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Part V
Inequality-constrainedoptimization
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15
Casestudiesof inequality-constrainedoptimization

(i) Production,at least-cost,of acommodityfrom machinesthathave
minimumandmaximummachinecapacityconstraints
(Section15.1),

(ii) Optimalroutingin adatacommunicationsnetwork (Section15.2),

(iii) Leastabsolutevalueestimation(Section15.3),

(iv) Optimalmargin patternclassi�cation(Section15.4),
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(v) Choosingthewidthsof interconnectsbetweenlatchesandgatesin
integratedcircuits(Section15.5), and

(vi) Theoptimalpower �o w problemin electricpowersystems
(Section15.6).
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15.1 Least-costproduction with capacityconstraints
15.1.1 Motivation

� Recalltheleast-costproductioncasestudydiscussedin Section12.1.
� For thatproblemwe ignoredtheminimumandmaximummachine

capacityconstraintsin orderto formulateit asequality-constrained
Problem(12.4), whichwerepeathere:

min
x2Rn

f f (x)jAx= bg:

� In thissection,wewill considerthecasewherethesolutionof
Problem(12.4) doesnotsatisfyall theminimumandmaximummachine
capacityconstraintssothattheseconstraintsmustbeconsidered
explicitly.
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15.1.2 Formulation
15.1.2.1Objective

8x 2 Rn; f (x) =
n

å
k= 1

fk(xk):

15.1.2.2Equalityconstraints

D =
n

å
k= 1

xk:

� We representedtheseconstraintsin theform Ax= b with
A = � 1† 2 R1� n andb = [� D] 2 R1.
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15.1.2.3 Inequalityconstraints

8` = 1; : : : ;n;x` � x` � x` :

� Wesummarizetheseconstraintsby writing x � x � x,
� wherex 2 Rn andx 2 Rn areconstantvectorswith k-th entriesxk andxk,

respectively.

15.1.2.4Problem

min
x2Rn

f f (x)jAx= b;x � x � xg: (15.1)
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15.1.3 Changesin demandandcapacity
� Wemaywantto estimatethechangein thecostsdueto achangein

demandfrom D to D+ DD, say.
� If thecapacityof amachinek changesor it fails thenthecorresponding

entriesxk andxk of x andx will change.
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15.1.4 Problemcharacteristics
15.1.4.1Objective

� If xk > 0 then,for typical costfunctions,fk is convex on [xk;xk].

15.1.4.2Equalityconstraints
� WehavealreadydiscussedtheequalityconstraintD = å n

k= 1xk in
Section12.1.2.4.

15.1.4.3 Inequalityconstraintsandthefeasibleregion
� Theintersectionof theboxwith theequalityconstraintrestrictsthe

feasibleregion to beingaplanarslicethroughthebox.
� This is illustratedin Figure15.1for n = 3, D = 10,and:
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Inequalityconstraintsandthefeasibleregion,continued
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Fig. 15.1. Feasible set
for least-costproduction
casestudy describedin
section15.1.4.3.
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15.1.4.4Solvability
� Problem(15.1) is convex.
� It is certainlypossiblefor thereto beno feasiblepointsfor

Problem(15.1).
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15.2 Optimal routing in a data communicationsnetwork
15.2.1 Motivation

� Weconsideracommunicationsnetwork consistingof communications
links thatjoin betweennodes.

� Usersdesireto senddatafrom origin nodesto destinationnodesover
links betweenthenodes.

� Eachlink hasamaximumcapacityto transmitdataandseverallinks may
beincidentto eachnode.

� Datais sentby usersin packetsof equallength.
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Motivation, continued
� Inter -arri val time betweenpacketsis random,with exponential

distrib ution thatmaydiffer from nodeto node.
� Weassumethattheprobabilitydistributionsof theinter-arrival timesdo

notvaryover time.
� Wecanthereforeconsidertheaveragetraf�c oneachlink dueto:

– thedistributionsof inter-arrival times,and
– a routing policy thatis, adecisionprocessfor choosingthelinks on

which to sendthedata.
� Wereferto thechoiceof links, with respectto agivencriterionandfor

giventraf�c levelsbetweenorigin–destinationpairs,asoptimal routing.
� Wewill seethatour formulationof theobjectiveonly approximately

capturesthecriterionwediscussandsowemightbetterreferto our
problemassatis�cing routing.
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15.2.2 Formulation
� Wecanrepresentthecommunicationsnetwork asagraph.
� Eachof theeightnodesin Figure15.2is shown asabullet � , while each

of the12 links is shown asa line.
� As in previouscasestudiesinvolving graphs,thetypicalnumberof links

is far lessthanin acompletegraph.
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Fig. 15.2. Graphical
representationof a data
communications net-
work with eight nodes
and12 links.
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15.2.2.1Links
� Wewrite L for thesetof all links in thenetwork, whereeachlink is

representedby anorderedpair (i; j) of nodenumbers.

L = f (1;8); (8;1); (1;2); (2;1); (1;3); (3;1); (1;6); (6;1);
(2;3); (3;2); (2;4); (4;2); (2;6); (6;2); (3;4); (4;3);
(3;6); (6;3); (4;5); (5;4); (5;6); (6;5); (6;7); (7;6)g:

� Thecapacityof link (i; j) is denotedby yi j 2 R++ .

15.2.2.2Nodes
� Nodeshave threeroles,asfollows.

– Usersputdatainto thenetwork atnodes.Thesenodescanbethoughtof
astheorigins of data.

– A nodeswitchesarriving dataontooneof thelinks incidentto it.
– Userstakedataoutof thenetwork atnodes.Thesenodescanbethought

of asthedestinationsof data.
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15.2.2.3Origin–destinationpairs
� A usermightputdatainto thenetwork atnode7 anddesireto transmitit

to node5:
node7 is theorigin for thedataandnode5 is thedestinationfor thedata.

� Weassumethattherearemorigin–destinationpairsandwrite W for the
setof all origin–destinationpairs.

� In ourexample,if (7;5) and(2;5) aretheonly origin–destinationpairs
then:

W = f (7;5); (2;5)g;

with m= 2.
� In general,anorigin–destinationpair (`; `0) 2 W mightor mightnotbe

joineddirectlyby a link.
� If thereis no link joining suchanorigin–destinationpair thenit is

necessaryfor thedatabetweenthispair to traverseseveralsuccessive
links.
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15.2.2.4Paths
� A collectionof successive links thatjoinsanorigin–destinationpair is

calledapath.
� Two pathsfor theorigin–destinationpair (7;5) are:

– links (7;6) and(6;5), and
– links (7;6); (6;3); (3;4); (4;5).

� For eachorigin–destinationpair (`; `0) 2 W, wewrite P(`;` 0) for thesetof
all allowablepathsconnecting̀ to `0.

� We index thepathswith consecutive integers.
� For example,for theorigin–destinationpair (7;5) 2 W, wewill denote:

– thepathconsistingof links (7;6) and(6;5) aspath1, and
– thepathconsistingof links (7;6); (6;3); (3;4); (4;5) aspath2.

� For theorigin–destinationpair (2;5) 2 W, wewill denote:
– thepathconsistingof links (2;4) and(4;5) aspath3, and
– thepathconsistingof links (2;3); (3;4); (4;5) aspath4.
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Paths,continued
� Wesummarizetheseassignmentsby P(7;5) = f 1;2g;P(2;5) = f 3;4g.
� Weassignadifferentindex k for eachallowedpathin thenetwork and

supposethattherearen pathsin all.
� In ourexample,if wehavedescribedall theallowablepathsthenn = 4.

15.2.2.5Variables
� To characterizethebehavior of thenetwork, weconsidertheexpectedor

average�o w of packetsandignorevarianceof thedistributionof �o w.
� Wede�ne xk;k = 1; : : : ;n. to betheaverage�o w of traf�c, in packetsper

second,onpathk.
� This �o w representstheaverageamountof �o w for aparticular

origin–destinationpair thathasbeenassignedto pathk.
� Wecollectthesetof all traf�c assignmentsfor all origin–destinationpairs

togetherinto avectorx 2 Rn.
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15.2.2.6Equalityconstraints
� Let theinput traf�c arrival processfor origin–destinationpair (`; `0) 2 W

haveexpectedrateof arrival of b(`;` 0), in packetspersecond.
� In general,wemustchoosehow to sharethetraf�c amongstall thepaths

thatjoin ` to `0.
8(`; `0) 2 W; å

k2P(`;` 0)

xk = b(`;` 0):

� In ourexample,theconstraintsfor theorigin–destinationpairs(7;5) and
(2;5) are,respectively:

x1 + x2 = b(7;5);
x3 + x4 = b(2;5):

� Wecollecttheentriesb(`;` 0) for (`; `0) 2 W into avectorb 2 Rm.
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Equalityconstraints,continued
� Also, de�ne A 2 Rm� n to bethepathto origin–destinationpair incidence

matrix.
� Thatis, de�ne:

8(`; `0) 2 W;8k = 1; : : : ;n;A(`;` 0)k =
�

1; if k 2 P(`;` 0),
0; otherwise.

� In ourexample:

A =
�

1 1 0 0
0 0 1 1

�
;

b =
�

b(7;5)
b(2;5)

�
:

� With thesede�nitions, wecanwrite theequalityconstraintsas:

Ax= b: (15.2)
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15.2.2.7Objective
Discussion

� Severalcriteriacouldbeusedto de�ne anobjective.
� Unlike theleast-costproductioncasestudyin Sections12.1and15.1, the

operatingcostof adatanetwork is generallyrelatively constant.
� In deliveringserviceto customers,however, thequalityof service

dependsonanumberof factors,includingthedelaybetweensendingdata
andreceiving it.

Delay

� Thedelayona link dependsonhow muchtraf�c is on thelink.
� Whenthetraf�c is nearlyaslargeasthecapacityof thelink, thedelayis

longer.
� Wesaythatthelink is congested.
� It is dif�cult to obtainananalyticmodelof thedelayin anetwork because

thepacketsinteractasthey traversethelinks, sothattheanalysisof their
statisticsis complicated.
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Delay, continued

� For example,consideranorigin–destinationpair (`; `0) thatis joinedby
onepath,whichconsistsof two successive links (`; j) and( j; `0).

� Theinter-arrival timeat theorigin ` is exponentiallydistributed.
� Theinter-arrival timeatnode j cannotbeexponentiallydistributed.
� Thereasonis thatsuccessivepacketsarriving at j mustbeseparatedin

timeby at leastthepacket transmissiontime for the�rst link andthis
violatestheassumptionof exponentialdistribution.

� � �
` j `0

Fig. 15.3. A net-
work with an origin–
destination pair joined
by a path consistingof
two links.
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Congestionmodel

� As aproxyto calculatingthedelayexperiencedby thepacketsin the
network, wede�ne ameasureof thecongestiononeachlink thatis a
convex functionof theexpected�o w yi j throughthelink.

� Wewill sumthecongestionmeasureacrossall thelinks asaproxy to the
averagedelay.

� Considerthefunctionf i j : [0;yi j) ! R+ de�ned by:

8yi j 2 [0;yi j); f i j(yi j) =
yi j

yi j � yi j
+ di jyi j ; (15.3)

� wheredi j is thesumof theprocessingdelayandthepropagationdelay
throughtherouterandlink, and

� theterm
yi j

yi j � yi j
is dueto queuingat thesendingendof thelink.

� Therapidrisein thecongestionfunctionasthe�o w approachesthe
capacitymodelstheincreasein delayascapacityis reached.
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Flow

� The�o w yi j on thelink is equalto thesumof the�o wsonall thepaths
thatincludelink (i; j).

� Wewrite F(i; j) for thesetof pathsthatincludelink (i; j), sothatthe�o w
yi j canbeexpressedas:

8(i; j) 2 L ;yi j = å
k2F(i; j)

xk:

� De�ne amatrixC 2 RL� n by:

8(i; j) 2 L ;8k = 1; : : : ;n;C(i; j)k =
�

1; if k 2 F(i; j),
0; otherwise.

� For each(i; j) 2 L , let C(i; j) bethe(i; j)-th row of C.
� Thenthe�o w yi j canbeexpressedas8(i; j) 2 L ;yi j = C(i; j)x.
� Let y 2 RL beavectorwith entriesyi j ; (i; j) 2 L .
� Theny = Cx.
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Additi vecongestion

� Wehaveassumedthatthecongestionmeasurefor eachlink canbeadded
togetherto obtainanoverall proxy for averagedelaythroughthenetwork.

� Let P = f y 2 RL j0 � yi j < yi j ;8(i; j) 2 Lg andde�ne theobjective
f : P ! R by:

8y 2 P; f (y) = å
(i; j)2L

f i j(yi j): (15.4)

� Pathsbetweenvariousorigin–destinationpairswill typically havesome
links in common:
– path3 consistsof thelinks (2;4); (4;5), and
– path4 consistsof thelinks (2;3); (3;4); (4;5),

� andbothof thesepathsarefor theorigin–destinationpair (2;5).
� Traf�c on thesepathsmustsharethecapacityof thelink (4;5) with traf�c

onpath2, whichconsistsof links (7;6); (6;3); (3;4); (4;5) for
origin–destinationpair (7;5).

� Thismeansthattherewill beaninteractionbetweentraf�c between
variousorigin–destinationpairs.
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Additi vecongestion,continued

� Theobjectivecapturestheissuethatincreasingthe�o w onapaththatis
incidentto aparticularlink will increasetheaveragedelayfor all paths
incidentto thatlink.

� Theobjectivedoesnotexactlycapturetheaveragedelaydueto the�o ws
on thepaths.

� It is aproxy to theaveragedelaythatis designedto capturethe
qualitativedependenceof averagedelayon thechoiceof routing.

� It maybesuf�ciently accurateto provideguidanceto avoid badrouting
decisions.

Title Page JJ II J I 26 of 231 Go Back Full Screen Close Quit



15.2.2.8 Inequalityconstraintsandfeasibleset
� All traf�c �o wsmustbenon-negative:

x � 0:

� Sincethecapacityof eachlink (i; j) 2 L is yi j , theinstantaneous�o w on
link (i; j) canneverexceedyi j .

� Consequently, theaverage�o w canneverexceedyi j , suggesting
constraintsof theform:

8(i; j) 2 L ;yi j � yi j :

� However, asdiscussedin Section15.2.2.7, theobjective is unboundedif
any yi j wereto equalyi j , sowemustlimit thevaluesof the�o wsyi j with
constraintsof theform:

8(i; j) 2 L ;yi j < yi j :

� Weusethestrict inequalitybecauseif theassigned�o w wereto equalthe
capacitythenthecongestionfunctionwouldbeunbounded.
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Inequalityconstraintsandfeasibleset,continued
� To representthesestrict inequalityconstraintsexplicitly in termsof x, we

notethat:

8(i; j) 2 L ;yi j = å
k2F(i; j)

xk;

= C(i; j)x:

� If wede�ne y 2 RL to beavectorwith entriesyi j ; (i; j) 2 L thenwecan
write thestrict inequalityconstraintsas:

Cx < y: (15.5)

� Theinequalityconstraintsfor theproblemthereforespecifyasetof the
form:

S= f x 2 Rnjx � 0;Cx < yg:
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15.2.2.9Problem

min
x2Rn

f f (x) jAx= b;x � 0;Cx < yg; (15.6)

� where f : S ! R is de�ned by:

8x 2 S; f (x) = f (Cx);
= å

(i; j)2L

f i j
�
C(i; j)x

�
: (15.7)
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15.2.3 Changesin links and traf�c
� Wewould like to beableto changetheroutingto respondto changesin

link capacity.
� Over time,wealsoexpectthatthetraf�c on thenetwork wouldchange.
� Wewouldalsolike to beableto changetheroutingto respondto changes

in traf�c.
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15.2.4 Problemcharacteristics
15.2.4.1Objective

� Theobjectivede�ned in (15.7) is convex anddifferentiable,sinceit is the
compositionof a linearfunctionwith thesumof functionsf i j , whichare
themselvesconvex.

� Theobjectivebecomesarbitrarily largeasthe�o w onany link
approachesits capacity.

15.2.4.2Equalityconstraints
� Theequalityconstraintsareindexedby orderedpairs(`; `0) 2 W.
� Thisdiffersfrom ourpreviouscasestudieswereindex setsweresubsets

of theintegers.
� Theequalityconstraintsareaf�ne andthecoef�cient matrix consistsof

only zerosandones.
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15.2.4.3 Inequalityconstraints
� Therearenon-negativity constraintsandalsostrict inequalityconstraints

dueto thelink capacities.
� Thestrict inequalityconstraintsareindexedby theorderedpairs

(i; j) 2 L .
� Wediscussedthepotentialdif�culties with strict inequalityconstraintsin

Section2.3.3.
� Wewill seein Section18.2thatbecauseof theform of theobjectivewe

canavoid explicit considerationof thestrict inequalityconstraints.

15.2.4.4Solvability
� Theremaybeno feasiblesolutionif thereis notenoughcapacityin the

network.
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15.3 Leastabsolutevalueestimation
15.3.1 Motivation

� Recallthemulti-variatelinearregressionproblemintroductionin
Section9.1, whichwastransformedinto a least-squaresproblemin
Section11.1.1.

� Theobjective f : Rn ! R wasde�ned in Section11.1.1to be:

8x 2 Rn; f (x) =
1
2

kAx� bk2
2 ;

� where:

A =

2

4
A1
...

Am

3

5 2 Rm� n, A` =
�
y (`)† 1

�
2 R1� n; ` = 1; : : : ;m,

b =

2

4
b1
...

bm

3

5 2 Rm, b` = z(`), and

(y (`);z(`)) aretheorderedpairsof independentanddependentvariables
for trial `.
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Motivation, continued
� In somecontexts,wemay�nd theresultingsolutionis not robust to

outliers in thedata.
� Thatis, thequadraticobjectiveallowsdatafrom asingletrial to

signi�cantly affect theresultingestimateof theaf�ne functionthatbest
representsthedata

� For example,Figure15.4repeatsthedatafrom Figure9.1, exceptthatthe
datafor oneof thetrials, (y (6);z(6)), is signi�cantly different,perhaps
dueto agrossfailureof ameasurementdevice.
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Motivation, continued
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Fig. 15.4. The values
of (y (`);z(`)), includ-
ing anoutlier, (shown as
� ) and least-squares�t
(shown asa thick line).
The thin line shows the
least-squares�t if the
data point (y (6);z(6))
is ignored.
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Motivation, continued
� Theoutlier (y (6);z(6)) signi�cantly affectstheresultof theleast-squares

problem.
� Theleast-squares�t to all of thepointsin Figure15.4, includingthe

outlier, is shown by thethick line.
� This least-squares�t is verydifferentto theleast-squares�t shown in

Figure9.1.
� If we ignorethepoint (y (6);z(6)) thena least-squares�t to therestof

thepointsis shown asthethin line in Figure15.4.
� Thetwo least-squares�ts areverydifferent.
� Thatis, the�t is verysensitive to grosserrorsin individualdatapoints.
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Motivation, continued
� In thesecircumstances,wemaypreferto useanobjective thatis less

affectedby outliers.
� Thisprovidesthemotivationfor robust estimation.
� Oneobjective thatis usedto reducetheeffectof outliersinvolvestheL1

normof Ax� b insteadof theEuclideannorm.
� Insteadof squaringtheresidualsè = A`x� b` , asin theleast-squares

problem,we take theabsolutevalueof them.
� Outliers,whichhave largevaluesof residual,will contributerelatively

lessto theobjectivewhenweusetheabsolutevalueratherthanthesquare
of theresidual.
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15.3.2 Formulation
15.3.2.1Unconstrainedproblem

� Insteadof theleast-squaresobjectivede�ned in Section11.1.1, consider
theL1 normobjective f : Rn ! R de�ned by:

8x 2 Rn; f (x) = kAx� bk1 ;

=
m

å
`= 1

jA`x� b` j;

� whereA 2 Rm� n andb 2 Rm areasde�ned in Section11.1.1andA` is the
`-th row of A.

� Thatis:

A` =
�
y (`)† 1

�
;

b =

2

4
b1
...

bm

3

5 :
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Unconstrainedproblem,continued
� Wede�ne anunconstrainedproblem:

min
x2Rn

f (x): (15.8)

� As wesaw in Section3.1.4.4, theobjectiveof thisproblemis
non-differentiablebecauseof theabsolutevalues.
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15.3.2.2Transformation
� Problem(15.8) canbetransformedinto aninequality-constrained

problemin severalsteps.
� As in Section9.1.2.4, theresidual,è , for the`-th measurement,is de�ned

by:
8` = 1; : : : ;m; è = A`x� b` :

� Eachabsolutevalueof a residualcanbeobtainedas:

jè j = maxf è ; � è g; ` = 1; : : : ;m: (15.9)

� We thenuseasimilarapproachto thatusedin Theorem3.4to evaluate
themaximumin (15.9).

� Firstwede�ne variablesz̀ ; ` = 1; : : : ;mandlinearconstraints:

z̀ � è ; ` = 1; : : : ;m;
z̀ � � è ; ` = 1; : : : ;m:
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Transformation,continued
� Thennotethat:

jè j = min
z̀ 2R

f z̀ jz̀ � è ; z̀ � � è g;

8x 2 Rn; f (x) =
m

å
`= 1

jA`x� b` j;

=
m

å
`= 1

jè j; whereè = A`x� b` ,

=
m

å
`= 1

min
z̀ 2R

f z̀ jz̀ � è ; z̀ � � è g:

� Combiningtheseobservations,weconsiderthetransformedproblem:

min
z2Rm;x2Rn;e2Rm

f 1†zjAx� b� e= 0;z � e;z � � eg: (15.10)

� Problems(15.8) and(15.10) areequivalent.
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15.3.3 Changesin thenumberof pointsand thedata
� Wecouldimagineaddinganew trial andrecalculatingtheestimateof the

least-squares�t withoutstartingfrom scratch.
� Wecanalsoimaginemodifying thedatafor aparticulartrial.

Title Page JJ II J I 42 of 231 Go Back Full Screen Close Quit



15.3.4 Problemcharacteristics
15.3.4.1Objective

� Theobjectiveof Problem(15.8) is non-differentiable.
� Transformationinto Problem(15.10) by representingeachabsolutevalue

usingtwo inequalityconstraintsthenyieldsadifferentiable,in factlinear,
objective.

15.3.4.2Constraints
� The“cost” of makingtheobjectivedifferentiableis thatwehave

introduceda largenumberof subsidiaryconstraints.
� Therearemequalityconstraintsand2m inequalityconstraintsin

Problem(15.10), whereasProblem(15.8) wasunconstrained.

15.3.4.3Variables
� Wehavealsoincreasedthenumberof variables,from n to n+ 2m.
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15.3.4.4Solvability
� Problem(15.8) hasaminimumandconsequentlyProblem(15.10) also

hasaminimum.

15.3.4.5Discussion
� If thenumberof trialsm is extremelylargethenit maybeunattractive to

solveProblem(15.10).
� In thiscase,wemaypreferto, for example:

– solveProblem(15.8) usingtechniquesof non-differentiable
optimization,

– approximatetheobjectiveof Problem(15.8) with asmoothfunction
usingtheapproachdescribedin Section3.1.4.4, or

– useaniterative techniqueto successively approximatef by smooth
functions.
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15.4 Optimal margin pattern classi�cation
15.4.1 Motivation

� Wewill considertheproblemof distinguishingbetweentwo classesof
patternson thebasisof a lineardecisionfunction.

� Geometrically, weseekahyperplanethatseparatesthetwo classesof
patterns.
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15.4.2 Formulation
15.4.2.1Classesandtrainingset

� Labelthetwo classesasclassA andclassB.
� Wewill considerhow to �nd thecoef�cients thatspecifya lineardecision

functionin suchawayasto provide thebestdiscriminationbetween
classesA andB of patterns.

� In particular, weassumethatwehave r representativesin our training
set.

� Potentially, r is very large.
� Thetrainingsetis to beusedto determinethebestlineardecision

functionto separatetheclasses.
� We index therepresentivesin thetrainingsetas` = 1; : : : ; r.
� The`-th representativeconsistsof two items:

– apattern, namelyavectory (`) 2 Rn� 1, and
– avaluez(`) 2 f� 1;1g.

8` = 1; : : : ; r;z(`) =
�

1; if y (`) is of classA,
� 1; if y (`) is of classB.
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Classesandtrainingset,continued
� Patternsy (1); : : : ;y (4) in thebottomhalf of Figure15.5areof classA,

while thepatternsy (5); : : : ;y (7) in thetophalf of the�gure areof class
B.

� Thatis, z(1) = z(2) = z(3) = z(4) = 1 andz(5) = z(6) = z(7) = � 1.

6

- y 1

y 2

� y (1)
y (2) �

� y (3)� y (4)

� y (5) � y (6)

� y (7)

Fig. 15.5. Seven exam-
ple patterns and hy-
perplanethat separates
them.
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Classesandtrainingset,continued
� Thehorizontalline in Figure15.5perfectly discriminatesbetween

classesA andB.
� Thevectorsrepresentingeachpatternmayhaveavery largenumberof

entries.
� Thatis, n� 1 maybevery large.

15.4.2.2Featurespace
� In avariationon this formulation,thepatternsy (`) aretransformed

versionsof the`-th original image.
� For thepurposesof ourdiscussion,it doesnotmatterwhetherwe think of

thepatternsasbeing“raw” imagesor transformedimagesin thefeature
space.
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15.4.2.3Decisionfunction
� Weconsideranaf�ne decisionfunction D : Rn� 1 ! R de�ned by:

8y 2 Rn� 1;D(y ) = b†y + g;

� wheretheparametersb 2 Rn� 1 andg2 R areto bechosensothat:

8` = 1; : : : ; r; (D(y (`)) > 0) , (z(`) = 1): (15.11)

� Therearemany choicesof parametersb andgthatwill satisfy(15.11).
� Figure15.5showsa line, which is ahyperplanein Rn� 1 = R2, of the

form:
f y 2 Rn� 1jD(y ) = 0g;

� thatdividesRn� 1 into two half-spaces,oneof whichcontainsall the
patternsin classA andtheotheroneof whichcontainsall thepatternsin
classB.
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Decisionfunction,continued
� Theparametersb andgarecalculatedusingthetrainingsetandthe

functionis thenusedto estimatetheclassesof new, unknown patternsfor
whichwedonotknow theclass.

� Wemustselectasuitablecriterionfor choosingfrom amongstthevalues
of b andgthatsatisfy(15.11).

� If weknow thefunctionalform of theprobabilitydistributionof the
patternsthenwecouldestimatetheparametersb andgusingamaximum
likelihoodcriterion,asdiscussedin themulti-variatelinearregression
casestudyin Section9.1.

� Unfortunately, weusuallydonothavea lot of informationaboutthe
patternsthatwemustsubsequentlyclassifyanddonotknow the
functionalform of theprobabilitydistribution from which they aredrawn.

� Consequently, thecriterionfor choosingtheparametersb andgwill bead
hoc,aimedat �nding asatis�cing solution.
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Decisionfunction,continued
� Wewill seekb andgsuchthatthecorrespondinghyperplane

f y 2 Rn� 1jD(y ) = 0g is asfaraspossiblefrom all thepatternsin the
trainingset.

� Thatis, wewill �nd thevaluesof b andgthat:
– maximizetheminimumdistanceof any patternfrom thehyperplane,

and
– allow classi�cationof thetwo classesof patternsaccordingto (15.11).

� Wewill usethenotionof Euclideandistanceto de�ne distance.
� Thatis, wewill usethenormk� k2.
� Wearetrying to �nd thehyperplanebetweenthetwo classesthatis at the

middleof thethickestslabthatseparatesthetwo setsof points.
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15.4.2.4Variables
� Thedecisionvectorfor thisproblemconsistsof b 2 Rn� 1 andg2 R.

� Wecollectthesetogetherinto avectorx =
�

b
g

�
2 Rn.

� Thatis, theparametersthatspecifythedecisionfunctionD arethe
variablesfor theproblem.
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15.4.2.5Objective
� WemustevaluatetheEuclideandistanceof apatterny (`) from the

closestpointon thehyperplane:

f y 2 Rn� 1jD(y ) = 0g:

� Thisdistanceis givenby:
jD(y (`))j

kbk2
;

� assumingthatb 6= 0.
� De�ne thesetP � Rn by:

P =
� �

b
g

�
2 Rn

�
�
�
� b 6= 0

�
:

Title Page JJ II J I 53 of 231 Go Back Full Screen Close Quit



Objective, continued
� If thedecisionfunctionD satis�es(15.11) thenfor eachpatterny (`) and

classi�cationz(`):
z(`)D(y (`)) = jD(y (`))j:

� If b andgsatisfy(15.11) thenthedistanceof y (`) from thehyperplaneis
givenby thefunctionf ` : P ! R de�ned by:

8x 2 P; f `(x) =
jD(y (`))j

kbk2
;

=
z(`)D(y (`))

kbk2
:

� Theminimumdistanceof any patterny (`) to thehyperplane,overall the
patterns̀ , is givenby f : Rn ! R de�ned by:

8x 2 P; f (x) = min
`= 1;:::;r

f `(x):

� Wecall thisminimumdistancethemargin betweenthehyperplaneand
thepatterns.
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15.4.2.6Constraint
� In orderfor theobjective to bewell-de�ned,wemustrestrictourselvesto

choicesof x 2 P; thatis, wemustrequireb 6= 0.
� Thisconstraintis not in ourstandardform of eitheranequalityor an

inequalityconstraint.

15.4.2.7Problem
� Weseekthecoef�cients b 6= 0 andgsuchthatthemargin is maximized.
� Ourproblemis therefore:

max
x2Rn

f f (x)jb 6= 0g: (15.12)

� In thenext sectionwewill transformthisproblemto remove the
minimizationembeddedin thede�nition of theobjective.
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15.4.2.8Transformation
� By Theorem3.4, wecanremove theminimizationin thede�nition of the

objective f by de�ning asubsidiaryvariablez:

max
x2Rn

f f (x)jb 6= 0g

= max
x2Rn

�
min

`= 1;:::;r
f `(x)

�
�
�
� b 6= 0

�
;

= max
z2R;x2Rn

f zjf `(x) � z;8` = 1; : : : ; r;b 6= 0g; by Theorem3.4,

= max
z2R;x2Rn

�
z

�
�
�
�
z(`)D(y (`))

kbk2
� z;8` = 1; : : : ; r;b 6= 0

�
;

= max
z2R;x2Rn

n
z
�
�
�z(`)(b†y (`) + g) � kbk2z;8` = 1; : : : ; r;b 6= 0

o
:

(15.13)

� If themaximumz? of Problem(15.13) is strictly positive thentheoptimal
margin is equalto z? andis strictly positive.
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15.4.3 Changes
� Wecouldconsiderachangein theproblemdueto theadditionof anextra

pattern.

15.4.4 Problemcharacteristics
15.4.4.1Objective

� Theobjectivez of Problem(15.13) is linear.
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15.4.4.2Constraints
� Theinequalityconstraintsin Problem(15.13) arenon-linear.
� Eachbindinginequalityconstraintatasolutionto theproblem

correspondsto apatternthatis closestto thehyperplane.
� Thesearecalledthesupporting patterns.
� Theconstraintb 6= 0 in Problem(15.13) is not in theform of equalityor

inequalityconstraints.
� Thefeasiblesetof Problem(15.13):

S=
� �

z
x

�
2 Rn+ 1

�
�
�
� z(`)(b†y (`) + g) � kbk2z;8` = 1; : : : ; r;b 6= 0

�
;

� is not closedandmaynotbeconvex.
� Feasiblesetsthatarenot closedcanpotentiallypresentdif�culties.
� Wewill considerfurthertransformationof Problem(15.13) in

Sections18.4and20.1.

15.4.4.3Solvability
� If thereis nohyperplanethatcanseparatethepatternsthen

Problem(15.13) hasamaximumthatis zeroor strictly negative.
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15.5 Sizingof interconnectsin integrated circuits
15.5.1 Motivation

15.5.1.1Hierarchical design
� Thedesignof digital integratedcircuits(ICs) is usuallydividedinto a

hierarchy of planningstages.
� For example,aspeci�cationof thefunctionalityof theIC is translated

into thelogic requiredto meetthespeci�cation.
� Theintegratedcomponentsto implementthelogic mustthenbelaid out

on the“�oor -plan” of thechip.
� Oncethelayoutis done,therearestill variousdecisionsto bemade.
� For example,thewidthsof the“interconnects”thatjoin onegateto

anothercanbeadjusted,within limits, to achieveperformancegoals.
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15.5.1.2Delayconstraints
� Onegoalis to makesurethatthepropagationdelayoneachpathfrom the

outputof onelatchthroughcombinationallogic to theinputof thenext
latchis within a limit.

� Adjustingthewidth of theinterconnectsaffectsthedelay.
� Increasingthewidth of theinterconnectdecreasestheresistanceand

increasesthecapacitanceof aninterconnect.
– Decreasingresistancetendsto reducedelaybecausethecurrentfrom

thedriving latchor logic is increased.
– Increasingcapacitancetendsto increasedelaybecausetheincreased

capacitancerequiresmorecurrentto chargeor discharge.

15.5.1.3Areaof layout
� Anotherconsiderationbesidesdelayis thatthewider theinterconnects,

themoreareamayberequiredfor thecircuit.
� Wewill try to minimizechipareaby adjustingthewidthsof the

interconnects,while satisfyingthedelayconstraints.
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15.5.1.4Otherissues
� Therearemany othergoals,suchasminimizingpowerdissipation,and

otherconstraints,suchasguaranteeingnoiseimmunity, thatmustbe
considered.

� In seekingacompromisebetweenvariousgoals,weareagainseekinga
satis�cing solution.

15.5.1.5 Interactionbetweendesignlevels
� At eachlevel of thehierarchy, we takeas�x edthedecisionsmadeat

higherlevelsandseekto optimizetheremainingdecisions.
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15.5.2 Formulation
15.5.2.1Variables

Inter connectwidths and lengths

� Latchadrivesgateb throughapieceof interconnect,labeled1.
� Gateb drivesabranchinginterconnect,labeled2, 3, 4, 5, and6, which in

turndrivestwo moregates,labeledc andd.
� Thesegatesdrive theinterconnectlabeled7 and8, which in turndrive

latcheseandf.

latch
a

1
� � �b
H H H 2 t

4

3

6 d

5 c

� � �

H H H

� � �

H H H 7 latch
e

8 latch
f

Fig. 15.6. Schematic
diagram of gates and
latches joined by
interconnect.
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Segments

� Theinterconnectcanbethoughtof asconsistingof segments,
correspondingto thelabeledpiecesof interconnectshown in Figure15.6.

� Weassumethattheinterconnectcanbepartitionedinto asetof n
segments

� Let thek-th segmenthavewidth xk, thicknessTk, andlengthLk, as
illustratedin Figure15.7.
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6

?
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Fig. 15.7. Dimensions
of k-th segment of
interconnect.The�gure
is not to scale.
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Discreteness

� Becausewecanonly dimensionfeaturesto beanintegermultipleof the
minimumfeaturesize,xk canonly bechosenfrom adiscretesetof
alternatives.

� In general,optimizingoveradiscretesetof alternativesis muchmore
dif�cult thanoptimizingoveracontinuousvariablebecausein the
discretecasewe:
– cannotusecalculusto deriveoptimalityconditions,
– cannotobtaindescentdirectionsfrom purelylocal �rst derivative

information,and
– cannotmakeuseof convexity to establishglobaloptimality.

� In thiscasestudy, wewill neglectdiscretenessandassumethatthewidths
arecontinuouslyvariable.
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Alter native formulations

� As analternative formulation,insteadof optimizingoveracontinuous
rangeof widthsxk for segmentk, weconsidera �nite collectionof
possiblewidths,sayf Wk1; : : : ;Wksg for segmentk.

� For example,thesewidthsmight correspondto theallowableinteger
multiplesof theminimumfeaturesize.

� A segmentis thenspeci�edby acollectionof sub-lengthsLk j ; j = 1; : : : ;s
suchthatå s

j= 1Lk j = Lk. ThevalueLk j speci�eshow muchof thetotal
lengthof segmentk is of width Wk j .

� This is anexampleof a radicaltransformationof aproblemcomparedto
its “natural” formulation.

� Wewill notpursuethis formulationfurther.
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15.5.2.2Objective
� Wehave indicatedthatourgoalis to minimizetheareaof interconnect.
� Theareaf : Rn ! R is de�ned by:

8x 2 Rn; f (x) =
n

å
k= 1

Lkxk;

� whereLk is thelengthof thek-th segment.
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15.5.2.3Constraints
Upper and lower bounds

8k = 1; : : : ;n;xk � xk � xk;

Bottlenecks

å
k2B

xk � xB; (15.14)

� whereB is thesetof segmentsinvolvedin aparticularbottleneckandxB
is themaximumtotalwidth availablefor thesegmentsin thesetB.
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Delayconstraints

� Considerapath from a latchthroughthecombinationallogic to theinput
of thenext latch.

� Weassumethatthepathsarelabeled̀ = 1; : : : ; r.
� Ourperformancespeci�cationrequiresthat,for eachlatch-to-latchpath`,

asignalcanpropagatefrom:
– theoutputof thelatchat thebeginningof path`,
– throughthegatesin path`,
– to theinputof latchat theendof path`,

� within amaximumallowedtimedelaythatdependson:
– theclockperiod,
– thedelayfrom theclock edgeto whentheoutputsof latchesbecome

valid, and
– theset-uptime from theinputof latchesto theclockedge.

� Latch-to-latchdelayoneachpathwill dependon thewidthsof the
segments.
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Delayconstraints,continued

� Therefore,thedelayon the`-th pathis a functionh` : Rn ! R depending
on thewidthsandwerequirethat:

8` = 1; : : : ; r;h`(x) � h` ; (15.15)

� whereh` is themaximumallowedlatch-to-latchdelayonpath`.
� Wecollectthedelayfunctionsfor eachpathtogetherinto avector

functionh : Rn ! Rr .
� Similarly, wecollectthemaximumalloweddelaysinto avectorh 2 Rr .
� To evaluatethefunctionh` wemustde�ne “delay” morecarefully.
� Normatively, delayis thetimedifferencebetween:

(i) whenthevoltageat theoutputof thelatchthatis driving path` can
beconsideredto havechangedstate,and

(ii) whenthevoltageat theinputof thelatchthatis drivenby path` can
beconsideredto havechangedstate.
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Delayconstraints,continued

� In practice,“changingstate”is de�ned onanadhocbasisaswhen,for
example,thevoltagewaveformhasrisento or fallento within 50%,say,
or 90%,say, of its �nal value.

� Thedelayis oftenapproximatedby a functionh̃` thatis easierto
calculate.

� Wewill approximatethegatedelaysby constantsneglectingtheeffectof
theloadof theinterconnecton thedelaythroughthecombinationallogic.

� Wecanthenre-interpreth` asbeingthedelaythroughtheinterconnect
alone,neglectingthegatedelays,andreducethecorrespondingdelay
limit h` by thesumof thegatedelaysonpath`.

� Thatis, we re-de�neeachinequalityin (15.15) by reducingtheleft-hand
sideandtheright-handsideby thesumof thegatedelaysonpath`.

� A typicalapproximationusedfor theinterconnectdelayis theElmore
delay, which requiresanelectricalmodelof theinterconnect.

Title Page JJ II J I 70 of 231 Go Back Full Screen Close Quit



Inter connectelectrical model

� Eachsegmentof theinterconnectis adistributedresistive-capacitive
transmissionline.

� Segmentk, for k = 2; : : : ;6, hasbeenrepresentedby aseriesresistanceRk
andshuntcapacitanceCk, calledanL-segment.

��

� �

Vb

Rb R2 t

C2

t

R4

t

C4

t

C3
R3

R6 t

C6

t

Cd

R5 t

C5

t

Cc

� � �

H H H

� � �

H H H

Fig. 15.8. Equivalent
circuit of interconnect
between gate b and
gatesc andd consisting
of resistive–capacitive
L-segments.
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Inter connectelectrical model,continued

� Theresistanceof segmentk is determinedby theresistivity r k of the
segmentandits thickness,length,andwidth:

8k = 1; : : : ;n;Rk = r kLk=(Tkxk);
= kRk=xk; (15.16)

� wherekRk = r kLk=Tk is aparameter.
� Thecapacitanceof segmentk is determinedapproximatelyby thesheet

capacitanceperunit areakSk, its fringing capacitanceperunit length
kFk, andits heightandwidth:

8k = 1; : : : ;n;Ck = kSkLkxk + kFkLk;
= kCkxk + CFk; (15.17)

� wherekCk = kSkLk andCFk = kFkLk areparameters.
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Gatemodel

� Wecanmodelthegatedriving theinterconnectby consideringits output
transistor.

� It canbeapproximatelyrepresentedby avoltagesourcedriving a
resistance.

� Thedriving gateb is modeledin Figure15.8asthevoltagesourceVb and
thedriver resistanceRb.

� Theloadpresentedby complementarymetal-oxidesemiconductor
(CMOS)gatesat thesinkscanbemodeledby acapacitance.

� This is shown by Cc andCd in Figure15.8for theinputsto gatesc andd,
respectively.
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Elmoredelay

� ConsideraconstantvoltagesourcechargingacapacitorC througha
resistanceR.

� Thevoltageacrossthecapacitorwill exponentiallyapproachthedriving
voltage.

� Thetime-constantof theexponentialis RC, sothata reasonable
order-of-magnitudeestimatefor therisetimeof thevoltageacrossthe
capacitoris RC.

� The“Elmoredelay” is anestimateof thetimeconstantof asingle
exponentialthatapproximatesthetrueresponse.

� Weusethis timeconstantasanestimateof thedelay;however, under
certainconditionsit canbeapoorestimateof thedelay.
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Elmoredelay, continued

� GiventhelumpedL-segmentmodels,theElmoredelayis givenby:

8` = 1; : : : ; r;8x 2 Rn; h̃`(x) = å
J2P`

å
j2J

"

Rj å
k2D( j)

Ck

#

;

� where:
– P` is thesetof setsof connectedsegmentsonpath`. Two segmentsare

connectedif thereis apathof segmentsbetweenthem.In asetof
connectedsegments,eachpairof segmentsis connected.For example,
for thepath` from latcha to latche in Figure15.6,
P` = ff 1g; f 2;3;5g; f 7gg, sincethepathfrom latcha to latcheconsists
of threesetsof connectedsegments,namelyf 1g; f 2;3;5g; f 7g. The
connectedsegmentsareseparatedby thelatchesb andc on thepath
from latcha to latche.

– D( j) is thesetof downstreamsegmentsincludingandbetween
segment j andall sinksthataredrivenfrom segment j through
connectedsegments.For example,in Figure15.6, for j = 2,
D(2) = f 2;3;4;5;6g. For j = 3, D(3) = f 3;5g.
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Elmoredelay, continued

� TheElmoredelayis thesumof theresistive-capacitive time-constantsof
eachsegment,where:
– theresistive-capacitive time-constantof asegmentis equalto the

productof theresistanceof thesegmentandall thecapacitive loadon it,
and

– thecapacitive loadis de�ned to bethesumof thecapacitancesof all the
downstreamsegments(includingtheinputcapacitanceof all
downstreamgatesandlatches.)

� Usingthelumpedresistive-capacitivemodel(15.16)–(15.17) for each
segment,weobtain:

8` = 1; : : : ; r;8x 2 Rn; h̃`(x) = å
J2P`

å
j2J

"
kRj

x j
å

k2D( j)

(kCkxk + CFk)

#

:

(15.18)
� WecancollecttheElmoredelayfunctionsfor eachpathtogetherinto a

vectorfunctionh̃ : Rn ! Rr , whichweuseto approximatetheactual
delayfunctionh : Rn ! Rr .
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15.5.2.4Problem
� Theapproximatemodelfor minimizing theareasubjectto theupperand

lowerconstraintsin segmentwidthsandsubjectto thedelayconstraints
canbewrittenas:

min
x2Rn

f f (x)jh̃(x) � h;x � x � xg: (15.19)

� Themoreaccuratedelaymodelis:

min
x2Rn

f f (x)jh(x) � h;x � x � xg: (15.20)
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15.5.3 Changes
� Wecouldconsiderchangesin parameterssuchasthesheetor fringe

capacitanceconstants,dueto achangein dielectricproperties.
� Wecouldalsoconsidertheeffectof addinganadditionalgatein apath.
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15.5.4 Problemcharacteristics
15.5.4.1Objective

� Theobjective, f (x), of bothProblems(15.19)–(15.20) is linear.

15.5.4.2Constraints
Upper and lower bounds

� Thelowerandupperboundconstraintsx � x � x de�ne aconvex set.

Delayconstraints

� We focusonProblem(15.19).
� TheElmoredelayfunctionis not convex.
� Theconstraintfunctionsinvolve thesumof termseachof which is a

positiveconstanttimestheproductof powersof theentriesin thedecision
vector.

� Sucha functionis calledaposynomialfunction.
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15.5.4.3Solvability
� If thereis noselectionof widthsthatyield delayssatisfyingthedelay

constraints,thentheremaybeno feasiblesolution.
� Wemayneedto insertabuffer to breaka longsegmentinto two shorter

pieces.
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15.6 Optimal power �o w
15.6.1 Motivation

15.6.1.1Generalizationof economicdispatch
� Whenappliedto electricpowersystems,theproblemsdescribedin

Sections12.1and15.1arecalledeconomicdispatchproblems.
� Theequalityconstraint(12.3) requiresthatelectricgenerationequalthe

demand;however, thisdoesnot fully characterizethesituationin an
electricitynetwork.

� For example,if generatorsareremotefrom demandcentersthenthere
will belossesincurredin moving poweralongtransmissionlines.

� At theleast,(12.3) shouldbemodi�ed to accountfor lossesin thiscase.
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15.6.1.2Constraintsonoperation
� Transmissionlinesbetweengenerationanddemandcanalsolimit the

feasiblechoicesof generation.

15.6.1.3Power�ow equations
� To checkwhetheror not theline �o w andvoltageconstraintsaresatis�ed,

wemustexpandthedetailof representationof thenetwork by explicitly
incorporatingKirchhoff 's laws,asdescribedin theelectricpowersystem
casestudyin Section6.2.2.4.

15.6.1.4Othercontrollableelements
� Besidesrealpowergenerations,wecanalsoconsideradjustingany

controllableelementsin thesystemsoasto minimizecostsandmeet
constraints.
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15.6.2 Formulation
15.6.2.1Variables

� In thedecisionvector, weneedto represent:
– realandreactivepowergenerationsat thegenerators,whichwewill

collecttogetherinto thevectorsP andQ,
– any othercontrollablequantitiesin thesystem,suchasthesettingsof

phase-shiftingtransformers andcapacitors,
– thevoltagemagnitudesateverybusin thesystem,whichwecollect

togetherinto thevectoru, and
– thevoltageanglesateverybusin thesystemexceptfor thereference

bus,whichwecollecttogetherinto thevectorq. (Thevoltageangleat
thereferencebusis constantsince,aspreviously, it representsan
arbitrarytime reference.)
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Variables,continued
� Wecollectall thevariablesinto thevector:

x =

2

6
4

P
Q
u
q

3

7
5 2 Rn:

� In thepower �o w casestudyin Section6.2, thegenerationsat the
generatorswere�x edparameters,exceptat thereferencebus.

� In thiscasestudy, therealandreactivepowergenerationsatall generator
busesarevariables.

� This is similar to theleast-costproductioncasestudiesof Sections12.1
and15.1, wheretherealpowergenerationswerevariables.

� Thiscasestudygeneralizesall of theseearliercasestudiesand
exempli�es theprocessof startingwith only a few variablesandmany
parametersandgraduallyre-interpretingtheparametersto bevariables.
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15.6.2.2Objective
� A typicalobjective is to minimizethetotal costof powergeneration.Let

f : Rn ! R representthiscost.
� Typically:

f dependsonly on theentriesof x correspondingto realpower
generations;however, in someformulationsf alsodepends
somewhaton theentriesof x correspondingto reactivepower
generations,and

f is separablesincethedecisionsatonegeneratordonotusuallyaffect
thecostsatany othergenerators.
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15.6.2.3Equalityconstraints
� WeexpressedKirchhoff 's laws asequationsin theform:

8`; p`(x) = 0;
8`; q`(x) = 0;

� wherep` : Rn ! R andq` : Rn ! R werede�ned in (6.12)–(6.13):

8x 2 Rn; p`(x) = å
k2J(`)[f `g

u`uk[G`kcos(q` � qk) + B`ksin(q` � qk)] � P̀ ;

8x 2 Rn;q`(x) = å
k2J(`)[f `g

u`uk[G`ksin(q` � qk) � B`kcos(q` � qk)] � Q` ;

� whereJ(`) is thesetof busesjoinedby a line to bus`.
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Equalityconstraints,continued
� Wecollecttheequationstogetherinto avectorequationsimilar to the

form of (6.14):
g(x) = 0;

� wherea typicalentryof g is of theform of (6.12) or (6.13), but the
decisionvectorx includestherealandreactivegenerationsaswell asthe
voltagemagnitudesandangles.
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15.6.2.4 Inequalityconstraints
� Limits on theentriesin x:

x � x � x:

� A voltagemagnitudelimit atbus` couldbe0:95= u` � u` � u` = 1:05.
� A generatorrealpower limit couldbe0:15= P` � P̀ � P` = 0:7.
� Therearealsoconstraintsinvolving functionsof x.
� For example,therearetypically angledifferenceconstraintsof theform:

8`; 8k 2 J(`); � p=4 � q` � qk � p=4; (15.21)

� andtheremightbelimits onangledifferencesbetweenbusesthatarenot
joineddirectlyby a line.

Title Page JJ II J I 88 of 231 Go Back Full Screen Close Quit



Inequalityconstraints,continued
� In addition,transmissionline �o w constraintscanbeexpressedvia the

power �o w equationsin termsof x.
� Thatis, wewill alsohave functionalconstraintsof theform:

h � h(x) � h:

� A typical constraintmight limit the�o w ona line thatjoinsbus` to busk.
� Neglectingshuntelementsin theline models,theline �o w realand

reactivepower �o w functionsp`k : Rn ! R andq`k : Rn ! R arede�ned
by:

8x 2 Rn; p`k(x) = u`uk[G`kcos(q` � qk) + B`ksin(q` � qk)] � (u`)
2G`k;

(15.22)
8x 2 Rn;q`k(x) = u`uk[G`ksin(q` � qk) � B`kcos(q` � qk)] + (u`)

2B`k:

� If thereis a realpower �o w limit of p`k on theline joining bus` andk
thenwerepresentthis limit asaninequalityconstraintof theform
p`k(x) � p`k in theinequalityconstraintsh(x) � h.
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15.6.2.5Problem

min
x2Rn

f f (x)jg(x) = 0;x � x � x;h � h(x) � hg: (15.23)
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15.6.3 Changesin demand,lines,andgenerators
� Wecanconsiderchangesin demandatbusesandalsoconsiderchangesin

thesystem:
– failureor returnto serviceof a transmissionline, and
– failureor returnto serviceof agenerator.
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15.6.4 Problemcharacteristics
15.6.4.1Convexity

Objective

� As arguedin theleast-costproductioncasestudyin Section12.1, the
objectiveof thisproblemis typically convex.

Equality constraints

� Becausethefunctiong is non-linear, thesetf x 2 Rnjg(x) = 0g is not
generallyconvex.

� Wecanarguefrom two perspectivesthatthisnon-convexity doesnot
necessarilycreatemultiple localminimaof theproblem.

� First, following thediscussionin Section8.2.4, weobserve thatthe
JacobianJ of g canoftenbewell approximatedby aconstant;thatis, the
equationsareapproximatelylinear.

� Sincetheequationsareapproximatelylinear, thefeasibleset
f x 2 Rnjg(x) = 0g is not verydifferentfrom asetde�ned by a linear
equalityconstraint.

Title Page JJ II J I 92 of 231 Go Back Full Screen Close Quit



Equality constraints,continued

� Second,if wecan“throw away” realandreactivepower, thenwecan
replacethepower �o w equalitieswith inequalities.

p`(x) � 0; (15.24)
q`(x) � 0: (15.25)

� Thatis, wehave relaxedtheconstraintsto requiringthatthenetpower
�o wing outof anodeis atmostzero.

� Thatis, weallow power to �o w into anodeor to begeneratedatanode
andbe“thrown away.”

� Considersolvingtherelaxedproblemhaving inequalityconstraintsas
speci�edin (15.24) and(15.25) ateachbus`, but with all theother
constraintsasrepresentedin Problem(15.23):

min
x2Rn

f f (x)jg(x) � 0;x � x � x;h � h(x) � hg: (15.26)
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Equality constraints,continued

� In Problem(15.26), thefeasibleset
S= f x 2 Rnjg(x) � 0;x � x � x;h � h(x) � hg is a relaxedversionof the
feasiblesetof Problem(15.23):

S= f x 2 Rnjg(x) = 0;x � x � x;h � h(x) � hg:

� Supposeweobtainasolutionx? 2 S to Problem(15.26) suchthatatbus`
wehave p`(x?) < 0 or q`(x?) < 0.

� In thiscase,solongaswecandisposeof realor reactivepoweratbus`,
thenwecanconsider“throwing away” thedifferenceandre-establishing
equalityto constructasolutionx?? 2 S to theoriginalequality-constrained
problemwith thesamevalueof objectiveandall constraintssatis�ed.

� Fromapracticalperspective, if thereis ageneratorat ` thento “throw
away” poweratbus` wecanconsiderreducingtheoutputof the
generatorto enablesatisfactionof theconstraintwith equality.

� Thiswould reducetheobjectiveof theproblemsincecoststypically
increasewith output.
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Equality constraints,continued

� In summary, theinequality-constrainedProblem(15.26) hasessentially
thesamesolutionasProblem(15.23).

� Now wewill show thatthefeasiblesetde�ned by therelaxed
constraints(15.24) is convex undertheassumptionthatall voltage
magnitudesareconstant.

� Wewill not considerthereactivepowerconstraints(15.25) nor thecase
wherevoltagemagnitudescanvary.
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Equality constraints,continued

� Recallthat p` is de�ned in (6.12) to be:

8x 2 Rn;
p`(x) = å

k2J(`)[f `g

u`uk[G`kcos(q` � qk) + B`ksin(q` � qk)] � P̀ ;

= å
k2J(`)

u`uk[G`kcos(q` � qk) + B`ksin(q` � qk)] + (u`)
2G`` � P̀ ;

= å
k2J(`)

f u`uk[G`kcos(q` � qk) + B`ksin(q` � qk)] � (u`)
2G`kg

+ (u`)
2

 

G`` + å
k2J(`)

G`k

!

� P̀ ;

onaddingandsubtracting(u`)2å k2J(`) G`k,

= å
k2J(`)

p`k(x) + (u`)
2

 

G`` + å
k2J(`)

G`k

!

� P̀ ;

� wherefor eachk 2 J(`), thefunction p`k wasde�ned in (15.22).
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Equality constraints,continued

� Sinceall voltagesareassumedconstant,wecande�ne functions
p̂`k : R ! R by:

8k2 J(`);8q`k 2 R; p̂`k(q`k) = u`uk[G`kcos(q`k) + B`ksin(q`k)]� (u`)
2G`k;

� andweobtainthat:

8`; 8x 2 Rn; p`(x) = å
k2J(`)

p̂`k(q` � qk) + (u`)
2

 

G`` + å
k2J(`)

G`k

!

� P̀ :

� Thatis, p` is equalto f (u`)2(G`` + å k2J(`) G`k) � P̀ g plusthesumof
termsp̂`k(q` � qk) eachof whichdependsonly ona linearfunctionof two
of theentriesof x.

� Wewill �nd conditionsfor p̂`k to beconvex, whichwill therefore
guaranteethat p` is convex.

� Wecalculatethesecondderivativeof p̂`k.
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Equality constraints,continued

8q`k 2 R;
d2p̂`k

dq`k
2 (q`k) = � u`uk[G`kcos(q`k) + B`ksin(q`k)]:

� RecallingthatG`k < 0;B`k > 0 for k 2 J(`), thisexpressionis positive if:

8k 2 J(`); jG`kj cos(q`k) � jB`kj sin(q`k) � 0:

� Thiswill betrueif:

� p+ arctan
�

jG`kj
jB`kj

�
� q` � qk � arctan

�
jG`kj
jB`kj

�
:

� Consideringpowerbalanceatbusk 2 J(`) aswell, thefunctionswill be
convex if for eachline joining abus` to abusk wehave:

jq` � qkj � min
�

arctan
�

jG`kj
jB`kj

�
;p � arctan

�
jG`kj
jB`kj

� �
: (15.27)
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Equality constraints,continued

� Typically, jG`kj=jB`kj � 0:1 so(15.27) requiresthat
jq` � qkj � 0:1radian � 6� .

� This is a little morerestrictive thantheanglerestrictions(15.21) thatwe
previouslymentionedfor stability limits in Section15.6.2.4.
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Inequality constraints

� Similarly, if a �o w constraintbetweeǹ andk requiresthat p`k(x) � p`k
thentheconstraintde�nesaconvex setif (15.27) holds.

Discussion

� Wehaveprovidedsuf�cient conditionsunderwhich theoptimalpower
�o w problemis convex.

� If theseassumptionsareviolatedthentheremaybemultiple local
minimizers.

15.6.4.2Solvability
� Thereareavarietyof constraintsin theoptimalpower �o w problemand

it is easilypossiblefor thereto benosolution.
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16
Algorithmsfor non-negatively constrained

minimization

� In thischapterwewill developalgorithmsfor constrainedoptimization
problemsof theform:

min
x2Rn

f f (x)jAx= b;x � 0g; (16.1)

� where f : Rn ! R, A 2 Rm� n, andb 2 Rm.
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Key issues
� Optimalityconditionsfor non-negatively constrainedproblemsbased

on theresultsfor equality-constrainedproblems,
� thecomplementaryslacknessconditions in theoptimalityconditions,
� optimalityconditionsfor convexproblems, and
� activesetandinterior point algorithmsto seeksolutions.
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16.1 Optimality conditions
16.1.1 First-ordernecessaryconditions

16.1.1.1Analysis

Theorem16.1 Let f : Rn ! R bepartially differentiablewith continuous
partial derivatives,A 2 Rm� n, andb 2 Rm. ConsiderProblem(16.1),

min
x2Rn

f f (x)jAx= b;x � 0g;

anda point x? 2 Rn. If x? is a local minimizerof Problem(16.1) then:

9l ? 2 Rm;9µ? 2 Rn such that: Ñf (x?) + A†l ? � µ? = 0;
Ax? = b;

M?x? = 0;
x? � 0; and
µ? � 0; (16.2)

whereM? = diagf µ?
` g is a diagonalmatrixwith diagonalentriesequalto

µ` . Thevectors l ? andµ? satisfyingtheconditions(16.2) arecalledthe
vectors of Lagrangemultipliers for theconstraintsAx= b andx � 0,
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respectively. TheconditionsthatM?x? = 0 arecalledthe
complementaryslacknessconditions. Thecomplementaryslackness
conditionstogetherwith theconditionsx? � 0 andµ? � 0 imply that, for
each `, eitherthe`-th non-negativityconstraint x` � 0 is bindingor the
`-th Lagrangemultiplier µ?

` is equalto zero (or both).
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Proof This is aspecialcaseof Theorem17.1to bepresentedin
Chapter17. Wewill only sketchtheproofof thisspecialcase.
Considertheequality-constrainedproblem:

min
x2Rn

f f (x)jAx= b; � x` = 0;8` 2 A(x?)g; (16.3)

whereA(x?) = f ` 2 f 1; : : : ;ngjx?
` = 0g is theactivesetcorrespondingto

thenon-negativity constraintsx � 0 for thepoint x?. Thatis, the
equality-constrainedProblem(16.3) includesasequalityconstraintsthe
following:
� all of theequalityconstraintsfrom Problem(16.1) and
� all of thenon-negativity constraintsof Problem(16.1) thatwere

satis�edwith equalityby x?.
Thatis, theactivenon-negativity constraintsfrom Problem(16.1) at its
minimizerhavebeenincludedasequalityconstraintsin Problem(16.3).
Therepresentationof theconstraintas� x` = 0 ratherthanasx` = 0 is
for conveniencein interpretingtheLagrangemultipliersfor
equality-constrainedProblem(16.3).
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Theproof involvesapplyingourearlierresultsfor equality-constrained
problemsto Problem(16.3) to prove thetheorem.Theproof is divided
into threeparts:

(i) showing thatx? is a localminimizerof equality-constrained
Problem(16.3),

(ii) usingthenecessaryconditionsof theequality-constrained
Problem(16.3) to de�ne l ? andµ? thatsatisfythe�rst four lines
of (16.2), and

(iii) proving thatµ? � 0 by showing thatif aparticularLagrange
multiplier werenegative,sayµ?

` < 0, thentheobjectivecouldbe
reducedby moving in adirectionsuchthatx` increasesandso
becomesstrictly feasiblefor theconstraintx` � 0. Theintuition
behindthisobservationis thatif thesecond-ordersuf�cient
conditionsheldfor Problem(16.3) at x? thenwecouldapplythe
sensitivity analysisCorollary13.11. If weconsiderchangingthe
constraintfrom � x` = 0 to � x` = � g, with g> 0, then,since
µ?

` < 0, Corollary13.11indicatesthattheminimumof the
changedproblemwouldbelowerandx` wouldbestrictly
positive. Thismeansthattheconstraintx` � 0 couldnothave
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beenbindingataminimizerof Problem(16.1) sinceapositive
valueof x` would reducetheobjective.

2
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16.1.1.2Example
� ConsiderProblem(2.15):

min
x2R2

f x1 � x2jx1 + x2 = 1;x1 � 0;x2 � 0g: (16.4)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x1

x2

x?

Fig. 16.1. Feasible set
(shownasline)andmin-
imizer x? (shown as � )
for exampleproblem.
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Example, continued

� Considerationof theobjectiveandinspectionof Figure16.1shows that

x? =
�

0
1

�
is theuniqueminimizerof Problem(16.4).

� WeapplyTheorem16.1to thisnon-negatively constrainedproblem.
� Theobjective is linear, andhencepartiallydifferentiablewith continuous

partialderivatives.

8x 2 R2; f (x) = x1 � x2;

8x 2 R2;Ñf (x) =
�

1
� 1

�
;

A = [1 1] ;

= 1†;
b = [1]:

� Weclaim thatl ? = [1] andµ? =
�

2
0

�
satisfy(16.2).
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Example, continued

Ñf (x?) + A†l ? � µ? =
�

1
� 1

�
+

�
1
1

�
[1] �

�
2
0

�
;

= 0;

M?x? =
�

2 0
0 0

� �
0
1

�
;

= 0;

Ax? = [1 1]
�

0
1

�
;

= [1];
= b;

x? =
�

0
1

�
;

� 0; and

µ? =
�

2
0

�
;

� 0:
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16.1.1.3Discussion
� As in theequality-constrainedcase,theLagrangemultipliersadjustthe

unconstrainedoptimalityconditionsto balancetheconstraintsagainstthe
objective.

� Wewill referto theequalityandinequalityconstraintsspeci�edin (16.2)
asthe�rst-order necessaryconditions.

� Thereareinequalityconstraintsonboththeminimizerx? andon the
Lagrangemultipliersµ? in the�rst-order conditionsfor inequality
constraints.
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Discussion,continued
� ThecomplementaryslacknessconditionsrequirethatM?x? = 0.
� ConsiderlinearizingMx aboutµ(n) andx(n) andusingthelinearized

equationsto constructanupdate.
� Thisapproachis noteffectiveunlesswearecarefulto avoid theboundary

of thesetde�ned by x � 0 andµ � 0.
� For example,supposethatat iterationn wehadx(n)

` = 0.
� In thiscase,for theparticularentry`, linearizingthecomplementary

slacknessconditionsinvolveslinearizingµ` x` aboutµ(n)
` andx(n)

` .
� Weobtain:

(µ(n)
` + Dµ(n)

` )(x(n)
` + Dx(n)

` ) � µ(n)
` x(n)

` + x(n)
` Dµ(n)

` + µ(n)
` Dx(n)

` ;

= µ(n)
` Dx(n)

` ; sincex(n)
` = 0.

� Settingthisequalto zeroyieldsDx(n)
` = 0.
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Discussion,continued
� Linearizingthecomplementaryslacknessconditionsdoesnotyield a

usefulapproximationin thesecases.
� Wewill seein Section16.4.3.3thataneffective linearizationof this

constraintrequiresusto carefullyavoid thepossibilitiesthatx(n)
` = 0 or

µ(n)
` = 0.

� Wewill seethatoneway to do this is to �r st approximatetheconstraint
µ` x` = 0 by ahyperbolaµ` x` = t, wheret 2 R++ , andthenlinearizethe
hyperbolicapproximation.

� Then,wegraduallyreducet.
� Figure16.2showsahyperbolicapproximationto thesetof points

satisfyingthecomplementaryslacknessconstraintfor severalvaluesof t.

� As t is reduced,thesetof orderedpairs
�

µ`
x`

�
satisfyingµ` x` = t, x` � 0,

andµ` � 0 approachestheunionof thenon-negativeµ`-axisandthe
non-negativex`-axis.
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Discussion,continued
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1

µ`

x`

Fig. 16.2. The complementary
slacknessconstraintfor the en-
try ` requires that the point�

µ`
x`

�
2 R2 lie either on the µ`-

axis or on the x`-axis. The hy-
perbola µ` x` = t approximates
the set of points satisfying the
complementaryslacknesscon-
straints. The dashed curve
shows thehyperbolafor t = 0:1;
thedash-dotcurveshowsthehy-
perbolafor t = 0:05;andthedot-
ted curve shows the hyperbola
for t = 0:01.
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16.1.2 Second-ordersuf�cient conditions
16.1.2.1Analysis

Theorem16.2 Let f : Rn ! R, A 2 Rm� n, andb 2 Rm. Consider
Problem(16.1),

min
x2Rn

f f (x)jAx= b;x � 0g;

andpointsx? 2 Rn; l ? 2 Rm, andµ? 2 Rn. LetM? = diagf µ?
` g. Suppose

that:

(i) f is twicepartially differentiablewith continuoussecondpartial
derivatives,

(ii)

Ñf (x?) + A†l ? � µ? = 0;
M?x? = 0;

Ax? = b;
x? � 0;
µ? � 0;
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and
(iii) Ñ2f (x?) is positivede�nite on thenull space:

N+ = f Dx 2 RnjADx = 0;Dx` = 0;8` 2 A+ (x?;µ?)g;

whereA+ (x?;µ?) = f ` 2 f 1; : : : ;ngjx?
` = 0;µ?

` > 0g.
Thenx? is a strict local minimizerof Problem(16.1). 2

� Theconditions(i)–(iii) in thetheoremarecalledthesecond-order
suf�cient conditions.

� In additionto the�rst-order necessaryconditions,thesecond-order
suf�cient conditionsrequirethat:
f is twicepartiallydifferentiablewith continuoussecondpartial

derivatives,and
Ñ2f (x?) is positivede�nite on thenull spaceN+ de�ned in thetheorem.
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16.1.2.2Example
� Considertheobjective f : R2 ! R de�ned by:

8x 2 R2; f (x) = (x1)2 + (x2 � 1)2:

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3

x1

x2

Fig. 16.3. Contour sets
of objectivefunctionde-
�ned in section16.1.2.2.
The heightsof the con-
tours decreasetowards

the point x? =
�

0
1

�
,

which is indicatedwith
the� .
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Example, continued
� Considertheproblem:

min
x2R2

f f (x)jx � 0g:

� Theobjective is twicepartiallydifferentiablewith continuoussecond
partialderivatives.

� Weclaim thatthesecond-ordersuf�cient conditionshold for x? =
�

0
1

�

andµ? = 0, which is illustratedasthe� in Figure16.3.
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Example, continued
� Thesecond-ordersuf�cient conditionsarethat:

Ñf (x?) � µ? =
�

2x?
1

2(x?
2 � 1)

�
� µ?;

= 0;
M?x? = 0;

x? � 0;
µ? � 0;

� andthatÑ2f (x?) = 2I is positivede�nite on thenull space:

N+ = f Dx 2 R2jDx` = 0;8` 2 A+ (x?;µ?)g:
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Example, continued

A(x?) = f 1g;
A+ (x?;µ?) = f ` 2 f 1;2gjx?

` = 0;µ?
` > 0g;

= /0;
N+ = f Dx 2 R2jDx` = 0;8` 2 A+ (x?;µ?)g;

= f Dx 2 R2jDx` = 0;8` 2 /0g;
= R2;

Ñ2f (x?) = 2I ;

� which is positivede�nite onN+ = R2.

� Thesecond-ordersuf�cient conditionsholdat x? =
�

0
1

�
andµ? = 0.

� NotethatA+ (x?;µ?) = /0 is astrict subsetof A(x?) = f 1g for this
example.
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16.1.2.3Discussion
� ThesetA+ (x?;µ?) canbeastrict subsetof A(x?) sinceA+ (x?;µ?) omits

thoseconstraints̀ for whichx?
` = 0 andµ?

` = 0.

N+ = f Dx 2 RnjADx = 0;Dx` = 0;8` 2 A+ (x?;µ?)g;

� canstrictly containthenull space:

N = f Dx 2 RnjADx = 0;Dx` = 0;8` 2 A(x?)g;

� correspondingto theconstraintsof equality-constrainedProblem(16.3):

Ax = b;
� x` = 0;8` 2 A(x?):

� By Corollary13.4, if x? satis�esthe�rst-order necessaryconditionsfor
equality-constrainedProblem(16.3) andif Ñ2f (x?) is positivede�nite on
thenull spaceN thenx? is astrict localminimizerof
equality-constrainedProblem(16.3).

� However, this is insuf�cient to guaranteethatx? is astrict localminimizer
of thecorrespondinginequality-constrainedProblem(16.1) if thereare
any constraints̀ for whichbothx?

` = 0 andµ?
` = 0.
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Discussion,continued
� Constraintsfor whichx?

` = 0 andµ?
` = 0 arecalleddegenerate

constraints.
� Intuitively, adegenerateconstraint̀ is only “just” binding.
� Thesensitivity of theminimumto changesin x` is zero.
� Thereexist feasiblemovementsDx away from x?, namelythosein which

Dx` > 0, for which theconstraintx` � 0 is no longerbinding.
� SuchfeasiblemovementsdonotsatisfyDx` = 0, soto guaranteethatx? is

aminimizerof Problem(16.1) wemusttestfor positivede�nitenessof
theobjective in thelargersubspacethatallows movementin directionsDx
suchthatDx` > 0.

� If theHessianis positivede�nite in thesedirectionsthentheobjective
mustincreasein thesedirectionsaswemoveaway from x? and
consequentlyweareindeedata localminimizerof Problem(16.1).

� Thatis, if Ñ2f (x?) is positivede�nite onN+ thentherecanbeno feasible
descentdirectionsfor f at x?.
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16.1.2.4Exampleof not satisfyingsecond-ordersuf�cient conditions
� Supposethatwehave theobjective f : R2 ! R de�ned by:

8x 2 R2; f (x) = � (x1)3 + (x2 � 1)2:

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3

x1

x2

Fig. 16.4. Contour sets of ob-
jective function de�ned in sec-
tion 16.1.2.4. Theheightsof the
contoursdecreaseawayfromthe

point x̂ =
�

0
1

�
, which is indi-

catedwith the� , in thedirection
of increasingvaluesof x1. The
heightsof the contoursincrease
away from thepoint x̂ in thedi-
rectionof increasingor decreas-
ing valuesof x2.
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Exampleof not satisfyingsecond-ordersuf�cient conditions,continued
� Considertheproblem:

min
x2R2

f f (x)jx � 0g:

� Theproblemis unboundedbelow on thefeasiblesetandhasno
minimizer.

� However, considerthecandidateminimizerx̂ =
�

0
1

�
andcandidatevalue

of Lagrangemultipliersµ̂ = 0:

Ñf (x̂) � µ̂ = 0;
bMx̂ = 0;

x̂ � 0;
µ̂ � 0;

� sothatx̂ andµ̂ satisfythe�rst-order necessaryconditions,where
bM = diagf µ̂`g is adiagonalmatrixwith diagonalentriesequalto µ̂` .
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Exampleof not satisfyingsecond-ordersuf�cient conditions,continued
� Theactivesetfor x � 0 at x̂ includesthe�rst non-negativity constraint.

A(x̂) = f 1g;
6= A+ (x̂; µ̂);
= f ` 2 f 1;2gjx?

` = 0;µ?
` > 0g;

= /0:

� Therefore,if x̂ =
�

0
1

�
andµ̂ = 0 were theminimizerandcorresponding

Lagrangemultipliersof thisproblem,thentheconstraintwouldbe
degenerate.
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Exampleof not satisfyingsecond-ordersuf�cient conditions,continued
� TheHessianof theobjective is:

Ñ2f (x̂) =
�

0 0
0 2

�
:

� Thesubspacecorrespondingto theconstraintsof equality-constrained
Problem(16.3) is:

N = f Dx 2 R2jADx = 0;Dx` = 0;8` 2 A(x̂)g;
= f Dx 2 R2jDx` = 0;8` 2 f 1gg;
= f Dx 2 R2jDx1 = 0g:

� Notethat:

8Dx 2 N ; (Dx 6= 0) ) (Dx1 = 0;Dx2 6= 0);
) (Dx†Ñ2f (x̂)Dx = 2(Dx2)2 > 0):

� TheHessianis positivede�nite onN and,by Corollary13.4, x̂ is a local
minimizerof theequality-constrainedproblemminx2R2f f (x)j � x1 = 0g.
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Exampleof not satisfyingsecond-ordersuf�cient conditions,continued
� But positivede�nitenessonN is insuf�cient to guaranteelocaloptimality

for Problem(16.1).
� In fact,Ñ2f (x̂) is notpositivede�nite on thenull spaceN+ speci�edin

Theorem16.2:

N+ = f Dx 2 R2jADx = 0;Dx` = 0;8` 2 A+ (x̂; µ̂)g;
= f Dx 2 R2jDx` = 0;8` 2 /0g;
= R2:

� Thesecond-ordersuf�cient conditionsdonotholdandx̂ is nota
minimizerof theproblem.
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16.2 Convexproblems
16.2.1 First-ordersuf�cient conditions

16.2.1.1Analysis

Theorem16.3 Let f : Rn ! R bepartially differentiablewith continuous
partial derivatives,A 2 Rm� n, andb 2 Rm. ConsiderProblem(16.1),

min
x2Rn

f f (x)jAx= b;x � 0g;

andpointsx? 2 Rn, l ? 2 Rm, andµ? 2 Rn. LetM? = diagf µ?
` g. Suppose

that:

(i) f is convex on f x 2 RnjAx= b;x � 0g,
(ii) Ñf (x?) + A†l ? � µ? = 0,

(iii) M?x? = 0,
(iv) Ax? = b andx? � 0, and
(v) µ? � 0.

Thenx? is a globalminimizerof Problem(16.1).
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Proof By Item (iv), x? is feasible.Considerany otherfeasiblepoint
x 2 Rn. Thatis, considerx suchthat:

Ax= b;x � 0:

WehaveAx= Ax? = b, soA(x� x?) = 0 and:

[l ?]†A(x� x?) = 0: (16.5)

Wenow considerconstraints̀ 2 A(x?) andconstraints̀ 62A(x?)
separately.
For ` 62A(x?), wehave thatx?

` > 0. Consequently, Item (iii) impliesthat
µ?

` = 0. Therefore,

8` 62A(x?);µ?
` (x` � x?

` ) = 0: (16.6)

For ` 2 A(x?), wehave thatx?
` = 0. Moreover, sincex` � 0 for all `, we

have:

8` 2 A(x?);x` � x?
` = x` � 0;

� 0:
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Therefore,sinceµ?
` � 0, wehave:

8` 2 A(x?);µ?
` (x` � x?

` ) � 0: (16.7)

Combining(16.6) and(16.7), wehave:

[µ?]†(x� x?) = å
`2A(x?)

µ?
` (x` � x?

` ) + å
`62A(x?)

µ?
` (x` � x?

` );

= å
`2A(x?)

µ?
` (x` � x?

` ); by (16.6);

� 0; by (16.7): (16.8)
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Wehave:

f (x) � f (x?) + Ñf (x?)†(x� x?); by Theorem2.6, notingthat:
f is partiallydifferentiablewith continuouspartialderivatives;
f is convex on theconvex setf x 2 RnjAx= b;x � 0g,

by Item(i) of thehypothesis;and
x;x? 2 f x 2 RnjAx= b;x � 0g;

by Item(iv) of thehypothesisandconstruction,

= f (x?) � [A†l ? � µ?]
†
(x� x?);

by Item(ii) of thehypothesis;

= f (x?) � [l ?]†A(x� x?) + [µ?]†(x� x?);

= f (x?) + [µ?]†(x� x?); by (16.5);
� f (x?); by (16.8):

Therefore,x? is aglobalminimizerof f on f x 2 RnjAx= b;x � 0g. 2
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16.2.1.2Example
� Consideragain theproblemfrom Section16.1.2.2:

min
x2R2

f f (x)jx � 0g;

� with objective f : R2 ! R de�ned by:

8x 2 R2; f (x) = (x1)2 + (x2 � 1)2;

� Theobjective is partiallydifferentiablewith continuouspartialderivatives
andconvex.

� Wehavealreadyveri�ed thatx? =
�

0
1

�
andµ? = [0] satisfythe�rst-order

necessaryconditions.
� By Theorem16.3, x? is aglobalminimizerof theproblem.
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16.3 Approachesto �nding minimizers: activesetmethod
� In theactivesetmethod, weconsidera tentative list of theconstraints

thatwebelievearebindingat theoptimum.
� This tentative list is calledtheworking setandtypically consistsof the

indicesof thebindinginequalitiesat thecurrentiterate.

� Sinceour tentative list maynotbethecorrectlist for thesolution,we
mustconsiderhow to changethis tentative list, eitherby:
– addinganotherconstraintto thelist, which is calledswappingin, or
– removing aconstraintfrom thelist, which is calledswappingout.

� Geometrically, activesetalgorithmstendto stepalongtheboundaryof
theregionde�ned by theinequalityconstraints.
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16.3.1 Working set
� Wewrite W(n) for theworkingset.
� Theconstraintsin theworkingsetaretreatedtemporarily asequality

constraints.
� A searchdirectionis calculatedthatseekstheminimizerof an

equality-constrainedproblemwheretheequalityconstraintsconsistof:
– all theequalityconstraintsin theoriginalproblem,and
– thebindinginequalityconstraintslistedin W (n).

� If W(n) happensto coincidewith theactivesetfor theminimizerx? of the
inequality-constrainedProblem(16.1) then,by theproofof
Theorem16.1, thesolutionof theequality-constrainedproblemusing
W(n) will bex?.

� Inequalityconstraintsare“swapped”in andoutof theworkingsetas
calculationsproceed.
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16.3.2 Swappingin
16.3.2.1Descentdirection

� Consideriterationn, thecurrentvalueof theiteratex(n), andaworking
setW(n).

� Supposethatx(n) is feasiblewith respectto all theconstraints.
� Weconsidertheproblem:

min
x2Rn

f f (x)jAx= b; � x` = 0;8` 2 W(n)g: (16.9)

� Wecanusethealgorithmsfrom Chapter13 to �nd adescentdirection
Dx(n) atx(n) for thisequality-constrainedproblem.
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16.3.2.2Step-size
� Weseekastep-sizefor theupdatethatwill maintainfeasibilitywith

respectto all of theconstraintsin Problem(16.1).
� In particular, considerany inequalityconstraint̀ 0thatis not in thecurrent

workingset.
� Thatis, consider̀ 062W(n) sothatx(n)

`0 > 0.
� For simplicity, �rst supposethattheobjective functiondecreasesalong

thedescentdirectionfor arbitrarystep-sizes.
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Step-size, continued
� SupposethatanupdateDx(n) basedon thecurrentworkingsetanda

step-sizeof 1 wouldcauseinequalityconstraint̀ 0to beviolatedbecause
x(n)

`0 + Dx(n)
`0 < 0.

� Then:
– thestep-sizea (n) of theupdateshouldbechosento makeconstraint̀ 0

justbindingat thenext iteratex(n)
`0 + a (n)Dx(n)

`0 , and
– theworkingsetshouldbeupdatedby includingconstraint̀ 0sothat

W(n+ 1) = W(n) [ f `0g.

� Wemay�nd thatthefunctionevaluatedatx(n)
`0 + a (n)Dx(n)

`0 doesnotsatisfy
asuf�cient decreasecriterion.

� In thiscase,weshoulddecreasethestep-sizefurther(andnotaddthe
constraint̀ 0to theworkingset.)
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16.3.2.3Example
� Considerthefeasiblesetf x 2 R3j1†x = 10;x � 0g.

0
2

4
6

8
10

0

2

4

6

8

10

0

2

4

6

8

10

x1x2

x3

x(n)

Dx(n)

x(n+ 1)Dx(n+ 1)x(n+ 2)

Fig. 16.5. Change in
workingset.
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Example, continued
� This feasiblesetis anexampleof asetof theform:

f x 2 RnjAx= b;x � 0g; (16.10)

� whereA = � 1† 2 Rm� n andb = [ � 10] 2 Rm, for m= 1 andn = 3.
� This is thesameform astheequalityconstraintin theleast-cost

productioncasestudyof Section12.1andweknow from Section12.1.4.2

thatZ =

"
� 1 � 1

1 0
0 1

#

is amatrixwith columnsthatform abasisfor the

null spaceof A.

� Also illustratedin Figure16.5is acurrentiteratex(n) =

"
1
3
6

#

2 R3
+ thatis

feasiblefor theequalityconstraint.
� Sincex(n) > 0, wesupposethatthecurrentworkingsetis empty,

W(n) = /0.
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Example, continued
� Considerapartiallydifferentiableobjective f : R3 ! R suchthat

Ñf (x(n)) =

"
2

� 1
11

#

.

� Thevector:

Dx(n) = � ZZ†Ñf (x(n));

=

"
6
3

� 9

#

� is adescentdirectionfor f thatlies in thenull spaceof theequality
constraint.

� Moving from x(n) in thedirectionDx(n) will simultaneously:
– improve theobjective,and
– maintainsatisfactionof theequalityconstraint1†x = 10.
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Example, continued
� SupposethattheobjectivedecreasesalongthedirectionDx(n) for

step-sizesup to at least1:

8a (n) 2 (0;1]; f (x(n) + a (n)Dx(n)) < f (x(n)):

� To maintainfeasibility, theupdatecannotprogresspastthex3 = 0 plane.
� Wemustchoosea (n) suchthat:

x(n+ 1) = x(n) + a (n)Dx(n);

=

"
1
3
6

#

+ a (n)

"
6
3

� 9

#

;

� 0:
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Example, continued
� To satisfyx(n+ 1) � 0, astep-sizeof a (n) = 2

3 is chosensothatx(n+ 1)

satis�esx(n+ 1)
3 = 0 and,therefore,x(n+ 1) =

"
5
5
0

#

.

� Constraint3 is addedto theworkingsetsothatW (n+ 1) = f 3g.
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Example, continued
� Wenow considermovementin adirectionDx(n+ 1) suchthat:

Dx(n+ 1) is adescentdirectionfor theobjective f at x(n+ 1),
moving in thedirectionDx(n+ 1) maintainsfeasibility for theequality

constraint1†x = 10,and
moving in thedirectionDx(n+ 1) maintainssatisfactionof theequality

constraint� x3 = 0 impliedby thecurrentworkingset.
� Supposethatat x(n+ 1) theobjectivedecreaseswith increasingvaluesof x1

anddecreasingvaluesof x2.
� Thenasuitableupdatedirectionis shown in Figure16.5asthearrow

labelledDx(n+ 1) having its tail at x(n+ 1) andpointingtowardsx =

"
10
0
0

#

.
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Example, continued
� WeupdatealongthedirectionDx(n+ 1) until a suf�cient decreasein the

objective is achievedor anotherconstraintbecomesbinding.
� In theformercase,apoint suchasx(n+ 2) in Figure16.5wouldbe

obtained.
� In thelattercase,anotherconstraintwouldbeaddedto theworkingset

andtheprocedurewouldcontinue.
� Theiteratestypically lie on theboundaryof theregionde�ned by the

inequalityconstraints.
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16.3.3 Swappingout
16.3.3.1Descentdirection

� Wecanalsoconsiderswappingaconstraint̀ 00outof thefeasibleset.
� Supposethatfor somè 002 W(n) we �nd thataLagrangemultiplier for

theconstraint� x`00= 0 is negative for Problem(16.9).
� In thiscase,wecanpotentiallyreducetheobjectiveby moving in a

directionthatmakestheconstraintnon-bindingandweshouldconsider
removing `00from theworkingset.

� Thisapproachfollows theproofof Theorem16.1whereanegativevalue
of aLagrangemultiplier correspondingto aninequalityconstraint
allowedusto reducetheobjectiveby moving in adirectionsuchthatthe
constraintbecamestrictly feasible.
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Descentdirection,continued
� In practice,theequality-constrainedproblemsmaynotbesolvedto

optimality, sothattheLagrangemultiplier estimatemaybein error.
� Consequently, theworkingsetapproachcanbeproneto “zig-zagging”

whereconstraintsrepeatedlymove in andoutof theactivesetwithout
signi�cant progress.

� Variousstrategieshavebeendevisedto avoid erroneouslyswappinga
constraintout.

� Nevertheless,supposethatwechooseto swapoutconstraint̀ 00to update
theworkingsetat iterationn.

� Thenwerevisetheworkingsetto beW(n) nf `00g.
� Thatis, we remove `00from theworkingset.A descentdirectionis sought

for thecorrespondingequality-constrainedproblem:

min
x2Rn

f f (x)jAx= b; � x` = 0;8` 2 W(n) nf `00gg:
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16.3.3.2Example

min
x1;x22R

f x1 � x2jx1 + x2 = 1;x1 � 0;x2 � 0g:

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x1

x2

x? = x(1)

x(0)

Fig. 16.6. Trajectoryof
iteratesusing active set
algorithm for example
problem. The feasible
set is indicated by the
solid line.
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Example, continued

� Supposethatwestartwith theinitial guessof x(0) =
�

1
0

�
for thisproblem.

� This initial guessis feasiblewith respectto all theconstraints,is strictly
feasiblewith respectto theinequalityconstraintx1 � 0, andtheinequality
constraintx2 � 0 is activeat this initial guess.

Working set

� Sincetheinequalityconstraintx2 � 0 is active for theinitial guess,the
initial workingsetis W(0) = f 2g.
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Descentdir ectionat x(0)

� Weconsidertheequality-constrainedproblem:

min
x1;x22R

f x1 � x2jx1 + x2 = 1; � x` = 0;8` 2 W(0)g

= min
x1;x22R

f x1 � x2jx1 + x2 = 1; � x2 = 0g; (16.11)

� andseekadescentdirectionfor it.
� In fact,however, x(0) is optimalfor thisproblem,but thesignof the

Lagrangemultiplier for theconstraint� x2 = 0 is negative.
� Thatis, weareat theminimizerof theequality-constrainedproblembut

havenot foundtheminimizerof inequality-constrainedProblem(16.4).
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Updateworking set

� Weupdatetheworkingsetby removing constraint2 from it.
� Thatis, wenow have therevisedworkingsetW (0) = /0.

Descentdir ectionat x(0)

� Sincetheobjective increaseswith x1 anddecreaseswith x2, adescent
directionat x(0) for theobjective thatmaintainsfeasibility for theequality

constraintsx1 + x2 = 1 is givenby Dx(0) =
�

� 1
1

�
.
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16.3.4 Alternation of swappingin andout
� Wemustsolveasequenceof problems,alternatelyswappingin andout.

� Wecontinuewith Problem(16.4), startingat x(0) =
�

1
0

�
andusing

descentdirectionDx(0) =
�

� 1
1

�
.
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16.3.4.1Swappingin
� If wemovealongthedescentdirectionaccordingto x(0) + a (0)Dx(0), we

�nd thatfor a (0) = 1, theconstraintx1 � 0 becomesbinding.
� Weobtainthenext iterate:

x(1) = x(0) + a (0)Dx(0);

=
�

1
0

�
+ 1

�
� 1

1

�
;

=
�

0
1

�
;

� andweupdatetheworkingsetto W(1) = f 1g.
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16.3.4.2Descentdirection
� Weconsidertheequality-constrainedproblemcorrespondingto the

workingsetW(1) = f 1g:

min
x1;x22R

f x1 � x2jx1 + x2 = 1; � x` = 0;8` 2 W(1)g

= min
x1;x22R

f x1 � x2jx1 + x2 = 1; � x1 = 0g; (16.12)

� andseekadescentdirectionfor it.
� In fact,x(1) is theminimizerof thisequality-constrainedproblemandthe

signof theLagrangemultiplier for theconstraint� x1 = 0 is positive.
� Thatis, weareat theoptimumof theequality-constrainedproblemand

havealsofoundtheoptimumof theinequality-constrained
Problem(16.4).
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16.3.4.3Discussion
� Sincetherewereonly two inequalityconstraintswe took justone

swappingoutoperationandoneswappingin operationto �nd the
minimizer.

� In generalwewill �nd thatwewill have to successively swapin andout
variousof theconstraintsandsolveseveralequality-constrainedproblems
beforereachingtheminimizerof theoriginal inequality-constrained
problem.
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16.3.5 Finding an initial feasibleguess
� To �nd aninitial feasibleguessfor Problem(16.1), wede�ne another

optimizationproblemthatis relatedto Problem(16.1) andhaving the
following properties:
– it is easyto �nd aninitial feasibleguessfor therelatedproblem,
– if Problem(16.1) is feasible,thenaminimizerof therelatedproblem

yieldsa feasibleinitial guessfor Problem(16.1), and
– if Problem(16.1) is infeasible,thentheminimumof therelatedproblem

signalsthis fact.
� Therelatedproblemincludesthevariablesx 2 Rn from Problem(16.1)

and,additionally, includesarti�cial variablesw 2 Rm.
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Finding an initial feasibleguess,continued
� Supposethatb � 0 (or, swapthesignof any negativeentryin b andthe

signsof theentriesin thecorrespondingrow of A.)
� Considerthefollowing problem,relatedto Problem(16.1):

min
x2Rn;w2Rm

f 1†wjAx+ w = b;x � 0;w � 0g: (16.13)

� Notethatx(0) = 0;w(0) = b � 0 satis�estheequalityandinequality
constraintsof Problem(16.13) andis thereforea feasibleinitial guessfor
thisproblemthatcanbeusedby anactivesetmethod.

� Wesolve thisproblemusingtheactivesetmethodandthis feasibleinitial
guess.
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Finding an initial feasibleguess,continued

� Supposethat
�

x?

w?

�
is aminimizerof Problem(16.13) with w? = 0.

� Thentheminimumof Problem(16.13) is 1†w? = 0 andx? is a feasible
initial guessfor Problem(16.1), since:

b = Ax? + w?; since
�

x?

w?

�
is feasiblefor Problem(16.13),

= Ax?; sincew? = 0,

x? � 0; since
�

x?

w?

�
is feasiblefor Problem(16.13).

� If theminimumis non-zero(sothattheminimizer
�

x?

w?

�
satis�esw? 6= 0)

thenProblem(16.1) is infeasible.
� Theprocessof �nding a feasibleinitial guessfor Problem(16.1) is called

phase1 of optimization.
� Thefeasibleinitial guessis thenusedasastartingpointby analgorithm

to minimizetheobjectiveof Problem(16.1) in phase2.
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16.3.6 Linear andquadraticobjectives
16.3.6.1Linearprogramming

Analysis

� Consideranon-negatively constrainedlinearprogrammingproblem:

min
x2Rn

f c†xjAx= b;x � 0g: (16.14)

� Exceptfor:
– thecomplementaryslacknessconditionsMx = 0, and
– theinequalitiesx � 0 andµ � 0,

� thenecessaryconditionsarelinear simultaneousequations.
� Thelinearity facilitates:

– thecalculationof descentdirectionsfor thecorresponding
equality-constrainedproblem,

– avoidingzig-zagging,and
– maintainingfeasibilityassuccessive iteratesarecalculated.
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Analysis,continued

� ThelinearminimizationProblem(16.14) is equivalentto maximizingthe
objective � c†x over thesamefeasibleset.

� By Theorem2.5, thereis amaximizerof � c†x (andthereforeaminimizer
of c†x) thatis anextremepointof thefeasibleset.

� Wecanrestrictattentionto pointsthatareverticesof thefeasiblesetand
donotneedto considerpointssuchasx(n+ 2) in Figure16.5thatareon the
boundarybut notatavertex of thefeasibleset.

� Geometrically, contoursetsof theobjectiveareparallelhyperplanes.
� Theminimumof thelinearprogramcorrespondsto thehyperplanewith

minimumheightthatintersectsthefeasibleset.
� Theintersectionwill containavertex of thefeasibleset.

Title Page JJ II J I 159 of 231 Go Back Full Screen Close Quit



Discussion

� Theactivesetstrategy appliedto linearprogrammingproblems
representedin theform of Problem(16.14), togetherwith various
techniquesto make theconstraintswappingandcalculationof descent
directionsmoreef�cient, leadsto thesimplexalgorithm.

� Thesimplex algorithmwasdevelopedin the1940sby GeorgeDantzig.
� Theverticesof thefeasiblesetof Problem(16.14) arepointsthatsatisfy

equationsof theform:

Ax= b; � x` = 0;8` 2 W;

� with W having n� mmembers(for A 2 Rm� n having m linearly
independentrows.)
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Discussion,continued

� For example,for thefeasiblesetillustratedin Figure16.5, theverticesare:
"

10
0
0

#

;

"
0

10
0

#

;

"
0
0

10

#

;

� corresponding,respectively, to thethreechoices:

W = f 2;3g;W = f 1;3g;W = f 1;2g:

� Eachof thesechoicesof workingsethasn� m= 3� 1 = 2 members.
� Theform of thefeasiblesetleadsto importantsimpli�cations for

updatingiteratesandswappingin andswappingout.
� Swappingin andout is performedsimultaneouslyandcalculationof a

descentdirectionis facilitatedby maintainingandupdatingfactorsof an
appropriatesquaresub-matrixof thecoef�cient matrixof theconstraints
Ax= b; � x` = 0;8` 2 W.

� TheMATLAB functionlinprog usesthesimplex algorithmundersome
circumstances.
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Discussion,continued

� For someproblems,thesimplex algorithmmustexaminea large
proportionof thepossiblecombinationsof active inequalities.

� However, thesimplex algorithmusually�nds asolutionof theproblemin
relatively few iterations.

� Thesimplex algorithmandits variantsremainthemostusedandpractical
optimizationalgorithms.

� If anoptimizationproblemcanbeformulatedasa linearprogramthenit
is worthwhileto doso.

� Many specialissuesarisein linearprogrammingthatallow
simpli�cations of hypothesesandsharpeningof conclusionsof thetheory
wehavediscussed.

� For example,somelinearintegeroptimizationproblemshavesimple
solutionsin termsof linearprogramming.
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16.3.6.2Quadratic programming
� As with linearprogramming,therearealsosimpli�cations possiblein the

caseof quadraticobjectives.
� Moreover, thereis a largebodyof activeset-basedsoftwareavailableto

solvequadraticprogrammingproblems.
� TheMATLAB functionquadprog usesanactivesetalgorithmunder

somecircumstances.

16.3.6.3Furtherdetails
� Wehaveonly introducedactivesetalgorithmsbrie�y here;however,

muchsoftwarewritten for optimizationproblemsusessomeform of
activesetalgorithm.
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16.4 Approachesto �nding minimizers: interior point algorithm
� A verydifferentapproachto solvinginequality-constrainedproblemsis

notbasedon identifying theactiveconstraintsdirectly.
� Conceptually, a “barrier” is erectedthatpreventsviolationof all the

inequalityconstraintssothatthesequenceof iteratesremainsstrictly
feasiblewith respectto theinequalityconstraints.

� Theiteratesremainin theinteriorof thesetde�ned by theinequality
constraints.

� Ideally, theiteratesstepdirectly towardstheminimizeracrosstheinterior
of thefeasibleregion,ratherthansteppingalongits boundaryasin the
activesetalgorithm.

� For this reason,thetechniqueis calledaninterior point algorithm.
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16.4.1 Illustration
� To illustratetheinteriorpointalgorithm,considertheobjective f : R ! R

de�ned by:
8x 2 R; f (x) = x;

� andanon-negativity constraintx � 0.
� Weaddabarrier function for theconstraintsx � 0 to theobjective f (x)

to form thebarrier objective, f : R++ ! R.
� Theessentialcharacteristicof thebarrierfunctionis thatit is partially

differentiableon theinteriorof thefeasiblesetbut becomesunboundedas
theboundaryof thefeasiblesetis approached.

� De�ne thelogarithmicbarrierfunction fb : R++ ! R for theconstraint
x � 0 by:

8x 2 R++ ; fb(x) = � ln(x):

� Let t 2 R++ beaparameter, calledthebarrier parameter.
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Illustration, continued
� De�ne thebarrierobjective f : R++ ! R by:

8x 2 R++ ; f (x) = f (x) + t fb(x);
= f (x) � t lnx:

-0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
-0.2

0

0.2

0.4

0.6

0.8

1

x

f (x); f (x) = f (x) � t ln(x)

Fig. 16.7. Barrier ob-
jective for theconstraint
x � 0;x 2 R. The
solid curve shows the
objective f while the
dashedcurve shows the
barrier objective f for
t = 0:1 on the interior
of thefeasibleregion.
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Illustration, continued
� As x ! 0+ , f (x) ! ¥ .
� An algorithmthatis trying to minimizef will avoid thevicinity of the

boundaryof thefeasibleregion.
� Thatis, it will produceiteratesthatareinterior to thesetde�ned by the

inequalityconstraint.
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Illustration, continued
� For any �x edx > 0, thevalueof � t ln(x) approaches0 ast ! 0.

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

� t ln(x)

Fig. 16.8. Effect on
barrier function for
the constraint x � 0
as t ! 0. The dashed
curve shows � t ln(x)
for t = 0:1; thedash-dot
curve shows � t ln(x)
for t = 0:05; and the
dotted curve shows
� t ln(x) for t = 0:01.
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16.4.2 Outline
16.4.2.1Logarithmicbarrier function

� Wede�ne thelogarithmicbarrierfunction fb : Rn
++ ! R for the

constraintsx � 0 by:

8x 2 Rn
++ ; fb(x) = �

n

å
`= 1

ln(x`): (16.15)
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16.4.2.2Barrier problem
� Givenanobjective f : Rn ! R, abarrierfunction fb : Rn

++ ! R, anda
barrierparametert 2 R++ , we form thebarrier objective f : Rn

++ ! R
de�ned by:

8x 2 Rn
++ ; f (x) = f (x) + t fb(x):

� Insteadof solvingProblem(16.1), wewill considersolvingthebarrier
problem:

min
x2Rn

f f (x)jAx= b;x > 0g: (16.16)

� Wediscussedthepotentialdisadvantagesof anopenfeasiblesetsuchas
f x 2 Rnjx > 0g in Section2.3.3.

� However, in practice,for suitablef , Problem(16.16) canbesolvedby a
techniquethatconsidersonly theequalityconstraintswhenseekinga
descentdirection.
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16.4.2.3Slatercondition
� For Problem(16.16) to beusefulin �nding asolutionof Problem(16.1),

weneedto assumethat:

f x 2 RnjAx= b;x > 0g 6= /0;

� sothatProblem(16.16) hasanon-emptyfeasibleset.
� This is calledtheSlater condition.
� Thisconditionrequirestheexistenceof a feasiblepoint thatis strictly

feasiblefor theinequalityconstraints.
� Thatis, theremustbea feasibleinteriorpoint.
� Many constraintsystemsarisingfrom physicalsystemssatisfytheSlater

condition.
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Slatercondition,continued
� A simpleexampleof constraintsthatdonotsatisfytheSlaterconditionis

de�ned by thefollowing:

A = [1 1] ;
b = [0] ;
x � 0:

� Thesetf x 2 R2jAx= b;x > 0g is empty.
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16.4.2.4Solvingthebarrier problem
� To �nd theminimizerof Problem(16.16) for any particularvalueof t, we

canstartwith aninitial guessx(0) thatsatis�esAx= b andx > 0.
� We thensearchfrom x(0) usinganiterativealgorithmthatseeksthevalue

of x thatminimizesf (x) subjectto Ax= b.
� Sincetheobjective functionf of Problem(16.16) becomesarbitrarily

largeasits argumentapproachestheboundaryof x � 0, weonly needto
preventtheiteratesfrom goingoutsidetheregionx > 0 by controllingthe
step-sizeappropriately.
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16.4.2.5Sequenceof problems
� WesolveProblem(16.16) not justatonevalueof t, but for asequenceof

valuesof t thatapproach0.
� Thetrajectoryof minimizersof Problem(16.16) asa functionof t is

calledthecentral path.
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16.4.2.6Example
� ConsideragainProblem(16.4), whichweanalyzedin Section16.3.3.2:

min
x1;x22R

f x1 � x2jx1 + x2 = 1;x1 � 0;x2 � 0g:

� Theinteriorpointalgorithminvolvessolvingthebarrierproblem,
Problem(16.16), for asequenceof valuesof t thatdecreasetowardszero.

� For Problem(16.4), thebarrierproblemis:

min
x1;x22R

f x1 � x2 � t ln(x1) � t ln(x2)jx1 + x2 = 1;x1 > 0;x2 > 0g: (16.17)
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Example, continued
� Wecancalculatetheminimizerof Problem(16.17) explicitly asa

functionof t.
� Wecaneliminatex2 usingtheequalityconstraintto expresstheobjective

asa functionof x1:

2x1 � 1� t ln(x1) � t ln(1� x1): (16.18)

� Wenow haveanunconstrainedproblem:

min
x12R

f 2x1 � 1� t ln(x1) � t ln(1� x1)g:

� Differentiating(16.18), settingthederivativeequalto zero,and
re-arrangingwe �nd that:

(x1)2 � x1(1+ t) + t=2 = 0; (16.19)

� wherewenotethatbothx1 andx2 = 1� x1 mustbegreaterthanzerofor
theobjectiveandderivative to bede�ned (andfor theinequality
constraintsto bestrictly satis�ed.)
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Example, continued
� Thequadraticequation(16.19) hastwo solutions,bothof whichare

positive.
� However, only oneof thesolutions:

x1 =
1+ t �

p
1+ (t)2

2
; (16.20)

yieldsavalueof x2 = 1� x1 thatsatis�esthestrict non-negativity
constraintfor x2.

� Substituting,weobtain:

x2 =
1� t +

p
1+ (t)2

2
: (16.21)

� In general,wemaynotbeableto convenientlyeliminatevariablesand
solve for theminimizerof thebarrierproblemexplicitly asa functionof t
aswehavedonefor Problem(16.17).

� Nevertheless,wecanthink, in principle,of solvingthebarrierproblem
for asequenceof decreasingvaluesof t.
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Example, continued
� Figure16.9shows theminimizergivenin (16.20) and(16.21) of

Problem(16.17) versust for t = 1:0;0:9; : : : ;0:1.
� Theminimizersarealwaysin theinteriorof thesetf x 2 Rnjx � 0g.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x1

x2

x?
minimizerfor t = 0:1

minimizerfor t = 1:0

Fig. 16.9. The tra-
jectory of the min-
imizers of Prob-
lem (16.17) versus t
for t = 1:0;0:9; : : : ;0:1
shown as � . The
minimizer x? of Prob-
lem (16.4) is shown as
a � . The feasibleset is
indicated by the solid
line.
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Example, continued
� For largevaluesof t, theminimizerof Problem(16.17) is faraway from

theminimizerx? =
�

0
1

�
of theinequality-constrainedProblem(16.4).

� However, ast decreasestowardszero,theminimizerof Problem(16.17)

approachesx? =
�

0
1

�
.

� Wewill explicitly discussastoppingcriterionin Section16.4.6.4.
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16.4.2.7Reductionof barrier parameter
� Becauseweevaluatedtheminimizerexplicitly asa functionof t, we

couldjustpick t = 10� 10, say, andevaluate(16.20)–(16.21) to obtain:

x? �
�

5� 10� 11

1:0000

�
:

� In general,wecannotsolve for theminimizerof Problem(16.16)
explicitly andwewill have to useaniterativealgorithm.

� It is verydif�cult to solveProblem(16.16) from scratchfor asmallvalue
of t becausetheinitial guessthatwecanprovide for theiterative
algorithmleadsto apoorupdatein seekinganunconstrainedminimizer.

� Insteadof trying to minimizethebarrierproblemfrom scratchfor asmall
valueof t, westartwith a largevalueof t andusetheNewton–Raphson
updateto seekaminimizerfor thisvalueof t.
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16.4.3 Newton–Raphsonupdate
16.4.3.1Discussionof thebarrier problem

� Weseekaminimizerof theproblem:

min
x2Rn

f f (x)jAx= bg: (16.22)

� By Theorem13.2, the�rst-order necessaryconditionsof Problem(16.22)
are:

Ñf (x) + A†l = 0; (16.23)
Ax� b = 0: (16.24)

16.4.3.2Primal interior pointalgorithm
� We �rst investigateastraightforwardapproachto applyingthe

Newton–Raphsonupdateto solvingthe�rst-order necessary
conditions(16.23)–(16.24).
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Primal interior pointalgorithm,continued
� Considerthe�rst termin (16.23):

Ñf (x) = Ñ[ f (x) + t fb(x)];
= Ñf (x) + tÑfb(x);

= Ñf (x) + t

2

6
6
6
6
4

¶fb(x)
¶x1

...
¶ fb(x)
¶xn

3

7
7
7
7
5

;

= Ñf (x) + t

2

6
4

� 1
x1...

� 1
xn

3

7
5 ;

= Ñf (x) � t[X]� 11;

Ñ2f (x) = Ñ2f (x) + t[X]� 2:
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Primal interior pointalgorithm,continued
� TheNewton–Raphsonupdateto solve (16.23)–(16.24) is givenby:

�
Ñ2f (x(n)) A†

A 0

� �
Dx(n)

Dl (n)

�
=

�
� Ñf (x(n)) � A†l (n)

b� Ax(n)

�
;

� or:
�

Ñ2f (x(n)) + t[X(n)]
� 2

A†

A 0

� �
Dx(n)

Dl (n)

�
=

"
� Ñf (x(n)) + t[X(n)]

� 1
1� A†l (n)

b� Ax(n)

#

:

(16.25)
� Thisupdateleadsto theprimal interior point algorithm.
� Wearenotgoingto investigatethisalgorithmfurther, exceptin

Section18.2.1in thediscussionof enforcementof thestrict inequality
constraintsin thecasestudyof optimalroutingin adatacommunication
network.

� Insteadof discussingtheprimal interiorpointmethod,wewill considera
variantin thenext section.
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16.4.3.3Primal–dualinterior pointalgorithm
� Insteadof theprimal interiorpointalgorithm,wewill describean

algorithmthatincorporateslinearizationof ahyperbolicapproximationto
thecomplementaryslacknessconstraints,as�rst introducedin
Section16.1.1.3.
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Newvariable and equation

� Wearegoingto introduceanew variableµ, whichwill turnout to
correspondto thedualvariablesfor theinequalityconstraintsin
Problem(16.1).

� We incorporatetheequations:

8` = 1; : : : ;n;µ` x` = t: (16.26)

� Theapproximationin (16.26) allows
�

µ`
x`

�
to lie onahyperbolic-shaped

setasshown in Figure16.2.
� Linearizationof (16.26), togetherwith anexplicit requirementto avoid

thex`- andµ`-axes,yieldsausefulupdatethatcanapproximately
representthekink in thecomplementaryslacknessconditions.

� Wehave remarkedthatwewill solveProblem(16.16) for asequenceof
decreasingvaluesof t.

� As t ! 0, pointsthatsatisfy(16.26) will approachsatisfactionof the
complementaryslacknessconditions:

Mx = 0:
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Newvariable and equation,continued

� Wecanre-write(16.26) as:

Xµ� t1 = 0; (16.27)

� whichwecanre-arrangeasµ = t[X]� 11.
� RecallthatÑf : Rn

++ ! Rn is de�ned by:

8x 2 Rn
++ ;Ñf (x) = Ñf (x) � t[X]� 11:

� Substitutingtheexpressionfor Ñf into (16.23) andmakingthe
substitutionµ = t[X]� 11, weobtain:

Ñf (x) + A†l � µ = 0: (16.28)
Ax = b: (16.29)

� Equations(16.27)–(16.29) areequivalentto (16.23)–(16.24) in that:
– asolutionof (16.23)–(16.24) satis�es(16.28)–(16.29), giventhatµ is

de�ned by (16.27), and
– asolutionof (16.27)–(16.29) satis�es(16.23)–(16.24).
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Newvariable and equation,continued

� Thehyperbolicapproximationto thecomplementaryslacknessconditions
togetherwith (16.28) and(16.29) areequivalentto the�rst-order
necessaryconditionsfor minimizingProblem(16.22), ignoringthestrict
inequalityconstraints.

� Moreover, (16.28) and(16.29) aretwo of thelinesof the�rst-order
necessaryconditionsfor Problem(16.1).

� Thecondition(16.27) becomesmorenearlyequivalentto the
complementaryslacknessconditionsfor Problem(16.1) ast ! 0.

� Insteadof seekingx? andl ? thatsatisfy(16.23)–(16.24), wewill seekx?,
l ?, andµ? thatsatisfy(16.27)–(16.29).
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Stepdir ection

� TheNewton–Raphsonstepdirectionto solve (16.27)–(16.29) is givenby:
2

4
X(n) M(n) 0
� I Ñ2f (x(n)) A†

0 A 0

3

5

2

4
Dµ(n)

Dx(n)

Dl (n)

3

5 =

2

4
� X(n)µ(n) + t1

� Ñf (x(n)) � A†l (n) + µ(n)

� Ax(n) + b

3

5 ;

� whereM(n) = diagf µ(n)
` g andX(n) = diagf x(n)

` g.
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Symmetry

� TheNewton–Raphsonupdateequationshaveacoef�cient matrix thatis
not symmetric.

� By multiplying the�rst block row of theequationsthroughby � [M(n)]
� 1

on theleft, wecancreatethesymmetricsystem:
2

4
� [M(n)]

� 1
X(n) � I 0

� I Ñ2f (x(n)) A†

0 A 0

3

5

2

4
Dµ(n)

Dx(n)

Dl (n)

3

5 =

2

6
4

x(n) � t[M(n)]
� 1

1
� Ñf (x(n)) � A†l (n) + µ(n)

� Ax(n) + b

3

7
5 :

(16.30)
� Thissystemis symmetric,but inde�nite.
� In general,to factorizeit wemustmakeuseof thespecialfactorization

algorithmsfor inde�nite matricesasmentionedin Section5.4.7.
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Block pivoting of Jacobianand sparsity issues

� Unfortunately, thetop left-handblockof thecoef�cient matrixof this
systemmayhaveentriesthatarevery largeandentriesthatarevery
small,dependingonwhetheror not thecorrespondingconstraintx` � 0 is
binding.

� Thismeansthatthecoef�cient matrix canbeill-conditioned.
� Wecandealanalyticallywith theentriesin thetop left-handblockof the

coef�cient matrixbecauseof its simplestructure.
� Wewill do thisby block factorizingtheJacobianusingthediagonal

matrix � [M(n)]
� 1

X(n) asblockpivot, notingthatwecanexplicitly invert

� [M(n)]
� 1

X(n) to obtain� [X(n)]
� 1

M(n).
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Block pivoting of Jacobianand sparsity issues,continued

� Weobtain:
2

4
I 0 0

� [X(n)]
� 1

M(n) I 0
0 0 I

3

5

2

4
� [M(n)]

� 1
X(n) � I 0

� I Ñ2f (x(n)) A†

0 A 0

3

5

=

2

6
4

� [M(n)]
� 1

X(n) � I 0

0 Ñ2f (x(n)) + [X(n)]
� 1

M(n) A†

0 A 0

3

7
5 : (16.31)
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Selectionof step-size

� If weset: 2

4
µ(n+ 1)

x(n+ 1)

l (n+ 1)

3

5 =

2

4
µ(n)

x(n)

l (n)

3

5 +

2

4
Dµ(n)

Dx(n)

Dl (n)

3

5 ;

� wemayviolatethenon-negativity constraintsonµ or x.
� To avoid thiswemayhave to takeastepthatis lessthanthefull step-size

of one: 2

4
µ(n+ 1)

x(n+ 1)

l (n+ 1)

3

5 =

2

4
µ(n)

x(n)

l (n)

3

5 + a (n)

2

4
Dµ(n)

Dx(n)

Dl (n)

3

5 ;

� Thestrict non-negativity constraintsaresomewhatproblematic.
� For example,supposethatwe implementtherequirementof strict

non-negativity by choosinga tolerancee> 0 andrequiringthatthenext
iteratesatis�esx(n+ 1)

` � e;8` andµ(n+ 1)
` � e;8`.
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Selectionof step-size,continued

� A seriousdrawbackof thisapproachis thata priori wedonotknow how
closetheminimizerof Problem(16.22) is to theboundary.

6

- µ`

x`

�
�

µ?
`

x?
`

�

� -
e

6

?

e

Fig. 16.10. Using a
�x ed tolerance to en-
force non-negativity
will prevent conver-
genceto aminimizer.
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Selectionof step-size,continued

� Wemustadjustthetolerancesothatiteratescan,asymptotically,
approachtheboundary.

� Oneschemeis to pick a (n) � 1 ateachiterationsothat
�

µ(n+ 1)

x(n+ 1)

�
is no

closerthana �x edfraction,say0.9995,of thedistancefrom thecurrent

iterate
�

µ(n)

x(n)

�
to theboundaryof x � 0;µ � 0 undertheL¥ norm.

� With thischoice,µ(n) andx(n) canapproachany point thatsatis�esµ > 0
andx > 0.

� Therearemany variationson thechoiceof step-size.
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Selectionof step-size,continued

� It is alsopossibleto useadifferentstep-sizefor:
– theprimal variablesx, and
– thedual variablesµ andl .

� Thatis, wecanupdateaccordingto:

x(n+ 1) = x(n) + a (n)
primalDx(n);

�
µ(n+ 1)

l (n+ 1)

�
=

�
µ(n)

l (n)

�
+ a (n)

dual

�
Dµ(n)

Dl (n)

�
;

� where:
a (n)

primal is chosento preserve thestrict non-negativity of x, and

a (n)
dual is chosento preserve thestrict non-negativity of µ.

� However, wewill not takeadvantageof this �e xibility.
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16.4.3.4Example
� Let usapplytheprimal–dualinteriorpointalgorithmto ourexample

Problem(16.4).

Terms in update

8x 2 R2; f (x) = x1 � x2;

8x 2 R2;Ñf (x) =
�

1
� 1

�
;

8x 2 R2;Ñ2f (x) =
�

0 0
0 0

�
;

A = [1 1] ;

= 1†;
b = [1]:
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Factorization

A =

2

4
� [M(n)]

� 1
X(n) � I 0

� I Ñ2f (x) A†

0 A 0

3

5 ;

=

2

4
� [M(n)]

� 1
X(n) � I 0

� I 0 1
0 1† 0

3

5 :

� Thismatrix is inde�nite and,in general,weshoulduseaspecialpurpose
factorizationalgorithm.

� Here,wewill simplyapplyLU factorization,usingthesymbolsA( j) and
M ( j) for thematricescreatedat the j-th stageof factorization.

� NotethatM(n) = diagf µ(n)
` g.
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Factorization, continued

� Block pivotingof A usingits top-left block � [M(n)]
� 1

X(n) aspivot yields
M (1) andA(1) givenby:

M (1) =

2

4
I 0 0

� [X(n)]
� 1

M(n) I 0
0 0 I

3

5 ;

A(1) =

2

6
4

� [M(n)]
� 1

X(n) � I 0

0 [X(n)]
� 1

M(n) 1
0 1† 0

3

7
5 :
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Factorization, continued

M (2) =

2

4
I 0 0
0 I 0

0 � 1†[M(n)]
� 1

X(n) I

3

5 ;

=

2

4
I 0 0
0 I 0

0 � [x(n)]
†
[M(n)]

� 1
I

3

5 ;

A(2) = M (2)A(1);

=

2

6
4

� [M(n)]
� 1

X(n) � I 0

0 [X(n)]
� 1

M(n) 1

0 0 � 1†[M(n)]
� 1

X(n)1

3

7
5 ;

=

2

6
6
4

� [M(n)]
� 1

X(n) � I 0

0 [X(n)]
� 1

M(n) 1

0 0 � [µ(n)
1 ]

� 1
x(n)

1 � [µ(n)
2 ]

� 1
x(n)

2

3

7
7
5 ;

Title Page JJ II J I 199 of 231 Go Back Full Screen Close Quit



Factorization, continued

� sothatwecanfactorizeA into:

L =

2

6
4

I 0 0

[X(n)]
� 1

M(n) I 0

0 [x(n)]
†
[M(n)]

� 1
1†

3

7
5 ;

U =

2

6
6
4

� [M(n)]
� 1

X(n) � I 0

0 [X(n)]
� 1

M(n) 1

0 0 � [µ(n)
1 ]

� 1
x(n)

1 � [µ(n)
2 ]

� 1
x(n)

2

3

7
7
5 :

Title Page JJ II J I 200 of 231 Go Back Full Screen Close Quit



Initial guess

� As aninitial guess,wepick:

x(0)
1 = 0:5;

x(0)
2 = 0:5;

l (0) = 2;
t(0) = 0:25;

µ(0)
1 = t(0)=x(0)

1 = 0:25=0:5 = 0:5;

µ(0)
2 = t(0)=x(0)

2 = 0:25=0:5 = 0:5:

� Thevalueof t(0) is largeenoughto yield ausefulupdatedirectionfor the
initial guessx(0); l (0), andµ(0).

� Wechosex(0) to satisfyAx(0) = b.

� However, x(0) =
�

0:5
0:5

�
is in the“middle” of theregionAx= b;x � 0 and

is not closeto theminimizerof Problem(16.4).
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Stepdir ection

B =

2

6
4

x(0) � t[M(0)]
� 1

1
� Ñf (x(0)) � A†l (0) + µ(0)

� Ax(0) + b

3

7
5 ;

=

2

6
6
6
6
6
6
6
4

x(0)
1 � t(0)[µ(0)

1 ]
� 1

x(0)
2 � t(0)[µ(0)

2 ]
� 1

� 1� l (0) + µ(0)
1

1� l (0) + µ(0)
2

� x(0)
1 � x(0)

2 + 1

3

7
7
7
7
7
7
7
5

;

=

2

6
6
6
4

0
0

� 2:5
� 0:5

0

3

7
7
7
5

:
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Stepdir ection,continued

A

2

6
6
6
6
6
6
4

Dµ(0)
1

Dµ(0)
2

Dx(0)
1

Dx(0)
2

Dl (0)

3

7
7
7
7
7
7
5

= B;

Y =

2

6
6
6
4

0
0

� 2:5
� 0:5

3

3

7
7
7
5

:
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Stepdir ection,continued
2

6
6
6
6
6
6
4

Dµ(0)
1

Dµ(0)
2

Dx(0)
1

Dx(0)
2

Dl (0)

3

7
7
7
7
7
7
5

=

2

6
6
6
4

1
� 1
� 1

1
� 1:5

3

7
7
7
5

:
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First iterate

� If weset: 2

4
µ(1)

x(1)

l (1)

3

5 =

2

4
µ(0)

x(0)

l (0)

3

5 +

2

4
Dµ(0)

Dx(0)

Dl (0)

3

5 ; (16.32)

� wewill obtain: 2

6
6
6
6
6
6
4

µ(1)
1

µ(1)
2

x(1)
1

x(1)
2

l (1)

3

7
7
7
7
7
7
5

=

2

6
6
6
4

1:5
� 0:5
� 0:5

1:5
0:5

3

7
7
7
5

;

� whichwill not satisfythenon-negativity constraintsonx or µ.
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First iterate, continued

� Instead,wewill updateaccordingto:
2

4
µ(1)

x(1)

l (1)

3

5 =

2

4
µ(0)

x(0)

l (0)

3

5 + a (0)

2

4
Dµ(0)

Dx(0)

Dl (0)

3

5 ;

� where0 < a (0) < 1 is chosento preventtheiteratesfrom goingoutside
µ > 0;x > 0.

� For theinitial guess
�

µ(0)

x(0)

�
=

2

6
4

0:5
0:5
0:5
0:5

3

7
5, theboundaryis 0:5 unit away in

theL¥ norm.
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First iterate, continued

� Usingtherulesuggestedin Section16.4.3, wepick a (0) � 1 to comeno
closerthan(0:9995) � 0:5 unitsof thedistancetowardstheboundary.

� Wechoosethelargesta (0) suchthat:

a (0)

2

6
6
6
6
4

Dµ(0)
1

Dµ(0)
2

Dx(0)
1

Dx(0)
2

3

7
7
7
7
5

� � 0:9995

2

6
6
6
6
4

µ(0)
1

µ(0)
2

x(0)
1

x(0)
2

3

7
7
7
7
5

;

� whichyieldsa (0) = 0:49975and:
2

6
6
6
6
6
6
4

µ(1)
1

µ(1)
2

x(1)
1

x(1)
2

l (1)

3

7
7
7
7
7
7
5

=

2

6
6
6
4

0:99975
0:00025
0:00025
0:99975
1:250375

3

7
7
7
5

:
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16.4.4 Adjustmentof thebarrier parameter
16.4.4.1Sequenceof equality-constrainedproblems

� In principle,wecouldcontinueiteratingwith a �x edvaluet = t (0) until
weapproachaminimizerx(0)? of equality-constrainedProblem(16.22).

� Wecouldthenusex(0)? asthestartingpoint for theNewton–Raphson
methodfor Problem(16.22) for asmallervalueof t.

� Thatis, wewouldbeaccuratelysolvingasequenceof
equality-constrainedproblemsfor pointsthatareon thecentralpath.

� However, wewantto reducet asquickly aspossiblesothattheiterates
convergequickly to aminimizerof theinequality-constrained
Problem(16.1).
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16.4.4.2Reductionof barrier parameterat everyiteration
� Theminimizerof Problem(16.1) cantypically beapproachedmore

quickly by reducingt aftereveryNewton–Raphsonupdate.
� For Problem(16.4), westartedfar from its minimizerwith aninitial guess

of x(0) =
�

0:5
0:5

�
anduseda relatively largevalueof t = t (0) = 0:25.

� Nevertheless,x(1) is actuallyverycloseto theminimizerof
inequality-constrainedProblem(16.4).

� Thatis, x(1) canbethoughtof asbeingcloseto aminimizerof
Problem(16.17) for amuchsmallervalueof t thant (0).
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16.4.4.3Effectivevalueof barrier parameter
� Wewould likeameasureof how closethecurrentiterateis to aminimizer

of theoriginal inequality-constrainedproblemandadjustt accordingly.
� Insteadof interpretingx(1) asanapproximateminimizerof

Problem(16.22) for t = t(0), wewill seeif wecaninterpretx(1) asan
exact(or nearlyexact)minimizerof Problem(16.22) for someother,
hopefullysmaller, valueof t.

� We think of thisvalueof t astheeffectivevaluet (1)
effective for whichx(1) is

nearlytheminimizerof Problem(16.22).
� Wewill thenpick t (1) < t(1)

effective for thevalueof t to applyin thenext
Newton–Raphsonupdateto calculatex(2).

� By continuingin thiswaywewill constructasequencef t (n)
effectiveg

¥
n= 0 and

corresponding(approximate)minimizersx(n) of Problem(16.22) for
t = t(n)

effective.
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Effectivevalueof barrier parameter, continued

� If thesequencef t(n)
effectiveg

¥
n= 0 convergesto 0 thenwehaveachievedour

goalof asequenceof minimizersof Problem(16.22) with t ! 0.
� Wewill haveavoidedtheeffort of performingmany iterationsateach

valueof thebarrierparametert to solveProblem(16.22).
� To interprettheiteratesasapproximateminimizersof Problem(16.16) for

avalueof barrierparametert = t (n)
effective, recallthatwehavebeentrying to

solve (16.27)–(16.29).

� Wearegoingto interpret

2

4
µ(1)

x(1)

l (1)

3

5 togetherwith avaluet (1)
effective asnearly

satisfying(16.27)–(16.29).
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Effectivevalueof barrier parameter, continued
� Wewill assumethat(16.28) and(16.29) areverynearlysatis�edby µ(1)

andx(1).
� Let:

t(1)
effective =

[x(1)]
†
µ(1)

n
; (16.33)

� wheren is thelengthof x, sothatthatt (1)
effective is theaveragevalueof

x(1)
` µ(1)

` .

� If thevaluesof x(1)
` µ(1)

` donotvary toomuchwith `, then:

X(1)µ(1) � t(1)
effective1 � 0:

� Thatis, x(1) andµ(1) satisfy(16.27) approximatelyfor t = t (1)
effective.
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16.4.4.4Updateof barrier parameter
� Wenow set:

t(1) < t(1)
effective:

� For example,wecouldchoose:

t(1) =
t(1)
effective

n
;

=
[x(1)]

†
µ(1)

n2 :

� For largen, this reducest signi�cantly ateachstep.
� Wenow mustsolve (or approximatelysolve) thebarrierproblemfor the

updatedvaluet = t(1).
� As initial guessfor theminimizerof thebarrierproblemfor t = t (1) we

canuseµ(1);x(1); l (1).
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Updateof barrier parameter, continued

� WecalculatetheNewton–Raphsonstepdirection

2

4
Dµ(1)

Dx(1)

Dl (1)

3

5, andupdate

accordingto:
2

4
µ(2)

x(2)

l (2)

3

5 =

2

4
µ(1)

x(1)

l (1)

3

5 + a (1)

2

4
Dµ(1)

Dx(1)

Dl (1)

3

5 ;

� wherea (1) is chosento ensurethatthex(2) andµ(2) strictly satisfythe
non-negativity constraints.
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16.4.4.5Adjustmentof barrier parameterin exampleproblem
� In Problem(16.4), sincen = 2 is rathersmall,wewill takeanevenmore

aggressiveapproachandset:

t(1) =
1
10

t(1)
effective = 2:499375� 10� 5:

� WesolveLY = B, where:

L =

2

6
4

I 0 0

[X(1)]
� 1

M(1) I 0

0 [x(1)]
†
[M(1)]

� 1
1

3

7
5 ;

=

2

6
6
6
4

1 0 0 0 0
0 1 0 0 0

3999 0 1 0 0
0 2:501� 10� 4 0 1 0
0 0 2:501� 10� 4 3999 1

3

7
7
7
5

;
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Adjustmentof barrier parameterin exampleproblem,continued

B =

2

6
6
6
6
6
6
6
4

x(1)
1 � t(1)[µ(1)

1 ]
� 1

x(1)
2 � t(1)[µ(1)

2 ]
� 1

� 1� l (1) + µ(1)
1

1� l (1) + µ(1)
2

� x(1)
1 � x(1)

2 + 1

3

7
7
7
7
7
7
7
5

;

=

2

6
6
6
4

2:250� 10� 4

0:899775
� 1:251
� 0:250

0

3

7
7
7
5

;

Y =

2

6
6
6
4

2:250� 10� 4

0:899775
� 2:150
� 0:250

1001:050

3

7
7
7
5

:
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Adjustmentof barrier parameterin exampleproblem,continued

� Now wesolveU

2

4
Dµ(1)

Dx(1)

Dl (1)

3

5 = Y , where:

U =

2

6
6
4

� [M(1)]
� 1

X(1) � I 0

0 [X(1)]
� 1

M(1) 1

0 0 � [µ(1)
1 ]

� 1
x(1)

1 � [µ(1)
2 ]

� 1
x(1)

2

3

7
7
5 ;

=

2

6
6
6
4

� 2:501� 10� 4 0 � 1 0 0
0 � 3999 0 � 1 0
0 0 3999 0 1
0 0 0 2:501� 10� 4 1
0 0 0 0 � 3999

3

7
7
7
5

;
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Adjustmentof barrier parameterin exampleproblem,continued
� sothat: 2

6
6
6
6
6
6
4

Dµ(1)
1

Dµ(1)
2

Dx(1)
1

Dx(1)
2

Dl (1)

3

7
7
7
7
7
7
5

=

2

6
6
6
6
4

1:000
� 2:251� 10� 4

� 4:751� 10� 4

4:755� 10� 4

� 0:25032

3

7
7
7
7
5

:
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Adjustmentof barrier parameterin exampleproblem,continued
� Solvingfor a (1) to bring thenext iteratenocloserthan0.9995of the

distanceto theboundaryof x � 0;µ � 0 we �nd a (1) = 0:526and:
2

6
6
6
6
6
6
4

µ(2)
1

µ(2)
2

x(2)
1

x(2)
2

l (2)

3

7
7
7
7
7
7
5

=

2

6
6
6
4

1:525428
1:317� 10� 4

3:056� 10� 7

0:999999875
1:119

3

7
7
7
5

:

� After only two iterations,x(2) is extremelycloseto theminimizerof

Problem(16.4), which is x? =
�

0
1

�
.

� Theoptimalvaluesof theothervariablesare:µ? =
�

2
0

�
andl ? = [1].
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Adjustmentof barrier parameterin exampleproblem,continued

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x1

x2

x(0)

x(1) � x(2) � x?

Fig. 16.11. Progress
of primal–dual interior
point algorithm in x
coordinates for Prob-
lem (16.4). Thefeasible
set is indicated by the
solid line.
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Adjustmentof barrier parameterin exampleproblem,continued

0.5

1

1.5

2

0

0.1

0.2

0.3

0.4

0.5
1

1.2

1.4

1.6

1.8

2

µ1µ2

l �
µ(0)

l (0)

�

�
µ(1)

l (1)

� �
µ(2)

l (2)

� �
µ?

l ?

�
Fig. 16.12. Progress
of primal–dual interior
point algorithm in µ
and l coordinatesfor
Problem(16.4).
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16.4.4.6Rateof convergence
� For largerandmorecomplex problems,weshouldexpectto takemore

iterationsto approachanaccurateanswerandwemightexpectto usea
lessaggressive reductionof thebarrierparametert ateachiteration.

� Empirically, however, evenlargeproblemsusuallytakenomorethana
few tensof iterationsto solve to highaccuracy.

� Variantsof thisalgorithmcanbeprovento convergesuper-linearlyor
quadraticallyfor linearandquadraticprogrammingproblemsandfor
someothertypesof convex objectives.
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16.4.5 Finding an initial feasibleguess
� As with theactivesetalgorithm,wemust�nd aninitial feasibleguessin

phase1 beforeproceedingto minimizetheobjective in phase2.
� Werequirethattheinitial guessfor theprimal–dualinteriorpoint

algorithmsatis�esx > 0 andµ > 0.
� Again,wewill de�ne aproblemrelatedto Problem(16.1) thatincludes

arti�cial variablesandapplytheprimal–dualinteriorpointalgorithmto it.
� Thereareanumberof possiblewaysto de�ne therelatedproblem.
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Finding an initial feasibleguess,continued
� For examplelet x(0) 2 Rn

++ , supposeA haslinearly independentrows,
de�ne b̃ = b� Ax(0), andconsidertheproblem:

min
x2Rn;w2R

f wjAx+ b̃w = b;x � 0;w � 0g: (16.34)

� Notethatx(0) andw(0) = 1 satisfytheequalityandstrictly satis�esthe
inequalityconstraintsof Problem(16.34) andis thereforea feasibleinitial
guessfor thisproblemthatcanbeusedby theprimal–dualinteriorpoint
algorithm.

� Wesolve thisproblemusingtheprimal–dualinteriorpointalgorithmand
this feasibleinitial guess.

� If
�

x?

w?

�
is aminimizerof Problem(16.34) with w? = 0 thenx? satis�es

theequalityandinequalityconstraintsof Problem(16.1).
� If x? > 0 thentheprimal–dualinteriorpointalgorithmcanthenusex? as

aninitial guessfor solvingProblem(16.1).
� If w? > 0 thenProblem(16.1) is infeasible.
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16.4.6 Summary
16.4.6.1 Initial guess

� Thealgorithmbeginswith aninitial guess

2

4
µ(0)

x(0)

l (0)

3

5 satisfyingAx(0) = b,

µ(0) > 0;x(0) > 0, andwith aninitial barrierparametert (0).
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16.4.6.2General iteration
Newton–Raphsonstepdir ection

� At then-th iterationwesolve (16.30) for theNewton–Raphsonstep

direction

2

4
Dµ(n)

Dx(n)

Dl (n)

3

5.

� Thecoef�cient matrixhasbeenpartiallyblock factorizedasshown
in (16.31).

� Thefactorizationshouldbecompletedby analgorithmfor symmetric
inde�nite matricesasmentionedin Section5.4.7.
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Step-size

� Theiterateis updatedaccordingto:
2

4
µ(n+ 1)

x(n+ 1)

l (n+ 1)

3

5 =

2

4
µ(n)

x(n)

l (n)

3

5 + a (n)

2

4
Dµ(n)

Dx(n)

Dl (n)

3

5 ;

� wherea (n) is chosensothatµ(n+ 1) > 0 andx(n+ 1) > 0, (andpossiblyalso
to satisfyasuf�cient decreasecriterionfor thebarrierobjective f .)

� Onerule to guaranteenon-negativity of µ(n+ 1) andx(n+ 1) is to set:

a (n) = min

(

1:0;0:9995�

"

min
`2f 1;:::;ng

(
µ(n)

`

� Dµ(n)
`

�
�
�
�
�
Dµ(n)

` < 0

) #

;

0:9995�

"

min
`2f 1;:::;ng

(
x(n)

`

� Dx(n)
`

�
�
�
�
�
Dx(n)

` < 0

) #)

:

� Thestep-sizemayhave to bereducedfurtherto satisfythesuf�cient
decreasecriterionfor thebarrierobjective f .
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16.4.6.3Updateof barrier parameter
� We thenupdatethevalueof thebarrierparameterusinga rulesuchas:

t(n+ 1) =
å n

`= 1µ(n+ 1)
` x(n+ 1)

`
n2 :
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16.4.6.4Stoppingcriteria
� Theiterationscontinueuntil t (n) is suf�ciently reduced,thechangein

iteratesis small,andthe�rst-order necessaryconditionsof
Problem(16.1) aresatis�edsuf�ciently accurately.

� In thecaseof linearandquadraticprograms,wecanuseduality to
developastoppingcriterionthatguaranteesclosenessof f (x(n)) to the
minimum.

� Supposethatateachiterationn wegenerateiteratesx(n) > 0; l (n), and
µ(n) > 0 thatsatisfy(16.28)–(16.29) thenwecanuseduality to boundthe
errorin theestimateof thein�mum by:

f (x(n)) � inf
x2Rn

f f (x)jAx= b;x � 0g � [µ(n)]
†
x(n):

� If theproblemhasaminimumandwe iterateuntil:

[µ(n)]
†
x(n) � ef ;

then f (x(n)) will bewithin ef of theminimum.
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16.4.7 Discussionandvariations
� If f is quadraticthenlinearizing(16.28) introducesnoerrorsothatthe

Newton–Raphsonupdatecanexactlypredictthechangesnecessaryto
satisfy(16.28)–(16.29).

� (16.27) is alwaysnon-linearandweneglectimportanttermswhenwe
linearizeit.

� A developmentof theprimal–dualalgorithmwehavedescribed,called
theprimal–dualpredictor–corrector method, usesthefactorization
of (16.30) for two successiveupdates,oneof which is usedto bring the
iteratescloserto beingon thecentralpathby reducingthevariationof
x(n)

` µ(n)
` with `.

� If theproblemformulationrequiresnon-negativity constraintsononly
someof theentriesof x, thenthebarrierfunctiontermsandthe
correspondingLagrangemultiplierscanbeomittedfor theother,
unconstrained,entries.
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16.5 Summary
� Wehavedescribedoptimalityconditionsfor non-negatively constrained

minimizationproblems,consideringalsothespecialcaseof convex
problems.

� We thenconsideredactivesetalgorithmsbrie�y andinteriorpoint
algorithmsin moredetailasalgorithmsto solvenon-negatively
constrainedproblems.
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