolvents JY are bounded
in W2?(Bg), uniformly in o € (0,1), for any R > 0. For v € tgsm, and 7, € M the
corresponding ergodic occupation measure, we define

00 = / c(z, u)m,(de, du) .
R xU

THEOREM 6.2. There exists a positive constant Co = Co(R) depending only on
the radius R > 0 such that, for all v € Uggm and « € (0, 1),

CO(R) < Ov >
6.3a Jo = J2(0)||vo2.p < + sup ¢,
(6.3a) I ( )Hw (Br) = 11y (Bar) \ to(Bar) B4R§U

Qv
6.3b sup aJy < Co(R + su c) .
(6:50) By ol )<#v(BR) Banx

Proof. Let T = inf {t > Tar : X; € Br}. For x € OBpg, we have
FE ~
(6.4) Jo(x) =E; [/ e e, (Xy)dt + e_MJg(Xf)]
0
FE A
=E! [/ e e, (Xy)dt + J2(Xz) — (1 — e‘“)Jg(Xf)} .
0
Let P,(A) = PY(X; € A). By Theorem 4.2, there exists § € (0,1) depending only on
R such that
sz - PyHTV <20 Vz,y€ 0Bg.

Therefore,

(6.5) By [J2(X2)] — Ey [J2(X2)]| < 5&530 Jy Vx,y € O0Bg.
R

Thus (6.4) and (6.5) yield

1 T
6.6 s¢ JU < —— EY e (X)) dt
00 g i<y sw B [T

1 .
+— sup B [(1-e")I(Xe)
1-— r€EOBR

Next, we bound the terms on the right-hand side of (6.6). First,
(6.7) EY [(1 - e—af)Jg(X%)} <E! [a—l(l - e—af)} sup  aJ?(z)
rEOBR

< (sup an) E'[%] Ve e OBg.
OBRr

Define

(>

M(R) £ sup ¢, R>0.

BRXU
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The function

M(2R
o= B

belongs to WP (R?) for all p > 1 and satisfies

(6.8) L¢o(z) — 0 () = —cy(x) — M(2R) Vz € Bag,
and thus

(6.9) M(2R) < |(L" — a)pa(z)| < 2M(2R) Vz € Bag.
By (6.9),

(6.10) (LY = @)¢al| oo ) < 21B2rl HI(L” = @)gal| p1 g, ) -

Hence ¢, € R(2, Bag) (see Definition A.7), and by Theorem A.9, there exists a
constant Cy > 0 depending only on R such that

(6.11) 0al(r) < Crealy) Vo,ye Bgand a € (0,1).

Integrating with respect to ., and using Fubini’s theorem, we have

(6.12) / aJi(z)py(dx) = 0, Vv € Usgm -
R
By (6.12), infp, aJ? < ME’]”BR). Thus (6.11) yields
2 Ov
6.13 sup aJy <C <M 2R) + > )
(6.13) L | M(2R) o (Br)

which establishes (6.3b). On the other hand, the function

Yalz) = EY [ /O ot (M(2R) + co(X1)) dt]

also satisfies (6.8)—(6.10) in Bapr, and therefore (6.11) holds for ¢,. Thus
£ R £
(6.14) sup E [/ e e, (Xy) dt] <Cyx inf E; [/ (M(2R) + ¢y (Xy))dt
r€EOBR 0 r€EOBR 0

< Cp(M(2R) + 0v) sup Eo[t].
xE R

By (6.6), (6.7), (6.13), and (6.14),

(6.15) osc JJ < L+ Cn

Qv via
95¢ T35 (M(2R) + > sup EJ[1].

Mo (BR) r€OBR
Applying Theorem A.9 to the LY-superharmonic function z — E.[T], we have

6.16 s E’[t] < C% inf EY[%
(6.16) JSup Eolt < Oy ol Bl
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for some constant C'4; = C%;(R) > 0. By (4.1a), (6.16), and the estimate

inf EY[7] < sup Ej[t2g],
x€EOBR z[ ] ,u'u( R) r€EOBR m[ ]

which is obtained from Theorem 4.2(iii), we have

. Cq
6.17 sup EV[1] <
( ) weagR [ ] ,uU(BR)

)

for some positive constant C =G (R). By Theorem A.3, there exists a constant
C1 > 0, depending only on R, such that E}[tg] < Cf for all x € B, and thus

TR -
(6.18) sup EY [/ e_‘”tcv(Xt)dt} < () sup c.
xEBR 0 BrxU

By (6.15), (6.17), and (6.18),

TR
(6.19) osc JJ < osc JY+ sup E [/ eo‘tcv(Xt)dt}
Br 9Br z€BR 0

C12 Ov
S n(Br) <M (@R) + m(BR))

for some positive constant Cy = Cy(R). Let @ 2 J2 — J2(0). Then
L@ — P = —Cp +aJ2(0) in Bag.

Applying Lemma A.5 to @, relative to the operator L” — «, with D = Byp and
D’ = Bp, we obtain, for some positive constant C5 = C5(R),

IN

1Zallvwenzmy < €5 ([12all 2omamy + 1700 — Pall 2oy

< (3*3|BQR\% (gsc J + M(2R) + sup an> ,
2R SR

and the required bound follows from (6.13) and (6.19). O

The bounds in (6.3) along with Theorem 5.1 imply that if Ugsp = gy, then as
long as g, < oo for all v € Ugy, the functions J¢ — J2(0) are bounded in W?P(Bg)
on any ball Bg, uniformly in a € (0,1) and v € Ussm. The estimates in the corollary
that follows imply that, provided o, < oo, for some v € $gsm, the a-discounted value
functions {V,,} defined in (6.1) are bounded in W?P(Bg) on any ball Bg, uniformly
inae(0,1).

COROLLARY 6.3. There eists a constant Co(R) > 0 depending only on the radius
R > 0 such that, for all « € (0,1) and all v € Usgm,

C~1O(]:L)) ( Ov )
6.20a Voo = V(O |1y o < + sup ¢,
( ) H ( )HW (Br) = 11, (Bar) \ pw(B2r) Bmgtu

~ Ov
6.20b sup aV, < Cy(R + su c> .

( ) Ba o )(MU(BR) BanU
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Proof. With T as in the proof of Theorem 6.2, and v, € gy an a-discounted
optimal control, define the admissible control U € il by

v ift <1,
U, =
Vo Otherwise.

Since U is in general suboptimal for the a-discounted criterion, we have
FE A
(6.21) Vol(z) <EY [/ e ey (Xy)dt +e TV, (X5)] .
0

Invoking Theorem 4.2 as in the proof of Theorem 6.2, we obtain

(6.22) |Ey [Va(X2)] — Ey [Va(X3)]| < 5§]§c Vo Vz,y € 0Bg,
R

and thus by (6.21) and (6.22)

1 'f
6.23 V, < —— EY —ote (X)) dt
02 g vos oy mp B[ eto o a

+ sup EL[(1- e Va(Xe)
1-6 r€EOBR

Since V,, < JY, (6.20b) follows from (6.13). Moreover, since the right-hand sides of
(6.6) and (6.23) are equal, we can use (6.15) and (6.17) to obtain

(1 + OH)él
S _— 77 -
(1 —=06)po(Br)
Using (6.24) and the bound

Ov
NU(BR)

(6.24) osc Vg, <M(2R) + ) Yo € Ussm -
OBr

TR
osc V, < osc V,, + sup EL* [/ e e, (X¢) dt] ,
Br dBr 0

r€EBR
we proceed as in the proof of Theorem 6.2 to derive (6.20a). O

7. Analysis of the ergodic control problem. Throughout the rest of this
paper we assume that ¢ € C. We start the analysis with a useful lemma concerning
control Lyapunov functions. We use the notation €, £ T(B¢) for » > 0. Also we
extend the definition of o to functions on C(R? x U) as follows: For h € C(R? x U),
with A > 0,

: |g(z,u)|
g € 0o(h) <= limsup sup =0.
( ) x| =00 u€lU h(a:,u)
LEMMA 7.1. Suppose
(7.1) sup / (1+ ¢(x,u))my(de, du) —— 0.
vElssm J B xU R—oo

Then there exist a constant kg € R and a pair of nonnegative, inf-compact functions
(V,h) € C3(RY) x C with 1 + c € o(h) such that

(7.2) L"W(x) < ko — h(z,u) YuecU, VzecR?e

Moreover,
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(i) for anyr >0,
(7.3) x> K [/Tr(l + co(Xy)) dt| € 0(V) Vv € Ussm
0

(ii) if ¢ € o(V), then for all x € R, and all v € Ussm,

(7.4) lim X [p(X))] =0,

t—oo ¢

and for any t > 0,

(7.5) lim E; [p(Xineg)] = E; [p(Xe)] -

R—

Conversely, if (7.2) holds for a pair (V,h) € C2(R%) x € of nonnegative, inf-compact
functions, satisfying 1+ ¢ € o(h), then (7.1) and (i)—(ii) hold.
Proof. Let

éo(z) 21+ / clx,uw)v(du| z), v € lgsm.
U

Recall that if ) a, is a convergent series of positive terms, and if r, £ Y g>y, Gk are
its remainders, then Y r,*a, converges for all A € (0,1). Thus, if we define

-1/
g(r) = < sup / év(w)uv(dw)> , r>0,
velssm J BE

it follows from (7.1) that

(7.6) /]Rd Eo(2)3° (|2 o (d) < 00 Vo € Ussm, VB €[0,2).
Let
h(z,u) £ (1 + ¢(x, u))g(|a:|) .

By (7.1), g is inf-compact, and it is straightforward to verify, using an estimate anal-
ogous to (5.16), that it is also locally Lipschitz. Adopting the notation in (3.10), we
write hy(z) = é,(2)g(|x|). By Theorem 5.1 and (7.6),

sup / ho(@)3 () o(dz) < 00 VB € [0,1).
Rd

vEissm

It then follows from Theorem 5.6 that there exists a nonnegative, inf-compact function
V € C?(R?) which satisfies

7 z) < ko — h(z,u T € , ueU.
(7.7) L'V(z) < ko — h(z,u) VzreR? VuelU

Next we prove (7.3). With R > 0 large enough so that € Bg, applying It6’s formula
to (7.7) we obtain

(73) BV (e nea)] = V(o) < B2 [ oo - (0]
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for all v € Ugsy. Therefore
"\f,,‘/\TR
(7.9) EY {/ ho(Xe) dt] <V(z)+koE,[T- ATR].
0

Taking limits as R — oo in (7.9), and since E} [T,] € O(V), we obtain

(7.10) E [ /O " hv(Xt)dt} coW).

For each z € BE, select the maximal radius p(z) satisfying

(7.11) E? [/OT HBP(I)(Xt)éU(Xt)dt} < %Eg [/OT éU(Xt)dt} .

By (7.10) and (7.11),

(712)  E! { /0 " (X)) dt] < 2R { /0 - Lr, (X0)e(X0) dt]

< ouf "l (X0 (X0g(%) ]
S ] oy

e(’)(vv )
gop

Since for any fixed ball B, the function

s E [ /0 - I, (X0)E0(X;) dt]

is bounded on B¢ by Lemma 5.3(i), whereas the function on the right-hand side
of (7.11) grows unbounded as |z| — oo, it follows that liminf), . p(x) — oo.
Therefore, (7.3) follows from (7.12).

We now turn to (7.4). Applying Itd’s formula and Fatou’s lemma, (7.7) yields

(7.13) E? [V(Xt)} < kot +V(x) Vv € gsm -

If ¢ is o(V), then there exists f: Ry — R, satisfying f(R) — oo, as R — oo, and
V(z) = |p(2)|f(|2]). Define

R(t) & inf{|z| : [p(z)| > VE} At, t>0.
Then, by (7.13),

E2[V(Xo)lge  (Xy)]

R(t)

F(R(®))

(7.14) E; |o(X:)| < By [|o(Xe) |[IBgg, (Xi)] +

kot + V()
VTR

)
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and dividing (7.14) by ¢, and taking limits as t — oo, (7.4) follows.
To prove (7.5), first write

(715) L p(Xunen)] = X (K0Tt < Ta}] + B [p(Xen)I{t = Tr)]
By (7.13),

E; [p(Xen)I{t 2 Ta}] < [hot +V(@)] sup 582 7

and since ¢ € o(V), this shows that the second term on the right-hand side of (7.15)
vanishes as R — oo. Since |<p(Xt)| < MV(Xy), for some constant M > 0, applying
Fatou’s lemma yields

B2 [p(X0)] < liminf B [p(X0)1{¢ < )]

< limsup Ef [o(X¢){t < tr}] < Ef [p(X¢)],
R—o
thus obtaining (7.5).
The converse statement follows from Theorem 5.6. d
Remark 7.2. We observe that the estimates used in the proof of Lemma 7.1 are
uniform in v € $Uggy. Therefore, the conclusions in (i) and (ii) can be strengthened
to

T+ sup Eg[/ T(l—l—cv(Xt))dt eoV) Vr>0
0

vEUsSM
and
EY |o(X
sup w[SD( tﬂ 0 VzeR?, VpeolV),
veLssM t t— o0
respectively.

DEFINITION 7.3. Forr >0 and z € B¢, define
%,
7*(a:0) £ ot B [ (X0 - )] v e s,
%,
T* (x5 0) & lirﬁionf veiirllsfsm EY [/0 (co(X¢) — 0) dt} .
Recall that oy £ [44 cu(@)p(dz), and define

oL inf p,.

vEissm

We always assume that ¢* < oo or, in other words, that for some v € LUggn,
05 < 00. In the next lemma we relax (7.1), and thus we cannot assume the existence
of a control which is average-cost optimal in iggy. Therefore, we have to argue via
e-optimality which is defined as follows. For ¢ > 0, nf € M is called e-optimal if it
satisfies

Q*S/ cdnl < p" +¢.
R xU

LEMMA 7.4. Assume p* < co. The following hold:
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(i) For each sequence cu, } 0 there exist a further subsequence also denoted as
{an}, V € C3(RY), and o € R such that, as n — oo, Vo, 2 Vo, — Vo (0) = V
uniformly on compact subsets of R?, and o, Va, (0) — 0. The pair (V, o) satisfies

(7.16) InEl[El L'V (z) 4+ c(z,u)] =0, z€ RY.

Moreover,
V(z) <" (z;0) and o< o".

1 v € Ugsm and py < o0, then there exist o € and V € ’ , Jor
i) If o € U d hen th st 6 € R and V € WP(RY), f

any p > 1, satisfying LYV — ¢y = 0 in R, and such that, as o« | 0, aJ2(0) = ¢ and
Jo — J2(0) = V uniformly on compact subsets of R®. Moreover,

V(o) =¥"(x;0) and < 0;.

Proof. By Theorem 6.2, aV,(0) is bounded, and V,, = V, — V,(0) is bounded
in W2?(Bg), p > 1, uniformly in « in a neighborhood of 0. Therefore, we start
with (6.2), and applying Lemma A.16 we deduce that V,, converges uniformly on
any bounded domain along some subsequence o, | 0 to V € C?(R?) satisfying (7.16),
with ¢ being the corresponding limit of «,V,,, (0).

We first show o < p*. Let v. € Uggm be an e-optimal control and select R > 0
large enough such that p,, (B R) > 1—e. Since V, < J2°, by integrating with respect
to ft,, and using Fubini’s theorem, we obtain

(inf Va),uvs (BR) S/ Va (@) fio, (dx) g/ IV (x) oy, (dz) < Y +€.
Br Rd R «
Therefore,

f v, < &)

Br a(l —¢)

and since Vo (0) —infp, V, is bounded uniformly in o € (0, 1), we obtain

. (0* +¢)
o <limsup aV,(0) < .
al0 (0) (1—¢)

Since € was arbitrary, o < p*.
Let vy, € Ugsm be an a-discounted optimal control. For v € Uggy and r < R,
define the admissible control U € il by

v if t <1, A1g,
Ut:{ "

vo Otherwise.

Since U is in general suboptimal for the a-discounted criterion, using the strong
Markov property relative to the stopping time T, A Tg, we have for € Bg \ B,

(7.17) Vo(z) <EY UOOO e~ e Xy, Uy) dt]

”\f,,‘/\TR 5
= EZ {/ e e, (X¢)dt + e_a(TTATR)Va (X%TATR)
0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



UNIFORM RECURRENCE OF CONTROLLED DIFFUSIONS 4207

Since v € Uggm, applying Fubini’s theorem, [,, () py(dz) = 0, < co. Hence, JY
is a.e. finite, and since V,, < J2, by Theorem A.12 and Remark A.13, we have

(7.18) By [I{t, > trle™ ™ Va(Xep)| < EL[e "™ (Xep)] —— 0

R—o0

for all v € Ugsn. Decomposing the term e""(%T‘ATR)Va(X%TATR) in (7.17), then taking
limits as R — oo, applying (7.18) and monotone convergence, and subtracting V,,(0)
from both sides of the inequality, we obtain

(7.19) Vo(z) <EY { /0 ety (X,) dt + e~V (Xe, ) — va(())}

_E { [ e et o) dt] FEVa(Xe,) - Va(0)]
0
+E; {ofl (1- efom‘) [0 — OéVa(X%T)” .
Since Ef, [a=!(1 —e~*%)] < E[%,] and, by Corollary 6.3, supp_ |0 — anVa, | — 0,

letting av — 0 along the subsequence {«,,}, (7.19) yields

(7.20) V(z) <E; {/OTT (co(X¢) — 0) dt + V(X%T)} Vv € Usgm -

Since V(0) = 0,

lim sup EJ[V(Xx)]=0.
™0 weslson

Therefore,

V(z) <liminf inf E} [/ T(CU(Xt) —0)dt| .
0

rl0  vEilssm

This shows V(z) < ¥*(x; 0), and the proof of (i) is complete.

If 03 < oo, then using the bounds in Theorem 6.2 along with Lemma A.16 and
Remark A.17, it follows that J2 —J¢ (0) and o, J2 (0) converge along some sequence
an — 0to V and 9, respectively, satisfying L?V +¢; = 9. Since (7.19) and (7.20) hold
with equality if we replace V,, with J2, o with 9, and v with 9, first letting o, — 0
and then r — 0, we obtain V = ¥?(z; ). The bound

<inf onf;’) wy(Br) < / aJ(x)ps(dz) = 05 YR >0

Br R4

yields

(721) a2 0) s (Br) < 03+ o (J20) ~ gt ) ns(Br).
R

Taking limits as & — 0 in (7.21) and using (6.3a), we obtain
o0ps(Br) <05 YR>0,

from which it follows that 9 < g;. This completes the proof of (ii). O
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We need the following definition.

DEFINITION 7.5. Let 0 be the class of nonnegative functions V € C%(R?) satisfy-
ing (7.2) for some nonnegative, inf-compact h € C, with 1 + ¢ € o(h). We denote by
o) the class of functions V satisfying V € o(V) for some V € Q.

The next theorem assumes (7.1). In other words, we assume that 1+c is uniformly
integrable with respect to {m, , v € Ugsm}. Note that if ¢ € Cp(R? x U), Theorem 5.6
asserts that (7.1) is equivalent to uniform stability of {sgy, and thus (7.1) is au-
tomatically satisfied when Usspy = Usnm, and when the running cost is bounded by
Theorem 8.3, which is stated later in section 8. The main reason for assuming (7.1)
in Theorem 7.6 below is to assert that there exists a solution of the HJB equation in
0(0). Then Theorem 7.7 which follows asserts that this solution is unique in o(%0).

THEOREM 7.6. Assume (7.1) holds. Then the HJIB equation

(7.22) méurjl [L'V(z) 4+ c(z,u)] =0, z€ RY,
admits a solution with 0 € R and V € C2(R%) N o(W), satisfying V(0) = 0. Moreover,

0 = 0%, and if v* € Usnm is a measurable selector from the minimizer in (7.22), i.e.,
if it satisfies

oV Lo v
(7.23) min ;b (x,u)a—xl(x) + c(x,u)} = ;bv* (x)a—xl(x) +cpe(z) ae.,
then
e
(7.24) Opr = 0" = [}Iéf;l h;njolip TEz [/0 ¢ (X, Up) dt] .

Proof. The existence of a solution to (7.22) with V € C?(R?) and o < o* is
asserted by Lemma 7.4. By (7.3) and (7.20), V' € o(0). Suppose v* € Lgn satisfies
(7.23). By It6’s formula,

(7.25) EY [V(Xincn)] — V(z) =E2 [ /O o LUV (Xy) ds]
=EY [ /O o [0~ cor (X5)] ds] :

Taking limits as R — oo in (7.25), by applying (7.5) to the left-hand side, and
decomposing the right-hand side as

. . tATR
OBV [t Atr] — EY U o (Xs)ds] ,
0
and employing monotone convergence, we obtain
t
(7.26) EY [V(X))] - V() =E! [ / o~ cor (X.)] ds} .
0

Dividing (7.26) by ¢, and applying (7.4) as we let ¢ — oo, we obtain g,« = p, which
implies o* < p. Since g < p*, we have equality. One more application of It6’s formula
to (7.22), relative to U € 4, yields (7.24). O
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Concerning uniqueness of solutions to the HJB equation, the following applies.
THEOREM 7.7. Let V* denote the solution of (7.22) obtained via the vanishing
discount limit in Theorem 7.6, and let v* be a measurable selector from the minimizer
minyey [L*V*(x) + c(z,u)]. The following hold:
(i) V*(x) =¥*(x; 0").
(ii) © € Ussm is average-cost optimal in Shssm, i-e., 05 = 0, if and only if it
satisfies
b (2)0:V* () + co(x) = miurjl (b (z,u)0;,V*(2) + c(z,u)]  ae.
ue
(iil) If a pair (V,8) € (C2(R?) No(W)) x R satisfies (7.22) and V(0) = 0, then
(V,0) = (V" 0"). .
Proof. By Lemma 7.4(i), since V* is obtained as a limit of V,, as «,, — 0, we
have V* < ¥*(x;0), and by Theorem 7.6, 0 = ¢*. Suppose ¥ € tsgnm is optimal. By
Lemma 7.4(ii), there exists V' € Wi;f(Rd), p > 1, satisfying LV —c; = ¢ in R%. Also,

V= W?(z;0) and o < g5. Thus by the optimality of 9, § < ¢*, and we obtain
(7.27) L'V =V) =" —6>0

and

Since V*(0) = V(0), the strong maximum principle (Theorem A.4) yields V* = V,
and in turn by (7.27), o = ¢*. This completes the proof of (i)—(ii).

Now suppose (V,5) € (C2(R?)No(V)) xR is any solution of (7.22), and ¥ € tssm
is an associated measurable selector from the minimizer. We apply [t6’s formula and
(7.5), since Ve o(V), to obtain (7.26) with V, ©, and  replacing V, v*, and o,
respectively. Dividing by ¢, and applying (7.4) while taking limits as ¢ — oo, we
obtain g3 = g. Therefore o* < g. One more application of It6’s formula to (7.22)
relative to the control v* yields

t
(7.28) EY [V(Xy)] — V(z) > EY [/ [6— co(X,)] ds| .
0
Once more, dividing (7.28) by ¢, letting ¢ — oo, and applying (7.4), we obtain ¢ < o*.

Thus, § = ¢*. Next we show that V > ¥*(x; 0*). For € R?, choose R > r > 0 such
that r < |z| < R. Using (7.22) and Itd’s formula,

(7.29) V(x)=E? [ /0 o (c5(Xz) — o) dt + I{*%, < Tr}V(Xx,)
+ % > R}V (X)) | -

By (7.8),
(7.30) EX[V(Xep)tr < T} < ko EY [T+ V(z) Yo € Ussm-
Since V € o(V), (7.30) implies that

sup  EY [V (Xep) H{tr < %3] —— 0,
veLssM R—oo
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Hence, letting R — oo in (7.29), and using Fatou’s lemma, we obtain

V(z) > EJ [/O%T (co(Xp) — 0") dt + V(X%T)]

2,
> velLIlls,fSM E? [/0 (co(Xe) — 0 )dt] —|—1]§1Tf V.
Next, letting  — 0 and using the fact that V(0) = 0 yields V > &*(x; o*). It follows
that V* —V < 0 and L? (V* — f/) > 0. Therefore, by the strong maximum principle,
V = V*. This completes the proof of (iii). O

8. Optimality under weakened hypotheses. In this section we relax the
assumption in (7.1). Under the assumption gy = Ussm, the existence of an average-
cost optimal control in $ggy is guaranteed by Theorem 8.1 and Remark 8.2 below.
This is used subsequently to establish that $ggy is uniformly stable. Therefore,
HUssm = Ugy implies that the mean empirical measures defined in Theorem 5.6 are
tight, and this shows in retrospect that the optimality asserted in Theorem 8.1 is in
fact over all admissible controls 4.

THEOREM 8.1. Suppose that Ussy = Usm and 0, < 0o for all v € Ussm. Then
the HJIB equation in (7.22) admits a solution V* € C?>(RY) and o € R satisfying
V(0) = 0. Moreover, o = o0*, and any v € Ussm is average-cost optimal in Ugsm if
and only if it satisfies (7.23).

Proof. By Lemma 7.4(i), we obtain a solution (V*, g) to (7.22), via the vanishing
discount limit, satisfying o < o*.

Let v* € $sgm be a measurable selector from the minimizer in (7.22). We con-
struct a stochastic Lyapunov function relative to v*. Employing the technique in the
proof of Lemma 7.1, we define

_1/2
(8.1) how () £ (1 + ¢y (2)) </B (1+ o (y))uw(dy)>

||

and construct a nonnegative, inf-compact V* € WIQO”C’ (RY), which satisfies, for some
ko € R,

(8.2) L V*(x) < ko — hye(z) Vo eR?.

It follows as in the proof of Lemma 7.1 that for any r > 0,
T

(8.3) E? {/ (1+ cor (Xt)) dt| € o(VY),

0

and for any ¢ € o(V*),
S _

(84) Jim BV [p(X,)] =0

and

(8.5) lim B [p(Xenes)] = EY [p(X0)] -

R—o0

To show that V* € o(V*), let r < R, and define the admissible control U € i by

o' ift < % ATg,
Ut:{ "

vo Otherwise.
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Since U is in general suboptimal for the a-discounted criterion, using the strong
Markov property as in (7.17), and taking limits as R — 0o, we obtain

(8.6) Viu(x) — Va(0) < EY" [ /0 T o (co- (X2) — 0) dt} +EY [Va(Xs,) — Va(0)]
+EY {ofl (1—e ™) [o— aVa(XfT)H :

By (8.3), the first term on the right-hand side of (8.6) is o(V*), and the remaining
two terms are bounded by Theorem 6.2. Hence V,, € o(V*) uniformly in « in some
neighborhood of 0, and it follows that V* € o(V*). Using It6’s formula as in (7.25)
and applying (8.5), we obtain (7.26). Next, using (8.4) to take limits as t — oo, we
obtain p,~ = p, and therefore, o = po*.

To prove the second assertion, suppose that some v € $ggn is average-cost optimal
in Ugsm. By Lemma 7.4(ii), 0 satisfies L?V + ¢; = ¢ for some V € W12£(Rd) and
0 < o*. Thus

(8.7) LYV =V)> 0" —6>0.

Also, by Lemma 7.4, V*(z) < ¥*(x; 0*) and V = ¥?(x; §). Hence V* — V < 0, and
since V*(0) = ‘7(0), the strong maximum principle yields V* = V, and in turn by
(8.7), 6 = 0*. Thus L°V* + ¢; = o*. d

Remark 8.2. If we only assume that Lggy = Usn, without requiring that o, < oo
for all v € $Ugsn, then it follows from the proof of Theorem 8.1 that any measurable
selector ¥ from the minimizer in (7.22) satisfying o; < oo is average-cost optimal in
HUgsm. Moreover, one can show that any limit point v* along some sequence «,, | 0
of the family of a-discounted controls {v,} C Usgm satisfies (7.23) and is average-
cost optimal in LUggy. In order to prove this, we define the truncated running cost
™ £ min {¢, M}, where M > 0 is a constant. Let Joyr denote the a-discounted cost

relative to ¢ under the control v,. Applying Theorem 6.2 and Lemma 3.5 to take
limits in

L« (JgilM - JZ‘:‘M(O)) =)y — Cor s

along the sequence {a,}, it follows that v* satisfies LV Vis + ¢ = oy, for some
Vi € lec;f (RY), p > 1, and gpr € R. We construct a stochastic Lyapunov function
Vi, relative to ¢ as in (8.1)—(8.2) and follow the steps in the proof of Theorem 8.1
to show that Vas € o(V},) and opr = [ ¢ dpy-. Therefore,

/Cﬂ/»{ d,Um* = 0oM = nh_}II;O Osz;Z?M(O)
< lim a,V,, (0) =0,

and using monotone convergence to take the limit as M — oo, it follows that g, < o.
Since o < ¢o*, we have g, = ¢*, and hence v* is optimal.

It is evident that if ¢ is bounded, the assumption that o, < oo for all v € Uggm
can be dropped from the statement of Theorem 8.1 as it is automatically satisfied.
Let J be the closure of J in B(R%). Theorem 8.1 shows that if Ugsy = Usm, then
inf,c5 [gagdp is attained in J for all g € Cy(R?). We next prove that this implies
that J is tight, thus solving the open problem discussed in section 1.

THEOREM 8.3. If Ussm = Usm, then T is tight.
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Proof. Consider the sequence ¢, (z) = (1 + @)71. If J is not tight, then there
exists € > 0 such that

(8.8) o5 £ inf endu<l—e VYneN.
HEIT JRd

Let Vé”’ be the a-discounted value function relative to ¢,, and let U&n) € $gv denote

a corresponding a-discounted optimal control. Since onOE”)(O) — of,as a0, we can
select o, € (0,1) such that

(8.9) la, VM (0) — 0h| < =, meN.

1
n
It is evident that a,, — 0 as n — oo. Extract any subsequence of n € N over
which U&Z) converges to a limit v € YUggy. By Corollary 6.3, VOE:) is bounded in
W?2P(D) uniformly in n € N for any bounded domain D. Hence, by Lemma 3.5,
dropping perhaps to a further subsequence, which is also denoted by {n}, there exists
V e W2P(RY), p > 1, such that as n — oo, aVi™(0) converges to a constant,

loc
") _ V, uniformly on compact subsets of R%, and

L'V = —1+ lim a,V{"(0).

n—00

By (8.8) and (8.9), we obtain at the limit
(8.10) L'V < —¢ onR?.

Since v € ggm, applying (8.1)—(8.2) (with ¢ = 1), we construct nonnegative, inf-
compact functions V € WiP(R?) and h: R? — R, satisfying L"V(z) < ko — h(z),
for some constant ky € R, and such that V' € o(V). As in (8.4),

o1, _
(8.11) Jim ;Ez [V(Xy)] =0.
By Itd’s formula, which can be applied as in the derivation of (7.26) since V is o(V),
(8.10) yields

(8.12) EY[V(Xy)] = V() < —et.

Dividing (8.12) by t and letting ¢ — oo, while applying (8.11), yields a contradiction.
Therefore, J must be tight. O

Using Theorem 8.3 we can improve the results in Theorem 8.1.

COROLLARY 8.4. Under the assumptions of Theorem 8.1, any measurable selector
from the minimizer in the HJB equation (7.22) obtained via the vanishing discount
limit is average-cost optimal.

Proof. Since the hypothesis Ussy = Ugy implies that LUggy is uniformly stable,
by Theorem 5.6 the mean empirical measures {Dg t} defined in (5.14) are tight. Con-
sequently, since as noted in the proof of Theorem 5.6 the set of accumulation points

of 7Y, as t — oo, equals M, we have

1t
lim inf —/ EY [6(Xs,Us)]ds = lim inf / c(z,u)7Y (dz,du)
t 0 R xU ’

t—o0 t—o0

> min / cdm, VYU €,
R4 xU

vEUssM
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and it follows that if v € Ugy is average-cost optimal in $lgsy, it is also average-cost
optimal over all admissible controls. a

It follows from the proof of Corollary 8.4 that when gy = $Ugsy we obtain a
stronger form of optimality, namely

T
o* < inf <liminf % / EY [c(Xt,Ut)]dt>.
0

T Ued T—o0

Relaxing the assumption gy = Ugsm, we obtain the following result.
THEOREM 8.5. Suppose that the family of a-discounted optimal controls {v,} has
an accumulation point ¥ € Ugsm, as a — 0, and suppose that oy < co. Then
(i) the HIB equation in (7.22) admits a solution § € R and V € C2(RY) satis-
fying V(0) = 0. Moreover, g = 0*, and ¥ is a measurable selector from the minimizer
n

(8.13) min | LV (z) + ¢(z, u)} ;
uelU
(ii) any measurable selector v* € Ugsnm from the minimizer in (8.13), satisfying
Oy < 00, 1S average-cost optimal;
(iii) 0 € Ugsm is average-cost optimal in Ugsm only if it satisfies

b (2)0V () + co(z) = Inelrbl bz, u)d;V (z) + c(x,u)| a.e.

Proof. Let ¥ € Ussm be the limit of a-discounted optimal controls {va} over
some sequence as a — 0, and let V' be the limit of V, vaLnd 0 be the limit of aV,(0)
over a common subsequence {a,}. By Lemma 7.4(i), (V, ¢) is a solution of the HJB
equation (7.22) and satisfies ¢ < p* and V(x) < ¥*(x; 9). Taking limits as n — oo in

LUV, = anVy, + anVy, (0) — Coa, >

and applying Lemma 3.5, it follows that ¢ satisfies LV + ¢y = 0, and therefore ¥ is
a measurable selector from the minimizer in the HJB. Since g3 < 0o, we can employ
a stochastic Lyapunov function V, defined relative to © as in (8.1)-(8.2), and follow
the steps in the proof of Theorem 8.1 to obtain g3 = 9, and thus pz = 0*, which also
shows that ¥ is average-cost optimal in Uggy. This completes the proof of (i).

Concerning (ii), if v* € Uggm is a measurable selector from the minimizer in
(8.13), and g,+ < 00, the proof of Theorem 8.1 shows that v* is average-cost optimal
in Ussm. A standard application of a Tauberian theorem, which asserts that for all
Ued

0" = limsup a,,V,, (z) < limsup an/ e ' BY [&(X,, Uy)] dt
n—oo n—o00 0
T

1
<limsup — [ EY[a(X,,Uy)]dt,

T—o00 0

shows that v* € Ugsy is in fact average-cost optimal in .

Turning to (iii), suppose that some ¢ € lggy satisfies o5 = 0*. As in the last
paragraph of the proof of Theorem 8.1, it follows that J? — J2(0) — V, as a | 0, and
that 0 is a measurable selector from the minimizer in (8.13). a
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Remark 8.6. Tt follows from the proof of part (iii) of Theorem 8.5 that there is a
unique V € C2(R?) which is obtained as a limit of V, over any subsequence a,, | 0,
and satisfying lim, oo va, = U € HUssm, with gy < oco.

We conclude this section by noting that the class of models with near-monotone
running cost can be handled directly by Theorem 8.5. Recall that the running cost
function c is called near-monotone if

liminf inf c(z,u) > o*.
|z| =00 uelU

It is well known that if the running cost has the near-monotone property, then V is
bounded below [9]. Thus the HIB takes the form of a stochastic Lyapunov equation,
and this implies that any measurable selector v* from the minimizer in the HJB is
stable, and g, < co. Therefore, by Theorem 8.5, it is average-cost optimal.

9. Conclusion. In the context of elliptic PDEs the main result of this paper
can be summarized as follows. The statement that v is a stable, stationary Markov
control is equivalent to the existence of an inf-compact V € Wﬁ;’c’ (R%), p > 1, such
that —L"V is inf-compact. On the other hand, uniform stability is equivalent to the
existence of an inf-compact V € C?(R9) such that — max,cy L"“V is inf-compact.

We would like to point out that in the case of one-dimensional diffusions, there is

a straightforward analytical proof for Theorem 8.3, which goes as follows. Let

(9.1) b(z) £ max [b(x, u) sign(z)] .

Then assuming that all stationary Markov controls are stable, by solving a Dirich-
let problem on (—1,1)¢, we can construct v € C?([~1,1]¢) N C ((—1,1)¢) such that
—(a 929 +bd,1) is nonnegative and inf-compact on (—1,1)¢. It is straightforward to
show that ¢ (z) is monotone, nondecreasing in [1,00) (and nonincreasing in (—oo, 1]).
Hence, b(z, u) 9,9 (x) < b(x) dptp(x) a.e. on [—1,1]¢, which implies that — max,cy L")
is inf-compact on (—1,1)¢, and this is sufficient for uniform stability.

In closing we remark that there is a stronger property that holds for d = 1. Let
¥ € Ugsm be a measurable selector from the maximizer in (9.1). An application of
the comparison principle (for ordinary differential equations) to the Fokker—Planck
equation (4.4) for the density ¢, of u, € J yields

o(@) _ po(2)
< VeeR, VYvel .
00(0) = ¢o(0) SSM

The inequality in (9.2) can also be derived from the explicit solution for the density
¢, which takes a simple form when d = 1 [23]. On the other hand, since J is tight,
applying (4.6) for some fixed R > 0, we obtain ¢, (0) < 2C%¢;(0) for all v € Ysgm,
which combined with (9.2) shows that @ £ sup,c..,, ¢v satisfies g < 2C% ¢y, and
hence belongs to £(R). Whether this is true or not for higher dimensions is an open
problem.

hS)

(9.2)

Appendix A. Results from elliptic PDEs. The model in (1.1) gives rise to
a class of elliptic operators, with v € 4gy appearing as a parameter. To facilitate de-
scribing properties that are uniform over the class of operators we adopt the following
parameterization.

DEFINITION A.1. Let~y : (0,00) — (0,00) be a positive function that plays the role
of a parameter. Using the standard summation rule for repeated indices, we denote
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by £(7y) the class of operators
L= a“&-j +bi8i — A,

with a = a’*, X > 0, and whose coefficients {a”,b*, \} are measurable and satisfy,
on each ball B C RY,

d
(A.la) > a¥(@)&& =7 (R)E)P Vo € Br,

i,j=1
for all € = (&1,...,&4) €RY, and

max |a" () — a” (y)| < y(R)|z —y| Vz,y € B,
i
(A.1Db) d N d '
Z Ha”H,coo(BR) + Z HbZHLm(BR) + ||)\||L°°(BR) <(R).

4,j=1 4,j=1

Also, we let £o(7y) denote the class of operators in £(y) satisfying A = 0.

Remark A.2. Note that the linear growth condition is not imposed on the class
£. Either of the assumptions in (3.3) or (3.4) guarantees that 1, 1 co a.s., as n — oo,
a property which we impose separately when needed.

Of fundamental importance to the study of elliptic equations is the following
estimate due to Alexandroff, Bakelman, and Pucci (see Gilberg and Trudinger [17,
Theorem 9.1, p. 220]).

THEOREM A.3. Let D C R? be a bounded domain. There exists a constant C,
depending only on d, D, and ~ such that if ) € Wﬁ)’f(D) NC(D) satisfies Ly > f,
with L € £(7), then

+
s1£1)p P < Saug YT+ CaHfHEd(D) :

When f =0, Theorem A.3 yields generalizations of the classical weak and strong

maximum principles [17, Theorems 9.5 and 9.6, p. 225]. We state the latter as follows.
THEOREM A.4. If ¢ € Wi;f(D) and L € £(v) satisfy Lo > 0 in a bounded
domain D, with A = 0 (A > 0), then ¢ cannot attain a mazimum (nonnegative
mazimum) in D unless it is a constant.
We quote the well-known a priori estimate [13, Lemma 5.3, p. 48] as follows.
LEMMA A.5. Ifp € Wi;i’(D) N LP(D), with p € (1,00), then for any bounded
subdomain D' € D, we have

1ellywe.niory < Co(lell ooy + 1El o) VE € £(1).

with the constant Cy depending only on d, D, D', p, and .

We use the following result concerning solutions of the Dirichlet problem [17,
Theorem 9.15 and Lemma 9.17, pp. 241-242].

THEOREM A.6. Let D be a bounded C? domain in R?, and let L € £(vy), A > 0,
and p € (1,00). For each f € LP(D) and g € W*P(D) there exists a unique ¢ €
W2P(D) satisfying ¢ — g € Wé’p(D) and Lo = —f in D. Moreover, we have the
estimate

||(*0||W2vP(D) < C‘S(HfHL'P(D) + ||L9||,cp(D) + ngwz,p(D))
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for some constant C}, = C{(d,p, D,~).

A function ¢ € Wi;f(D) satisfying Ly = 0 (Ly < 0) in a domain D is called L-
harmonic (L-superharmonic). In this paper we employ some specialized results which
pertain to a class of L-superharmonic functions. These are summarized as follows.

DEFINITION A.7. For § > 0 and D a bounded domain, let R(§, D) C L>®(D)

denote the positive convex cone

86.0) 2 {1 € £2D): £ 20, |l gm iy < 5Dl 1y}

We use the following theorem from [2]. }
THEOREM A.8. There exists a constant C, = Cy(d,v, R, ) such that for every
p € Wﬁ;’Z(BR) N Wé’p(BR) satisfying Ly = —f in Bgr and ¢ = 0 on OBgR, with

f € 80, Br) and L € £(3),
éx;i > éa”fHEI(BR) '

Harnack’s inequality plays a central role in the study of L-harmonic functions.
For strong solutions we refer to [17, Corollary 9.25, p. 250] for this result. Harnack’s
inequality has been extended in [2, Corollary 2.2] to the class of superharmonic func-
tions satisfying —L¢ € £(d, D). This result is often used in this paper and is quoted
as follows.

THEOREM A.9. Let D be a domain and K C D a compact set. There ezists a
constant Cyy = Cy(d, D, K,~,6), such that if ¢ € WIQ(;?(D) satisfies Lo = —f and
w0 >04n D, with f € R(, D) and L € £(7), then

p(z) < Croly) Vo,yeK.

A.1. Embeddings. We summarize some useful embedding results used in this
paper [13, Proposition 1.6, p. 211], [17, Theorem 7.22, p. 167]. We start with a
definition.

DEFINITION A.10. Let X and Y be Banach spaces, and let X C Y. If, for some
constant C', we have ||z|y < Cllz||x for allx € X, then we say that X is continuously
embedded in Y and refer to C' as the embedding constant. In such a case we write
X <= Y. We say that the embedding is compact if bounded sets in X are precompact
nY.

THEOREM A.11. Let D C R? be a bounded C®' domain and k € N. Then

(i) for p > d, Wy*(D) < C(D) is compact;
(i) if kp < d, then W*?(D) — L£4(D) is compact for p < q < £~ and

d—kp
continuous for p < q < df—”lip; .
(iii) if fp > d and ¢ < k, then WFP(D) — C*=47(D) is compact for r < { — g
and continuous for r < £ — % (r<1).

In particular, W»4(D) < C%"(D) is compact for r < 1, and W?P(D) — CL7(D) is
compact forp>d andr <1 — g.

A.2. The resolvent. We define the a-resolvent R,, for a € (0, 00) by
Rolflla) 2 B | [ epxoar] e xm),
0

Note that R, [f] is also well defined if f is nonnegative and belongs to £ (R%).

loc
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Let f € L2 (RY), f > 0, and a € (0,00). If Ru[f] € C(RY), then it satisfies

loc
Poisson’s equation in R¢ that

(A.2) Lp—onp = —f.

If f € £L2°(R?) and « € (0, 0), then R, [f] is the unique solution of Poisson’s equation
in R? in the class WiP(RY) N L>(R%), p € (1,00). More generally, we have the
following.

THEOREM A.12. Suppose f € LS (RY), f >0, and Ra[f](z0) < oo at some

loc
9 € R, a € (0,00). Then Rau[f] € WIZO’Z(]R”I) for all p € (1,00) and satisfies (A.2)
in RY.
Remark A.13. Tt follows from Theorem A.12 and the decomposition

Ralf)(z) = E. [ [ e dt} B [ R ) (Xe)]

that if f >0, f € L2 (R?), and R,[f] is finite at some point in R?, then

By [e” ™ Ralf](X<p)] — 0.

We refer the reader to [3] for these and other results on resolvents.

A.3. Quasi-linear elliptic operators. HJB equations that are of interest to
us involve quasi-linear operators of the form

Sp(x) £ a¥ (2)dy16(x) + inf b, u,v),
b, u, ) £ 0 (2, u)Oi() — ab(x) + clz, ).

We suitably parameterize families of quasi-linear operators of this form as follows.

DEFINITION A.14. For a nondecreasing function v: (0,00) — (0,00) we denote
by Q(v) the class of operators of the form (A.3), whose coefficients b and c belong to
C(R? x U), and satisfy (A.1a)-~(A.1b) and

(A.3)

max {max [b'(, u) = by, w)| + |e(a,u) — e(y,u)| } < V(R)z—y

d d
> o)+ X ma )] + e )] < (R

i,j=1

for all x,;y € Bg.
The Dirichlet problem for quasi-linear equations is more involved than the linear
case. Here we investigate existence of solutions to the problem

(A4) SY(x)=0 in D, =0 ondD

for a sufficiently smooth bounded domain D. We can follow the approach in [17,
section 11.2], which utilizes the Leray—Schauder fixed point theorem, to obtain the
following result.

THEOREM A.15. Let D be a bounded C*>' domain in R%. Then the Dirichlet
problem in (A.4) has a solution in C*>" (D), r € (0,1), for any S € Q(y).

We conclude with a useful convergence result.

LEMMA A.16. Let D be a bounded C* domain. Suppose {{,} C W*P(D) and
{hn} C LP(D), p> 1, are a pair of sequences of functions satisfying the following:
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(i) StYp = hy, in D for alln € N for some S € Q(7).
(ii) For some constant M, ||1/)nHW2,p(D) <M for alln € N.
(iii) hy converges in LP(D) to some function h.
Then there exist 1p € W*P(D) and a sequence {ny} C N such that 1,, — ¥ in
WYP(D), as k — oo, and

(A.5) Sp=h inD.

If in addition p > d, then 1, — v in CL" (D) for anyr < 1— %. Also, if h € C%?(D),
then ¢ € C**(D).

Proof. By the weak compactness of {(p : ||('0||W2vP(D) < M} and the compactness
of the imbedding W??(D) — WP(D), we can select ¢ € W?P(D) and {n} such
that 1, — 1, weakly in W??(D) and strongly in WH?(D), as k — co. The inequality

(A.6)

. 7 o 7 Nl < g 7 7 I
inf blz,u,¥) — inf b(z,u, ¢ )’ < sup bz, u, ¥) — bz, u,¢')

shows that inf,cy b(-,u,,,) converges in £P(D). Since, by weak convergence,

[ s@0s0n, @) a0 [ g@050(0) dz
D — JD
for all g € Eﬁ(D), and h, — h in LP(D), we obtain

[ s@)(50(@) = hw)) do = Jim [ 9(0) (S, (@) by (2) da =0
D —oJD
for all g € Eﬁ(D). Thus the pair (¢, h) satisfies (A.5).

If p > d, the compactness of the embedding W??(D) < CY"(D), r < 1 — %,
allows us to select the subsequence such that 1, — ¢ in C17(D). The inequality
(A.6) shows that inf,cy b(-,u,1,,) converges uniformly on D, while the inequality

(A7) [inf blarw )~ inf by, )| < sup (b ) = by, )

implies that the limit belongs to C%" (D).

If h € C% (D), then v» € W?P(D) for all p > 1. Using the continuity of
the embedding W?P?(D) «— CY"(D) for r < 1 — %, and (A.7), we conclude that
inf,eu b( -, u,¥) € CO7 for all 7 < 1. Thus 1 satisfies a9, € C%P(D), and it follows
from elliptic regularity [17, Theorem 9.19, p. 243] that ¢ € C*>°(D). O

Remark A.17. If we replace S € Q(v) with L € £(v) in Lemma A.16, all the
assertions of the lemma other than the last sentence follow. The proof is identical.

Appendix B. Proofs.

Proof of Lemma 4.1. Let /& be the unique solution in WP (Dy) N ' WP (Ds),
p>2,0f Lh=—11in Dy and h = 0 on 0Ds. By It6’s formula,

h(ZII) = Eg [T(Dz)} Vo € Doy .

The positive lower bound in (4.1a) follows from Theorem A.8, while the finite upper
bound results from the weak maximum principle of Alexandroff, Theorem A.3. In
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order to prove (4.1b), we select an open ball D3 3 Dy and let ¢ be the solution to
the Dirichlet problem LYp = —1 in the annulus D3\ D; and ¢ = 0 on dD; U dDs.
By Theorem A.8,

inf inf >0,
veni}sM (weualDz <p($))
and the result follows since E [t(Df)] > o(z).

Let n € N be large enough so that Dy € B, and let g, be the solution of the
Dirichlet problem LVg,, = —1 in the annulus B, \ D1, satisfying g, = 0 on dB,,UdD;.
If 29 € 0D and v € Ussw, then Ef [t(DF)] < co. Since

gn (o) = B, [?(DT) At(Bn)] <Eg, [1(D7)]

by Harnack’s inequality [17, Corollary 9.25, p. 250], the increasing sequence of LY-
harmonic functions f,, = g, — g1 is bounded locally in Df, and hence approaches a
limit as n — oo, which is an L¥-harmonic function on Df. Therefore, g = lim,_,oc gn
is a bounded function on dDs, and by monotone convergence, g(z) = E. [t(Df)].
Property (4.1c) follows.

Turning to (4.1d), let ¢, (z) £ P (t(D2) > 1(Df)). It follows from Theorems
A.6 and A.11(i) that {p,, v € Usm} is equicontinuous on Dy \ D;. We argue by
contradiction. If ¢, (x,) — 0, as n — oo, for a pair of sequences {v,} C HUsm
and {z,} C I', then Harnack’s inequality implies that ¢,, — 0 uniformly over any
compact subset of Dy \ D1. Since ¢,,, = 1 on 0Dy, this contradicts the equicontinuity
of {¢y, } and proves the claim. 0

Proof of Theorem 4.2. The strong Markov property implies that {Xn}n en 18
a Markov chain. Let R be large enough such that Dy € Bg. With h € C(0D1), h > 0,
let 1 be the unique solution in

Wi2(BRNDS)NC(BrNDS), p>1,

loc

of the Dirichlet problem LV = 0 in the annulus Br N D, with ¥ = h on 9D,
and ¢ = 0 on OBgr. Then, for each x € D9, the map h +— ¥ (x), which by Itd’s
formula satisfies ¢(x) = Ej [M(X<(ps)acy)], defines a continuous linear functional
on C(0D;). By the Riesz representation theorem there exists a probability measure
41 g(z,-) € P(ID1) such that

(z) = /8 (@ d)hty).

It is evident that for any A € B(9D1), ¢f r(z, A) T ¢i(z,A), as R — oo, and that
qi(z, A) = P (X¢(pg) € A). Similarly, the analogous Dirichlet problem on Dy yields
g3 (x,-) € P(OD7), satisfying ¢ (x, A) = P2 (X4, € A), and by Harnack’s inequality,
there exists a positive constant Cy such that, for all z,2’ € 9Dy, and A € B(0D>),

Hence, the transition kernel

Py(z,) = /8 a3 di o)
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of X inherits Harnack’s inequality in (B.1). Therefore for any fixed xo € 9D; we have
P,(z,) > C;' P,(x0,-) for all z € 9Dy, which implies that P, is a contraction under
the total variation norm and satisfies

for all v and v/ in P(dD1). Thus (4.2) holds with § = (1 — Cﬁl). Since the fixed
point of the contraction P, is unique, the chain is ergodic. This completes the proof
of (i).

For part (ii) we first show that the maps v — ¢y, k = 1,2, are continuous
uniformly on 9Ds and 9Dq, respectively. Indeed, as described above,

<(0=C) =y
TV

| vl — /@) P
0D4

(@) = / @@ dh(y), v tssa, heC@D),
0D

is the unique bounded solution of the Dirichlet problem LVp, = 0 in D§, and ¢, = h
on OD;,. Suppose v, — v in HUggym as n — oo. If G is a bounded C? domain such
that 0Dy C G € DY, then by Lemma A.5, every subsequence of {¢,, } contains a
further subsequence also denoted as {(,, }, which converges weakly in W2P(G), p > 1,
to some LY-harmonic function. Since G is arbitrary, we apply Lemma 3.5 to obtain
a function ¢ € Wfo’g(Dc) that satisfies LV® = 0 on Df and @ = h on dD;. By
uniqueness ¢ = ,. Since the convergence is uniform on compact sets, we have

sup |pu, — ol = 0.
0Do

In other words, v — ¢} is continuous uniformly on 0Ds. Similarly, v — ¢3 is continu-
ous uniformly on dD;. Thus their composition v — Pv(x, -) is continuous uniformly
on z € 9D1. Let {v,} C Ussm be any sequence converging to v € Usgy as n — o0o.
Since P(ID;) is compact, there exists a further subsequence also denoted as {v,}
along which fi,, — fi € B(0D;). Hence, by the uniform convergence of

/ P, (z,dy)f(y) —— Py(x,dy) f(y)
0D,

n— o0 oD,

for any f € C(0D1), we obtain

i) = Jim i, () = Jim [ @R ) = [ i) Py,

n—oo n— 00 8D1

and by uniqueness i = fi,. Thus v — [, from Ussy to P(ID1) is continuous.
Part (iii) is standard [19]. O

Proof of Lemma 4.4. Let {v,} be a sequence in U which converges (under the
topology of Markov controls) to v* € U. Then by Lemma 3.4, for all h € C,(R? x U)
and g € L1 (RY),

n—r oo

(B.2) /R 9B () = B () de —— 0.

By the tightness assumption and Prohorov’s theorem, J;; is relatively compact in
P(R?), and thus {u,,} has a limit point p* € P(R?). Passing to a subsequence
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converging to this limit, which we also denote by {1, }, and since by (4.6) and (4.7)
the associated densities {(, } are equibounded and Holder equicontinuous on bounded
subdomains of R?, it follows that {,} contains a subsequence (also denoted by
{¢n}) which converges to ¢* € C(R?). Moreover, since Jy is tight, {¢,} is uniformly
integrable. It follows that {¢,} converges in £'(R?) as well. Therefore [* = 1,
¢©* >0, and for f € Cp(RY),

e f(@)pn(x)de —— f@)e*(x)dx.

n—oo Rd

This implies jz,,, — p* in P(R?) and, by Scheffé’s theorem [5, p. 214], also in total
variation. For h € Cy(R? x U), using the notation in (3.10), we form the triangle
inequality

(B.3) }/ Iy, Ay, —/ hoys dp™
Rd Rd

< ‘ [ e @(nl@) = @) da

_|_

/ (ho, (2) = ho () " () da| .
Rd

Since ¢, — * in L1(RY), the first term on the right-hand side of (B.3) converges
to zero, as n — oo, and so does the second term by (B.2). Hence, by (B.3) and
Lemma 3.4,

0= / Lo f (@), (dr) —— | L f(a)u*(dx) Vf € C2(RT),
Rd n—oo Rd
implying, by Theorem 4.3, that p* = u,~ € J;. This establishes (i). Since
/ hoy () oy (de) :/ h(z,w)m,(dz, du),
Rd R XU
(B.3) also implies (ii). O
Proof of Lemma 5.3. Let © £ 1(D°) and

~+

Zté/]lg(Xs)ds, t>0.
0

Select R’ > R > 0 such that D UG C Bg. Using the strong Markov property, and
since Ig = 0 on B,

E; [Z-E] < sup ]EZ/ [Z-E] Vo € B]C%,

' €OBR
(B.4)
EZ [Z-E] < ]Eg I:Z"E/\TR] + sup ]EZ/ [Z-E] Vo € BN D°.
' €EOBR
By (4.1a),
(B.5) sup sup  EY[Zincy] < sup sup  EY[tATr] < 0.
vEUsM zEBRrND*® vEUsM xEBrND*®

By (B.4) and (B.5), it suffices to exhibit a uniform bound for EY[Z:] on 0Bg. By
(4.1d), for some constant 8 < 1,

sup sup PU(T>1TRr) <p.
vEUsM TEIBR
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Set t(t) = T A t. By conditioning first at Tr/, and using the fact that I = 0 on B,
we obtain, for x € 0Bp,

(B:6)  Ej [Ziw) =By [ZeyL(T(t) < Trr)] + By [Zen)L(T(t) = Tr)]

<E; [Zincy ] + < sup Po(t(t) > TR/)> ( sup E; [Zf(t)o
rEIBR r€0Bpg/

< EZ [Zf/\TRJ + 3 sup EZ [Z‘r(t)} .

rEOBR
By (B.5) and (B.6), for all v € LUgnm,
(B.7) sup EY [Ze)] < (1— B~ sup sup EY [Ziney] < o0
r€EOBR vEUsM TE€EIBR

Taking limits as t — oo in (B.7), using monotone convergence, (i) follows.
Next we prove (ii). With R > 0 such that Bgr 3 D, let ¢ g be the unique solution
in W2P(Br N D) N C(BrN D), p > 1, of the Dirichlet problem L'¢r = —Ig in

the annulus Br N D¢, satisfying ¢r = 0 on the boundary. By It6’s formula, ¢ is
dominated by &}, , and since it is nondecreasing in R, it converges uniformly over

compact subsets of R% as R 1 oo to some ¢ € WP (D) N Cy(D¢), which solves

loc
(B.8) L’o=-Ig inD°, »=0 ondD.

Since by hypothesis P*(1(D¢) < oo) = 1, applying It6’s formula, we obtain ¢ = £}, 5.
Hence &F, (; is a bounded solution of (B.8). Suppose ¢’ is another bounded solution
of (B.8). Then ¢ — ¢’ is L’-harmonic in D¢ and equals zero on D. However, it is
well known that the process X governed by v € gy is D-recurrent if and only if the
Dirichlet problem L% = 0 in D¢, ¢ = f on 0D has a unique bounded solution 1 I
for all f € C(8D) [19, Theorem 7.2, p. 100]. Hence ¢ — ¢’ must be identically zero on
D¢. Uniqueness follows.

To show (iii), let v, — v in . By Lemmas A.5 and 3.5, every subsequence of
{5 ¢} contains a further subsequence converging weakly in W2P(D'), p > 1, over any
bounded domain D’ € D° to some 1) satisfying LYy = —I in D°. By uniqueness of
the solution to the Dirichlet problem this limit must be £}, , and since convergence
is uniform over compact sets of D€, continuity of (v, z) — &}, () follows. a
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