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of geometric ergodicity for the dynamics, we show that these converge to the ergodic
mean field game solution as the horizon tends to infinity. Lastly, we study the
associated N-player games, show existence of Nash equilibria, and establish the
convergence of the solutions associated to Nash equilibria of the game to a mean
field game solution as N — oo.
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RESUME

Nous considérons une classe générale de jeux en champ moyen ou la dynamique
est gouvernrnée par des diffusions contrélées dans R?. Le critére d’optimisation
est la moyenne a long terme d’une fonction de colit de fonctionnement. Sous
divers ensembles d’hypotheéses, on établit ’existence des solutions des jeux a champ
moyen. On étudie aussi le comportement en temps long des solutions des jeux &
champ moyen associées au probléme d’horizon fini, et si ’on suppose ’ergodicité
géométrique des dynamiques, on montre que ces solutions convergent vers la solution
du jeu ergodique & champ moyen, lorsque ’horizon tend vers l'infini. Enfin, on étudie
les jeux correspondants avec N-joueurs, on montre ’existence d’équilibres de Nash,
et 'on établit la convergence des solutions associées aux équilibres de Nash du jeu
vers une solution du jeu & champ moyen, lorsque N — oo.
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1. Introduction

Mean field games (MFG) were introduced by J.M. Lasry and P.L. Lions [38-40], and independently,
by Huang, Malhamé and Caines [31]. Mean field games are the limiting models for symmetric, non-zero
sum, non-cooperative N-player games with the interaction between the players being of mean field type.
In view of the theory of McKean—Vlasov limits and propagation of chaos for uncontrolled weakly interacting
particle systems [44], one may expect to obtain convergence result for N-player game Nash equilibria, at
least under some symmetry conditions. With this heuristic in mind, Lasry and Lions introduced the field of
mean field games. Recently, rigorous results have been established for finite horizon control problems [20,36],
for mean field games with ergodic cost [18], and for discrete time Markov processes with ergodic cost [8]. On
the other hand, it is also known that one can construct e-Nash equilibria for N-player games from mean field
game solutions. See for example [15,16,31,34,35]. Mean field games have seen a wide variety of applications,
and have been studied extensively during the last decade using both analytic and probabilistic techniques.
We refer to the surveys in [6,11,23,28] for recent developments in the area of mean field games.

In this paper, we model the controlled dynamics of the ith player, i =1,..., N, by the It6 equation

dX; = b(X},U})dt +o(X])dW},

where {Wi}{lgig N} is a collection of independent Wiener processes in R¢ and U? is an admissible control,
taking values in a compact metric space U, adapted to the filtration generated by W*. Thus the players do
not have access to the full state vector for purposes of control. Such strategies are referred to as narrow
strategies [20]. The running cost is given by a continuous function r: R% x U x P(R?) — R,. The goal of
the i-th player is to minimize the (ergodic) criterion

A N
JHU) = li;n_)solip %E[/T(XZ,U;,M%V) dt], with  pl = %;5&{ ,
0 —

andU = (U',...,UY). We note that the running cost function r may depend upon the empirical distribution
u™N of the private states of the players. Since each player’s objective depend on the action of others we
naturally look for Nash equilibria.

If the number of players N is very large, the contribution of the i-th player in the empirical distribution
p™ is negligible, and therefore p’V may as well be treated fixed for player i. This heuristic argument leads
to the mean field game formulation which can be described as follows:

(a) For a fixed element 7 € C([0, 00), P(R?)) solve the optimal control problem,

T—o0

T
1
minimize lim sup —E{/T(Xt,Ut,nt)dt},
Tt (1.1)

subject to dX; = b(Xy, Uy)dt + (X)) dWe, law of Xy = n(0).

(b) Find an optimal control U* for the above control problem, and let n* denote the law of the state
dynamics under the optimal control U*.
(¢) Find a fixed point of the map n — n*.

The above model can be interpreted as follows: there is a single representative agent whose reward function
is effected by an environment distribution (coming from the large number of agents), and the state process of
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the representative can not influence the environment while solving its own optimization problem. Moreover,
since all agents have identical dynamics and the same objective function, the distribution of the state
process of the representative agent should agree with the environment distribution. We observe that the
above problem is not a typical optimal control problem. The cost function here is not being optimized over
all possible pairs (X, n) where X; has distribution 7; and X satisfies the dynamics in (1.1). This later class
of problems are known as mean field type control problems [6].

There are three major issues of interest in mean field games, (1) existence and uniqueness of solutions of
MFG, (2) long time behavior of the finite horizon MFG, and (3) establishing rigorous connection of N-player
games with MFG. The topic in (3) can also be divided in two parts: (3a) convergence of a N-player game
Nash equilibria to a MFG solution, and (3b) construction of e-Nash equilibria for the N-player game from
a MFG solution. The main goal of this paper is to answer the questions in (1), (2) and (3a) for the class of
models we consider.

During the last decade many papers have been devoted to the study of the topics above. Existence of
mean field game solutions with ergodic cost for a compact state space is studied in [18,40]. For existence
of mean field game solutions for finite horizon control problems we refer the reader to [7,14-16,36]. These
papers also allow the drift to depend on the environment distribution 7. The existence problem for finite
state processes is addressed in [24,25,27], and a more general class of discrete time Markov processes to
study the existence result when the cost is ergodic is considered in [8]. Analytical results on the existence
of solution for the stationary mean field games can found in [26,42]. Linear-Quadratic mean field games
with ergodic costs are considered in [5], and existence results are established. However there is not much
improvement as far as uniqueness in concerned. A L? type monotonicity condition (or a variant of it) is
generally used to claim uniqueness of the mean field game solution (see [11,40]).

In Section 2 we study the existence of MFG solutions. We show that existence of MFG solutions is
related to the existence of (V, g, 1) € C?(R%) x Ry x P(R?) satisfying the following coupled equations (see
Theorems 2.1 and 3.2)

1516%1 [L*V (z) +r(z,u,p)] = L'V +7r(z,v(z),pn) = 8 aec xe RY, (1.2)
/L”f(a:)u(dx) 0 VfeCRY). (1.3)
Rd

Here L* (see (2.3)) denotes the controlled extended generator of the controlled diffusion in (1.1). As well
known, (1.2) is the Hamilton—Jacobi-Bellman (HJB) equation for an optimal ergodic control problem with
running cost function (x,u) — r(x, u, u), whereas (1.3) characterizes p as the invariant probability measure
corresponding to an optimal (stationary) Markov control v of (1.2). We use convex analytic tools (see
Section 3) and the Kakutani-Fan—Glicksberg fixed point theorem to establish existence of a solution to
(1.2)—(1.3).

One may also consider the finite horizon problem (say, with time horizon T') for the mean field model.
In this situation the solution is again determined by two coupled equations, where one equation depicts
the evolution of transition density (or transition probability) and the other one is the HJB for the finite
horizon optimal control problem. For a model with a compact state space, it is shown in [12,13] that, as
T — oo, the solution of the finite horizon control problem tends to the solution of (1.2)—(1.3) under suitable
normalization. Similar long time behavior are also studied in [19,24,25] for finite state space processes. In
Section 4 we study the analogous problem for our model. We compensate for the non-compactness of the
state space by imposing a Lyapunov stability hypothesis to control behavior at infinity. We show that as
the horizon T" — oo, the law of the process for the finite horizon MFG tends to a stationary law with
marginals p (see (1.3)), and the value function of the finite horizon problem, suitably normalized, tends to
V in (1.2), uniformly over compact sets (see Theorems 4.3 and 4.4 for details).
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Next we discuss topic (3). As stated earlier there are several papers in which construction of approximate
Nash equilibria is done using a MFG solution. In fact, a similar construction is also possible in our set up as
well. However, the opposite direction is probably more natural and interesting [11, Remark 3.9]. Existence
of Nash equilibria for N-player games with ergodic cost, and convergence to them is studied in [18], for
a model with compact state space and a running cost function that has a special separable structure.
Recently, [14,20,35] have addressed the same question (assuming existence of approximate Nash equilibria)
for a general class of finite horizon control problems where the drift b and the diffusion matrix ¢ may also
depend on p. The approach in these papers uses the martingale formulation, and the method of weak
convergence. Under suitable conditions, and for finite horizon control problems, it is established in [20,35]
that a certain type of averages of approximate Nash equilibria are tight and their subsequential limits are a
solution for the MFG problem. The results in Section 5 are quite similar to that of [18] (compare Theorem 5.2
with [18, Theorem 2]). Since the state space is not compact, we work under the assumption of geometric
stability. Also we impose fairly general hypotheses on the running cost function, which are satisfied by a
large class of functions (Assumption 5.3). For the analysis, we have borrowed several results from [3]. The
representation formula of the ergodic value function is shown to be quite useful in proving Theorem 5.2.
Let us also mention that the convergence results for Nash equilibria we present are somewhat stronger than
those obtained in [20,35]. In fact, we show that the maximum distance between the invariant measures in
the Nash equilibrium tuple tends to 0 as the number of players increases to infinity (see Theorem 5.2(b)).

Summarizing our contributions in this paper, we

— establish the existence of MFG solutions for a large class of mean field games;

— prove the convergence of the finite horizon MFG solution to the stationary one, under the assumption
of geometric stability;

— study the existence of Nash equilibria for N-player games and prove that they converge to a MFG
solution.

The organization of the paper is as follows: In Section 2 we introduce the model and the basic assumptions,
and state the main result (Theorem 2.1) on the existence of MFG solutions. Various convex analytic results
are in Section 3, where we also prove the main results. In Section 4 we study the long time behavior of the
finite horizon problem. Finally, in Section 5 we show existence of Nash equilibria for the N-player games
and study their convergence to MFG solutions.

1.1. Notation

The standard Euclidean norm in R? is denoted by |-|. The set of nonnegative real numbers is denoted
by R4, N stands for the set of natural numbers, and 1 denotes the indicator function. The interior, closure,
the boundary and the complement of a set A C R? are denoted by A°, A, A and A°, respectively. The open
ball of radius R around 0 is denoted by Br. Given two real numbers ¢ and b, the minimum (maximum) is
denoted by a Ab (a V b), respectively. By d, we denote the Dirac mass at x.

For a continuous function g: R — [1,00) we let O(g) denote the space of Borel measurable functions

[f ()]
9(x)

f: R? — R satisfying esssup,cga < 00, and by o(g) those functions satisfying

|f ()]

limsup esssup ——— =
R—oco  z€BS§ g(z)

We also let Cy(R?) denote the Banach space of continuous functions under the norm

[fllg == sup :
I z€RC g(x)
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For two nonnegative functions f and g, we use the notation f ~ ¢ to indicate that f € O(1 + g) and
ge O+ f).

We denote by LfOC(Rd), p > 1, the set of real-valued functions that are locally p-integrable and by
WEP(R) the set of functions in L. _(RY) whose i-th weak derivatives, i = 1,...,k, are in LF. _(R%). The

loc loc loc
k,«

D (RY) we denote the set of functions

set of all bounded continuous functions is denoted by Cy(R%). By C
that are k-times continuously differentiable and whose k-th derivatives are locally Holder continuous with
exponent . We define Cf(R?), k > 0, as the set of functions whose i-th derivatives, i = 1,...,k, are
continuous and bounded in R¢ and denote by C¥(R?) the subset of Cff(R?) with compact support.

Given any Polish space X, we denote by B(X) its Borel o-field, by P(X) the set of probability measures on
B(X), and by M(X) the set of all bounded signed measures on B(X'). For v € P(X) and a Borel measurable
map f: X — R, we often use the abbreviated notation v(f) := |. y fdv. The space of all continuous maps
from [0,00) to X is denoted by C([0,00),X). The law of a random variable X is denoted by £(X). For
presentation purposes the time variable appears as a subscript for the diffusion process X. Also k1, Ko, ...
and Cp,Cs, ... are used as generic constants whose values might vary from place to place.

2. Existence of solutions to MFG
2.1. Controlled diffusions

The dynamics are modeled by a controlled diffusion process X = {X;, ¢t > 0} taking values in the
d-dimensional Euclidean space R%, and governed by the Itd stochastic differential equation

dXt = b(Xt,Ut)dt+O'(Xt)th (21)

All random processes in (2.1) live in a complete probability space (£, §,P). The process W is a d-dimensional
standard Wiener process independent of the initial condition Xy. The control process U takes values in a
compact metric space (U,dy), and U(w) is jointly measurable in (t,w) € [0,00) x Q. Moreover, it is
non-anticipative: for s < t, Wy — Wy is independent of

s := the completion of 0{ Xy, U,, W,., r < s} relative to (§F,P).

Such a process U is called an admissible control, and we let 4 denote the set of all admissible controls.
We impose the following standard assumptions on the drift b and the diffusion matrix o to guarantee
existence and uniqueness of solutions to (2.1).

(A1) Local Lipschitz continuity: The functions
b= [, b RIXUSR! and o = [09]: RY — RO

are locally Lipschitz in = with a Lipschitz constant C'r > 0 depending on R > 0. In other words, for
all z,y € Br and u € U,

[b(z,u) = b(y, w)| + [lo(z) —o(y)|| < Crlz—yl  Va,yc Br.

We also assume that b is continuous in (z,u).
(A2) Affine growth condition: b and o satisfy a global growth condition of the form

b(z, u)|* + [lo(2)||* < C1(L+|z|?) V(z,u) € R x U,

where |jo]|? := trace (o07).



210 A. Arapostathis et al. / J. Math. Pures Appl. 107 (2017) 205-251

(A3) Local nondegeneracy: For each R > 0, it holds that

d
Z 2)6i&; > CR'e?  Va € Bg,

for all £ = (&1,...,&)" € RY, where a := %GGT.

In integral form, (2.1) is written as

t t
X, = X0+/b(XS,Us)ds—l—/cs(XS)dWS. (2.2)
0 0

The third term on the right hand side of (2.2) is an It6 stochastic integral. We say that a process X = {X;(w)}
is a solution of (2.1), if it is Ft-adapted, continuous in ¢, defined for all w € Q and t € [0, 00), and satisfies
(2.2) for all t € [0,00) a.s. It is well known that under (A1)—(A3), for any admissible control there exists a
unique solution of (2.1) [3, Theorem 2.2.4].

We define the family of operators L*: C2(R%) — C(R?), where u € U plays the role of a parameter, by

L'f(z) := a"(2) 0y f(x) + b(x,u) - Vf(x), (z,u)eRxU. (2.3)

We refer to L* as the controlled extended genemtor of the diffusion. In (2.3) and elsewhere in this paper we

%. We also use the standard summation rule
10T

that repeated subscripts and superscripts are summed from 1 through d. In other words, the right hand

side of (2.3) stands for

have adopted the notation 0; := %, 0; = am ,and 05 =

d
Z (J,’L]( ) 8:6181‘] + sz )
3,7=1 =1

Of fundamental importance in the study of functionals of X is Itd’s formula. For f € C?>(R?) and with L*
as defined in (2.3), it holds that

¢
[(Xy) = f(Xo)+/LUsf(XS)ds+Mt, a.s.,
0

where

t
- /(Vf(XS)m(XS) aw,)
0
is a local martingale.

Recall that a control is called Markov if U; = v(t, X;) for a measurable map v: Ry x R? — U, and it is
called stationary Markov if v does not depend on ¢, i.e., v: R? — U. Correspondingly (2.1) is said to have
a strong solution if given a Wiener process (Wy,§:) on a complete probability space (£2,F,P), there exists
a process X on (,F,P), with Xy as specified by the initial condition, which is continuous, §;-adapted,
and satisfies (2.2) for all ¢ a.s. A strong solution is called unique, if any two such solutions X and X’
agree P-a.s., when viewed as elements of C([0, 00), R?). It is well known that under Assumptions (A1)—(A3),
for any Markov control v, (2.1) has a unique strong solution [29].
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Let $sn denote the set of stationary Markov controls. Under v € gy, the process X is strong Markov,
and we denote its transition function by PP (z,-). It also follows from the work of [9,43] that under v € Ugy,
the transition probabilities of X have densities which are locally Holder continuous. Thus LY defined by

LY f(x) = a¥ (@) 05 f(x) + bt (33, v(m)) 0if(z), wvelsm,

for f € C%(R%), is the generator of a strongly-continuous semigroup on Cy(R%), which is strong Feller. We let
PY denote the probability measure and E? the expectation operator on the canonical space of the process
under the control v € gy, conditioned on the process X starting from = € R? at t = 0. The expectation
operator EY is of course also well defined for U € 1.

Recall that a control v € gy is called stable if the associated diffusion is positive recurrent. We denote
the set of such controls by $lgsy, and let p,, denote the unique invariant probability measure on R¢ for
the diffusion under the control v € iggy. It is well known that v € $ggy if and only if there exists an
inf-compact function V € C?(R%), a bounded domain D C R?, and a constant ¢ > 0 satisfying

L'V(z) < —¢ Vo e De.
We denote by t(A) the first exit time of a process {X;, t € R, } from a set A C R?, defined by
1(A) =inf{t>0: X, & A}.

The open ball of radius R in R?, centered at the origin, is denoted by Bgr, and we let Ttz := t(Bgr), and
g = 1(B%).

2.2. Topologies on P(R?)

We endow the space P(R?) with the Prokhorov metric dp that renders P(R?) the topology of weak
convergence. As is well known this is defined by

dp(py, p2) = inf{a >0: p1(F) < pua(F*°) + e for all Borel F' C Rd} . (2.4)

It is well known that (P(R9),dp) is a Polish space and dp (g, 1) — 0 as n — oo if and only if, for every
f € Cp(R?), we have u,(f) — p(f) as n — oo. By Pp(R?), p > 1, we denote the subset of P(R?) containing
all probability measures p with the property that [p.|z|Pu(dz) < co. The Wasserstein metric on P,(R?) is
defined as follows:

l/p
Wy (p1, p2) = inf {( / |x — ypu(dx,dy)> : v € P(R? x RY) has marginals pi;, /,(,2} . (2.5)
Re x R4

It is well known that (P,(R%),W,), p > 1, is a Polish space. The topology generated by W, on P,(R?) is
finer than the one induced by dp. In fact, we have the following assertion [45, Theorem 7.12].

Proposition 2.1. Let {u, tnen be a sequence of probability measures in Pp(Rd), and let pu € P(RY). Then,
the following statements are equivalent:

1. Wy(ttn, pt) = 0, as n — oo.
2. dp(pn,p) = 0 as n — oo, and

JlaPuntas) —— [laputds).

Rd
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3. dp(pn,pt) = 0 as n — oo, and {un,} satisfies the following condition:

lim limsup / |z|P dpn, = 0.

R—o0 pnooo

Therefore, a set K which is compact in (P,(R?),W,) is also compact in (P,(R?),dp). In the rest of
the paper P,(R?%) and P(R?) are always meant to be metric spaces endowed with the metrics W, and dp,
respectively, unless mentioned otherwise.

2.8. The ergodic control problem

In this paper we consider dynamics as in (2.1) and associated running cost functions belonging to one
of the three classes described in Assumption 2.1 below. We use the notation r,(z,u) := r(z,u, ). Also we
write 7, € o(h) for h: R x U — Ry, provided that

lim sup sup rulz,w)] =0.

|z]—o0 u€elU 1 +h(x,u)

Assumption 2.1. One of the following conditions holds:
(C1) The running cost r: R? x U x P(R?) — R is continuous, and for each p € P(R?), r,(-,-) is locally
Lipschitz in its first argument uniformly with respect to the second. Moreover, for any compact subset

K of P(R?) there exists § > 0 such that

r(x,u, )

lim inf inf > 0 Yo €, 2.6
ol o0 uel r(x,u, 1) s (2.6)
and
inf , U, —_ . 2.7
(u,u)lréUXK: T(l' “ 'LL) |z|—o0 > ( )

(C2) The running cost takes the form r,(z,u) = #(z,u) + F(z,pn), where F: R? x P,(R?) — R, is a
continuous function, satisfying

Flon) < o (1l + [lel i) ¥ € R x Py(RY.
Rd

for some constant rg and p > 1. Also, #: R? x U — R is continuous and locally Lipschitz in 2 uniformly
in 4 € U, and satisfies

.z, u)
min
uel 1+ ‘I‘|p |z]|— o0

(C3) The running cost 7: R? x U x P(R?) — R, is continuous, and x + 7(x,u,u) is locally Lipschitz
uniformly in u € U and p in compact subsets of P(R%). Also
(C3a) There exist inf-compact functions V € C?(R%) and h € C(R? x U) such that for some positive
constants ¢; and co we have

L*Y(z) < ¢ — coh(z,u) V(z,u) eRYx U, (2.8)
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(C3b) For any compact K C P(R?) it holds that

sup r, € o(h).
pneK

A typical example of F in (C2) is F(z,pu) = [|lz — y[P p(dy). Also r(z,u,p) = ri(z) + ra(z,u, p),
with ro € Co(R? x U x P(R?)), ry € CIOO’; (R?), and limy|_00 71 () = +00 is an example of running cost
satisfying (C1).

The running costs in (C1) and (C2) satisfy the condition of near monotonicity [3], while (2.8) implies
that the controlled diffusion is uniformly stable. In [18,40] cost functions satisfying (C2) on a compact state
space are considered. But in the current scenario the state space is R? which is not compact. The cost
functions in (C3) are allowed to take more general forms. Since V and h are bounded from below (being
inf-compact), without loss of generality we assume that ¥V > 1, and h > 0.

In general, U may not be a convex set. It is therefore often useful to enlarge the control set to P(U).
To do so, for v € P(U) we replace the drift and the running cost with

b(z,v) = /b(x,u)v(du), and 7(z,v,pu) = /r(x,u,u)v(du). (2.9)

U U

It is easy to see that b satisfies (A1)—(A2), while and running cost 7 inherits the properties in Assumption 2.1
from r. In what follows we assume that all the controls take values in P(U). These controls are generally
referred to as relazed controls. We endow the set of relaxed stationary Markov controls with the following
topology: v, — v in Ugy if and only if

/f(a;)/g(x,u)vn(dﬂx)dx — /f(x)/g(m,u)v(du|x)dx
R4 U R4

U

for all f € LY(R%) N L?2(R?) and g € Cy(R? x U). Then Ugy is a compact metric space under this topol-
ogy [3, Section 2.4]. We refer to this topology as the topology of Markov controls. A control is said to be
precise/strict if it takes values in U. It is easy to see that any precise control U; can also be understood as
a relaxed control by U;(du) = dy,. Abusing the notation we denote the drift and running cost by b and r,
respectively, and the action of a relaxed control on them is understood as in (2.9).

Now we introduce the control problem. Let i € C([0,00), P(R?)). We define the ergodic cost as follows:

T
1
J.(U,n) := limsup f]Eg {/T(Xt,Uhnt)dt} , Ued, zeR?. (2.10)
T— o0
0

Let
;= inf U .
Qn(x) (}6 Jw( ,77)

Definition 2.1. 7 € C([0, c0), P(R?)) is said to be a Mean Field Game (MFG) solution starting at z € R? if
there exists an admissible control v such that
dXt = b(Xt, ’Ut) dt + G(Xt) th 3
with L(Xt) = T, X() =,

and J,(U,n) > J,(v,n) for all admissible U. We say the MFG solution is relaxed (strict) if the control v is
a stationary Markov control taking values in P(U) (U, respectively).
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One of our main goals in this paper is to establish the existence of MFG solutions. First we review some
basic facts about ergodic occupation measures and invariant probability measures for a controlled diffusion
as in (2.1). The set of all ergodic occupation measures is defined as

5 = {neP® xU): / L*f(x) n(dz,du) =0V f € CH(RY) ). (2.11)

RdxU

By [3, Lemma 3.2.3] G is a closed and convex subset on P(R? x U). Disintegrating an ergodic occupation
measure T we write 7(dx, du) = p,(dz)v(du | x) for some u, € P(R?) and some measurable kernel v: R —
P(U). We use the notation m = p, ® v to denote this disintegration. It straightforward to verify that pu,
satisfies

/L“f(x) po(dz) = 0 forall f € C2(R?),

Rd

and is therefore an invariant probability measure for the diffusion controlled by v. It follows that v € Uggn.
Conversely, if v € Uggn, then there exists a unique invariant probability measure for the diffusion under the
control v € Ugsn, and T, 1= p, ® v is an ergodic occupation measure.

Thus, the set of all invariant probability measures may be defined as

H = {vePRY): v®vegforsome v e sy} (2.12)

This is a convex subset of P(R%). We refer to 7, (i) as the ergodic occupation measure (invariant proba-
bility measure) associated with v € {ggn.

The sets § and H play a key role in the analysis of the ergodic control problem. In fact, we are going to
exhibit MFG solutions associated with v € $gsy and 7 € G that satisfy the following

T = fy ®V, IJIEIHIJI [L*V, (@) + 7, (z,u)] = op, (2.13)

for some function V,, € C?(R?). Existence results of solutions to (2.13) are in Section 3. Such existence
results are generally shown using fixed point arguments [40]. Compactness of invariant measures plays an
important role in this. When the state space is compact, then of course H is also compact. But this is not

true in general for non-compact state spaces. We adopt the following notation. For any G C § we let H[G]
denote the corresponding set of invariant measures, i.e.,

HIG] == {peH: p®ve G for some v € HUggnm } -
Consider the following assumption.
Assumption 2.2. The following hold:

(i) There exist uo € H and mo € G such that mo(ry,) < co.
(ii) For models satisfying Assumption 2.1(C1), there exists a nonempty compact set X C G such that

n(ry) > 0, VmegnKe,

and for all u € H where g, = infreg 7(r,).
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Remark 2.1. Assumption 2.2(i) is rather standard in ergodic control—if it is violated, the problem is vacuous.
Note that Assumption 2.2(i) always holds for the model in (C3) of Assumption 2.1. Also, Assumption 2.2(i)
implies that for running costs satisfying (C1)-(C2) of Assumption 2.1 it holds that mo(r,) < oo for all
we H.

Define h(p, z,u, ) == p - b(x,u) + r(z,u, 1), p € R% Our main result of this section is the following.

Theorem 2.1. Let Assumptions 2.1 and 2.2 hold. Then, for any x € R?, there exists a relazed MFG solution
starting at x in the sense of Definition 2.1. Moreover, if U is convex and u > h(p,z,u, ) is strictly convex
for all z,p € R, and u € P(R?), then there exists a strict MFG solution.

3. MFG solutions for HJB

In this section we investigate the existence of MFG solutions for the associated Hamilton—Jacobi—Bellman
(HJB) equation given by (2.13).
Recall the notation r,(x,u) = r(z,u, ). Consider the ergodic control problem

Uell 700

T
1
0, := inf limsup TE;} {/Tu(Xt,Ut)dt}
0

for fixed p € P(R?). Also recall the abbreviated notation 7(r) = [pu,7dn. We need the following
definition:

Definition 3.1. Let f: R? x U — R,. We say that © € G is optimal relative to f (for the ergodic cost
criterion) if 7t(f) = infreg n(f). For u € H, we let A(u) C G denote the set of optimal ergodic occupation
measures relative to r,, and A*(u) C I denote the corresponding set of invariant probability measures.
We also let g, := infrecg w(r,).

There are two general models for which there exists an optimal ergodic occupation relative to r, for
p € P(RY), and optimality can be characterized by the HJB equation:

(H1) The running cost 7, satisfies lim inf || infyev 7. (2, u) > 0y, and g, < co.
(H2) The set H is compact, and r,, is uniformly integrable with respect to .

For models in (H1)-(H2) we assume that r: R x U x P(R?) — R, is continuous. Hypothesis (H2) is
equivalent to (C3a) of Assumption 2.1, with h satisfying r, € o(h) by [3, Theorem 3.7.2].
We quote the following result which is contained in Theorems 3.6.10 and Theorem 3.7.12 of [3].

Theorem 3.1. If (H1) holds, then there exists a unique V,, € C*(RY) which is bounded below in R and
satisfies

glei%} [LUVM(I)+TM(9C’“)] = 0u, Vu(0) = 0. (3.1)

Under (H2), there exists a unique V,, € C2(R?) No(V) satisfying (3.1) (see [3, Theorem 5.7.12]). In either
case, 0, = 0;,, and v € sy is optimal for the ergodic control problem if and only if it satisfies

miurjl L'V, (2) + ru(z,u)] = L'V, (z) +r,(z,v(z)) almost everywhere in RY. (3.2)
ue
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It follows by Theorem 3.1 that if (H1) or (H2) hold, then the set valued maps A and A* can be charac-
terized by

A(p) = {ne€§: n=m,, where v € tggy satisfy (3.2)},
A*(p) = {veH : v®v e A(u) for some v € Uggn}-
This motivates the definition of the following notion of an MFG solution.

Definition 3.2. An invariant probability measure p € H is said to be a MFG solution if u € A*(u) and there
exists V, € C?(R?) and v € $Uggy such that

E?eit{ll LV, (2) + ru(z,w)] = LV, +1u(2,0(2) = 6, ae zeR?, (3.3)
/L”f(a:),u(dx) =0 VfeCRY). (3.4)
Rd

We retain the notion of a relaxed, or strict solution form Definition 2.1.

Equation (3.3) is the HJB equation corresponding to the ergodic control problem with running cost r,
while (3.4) asserts that g = p, is the invariant probability measure associated with the optimal Markov
control v.

Remark 3.1. The reader should have noticed the relation between Definitions 2.1 and 3.2. It should observed
that the initial distribution in Definition 2.1 is a Dirac mass at x. In fact, one may consider any nice
distribution as initial condition in Definition 2.1. For example, if we fix the initial condition to be p satisfying
(3.4), then a solution p € P according to Definition 3.2 gives rise to a solution according to Definition 2.1
due to stationarity.

We start with the following lemma:

Lemma 3.1. Suppose that either (H1) or (H2) hold. Then the set A*(u) is non-empty, convex and compact
in P(RY) under the total variation norm topology.

Proof. Tt is well known that G is convex (see [3, Lemma 3.2.3]). The convexity of A(u) follows by the

linearity of the map m — [pa (x,u)m(dz,du). It then follows that A*(u) is convex by the linearity of

xu T
the projection.

Compactness of A*(u) is obvious under (H2). So suppose (H1) holds. To prove compactness, let {v,} be
a sequence in A*(u), and {7, } be a corresponding sequence in A(u) i.e., 7, = v, ® v, for some v, € Ussnm
that satisfies (3.3). Let (R? x U) U {co} be the one point compactification of (R? x U). If {m,,} is not tight
in P(R? x U) then there exist a constant € > 0, and a subsequence, also denoted by {m,}, such that 7,
converges to a probability measure of the form n’ on (R% x U) U {co} such that 7/(c0) > e. It is evident

from the near monotone condition in (H1) that n/(R? x U) > 0. It is also standard to show that 1_;,/(00) is

an ergodic occupation measure on R? x U which implies by optimality that

7' (ry) _
—_— > . 3.5
1—m/(oc0) — Ou (3.5)
However, the lower semicontinuity of the map m — w(r,) and (H1) imply that 7'(r,) < (1 — 7'(c0))dy,
which contradicts (3.5). Therefore {m,,} must be tight in P(R% x U) which implies that {v,,} is tight. On the
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other hand, under (H2), {r,} is trivially tight. Consider any subsequence such that v, — v in P(R%) and
v, — v in Ugy under the topology of Markov controls, and let 1, := v, ® v,,. It follows by [3, Lemma 3.2.6]
that m, = 7:=v®wv € § as n — co. By the lower semicontinuity of the map w + n(r,) we have

@/J, = hnnilogf T[n(r/l,) > T[(T/L) > é/u
which implies that A(u) is closed and therefore compact. It then follows that A*(p) is compact in P(R?)
under the total variation norm topology [3, Lemma 3.2.5]. O

Remark 3.2. It follows by Proposition 2.1, that for a running cost satisfying (C2), A*(u) is compact in
Pp(RY) for all u € P,(R?) such that g, < oc.

The following theorem asserts the existence of MFG solutions in the sense of Definition 3.2.

Theorem 3.2. Suppose that Assumptions 2.1-2.2 hold. Then there exists a relaxed MFG solution in the sense
of Definition 3.2. Moreover, if U is convexr and u v h(p,x,u,u) is strictly convex for all x,p € R¢, and
p € P(RY), then there exists a strict MFG solution.

The rest of this section is devoted in proving the above result. The proof is an application of the Kakutani—
Fan—Glicksberg fixed point theorem. A similar fixed point theorem has been applied in [36] to obtain MFG
solutions for finite horizon control problems. Readers may consult [1, Chapter 17] for some basic properties
of set-valued maps used in the proofs below.

We recall the definition of hemicontinuity [1, Section 17.3].

Definition 3.3. The map p — A*(u) is said to be upper hemicontinuous if whenever u,, — p as n — oo, and
Vn € A*(uy) for all n, then the sequence {v,} has a limit point in A*(u). The map p — A*(p) is said to
be lower hemicontinuous if whenever p,, — p as n — oo and v € A*(u), then there exists a subsequence
{vn, } such that v,, € A*(uy,) and v, — v as ny — co. The map p — A*(p) is said to be continuous if it
is both upper and lower hemicontinuous.

We have the following general lemma:

Lemma 3.2. Suppose that

(a) 7: R x U x P(RY) — Ry is continuous;
(b) w0, is upper semicontinuous;
(c) whenever p, — u, then A*(u,) is tight along some subsequence.

Then p — A*(p) is upper hemicontinuous, and p+— 9, is continuous.

Proof. Since gy is compact under the topology of Markov controls, and (c) holds, it is enough to show
that ;1 — A(p) is upper hemicontinuous. So suppose p,, — p as n — oo and 7, € A(py,). Let ft be the limit
of 1, along some subsequence also denoted as {7, }. Then,

il de = lniaf wa(ri,)
> f(ry)

v

Oy - (3.6)
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Since by hypothesis limsup,,_, ., 0, < 0, equality follows in (3.6). Since # € § and 7(r,) = 0,, we have
that ft € A(u), and upper hemicontinuity of u — A(u) follows. Moreover, it follows by (3.6) and (b) that
i > 9, is necessarily continuous. 0O

Consider the model in (H1). Note that Assumption 2.1(C2) implies (2.6) and (2.7).

Lemma 3.3. Suppose that Assumptions 2.1(C1) and 2.2(i) hold. Then u — A*(u) is upper hemicontinuous
on H.

Proof. It is evident that since g,, is finite for some p € J(, then (2.6) implies that it is finite for all 1 € J(. It
then follows by (2.6) that U,cxA* () is tight, and it is routine to show that this together with (2.6) imply
that p — g, is continuous on J. The result then follows by Lemma 3.2. O

Next we turn to the model in (H2). By [3, Theorem 3.7.2], Assumption 2.1(C3) is equivalent to

sup / sup 7u(x,u) n(de,du) —— 0.
neS HEIH R—o0
BgxU

We work under a weaker hypothesis.

Lemma 3.4. Let (H2) hold and suppose that

sup sup / ru(z,u) n(de,du) —— 0.
nEG peXH R—o0
BgxU

Then p— A*(p) is upper hemicontinuous on .
Proof. If j1,, — p and m# € G is optimal relative to r,, then by uniform integrability we have

limsup o, < limsup 7#(ru,) = 0Ou,
n—oo n—oo

which implies that ;1 — g, is continuous. The result then follows by Lemma 3.2. O
Lemmas 3.3 and 3.4 imply the following.
Corollary 3.1. Let Assumptions 2.1-2.2 hold. Then u— A*(u) is upper hemicontinuous on J.

In order to apply the fixed point theorem it remains to show that there exists some nonempty, convex
and compact set K C H such that A*(u) C K for all u € K. For the models satisfying (H2) we can select
K=%H.

We have the following lemma:

Lemma 3.5. Let Assumptions 2.1 and 2.2 hold. There exists a non-empty, convex and compact set I C P(R?)
such that for u € K we have A*(u) C K.

Proof. Under Assumption 2.1(C3) we choose K = H.
Suppose that Assumption 2.1(C1) holds and let X be as in Assumption 2.2. Then J—([fK] is compact under
the total variation norm topology [3, Lemma 3.2.5]. Therefore it follows that conv H[X] is also compact in
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the total variation norm topology [1, Theorem 5.35]. Defining K = confo[ﬂC] we see that C is a convex,
compact subset of P(RY). Again by Assumption 2.2(ii) it easy to see that K has required property.

Next, consider Assumption 2.1(C2), and let g = vy ® vg be as in Assumption 2.2(i). For R > 0, let
Mg, Nr C H be defined by

Mg = {MEJ{ Ko <1+/|x|puo dz) /|x|p dx)) < R}

Np = {MEJ-C /mlnr (dx)<no()+R}

By Assumption 2.1(C2), there exists Ry > 0 such that Mg, D Ng,. It is evident that Ng, is convex and
compact in ’Pp(Rd). Let 4 € Np, C Mp,. lf t=v®wv €, and v € Np_, then

+/F(gc,u) v(dz) > mo(7) + Ro

J
> (i) 4o (14 [l st + [lol utao))
> Tfo(f)ﬁLF(Vo,ﬂ)R, )

where the first inequality follows since v € N , while the second follows from the hypothesis that u €
Npg, C Mpg,. This of course implies that w ¢ A(u). Therefore A*(u) € Ng, for all 4 € Ng,. This completes
the proof. O

Next we prove Theorem 3.2.

Proof of Theorem 3.2. Consider the map pu € K — A*(u) € 2% where K is chosen from Lemma 3.5. We
note that K is a non-empty, convex and compact subset of M(R?) which is a locally convex Hausdorff
space under the weak topology. By Lemma 3.1 A*(u) is non-empty, convex and compact. From Lemma 3.1,
Corollary 3.1 and [1, Theorem 17.10] we conclude that the map p — A*(u) has closed graph. Therefore
applying the Kakutani-Fan—Glicksberg fixed point theorem (see [1, Corollary 17.55]) there exists pu € K
satisfying pu € A*(u). This proves the existence of a relaxed MFG solution in the sense of Definition 3.2.

Suppose now that U is convex and u + h(p, z,u, ) is strictly convex for all z,p € R?, u € P(R?). Then
we can find a unique continuous, strict Markov control v: R? — U such that

min [L*V,(z) + ru(z,u)] = L'V, (x)+ 1. (2, v(z)) Vo cRY.

uelU

Note that in this case A*(u) is a singleton, and p +— A*(p) is continuous in P(R?). Hence, an application
of the Schauder—Tychonoff fixed point theorem suffices to assert existence of a strict MFG solution. O

Remark 3.3. It is possible to allow the drift b to depend on the measure u. In case (C3) we can even
consider a continuous b: R? x U x P(RY) — R? such that b(-,u, u) is locally Lipschitz uniformly with
respect to u € U for all u € P(R?). The argument in the proof of Theorem 3.2 holds in this case if (2.8)
is satisfied. In particular, consider b(z,u, ) = b(z,u) 4+ e(u) for some bounded continuous vector valued
map e: P(R?) — R? where b satisfies the following: there exists V, h satisfying (2.8) when the operator L is
defined using the drift b(z,u) and |[VV| € o(h). Then it is easy to see that (2.8) holds for the original drift
b(x,u, ) with the same functions V and h.
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Proof of Theorem 2.1. Consider a MFG solution u in the sense of Definition 3.2 and take a relaxed/strict
control v € gy associated to it in A(u). The existence of such a v is assured by Theorem 3.2. We know
that there exists a unique strong Markov process corresponding to v satisfying (2.1) i.e.,

dXt = b(Xt,U(Xt)) dt—f—O'(Xt) th, Xo =XT.

By definition, p is the unique invariant probability measure of the process X under the control v. Let n €
C([0,00), P(R%)) be the path of transition probabilities of this process. It suffices to show that J,(v,n) = g,
for all x € R?%, and that for any admissible control U € $ we have

J.Umn) > 6, VYUeU, VzecRY (3.7)

where J is defined by (2.10). We divide the proof in three cases.
Case 1. Consider models satisfying (C3). Applying [32, Proposition 2.6] it follows that there exists a compact
set G € P(RY) such that n; € G for all t > 0. Therefore

< sup r, € o(h) Vt>0. (3.8)
veG

rm

Also by (2.8), it follows that

T
1 1
lim sup T EY {/h X, Uy) dt} —(c1 = V() YU € ul.
0

T—o0 C2

This shows that

T—o00 veG R—o00

T
lim sup %]EU Un (X¢) sup ry(Xt,Ut)dt} ——0 VYUeU. (3.9)
0

Therefore since r is continuous and 7; — p in P(R?) as t — oo, we obtain by (3.8) and (3.9) that

T T
hmsup — IE” [/7‘ X, v(Xe),me) dt] = hmsup = E“ {/r X, v(Xy),p)dt| = 0p- (3.10)

T—o0 T—o0
0 0

It remains to show that

T
1
lim sup 7 EY Ur(Xt,Ut,nt)dt} > 5, VYUEeSL. (3.11)

T—o0
0

For this purpose, we consider a smooth cut-off function ¢ that equals 1 on Br and vanishes outside Br41.
By ® we denote the local modulus of continuity of r, defined by

o(R,Gye) 1= sup {Ir(a, i — r(, )]+ [o 3] + dy(u, @) + dp (s, 1) < ¢,
x,i‘EBR, ,U/7/7/€Ga uaEEU}

Since the mean empirical measures of the process (X, U;) are tight, applying Theorem 3.4.7 in [3], we
obtain
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T—00

lim inf —EUUqu X)) (X, Us, )dt} > mf / or(@)r,(z,u) w(dz, du).
RdeU

Thus, using the inequality

r(Xt, Up,me) > dr(Xe) 7(Xe, Ug,me)
> ¢R(Xt) T(Xtv Utv#) - ¢R(Xt) w(R+ 17G7dP(77t7,u)) )

and the fact that dp(n:, u) — 0 as t — oo, we obtain

T—o0

T
liminf — ]EU {/7‘ Xt,Us,mt) dt] > 1nf / dr(x)ru(z, v) n(de, du).
0 ]Rde

Letting R — oo, and using the fact g, is the optimal value, we obtain (3.11).
Case 2. We consider running costs satisfying (C1). From the HJB equation we have

LV, (z) +ru(z,v(x) = 04,

with g € A*(u). Hence, by [3, Lemma 3.7.2], there exist nonnegative, inf-compact functions V € C?(R?)
and h € C(R?) such that r,(-,v(-)) € o(h), and satisfy

L*V(z) < ¢g— h(x) (3.12)

for some constant cg. It follows by (3.12) that 7; € G for all ¢t > 0, where G is a compact subset of P(R%).
By (2.6) we have

sup 7, (,v()) € o(h).

veG
Repeating the argument used in Case 1, we obtain (3.10). Also (3.11) follows as in Case 1 by using the
near-monotone property of Ty
Case 3. We consider (C2). To show (3.7) in this case, it is enough to show that F(z,n:) — F(z,pu) as
t — oo uniformly in z on compact subsets of RY. Since F' is continuous in R? x P,(R%), we need to show
that W, (ne, 1) — 0 as t — oo. Since [p, 7(z, v(x))p(dz) < g, it follows that for any continuous ¢ with
¢ € O(#) we have [ ¢du < oo. Then by [32, Proposition 2.6] we have [¢dn, — [¢du as t — oo for every
initial condition x. Combining this fact with Proposition 2.1 we obtain that Wy (n;, #) — 0 as t — oco. This
shows (3.7). It is also easy to see that ¢, = 0,. O

Remark 3.4. We note that for models satisfying (C3) we can strengthen the assumption on r depending on
the growth rate of h. For example, if h ~ |z|P for p > 1, then one may a consider continuous r defined on

4 x U x P,(R?) that is locally Lipschitz in first and third arguments uniformly in u € U, and with the
property that sup,cx 7, € o(h) for any compact K C P,(RY). The results of Theorem 2.1 continue to hold
in this case.

4. Long time behavior and the relative value iteration
In this section we study the long time behavior of the finite horizon mean field game equations. The prob-

lem is as follows. We are given a running cost function r(z, «, 1), a horizon T' > 0, a ‘terminal cost function’
¢o € C2(R?), and an initial distribution 7 € P(RY). For U € 4 and {u; € P(RY), t € [0,T]} we define
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T
T, wim) = EY [ [ U g de s vaten)
0

where X; is governed by (2.1) with £(Xo) = 7. Let £J(X;) denote the law of the process X; governed by
(2.1) under a control U with £(Xo) = 7. Then {u; € P(R?), t € [0,T]} is called an MFG solution for the
problem on [0, T] if there exists an admissible control U* such that Lg “(Xy) = pf for all t € [0,T)

JWU,p*5n) = JUp*m) VU eU.

We assume that r(z,u, p) has the separable form 7(z,u) + F(x, 1), so that the Hamiltonian H(z,p) is
given by

H(a.p) = min {b(e,0)-p+ iz} (a.1)

Denoting by x(¢,-) the density of ur_; = L(Xr—_¢), the dynamic programming formulation amounts to
solving

oV = a”@ijV + H(ZE, VV) + F(l‘, ,U/Tft) R
(4.2a)
V(0,2) = po(z) VreR?,

— 9.(a179. a)x) — div (22
—0ix = 9i(a”9;x + (9;0")x) — div ( op (xNV)x) ’ (4.2b)
X(T, ) is the density of 7.

Equation (4.2b) is the Kolmogorov equation for the density x(t, ), running in backward time. Therefore,
if (V,x) is a solution of (4.2a)—(4.2b), then pi(dx) = x(T — t,z)dzx for t € [0,T] is a MFG solution in
the sense of the above definition. It also follows by the dynamic programming principle that the solution
Vr(t, z), where the T in the subscript denotes the dependence of the solution on the horizon [0, T7], has the
stochastic representation

S

—t

Vr(t,z) = inf EZU{ (X, Us, Wy_yis) At + h(Xp_¢) Y (t,x) €[0,T] x R?,

Uedd

o

where the process X is governed by (2.1).

Lasry and Lions have examined thoroughly the case where b(z,u) = —u, o is the identity matrix,
r(x,u) = 1/2|u|?, and F(x,p) takes the form F(z,x()), where y is the density of u. Moreover, they
assume that F(z,t) € RY x R is C!, is strictly increasing in ¢, and is Z%periodic in z. As a result the
state space is a d-dimensional torus T. Under the assumption that the density n is Holder continuous and
has finite second moments, they have shown the existence and uniqueness of a solution to (4.2a)—(4.2b)
for this problem [40]. They also consider a general class of F' that includes non-local interactions, and
present a detailed analysis of the stationary ergodic problem, proving the existence and uniqueness of a
stationary solution. The behavior over a long horizon for this model has been studied, with both local and
non-local interactions in [12,13]. In the case of non-local interactions, they establish convergence in the
average sense, i.e., limr_,o 7V (7T) = (1—7)p, for v € (0,1), where g is the value of the associated ergodic
problem (see (4.8) below), and also convergence in L?(T) uniformly over compact intervals of time. Also,
they show that the density y converges to the density of the stationary solution in L?(T) uniformly over
compact intervals of time. Under stronger assumptions on F' they show that convergence is exponential
inT.
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For the problem on R? we are dealing with, in order to avoid restrictive assumptions on F, we have to
compensate for the non-compactness of the state space by imposing a uniform stability hypothesis on the
dynamics in (2.1). We describe these assumptions in the next section.

4.1. Assumptions and basic properties

Existence and uniqueness of solutions to (4.2a)—(4.2b) under general vector fields requires strong regular-
ity of the data. We refer the reader to [31,33,34]. We note here that the results in this paper can be extended
to include a drift b, a diffusion matrix o and running cost r that all depend on p, albeit necessitating various
assumptions on the smoothness of the data.

In this paper we are not interested in the regularity of the Fokker—Planck equation (4.2b). If a MFG
solution y; is provided, then F(x, ;) is a given function of (¢,z) € [0,T] x R%, and the Hamiltonian does
not depend on p. If F(z, p) is Holder in & and continuous in ¢, and g is smooth enough, then (4.2b) has
almost classical solutions. Therefore we concentrate on a set of assumptions that guarantee the existence
and uniqueness of a MFG solution, and at the same time maintain sufficient regularity for the solutions of
(4.2b).

For 1) € P(R?) we let M,,([0,T7]) denote the set of all trajectories {y, = LY (X,), U € ,t € [0,T]}, and
we define

P(n) = {LJ(X:) e PRY): Uel, t>0}.
Assumption 4.1. The following hold:

(i) Assumptions (A1)-(A3) on the data hold, and #: RY x U — R is continuous and locally Lipschitz in
2 uniformly in v € U.
(ii) The function F is defined on R% x P, where P is some subset of P(R?) which contains P(1), and satisfies

Fu,p') = /(F(x,u)—F(ﬂc,u’))(u(dm)—u’(dx)) >0 V' eP. (4.3)
Rd

Moreover, F(z, ) is locally Lipschitz in z uniformly on compact subsets of P, and p +— F(-,u) is a
continuous map from P to C(R%) under the topology of uniform convergence on compact sets.

(iii) The terminal cost ¢g is in C2(R?) and the density of the initial distribution 7 is Holder continuous,
and has a finite second moment.

(iv) There exists a unique «* that minimizes the Hamiltonian in (4.1).

Under Assumption 4.1, existence of an MFG solution is asserted in [36, Theorem 2.1]. In fact, this can
be obtained applying a fixed point argument same as above. The (non-strict) monotonicity hypothesis
(4.3) together with the fact that A*(u) is a singleton implied by Assumption 4.1(iv), is enough to guaran-
tee uniqueness of the MFG solution for the ergodic problem. The monotonicity hypothesis has become a
standard assumption in the literature [13,40].

Recall the definition of the weighted Banach space Cy(RY) from Section 1.1. The following assumption
is a strengthening of the stability hypothesis in (C3).

Assumption 4.2. A number p > 1 is specified as a parameter. There exists a nonnegative, inf-compact
V € C%(R%), and positive constants ¢y and c; satisfying

L*V(z) < ¢g — V() Y (z,u) € R x U. (4.4)
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Without loss of generality we assume V > 1. Also

(i) Tt holds that

lo()]|* + [P + sup,ey F(z,u) 0

(ii) For any compact K C P,(R%) and R > 0, there exists a constant M,(R) > 0 such that such that
|F(x,p) — F(a',p)| < Mp(R)|x—2'| Va,2' €Br, Vpek.
(iii) The map pu — F(-,p) from P,(R?) to Cy(R?) is continuous.
Tt is well known (see [3,22]) that (4.4) implies that

EV [V(X))] < = +V(x)e ! VzeR?, YU e . (4.5)

It follows by (4.5) that all stationary Markov controls gy are stable and that

C1

[ V@) mia < 2.
Rd

where, as usual, i, denotes the unique invariant probability measure of the diffusion controlled under v.
Therefore, p1, € Pp(R?) for all v € Lgyy.

It also follows that for any v € Ugy the controlled process under v is V-geometrically ergodic (see [17,21]),
or in other words, that there exist constants My and v > 0 such that, if h: R — R is Borel measurable
and h € O(V), then

E2 [h(X,)] - / Be) po(de)| < Moe™[B]|, (1 + V(@) (4.6)
Rd

for all t > 0 and x € R%.
We have the following simple assertion.

Lemma 4.1. Under Assumption 4.2, here exists a constant Mp which depends only on p > 1 and L(Xy) €
Pp(RY) such that

W, (£(Xy), £(X)) < M, /|t — s Vs,teRy, [s—t] <1, under any U € 4.

Proof. By the Burkholder-Davis—Gundy inequality, for some constant x, > 0, we obtain

( / ||c<Xr>|2dr)p/2] )

p/2
The expectation in the second term on the right hand side of (4.7) is bounded by (fst E [[lo(X;)?] dr)
when p € [1,2]. On the other hand, if p > 2, using the Hoélder inequality, we bound this term by

s<r<t

t
E| sup X, - X,JP| < 207 (t—s)"'E [/lb(XT,UT)Pdr} + 27 B
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t
(t — )5 /]E lo(X,)[P] d

Therefore, since sup,cy |b(-,u)[P € O(V) and [|o(-)||>Y? € O(V) by (A2) and Assumption 4.2(i), the result
follows by (4.5) and (4.7). O

Let

My := { peP(RY) : /V(:E) p(dz) < ©

C1

The set My is compact in P,(RY) and H C My by Assumption 4.2. We have not assumed that F is
nonnegative. Nevertheless, Assumption 4.2 implies that inf, e [ F(z, ) ' (dz) < —oo, and therefore,
the ergodic cost problem is well posed. Combining the preceding discussion with the results in Section 2,
we have the following:

Theorem 4.1. Let Assumptions 4.1-/.2 hold. Then there exists a unique MFG solution i € H to the ergodic
control problem. Associated with that, we obtain a unique V € C*(R%) N Cy(R?), satisfying V' € o(V) and
V(0) = 0, which solves

a'(x)di;V (x) + H(z,VV) + F(x,) = 0 (4.8)
with 0 = 0p.

For the rest of this section we let v denote some Markov control associated with the stationary solution
n (4.8), i.e., a measurable selector from the minimizer of the Hamiltonian H (z, VV'). By uniqueness of the
solutions we have uy = .

4.2. The relative value iteration

Note that the Markov control associated with (4.2a) is computed ‘backward’ in time. We need the
following definition:

Definition 4.1. Let ¢ = {0, t € [0,T]} denote a measurable selector from the minimizer of the Hamiltonian
n (4.2a). For each T' > 0 we define the (nonstationary) Markov control

o' = {0l = b7, s€10,T]}.

We also let 7] denote the law of X, s € [0, 7] under the control 9. As remarked earlier 77 (-) = £3(X)
for s € [0,T], and thus, /il agrees with the initial law 7, which we also denote by .

We modify (4.2a) by normalizing it as follows:

drp(t,z) = a”(2)0ip(t,x) + H(x,Vo(t,2)) + Flz,ip ) =2, ¢(0,2) = po(x), (4.9)

where ¢y € C2(R?)No(V) denotes the terminal cost. It is evident the solution ¢ depends also on the horizon
[0,7] and to distinguish among these solutions we adopt the notation ¢ (t,z), or I (z).

For existence and uniqueness of solutions to (4.9) in cylinders we refer the reader to [37, Theorem 6.1,
p. 452] and to p. 492 of the same reference for the Cauchy problem. See also [2,4] for the Cauchy problem
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in (4.9) as well as (4.11) below. We need to mention though that Theorem 6.1 in [37] concerns solutions
in Hoélder spaces, and in order to satisfy the assumptions of this theorem t — F'(z, ﬁ;":_t) has to be Holder
continuous. However under our assumptions it is only continuous, which means that the time derivative
of the solution ¢(t,z) is not necessarily Hélder continuous. In general then, (4.9) has to be solved in the
L24((0, 00) x R?) (see [37, Section 1V.9]). We don’t require more regularity than

loc

parabolic Sobolev space W
that in this paper.
We are concerned here only with the solution ¢’ which agrees with the stochastic representation

t

ir[}f EY /r,ﬁiws(XS,Us)dS‘f"Po(Xt) —ot
0

of (x)

t
~T N _
= EZ /Tﬁ}LHrS (Xs,vgft%»s(Xs)) ds + QDO(Xt) - Qt Vt € [OvT] ’ (410)
0

and in general, for any [t1,1s] € [0, T,

to—1t1

AT . _
o) = B | [ g (X0 () ds (Xt | — 2t = 1),
0

We also consider the following variation of (4.9):
O (2) = a"(2)0i0] (x) + H(x, Vi (2)) + F(x,97_) — ¢ (0), g (x) = po(2). (4.11)

It is straightforward to show that 9, is also a measurable selector from the minimizer of the Hamiltonian
in (4.11), and that ¢ and 7 are related by

t

() = w?<x>—@t+/w3<o>ds, (t.z) € [0,T] x R%.
0

We have in particular that

i (@) =97 (0) = ¥/ (x) =¥/ (0),  (t,z) € [0,T] x R". (4.12)

Conversely, if ¢ is a solution of (4.9), then one obtains a corresponding solution of (4.11) that takes the
form [2, Lemma 4.4]:

VT (@) = cpf(x)—/es—t ST(O)ds+a(1—et),  (tz)€[0,T] x RL., (4.13)

We refer to (4.9), and (4.11) as the wvalue iteration (VI), and relative value iteration (RVI) equations,
respectively.
The following technique is rather standard. For n € P(R%) and v € tgy we define

F(n,p) = /F(m,,u)n(dx), and rg(n,v) = /F(m,v(m))n(dx)
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for n € P(R?). We consider X in (2.1) under the following Markov controls: 9, which a measurable selector
from the minimizer in (4.9), and the stationary control v which corresponds to (4.8). Applying (4.10) and

integrating with respect to fi¢ and fi, respectively, we obtain

o (pr) = [ (P 00) + (5 a0) — e) dt + 7 (vo)

iler) < [ (F(,0) + F(i,2f) — @) dt + i) -

St~ T

Repeating this with terminal cost V, and using (4.8), we obtain

a(V)y = [ (*(,0) + F(, ) — o) dt + (V) ,

e (V) < [ (F@F,00) + FF, m) — 0) dt + i (V).

Oty T

Adding together (4.14)—(4.16) and subtracting (4.15)—(4.17) we obtain

[5Gt mat < G -k - V) - (@ - e~ V).

Define

In complete analogy to (4.18) we have

ta

/ FE_ L @)ds < Dplts) ~Tr(h), 6 <t

ty

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

Remark 4.1. We often use in the proofs the following fact: if f;, hy: R? — R and g: R — R are such
that sup;>q [[filly < oo, [lglly < oo, and hi(z) = Eg[fg fs(Xs)ds + g(X;)], then it holds that

SUp;~g || (2) — he(0)|ly < oco. Indeed, by (4.6) we have

() — / () ds —u<g>] < ( +v<x>>( / Mo e[ fully ds + ||9||v> ,
0 0
so that

|hi(x) — he(0)]

IN

2+ V() + V(0)) ( [Moe s ds 4o ||9|v)
0

< (24 + V() (22 sup il + e gl )
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We start with the following result:

Theorem 4.2. Let Assumptions 4.1-4.2 hold. Then, for all X\ € [0,1), we have

T
1
/ﬁtTdt —— @ in PR?).
T— o0
AT

(1-XNT
Moreover,
T
sup /?(ﬁﬁﬂ)dt < 0.
T>0
Proof. Let
t
9 (x) = EgT [/ Tk (Xsaf)%—ws(Xs)) ds + V(Xt>:| —ot,
0
t
gl(z) == E? [/ AT, (X5, 0(Xs)) ds + goo(Xt)] —ot.
0
Since

gtT(x) - ‘7(95) = EZ |:/(F<X57ﬁ%t+s) - F(X, ﬁ)) ds + @o(X¢) — V(Xt)} )

it follows by (4.6) and Remark 4.1 that

sup sup ||g () — V(@) — g/ (0) = V(0)[|,, < o.
T>0 te 0,7

Therefore, for some constant C, we have |(#-_, — 1)(gf — V)| < C for all t € [0,7] and T > 0. Hence,
by (4.3), we have

r_i(of) = iy (3f) + 1lgE — V) + (7 — ) (w0 — V)

> np (@) + 00— (gi — V) —C+ (fir — i) (g0 — V)

for all t € [0,T] and T > 0. By suboptimality g7 >V and g} > ¢I. Also
A — = C & N —
(it — ) (po = V)| < 2£ + llvo = Vv (lo(V) + 2(V)) -

Hence, for some constant C’ we obtain

0 < fp_y(g V) < C,
(4.20)
0 < ir (g —¢t) <C
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forallt € [0,7] and T' > 0. By the first equation in (4.20), and since = (V), h (o), and fOT (F(L%O (Xy¢), ji)—
F(g, ﬁ)) dt are bounded uniformly in T > 0, using a triangle inequality we obtain

T
/ (F(a/, i) — F(jr, ) dt' <"

sup
T>0

for some constant C”. Similarly from the second equation, using the same constant C”, without loss of
generality, we have

sup | [ (i)~ Pl )| < .
T>0 0

The second assertion of the theorem follows from these bounds.
From the first inequality in (4.20) we obtain 0 < ﬁ(TlfA)T(ng — V) < C for all X € [0,1]. Therefore, we
have

1 ~T

T 77(717>\)T(9>\T) o 0 VA e (0,1]. (4.21)
Let
AT
1 (dx,du) = ALT/ﬁ(Tl_A)ﬂS(dx)@@(Tl_A)TH(du|x)ds, e (0,1],
0

and 7 := [t ® 0. Since 7(rz) = o, and write (4.21) as

o
v

(ﬁ;(dx, du) — ﬁ(dx,du)) ra(z,u) = 0.
— 00

R xU

Since {®1, T > 0} is tight, any limit point of &1 as T — oo is an element of § [3, Lemma 3.4.6]. Let

7 — #* € G. Then

7*(rg) = w(rp), and since by Assumption 4.1(iv) the set A(f) is a singleton it follows that 7* = 7 which,

{T,} be any sequence, and select a subsequence also denoted as {7, } along which 7t
in turn, implies the first assertion in the theorem. O
We also have the following simple lemma concerning the growth of ¢! (0) in ¢.

Lemma 4.2. Let Assumptions 4.1-4.2 hold. Then there exists a constant Coy > 0 which depends only on g
and L(Xo), such that

lof (0) — @i (0)] < Co(1+7) forallt €[0,T], T €[0,¢], and T > 0.
Proof. By Assumptions 4.1 and 4.2, there is a constant C' depending only on ¢y and £(Xj), such that
EY [rapr (X, Us)| < C

forall t € [0,T], s >0, U € 4, and T > 0. Therefore, we have
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t—7

inf EY U T (X, Us)ds + gao(XtT)}

Nr—t+r+s

lof - (0) =l (0)] =
0

t
_ir[}f EO |:/7'77 XS,U )ds-i—gDo(Xt)”
0

IN

sup EY [/ oz o (X, Us)[ds + |o(Xe—r) — ch(Xt)|]

IN

Ct+2[lpolly (& +eV(0)). O
4.8. Convergence of the RVI

Theorem 4.2 shows that /7 converges to fi in a time average sense. We wish to show that 1)1 converges
to V — g as T — oo. It is evident by (4.12) that this cannot happen unless @1, — ¢1.(0) is at least locally
bounded, uniformly in T" > 0. We state this necessary condition for convergence as a property.

Property 4.1. Define B; = ] — ¢l (0). Suppose that fio(V) < k1 and |¢olly < k2, where V is as in
Assumption 4.2. Then there exists a constant Cy = C’l(m, ko) such that

sup sup H(pt Hv < (.
T>0 t€[0,T]

It is unclear if Assumption 4.2 suffices to establish Property 4.1. Instead of imposing additional assump-
tions on F', we choose instead to show that this property is satisfied for a large class of controlled diffusions,
and then assume only Property 4.1 in the statement of the main results.

We introduce the following notation: for z, z in R? define

Ab(z,u) = bz + z,u) — blx,u),
Ayo(z) = oz + 2) —o(z),
a(x;2) = Ao(x)Ae’ (z).

Definition 4.2. We say that the controlled diffusion in (2.1) is asymptotically flat if the following hold:

(a) The diffusion matrix o is Lipschitz continuous.
(b) There exist a symmetric positive definite matrix @ and a constant r > 0 such that for z,z € R?, with
z # 0, and u € U, it holds that

|Az0T(2)Qz/?

T —_
200" (z,u)Qz 70:

+ trace(@(z; 2)Q) < —rlz|?.

A standard model of asymptotically flat diffusions is given by U = [0, 1]¢, b(z,u) = Bz + Du, where B, D
are constant d X d matrices and B is Hurwitz (i.e., its eigenvalues have negative real parts). Note also that if
o is constant, then asymptotic flatness amounts to the requirement that (b(z + z,u) — b(z,u), Qz) < —r|z|2.
Nevertheless, the class of asymptotically flat diffusions is significantly richer than models with stable linear
drifts. Asymptotically flat diffusions satisfy an “incremental stability” property. For recent work along similar
directions see [10,41].

We quote the following result [3, Lemmas 7.3.4 and 7.3.6].
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Lemma 4.3. Suppose that the diffusion in (2.1) is asymptotically flat, and let X7 be the solution with initial
condition Xo = x, corresponding to an admissible relaxed control U. Then there exist constants ¢y > 0 and
¢1 > 0, which do not depend on U, such that

EY |X7 — X}| < éoe @ z—y| Vaz,yeR% (4.22)
Moreover there exists a nonnegative, inf-compact V € C2(R?) satisfying (4.4), and such that

V()

1+ ‘l’|p0 || =00

(4.23)

for some pg > 1.

Let Lip(f) denote a Lipschitz constant for a function f, which is assumed Lipschitz. We often use the fact
that for an asymptotically flat diffusion, if g;(z) = EV[f(X;], then Lip(g;) < éoe~ ! Lip(f) for all U € §L.
We have the following lemma:

Lemma 4.4. Let Assumptions 4.1 and 4.2 hold, and suppose that the diffusion is asymptotically flat,
fo(V) < oo, and pg € C2(RY) is Lipschitz. We also assume that (-, u) is Lipschitz uniformly in u € U,
and that Assumption 4.2(i) holds for a constant My which is independent of R. Then there exists a con-
stant C} which depends only on fio(V) and Lip(po) such that

Lip(¢f) < C7  Vte[0,T], VT >0.
In particular,

sup sup |||, < €7,
>0 t€[0,T)

and thus Property 4.1 holds.

Proof. We fix some compact set Ko C P;(R%) of initial distributions that contains ji, and satisfies
SUpP e, #(V) < oo. The initial distribution 7y is assumed to lie in the set Ky. The corresponding col-
lection P(Ko) := {L](X¢): p € Ko, U e, t >0} is compact in Py(R?) by (4.4) and (4.23). Therefore,
for some constant Cp, it holds that Lip(F(-,u)) < Cp and |F(z,u)] < Co(1 + |z|) for all u € Ko. It is
straightforward to show that, under asymptotic flatness, V' is Lipschitz. Without loss of generality, we let
Cy be also a Lipschitz constant for g, V, and #(-,u) as well.

By Lemma 4.3, we have

t

iI(}f ]ExU {/ AT, (Xs,Ug)ds + <PO(Xt)}
0

ol (z) — of ()]

¢
— ir[}f EyU {/ Tt .. (X5, Us)ds + @O(Xt)] ‘

IA

—t

0
t
U T
sgp E {/Vﬁ?ﬂs (X3, Us) =y +S(Xsy, Us)} ds]
0

+sup EY [|900(X§”) - @o(Xty)”
U
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< QC'of—O | —y| + éolz — y| for all z,y € R, t € [0,T], and T > 0.
C1
This completes the proof. O

Remark 4.2. Even though 7 and F' have been assumed Lipschitz in x, running costs with higher growth in
x can be treated, depending on the diffusion matrix. In particular, if the diffusion matrix is constant, then
(4.22) can be replaced by

EV |x7 - x|

< épe M — y)? Vo, y € Re.
Thus, in this case, the results of Lemma 4.4 can be extended to include running costs with up to quadratic
growth.

As mentioned earlier, Property 4.1, which is implied by asymptotic flatness, together with Assumption 4.2
are sufficient to prove convergence. So in the statement of the main results we use Property 4.1 in lieu of
asymptotic flatness.

Since (1 — i) (¢F — V) = (A8 — 1) (@% — V), it is evident that if Property 4.1 holds, then the right hand
side of (4.18) is bounded uniformly in 7" > 0. Therefore, by (4.19), we have the following.

Corollary 4.1. Let Assumptions /.1-4.2 and Property 4.1 hold, and suppose that ¢y € C*(R?) N Cy(RY) and
No(V) < 0o. Then there exists a constant Cy such that

In particular, t — I'r(t) is nondecreasing and bounded on t € [0,T| uniformly in T > 0.
We are now ready to state the main results.

Theorem 4.3. Let Assumptions /.1-4.2 and Property 4.1 hold. Also suppose that fo(V) < 0o and o €
C?(RY) N Cy(R?). Then for any X € (0,1), and to > 0 we have

sup Wl(ﬁfot,/j) — 0. (4.24)
te[0,to] T— o0
Moreover,
sup |oxr—¢ = ¥ir—e(0) = V|, —=— 0, (4.25)
te(0,to] 0
and
T T
sup |¢5r(0) = ¢Er_y(0)] —— 0. (4.26)
te[0,to] 00

Proof. Let ¢ € (0,2 min(\,1 — \)), and 7 > 0. Consider the interval [(1 — &)T — 7,7 and let Zy be the
collection of consecutive closed intervals [(1 —¢)T, (1 —e)T +27], [(1 —€)T +27,(1 —&)T +47],... contained
in it. Let T,, — oo be any sequence. By Corollary 4.1 there exists a sequence [t,, — T, t, + 7] € Zr, such that
I'r (tn+7)—1I7, (t, —7) — 0asn— oco.

Property 4.1 together with Lemma 4.2 imply that (s, z) — ¢f, ,(z) — ¢f (0) is bounded on compact sets
of Ry x R? uniformly in 7' > 0 and ¢t € [0,7]. By well known interior estimates of parabolic equations,



A. Arapostathis et al. / J. Math. Pures Appl. 107 (2017) 205-251 233

this means that the maps (s,z) — @7, (z) — ¢f (0) are locally Holder equicontinuous on compact sets of
(1,00) x R%. Therefore, (t,z) <ptT" (x) — @Z:j (0) is equicontinuous on [t, — T,t, + 7]. At the same time,
by Lemma 4.1, the laws {ﬁ%:—tn-i-s ,
along a subsequence, also denoted as {7}, }, we define

s € [-7,7]} are precompact in [—7, 7] x P;(R?). Passing to the limit

pp == lim (‘PtTf;rth - gptT:/ (0)), and #; = nh_)rr;o ﬁ%:—tn—ﬂrtv t €0,27]. (4.27)

n—oo

Let @} := ¢; — ¢f(0). By Property 4.1 and Lemma 4.2 we have

sup |leflly < Ch + C_'O(l +7), and sup |Zilly < C. (4.28)
t € [0,27] t €[0,27]

It is evident that {7, t € [0,27]} is a MFG solution for the finite horizon problem on [0, 27] with initial
law 75 and terminal cost ¢f. Therefore,

t
ite) = gut BY| [y (XU ds 500 - o,
0

Let ©* be a Markov control that realizes this infimum, i.e., 9* is the a.e. unique minimizer from the Hamil-
tonian of the associated HJB. By suboptimality we have

pi(z) < B2 [ [z (Xe0x) dswaxt)] ~ ot (4.290)
0

V(z) < E? [/ ra(Xs, 05(Xs)) ds+V(Xt)] — ot (4.29b)

for ¢ € [0, 7). Since Ir, (¢, +7) — I'p, (t, —7) — 0 as n — oo along the subsequence, taking limits we have

(o — 1) (o, = V) = (M2, — ) = V) = 0. (4.30)

Thus
27
[ st mas = o (4.31)
0

by (4.18). However, since i and 7 have strictly positive density, then (4.30)—(4.31) imply that (4.29a) and
(4.29b) must hold with equality. By a.e. uniqueness of the minimizer in the Hamiltonian, we must have
?* = v a.e. in [0,27] x R% Recall that P?(x,-) denotes the transition probability of the process X in (2.1)
under the control v. Thus, by (4.6) we have

() = /ﬁ;;(dy)Pf(y,-), te0,27],
Rd

and using (4.6) and (4.28) we obtain

IA

(7 — ) (w5 = V)| < Moe |5 — V|, (1 +75(1))

Mo(Cr+IVIv) (14 L +a(V)) e, te(0,27]. (4.32)

A
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Note also that by the Kantorovich duality theorem, we have the estimate

Waliii,fi) < Moe ' (1+5(V)) sup 55, ¢ € [0.27]. (4.33)
€

We claim that * = ¥ a.e. in [0,27] x R? also implies that

Ei @ =V, — o, (4.34)
4 2
and
sup |} (0) — @7 (0)] —— 0. (4.35)
te (3% e

To prove the claim, we estimate ¢} by

vi () — 95(0) = Ej Ut%‘”“ (Xs,v(Xs))der@S(Xt)} —ot

= EY {/tm(xs,@(xs)) ds +V(Xy) — @t}
0

=

8 <l
o .

/N

!

X5 ras) — F(XS,;])) ds + (X)) — V(X)) - (4.36)

The first term in (4.36) equals V(z). We use the estimate

B [75(X:) = V(X)) — (@5 — V)| <

-V, (1+V(2)), (4.37)

which holds by (4.6). Similarly, with F,(z) := F(z,u) — F(z, i), we have

t t
‘E |:/F 3 HS( S)d5:| _/ﬂ(ﬁ‘ﬁéfqﬂ)ds
0 0

t

< M1+ V@) [ e

0

pds. (4.38)

Let
t
¢(t) = p(@s—V) +/ﬁ(ﬁﬁ;_t+s)d8~
0

We evaluate ¢} (x) — ¢5(0) in (4.36) first at = and then at = 0, using also (4.37)—(4.38) to form a triangle
inequality, as well as the fact that V(0) = 0, to obtain

Bi (@) = V()| < |¢i(@) = 95(0) = V(2)

£(0) = 5(0) = V(0) = ¢(t)|

t
< Mo(24V(z) +V(0)) (e— -V, + /e—75||ﬁﬁ;m+s Vds) . (439
0

By Assumption 4.2(iii), which holds with p = 1, and (4.33) we have
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sup HFn — 0. (4.40)

t € [7/2,27] T

Therefore (4.34) follows by (4.39)—(4.40). Using (4.36) once more, we obtain

t—7/a

40— 0] < a5 -7)+ [ Ay, )
0

t—7/a

#2140 (= V4 [ By,
0

y ds) (4.41)

for t > 7/4. The first term in (4.41) vanishes as 7 — oo by (4.34), and the same holds for the integrals
by (4.40). This proves (4.35).

Repeating the same argument on the interval [0,eT], we obtain the analogous to (4.32). Combining the
two, and using the fact that I'r((1 —e)T) — I'r(eT) = 0 as T — oo, and I'p(t) — Ip(¢) > 0 for ¢ > ¢/, we
deduce that

sup Ip(A\T) —— 0. (4.42)
A€ [e,1—¢] T—oo0

Let € > 0 be given. By (4.32) and (4.39)—(4.40) we can select 7o such that, if 7 > 7y then any limits p*
and 7* as defined in (4.27) satisfy
* —% %, é
i, e (Wit ). ¢ (0) = x| [[27 = V,,) < = (4.43)
ERn

Next, we select any interval of the form AT — 7, AT + 7] C [eT, (1 — &)T], T > 70. Given any sequence
T, — 0, we can take limits along some subsequence T,, — oo by (4.42), as done earlier, and define

of == lim (gpf’fniTH @f%TL(O)) 7y = lim 7]( Y — t €[0,27].

n—oo n—oo

Therefore, P} = limy, 0 @f%n_T Tt Since convergence is uniform on [0, 27], there exists ng € N, such that

_ g
Sup —max (Wl (7, N T—rst) |97 = ‘Pz%nfwrt”v) <5 Vn=no. (4.44)

t €10,27]

Since

07 (0) — @i(0) = lim (o35 ., (0) = @35 (0)),

n—oo

the result clearly follows by (4.43)—(4.44), and a standard triangle inequality. O
Convergence of the (RVI) is asserted in the following theorem:

Theorem 4.4. Under the assumptions of Theorem 4.3, it holds that

ir(z) = V(z)+al|, —— 0 (4.45)

T—o0

for all A € (0,1).
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Proof. We write (4.13) as

AT
Whr@) = Frle) = [T (G0 - Fr0) ds+ e T + 50 -eT) (a0
0

for (t,x) € [0,7] x R%. We expand the integral as

AT —tg AT
R0 ) s+ [ @ (A0~ plr(0) ds
0 AT —tg

for ty > 0. The first integral has a bound xe~% for some constant x by Lemma 4.2, while second integral

vanishes as T' — oo by (4.26). Since to > 0 is arbitrary, (4.45) follows by (4.25) and (4.46). O

Remark 4.3. The result of Theorem 4.4 can be improved to assert that convergence is uniform on
[T, (1 — )T, or in other words that for any e € (0,1/2) we have

T _ ‘7 +0 — 0.
,\e[S;l(Il)_e)} [¥Ar(2) (@) +elly T—o00

The same applies to the convergence in (4.24)—(4.26). To establish this one may follow the argument in the
proof of Theorem 4.3. First, under the hypotheses, the map

T : Pp(RY) x (C2(RY) NCy(RY)) — C([0,27], Pp(RY))

which determines the MFG solution for the finite horizon problem on an interval [0,27] from an initial
distribution 7 € P,(R?) and a terminal cost g € C%(R?) N Cy(R?) is continuous in n and g — g(0). Since
AL lives in some compact set K of P,(R%) and @/ lives in some compact set G of C2(R?) N Cy,(R?) for all
t € [0,7] and T > 0, then by the uniform continuity of the map 7 on X x G, it is evident from the proof of
Theorem 4.3 that the convergence in (4.24)—(4.26) is uniform in A € [T, (1 —&)T.

Remark 4.4. As shown in [13], under the hypothesis || F'(z, u) — F(z, i) [|cr+o < Ol — || g1, convergence
is exponential in T for the problem on the d-dimensional torus T. For the model addressed in this paper,
it would be interesting to investigate whether strengthening Assumption 4.2(ii) and (iii) to |F(x,u) —
F(z',1)/)| < C(Jz — 2’| + Wy(p, pt')) is sufficient to guarantee exponential convergence.

5. Limits of IN-player games

In this section we consider certain classes of N player games, and show that as N — oo, the limiting value
function and invariant probability measure solve mean field games. As earlier, we consider a probability space
(€2,F,P) on which we are given N independent d-dimensional standard Brownian motions {W1, ... W}
with respect to a complete filtration {F¥}. The initial conditions {X¢} are assumed to be independent of
these Brownian motions. The control for the ith player lives in a compact, metrizable control set U’. The
set of all admissible controls is denoted by $1" and contains paths (UL, ..., UN), satisfying the following:
{Ui(w), 1 < i < N}, is jointly measurable in (t,w) € [0,00) x ©, takes values in U! x --- x UY, and
Ut is adapted to the Brownian motion Wt for 1 < i < N. Therefore the game under consideration is
non-cooperative. We note that the controls in £ satisfy the non-anticipativity condition. We consider the
collection of controlled diffusions
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dX; = b(X[,U})dt +o'(X})dW}, 1<i<N. (5.1)

We assume that b°, o°, 1 < i < N, satisfy conditions (A1)—(A3) possibly for different constants Cy, Cg.
Therefore, for any admissible control UY = (U',...,UN) e &, (5.1) has a unique strong solution for
every deterministic initial condition. It might be convenient to think of this system of diffusions as a single
controlled diffusion with state space RV%. The cost functions

r: R x U x P(RY) = Ry,

are assumed to be continuous and for all p, r is locally Lipschitz in the variable x uniformly in v € U.
We extend the action space to the relaxed control framework, and assume that the admissible control takes
values in P(U) x - x P(UN). Let Usy = Uy, x -+ x U\, where Uiy, denotes the set of measurable
maps v': R? — P(U?). We endow gy with the product topology; therefore lgy forms a compact space.
By Mssv we denote the set of all stable stationary Markov controls in $gy;. The cost function for the i-th
player is given by

T
‘ 1 i a1
JYUN) = limsup 7 Ea [/r (Xg,U;, mz(sxtj) dt} (5.2)
0

T— vy
o j#i

From (2.4) it is easy to see that for all 27,97 € R?, 1 < j < N — 1, we have

N 1 -1 N-1
dP(mZ(sm’N—lzéw) < Z|$]*yj|~
J=1 7j=1 Jj=1
Therefore, defining ¥ : RV? x U — R, by
. . . P 1
i1 N — .
Pat, . ut) = T’(xl,u’,ﬁgéx_;>,
JF

it follows that #* is continuous in RV uniformly in u* € U’. Hence we can redefine the ergodic criterion in
(5.2) as

T—o0

T
. 1 . .
JHUYN) = limsup 7 Ea U%Z(X},...,XgV,Ug)dt}
0
By 4/, 1 < i < N, we denote the set of all jointly measurable functions U’: [0,00) x Q@ — U’ that are
adapted to W°.
5.1. FExistence of Nash equilibria

Definition 5.1. A strategy U = (U',...,UY) € UV is called a Nash equilibrium for the N-player game if
for every i € {1,...,N} and U’ € 4, we have

JUU) < JYUY,..., UL 0L U UY)  for almost for all initial points z .

Remark 5.1. The above definition of Nash equilibrium is the one used in [5,18,40]. In [20] such equilibria
are referred to as local Nash equilibria. In the terminology of [20], &V is the set of all narrow strategies.
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Let a‘(z) := £0%(z)o’(z)T. We define the family of operators L¥: C*(R?) — C(R?), where u € U’ plays
the role of a parameter, by

LY f(x) = trace(a’(z) V2f(2)) + b (z,u) - Vf(z), uel.

Therefore, LY is the controlled extended generator of the i-th process in (5.1). We define §% and H* similar
to (2.11) and (2.12) relative to the operator LY. We assume the following.

Assumption 5.1.

(i) For 1 <1i < N, there exist an inf-compact V* € C?(R%), an inf-compact, locally Lipschitz h?, such that
for some positive constants ¥4, and v} we have

LV (z) < v —vihi(x) for all u € U". (5.3)
Moreover, for any compact K C P(R?) with respect to the metric dp, we have

sup  r'(-,u,v) € o(hY).
uels, vekl

(ii) There exist non-negative locally Lipschitz functions g* € o(h?), 1 < i < N, and ¢° € o(min; h?),
satisfying

ot N ut) < go(ml)—l——Zg](xJ) for all u' € U*.

There are quite a few cost functions considered in the literature that satisfy Assumption 5.1(ii).

Example 5.1. Consider ¢°: R x U — R4, g': R — R, such that sup,cy: ¢°(-, u) and g' are in o(min; h?),
and define

ri(z,u,p) = g%z, u) + /91 dp.
Note that these running cost functions satisfy Assumption 5.1(ii).

We first show that, under Assumption 5.1, there exists a Nash equilibrium in the sense of Definition (5.1).
First, we need to introduce some additional notation. Let

9N = 91><...><9N7 and j—cN = j‘(:lX"'Xg'CN.

By (5.3) the sets G¢, H?, 1 < i < N, are compact, and as a result, GY and HY are convex and compact.
For p = (pt,...,;N) € HY we define

%L(x,u) = / fi(:cl,...,:z:ifl,:c,a:iJrl,...,xN,u)Huj(dxj), 1<i<N. (5.4)
R x..- xR i

Using Assumption 5.1 and the dominated convergence theorem, we deduce that %L R? x U' — Ry, is a
continuous function.
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Assumption 5.2. For all i € {1,...,N} and pu € K™, the function %L is locally Lipschitz in the variable x

uniformly with respect to u € U? and p € KN,

Example 5.2. Let F': P(R?) — R, be a bounded, locally Lipschitz function (with respect to the metric dp).
Consider maps 7;: R? x U — R, i = 1,2, having the property that r; is locally Lipschitz in first variable
uniformly with respect to the second. Define

ra,u ) = ra(u) + ro(a,u) Fp)
It is easy to see that for this running cost, Assumption 5.2 is met.

Example 5.3. Let ¢, ¢1: R? — R be symmetric, locally Lipschitz functions with the property that

lp(x) —eW)| < le1(@)+ 1) |z —y|  forall z,y € RY,
and ¢, ¢1 € o(h). Define
ravun) = [ ooy n(dy).
Rd

Assumption 5.2 is met for this running cost.

By Assumption 5.1(ii), we have sup,:cy: 7, (-, ) € o(h?) for all i € {1,...,N}, and all pu € HN. Since
sup,,eqcs [ ' dp’ < oo for all i by (5.3), we obtain that

sup sup fL(~,ﬂ) € o(h%) forallie{l,...,N}. (5.5)
peHN uicli

Next we treat fL as a running cost, and define the ergodic control problem for p € HY as

T
@L ;= inf limsup — E[/ (X, UD) dt} 1<i<N. (5.6)
Uied' T o0
0

For every p € H, there exists a unique Vli € C2(R%), 1 <i < N, satisfying (see [3, Theorem 3.7.12])

né%; [LiVi(z) + 7 (z,u0)] = 6, Vi(0) =0, Vi e o(V). (5.7)
s

As we have discussed earlier in (3.2), any measurable selector of (5.7) is an optimal Markov control for (5.6)
and vice-versa. We define
A(p) = {rn= (n',...,7N)egV : n =u, ®v', and v € Uiy,
is a measurable selector satisfying (5.7) for all Z} ,

A(p) - {V:(ul,...,yN)ef}CN: el . vV @) e A(p)

for some v = (v!,...,0") € LISSM}.

It is easy to find the analogy of the above maps with A and A* defined in Section 3. The following theorem
establishes the existence of a Nash equilibrium for the N-person game.
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Theorem 5.1. Let Assumptions 5.1 and 5.2 hold. Then there exists p € HN satisfying

poe Ap). (5.8)
In particular, there exists a stable Markov controlv = (v!,... v"V) € Ussm such that, for alli € {1,..., N},
we have

QL = Ji(v) < Ji@,. . 0 U0 oY) for all U* e Y| (5.9)

Proof. The main idea of the proof is to use the Kakutani-Fan—Glicksberg fixed point theorem as we have
done in the proof of Theorem 3.2. Consider the convex, compact set KN . Since the product of Hausdorft
locally convex spaces is again a Hausdorff locally convex space, it follows that HY is a non-empty, convex,
compact subset of M(RY) x --- x M(R?). Following an argument similar to Lemma 3.1 we deduce that
A" () is non-empty, convex and compact for all p € HY . Let n,, — pasn — oo. Using the non-degeneracy
of a®, 1 < i < N, we can improve this to convergence under the total variation norm ([3, Lemma 3.2.5]).
Therefore using (5.5) together with an argument similar to the proofs of Lemmas 3.2-3.4 we obtain that
w— A" (p) is upper-hemicontinuous. Hence we can apply the Kakutani-Fan—Glicksberg fixed point theorem
3, Corollary 17.55] to obtain a pu € H satisfying u € A*(p). This proves (5.8).

By the definition of an ergodic occupation measure, we can find v = (v!,...,v"V) € Uggy such that for
p=(ut,...,pu) we have

(wrev,.. . pNeol) € Au). (5.10)

In particular, x* the unique invariant probability measure of (5.1) associated to the stationary Markov
control v¢. Without loss of generality we fix i = 1. To show (5.9) we consider U' € 8. Define the occupation
measure £7 on R% x U x RWV=14 a5 follows:

T

1 N .

tEr(Ax BxC) := TE[/]leBXc(Xg,Ug,XE,...,XtN)dt , T>0, (5.11)
0

for A € B(R?), B € B(U'), C € B(RW=Y4) where (X*,U") solves (5.1) for i = 1, and X7, j > 1, are
the solutions to (5.1) under the Markov control v7. Using Assumption 5.1, we deduce that {7, T > 0}
is a tight family of probability measures. By weak convergence, we have E[f(X*(T))] — p'(f), i > 2,
as T — oo, for any bounded continuous function f: R? — R. Hence using the independence property of
(xtuh, X2 ... ,X'N) and the definition in (5.11), we can easily show that as T' — oo, the limit points of
&1 as T — oo belong to the set

{mt xp?x - xpN o megl}).
For above to hold we also use the fact that the collection
{g(xl,u) . f2(x2) e fN(a:N) g€ Cb(Rd xU), f'e Cb(Rd)}

determines the probability measures on R? x U x (R%)V~!. By lower-semicontinuity we have

JYUL 2, 0N > %}L(x,u)dnl

R4 x U

for some n! € G1. Hence using (5.10) and [3, Theorem 3.7.12] we obtain
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R4 xU?

To complete the proof we observe that (X LI ,X N is a strong Markov process with invariant probability
measure ' x --- x pV. Therefore, by Birkhoff’s ergodic theorem, we have

T—o0

T
1 N N .
J', . oY) = 5, = limsup TIE[/%l(th,...,XgV,vl(Xl))dt .o
0

5.2. Limits of symmetric Nash equilibria

We now let the number of players N tend to infinity, assuming that all the players are identical. Hence,
for the rest of this section we assume that

U'=U, b=b o=o0, r'=r, V=V, hi=h foralie{l,...,N}.

A similar argument as in the proof of Theorem 5.1 provides us with a Nash equilibrium of the form
v =(v,...,v) and g = (@, ..., ), where p is the unique invariant probability measure corresponding to
the Markov control v, and v is a measurable selector of (5.7) (compare this with [40, Theorem 2.2]). These
equilibria are known as the symmetric Nash equilibria.

Remark 5.2. Any (Markovian) Nash equilibrium for the N-player game is related to a fixed point of the map
A*(-). To elaborate consider any tuple (v!,...,vY) € ﬂéVSM that corresponds to a Nash equilibrium. Let

p = (u',...,u") be the corresponding invariant measures. Solve equations (5.6)—(5.7) with above choice
of pu. Since (v!,...,v"V) is a Nash equilibrium, it follows that v is an optimal Markov control in (5.6). Thus

pe A ()

Remark 5.3. Assumption 5.2 is not very crucial for Theorem 5.1. If ?L is only continuous, then the value
function V. is in W12O’€ (R4), p > 1 instead of C2(R?), but the conclusion of Theorem 5.1 still holds.

In the rest of this section we discuss the convergence of the N-person game as N tends to infinity. In
what follows we work with Wasserstein metric instead of the metric of weak convergence. We also need some
additional regularity assumptions on r, which are as follows.

Assumption 5.3. The following hold:
(i) There exists an inf-compact V € C%(R%), such that for some positive constants 3,4,
L"V(z) < w4 — 73]z, for allu € U, and ¢ > 1, (5.12)
and for any compact K C P(R?), with respect to the metric Wy, ¢ € [1, q), we have

sup r(,u,v) € o(|z]?).
uelU,vek

Moreover, there exists non-negative locally Lipschitz functions g° € o(|z|?) and g' € o(|z|?) satisfying

N N
1 1 .
7“(33’ U N JEZl 5yj> < ¢%(z) + N jil gt () forallu € U, and N > 1. (5.13)
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Also
| X N
(z,u) — fﬁ(a:,u) = /r(x,u,ﬁz%j) H,uj(dyj) (5.14)
Riva j=1 j=1

is continuous, and locally Lipschitz in x (the Lipschitz constant might depend on N) uniformly in wu,
for all u = (pt,...,uN) e HN.
(ii) For some g € [1,q) we have

1-1/g
r(z,u,v) —r(z,u,v)] < kR (1 +/\y|q’/(dy) +/|y|q_17(dy)) Wy(v, 7) (5.15)
REL Rd

for all |z| < R, u € U, and R > 0. For every (z,u) € R? x U and R > 0, there exists a constant ',
depending on z, u, and R, such that

2

1 1 = 1
r(m,u,ﬁjz_;éyj> —T(x,u,Nl 1 5yj>’ < /@’N Vy' € Bg. (5.16)

J

(iii) U is a convex set and for all R > 0 the following holds: for any 6 € (0,1) there exists kg,g > 0, such
that

b(z,0u+ (1 —0)u') - p+r(x,0u+ (1—0)u,u)
< 0z, u) - p+r(@,u,p)] + (1= 0)b(x, ) - p+r(z,u,p)] — ko,r

for all u,u’ € U, u € P(RY), and |z|, |p| < R.

We note that (5.12) is the uniform stability condition we have used before, and (5.15) is a Lipschitz
property of the function r in the variable . Note also that for ¢ € [1,q), u — r(z,u, u) is locally Lipschitz
uniformly with respect to (z,u) in compact subsets of R x U. Assumption 5.3(iii) is a strict convexity
condition that we need in order to resolve the issue of non-uniqueness of the optimal control. Running costs
considered in [5,18,40] do satisfy this condition.

Example 5.4. Let 7(z,u, ) = R(z,u,((z, 1)) where R: R? x U x R is a continuous function and for every
compact K C R? there exists constant yx satisfying

|R(z,u,z) — R(y,u,z1)| < vk (Jlz —y|+ |z —21]) for all z, z1 € R, and (z,y) € K x K. (5.17)
Also suppose that for some gg € o(]z|?) we have
R(z,u,z) < go(z) + k2] Ve eR?Y, zeR,

for some constant £ > 0, and that for some ¢ € [1,¢q) we have
C(a,p) = /Ifc—yl‘jdu-
Rd

Since a? — b7 < g (a7t +b771)|a—b| for all a,b > 0 and g > 1, then, for any v € P(R? x R?) with marginals
v, 1, it holds that
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C(,v) =z, 0) < q /1OM?J+WW”NI*yh@de

R4 xR
< n( / <1+x|Q+|y|q>w<dx,dy>) ( / |x—y|qv<dx,dy>) .
R4 xR4 Rd xRd

Since -y is arbitrary, using (5.17), we deduce that r satisfies (5.15). One can also show that (5.14) and (5.16)
are also satisfied.

Similar to (5.4) we define for p = (uk;,..., ) € HV,

Theorem 5.2. Let Assumption 5.5 hold. Let p = (uk,...,uN) be such that for g% € R, Vi, € C*(R%),
1 <i< N, we have

min [LVi (@) + 75N (@,0)] = DVVE@) + 75 (o) = B, VEO)=0, Vi €o(V), (1)

/L”?vf(x) piv(dz) = 0 forall f€C3RY), 1<i<N. (5.19)
Rd

Then the following hold:

(a) {(8%, Vi, 1iy) }in is relatively compact in R x WP (RY) x (Pg(RY), Wy) for any 1 < p < oo;

loc

(b) sup; ; (Joky — §§V| + Vi — Vj\i]‘”WQvP(K) + Wy, ug\,)) — 0 as N — oo, for all compact subsets K C R?;
(c) any limit point (0,V, ) of {(d}y, Vi, i) }i,n solves

glel[[rjl [LUV(:I;) + r(z,u, /1')] = LUV(Z') +r(z,v, /1') = 0, V(O) =0, Ve U(V) ) (5.20)

0 forall f € C3(RY). (5.21)

/ L7 f(z) pldx)

Rd

We see that (5.20)—(5.21) defines a MFG solution in the sense of Definition 3.2. Theorem 5.2 asserts that
the limits of N-player games are solutions to mean field games. Similar results are also obtained in [18,40]
in the case of a compact state space. One of the key ideas to prove Theorem 5.2 is to use (5.12) to show
that one can consider compact subsets of R¢ to approximate integrals. This is done following the method
in [11, Corollary 5.13]. To accomplish this we introduce the projection map

z ifx € Bg(0),
T(2) = Pale) = < Bnl0)

0 otherwise.
Also define fi% (B) = p&(P~H(B)) for B € B(R?). Then we have the following result.
Lemma 5.1. Let ¢ > 0 be given. Then for any compact set C C R?, there exists R > 0, such that

sup |fﬁ($,u)—fg(x,u)| < e VN >1,
(z,u)eCxU

N

p 18 given by (5.14).

where T
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Proof. We claim that for any z7,97 € R4, 1 < j < N, we have

A Lo\ Ya
Wa(% 2N 8 F XN 0,) < (35800 —l7) (5.22)

Indeed, this can be obtained by choosing v(dz,dy) := % Zjvzl (g sy in (2.5). Using (5.12) we can find a
constant 1 such that

sup /\$|q v(dz) < k1. (5.23)
veXH

Then

‘f’ﬁ'(x,u) rN(x u)f

N LN N
’/ [ (x u, Z(Syj) —r(m,u,NZ(%p(yj))]Hugv (dy?)
j=1 =1

Jj=1

a=1 N

e /( i_v:y 7+ 1B ()| )) q Wq(%Z%h%i%(yﬁ)) ﬁufv(dy])

RN i=1 =1 i=1

HCQ/(

IN

IN

HMZ
Q
+
'B

\_/
=
“;

v

<

%/_\
\
»m
ZI
i Mz
‘i
2=
e
(=%}
b
<
N————
=
T
N——
Q=

IN

“2</ Zly— j)qjl]—_v[luﬁv(dyj)>%

(53 [ W)

=B (0)

IN

1
"3 Ra—4a

V(z,u) € C xU,

for some constants ks, k3, where in the third line we use (5.15), in the fourth line we use the Holder inequality,
(5.22) is used in the fifth line, and in the last line we use (5.23). Choosing R large enough completes the
proof. O

Proof of Theorem 5.2. Since (¢° V g')(z) < ka(1 + |2]|9) we obtain from (5.13) that

N—

N (z,u) < g% 1—|—|x| dply < g%x) + ra(1 + K1), (5.24)

where we also use (5.23). Recall that T, denotes the hitting time to the ball B,(0) and tp is the exit time
from the ball Br(0). From [3, Lemma 3.3.4] and (5.12) we know that sup,cqq.,, Ez[T:] < oo for 7 > 0.
Therefore using Itd’s formula in (5.12) we obtain that for r > 0,
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T-ATR
limsup sup E|V(Xiarn)+ 73 / |thdt] < V(z)+ kg3 (5.25)
R—oo vEMssm 2

for some constant k3. Since V¥ € o(V), for every € > 0, there exists r. satisfying Vi (z) < ke + V().
Therefore, using (5.25) we obtain

limsup sup Ez[]l{md,‘}VJf,(XTR)] < elimsup sup EI[]l{thT}V(XIR)}

R—oo  wEMssm R—oo  wESlssm

< e(V(x) +74)-

Since ¢ is arbitrary, we have limsupg_, o SUpP,egoqy, Ex I:]]'{TR<ir}V]£f(XTR):| = (. Thus applying It&’s lemma
o (5.18) we have

Vii(z) = UeﬁlsfSM]E U (FN (X, v(Xy)) — @jv)dwvje(xfr)} , €B0), r>0. (5.26)
0

A similar argument as in (5.25) gives us

limsup sup EJ [TV(XT +—/|Xt|th] < . (5.27)

T—oo vElgsm

Therefore using (5.27) and the fact that Vi, € o(V) we have imr_, o 7 SUP,eq(ey, Ba[Vi (X1)] = 0. Applying
Dynkin’s theorem to (5.18), and using (5.24) and (5.27), we obtain

T
0
T
< lim %Eﬁv Ugo(Xt)dt] + ko (1 + K1)
0
< Ky

for some constant ry4, independent of i and N. This shows that {g% }; v is relatively compact. By (5.27) and
Proposition 2.1 we see that {u’ }; n is relatively compact in (P;(R?), W;). Next we prove the compactness
of {Vi:}; n. Define

o0

VZ?‘N(J:) = [}rgl]E |:/ —ot %ZN(Xt,Ut)dt .
0

It is shown in [3, Theorem 3.7.12] that V% (z) — V% /(0) are locally bounded in W2P(RY) and converge

loc

to Vi, as a — 0, in w2 P(RY), p> 1. By (5.24) we have that 7 ” N are locally bounded uniformly in N and

loc

i € {1,...,N}. Thus applying [3, Lemma 3.6.3] we obtain that for any R > 0 there exists a constant wg,
independent of 7, N, such that

wR (1 + asup V()f’N) . (5.28)

[Viin () = Viin Oz oy < B

Since g% € o(h), using (5.27) and (5.12) it is easy to see that
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sup aViN(z) < @p
xGBR(O)

for some constant @g. Thus using (5.28) we have [|[Vo%(-) — V% (0)llw2r(Br0) < @r(l+ @r), which

gives
IVillwer(ro)y < @r(1+@r), (5.29)
with @wg, @r do not depending on i, N. Since V% (0) = 0, we have

sup [V (2)| < s
B1(0)

for some constant k5. By [3, Lemma 3.7.2] we have

T1

T sup Ex{/(1+go(Xt))dt] c€o(V).

vEUssM

Thus from (5.24) and (5.26) we obtain that sup,cp,o)|Vi(z)| < kg where kg is independent of i, N.
Therefore using standard elliptic regularity theory in (5.18) we deduce that {V}} is bounded in Wi;g (R9).
This completes the proof of part (a).

Next we prove part (b). Recall the definition of #V from (5.14). Consider the unique solution Wy € C%(R%)

of the equation

min [L*Wy(z) + 7 (z,u)] = Ay, Wn(0)=0, Wy eo(V). (5.30)
ue

For existence and uniqueness of Wy we refer the reader to [3, Theorem 3.7.12]. From (5.18) and (5.30) we
have the following characterizations:

oy = 21161191 / ﬁf;N(x,u)n(dx,du),

R xU
AN = min / N (2, u) n(dz, du) .

neg B
RExU

It is easy to see that 7V satisfies a similar estimate as (5.24) for all 2 and u. Using (5.23)—(5.24) we see
that for any € > 0, we can find R > 0 large enough satisfying

sup / %ZN(:U, u) nt(dx, du) + sup / f‘g(x, uw)n(de,du) < €. (5.31)
nes B (0)xU res B (0)xU

Recall the projection map P = Pr and jily = py o P~1. By Lemma 5.1, for each € > 0, there exists Ry > 0
such that

sup |fu (x,u) ffg(:c,u)i < e,
(z,u)eBRrxU 5 39
S i, N SN (5.32)
up |r“ (z,u) — 75 (a:,u)‘ < e.
(z,u)€ BrxU

It is also easy to see that for any {y’};>1 C Bg, (0) we have
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Sl

N N
1 1 Z 1 Z 1 Z a=1
Wq(ﬁ -;Aéyj?ﬁj 16yj> = {Wl<m ‘75'6yjaﬁj 15yj>] (2R) q
J#i = J7 =

S -
which gives, by (5.15), that

sup |7*’;7N(a:, u) — fg(:r, u)|

r€BR,uclU ®
1 1 Y N
= sup /|:T<$,U,m25yj) —r(m,u,NZ<§yj)] L @ (dy?)

Br,u€U — ;
PEERUEY LN i j=1 j=1

K1
<
< S (5.33)
for some constant k1, which depends on Ry but not on N. Thus combining (5.33) with (5.31) and (5.32)
we obtain sup; ;|o% — An| = 0 as N — co. An argument similar to (5.26) and (5.29) also gives

Tr

Wy(z) = inf E? [/ (fﬁ(Xt,v(Xt))—)\N) dt+ Wy (Xy,)|, r>0,

veUssMm

J (5.34)

Wi llw2r(Bro)) < @1, p €[l 00),

for some constant w; independent of N but might depend on p. Therefore, by (5.26), (5.29) and (5.34), for
every € > 0 we can find r > 0 small enough such that

Viv(z) = Wi (2)| < sup Ej / (72 (X, 0(X0)) = 7 (X, 0(X0)) + Aw = B ) dt‘+s. (5.35)

vEUsSM

Equations (5.32)-(5.33) imply that [#4" (z, u) — 7} (z,u)| = 0 as N — oo uniformly on compact subsets of

R? x U. Since ¢° € o(|z|?), using (5.25) (together with Fatou’s lemma), we obtain

Tr

limsup sup E? {/JLB%(O)(Xt)gO(Xt)dt] =0

R—oo  wvEUssMm

uniformly in x belonging to compact subsets of R%. It follows by (5.35) that

sup ||V — Wil Lo (85) gravndl

As earlier, using (5.34) we can show that {Wy} is bounded in W?(R%), p > 1. Thus {V}, — W} is bounded

loc

in W2P(R%), p > 1, which implies the local compactness of {Vj; — V¥ } in WZP(R?), p > 1, and clearly

‘ loc

Vi = Vi — 0 in W2°(RY) as N — oo. Therefore from (5.18) and (5.30) we obtain

loc
%trace(a(x)VQ(Vﬁ} —Wx)(2) = fi(2),

where f& — 0 in L{ (R?) uniformly in 1 <4 < N. Thus using standard results of elliptic pde we get that
{Vi — Wi} converges to 0 in Wi P(R?), p > 1, uniformly in 1 <4 < N. Hence {V}; — V},} converges to 0

in W?(;S(Rd), p > 1, uniformly in 1 <4,j < N.
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Next we show that sup, ; W, (i, i) — 0 as N — oo. Due to Proposition 2.1 and (5.23) it is enough

to show that sup, ; dp (phy, i) — 0 as N — oo. Let wy be the continuous selector from the minimizer of
(5.30), and f,, be the corresponding invariant measure. We show that

sup  dp(py, pwy) — 0. (5.36)
ie{l,...,N} N—oo

By Assumption 5.3 it follows that u — L*V} () + 7 (z,u) is a strictly convex function. Therefore there
exists a unique continuous measurable selector v : R? — U from the minimizer in (5.18). Also, ul; is the
unique invariant probability measure corresponding to v, by (5.19). We claim that

(x,u) — TVZN (x,u) is equicontinuous on compact subsets of R? x U. (5.37)
To show (5.37) we use continuity of r on R% x U x Pz(R%). We consider the set C x U where C'is a compact
subset of R%. Let ¢ > 0 be given. Then using Lemma 5.1 we can find R > 0 and the projected measures fi’;

such that

sup |fﬁ’(x, u) — 75 (z,u)| < VN >1. (5.38)

n
(z,u)eCxU

N

Since P(Bg(0)) is a compact set, using the continuity of r, we can find § > 0 such that

, whenever |x — Z| + dy(u,u) < 4§, and x,z € C. (5.39)

= ™

(@, u, p) — (@, 4, p)| <

Thus using (5.39) we obtain

fg(x,u) — P2 (s?:,ﬂ)’ =

BN =1 j=1 _ j=1 j=1

N n N n

1 i . _ 1 i .

/r(a@u,NZéyj) Hu?v(dyj)— /T(CC7U,NZ(SZ/J'> Hu?v(dyj)
N J

g

< R

!

<

whenever |z — Z| + dy(u,u) < 0 and x,z € C. Combining this with (5.38) we establish (5.37). This also

shows that
(r,u) — fﬁ[(w, u) is equicontinuous on compact subsets of RY x U.
Suppose that (5.36) is not true. Then for € > 0 we can find a subsequence Ny and iy, € 1,..., N such that
dp (%, pwy, ) > € > 0 for all Nj. (5.40)

We can further chose a subsequence of {Ng, i}, relabel it with the same indices, such that the following
hold:

loc

Vi =V, and Wy, =V in WpP(R?),
FeNe 9 and FRF =9 in Cloc(RY)
" ‘ g R (5.41)
@}";k—>g, and Ay, — 0,
viN’“k —v, and wy, = w inMggm.

The convergence in the first and third lines are justified by the compactness property and the unique-
ness of the limit which we established earlier. For the second line we use the Arzela—Ascoli theorem and
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(5.32)—(5.33), while the fourth line is a consequence of the compactness property of LUgy [3, Section 2.4].
We first show that v = w. From (5.18), (5.30) and (5.41) we obtain

min [L'V(z) +d(z,u)] = o, V(0) =0, V € o(V). (5.42)

Using Assumption 5.3(iii) it is also easy to see that v}f}k — v and wy, — w pointwise, as Ny — oo and

mei[[rjl [L*V(z) + d(z,u)] = L"V(z)+I(z,v(z)) = LV(z) + I(z,w(x)).
Thus using the strict convexity of the Hamiltonian we obtain v(z) = w(z) for all . By [3, Lemma 3.2.6],
there exists pu € 3, corresponding to v, such that

dp (13, s 11) + dp (o, s 1) o 0
But this contradicts (5.40) and thus (5.36) holds.

Next we prove part (c). In view of (5.42) we only need to show that ¥(x,u) = r(x,u, u), where u is the
invariant probability measure corresponding to the minimizing selector v. Without loss of generality, we
assume that 7 (z,u) = @w(z,u) as N — oo. Fix (z,u) € R? x U. Then v ~ r(z,u,v) is a continuous map.
From part (b) we also have sup;<;<y dp(ihy, 1) — 0 as N — oo. Let 7g := v o 5. Then it easy to see
that

Vr = V|gy(0) T V(BR(0))do.

Since p; — p in total variation (by [3, Lemma 3.2.5]), we deduce that (fir)% — fir in total variation as
well. Therefore using (5.16) and mimicking the arguments in [18, pp. 530] we can show that

N N

[ T [ fonfon)

— 0.
N—o0

i=1 1=1
On the other hand (see [11,30])
| X N '
[ (e o) i) s v
RNd =

To complete the proof we use Lemma 5.1 and the fact that r(z,u, ig) — r(z,u,u) as R — co. O
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