‘Controlled’ versions of the Collatz—Wielandt
and Donsker—Varadhan formulae
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ABSTRACT. This is an overview of the work of the authors and their collaborators on the charac-
terization of risk sensitive costs and rewards in terms of an abstract Collatz—Wielandt formula and
in case of rewards, also a controlled version of the Donsker—Varadhan formula. For the finite state
and action case, this leads to useful linear and dynamic programming formulations in the reducible
case.

1. INTRODUCTION

This short article is an overview of the work of authors and their collaborators on a somewhat
novel perspective of the risk-sensitive control problem on infinite time horizon that aims to optimize
the asymptotic growth rate of a mean exponentiated total reward, resp., cost. The viewpoint taken
here is based on the fact that the dynamic programming principle for this problem essentially
reduces it to an eigenvalue problem seeking the principal eigenvalue and eigenvector for a monotone
positively 1-homogeneous operator. This allows us to exploit the existing generalized Perron—
Frobenius (or Krein—-Rutman) theory which leads to some explicit expressions for the optimal
growth rate. The first is the abstract Collatz—Wielandt formula which can be shown to hold for
both cost minimization and reward maximization problems, though we have not exhausted all the
cases in our work. The second is a variational formula for the principal eigenvalue that generalizes
the Donsker—Varadhan formula for the same in the linear case. This seems workable only for the
reward maximization problem.

We first consider the discrete time case based on the results of [1] in the next two sections,
followed by those for reflected diffusions in a bounded domain, based on [6], in section 4. We then
sketch, in section 5, the very recent and highly nontrivial extensions to diffusions on the whole
space developed in [2] and [3]. Finally, we recall in section 6 some developments in the simple finite
state-action set up from [9], where the aforementioned development allows us to derive the dynamic
programming equations for risk-sensitive reward process in the reducible case. Section 7 concludes
by highlighting some future directions.

2. DISCRETE TIME PROBLEMS

The celebrated Courant—Fisher formula for the principal eigenvalue of a positive definite sym-
metric matrix A € R¥9 is
x" Az
A= max T
0£xzeRé T'T
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Consider an irreducible nonnegative matrix Q € R%*¢, The Perron-Frobenius theorem guarantees
a positive principal eigenvalue with an associated positive eigenvector for (). Is there a counterpart
of the Courant—Fisher formula for this eigenvalue?

The answer is a resounding ‘YES’! It is the Collatz-Wielandt formula for the principal eigenvalue
of an irreducible nonnegative matrix Q = [q(i, j)] € R4, stated as (see [16] Chapter 8):

(Q@i)

T

A= sup “min (

e=[z1, wq]T, @20 Vi ¢ @i>0

- inf max (4)

=[z1, 2q]T, ;>0 Vi 1 2:>0 i
An alternative characterization can be given as follows. Write
Q=1P,
where

I = diag(k1,...,ka), ki >0,
p(i,j) = aife;, 1<ij<d,

Po=[p(]9)],

with P a stochastic matrix. In other words, we have pulled out the row sums {x;} of @ into a
diagonal matrix I" so that what is left is a stochastic matrix P. Also define

So = {(m, P): 7 is a stationary probability for the stochastic matrix P = [B(j1i)]} -

Then the following representation holds [12]:

(ﬂ-vﬁ) (S 90

logA = sup (Zﬂ(i) (ki = D(B(-9)| p(- |i))]> :

where D(- || -) denotes the Kullback—Leibler divergence or relative entropy. This is the finite state
counterpart of the Donsker—Varadhan formula [13] for the principal eigenvalue of a nonnegative
matrix.

As is well known, the infinite dimensional generalization of the Perron—Frobenius theorem is
given by the Krein-Rutman theorem [11,15]. There are also nonlinear variants of it. Let

(1) B be a Banach space with a ‘positive cone’ K such that K — K is dense in B,

(2) T: B — B be a compact order preserving (i.e., f > g = T'f > Tg), strictly increasing (i.e.,
f>g= Tf > Tg), strongly positive (i.e., maps nonzero elements of K to its interior),
positively 1-homogeneous (i.e., T'(af) = aT f for all a > 0) operator.

A nonlinear variant of the Krein-Rutman theorem [17] then asserts that under some technical
hypotheses, a unique positive principal eigenvalue and a corresponding unique (up to a scalar
multiple) positive eigenvector for T' exist.

Our interest is in the following nonlinear scenario arising in risk-sensitive control: Consider

a controlled Markov chain {X,,} on a compact metric state space S;

an associated control process {Z,,} in a compact metric control space U;

a per stage reward function r: S x U x S+ R such that r € C(S x U x 5);

a controlled transition kernel p(dy |z, u) with full support, such that for all Borel A C S,

P(Xps1 € A| Xon, Zonym < 1) = P(Xns1 € A| X, Zn) "
= p(A| Xn, Zy) .
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This is called the controlled Markov property and the controls for which this holds are said
to be admissible. The maps

xUH/f p(dy|z,u), feC(S), If] <1,

are assumed to be equicontinuous.
The control problem is to maximize the asymptotic growth rate of the exponential reward:

A = sup sup hmmf—logE Xm0 "X Zim Xn+1) ‘ Xo = 1:} .
2€S {Zn} Ntoo N
The second supremum in this definition is over all admissible controls. We allow relazed (i.e.,
probability measure valued) controls {u,} taking values in P(S), in which case (1) gets replaced
by

P(Xp+1 € A| Xy tim, m<n) = P(Xp41 € A| X, tin)

= /p(A | X0, 2)pn(dz), n>0.
Define
Tf(x) = sup // (dy |z, u)p(du | z)e" @) f(y) .
¢:S—P(U) measurable
This is a compact, order preserving, strictly increasing, strongly positive, positively 1-homogeneous
operator.

Using the nonlinear variant of the Krein—-Rutman theorem stated above, this leads to an abstract
Collatz-Wielandt formula [1]:

Theorem 1. There exist p > 0,1 € int(CT(S)) such that T = pyp and

p = inf sup J T dp
femt(CH(S) mr(sy J fdu
JTfdu

= sup inf .
Fem(cts) MH(©) [ fdu

Also, log p is the optimal reward for the risk-sensitive control problem.

3. VARIATIONAL FORMULA

We now state a variational formula for the principal eigenvalue [1]. Let § denote the set of
probability measures
n(dz,du,dy) € P(S x U x S)
which disintegrate as
n(dz, du, dy) = mo(dz)m (du |z)nz(dy |z, u),

such that g is invariant under the transition kernel

/ na(dy | 2, u)p (du | 2)
U

These are the so called ‘ergodic occupation measures’ for discrete time control problems.

Theorem 2. Under the above hypotheses,

oz = sup ([ [ m(d@am (@ulo)| [ r(ewpmy o) = Dy |o, 0l |20 ).

nesg

This can be viewed as a controlled version of the Donsker—Varadhan formula. The hypotheses
above can be relaxed to:
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(1) Range(r) = [—o00,00) with e" € C(S x U x S);

(2) p(dy |z, u) need not have full support.
The formula then is the same as before, the difference is that under the previous, stronger set of
conditions, the supremum over x € S in the definition of A was redundant, it is no longer so. The
extension proceeds via an approximation argument that approximates the given transition kernel
by a sequence of transition kernels for which our original hypotheses hold.

We thus have an equivalent concave maximization problem, in fact a linear program, as opposed
to a ‘team’ problem one would obtain from the usual ‘log transformation’ as in, e.g., [14]. Further-
more, if p(¢) denotes the asymptotic growth rate for a randomized Markov control ¢, then it can
be shown that p = max, p(¢), implying the sufficiency of randomized Markov controls.

Some applications worth noting are [1]:

(1) Growth rate of the number of directed paths in a graph. This requires —oo as a possible
reward to account for the absence of edges.

(2) Portfolio optimization in the framework of [7].

(3) Problem of minimizing the exit rate from a domain.

4. REFLECTED DIFFUSIONS

Analogous results hold for reflected diffusions in a compact domain with smooth boundary. These
are described by the stochastic differential equation

dX(t) = b(Xy, Up) dt + o(Xy) AWy — y(Xy) dés

e (2)
£(t) = 1{X; € 0Q}d&;,

for ¢ > 0. Here:

(1) Q is an open connected and bounded set with C® boundary 9Q;

(2) {Wi}e>0 is a standard d-dimensional Wiener process;

(3) the control {U;}+>¢ lives in a metrizable compact action space U and is non-anticipative,
ie., fort > s, W(t) — W(s) is independent of Xo; W,,Uy,y < s;

(4) b is continuous, and x +— b(x,u) is Lipschitz uniformly in u;

(5) o is C1P and uniformly non-degenerate;
(6) vi(z) = o(x)o(x) Tn(z) where n(x) is the unit outward normal on 9Q.

In contrast to the preceding section, we first consider the cost minimization problem to highlight
the differences with the reward maximization problem. Unlike the classical cost/reward criteria
such as discounted and average cost/reward, the risk-sensitive cost and reward problems are not
rendered equivalent by a mere sign flip, and the differences are stark. For cost minimization, the
control problem is to minimize

lim 1 logE {efot T(XSvUS)dS] ,
ttoo t
where r is continuous.
The corresponding ‘Nisio semigroup’ is defined as follows. For ¢ > 0, let
Sif(z) = inf E, [efé r(Xs,Us) ds f(Xt)] .
Ut}i>o

Then S;: C(Q) — C(Q) is a semigroup of strongly continuous, bounded Lipschitz, monotone,
superadditive, positively 1-homogeneous, strongly positive operators with infinitesimal generator G
defined by

Gf(r) = str (o(r)oT @)V £(2)) +min [(b(r,w) , V7 (@) + r(a, ) (2)]. 3)

Let
Cg,_’_(@) = {f Q—[0,00): feC*Q), (Vf(z),y(x)) =0 forz e GQ}
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As in the discrete case, the nonlinear Krein—Rutman theorem then leads to: There exists a unique
pair (p,p) € R x C2 | (Q) satisfying [[¢]lg 5 = 1 such that

Sip = e,

This solves

Go(z) = pe(x), z€Q, and (Vo(z),y(x)) =0, z€dqQ.
The abstract Collatz-Wielandt formula for this problem is

p = inf sup / gfdl/

feC2 (Q)./>0 vep(Q

= sup inf / =—dv.
recz (@).f>0 veP@ Jo f

In the uncontrolled case, the first formula above is the convex dual of the Donsker—Varadhan
formula for the principal eigenvalue of G:

p= s ( [ rawian) - 1))

- gf
Tw) = fec? %) />0 /Q < f )d

For the risk-sensitive reward problem, the same abstract Collatz-Wielandt formula holds, except
that the definition of the operator G now has a ‘max’ in place of the ‘min’. But as in the discrete
time case, one can go a step further and have a variational formulation. Let

where

1 _
R(z,u,w) = r(x,u) — E\GT(x)wP, (z,u,w) € Q x U xRY,

and

M = {,u eP(QxU xRY): / Af(z,u, w)p(de, du,dw) =0 V f € C*(Q) ﬂny(Q)} ,
QxUxR4
with
Af(z,u,w) = %tr (G(JZ)GT(JJ)VQf(l')) + <b($,u) + O‘(IL‘)O‘T(IL‘)w, Vf(x)> (4)

for f € C%(Q)NC(Q). Recall the definition of an ‘ergodic occupation measure’ [5]. For a stochastic
differential equation as in (2), but with the drift b replaced with b(z,u) + o(z)o' (z)w, and w
taking values in some compact metrizable space, it is the time-t marginal of a stationary state-
control process (Xt, v(Xt),w(Xt)), perforce independent of ¢. Thus, in the case the parameter w
lives in a compact space, by a standard characterization of ergodic occupation measures (ibid.),
M is precisely the set thereof for controlled diffusions whose (controlled) extended generator is
A. This however is not necessarily the case if w lives in R?. An example to keep in mind is the
one-dimensional stochastic differential equation

dX; = (72 = X;) dt + V2dW;.

It is straightforward to verify that the standard Gaussian density satisfies the Fokker—Planck equa-
tion. However, the diffusion is not even regular, so it does not have an invariant probability measure.
Therefore, we refer to M as the set of infinitesimal ergodic occupation measures. The variational
formula for this model is

p = sup/ R(z,u, w)p(de, du, dw) .
HEM JQxU xR

This result is from [3].
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An analogous abstract Collatz—Wielandt formula for the risk-sensitive cost minimization problem
was derived in [6]. We have not derived a corresponding variational formula. Even if one were to
do so, it is clear that it will be a ‘sup-inf / inf-sup’ formula rather than a pure maximization
problem. This is already known through a different route: it forms the basis of the approach
initiated by [14] and followed by many, in which the the Hamilton-Jacobi-Bellman equation for
the risk-sensitive cost minimization problem is converted to an Isaacs equation for an ergodic
payoff zero sum stochastic differential game. The aforementioned expression then is simply the
value of this game. Going by pure analogy, for the reward maximization problem, one would
expect this route to yield a stochastic team problem wherein the two agents seek to maximize a
common payoff, but non-cooperatively, i.e., without either of them having knowledge of the other
person’s decision. What this translates into is that under the corresponding ergodic occupation
measure, the two control actions are conditionally independent given the state. The set of such
measures is non-convex. What we have achieved instead is a single concave programming problem,
which is a significant simplification from the point of view of developing computational schemes
for the problem. This also brings to the fore the difference between reward maximization and cost
minimization in risk-sensitive control.

5. DIFFUSIONS ON THE WHOLE SPACE
Here we consider a controlled diffusion in R? of the form
dX; = b(Xy, Up) dt + o(Xy) dWy,
where

(1) W is a standard d-dimensional Brownian motion;
(2) the control Uy lives in a metrizable compact action space U and is non-anticipative, i.e., for
t>s, W(t) — W(s) is independent of Xo; W,,Uy,y < s;
(3) b(x,u) is continuous and locally Lipschitz continuous in x uniformly in u € U;
(4) o is locally Lipschitz continuous and locally nondegenerate;
(5) b and o have at most affine growth in z.
Without loss of generality, we may take U; to be adapted to the increasing o-fields generated by
{X¢,t > 0}. Then these hypotheses guarantee the existence of a unique weak solution for any
admissible control {U;}+>0 ([5], Chapter 2).
As before, we let r(x,u) be a continuous running reward function, which is locally Lipschitz in
x uniformly in u, and is also bounded from above in R?. We define the optimal risk-sensitive value
J* by
J* = sup liminf 1 logE[efoT’"(Xt’Ut)dt}
{Ut}tZO T—oo T
where the supremum is over all admissible controls.
Consider the extremal operator

gAf(x) = % trace (a(x)VQf(x)) + 15131}}( [<b(x, u), Vf(a:)> + 7 (x, u)f(x)]

)

for f € C*(R%). The generalized principal eigenvalue of G is defined by

loc

A(G) = inf {)\ eR:3pe WHRY), v >0, Gop— A\ <0 ae. in Rd} : (5)

where WIQO"i(]Rd) denotes the local Sobolev space of functions on R? whose generalized derivatives
up to order 2 are in Lﬁ)c(Rd), equipped with its natural semi-norms. We assume that r — A, is
negative and bounded from above away from zero on the complement of some compact set. This is
always satisfied if —r is an inf-compact function, that is the sublevel sets {—r < ¢} are compact (or

empty) in R? x U for each ¢ € R, or if r is a positive function vanishing at infinity and the process
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{Xt}+>0 is recurrent under some stationary Markov control. Then there exists a unique positive
d, € CQ(Rd) normalized as ®,(0) = 1 which solves GP, = A\.®,. In other words, the eigenvalue
A« = Ai(G) is simple. Let ¢, := log ®,. As shown in [3], the function

H(z) = %ycT(x)vcp*(x)F, z e R

is an infinitesimal relative entropy rate.

We let Z := R% x U x R%, and use the single variable z = (z,u,w) € Z. Let P(Z) denote the
set of probability measures on the Borel o-algebra of Z, and M 4 denote the set of infinitesimal
ergodic occupation measures for the operator A in (4) defined for f € C?(R%), which here can be
written as

My {ueP /Af p(dz) =0 erCz(Rd)}

where C2(R?) is the class of functions in C?(RY) which have compact support. Recall the definition
R(z,u,w) = r(z,u) — 1|0 (z)w|? in Section 4. We also define

P(Z) = {ueP /7—[ p(dz, du, dw) < }

Fo(2) = {MGP /R oo}.

The following is a summary of the main results in [3, Section 4].

Theorem 3. We have

~

J* = M(G) = sup inf /Z(Ag(z) + R(z)) p(dz)

LEP,(Z) 9ECE(RY)

=  max /g R(z) u(dz).

H/EM_KI'TP* (2)

Suppose that the diffusion matrixz a is bounded and uniformly elliptic, and either —r is inf-compact,

r (b,x)” has subquadratic growth, or 1|+||  is bounded. Then Ma N P.(2) C P(Z), and P(Z)

may be replaced by P(Z) in the variational formula above. If, in addition is bounded, then

_H
7 1+,

~

= M(G) = inf sup / (Ag(z) + R(z)) p(dz) .
)

geC2(RY) [ep(2

We continue with the Collatz—Wielandt formula in R? for the risk-sensitive cost minimization
problem. This is studied in [2]. Here, we have a running cost r(z,u) which is bounded from below
in R? x U, and is locally Lipschitz in z uniformly in u. The assumptions on b and o are as stated
in the beginning of the section, except that we may replace the affine growth assumption with the
more general condition

sup (b(z,u),z)" + ||o(z)|* < Co(1 + |z|?) VzreR?,
uelU

for some constant Cy > 0. The risk-sensitive optimal value A* is defined by

1
A* = inf limsup — logE[eng(XS’Us)ds} )
{Uthso T—ooo T

The operator G here is as in (3) but for f € C?(R%), and we let the generalized principal eigenvalue
A«(G) be defined as in (5).
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The running cost does not have any structural properties that penalize unstable behavior such
as near-monotonicity or inf-compactness, so uniform ergodicity for the controlled process needs to
be assumed. Let

1
Lf(w.u) = st (o(2)oT (@)V2F(2)) + (bl w), V().
We consider the following hypothesis.

Assumption 1. The following hold.

(i) There exists an inf-compact function ¢ € C(R?), and a positive function V € leo’f:l(Rd),
satisfying infga V > 0, such that

sup LV(z,u) < rlc(z) — L(z)V(z) Ve R?, (6)
uelU
for some constant x; and a compact set K.
(ii) The function z — B¢(x) — max,cy 7(z,u) is inf-compact for some S € (0,1).

As noted in [4], the Foster-Lyapunov equation in (6) cannot in general be satisfied for diffusions
with bounded a and b. Therefore, to treat this case, we consider an alternate set of conditions.

Assumption 2. The following hold.

2,d
loc

i) There exists a positive function V € W:%(R%), satisfying infga V > 0, constants x; and
R

v > 0, and a compact set K such that

sup LV(z,u) < kilx(z) —yV(z) Vo e Re.
uclU

(i) |77 lloo + limsupj,| oo maxyey (2, u) <.

Let o(V) denote the class of continuous functions f that grow slower than V, that is, |{,g§| =0
as |x| — co. We quote the following result from [4].

Theorem 4. Grant either Assumption 1, or 2. Then

A = \(G) = sup inf gdu
fec2+®Hno(v) HEPRY) Jra f
i "
= inf sup =—=d

FeC2H(RY) pepra) Jre f 7
where C>(RY) denotes the set of positive functions in C*(R?).

We should remark here that the class of test functions f in the first representation formula in
(7) cannot, in general, be enlarged to C>%(R%).
It is also interesting to consider the substitution f = e¥. Then (7) transforms to

MG = sup it [ Pl (o)

PYeC2+(Rd)No(log V) HEPRY)

= inf sup Flvl(x) p(dx) ,
peht @ty oD Jpa [¢](z) p(dz)

with
FlY)(z) = inf sup [AY(z,u,w)+ R(z,u,w)].

uelU wERd

This underscores the discussion in the last paragraph of section 4.
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6. FINITE STATE AND ACTION SPACE

For discrete time problems with finite state and action spaces (i.e., |S|,|U| < oo in sections 2-3),
one can go significantly further for the reward maximization problem. We recall below some results
in this context from [9].

Consider a controlled Markov chain {Y,,} on S with state-dependent action space at state i given
by: B

0i = Uneu({u} x Viu)
where

Vi i {q<-u,u>:q<~mu> >0, qu,m:l}-
J

This is isomorphic to P(S). Let )
K = Uies({i} x ).
The (controlled) transition probabilities of {Y,,} are
P14, (u,q(-1i,0)) = q(j]i,u).
Define the per stage reward 7: K x S — R by:
(i, (u, q(-4,u)), 5) = r(i,u,j) = D(q(- |4, w)| p(-[i,u)) .

Let {(Zn, Qn),n > 0} denote the Uy, -valued control process. Consider the problem: Maximize the
long run average reward

hmlnfﬁ Z E 7 (Yn, (Zn,Qn), Yn+1)] -

Define the corresponding ergodic occupation measure v € P(K x S) by

7(i7 (u7 dq)vj) =M (i)’}’? (u, dq ‘ 7;)'73 (.7 | iy (u7 Q)) )
where 7, is an invariant probability distribution (not necessarily unique) under the transition kernel

= Z/V 2(u, dg|)ys (7 |4, (u, q)) -

Let £ denote the set of such v. The above average reward control problem is equivalent to the
linear program:

PO Maximize
> [ 200, (w4 )70 (0,0
i7j7u
over &.
Recall that £ is specified by linear constraints and its extreme points correspond to station-

ary Markov policies ([8], Chapter V). The maximum will be attained at an extreme point of &
corresponding to a stationary Markov policy. This LP can be simplified as:

Maximize
S / V(i w, ) [r(i,w, 3) = D{a(- i, )| pC- 4, )]
Z‘ij

E = {fy’ €EP(SxUxS8):v(i,u,j) =v1(i)e(u|i)q(j|i,u), where v1(+) is invariant

under the transition kernel 5(j]| 1) Z e(uli)g(jl, u)}
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The dual LP is:

Minimize A subject to

ple
vV

(i),
A+ V@) =Y a(i,u) (7, (uq(-|d,0)),5) + V() |
J
A@) > q(ili,u)AG)
J
Viels, (uq(-]iu) eU;.
The proof goes through finite approximations. Note that the LP has infinitely many constraints.

However, it does pave the way for the corresponding dynamic programming principle. The dynamic
programming formulation equivalent to the above LP turns out to be as follows:

A* = max A(i),

)+ V) = max (3Gl (VO) + G, (waC1iu),9)) . (§)

qu(' ‘ l7u) j

A7) = max Z q(j i, uw)A(F) ,

(uv(I(' | Z,’LL))EBz j

for all i € S, where B; is the Argmax in (f). Once again, the proof goes through finite approxi-
mations. The maximization over ¢ in () can be explicitly performed using the ‘Gibbs variational
principle’ from statistical mechanics. For fixed 4, u, the maximum is attained at
1 p(] ’2’ u)er(i7u7j)+v(j)
q (J ’ L, U) — Zk p(k ’ i, u)efr(i,u,k)—i-V(k) ’

Substitute back, setting
(i) =@, AG) =D e g,

and exponentiate both sides of (1). This leads to the multiplicative dynamic programming equations
for infinite horizon risk-sensitive reward in the general degenerate case:

A@)D() = max > p(j |iyu) (o) ) | (1)
J

N\ p(j [, w)er D D(j) :
A(i) = max (Ekp(k|i,u)e’"(i’”’k)@(k‘)> A(7)

T
for all i € S, where D; is the Argmax in (11). This is the analog of the Howard—Kallenberg results

for ergodic or ‘average reward’ control ([18], Chapter 9). Observe the occurrence of the ‘twisted
kernel’, which sets it apart from the average reward case.

7. FUTURE DIRECTIONS

There are several directions left uncharted in this broad problem area. Some of them are listed
below.

(1) There are some in-between cases that need to be analyzed, e.g., controlled Markov chains
with countably infinite state space. Under the strong ‘Doeblin condition’, the abstract
Collatz-Wielandt formula has been derived for these in [10]. This needs to be extended to
more general cases.
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(2) The counterpart of the dynamic programming equations derived for reducible risk-sensitive
reward processes can also be expected to hold for risk-sensitive cost problems and is yet to
be established.

(3) Concrete computational schemes based on approximate concave maximization problems is
another direction worth pursuing.
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