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Abstract— We present a novel transceiver design for orthog-
onal frequency-division multiplexing (OFDM) wireless systems
employing pilot symbol aided channel estimation (PSACE). The
design is based on the insertion of known pilots into the
time-frequency OFDM grid in a controlled cyclic fashion to
exploit time diversity without the allocation of additional band-
width. Semi-blind iterative detection based on the expectation-
maximization algorithm along with optimum combining is em-
ployed at the receiver. Despite moderately increased transceiver
complexity, simulations show that the proposed design has supe-
rior error rate performance compared to conventional PSACE
methods for the same pilot overhead.

I. I NTRODUCTION

Delay diversity (DD) was �rst introduced in 1993 as
a simple means of providing spatial diversity in digital
communication systems using multiple transmit antennas
[1]. Here, the transmission of delayed versions of the same
symbols from different antennas recombiner at the receiver
leads to improved symbol error rate (SER) performance.
A more detailed analysis of the technique has led to its
optimization in terms of diversity gain and bandwidth
ef�ciency [2]. It was shown in [3] that in order to exploit
fully the diversity gain of DD systems, the spatio-temporal
coding must have a cyclic structure. In this paper we introduce
the incorporation of cyclic delay diversity (CDD) coding in
the channel estimation process of single-input single-output
OFDM systems. Using a decision directed approach, we
extend conventional PSACE for OFDM systems (see e.g. [4],
[5] and [6]) to exploit time diversity within the pilot tones.

The rest of the paper is organized as follows. In Section
II we present the OFDM baseband transceiver model with
details regarding the transmitter and receiver structures.
Computer simulations are presented in Section III and we
offer concluding remarks in Section IV.

We use the following notations throughout the paper: Bold
letters represent vectors and matrices.(�)T is the transposition
of a matrix (or vector) and(�) � is the conjugate-transpose.
CN(0; 1) is the complex normal distribution with zero mean
and unity variance.E f�g is the expectation operator and
diag f yg is a diagonal matrix formed from the elements of
the vectory . k�k2 is the vector 2-norm andbx is an estimate
of x. Finally, I M is theM � M identity matrix.
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Fig. 1. OFDM system model.

II. SYSTEM MODEL

Consider the baseband OFDM system model of Fig. 1,
transmitting symbols from an MPSK constellationM through
a multi-path channel modeled ashk (i ) =

P L
l =1 � l (k)� (l � i ).

The complex path gains are modeled as uncorrelated com-
plex Gaussian random processes distributed according to
CN(0; � 2

� l
) with an exponentially decreasing power-delay pro-

�le normalized such that
P L

l =1 � 2
� l

= 1 . We describe the
transmitter and the receiver structures in detail below.

A. The Transmitter

Suppose that at each timek, a total ofN baseband symbols
drawn from an MPSK constellationM and denoted by the set
Sk = f s(1); s(2); : : : ; s(N )gk , are transmitted by the OFDM
transmitter. Of these symbols, a total ofNp are allocated
as known pilot tones to be used for channel estimation for
coherent detection at the receiver [7]. After transmission,



this set enters the buffer/�agging module of Fig. 1. Now
consider the transmission of the next OFDM symbol set
Sk+1 . The cyclic encoder of Fig. 1 introduces time diversity
into the pilot tones of this symbol set before transmission.
The encoder achieves this task by using the buffered symbol
Sk . The encoder �rst reads the OFDM symbol retained in
the buffer; next, it reshapesSk+1 as a function ofSk to
incorporate controlled time diversity. Before we explain the
cyclic encoding process we must explain the details of the
�agging process.

Pilot Flagging: Each buffered OFDM symbol set, e.g.Sk

is partitioned into three subsets:
i) A set of symbols �agged as known pilots,

Pk = f s(p) j p 2 np ; s(p) 2 Sk g, where np is the
pilot index set np =

�
np1; np2; : : : ; npjPj

	
and jPj is

the cardinality of Pk . The pilots are equi-spaced so that
� P = bN=jPjc = npi � np( i +1) = const, for any
1 � i � (jPj � 1).

ii) A set of symbols reserved for data transmission denoted
by the setDk = Sk � Pk = f s(d) j d =2 np ; s(d) 2 Sk g.

iii) A subset of the data symbols �agged asvirtual pilots,
which are located midway between the known pilots. Denote
this set asVk = f s(v) j v 2 nv ; s(v) 2 D k g, where nv is
the virtual pilot index setnv =

�
nv1; nv2; : : : ; nvjVj

	
=��

np + � P
2

	
mod N

	
. The number of virtual pilots is

equal to the number of known pilots sojVj = jPj
Cyclic Encoding: The cyclic encoder reads the

�agged buffer symbol set Sk and reconstructs
Sk+1 at the virtual pilot location of Sk so that
Sk+1 = Vk [ f s(n) j n =2 nv ; s(n) 2 Sk+1 g. The OFDM
symbol setSk+1 is subsequently transmitted and also fed to
the buffer/�agging unit with Pk+1 = Vk . Fig. 2 shows the
operation of cyclic encoder for a simple system withN = 8
sub-carriers andNp = jVj = jPj = 2 .

Note that since the actual data are used as pilots (virtual
pilots) in a decision directed approach, the cyclic encoder
described above does not increase the pilot overhead compared
to a conventional PSACE system employingNp known pilots
per OFDM symbol.

B. The Receiver

Assuming that the normalized length of the channel,L , is
less than or equal to the cyclic pre�x (guard interval), the
inter-symbol interference (ISI) is eliminated and the length N
received vector at timek may be represented in baseband as

R k = Sk H k + nk (1)

whereSk = diag fS k g = diag f s(1); s(2); : : : ; s(N )gk is the
N � N diagonal matrix of transmitted symbols at timek and
H k = [ H (1); H (2); : : : ; H (N )]T

k is the lengthN channel
frequency response (CFR) at timek. nk is additive white
Gaussian noise distributed with zero mean and correlation
matrix � n = � 2

v I N . Since the transmitter encodes the
pilots in two consecutive symbols, the receiver must also
work in batches of two consecutive symbols. Therefore, the
receiver of Fig. 1 contains a 2-state buffer. We consider
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Fig. 2. Details of the Cyclic Encoder operation withN = 8 , N p = 2 .
STEPS: 1) The previous OFDM symbol (timek) is read from the buffer. 2)
Virtual pilots are duplicated ink + 1 , all other sub-carriers are allocated for
data. 3) OFDM symbolk + 1 is transmitted. 4) The virtual pilots are �agged
as known pilots and a new set of virtual pilots is determined.5) Flagged
OFDM symbolk + 1 is buffered.

a quasi-static time-varying channel whereH k is assumed
to be constant throughout the OFDM symbol and changes
independently from symbol to symbol. Such an assumption not
only simpli�es the mathematical analysis but also maximizes
the diversity gain. The independence ofH k andH k+1 , leads
to the independence of the received vectors at timesk and
k +1 . However since the cyclic encoder has inserted repetitive
symbols at virtual pilot locations by settingSk+1 = Vk we
have:

S(n v ) k
k+1 = S(n v ) k

k (2)

where the superscript(nv )k denotes the virtual pilot location
de�ned at the transmitter bynv =

�
nv1; nv2; : : : ; nvjVj

	
=��

np + � P
2

	
mod N

	
at time k. The receiver we seek is

one that uses a maximum-likelihood (ML) or a maximum
a posteriori (MAP) criteria to estimate the fading channels
H k+1 and H k and subsequently employs maximum-ratio-
combining (MRC) diversity at the virtual pilot locations.

This situation is similar to classical single-input multiple-
output systems employing some form of diversity combing
before ML detection. Except here, the diversity is in the time
domain as apposed to the spatial domain and the diversity
is present in the pilots as apposed to the data symbols.
Again similar to the multi-antenna case, in order to undertake
coherent detection and also diversity combining, the receiver
must �rst attain an accurate estimate of the channel gains. In
other wordsbH k+1 and bH k must be attained via PSACE prior
to diversity combining.

At �rst glance, such a task seems unfeasible for our system
since the pilots are unknown to begin with. Note however
that R k and R k+1 of (1) are coupled as a result of the
virtual pilots. The channel gains may therefore, be estimated
independently by �rst ignoring the virtual pilots (diversity)
and using blind estimation techniques. Blind techniques such
as the expectation-maximization (EM) algorithm, for example,
will converge to the ML solution if provided with a reasonably
close initial guess for the parameter to be estimated. The



cyclic encoder has a feedback structure and must somehow
be initiated at system start-up and also re-initiated at certain
time intervals to avoid error prorogation in time. To this
end, we de�neK consecutive OFDM symbols in time as
one OFDM super-frame and we assume that the encoder
insertsNp known pilots in the �rst (k = 1 ) OFDM symbol
of each super-frame. From the next symbol (and onwards),
cyclic data pilots (as described by the encoding algorithm in
Section II) are used as pilot symbols for channel estimation1.
Through this initialization, the EM channel estimation can
be avoided at thekth OFDM symbol. The receiver simply
initializes an EM algorithm at virtual pilots of the(k + 1) th

symbol using a decision-directed MMSE channel estimation
(and interpolation) attained at thekth symbol described below.

C. MMSE Channel Estimation at Known Pilots

As is the case in decision-directed channel estimation, we
can treat a sub-set of hard decisions inR k as known pilots2.
Interestingly, the virtual pilot locations ofR k with regard to
its previous symbol orR k � 1 can be used to initiate the EM
algorithm atk + 1 . The received signal at these locations is
given by

R (n v ) k � 1

k = S(n v ) k � 1

k F (n v ) k � 1 hk + n (n v ) k � 1

k (3)

where we have again adopted superscript notation(nv )k � 1

to denote points located only at the virtual pilot locationsof
R k � 1 and F (n v ) k � 1 is a subset of theN � N DFT matrix
consisting of the �rstL columns and rows given by(nv )k � 1.
The minimum-mean-square-error (MMSE) estimate ofhk at
the virtual pilots is

bh (n v ) k � 1

k = � hR
� 1� RR R (n v ) k � 1

k (4)

where, omitting the superscript notation� hR = E fhR � g =
� hh F � S� , � RR = E fRR � g = SF� hh F � S� + � 2

n I , and
� 2

n = 1=SNR is the noise power. Thus the frequency domain
estimation is

bH (n v ) k � 1

k = FQF � (S(n v ) k � 1

k )� R (n v ) k � 1

k (5)

For MPSK modulation and equi-spaced pilots:

Q = � hh

h
� 2

n (F � F) � 1 + � hh

i � 1
(F � F)� 1 (6)

= � hh
�
� 2

n I L + Np� hh
� � 1

:

It is a straightforward to show that this estimator is also
the MAP estimator of the fading channel atk. Given this
channel estimate, the entire channel atk can be derived by
interpolation. We will denote the resulting channel asbH k ,
where bH k = INTERP( bH (n v ) k � 1

k ) = H k + Ek for some error

1A consequence of this approach is error propagation as a result of
sequential erroneous detection at the receiver see e.g. Fig. 3. Hence the OFDM
symbols in one super-frame will, on average, experience different symbol error
rates. The length of the super-frame,K , subsequently depends on the user-
speci�c quality-of-service (QoS) desired.

2Note that fork = 1 these pilot are truly known pilots and not data-aided
pilots.

vectorEk . Treating bH k as the real channel, the ML estimate
of the dataSk is

bSk = arg min
~S2M

jjR k � ~S bH k jj2 (7)

Using (7), the ML hard-decisions are given by

ŝk;n = QUANTIZEM

 
Rk;n

bH k;n

!

(8)

whereQUANTIZEM (�) is a mapping operation into the con-
stellation spaceM . The decisions at the virtual pilots can now
serve as an initial guess for the EM algorithm conducted on
R k+1 .

D. Expectation-Maximization at Virtual Pilots

The EM algorithm [8], [9] is an iterative method to �nd
the ML estimates of parameters in the presence of unobserved
data. The idea behind the algorithm is to augment the observed
data with latent data, which can be either missing data or
parameter values, so that the likelihood function conditioned
on the data and the latent data has a form that is easy to
manipulate. The algorithm can be broken down into two steps:
the E-step and the M-step. Similar to (3) we have

R (n v ) k
k+1 = S(n v ) k

k+1 F (n v ) k hk+1 + n (n v ) k
k+1 (9)

To use the EM algorithm at the virtual pilots we de�ne
(omitting notation) the complete data set as consisting of the
incomplete datar = R (n v ) k

k+1 together with the fading channel
H = H (n v ) k

k+1 , i.e. x = ( r ; H ). Then the log-likelihood of the
complete data set is

logp(xjs) = � k r � SH k2 +  (10)

= 2 R f r � SH g +  

where  = “ terms not depending onS”. Hence the E-step
computes the following quantity:

Q
�

SjS( j )
�

= E
n

R f r � SH g jr ; S( j )
o

(11)

= R
n

r � SE
n

H jr ; S( j )
oo

Note from this result thatE
�

H jr ; S( j )
	

is by de�nition the
MMSE estimate of the fading channelH given some data
S = S( j ) . Using (5)

bH ( j ) = E
n

H jr ; S( j )
o

= FQF � S( j ) �

r (12)

whereQ is de�ned in (6) andj is the iteration. The M-step
is simply the maximization of (12)

S( j +1) = arg max
~S2M

R
�

r � eS bH
( j )

�
(13)

= arg min
~S2M

jj r � ~S bH
( j )

jj2

which is the simple ML detector we had before. We
summarize the EM-based section of the receiver as follows
[9]:



i) Initialization: using (8) obtain the hard-decisions atk at
the virtual pilot locations. Call thisS(1) .

ii) Iteration: for j = 1 ; 2; 3; : : : ; I or until
jj bH ( j )

k+1 � bH ( j � 1)
k+1 jj2

2 < � iterate the following E and M
steps (whereI is the number of EM iterations).

E-step: ComputebH ( j ) according to (12).
M-step: ComputeS( j +1) according to (13).

E. Optimum Combining at Virtual Pilots

After the EM algorithm has terminated, we can employ
MRC diversity combining at the virtual pilots as

z(n v ) k

hMRC i = diag
n

(H (n v ) k
k )�

o
R (n v ) k

k (14)

+ diag
n

(H (n v ) k
k+1 )�

o
R (n v ) k

k+1

Using theNp � 1 vectorz(n v ) k

hMRC i , ML detection is performed
and the decisions at the virtual pilots are improved. These
decisions are augmented to the known pilot locations atk and
MMSE channel estimation, followed by interpolation and �nal
detection are performed atk. Finally the virtual pilots ofk are
�agged as known pilots fork + 1 to be used when the next
OFDM symbol,R k+2 , is received and the entire process is
repeated.

III. N UMERICAL RESULTS

We simulated the proposed OFDM system of Fig. 1 along
with conventional PSACE-OFDM for the same pilot overhead,
i.e. Np. Since the cyclic encoder (see Fig. 2) uses a decision
directed approach in encoding the pilot symbols, it must be
initiated at the start of the OFDM super-frame.

Fig. 3 and Fig. 4 show the average SER performance of
the proposed system and PSACE-OFDM withNp = 2 L and
Np = 4 L , respectively. The proposed system is simulated with
a super-frame size ofK = 5 symbols. At high signal-to-
noise ratios (SNR), we note nearly a ten fold decrease in the
saturated error �oors compared to normal PSACE for both
cases. Interestingly, by comparing these �gures we observe
that even though theNp = 4 L case has more (virtual) pilots
in each OFDM symbol and hence a higher degree of error
prorogation, the error prorogation is less prominent in this case
as indicated by the tighter SER curves of Fig. 4. This can be
justi�ed by the fact that linear interpolation at the beginning
of the super-frame (k = 1 ) is more accurate as a result of truly
known pilots which leads to less error at the early stages of
detection.

Fig. 5 further shows the average number of EM iterations
for a global tolerance level of� = 10 � 6 for variousNp. The
tolerance is reached with under 3 iterations even at very low
SNRs.
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IV. CONCLUSION

We presented an OFDM transceiver model for improving
PSACE-OFDM without increasing the number of pilot sym-
bols. The design is based on the introduction of controlled
time diversity in the pilot symbol allocation with a decision
directed approach. By effectively doubling the number of pi-
lots compared to PSACE, the proposed system shows as much
as a ten fold improvement in SER performance using simple
linear interpolation. Such an improvement was achieved with
as few as 3 EM iterations per pilot symbol sub-carrier for a
wide range of SNRs.
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