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Appendix A

Mathematical preliminaries

In this appendix we introduce some notation and mathematical background that we
will need throughout the book.

A.1 Notation

A.1.1 Universal and existential quantifiers

Definition A.1 The symbol V means “for all.” A statement such as “Vx” followed by a
condition on x means that all values of x satisfy the condition. The symbol 3 means “there
exists.” A statement such as “Jx” followed by a condition on x means that at least one
value of x satisfies the condition. O

A.1.2 Sets

Definition A.2 A set is an unordered collection of elements. Sets will be denoted by
symbols such as S and P. We will use the symbols { and } to delimit the specification of
the elements of a set.

The symbol € means “is an element of.” Two sets are equal if every element of the first is
an element of the second and every element of the second is an element of the first. The
set difference S \ P is the set of those elements of S that are not in P.

The symbol C means “is a non-strict subset of,” which is to say that every element of the
first set is also an element of the second set, but we allow for the possibility of equality of
the two sets. If P C S but P # S then we say that PP is a strict subset of S. We use the
symbol symbol C to mean “is a strict subset of,” which is to say that every element of the
first set is also an element of the second set, but the sets are not equal. O

For example, S = {1, 5, 2} is the three element set consisting of the numbers 1, 2,
5. The statement “1 € {1, 5, 2} means that the number 1 is an element of the three
element set {1, 5, 2}, (which is a true statement.) The statement “{1} C {1, 5, 2}”
means that the set consisting of the number 1 is a strict subset of the three element
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set {1, 5,2}, (which is a true statement.) Also, “{1, 5,2} C {1, 5, 2}” means that
the three element set {1, 5, 2} is a non-strict subset of the three element set {1, 5, 2},
(which is also a true statement.) Finally, {1, 5, 2} \ {1, 3} = {5, 2}.

Definition A.3 We define Z to be the set of integers. The set Z_ is the set of non-negative
integers, while Z ; is the set of strictly positive integers.

We define R to be the set of real numbers. The set R is the set of non-negative real
numbers, while R is the set of strictly positive real numbers.

We define K to be the set of complex numbers. O

Definition A.4 Given two sets S and P, the Cartesian product S x P is the set of all ordered
pairs such that the first member of the pair is an element of S and the second member of
the pair is an element of P [104, section 1.1]. We write S” for the set of all ordered lists
consisting of n (possibly non-distinct) elements of S. We say the n-fold Cartesian product
of S with itself. We write S™*" for the set of all ordered lists of m elements, each element
itself being a member of S§"”. We say the m x n Cartesian product of S with itself. Given

a collection of sets Sy, ..., S,, the Cartesian product of them is the set of all ordered
lists, with each list consisting of elements of S¢, k = 1, ..., n, respectively, and is written
n
l_[ Sg. O
k=1

Definition A.5 The n-fold Cartesian product of R with itself is called the non-negative
orthant and is denoted R} . The n-fold Cartesian product of R with itself is called the
strictly positive orthant and is denoted R’ | . If Ml is a set then RM s the set of all vectors
having entries indexed by the elements in the set M. O

A.1.3 Matrices, vectors, and scalars

Definition A.6 A vector is an element of a Cartesian product of sets, typically a Cartesian
product of the form R". We will usually think of the list that specifies the vector as being
arranged as a column of n entries or components. We sometimes say a column vector to
emphasize this. We can also define a row vector to be a list arranged as a row of entries.
A matrix is an element of an m x n Cartesian product and we can think of the list that
specifies the matrix as being arranged as:

e m rows of n entries each, or
e 1 columns of m entries each.

A particular entry of a matrix or vector will be indicated by one or more subscripts on
the symbol for the matrix or vector. By default, the subscripts are numbered consecu-
tively from 1. For example x € R” will usually denote the vector consisting of the entries
X1, ..., x,. However, we will occasionally depart from this convention if it is more conve-
nient to use non-consecutive numbering or to use other ways to list the entries of the vector.
We will usually represent the entries of the vector by enclosing them with square brackets,
X1
so that in our example, x = | . |. Occasionally, we will represent a vector having two
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or three entries by enclosing them with round brackets and separating entries by commas.
For example, (x, y, z) is a vector with entries x, y, and z.

For a matrix, the first subscript indexes the rows while the second subscript indexes the
columns. Sometimes we will separate the first and second subscript with a comma to avoid
ambiguity. The transpose operator, denoted by a superscript T, interchanges rows and
columns of a vector or matrix. O

For example, R x R = IR? is the set of all ordered pairs of real numbers. Each

. . X
element of R? is a 2-vector. The entries of x € R? are x; and x5, so that x = [xl } .
2

The set R” is the set of all ordered lists of n real numbers. Each element of R”
is an n-vector. The set R” is also called n-dimensional Euclidean space, since it
generalizes our notion of three-dimensional space for which “Euclidean geometry”
applies. Moreover, for x € R”, xT € R'*" is the transpose of x; that is, x " is a row
vector with k-th entry equal to the k-th entry of the column vector x.

The set R™*" is the set of all m x n matrices of real numbers. Each element
of this set is a matrix. For example, R>*3 is the set of all 2 x 3 matrices. For
A € R>%3, the entries of A are indexed as follows:

A= A Ap Ap
Ay Ap Ax |’

For A € R™" AT is the transpose of A; thatis, A" is an n x m matrix with
£k-th entry equal to the k£-th entry of A.

Definition A.7 A matrix A € R™*" is square if it has the same number of rows and
columns; thatis, if m = n. O

Definition A.8 The diagonal of a matrix A € R™*" is the collection of entries Ay,
k=1,...,min{m, n}, where min{m, n} means the smaller of m and n. A diagonal matrix
is a matrix with:

e the same number of rows and columns (that is, a square matrix), and

e zero entries everywhere except on its diagonal.

O

Definition A.9 A matrix A € R™*" is diagonally dominant if:

Vk, A > ZlAktzl,
04k
Vi, A = Y |Awl.

0k
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A matrix A € R™*" is strictly diagonally dominant if:

Vi, A > Y JAxel,
t#k
Vi A > Y lAwd.
£k
O

Definition A.10 Let A € R"*" be a square matrix. We define the determinant of A,
denoted det(A), as follows. If n = 1 then det(A) is the single entry in the matrix itself.
The determinant of an n X n matrix A can be calculated as the sum of n terms. The k-th
term in the sum is given by the product of:

° (_1)k+1,

e Ay, and

e the determinant of the (n — 1) x (n — 1) sub-matrix of A obtained by deleting the first

row and the k-th column of A.

O

The definition of determinant leads to a recursive algorithm for calculating the
determinant having computational effort that increases with the factorial of #, that
iswithn(n — 1)(n — 2) - - - 1, which we denote n!

We define some particular constant matrices and vectors in the following.

Definition A.11 The n x n identity matrix I € R"*" is a diagonal matrix with ones on
the diagonal. We define Iy € R” to be the k-th column of the identity matrix; that is, the
vector with zeros everywhere except in the k-th entry, which has value 1.

We define 0 and 1, respectively, to be matrices or vectors of all zeros and all ones, respec-
tively. The dimensions of 0 and 1 depend on the context. They will often be n-vectors of
all zeros and all ones, respectively. O

A.1.4 Functions

Definition A.12 By f : S — P we mean that f is a function that takes elements from
the domain set S and returns elements (function values) from the range set P. That is, for
each element x € S there is a well-defined value f(x) € P. Sometimes we write f (e) for
f to emphasize that f is a function. To define a function we must specify the value of the
function for each element of its domain. O

In this book, we will always write f(x) for the value of the function f at x and
we will write f or f(e) for the function itself. That is, the symbol f(x) is not a
function: it is the value of the function f, evaluated at x. Usually, we think of the
sets S and PP as being disjoint; however, sometimes we may have S = P, S C P,
or P C S, or sometimes one of the sets may be a subspace of the other. (See
Definition A.51.)
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Definition A.13 Let f : S — P and suppose that S C S. Then the restriction of f to S is
the function that is defined on S and which matches f on this domain. We usually use the
same symbol for a function and its restriction and distinguish the two by context. O

A.1.5 Alphabetical conventions

We will usually use Greek capital letters and italic Roman capital letters for ma-
trices (and matrix-valued functions) and usually use Greek lower case and italic
Roman lower case letters for vectors (and vector-valued functions.) We will use
both capital and lower case letters for scalars (and scalar-valued functions.) The
context will make clear whether a symbol stands for a scalar or stands for a vector
or matrix. If we define a vector, x € R" say, then we will occasionally define the
corresponding capital letter, X in this case, to be the diagonal matrix in R**" with
diagonal entries equal to the corresponding entries of x. That is, X = diag{x,}. For

1 1 00
example,ifx = | 2 | € Rithen X =|0 2 0| e R¥3, (The MATLAB func-
3 0 0 3

tion diag creates such a diagonal matrix from a vector.)

We will typically usually use Greek and italic Roman letters such as ¢, B, I that
are near to the beginning of the Greek or Roman alphabets for constants and pa-
rameters; that is, scalars, vectors, or matrices that have entries that do not change
or are held constant temporarily. We will use italic letters such as f, g, / that are
further in to the Roman alphabet (and sometimes use their Greek cognates such as
¢, v, and n) for functions. We will occasionally not follow this convention. For
example, we will occasionally use P and Q to stand for vectors, use 8, J, and K
to stand for functions, and use y, n, p, and x to stand for parameters and vectors.

We will use italic Roman letters such as j, k, £, N and the Greek letter v for
counters. We will use k, £, and, occasionally, j and i, to index entries of vectors.
(We will usually, but not always, avoid indexing entries of vectors with the symbol
i to avoid confusion with the symbol for electrical current. In the discussion of
complex numbers, we write «/—1 instead of i or j so that we can use the symbols i
and j as counters.) The letters n, m, r, s will be reserved for the number of entries
in particular vectors.

We will typically use italic letters such as x, y, z that are near to the end of the
Roman alphabet and their Greek cognates for variables. The symbol A ligatured
before a symbol for a variable will be used to denote a new variable that represents
a change in the value of the original variable. For example, Ax denotes a change
in x. The letters ¢, T, 6 and calligraphic letters such as A, B, X', Y, Z will be used
in a variety of roles. An overline over or underline under a symbol for a variable
means a constant of the same dimension that represents a bound on the variable or
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function represented by the symbol. For example, for x € R”", the symbols x € R"
and x € R" represent constant vectors that are lower and upper bounds for x.

In some case studies, we need to distinguish sub-systems or components. We
will use arabic numerals and non-italic lower case letters such as a, b,.. ., f, g to
distinguish these components. These symbols should not be confused with the
corresponding italic symbols used for functions and vectors.

A.1.6 Superscripts and accents

We use superscripts and accents in several ways as specified in the following.

Definition A.14 To denote an optimal or desired value of a decision vector satisfying
some criterion, we will use a superscript x (5-pointed star). For example, x* will denote
an optimal value of the vector x € R”. We will occasionally consider the sensitivity of
an optimal value with respect to the parameter x. In these cases, we will abuse notation
slightly and re-interpret, x* say, to be a function representing the minimizer of a problem
as a function of x. We will use these conventions and natural generalizations of them
throughout the book without further comment. O

Definition A.15 We will use superscript * (asterisk) to represent complex conjugate. O

For definitions and theorems, we will often need to refer to one or more typical
vectors or matrices. To distinguish the vectors and matrices, we will use super-
scripts and accents. For example:

e x,x’, and x” are three different vectors,
e Xx, X, and X, are three different vectors, and
e if € € R then we might distinguish a vector x¢ for each possible value of €.

If f:R" — R then we might distinguish a particular value or bound on the
range of f by adding a superscript or accent. For example, we will usually write
f* for the optimal value of a function, where optimal is defined according to some
criterion. As noted above, the individual components or entries of vectors are
denoted by subscripts, so that x; and x; are the k-th components of the vectors x
and x’, respectively.

Definition A.16 Let x,x’ € R". We define the vector relations =, >, >, <, and <,
respectively, by:

x=x") & (=x,Vk=1,...,n),
x>x) & (x=x,Vk=1,...,n),
x>x) & (x>x,Vk=1,...,n),
x<x) & (x<x,Vk=1,...,n),
x<x) & (<x,Vk=1,...,n).
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That is, when a relation is used between vectors, the relation applies component-wise. O

Definition A.17 The set of extended real numbers is the set R U {—o0, oo} [104, sec-
tion 2.3]. We define —oo and oo to have the following properties:

Ve e R, —o00o<a< oo,
o+ 00 =00,
o+ (—00) = —o0.

An extended real function f on S C R” is a function that, for each x € S, either takes
on a value in R or takes on one of the special values —oo or co [104, section 2.3]. That
is, for each x € S, the value of f(x) is an extended real number. We write that f : S —
RU{—o00,00}. O

We will be careful never to subtract oo from oo, nor to add oo to —oo: these
operations are not defined.

Definition A.18 We will use superscripts in parentheses to distinguish successive elements
of a sequence. Usually, the sequences we consider will be the iterates produced by an
iterative algorithm. The initial guess for an iterative algorithm will be denoted with a
superscript (0), such as x©. subsequent iterates will appear as xM x@  x® To
represent the set of all iterates, {x(o), xM .}, that is, the complete sequence, we will
write {x(")}f)’ozo.

We use the superscript parentheses to avoid confusion with exponentiation. If we want
to represent the square of xj, for example, we will write (x;)2, to clearly distinguish it

from x,&z), which is the value of the k-th component of the second iterate of the sequence

3
{x™ }oo - Naturally, (%2)) is the cube of the k-th component of the second iterate of this
sequence.

Occasionally, we will need to consider an infinite sub-collection of elements of a sequence.
For example, we might consider the sub-collection consisting of all the elements with even
numbered iteration count: {x<0), x@ x@® }. This is called a sub-sequence of the
sequence {x(")}f)”:o.

We will sometimes use superscript in parenthesis to distinguish elements of a finite collec-
tion.

O

A.2 Types of functions

We will classify functions by their functional form and by their properties. First,
we will consider linear, affine, and quadratic functional forms and then we will
consider polynomials and other functions.



778 Mathematical preliminaries

A.2.1 Linear, affine, and quadratic

Definition A.19 A function g : R" — R" is linear if it is of the form:
Vx € R", g(x) = Ax,
for some fixed A € R"™*". A function g : R" — R™ is affine if it is of the form:
Vx € R", g(x) = Ax — b,

for some fixed A € R™>*" and b € R"™. Recall that the £-th entry of Ax is ZZ:I Aprxg. In
other words, the ¢-th entry of Ax is determined by the £-th row of A and by x; namely, it
is the sum of the products of:

e the entries in the £-th row of A, and
e the corresponding entries in x.

Then: g¢(x) = Z'Z:l Apixy — be. O

Sometimes, authors use the word linear to refer both to linear and to affine func-
tions.

Definition A.20 A function f : R” — R is quadratic if it is of the form:

n 1 il i
vx e R", f(x) = Ex Ox+c'x+d,
1 n n n
= 3 DO xkQuexe+ ) ckxk +d. (A1)
k=1 ¢=1 k=1

where:
e O cR™",
e ccR" and
o deR.
O

The factor % in (A.1) is to simplify the functional form of the first derivative of the
quadratic function. (See Section A.4.3.1 for definition of the first derivative.) If
QO = 0 then the function is linear or affine. We often have that d = 0.

Definition A.21 A matrix Q € R™*" is symmetric if Vk, ¢, Qr¢y = Q. O

We can assume that Q in (A.1) is symmetric because, if it is not, we can replace
it by Q" = %(Q + Q"), which is symmetric and yields the same value for the
function, as Exercise A.1 shows.
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A.2.2 Polynomial

Definition A.22 Let:

e D e Z, (Z4 is the set of non-negative integers; see Definition A.3), and
® dap,dl,...,ap € R,

and define the function g : R — R by:

D
Vx,g() = ) ar().
k=0

This function is a polynomial of degree D in the single variable x. A polynomial is said
to be affine, quadratic, cubic, or quartic if D = 1, 2, 3, or 4, respectively. O

Linear, affine, quadratic, cubic, and quartic functions of a single variable are
special classes of polynomials.

A.2.3 Other special functions

Definition A.23 A function f : R” — R is additively separable if it is of the form:
n
Vi e R f(x) =) filxi).
k=1

where f; : R - R,k = 1, ..., n. The function is multiplicatively separable if it is of
the form:

vx e R, f(x) =[] flxo.
k=1

That is, a function is additively separable if it can be expressed as the sum of
functions that each depend only on one entry of x. A function is multiplicatively
separable if it can be expressed as the product of functions that each depend only on
one entry of x. If it is clear from context, we sometimes omit the word “additively”
or the word “multiplicatively.”

There are various other notions of separability. For example, a function is par-
tially separable if it can be expressed as the sum of functions that each depend only
on a particular sub-vector of x.

Definition A.24 A function 7" : R — R is monotonically increasing or monotonically
non-decreasing if:

Vi, x' €eR, (x <x) = 1 (x) </ ().
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It is strictly monotonically increasing if:
Vi, x' eR, (x <x) = (7 (x) < /' (x))).

Similarly, a function ™ : R — R is monotonically decreasing or monotonically non-
increasing if:

Vi, x € R, (x <x') = (1 ™(x) = n ().
It is strictly monotonically decreasing if:
Vx,x' €R, (x < x) = (i ¥(x) > ¥ (&)).

O

The superscripts /' and N\, are meant to graphically indicate the nature of mono-
tonic functions. We can refer to - as “eta-up” and refer to n '~ as “eta-down”
as mnemonics for their properties. Figures A.1 and A.2 show a monotonically
increasing and a strictly monotonically increasing function, respectively.

Definition A.25 LetSCSCR",PCR",and 7 : P — S. (Recall that 7 : P — S means
that (&) is defined for each & € P and that V& € P, t(§) € S.) We say that 7 is onto S if:

Vx € S, 3¢ € P such that x = 7(§).
We say that t is one-to-one (or 1-1) if:

VEE EP (E #£E) = (T@) #TE).
O

Definition A.26 We say that there is a 1-1 and onto correspondence between two sets P
and S if:

3t : P — S such that t is 1-1 and onto.

O

Definition A.27 If 7 : P — Sis 1-1 and onto then the inverse 7! : S — P is defined by:
Vx €S, ! (x) is the unique element £ € P such that t(§) = x.

O

If  : P — Sis 1-1 and onto then its inverse 7' : S — P is also 1-1 and onto.

A.3 Norms

We define a measure of the length of a vector that generalizes our notion of length
in space. This measure is called a norm [104, section 10.1]. We then define the
notion of the norm of a matrix.
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A.3.1 Vector

Definition A.28 A norm (or vector norm) on R” is a function, ||e| : R" — R, with the
following properties:

i) Vx e R", |Ix| = 0,

(i) Vx € R, (lx]| = 0) & (x =0),
(i) Vx,y € R, llx + yll < Ixll + Iyl
@iv) Vx € R",Va € R, |lax|| = |a| ||lx]|.

O
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X+y
y Fig. A.3. Illustration  of
the triangle inequality in
X > two dimensions.

The most familiar example of a norm on R” is the Euclidean length, usually
denoted | ||, and defined by:

n
Ve e R flxly = | Y (0%
k=1

This norm is also called the L, norm and is the same as our intuitive notion of
length in 1, 2, or 3 dimensions. Property (iii) of a norm is called the triangle
inequality because it says that the sum of the lengths of two sides of a triangle
exceeds the length of the other side. The triangle inequality is illustrated for n = 2
in Figure A.3. In this figure, the sum of the lengths of the vertical and horizontal
sides of the triangle exceeds the length of the oblique side. The same observation
applies for each of the other two pairs of sides. Properties (iii) and (iv) imply that
a norm is a continuous function. (See Definition A.35 and Exercise A.8.)
There are many other norms, such as:

e the L; norm | e|; defined by:

n

Ve e R, flxlly = ) xl,
k=1

e the L, or infinity norm | e||, defined by:
Vx e R", [x]lo = max {lxkl},

=1,...,

and
e weighted norms | e||y, defined in terms of a non-singular weighting matrix (see
Definition A.49) W € R"*" and any other norm ||e|| on R" by:

Vx e RY fxlly = IWx|.

The choice of norm depends on the application. However, for any norms | e| and
|le||” on R", there are constants k, k¥ € R such that:

Vx e R i llxll < llxll" <% llx]l .

(See Exercise A.2.) In more general spaces than R” this is not necessarily true.
In several theorems, our results will be stated in terms of norms. Usually, the
result is independent of the particular choice of norm. In this case we will use
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the symbol | e|| to denote any particular norm. Of course, we must use the same
norm consistently throughout the theorem. Occasionally we will use | o] to refer
to norms in two different spaces, say R"” and R™. This is a slight abuse of notation,
since the norms are, strictly speaking, different and should be distinguished nota-
tionally. Naturally, we must, for example, use the norm consistently for R” and
consistently for R™. However, unless otherwise specified, the norm on R” could
be, say, ||e||;, while the norm on R” could be, say, | e|l,.

A.3.2 Matrix

We would also like to “measure” matrices. We make the following definition.

Definition A.29 A norm (or matrix norm) on R”*" is a function, ||e| : R™*" — R,
with the following properties:
(i) YA e R™*", ||All = 0,
(i) YA e R™" (Al =0) & (A=0),
(ii)) VA, B e R™" |JA+ B| < Al + | BII,
(iv) YA e R™" Vo € R, |la Al = |af [|A]l.
O

We often use the particular matrix norm described in the following.

Definition A.30 Suppose we have two vector norms | e|| defined on R"” and R™, respec-
tively, and a matrix A € R”™*". Then the induced matrix norm |[e| : R™*" — R is
defined by:

VA e R™", || Al = max AxIl, (A2)

where:

e the norm in ||x|| is the norm on R”,
e the norm in || Ax|| is the norm on R™, and
e the norm in ||A|| is the induced matrix norm that is being defined.

O

(The maximum on the right-hand side of (A.2) exists by Theorem 2.1 since the max
is over a bounded set (see Definition A.46) and the norm is a continuous function.
See Definition A.35 and Exercise A.8.) An induced matrix norm is a matrix norm
according to Definition A.29. (See Exercise A.4.) If the norms on R” and R™ are,
say, both the L, norms or both the L; norms, then we will typically use the same
symbol for the norm on R", the norm on R™, and the induced matrix norm. The
appropriate norm will be clear from the context. However, if the norms on R" and
R™ are different then the symbols should be more carefully distinguished.
We have the following.
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Lemma A.1 Suppose that we have three vector norms | e|| defined on R"*, R™, and R”,
respectively. Then:

VA € R™, x e R", | Ax|l < Al llx]l, (A.3)
VA e R™*", B e R"™", |AB| < | Al lIBI,

where each matrix norm is induced by the corresponding pair of vector norms.

Proof First observe that:

x #0, H = ﬁ x|l , by Property (iv) of norms, since |1/ ||x||| = 1/ ||x]l,
= 1.
Therefore,
lAx|| = H x| A— T ! ” , multiplying and dividing by a constant,

x|l ”A—x , by Property (iv) of norms, since | ||x| | = ||x],

flx 1l
x|l IA]l, by definition of ||A||, since

A

=

Hx\l
Now let ||y|| = 1. Then,

lABy| Al IBy|l, by (A.3) applied to A € R™*" and By € R",
IAIIBI I, by (A.3) applied to B € R™" and y € R",

IAINIBI, since [yl = 1.

=
=

Taking the maximum of the left-hand side over all vectors having norm 1, we obtain
from (A.2) that |AB|| < ||A| || B]. O

If the norms on R” and R™ are both L, norms, then we write | e||, for the induced
matrix norm and call it the L, matrix norm. For any A € R™*", ||A]|, is equal
to the maximum singular value of A [45, section 2.2.5.5][55, appendix]. The
singular values of A are the non-negative square roots of the eigenvalues of ATA.
If A € R™™" is symmetric then ||A|, is equal to the largest of the absolute values
of the eigenvalues of A [45, section 2.2.5.5][55, appendix]. Recall the following
definition.

Definition A.31 Let A € R"™" be square and suppose that we can find A € K and & € K"
such that A& = A£. Then A is called an eigenvalue and £ is called an eigenvector of A. O

In general, there are n eigenvalues for an n x n matrix, given by the solution of the
characteristic equation:

det(A —IA) = 0.
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Definition A.32 Vector norms [le|| on R” and R™ and a matrix norm |e||’ are called
compatible if:

Vx e R",VA € R™" ||Ax| < [ All" |Ix] .
]
By definition, vector norms on R” and R” and the corresponding induced matrix

norm are compatible. However, there are matrix norms which are not compatible
with any vector norm. For example, the Frobenius norm:

1Al = (Z Z(AW)

k=1 ¢=1

is not compatible with any vector norms. More details on matrix norms are con-
tained in [45, section 2.2.4.2].

A.4 Limits

We discuss limiting properties of sequences and of functions.

A.4.1 Convergence and limits

Sequences have limiting properties embodied in the following.

Definition A.33 Let ||e|| be anorm on R”. (See Definition A.28 for the definition of norm.)
Let {x™ }o2 o be a sequence of vectors in R". Then, the sequence {x™ }oo converges to a
limit x* if:

Ve > 0,3N € Z. such that (v € Zy and v > N) = (Hx(”> x| <o.

We write limy_, 0o ™ = x* or lim x* = x* and call x* the limit of the sequence

V—>00
{x(”)}ﬁozo. O

Definition A.34 A sequence {x(") }12 o has an accumulation point x* if some sub-sequence
of the sequence converges to x*. O

A.4.2 Continuity

Definition A.35 A function g : R* — R’ is continuous at x* if there are any norms ||e||
on R" and R such that:

Ve > 0,38 > 0 such that (||x* — x” < 8) = (||g(x*) — g(x)“ < e) . (A.4)

A function is continuous on S C R” if it is continuous at x* for every x* € S. If a function
is continuous on S = R”, then it is said to be continuous or continuous everywhere. O
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Notice that by Exercise A.2, Part (iv), for a given €, the largest value of § that
satisfies (A.4) will depend on which norm is used on R"; however, it can be shown
that the property of continuity of a function g : R” — R™ is independent of the
choice of norm on R” and R”. In more general spaces than R”, this is not true [82,
section 2-7].

A.4.3 Differentiation
A.4.3.1 First derivative

Definition A.36 We say that a function f : R — R is differentiable at x* with respect to
x or its first derivative with respect to x exists at x* if the following limit exists:

G S S S
1m .

§—0 8
The value of the limit is denoted j—xf (x*). A function f : R® — R is partially differ-
entiable at x* if, for k = 1, ..., n, the first derivatives with respect to xj all exist. We
write % (x*) for the first derivative with respect to x¢, k = 1, ..., n, and call them the
k
first partial derivatives at x*. A function g : R” — R is partially differentiable if each
function g¢, £ = 1, ..., m, is partially differentiable.
Suppose that f : R” — R and g : R" — R are partially differentiable at x*. That is,
suppose that % (x*) exists for each k and suppose that Baxﬁ (x*) exists for each k and £.
k k
Then the derivative and gradient of f at x*, symbols % (x*) and Vf(x*), respectively,
are defined as follows:
8f * Ixn ; : 8f *
* oy (x*) € R is the row vector with k-th entry equal to P (x*), and
k
e Vf(x*) € R" is the column vector with k-th entry equal to % (x*).
k
We have that %(x*) = [Vf()].
Furthermore, the derivative and gradient of g, symbols ;—f and Vg, respectively, are
defined as follows:
° g—f (x*) € R™*" is the matrix with £k-th entry equal to E?xﬁ (x*), and
k

e Vg(x*) € R™™ is the matrix with k¢-th entry equal to % (x*).
k

That is, a—f (x*) = [V

If the partial derivatives exist for all points in the set S € R” then the function is said to
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af

be partially differentiable on S. We write 3 Vf, aa—xg, and Vg for the functions whose

values at each x* € S is given by g x*), VF(x™), g—xg (x*), and Vg(x*), respectively. If

the partial derivatives exist for all points in R" then the function is said to be partially dif-
ferentiable or partially differentiable everywhere. (For the distinction between a partially
differentiable function and a differentiable function, see [72, section 2.3].)

The symbol V is sometimes pronounced “del.” The matrix Z?_f is also called the Jacobian

and we often use the symbol J for the Jacobian of the function g.
O

Definition A.37 If f : R" — R is partially differentiable with continuous partial deriva-
tives and x* € R", Ax € R", then the function ¢ : R — R defined by:

Vi eR, @) = f(x* +1Ax)
is a differentiable function. Moreover, by the chain rule [72, section 2.4]:

d¢

_ *o T
W(O) =Vf(x")' Ax.

We call Vf (x*)TAx the directional derivative of f at x* in the direction Ax since is
evaluates the rate of change of f in the direction Ax from x*. O

If f is partially differentiable at a point x* € R” but its partial derivatives are not
continuous at x* then the function ¢ in Definition A.37 may not be differentiable.
(See Exercise A.9.)

A.4.3.2 Second derivative

Definition A.38 A second derivative is a derivative of a derivative function. For a function
3 f

0x¢0Xxk

respect to x; of f. If these functions exist for each ¢ and k then we say that the function is

f: R" - R we write for the derivative with respect to x, of the derivative with

2
twice partially differentiable. We then define 8872]1 : R" — R™*" by:

ve.k, [32f | -2L
Lk

axZ | = dxioxi

2 2
We call ;—2]: the Hessian of f and we also write V2f and V2 f for 5—; a
X X

The Hessian of a function is the same as the Jacobian of its gradient. Exer-

cise A.10 shows the reason for the % in Definition A.20 of a quadratic function.

Exercise A.10 shows that if f is quadratic then its Hessian is constant. If f is
approximately quadratic, then its Hessian is approximately constant.
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A.4.3.3 Symbolic conventions

Symbols and conventions for functions and derivatives are often confusing. We
will use the following convention. Each function we introduce will be defined in
terms of a “dummy variable.” The dummy variable is the argument as specified in
the definition of the function. We must specify the value of the function for each
possible value that the dummy variable can take on in the domain of the function;
that is, the dummy variable is running over all possible values. We will then avoid
using the dummy variable in any role where it is thought of as a constant or a
particular value.

For example, suppose that g were defined using the dummy variable x. When we
refer to the function we will write either g or g(e), omitting the dummy variable.
To indicate g evaluated at a particular point x” we write g(x’).

To indicate the derivative of the function evaluated at a point x” we write % ).

The derivative function will be denoted aa_xg or ;—xg (o). We will avoid using x to

stand, at the same time, for the dummy variable and for a particular point in an
expression because of the difficulty in distinguishing:

e the use of x as the dummy variable in E?_xg from

e the use of x in the argument of ;)—xg (x).

To see this issue, consider the function g : R — R defined by:

Vx, g(x) = (x)°.

d
Then, % is the function defined by:

0
Vi, 28 (x) = 3(x)2.
ox
If we write:

0
T2 (@), (A5)

then we mean the function aa_xg evaluated at the point (x)2, which is 3((x)?)? =

3(x)*. However, we interpret the similar-looking expression aa—x [g((x)?)] as mean-
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ing:
d 2y . 98 oy 0
a[g((X) ) = . ((x)7) x oy [(x)7],
= 3(x)* x 2x,
= 6(x)°, (A.6)

using the chain rule [72, section 2.4]. Because it is easy to confuse (A.5) and (A.6)
we will usually try to avoid expressions like them and we will typically use the V
notation to denote the gradient function.

A.4.4 Integration

A.4.4.1 Fundamental theorem of integral calculus

Theorem A.2 Let f : R — R be a differentiable function and let a, b € R. Then:

b
- r@=[ Lo

Proof See [114, section 4-8]. O
A.4.4.2 Integration of non-negative function

Theorem A.3 Let f : R — R be continuous and let a, b € R. Then:

b
/ f(t)dt > 0.
t=a

If f(t) is strictly positive for a < t < b then the integral is strictly positive.

Proof See [114, section 4-8] and Exercise A.11. O

A.5 Sets
A.5.1 Notation

It is often convenient to define sets by collecting together all those elements from
another set, such as R or R”, that have a particular property. We formalize this in
the following.

Definition A.39 Let ® : S — {true, false} be a function that evaluates to either true or
false. By {x € S|®(x)} we mean the subset of S consisting of all those elements x such
that ®(x) is true. The function ® is often expressed “loosely.” O
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For example, {x € R?|—1 < x; < 1} means the set of all two-vectors such that the
first entry of the two vector, namely x, has a value that lies between —1 and 1.

If the dummy variable in the definition of ® and the set S are clear from context,
then we sometimes omit the “x € S|.” For example, if the context is clear, we might
write {—1 < x < 1} for {x € R|—1 < x < 1}. If there are multiple conditions
in the definition of the set then these are separated by commas. They should be
interpreted as meaning “and” or “intersection.” For example, {x € R"|g(x) =
0, 1(x) < 0} means the set of vectors x in R” such that g(x) = 0 and h(x) < 0.

A.5.2 Open and closed

Definition A.40 A point x° € R”" is called a point of closure or a limit point of a set
S C R" if there is a norm | e|| such that:

Ve > 0,3x€ € S such that ||x6 — x°|| <e.

A point x! € R” is called an interior point of a set S C R” if there is a norm ||| such
that:

Je > O such that Vx € R", (‘

xi—x” 56) = (x €9).

The set of all limit points of S is denoted by cl(S). The set of all interior points of S is
denoted by int(S) and is called its interior. O

Any point in S is also a limit point of S, but in general some limit points of S may
not be contained in S. That is, S C cl(S). Any interior point of S is contained in S,
but in general some points of S are not interior points of S. That is, int(S) C S.

Definition A.41 A set S € R” is closed if it contains all its limit points. That is, S is
closed if cI(S) = S. A set S € R” is open if (R" \ S) is closed or, equivalently, if every
point in S is an interior point of S. That is, S is open if int(S) = S. O

Definition A.42 The boundary of a set S € R” is defined to be the set (cI(S) \ int(S)). O

For a point x° on the boundary of S C R” there are points in S that are arbitrarily
close to x® and points not in S that are arbitrarily close to x®. A closed set contains
its boundary. For example, consider a “closed ball” as defined in the following.

Definition A.43 A closed ball of radius p € R, about a point x(? € R” is the set:

[rem [[e -] <),
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A closed ball is (not surprisingly) a closed set and contains its boundary. By Def-
inition A.40, for any interior point x' of a set S, we can find a closed ball of some
radius € > 0 about x' that is contained in S. We can also define an “open ball.”

Definition A.44 An open ball of radius p € R, about a point x(? € R” is the set:

{xeR"

9] <.
O

The interior of a closed ball is the corresponding open ball.

Definition A.45 An open set in R” containing a point x©) is called a neighborhood of
0 0
x®.

An example of a neighborhood of x© is an open ball of radius p > 0 about x©.
For any neighborhood P of x @, there is an open ball of some radius p > 0 about

x© that is contained in the neighborhood P.

Definition A.46 A set S € R” is bounded if there exists p € R and a norm ||e|| such
thatVx € S, ||x]| < p. O

A closed ball is bounded. An open ball is bounded.

A.5.3 Projections
Definition A.47 LetS C R”, letn’ <n,and let P C R"” be defined by:

P:[geR"’

3x € Ssuch that & = x4, k = 1,...n’}.

The set P is called the projection of S onto the last n’ components of R”". If n’ = 1 then
we call P the projection of S on the last component of R”. Similarly, we can define the
projection onto any other subset of the components. O

For example, if S € R? is the closed ball of radius 1 centered at |:8:| then the

projection of S onto the last component of R? is the set P = {x; € R| — 1 < x; <
1} € R.

Definition A.48 Let ||e|| be a norm, S € R”, and X € R". Then the projection of X on S
is the set argmin,.cg {Hx - X || } [15, sections 6.1 and 8.1]. O
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A.6 Properties of matrices
A.6.1 Singular and non-singular matrices

A.6.1.1 Definitions

Definition A.49 A square matrix A € R"*" is invertible if there exists another matrix in
R">*"_ (which we write A~ and call the inverse) that satisfies:

ATTA=AAT" =1L

An invertible matrix is also referred to as non-singular. If no inverse exists, then A is
called singular. O

Definition A.50 Let A € R™*". Then we define the following.

e The range space of A is the set R(A) = {y € R"|dx € R" such that y = Ax}. (We
often abbreviate this expression by writing: {Ax € R"|x € R"}, where it is understood
that the set contains the values y = Ax for all x € R".)

e The null space of A is the set N'(A) = {x € R"|Ax = 0}.
O

For example, consider the following.

o If A =0then R(A) = {Ax € R"|x € R"} = {0} and V' (A) = {x € R"|Ax =
0} =R".

o If A =1 then R(A) = {Ax € R"|x € R"} = Rand N(4) = {x € R"|Ax =
0} ={x eR"|Y;_, xx =0}

o If A =1Tthen R(A) = {Ax € R"|x € R"} = R" and N (A) = {x € R"|Ax =
0} = {0}.

Since A0 = 0 for any matrix A, the zero vector is an element of both the range
space and the null space of any matrix.

For any A € R™*", we have the somewhat surprising result that any vector in
R" can be expressed as the sum of ([55, section A.15]):

e an element of the range space of A", plus
e an element of the null space of A.

That is, we have the following.

Theorem A.4 Let A € R™*", Then,

Vx € R, 3x € R, 3z € R” with Az = 0 such that x = 7 + ATA.
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Proof See [55, section A.15] and Exercise 5.47. O

Definition A.51 A vector subspace of R" is a set S € R” with the following properties:
(i) Vx,x' €S, x+x" €8S,
(i) Vx € S,Va € R, ax € S.

O

The set R” is a vector subspace of itself. The null space NV (A) and range space
R(A) of a matrix A € R™*" are vector subspaces of R” and R™, respectively.

Definition A.52 Let A € R”™*" and b € R™. A set of the form {x € R"|Ax = b} is called
an affine subspace or a linear variety. If A € R and is not equal to the zero vector,
then {x € R|Ax = b} is called a hyperplane. O

The notion of a hyperplane generalizes the notion of a plane in three dimensions:
a hyperplane has exactly one less “dimension” than the space R” in which it is
embedded. A hyperplane in R" divides R" into two half-spaces. The boundary of
each half-space is the hyperplane.

Definition A.53 In describing matrices, we will mention the:

e upper triangle,
e diagonal, and
e lower triangle.

Some authors use “upper triangle” to refer to both the entries above the diagonal as well as
on the diagonal. In this book we will use upper triangle to refer to only the entries above
the diagonal. Similarly, we will use “lower triangle” to refer to only the entries below the
diagonal. By an upper triangular matrix, we will mean a matrix that has zeros in its
lower triangle. Similarly, a lower triangular matrix has zeros in its upper triangle. O

A.6.1.2 Properties

Theorem A.5 A square matrix A € R"*" that is singular has the property that there exists
a non-zero value of x such that Ax = 0. That is, the null space of a singular matrix
contains elements besides the zero vector.

Proof See [55, appendix]. O

Theorem A.6 Let A € R"*". Suppose that B € R"" satisfies AB = 1. Then B = A~
and BA = L. Similarly, if B € R"*" satisfies BA =1, then B = A~ and AB = 1.

Proof See [55, appendix]. O

In general, for two arbitrary matrices A and B, it is not usually the case that
AB = BA. In the special case that B = A, this relationship, called commuta-
tivity, does hold.
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A.6.2 Linearly independent columns and rows

Definition A.54 Let A € R"*", x e R",y e R", g : R" — R™. Then:

the column vector Ax is called a linear combination of the columns of A,

the row vector y' A is called a linear combination of the rows of A,

the function yfg : R” — R is called a linear combination of the entries of g,

the equation y'g(x) = 0 is called a linear combination of the equations g(x) = 0.

O

Definition A.55 A matrix A € R™*" has linearly independent columns if:
Vx e R", (Ax =0) = (x =0).

It has linearly independent rows if:
Vy eR", (' A=0)= (y =0).

If the matrix does not have linearly independent rows then we can write one of the rows as
a linear combination of the others and we say that the rows are linearly dependent. If the
matrix does not have linearly independent columns then we can write one of the columns
as a linear combination of the others and we say that the columns are linearly dependent.
O

If A has linearly independent columns then A has linearly independent rows. If
A has linearly independent rows then A' has linearly independent columns. In the
case that m = n then having linearly independent columns is equivalent to the ma-
trix being non-singular and is equivalent to the matrix having linearly independent
rows. If the null space of A has elements besides 0 then the columns of A are not
linearly independent and vice versa as Exercise A.16 shows.

Definition A.56 A basis for a vector subspace is a linearly independent set of vectors such
that all the elements of the vector subspace can be expressed as a linear combination of the
vectors in the basis. O

If the columns of a matrix A are linearly independent, then the columns form a
basis for the range space of A. For example, I € R"*" has linearly independent

columns and the vectors {I,, ..., I,} are a basis for R", which is the range space of
I

Definition A.57 Consider a matrix A € R™*", We define:

e arow sub-matrix to be a matrix obtained from A by deleting some of its rows, and
e a column sub-matrix to be a matrix obtained from A by deleting some of its columns.
The row rank of A is the number of rows in the largest row sub-matrix of A that has

linearly independent rows. The column rank of A is the number of columns in the largest
column sub-matrix of A that has linearly independent columns.
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A matrix A € R™*" has full row rank if its row rank is equal to m. It has full column rank
if its column rank is equal to n. A square matrix A € R"*" is invertible if and only if it has
full row rank and if and only if it has full column rank.

O

A.6.3 Positive definite and positive semi-definite matrices

Definition A.58 A matrix Q € R"*" is positive definite if:
Vx € R", (x #0) = (x' Qx > 0).

A matrix Q € R"*" is negative definite if (— Q) is positive definite. O

Definition A.59 A matrix Q € R™*" is positive semi-definite if:
vx e R", x"Qx > 0.

A matrix Q € R™*" is negative semi-definite if (— Q) is positive semi-definite. O

A.6.4 Positive definiteness on a subspace

Definition A.60 A matrix Q € R"*" is positive definite on the null space {x € R"|Ax =
0} if:
Vx € R, (Ax =0and x # 0) = (x' Qx > 0).

O

Definition A.61 A matrix Q € R™*" is positive semi-definite on the null space {x €
R"|Ax = 0} if:

Vx € R", (Ax = 0) = (x'Qx > 0).

A.7 Special results

In this section we present some special results.

A.7.1 Weierstrass accumulation principle

Although, in general, sequences may or may not converge, we have the following.

Theorem A.7 Suppose that the sequence {x(”)}]‘jozo is bounded. (See Definition A.46.)
Then it has a convergent sub-sequence. (See Definitions A.18 and A.34.)

Proof See [111, corollary of theorem 2 of chapter 21]. O
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A.7.2 UHopital’s rule

In some cases, limits involving ratios can be calculated using I’Hopital’s rule.

Theorem A.8 Let f,g : R — R be differentiable and suppose that limy_,qo f(x) =
limy_.og(x) = 0. Then:

df
Cfw o a W
) T Aam e

E(x)

assuming that the limit on the right-hand side exists.

Proof See[111, theorem 9 of chapter 11]. O

A.7.3 Implicit function theorem

In discussing sensitivity analysis, we are interested in how an optimal solution
varies with the values of a parameter.

Theorem A.9 Let g : R" x R® — R” be partially differentiable with continuous partial
derivatives. Consider solutions of the equations g(x; x) = 0, where x € R’ is a
parameter. Suppose that x** € R" is a solution, satisfying:

g(x™;0)=0.

We call x = x** the base-case solution and x = 0 the base-case parameters. Define the
(parameterized) Jacobian J : R" x RS — R"*" py:

Vx e R, Vx e R, J(x; x) = ;—xg(x; X)-

Suppose that J(x**; 0) is non-singular. Then, there exists a neighborhood P of x = 0
and a partially differentiable function x* : R® — R”" with continuous partial derivatives
such that:

e x*(0) = x™* is equal to the base-case solution,

e Xx* satisfies:

Vx € P, g(x*(x); x) =0,

and
o the sensitivity of x* to variation of the parameters satisfies:
ax* x - x
5 @ =l O: 01" K@ (0); 0),

where K : R" x R®* — R™* is defined by:

Vx e R", Vx e R, K(x; x) = g—j(x; Xx)-
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Proof See [70, section A.6][72, section 4.4]. O

The most straightforward application of the implicit function theorem is in calcu-
lating the sensitivity to x of the solution of simultaneous equations evaluated at the
base-case. This is considered in Section 7.5.

Since the base-case solution x** in Theorem A.9 is equal to x*(0), we will usu-
ally abuse notation somewhat and write x* for both the base-case solution and
also for the function that represents the dependence of the solution on y. That is,
whether the symbol x* stands for a particular vector value or for a vector func-
tion will depend on context. Since we are usually only interested in the base-case

*

. . . 0x L .
solution x* and its sensitivity at the base-case, e (0), this will not be ambiguous.
X

A.7.4 Inverse function theorem

A related result is called the inverse function theorem. It allows us to “invert” a
function. See Exercise A.19 and [72, section 4.4] for details.

Exercises

Types of functions

A.1 In the following, Q € R"*" is not necessarily symmetric. Define Q° = %(Q +0h.

(i) Show that Q" is symmetric.

(ii) Show that Vx, 3x7Qx = 1x7Q’x.
(iii) Show that (Q is positive semi-definite) < (Q” is positive semi-definite).
(iv) Show that (Q is positive definite) < (Q" is positive definite).

Norms

A.2 In this exercise we consider several norms.

(i) Prove that the L1 norm ||e||; satisfies the definition of a norm.
(ii) Prove that infinity norm ||e||, satisfies the definition of a norm.
(iii) Show that on R! that [[e]|; = [|e]ly = ||®]lxc.
(iv) Show that on R” each of these three norms is bounded above and below by some
constant multiple of the others. Calculate all six constants relating the norms. (Each
constant depends on 7.)



798 Mathematical preliminaries

A.3 Use the triangle inequality (and any other properties of norms that you might need)
to prove that for any norm:

lx+ vyl = lixl =yl

A.4 Show that the induced matrix norm in Definition A.30 satisfies Definition A.29 of a
matrix norm.

A.5 Consider the matrix A € R?*2 and the L, norm |le|l,. Calculate the value of the
induced matrix norm || A|| for:

. (1 0]
(1) A= o 1}
.. (1 0]
(i) A= 0o 2/
(1 1]
(i) A= 0 2|

Limits

A.6 Do the following sequences {x(“)}iio have any accumulation points? For each
accumulation point, specify a convergent sub-sequence and its accumulation point.

) V)2, if vis odd,
(@) Vv eZy x" = 1/(v —f— i), if v is even.
1, if v is divisible by 4,
1/v, if v has remainder 1 after division by 4,
(v)2, if v has remainder 2 after division by 4,
—1/v, if v has remainder 3 after division by 4,

[ (1“/)3 } _ ifvisodd,

1/w+1)
(v + 1)?

(i) Vv e Zy,xV =

(iii) Yv € Zy, xW) =

] , if viseven.

A.7 Consider the function f : R — R defined by:

1, ifx=0,
VxeR,f(x):{ . ;fi#o.

Show that f is not continuous at x = 0. Use the ||e||; norm.

A.8 Show that a norm on R” is a continuous function. (Hint: Notice that ||e| : R” — R,

so you must define norms on R” and on R. Which norms should they be to make your
work easy?)
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A.9 ([72, example 2 of appendix A].) Let f : R — R be defined by:

_um fx £,
Vx e R%, f(x) = VG2 a

’

ifx =0.

(i) Sketch the function.

(ii) Show that f is partially differentiable at each x € R?.
(iii) Show that the partial derivatives are not continuous at x* = 0.
(iv) Let Ax = 1 € R? and define the function ¢ : R — R by:

Vt e R, ¢p(t) = f(tAx).

Is ¢ continuous at ¢ = 0?
(v) For ¢ defined in the previous part, is ¢ differentiable at r = 0?

A.10 In this exercise we consider quadratic functions.
(1) Let Q € R™" be symmetric. Show that the Hessian of f defined in (A.1) is given

by Q.
(ii) Suppose that @ € R™ " is not symmetric. What is the Hessian of f defined

in (A.1)?

A.11Let f : R — R, be continuous and leta, b € R.
(i) Prove that:

b
/ f@®)dt = 0.
t=a

(ii)) Now suppose that f(¢) is strictly positive for a < ¢t < b. Prove that:

b
f f(t)dt > 0.
t=a

Sets

A.12 In this exercise we consider open and closed balls.
(i) Prove that a closed ball is a closed set. Make sure that your proof applies the

definitions carefully.
(ii) Prove that an open ball is not a closed set.
(iii) What points would have to be added to the open ball to make it closed? Specify the

smallest set of added points that would make the open ball into a closed set.
(iv) Prove that an open ball is an open set.

A.13 Show that the intersection of two closed sets is closed.
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A.14 In this exercise we consider sets defined in terms of functions.

(i) Let g : R® — R™ be continuous. Show that S = {x € R"|g(x) = 0} is closed.
(ii) Leth : R" — R" be continuous. Show that S = {x € R"|Ah(x) < 0} is closed.
(iii) Let g : R®" — R™ and & : R" — R” be continuous. Show that S = {x €
R*|g(x) = 0, h(x) < 0} is closed.

A.15 Suppose that & : R” — R is continuous and consider the sets S = {R" |k (x) < 0},
S = {x € R"|h(x) < 0 and, for at least one ¢, hy(x) = 0}, and S = {x € R"|h(x) < 0}.

(i) Suppose that each element of S is a regular point of the constraints 2(x) < 0. (See

Definition 19.1.) Show that the interior of S is S and that the boundary of S is S.

(i1) Suppose that 4 is a convex function (see Definition 2.16) and that S # #. Show
that the interior of S is S and that the boundary of S is S.

(iii) Show by an example that if / is not continuous then the boundary of S is not
necessarily S.

(iv) Show by an example that if 4 is continuous but some elements of S are not regular
points of the constraints z(x) < 0 then the interior of S is not necessarily S.

(v) Show by an example that if / is continuous and convex but S = ¢ then the interior
of S is not necessarily S.

Properties of matrices
A.16 Let A € R™*", Show that the columns of A are not linearly independent if and

only if the null space of A contains vectors besides 0.

A.17 Do the following have linearly independent columns? What is the column rank of
each matrix?

-0
i) A= 0}.
0
i a=|9 (1)}
F10
i) A=|0 1].
0 0
110
@) A=|0 0 1}.
0 0 0
SR
W A=| 0 0}.
L0 0
wi) A=) 1 i]
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. 1 2 6
(vii) A=|:2 3 10]

0 1
(viii) A:|:O 2].
0

A8 Let Q e R and A € R™*",

(i) Suppose that there exists IT € R such that Q + ITATA is positive definite. Show
that Q is positive definite on the null space N'(A) = {Ax € R"|AAx = 0}.

(ii) Suppose that Q is positive definite on the null space N'(A) = {Ax € R"|AAx =
0}. Show that there exists IT € R, such that Q + ITATA is positive definite.
(Hint: Prove by contradiction. Suppose that for each v € Z there is x(*) such
that ||x(”) || = 1 and [x(”)]T(Q + vATA)x™ < 0. Apply Theorem A.7 to find a
convergent sub-sequence of {x(") 102

Special results

A9 Let h : R" — R”" be partially differentiable with continuous partial derivatives and
x** € R". Suppose that 2(x**) = 0 and that g—xh(x**) is non-singular. Use the implicit

function theorem, Theorem A.9, to show that, in a neighborhood of x = 0, there exists an
inverse function x* : R" — R” to 4. In particular, show that there exists a neighborhood
P of x = 0 and a partially differentiable function x* : R” — R” with continuous partial
derivatives such that:

o x*(0) = x*,
o x* satisfies:

Vx € P, h(x*(x)) = x,

and
o the sensitivity of x* to variation of yx satisfies:

ax* a1
W(O)Z[W(X )] .

(Hint: Define g : R" x R" - R?" by Vx e R",Vxy e R", g(x; x) = h(x) — x.)



Appendix B

Proofs of theorems

B.1 Problems, algorithms, and solutions

Theorem 2.6 We follow the proof of [70, proposition 4, section 6.4].

= Suppose that f is convex. Let x, x” € S be given. Then, by definition,

Vi e [0, 1], f(" +tlx —x'D) < fO) +1[f(x) = fFD].
Re-arranging and dividing through by ¢ for 0 < ¢ < 1, we obtain:

v e (0,17, LI _IX/D IS - o). @D

To interpret (B.1), consider a line interpolating f between x” and x as shown in
Figure B.1. This line has slope:

f) = F&)

llx —x"ll,

’

and is illustrated with the dashed line in Figure B.1. Now consider a line interpo-
lating f between x” and x’ + ¢[x — x']. This line has slope:

SO +ilx =x'D) = f(&x)

tllx —x'll,

k]

and is illustrated with the dash-dotted line in Figure B.1. Equation (B.1) shows
that the slope of the dash-dotted line is no greater than the slope of the dashed line.
This is true for each value of ¢ in the range 0 < ¢ < 1. The situation is illustrated
in Figure B.1.

802
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f)

1

0.9
0.8
0.7
0.6

05F P 4
] Fig. B.1. Graphical illus-
- tration of inequality (B.1)

- in Theorem 2.6. The line
02} B 1 interpolating f between x’
o and x is shown dashed,

while the line interpolating
) 0.1 02 03 04 05 06 07 08 09 X f between x’ and )C/+l [x —

x’ x +itx—x"1 x x'] is shown dash-dotted.

031

0.1

0

Moreover, since f is partially differentiable with continuous partial derivatives,

Vi) (x = x)
_ i L = XD — )
- tl_I)% t ’

by definition of the partial derivative (see Definition A.36),

and of the directional derivative (see Definition A.37),

< liné[f(X) — f(x], by (B.1), on replacing (f (x' + t[x —x']) — f(x"))/t
—
with the value f(x) — f(x’), which is always greater,

= f(x)— f&).
The result is true for arbitrary x, x” € S so that (2.31) holds.
< Conversely, suppose that (2.31) holds. Let x,x” € Sand 0 < ¢ < 1 be
arbitrary. To prove that f is convex, we must show that f(x + t[x” — x]) <

f) +t[f(x") — f(x)]. Let x’ = x + t[x” — x]. Then, equivalently, we must
prove that f(x") < f(x) +t[f(x”) — f(x)]. Now notice that:

FE)+tfG") = fOl=11—11f () +1f ("),
so that equivalently we must show that:
FOD) =M =11f ) +1f (7). (B.2)
By (2.31), since x, x' € S,

f) = FO) +VFED) = x). (B.3)
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But by (2.31) applied to x” and x’, (that is, replacing x by x” in (2.31) and observ-
ing that x”, x" € S),

F(xX") > )+ V)T = x). (B.4)

Now multiply (B.3) by [1 — #] and multiply (B.4) by ¢ and add the results together
to obtain:

[1—1]1f(x) +2f(x")
> [1=11f () + 1= V&) (=) +1f () +1Vf &) (" = x),
= fE)+VFE) U =D —x) + 1" =),
= [+ VO I+t —x) =],

on collecting and re-arranging the terms in the square brackets,

£(x) + VF(x)'[0], by definition of x,

= fi),

which is (B.2). O

Theorem 2.7 By Theorem 2.6, we must show that (2.31) holds. Let x,x" € S.
For 0 < ¢t < 1 we have that (x’ 4+ ¢t[x — x’]) € S since S is convex. Define
¢ :[0,11 > Rby Ve €[0, 1], p(t) = f(x" + t[x — x']). Notice that:

¢(0) = fx), (B.5)
o) = fx). (B.6)
Taking derivatives:
jT‘l’(t) = Vf(x'+1[x —x'])(x — x"), by the chain rule [72, section 2.4],
57¢ 0) = V) (x —x), evaluating the previous expression at = 0, (B.7)
%(r) = (@ =x)'VFE + 1l — XD = x),

> 0, for0 <t < 1since V*f(x’' + t[x — x']) is positive semi-definite.
(B.3)
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By (B.5), (B.6), and (B.7), the condition (2.31) is equivalent to ¢ (1) > ¢(0) +

do ]
e (0). We have:

U dg
o(1) = "’(0”/,_03(’)‘”’

by the fundamental theorem of integral calculus applied to ¢,
(see Theorem A.2 in Section A.4.4.1 of Appendix A),

1 d t d2
= ¢(0)+/ [d7¢(0)+f d2¢(t)dt:|dt

by the fundamental theorem of integral calculus applied to d¢ ,

dt
(see Theorem A.2 in Section A.4.4.1 of Appendix A),
= ¢(O)+—(O)+/0/ T (t)dt dt, (B.9)
t t'=l
evaluating the integral of the first term in the integrand,
d¢

V

= ¢0)+--(0),

since the integrand is non-negative everywhere by (B.8),
(see Theorem A.3 in Section A.4.4.2 of Appendix A).

This is the result we were trying to prove. A similar analysis applies if V>f is posi-

tive definite, where we note that continuity and positive definiteness of the Hessian
2

implies that the integrand a7

(#') in (B.9) is continuous and strictly positive ev-

erywhere. O

B.2 Algorithms for linear simultaneous equations

Lemma 5.1 First notice that the symmetry of A is preserved when we re-order the
rows and columns using diagonal pivoting. Therefore, we can assume that A has
its rows and columns ordered so that Ay is the first pivot. By definition,

VEIZ,...,I’l,Lﬂ IAgl/An.
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Now consider any entry Aﬁ) with £, k > 2. We have:

Aﬁ) = Ay — Ly Ay, by definition of A,
= Ay — AnAix/A1, by definition of L.
Also, A® = A, — LAy, by definition of A®),

= Ay — AriAi1e/A1, by definition of Ly,
= Ay — ApA/A, by symmetry of A,
- a2

O

)

ji

Ve > j, Ly = Ay /AY),

Lemma 5.2 Again, we can assume that AY; was used as the pivot. Then,

by definition. Consider any entry Afz',"fl) with £,k > j 4+ 1. We have
AR = AW — LyAY), by definition of AUHD,
= Ay — AP A /AT, by definition of Ly;.

Ji?
Also, A,((J;r]) = A,((Q) - ijA%), by definition of AU*D,

= Ay - A,E?A;Q)/ A%), by definition of Ly;,
= A%) - AZ)AEJ,?/ A%), by symmetry of AV,
— G+D

= Ay .

(|
Theorem 5.5 We divide the proof into three parts.

A is invertible Suppose that A € R"*" is singular. Then, by Theorem A.S in
Section A.6.1.2 of Appendix A, there exists x # 0 such that Ax = 0. But then
x"Ax = x70 = 0 and so A is not positive definite. This is a contradiction and so A
is, in fact, non-singular. (Positive definiteness is a “stronger” condition than being
invertible.)

A is factorizable as LDL" We now claim that we can use the standard pivot A%)
at each stage of the factorization algorithm to factorize symmetric positive definite
A into LU. For suppose not. That is, suppose that the factorization failed at, say,
stage £. By this we mean that factorization using the standard pivot was successful

for stages 1, ..., (£ — 1), but we found that at stage ¢, A%) = 0. (If we find a zero
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pivot at the first stage, then £ = 1 and we define A"’ = A. In this particular case,
A =AY =4,,=0)

Let L’ be the product of the inverses of the matrices MV, ..., M“~ defined in
the factorization algorithm in Section 5.3.2. (If £ = 1, then define L’ = 1.) Notice
that L’ is lower triangular with ones on its diagonal. We have A = L’A®).

Consider the top left-hand ¢ x ¢ submatrices of A, L', and A and write A,
i’, and A“), respectively, for these three £ x ¢ submatrices. By construction, the
matrix L’ is lower triangular, while AW s upper triangular. Let us use the symbol
o to stand for blocks of a matrix that have unknown and possibly non-zero entries.
Then we can write:

A = A .:| , by definition of A,
| [ ] [ ]

= L'A“, by construction,

(L 0|[A® o
- | [ ] [ ] [ ] [ ’
by definition of L’, I/, and A® and since L' is lower triangular,
[L'AD o .
= , on multiplying.

[ ]

Therefore, A = L'A®. For example, if we encounter a zero pivot at the first stage,
then A = [A;] = [0], L' = [1], A® = [0], and [0] = [1][0]. Since A® is
upper triangular, if we let U’ = A® then the LU factorization of A is given by
A=LU"

Furthermore, A is symmetric and has been factorized into Lo using diagonal
pivots. Recall that from Corollary 5.3 and the discussion in Section 5.4.4 that if we
define D to be diagonal with diagonal entries equal to the diagonal of U = A®,

then we can factor A as I'D[L’], where L’ is lower triangular with ones on the
diagonal and Dis diagonal. Since A%) = 0, we have that Dy, = 0. By Lemma 5.4
applied to A, A is not positive definite, since the entry Dy, is not positive.

In summary, if the factorization fails at stage £ then A, the top left-hand ¢ x £
sub-matrix of A, is not positive definite.

A

X

But let £ € R’ be given and define x = |: 0

:| € R". We have:

R0 = x=[ﬂ;ﬁ0,
277 7%
S _
= xAx_|:0:|A|:0:|_x Ax > 0,
since A is positive definite by hypothesis.
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That is, £ # 0 = £TA% > 0. But this is true for any £ # 0 and so A is positive
definite. This contradicts the earlier result, so that in fact we could not have en-
countered a zero pivot at stage £. Therefore, we can successfully use the algorithm
to factorize A as LU. But since A is symmetric, by defining D to be diagonal with
diagonal entries equal to the diagonal of U, we can factorize A as A = LDLT,

In conclusion, A can be factorized into LDL" with L lower triangular having
ones on its diagonal and D diagonal. By Lemma 5.4, since A is positive definite,
D has strictly positive diagonal entries.

A7!is positive definite As we did in the proof of Lemma 5.4, let D? be diagonal
with diagonal entries equal to the square roots of the corresponding diagonal entries
of D. Then:

A7l = [LDLT]fl, by assumption on A,
= [LT]_1 DL, recalling from Section 5.3.2 that L is invertible,
= [L_I]TD_IL_I, since [L_l]T = [LT]_l, (see Exercise 5.18),
-1 -1
- [L_I]T[D%] [D%] L™, by definition of D?.
-1
Let x # 0 be given. Note that [D%] L7'x # 0 (forelse x = LD20 = 0.) But

2

> 0, by Property (ii) of norms, so that

-1
this means that xTAlx = H [D%] L7'x
2

A7!is positive definite. O

G+D e () : .
Lemma 5.6 To calculate AY™", using A} as pivot, we apply (5.11) to calculate:

ATV = AR — LAY j<t<nj<k=<n
The number of fill-ins is equal to the number of times that A%) =0, yet L 4-/A.(ijl;) #*
0, so that A,E{;H) # 0. Define IV € R"™ " by:

e A ()
) 0, if A = 0,
Ve kI = o
1, if Ay #0.

Then a fill-in is created at the £k-th entry if:

(i) Ay =0; thatis, I} = 0, ' _
(i) Ly = A /A #0; thatis, AY) #0and I = 1, and
(iii) A% # 0; thatis, 1%} = 1.

Therefore, a fill-in occurs at the £k-th entry if and only if (1 — IgHIZTY) = 1. If

a fill-in does not occur, then (1 — I,(Zi))lg) Ijjl;) =0.
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We defined N (j) to be the number of fill-ins created at stage j due to pivoting
on A;j ) at stage j. We can calculate N (j) by summing (1 — IE,’C))I(/ )I(’ ) over all the

£k-th entries that are in rows j + 1 to n and columns j + 1 to n. That is:

NGH= > a-LHIy. (B.10)

j<t€<n
j<k<n

Since A is sparse and we are trying to minimize fill-ins, it is reasonable to assume
that AY) is also sparse. That is, it is rare for A,(Z{C) to be non-zero and we can
approximate the sum in (B.10) by neglecting the term (1 — I(j )) since it is usually
equal to one. We calculate an upper bound, N (j), on the number of fill-ins N ()
by neglecting the factor (1 — IZ?). That is:

N(j) < N,
— Z I(])I(/k),

</
<k

I/\I/\

= Z I(J) Z I(’) , separating out the sums,

j<t<n j<k<n
2
= Z IS’,;) , because AV is symmetric.
j<k<n

The last expression is the square of:
[(the number of non-zero entries in the j-th row of AY)) minus 1].

(Recall that the first (j — 1) entries in this row are zero because of earlier stages in
the factorization.) O

B.3 Algorithms for non-linear simultaneous equations

Theorem 7.2 We divide the proof into four parts:

(i) proving that {x}°° o 1s Cauchy and has a limit that is contained in S;
(ii) proving that the limit is a fixed point of ®;
(iii) proving that the fixed point is unique; and
(iv) proving that the sequence converges to the fixed point according to (7.21).
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{x®}> ' 'is Cauchy and has a limit that is contained in S We prove that the se-
quence of iterates is a Cauchy sequence. By Lemma 7.1, this will establish that the
sequence of iterates converges to some point x*, say. To prove that the sequence is
Cauchy requires four main steps, which successively bound the difference between
various pairs of iterates.

Step 1: We first bound the norm of the difference between two successive iterates:

=)
= [ea") - o],
by (7.20), the definitions of x ™D and x|
< L “x<m) _ x(mfl)i ,
since ® is a contraction mapping with Lipschitz constant L,
< (L)? ||x(m’1) — xm=2 || , repeating the same argument,
< @W"|xP=x9, (B.11)

repeating the argument a further (m — 2) times.
Step 2: We use (B.11) to bound the norm of the difference between the v-th and

0-th iterate:
s =2
— ” (x(v) _ x(v—l)) + (x(v—l) _x(v—2)) 4ot (x(l) _x(o))

adding and subtracting terms,

’

) v—1 =1 v=2) a o
= e =T T T e =20
by the triangle inequality (Property (iii) in Definition A.28
of norms in Section A.3.1 of Appendix A) applied repeatedly,
v—1
< Y@ P —x?, using B.11) form =0,...,v -1,
m=0
_ 1— (L)Y ||x(1) — O I
1-L
using the formula for the sum of a geometric progression,
1
< 17 [« = x @], (B.12)

since0 <L < 1.

Step 3: We use (B.12) to bound the norm of the difference between an arbitrary
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pair of iterates x and x®". Let us first suppose that v < v’. Then:

Hx(v’> 0!

ch(x(”’*”) - cp(x(”*”)) , by (7.20),

< L “x("/_l) —xb H , since ® is a contraction mapping,
< (L) x(V’—V) —x© ,
applying the same argument a further (v — 1) times,
L v
< 1(—)L [x® = x @], by (B.12) for the (v — v)-th iterate.

Similarly, if v < v then:

(L)”
S AR §

HX(V’) —x™
1—-L

Combining the two results, we obtain:

L min{v,v’}
_w

<7 [x® —x@]. (B.13)

Hx(w 0!

We use (B.13) to prove that {x<”)}§io is a Cauchy sequence. For, lete > 0
be given. We claim that:

N — In [e(l - L)/ Hx(l) — x(O)H]
- In(L)

will suffice in the definition of a Cauchy sequence. By definition of N, we
have that (on re-arranging and taking the exponential of both sides):

N
1 e =] =
1-L ’
so that for v, v’ > N we have that (L)™n{-v}
Therefore, by (B.13):

xM—xO) /1 -L1) <e.

Yy, v > N, “x("/) —xW

=€,

and the sequence is Cauchy. By Lemma 7.1, {x}°°  has a limit, x*, say.
But Sis closed and x € S, Vv, so x* € S.
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x* is a fixed point of ® Notice that:

[@a) — x| = [@a) — oY), by (7.20),
L ||x* —x=D || , since @ is Lipschitz.  (B.14)

IA

Taking limits of the left- and right-hand sides of (B.14), and recalling that the
norm is a continuous function, (see Exercise A.8,) we obtain that || ®(x*) — x*|| <
L ||x* — x*|| = 0, so that, by Property (ii) of norms, ®(x*) = x* and x* is a fixed
point of .

Uniqueness of fixed point Now suppose there are two fixed points x* %= x** of @
in S. Then,

e =] = Jee) - o™
< L ‘ *ok

< ||)C* _x**i

| , since x* and x** are fixed points of ®,

x* — x™||, since ® is Lipschitz,

, since L < 1 because x* # x™ by supposition.

But this is a contradiction. So, there is exactly one fixed point, x*, say.

Rate of convergence Now note that:
[ =]
= [eE™P) —x*|, by (7.20),
|| OV D)y — d(x*) H , since x* is a fixed point of ®,

< L ”x("_l) — x*||, by definition of contraction mapping,
< L? Hx("_z) —x* || , repeating the same argument in the last three lines,
< L' Hx(o) — x*| , repeating the argument a further (v — 2) times.

Soasv — oo, L" — 0, and x® — x*. That is, the iterative method (7.20)
converges to the unique fixed point of ® in S. Furthermore, the error improves by
a factor L at each iteration, satisfying the bound (7.21). O

Theorem 7.3 We reproduce the proof from [58, section 5.5] and divide it into four
parts:

(i) we first prove that the iterates stay in S = {x e R" ‘ Hx —x© H <p- };
(ii) we then go on to prove that the chord method iteration defines a contraction
mapping on S;
(iii)) we then prove that the sequence of iterates converges to a solution x* € R”
of (7.1) that satisfies the estimate (7.22); and
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(iv) finally, we prove that x* is the only solution in the open ball of radius p4
about x©,

The iterates stay in S Consider the map:

O () =x — [J(xD)] g,
which specifies the chord method (7.8)—(7.9) in the form (7.20). We show that ®
maps S to itself. This requires us to estimate the value of [J(x (0))]_1 g(x) in terms

of known quantities. We know properties of [J (x©@)] " g(x®) and J, so we will
express [J(x (O))f1 g(x) in terms of these. This requires five main steps.

Step 1: First:

O g = EO g6+ x (g@) — g ™)),
(B.15)

on adding and subtracting [J (x©@)] " g(x©).

Step 2: We evaluate (g(x) — g(x©)), the factor in the second term on the right-
hand side of (B.15). Define y : [0, 1] — R”" by:

Vi e [0, 11,y (1) = gx@ + 1(x — xO)).

Then y(0) = g(x©@), y(1) = g(x), and, by the chain rule [72, sec-

tion 2.4]),
577’(:) =JxQ +r(x —xO)) x (x —x D).

Therefore:

g —g(x?) = y() - y(0),

t=1
dy
—— (1) dt,
/tzo dt

by the fundamental theorem of integral calculus
(Theorem A.2 in Section A.4.4.1 of Appendix A),

=1
= / TGO +1(x = xON] x (x = x@) dr. (B.16)

=0
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Step 3: Substituting (B.16) into (B.15), we obtain:

[J(x] g(x)
= VGO ®)
=1
F IO /

O +r(x —xONI x (x —xP)dr,
t=0

= M g6 + (x = x9) — [T Tx9) x (x — x@)
=1
F IO /

[Jx@ 4+ 1(x —xO)] x (x —x D) dt,
t=0
adding and subtracting (x — x©) = [J(x(o))]_lJ(x(O)) x (x —x©),

= VO @) + -2+ O] x
1

[/ ) TP+t —xONTI x (x —xP)dr — T (x @) x (x — x«»)] ’
t=0

on re-arranging,

= D] g @) + (x —x?)
t=1
F IO f

[V +1(x =x9) = TP ] x (x —=xP)ar,
t=0

B.17)

where the last equality holds since the integral of a constant between 0 and
1 is equal to the constant.

Step 4: We have:

d(x) — x©@

X~ [T g(x) — x©, by definition,
—[J )] g (x @)

t=1
- [J(x(o))]_I/ [T + 1 =xP) = TGM)] x (x = x D) dt,
=0
from (B.17).

Taking norms and using the triangle inequality and Lemma A.1 in Sec-
tion A.3.2 of Appendix A repeatedly, we obtain:

[ @) — x|

= e sw |+ Juan] «

=1
/ [7G@ + 1 =2 = TG | x = x| at,
=0



B.3 Algorithms for non-linear simultaneous equations 815

=1
< b—l—a/ ct ||x—)c(0)||2 dt, forx € S,
t=0

by the definitions of a, b, and c, since:
e J is Lipschitz with constant ¢ on S;
ex©@ 4 1(x —x©) eS;and
e (x© +1(x —x©) —xO = (x —x©),
< b+acp?/2, (B.18)

evaluating the integral and noting that Hx —x© H <p_.
Step 5: By definition of p_:

» 1 — 21 —2abc + (1 — 2abc)

P~ = (ac)?
2(1 — &/1 = 2abc) — 2abc
- (ac)? ’
20 —2b
- ac ’

so b + acp? /2 = p_. Therefore, by (B.18),
® maps S to itself.

d(x) —x@| < p_andso

® is a contraction mapping We now show that @ is a contraction mapping. This
requires three main steps.

Step 1: First:

;%D(x) = I—-[Jx9)] " J(x), by definition of J,

= [T x (T&9) — J@x)).

Therefore, for x € S:

H%(x)” < e 170 = 7], by Lemma A1,
< ac ||x(0) —X || , by assumption,
< acp_, since |x —x@| < p_. (B.19)

Step 2: Let x’, x” € S and define ¢ : R — R" by ¢p(¢) = ®(x” + t(x' — x")).
Then by the chain rule [72, section 2.4]:

d¢

a¢ " / " /_ "
W(f)—g(x +1(x' =x")) x (x" = x"),
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and so:
O(x") — d(x")
= ¢(1) —¢(0),

t=1 d¢
= /t_o 7; (Dt

by the fundamental theorem of integral calculus,
(see Theorem A.2 in Section A.4.4.1 of Appendix A),

=1
= / [E " +t(x’ —x”))] x (x' —x")dt.

—o Lox

Therefore, on taking norms and using Lemma A.1:

/l:l
=0

t=1
/ acp_ Hx/ — x”|| dt,
t=0

by (B.19) since x” + t(x' — x") € S,

= acp_ Hx’ —x” H .

@) — D"

A

O
887()6// +t(x/ _x//))

‘ I x| ds,

A

Step 3: By definition, acp_ = 1 — 4/1 —2abc < 1, so ® is a contraction with
Lipschitz constant L = acp_- < 1. Therefore, by Theorem 7.2, there
is a unique fixed point x* of ® in S and, moreover, the chord iteration
converges to x*.

The fixed point x* satisfies (7.1) and (7.22) Notice that:
* * -1 * *
(@) =x) = (/GO g6 =0) = () = 0),

so that x* is a solution of (7.1). Furthermore, since x* € S, we have that:

[+© - 2] < p-.

Substituting this and the Lipschitz constant L = acp_ into (7.21) in the statement
of Theorem 7.2, we obtain the error estimate (7.22).

x* is the only solution within a distance p, of x(” We claimed that there is only
one fixed point of ® (and solution of (7.1)) in the set {x e R” | ||x —x© || < Py }
Since we have already proven that there is exactly one fixed point in its subset
{x e R” ‘ Hx —x© H < p_ }, we must show that there are no fixed points of & in
{x e R” ‘,o_ < Hx —x©® H < py } That is, we must show that:

(- < [x =2 < ps) = (@) #2),
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or equivalently that:
-1
(- < [x =2 < p1) = WG] gx) #0).

So, let us suppose that (,0, < ||x —x© || < ,o+). We prove that this implies that
[J(x@)] " g(x) # 0. There are two main steps.

Step 1: From (B.17):

[J(x] g(x)

= (& —x) + [T g @)
=1

IO / [V +t(x —x@) = TG@]] x (x —x ) dt.
t=0

Therefore, by the triangle inequality (see Exercise A.3) and Lemma A.1:
-1
[ )|

> =2 = [0 sw )|

t=1
_ H[](xw))]—l H X/ [ 7@ + £ — x@)) = TGO | |x — x| .
=0

=1
> |x—x©| —b- a/ [T7@ 41 = xO)) = TGO [x = x| dt,
=0
by assumption,
=1
> ||x —x© H —b— a/ ct ||x — x(O)H2 dt, since:

e J is Lipschitz with constant c in the ball of radius p > p,. about x©;
o x© +1(x — x©) is contained in this ball for 0 < ¢ < 1; and
e (xO +1(x —x@) —x@ =1 (x — xO),
= |x—x@| -b—ac|x—x© ||2 /2, on integrating. (B.20)
Step 2: We claim that the right-hand side of (B.20) is greater than zero for:
oo < ||x —x© H < Pg.
Consider the quadratic function:
p—b—ac(p)?/2. (B.21)
It has zeros p— = (1 —+/1 — 2abc)/(ac) and (1 ++/1 — 2abc)/(ac). Fur-

thermore, the coefficient of (p)? in (B.21) is negative, so (B.21) is positive
for p in the range p_ < p < (1 + /1 — 2abc)/(ac).
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Now let p = Hx —x(O)H. By assumption, p_ < Hx —x© H < P4,
but p < (1 + /1 —2abc)/(ac) by definition, so (B.21) is positive for
p = ||x —x©@] in the range p_ < p < p. Thatis:

x—xO —b—ac|x —x© 2/2>O.
||

But, by (B.20), this means that:

[J(x(()))]_lg(X)H > ||x — x(0>|| —b—ac ||x —x© ||2 /2 > 0.
Therefore, there are no fixed points of @ in:

{x e R" |p_ < ||x—x(0)|| < ,0+}.

B.4 Algorithms for linear equality-constrained minimization

Theorem 13.1 First notice that for x* to be optimal for the problem it must be
feasible, so that Ax* = b.
Define the function 7 : R" — {x € R"|Ax = b} by:

VE e RY, T(€) = x* + ZE,

which is onto {x € R*|Ax = b} by definition of Z. (See Exercise 13.1, Part (ii).)
Consider the function ¢ : R” — R defined by:

VE e R", p(§) = f(z(£)).

The function ¢ is partially differentiable with continuous partial derivatives since
it is the composition of f and t, which are both partially differentiable with con-
tinuous partial derivatives. (See Exercise 13.1, Part (iii).)

By hypothesis, x* € argmin,cg:{f(x)|Ax = b}. Therefore, by Theorem 3.5,
there exists §* € argmin, g ¢ (§) such that x* = 7(§%).

By Theorem 10.3 applied to the unconstrained problem min, g ¢ (&), we have

that Vg (§*) = 0. But, ¢ (e) = f(t(e)), so:

% E"H = % (t(8")) x 88—; (£%), by the chain rule [72, section 2.4],

= aa—xf (x*)Z, by definition of T and by Exercise 13.1, Part (iii),
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so that Vg (£*) = ZTVf(x*). Thatis, Z'Vf(x*) =0. O

B.5 Algorithms for linear inequality-constrained minimization

Theorem 17.1 ([84, section 14.4].) Consider the equality-constrained problem:
mIiRn{f(x)le =b,Cox =d;, YVl € A(x™)}. (B.22)
xeR”?

Problem (B.22) includes all the constraints of Problem (17.1) that were satisfied
with equality by x*. The active inequality constraints from Problem (17.1) have
been included as equality constraints in Problem (B.22).

We are going to apply our earlier results for equality-constrained problems to
Problem (B.22) to prove the theorem. We divide the proof into three parts:

(i) showing that x* is a local minimizer of Problem (B.22),
(i1) using the necessary conditions of Problem (B.22) to define A* and u* that
satisfy the first four lines of (17.2), and
(iii) proving that u* > 0.

x* is a local minimizer of Problem (B.22) We prove this by contradiction. Sup-
pose that x* is not a local minimum of Problem (B.22). We consider the implica-
tions of this supposition.

For any £ ¢ A(x*) we have that C;x* < d;. By continuity of the continuous
function Cx, let € > 0 be small enough such that:

Ve & A(x*), Vx such that |

x*—x| <€ Cux < dy. (B.23)

That is, the inequality constraints that are not active at x* are also not active at
points x that are nearby to x*.

Let e > 0 be given. By hypothesis, x* is not a local minimum of Problem (B.22).
Therefore, by (2.27), there exists x€ such that:

||x* — x€ || < min{e, €},
S E’
fG&x9 < f(xM,
Ax¢ = b,

VEEA()C*),C[)CE = d[.

But these, together with (B.23) mean that there is a point x€ that:
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e is within € of x*,
e is feasible for Problem (17.1), and
e has a smaller value of the objective.

Furthermore, such a point x€ exists for any € > 0. Therefore, x* is not a local min-
imum of Problem (17.1). This is a contradiction, so x* is in fact a local minimizer
of Problem (B.22).

Implications of the necessary conditions of Problem (B.22) Consider Theo-
rem 13.2 applied to Problem (B.22). The objective f is partially differentiable
with continuous partial derivatives and x* is a local minimizer of Problem (B.22).
Therefore, by Theorem 13.2:

I e R™, VL € A(x*), 3u) € R such that V£ (x*) + ATA* + Z [Col'us = 0.
LeA(x*)
(B.24)

We now consider constraints £ € A(x*) and constraints £ ¢ A(x*) separately.
By definition, V£ € A(x*), Cox* = dy, so that:

Ve e A(x™), u;(Cex™ —dy) = 0. (B.25)
Define pu; = 0, V€ & A(x*). Then, trivially, V¢ & A(x*), uj;(Cex* — dg) = 0 and,
combining with (B.25), we obtain:
Ve=1,...,r,u;(Cex* —dy) =0,
which is the second line of (17.2). Moreover, V£ ¢ A(x*), [C,]" wu; = 0 so that:
ctu = Z [Cel' i} + Z [Ced' i

LeA(x*) CLEA(x*)

= > ICdw.

LeA(x*)

Therefore, combining with (B.24), we obtain:
Ir* € R™,3u* € R, such that Vf(x*) + ATA* + CTu* = 0, (B.26)
which is the first line of (17.2).

Non-negativity of ©* By definition, V£ & A(x*), u; = 0 > 0. We are left with
proving that uj; > 0,V¢ € A(x*). Suppose that this is not true; that is, suppose
that uj, < O for some ¢’ € A(x*). We construct a step direction Ax and an upper
limit on the step-size, @ > 0, such that x* + o Ax is feasible for 0 < o < & and f
decreases in the direction of Ax away from x*.

Consider the matrix A consisting of all the rows of A together with the rows C,
of C for those £ € A(x*). That is, the rows of A consist of:
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e the m rows of A, and
e those rows of C corresponding to the active constraints.

We assume that A has linearly independent rows. (Otherwise, consider a maximal
subset of the rows of A that are linearly independent and that includes the row
corresponding to constraint £’.) Using the analysis in Section 5.8.1.2 we can solve
the equation AAx = —I, for Ax, where I,/ is a vector that has zeros everywhere
except in the position corresponding to inequality constraint £’. We are going to
show that x* + o Ax is feasible for Problem (17.1) for « sufficiently small and
positive. To do this, we will, in order, consider feasibility with respect to:

the equality constraints,
the inequality constraints that are active at x*, except for constraint ¢/,

constraint £/, and
the constraints that are inactive at x*.

We have that:

Vo e R, Ax* +aAx) = Ax*+aAAx,
= b+ a0,
by assumption on x* and construction of Ax,
= b,
Va € R, VL € A(x*) \ {¢'},
C/(x*+aAx) = Cpx*+aCiAx,
= d;+ a0,
by assumption on x* and construction of Ax,
de,
dy,
Yoo >0,Co(x*+arx) = Cpx*+aCpAx,
= dy +aCyAx,
dy + a(—1), by construction of Ax,

IA

< dyp.
By continuity, 3o > 0 such that:
Ve & A(x™), Co(x* +ax) = Copx* +aCiAx,
dy + aCyAx, since £ & A(x*),

d;, forO0 <a <u.

IN A

That is, movement in the direction Ax is feasible for step-sizes 0 < « < &. More-
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over,

Vi A = —[1TAAx — '] CAx, by (B.26),
= —u,CyAx, by construction of Ax,
= —uy(—1), by construction of Ax,

< 0, since uj, < 0 by assumption.

But this means that f decreases in the direction Ax from x* and there are feasible
steps in this direction. This contradicts the local optimality of x*. Therefore, no
such ¢’ exists and so u > 0. O

Theorem 17.3 By Item (iv), x* is feasible. Consider any other feasible point x" €
R"™. That is, consider x’ such that:

Ax'=b,Cx’ <d.
We have Ax’ = Ax* = b, so A(x’ — x*) = 0 and:

VA — x*) = 0. (B.27)

We now consider constraints £ € A(x*) and constraints £ ¢ A(x*) separately.
For £ & A(x*), C¢x* < d, and Item (iii) implies that uj = 0. Therefore,

Ve & A(x*), u;Co(x" —x*) = 0. (B.28)
Also, since Cyx’ < d, for all £ and since Cyx* = d, for £ € A(x*), we have:
Ve e AxY), Co(x' —x*) = Cpx' —d,,

= d[ - dﬁv
0.

Therefore, since u; > 0 for £ € A(x*), we have:

Ve € A(x™), u;Ce(x’ — x*) < 0. (B.29)
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We have:

(&) > FOx* 4+ VAaH (x' = x*), by Theorem 2.6, noting that:

f is partially differentiable with continuous partial derivatives;
by Item (i) of the hypothesis,
f is convex on the convex set {x € R"|Ax = b, Cx < d}; and
by Item (iv) of the hypothesis and construction,
x',x*e{x e R"Ax = b, Cx < d},

= S —[AW + Ol (o - x),

by Item (ii) of the hypothesis,

=[O - IVTAGK —x) — [ CE —x),

= O =T CHME —x"), by (B.27),

= fON = Y wC@ —x) = Y wCx = x"),

LeA(x*) CgA(x*)
= f) = > wC(x’ —x"), by (B.28),
LeA(x*)

> f(x¥), by (B.29).

Therefore x* is a global minimizer of f on {x € R"|Ax =b,Cx <d}. O

B.6 Algorithms for non-linear inequality-constrained minimization

Theorem 19.4 By Item (v), x* is feasible. Consider any other feasible point x’ €
R"™. That is, consider x’ such that:

Ax' =b, h(x") <0.
We have Ax’ = Ax* = b, so A(x’ — x*) = 0 and:
T AR = x*) =0. (B.30)

We now consider constraints £ € A(x*) and constraints £ ¢ A(x*) separately.
For £ ¢ A(x*), h(x*) < 0 and Item (iv) implies that u; = 0. Therefore,

Ve & Ax™), i Ke(x*)(x" —x*) =0, (B.31)

where K, is the £-th row of K. Also, since /,(x’) < 0 forall £ and since h,(x*) =0
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for £ € A(x*), we have:

Ve e AxXY), he(x)) — h(x*) = hy(x") =0,

We have that:
he(x") = he(x™) + Ke(x) (x" — x7),
by Theorem 2.6, noting that s, is partially differentiable with continuous partial

derivatives and is convex by Item (i). Therefore, since uj > 0 for £ € A(x*), we
have:

Ve e Ax™), upKe(x*)(x" —x*) < 0. (B.32)

By Item (i), & is convex so that {x € R"|Ax = b, h(x) < 0} is a convex set. We
have:
f(x) = f(x*)+VFH (' —x*), by Theorem 2.6, noting that:
f is partially differentiable with continuous partial derivatives;
by Item (ii) of the hypothesis,
f is convex on the convex set {x € R"|Ax = b, h(x) < 0}; and
by Item (v) of the hypothesis and construction,
x',x*e{x e R"Ax = b, h(x) <0},
= SO = A+ K@) T (o = 1),
by Item (iii) of the hypothesis,
= fO) - IVTAW =) = T KGEHE =2,
= O =T KOG —x"), by (B.30),
= f) = D wKOHE —x) = D uiK) = x),

LeA(x*) EEA(x)
= SO = Y uiKeH@E —x"). by (B3D),
LeA(x*)

> f(x%), by (B.32).

Therefore x* is a global minimizer of f on {x € R"|Ax = b, h(x) < 0}. O



