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Part V
Inequality-constrainedptimization



15
Casestudiesof inequality-constrainedptimization

(i) Productionatleast-costpf acommodityfrom machineghathave
minimumandmaximummachinecapacityconstraints
(Sectionl5.]),

(i) Optimalroutingin adatacommunicationsetwork (Sectionl15.2),
(i) Leastabsolutevalueestimation(Sectionl5.3),
(iv) Optimalmaigin patternclassi cation(Section15.4),



(v) Choosinghewidthsof interconnectbetweerlatchesandgatesin
integratedcircuits (Section15.5, and

(vi) Theoptimalpower o w problemin electricpower systems
(Sectionl5.6).



15.1 Least-costproduction with capacity constraints
15.1.1 Motivation

Recalltheleast-cosproductioncasestudydiscussedn Sectionl12.1
For thatproblemwe ignoredthe minimumandmaximummachine
capacityconstraintsn orderto formulateit asequality-constrained
Problem(12.4), whichwe repeathere:

minf f(xX)JAx= bg:

mint 1(x)) g
In this section,we will considerthe casewherethe solutionof
Problem(12.4) doesnot satisfyall the minimumandmaximummachine
capacityconstraintsothattheseconstraintsnustbe considered
explicitly.



15.1.2 Formulation
15.1.2.1 Objective

n
8x2 R™f(X) = & fi(X):
k=1

15.1.2.2 Equality constaints

n
D= Q X
k=1
We representetheseconstraintsn theform Ax= b with
A= 1'2R! nandb=[ D]2 RL



15.1.2.3 Inequalityconstaints

8 =1::nx x X:

We summarizeheseconstraintdy writing x  x X,
wherex 2 R" andx 2 R" areconstantectorswith k-th entriesx, andx,
respectrely.

15.1.2.4 Problem

minf f(X)JAX= b;x X Xg: (15.1)
x2RN



15.1.3 Changesn demandand capacity

We maywantto estimatethe changan the costsdueto achangéan
demandrom D to D+ DD, say

If the capacityof amachinek change®r it fails thenthe corresponding
entriesx, andx, of X andx will change.



15.1.4 Problemcharacteristics
15.1.4.1 Objective
If x> Othen,for typical costfunctions, fy is convex on[x,; X«].

15.1.4.2 Equality constaints

We have alreadydiscussedhe equalityconstraintD = & - ; X in
Sectionl2.1.2.4

15.1.4.3 Inequalityconstaintsandthefeasibleregion

Theintersectiorof the box with the equalityconstraintrestrictsthe
feasibleregion to beinga planarslicethroughthe box.
Thisis illustratedin Figurel5.1forn= 3,D = 10,and:
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Inequalityconstaintsandthefeasibleregion, continued

Fig. 15.1. Feasible set
for least-cosproduction
casestudy describedin

section15.1.4.3




15.1.4.4 Solvability

Problem(15.1) is convex.
It is certainlypossiblefor thereto be no feasiblepointsfor
Problem(15.1).



15.2 Optimal routing in a data communicationsnetwork
15.2.1 Motivation

We consideracommunicationgsetwork consistingof communications
links thatjoin betweemodes

Usersdesireto senddatafrom origin nodesto destination nodesover
links betweerthenodes.

Eachlink hasa maximumcapacityto transmitdataandseverallinks may
beincidentto eachnode.

Datais sentby usersn packetsof equallength.



Motivation, continued

Inter -arri val time betweerpacletsis randomwith exponential
distrib ution thatmaydiffer from nodeto node.

We assumehatthe probability distributionsof theinter-arrival timesdo
notvary overtime.

We canthereforeconsidertheaveragetrafc oneachlink dueto:

— thedistributionsof inter-arrival times,and
— arouting policy thatis, adecisionprocesdor choosingthelinks on
whichto sendthedata.

We referto the choiceof links, with respecto a givencriterionandfor
giventraf c levelsbetweerorigin—destinatiorpairs,asoptimal routing.
We will seethatour formulationof the objectve only approximately
captureghecriterionwe discussandsowe might betterreferto our
problemassatis cing routing.



15.2.2 Formulation

We canrepresenthe communicationsietwork asa graph.

Eachof theeightnodedn Figurel5.2is shovn asabullet , while each
of the12links is shavn asaline.

As in previouscasestudiesnvolving graphsthetypical numberof links
is farlessthanin acompletegraph.
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15.2.2.1Links

We write L for thesetof all links in the network, whereeachlink is
representeldy anorderedpair (i; j) of nodenumbers.

L = f(1,8);(8,1);(1,2),(21);(13);(3,1);(1,6),(6;1);
(2,3);(3,2):(2,4);(4,2),(2,6);(6,2),(3;4),(43),
(3;6);(6;3);(4:5);(54);(5:6);(6;5);(6;7); (7;6)g:

Thecapacityof link (i; j) is denotedoy y;; 2 R4+ .

15.2.2.2 Nodes
Nodeshave threeroles,asfollows.
— Usersput datainto the network atnodes.Thesenodescanbethoughtof
astheorigins of data.
— A nodeswitchesarriving dataontooneof thelinks incidentto it.

— Userstake dataout of the network atnodes.Thesenodescanbethought
of asthedestinationsof data.



15.2.2.3 Origin—destinatiorpairs
A usermight putdatainto the network at node7 anddesireto transmitit
to nodeb5:

node7 is theorigin for thedataandnode5 is the destinatiorfor the data.
We assumehattherearem origin—destinatiorpairsandwrite W for the
setof all origin—destinatiorpairs.
In ourexample,if (7;5) and(2;5) aretheonly origin—destinationpairs
then:
W = 1(7,5);(2,9)g;

with m= 2.

In general anorigin—destinatiompair (*; 9 2 W might or mightnotbe
joineddirectly by alink.

If thereis nolink joining suchanorigin—destinatiorpair thenit is

necessaryor the databetweerthis pair to traverseseveralsuccessie
links.



15.2.2.4 Paths
A collectionof successfe links thatjoins anorigin—destinatiorpair is
calledapath.
Two pathsfor the origin—destinatiorpair (7;5) are:
— links (7;6) and(6;5), and
— links (7,6);(6;3);(3;4);(4,5).
For eachorigin—destinatiorpair (*; *9 2 W, we write Pc. 9 for thesetof

all allowablepathsconnecting to *°
We index the pathswith consecutie integers.
For example,for the origin—destinatiompair (7;5) 2 W, we will denote:

— the pathconsistingof links (7;6) and(6;5) aspathl, and

— thepathconsistingof links (7;6); (6; 3); (3;4); (4;5) aspath2.
For the origin—destinatiompair (2;5) 2 W, we will denote:

— the pathconsistingof links (2;4) and(4;5) aspath3, and

— thepathconsistingof links (2; 3); (3;4); (4;5) aspath4.



Paths,continued
We summarizeheseassignmentby P(7.5) = f 1,29; P .5 = f 3;4g.
We assigna differentindex k for eachallowed pathin the network and
supposéhattherearen pathsin all.
In our example,if we have describedll theallowablepathsthenn = 4.

15.2.2.5 Variables

To characterizéhe behaior of the network, we considerthe expectedor
average o w of paclketsandignorevarianceof thedistribution of o w.

secondpn pathk,

This o w representsheaverageamountof o w for a particular
origin—destinatiorpair thathasbeenassignedo pathk.

We collectthesetof all traf c assignmentfor all origin—destinationpairs
togetheiinto avectorx 2 R".



15.2.2.6 Equality constaints
Let theinputtrafc arrival procesdor origin—destinatiorpair (*; 9 2 W
have expectedrateof arrival of b--q, in pacletspersecond.
In generalwe mustchoosenow to sharethetraf c amongsall the paths
thatjoin ~ to *©
8(;°92W; a x=bpo:
k2P
In our example,the constraintdor the origin—destinatiompairs(7;5) and
(2;5) are,respectiely:
X1+ X2 = bzg);
X3t Xa = Db2s):
We collecttheentriesb .o for (°; 0 2 W into avectorb2 R™



Equality constiaints,continued

Also,de ne A2 R™ "to bethepathto origin—destinatiorpair incidence

matrix.
Thatis, de ne:
Ol — A . _ 1 ifk2Ppoo,
8(5 )2 WiBk=LiimAc o= g otherise.

In our example:

A= 0011
b= P
(2;5)
With thesede nitions, we canwrite the equalityconstraintas:
Ax= b: (15.2)



15.2.2.7 Objective
Discussion

Severalcriteriacouldbeusedto de ne anobjectve.

Unlike theleast-cosproductioncasestudyin Sectionsl2.1and15.], the
operatingcostof a datanetwork is generallyrelatively constant.

In deliveringserviceto customershowever, the quality of service
depend®n anumberof factors,ncludingthe delaybetweersendingdata
andreceving it.

Delay

Thedelayonalink depend®nhow muchtrafc is onthelink.
Whenthetraf ¢ is nearlyaslargeasthe capacityof thelink, thedelayis
longer

We saythatthelink is congested

It is dif cult to obtainananalyticmodelof thedelayin a network because
the pacletsinteractasthey traversethelinks, sothatthe analysisof their
statisticas complicated.



Delay, continued

For example,consideranorigin—destinatiompair (; *9 thatis joinedby
onepath,which consistf two successie links (*; j) and(j; 9.
Theinterarrival time attheorigin ~ is exponentiallydistributed.
Theinter-arrival time at nodej cannotbe exponentiallydistributed.
Thereasons thatsuccessie pacletsarriving at j mustbe separate@h
time by atleastthe paclettransmissioniime for the rst link andthis
violatesthe assumptiorof exponentialdistribution.

Fig. 15.3. A net-
work with an origin—
_ . destination pair joined
J by a path consistingof
two links.




Congestionmodel

As a proxyto calculatingthe delayexperiencedy the pacletsin the
network, we de ne ameasuref thecongestioron eachlink thatis a
cornvex functionof theexpectedo w y;;j throughthelink.

We will sumthe congestiormeasureacrossall thelinks asa proxyto the
averagedelay

Considerthefunctionf; : [0;i;) ! R+ de nedby:

8yij 2 [0;i;): Tij(Vij) =
Yij 2 [0;Vi5)5 Fij(yij) ]

wheredij is thesumof the processingielayandthe propagtiondelay

throughtherouterandlink, and
theterm y”y'—‘y” is dueto queuingat the sendingendof thelink.
Therapidrisein the congestiorfunctionasthe o w approachethe

capacitymodelstheincreasan delayascapacityis reached.

+ dij)’ij; (15.3)



Flow
The o wyjj onthelink is equalto thesumof the o wsonall the paths
thatincludelink (i; j).
We write F;.;) for thesetof pathsthatincludelink (i; j), sothatthe ow
Yij canbeexpresseds:

8(i;)2Lyij= a X
K2Fi:j)

De ne amatrixC 2 R- "by:

0; otherwise.
Foreach(i; j) 2 L, letC;.;y bethe(i; j)-th row of C.
Thenthe o w y;j canbeexpresseas8(i; j) 2 L;yij = C.jx
Lety 2 Rt beavectorwith entriesy;j; (i; j) 2 L.

Theny = Cx.

8(i;J) 2 L;8k= 1;::::n; Ci-jyk =



Additi ve congestion

We have assumedhatthe congestiormeasurdor eachlink canbeadded
togetherto obtainanoverall proxy for averagedelaythroughthe network.
LetP= fy2 RLjO Yij < ¥ij;8(i; J) 2 Lg andde ne theobjective
f:P! Rby:

8y2 Pif()= a fij(vij: (15.4)

(i;)2L

Pathsbetweenvariousorigin—destinatiorpairswill typically have some
links in common:
— path3 consistof thelinks (2;4);(4;5), and
— path4 consistof thelinks (2;3);(3;4);(4;5),
andbothof thesepathsarefor the origin—destinatiompair (2;5).
Traf c onthesepathsmustsharethe capacityof thelink (4;5) with trafc
on path2, which consistf links (7;6); (6; 3);(3;4);(4,;5) for
origin—destinatiorpair (7;5).
This meanghattherewill beaninteractionbetweertrafc between
variousorigin—destinatiorpairs.



Additi ve congestion,continued

Theobjectve capturegheissuethatincreasinghe o w onapaththatis
incidentto a particularlink will increasehe averagedelayfor all paths
incidentto thatlink.

Theobjectve doesnot exactly capturethe averagedelaydueto the o ws
onthepaths.

It is aproxyto theaveragedelaythatis designedo capturethe
gualitativedependencef averagedelayon the choiceof routing.

It maybesufciently accuratgo provide guidanceo avoid badrouting
decisions.



15.2.2.8 Inequalityconstraintsandfeasibleset
All trafc o ws mustbenon-ngative:

x O

Sincethe capacityof eachlink (i; j) 2 L isy;;, theinstantaneou w on
link (i; J) cannever exceedy;.

Consequentljtheaverage o w cannever exceedy, ;, suggesting
constraintof theform:

8(i;)) 2 Lyvij Vi
However, asdiscussedn Sectionl5.2.2.7 the objectve is unboundedf

ary y;; wereto equaly;;, sowe mustlimit thevaluesof the o wsy;j with
constraintof theform:

8(1; ) 2 Lyvij < Vi
We usethestrictinequalitybecausdf theassignedo w wereto equalthe
capacitythenthe congestiorfunctionwould be unbounded.



Inequalityconstaintsandfeasibleset,continued

To representhesestrictinequalityconstraintsexplicitly in termsof x, we
notethat:

8(i;N2Lyij = A X
K2F:j)
= Capx
If wede ney2 R to beavectorwith entriesy;j; (i; j) 2 L thenwe can
write the strictinequalityconstraintsas:
Cx<Yy: (15.5)

Theinequalityconstraintgor the problemthereforespecifya setof the
form:

S=fx2 R"x 0;Cx< yg:



15.2.2.9 Problem
rgé{nf f(X)JAx= b;x 0;Cx< yg; (15.6)
X n
wheref : S! Ris de nedby:

8x2 S;f(x) = f(CX);
= a f|J C(i;j)X . (157)
(i;)2L



15.2.3 Changesn links andtraf c

We would lik e to be ableto changetheroutingto respondo changesn
link capacity

Overtime, we alsoexpectthatthetraf c onthenetwork would change.

We would alsolik e to beableto changeheroutingto respondo changes
in traf c.



15.2.4 Problemcharacteristics
15.2.4.1 Objective

Theobjectve de nedin (15.7) is corvex anddifferentiable sinceit is the
compositionof alinearfunctionwith the sumof functionsf jj, whichare
themselescorvex.

Theobjectve becomesrbitrarily largeasthe o w onary link
approachegs capacity

15.2.4.2 Equality constaints

Theequalityconstraintsareindexed by orderedpairs(; "9 2 W.

This differsfrom our previous casestudieswereindex setsweresubsets
of theintegers.

Theequalityconstraintsareaf ne andthe coefcient matrix consistof
only zerosandones.



15.2.4.3 Inequalityconstaints

Therearenon-n@ativity constraintandalsostrictinequalityconstraints
dueto thelink capacities.

Thestrictinequalityconstraintsareindexed by the orderedpairs

(i5)) 2 L.

We discussedhe potentialdif culties with strictinequalityconstraintsn
Section2.3.3

We will seein Section18.2thatbecaus®f theform of the objectve we
canavoid explicit consideratiorof the strictinequalityconstraints.

15.2.4.4 Solvability

Theremaybeno feasiblesolutionif thereis notenoughcapacityin the
network.



15.3 Leastabsolutevalue estimation
15.3.1 Motivation

Recallthe multi-variatelinearregressiorproblemintroductionin
Section9.1, whichwastransformednto aleast-squaregroblemin

Sectionl1.1.1
Theobjectve f : R"! R wasde nedin Sectionl11.1.1to be:

8x2 R™ f(X) = %kAx bk3;
where: g3
A=4 :52R™ " A= yO)T 1 2R " =10 m,

1
b=4 :952R"b = z(),and
bm
(y(");z(")) aretheorderedpairsof independenanddependenvariables
for trial "



Motivation, continued

In somecontets, we may nd theresultingsolutionis notrobust to
outliers in thedata.

Thatis, thequadraticobjective allows datafrom a singletrial to

signi cantly affecttheresultingestimateof theaf ne functionthatbest
representghedata

For example,Figurel15.4repeatghedatafrom Figure9.1, exceptthatthe
datafor oneof thetrials, (y (6);z(6)), is signi cantly different,perhaps
dueto agrossfailure of ameasuremerdevice.



Motivation, continued

y4
° (v (6);2(6))

(Y (3);2(3))
(Y (2);2(2))
(y(4);z(4) (y(7);z(7))

(v (1);z(1))
(y (5);2(9))

Fig. 15.4. The values
of (y(");z(’)), includ-
ing anoutlier, (shavn as
) andleast-squared
(shavn asa thick line).
The thin line shaws the
least-squarest if the
data point (y (6);z(6))
isignored.



Motivation, continued

Theoutlier (y (6);z(6)) signi cantly affectstheresultof theleast-squares
problem.

Theleast-squares to all of thepointsin Figure15.4 includingthe
outlier, is shavn by thethick line.

Thisleast-square$ is very differentto theleast-squares shovnin
Figure9.l

If weignorethepoint(y (6);z(6)) thenaleast-squares$ to therestof

the pointsis shavn asthethin line in Figure15.4

Thetwo least-squaress arevery different.

Thatis, the t is very sensitve to grosserrorsin individual datapoints.



Motivation, continued

In thesecircumstancesye may preferto useanobjective thatis less
affectedby outliers.

This providesthe motivationfor robust estimation.

Oneobjectve thatis usedto reducethe effect of outliersinvolvesthel ;
normof Ax b insteadof the Euclideamorm.

Insteadof squaringheresidualse = A'x b+, asin theleast-squares
problem,we take the absolutevalueof them.

Outliers,which have large valuesof residualwill contrituterelatvely
lessto the objective whenwe usethe absolutevalueratherthanthe square
of theresidual.



15.3.2 Formulation
15.3.2.1 Unconstainedproblem

Insteadof theleast-squaresbjectve de nedin Section11.1.] consider
theL; normobjectvef : R"! R de ned by:

8x2 R"f(x) = kAx bky;
m
= 4 jAx bj;
N

whereA2 R™ "andb2 R™Mareasde nedin Sectionll.1.1landA: isthe
“-th row of A.

Thatis:
NI
A 2y(\)s 1
b1
b=4:5:
bm



Unconstainedproblem,continued
We de ne anunconstrainegroblem:

)@ILQ f(X): (15.8)

As we saw in Section3.1.4.4 the objective of this problemis
non-differentiablebecaus®ef the absolutevalues.



15.3.2.2 Transformation

Problem(15.8 canbetransformednto aninequality-constrained
problemin severalsteps.
Asin Section9.1.2.4 theresidual e, for the " -th measurements de ned

by:

jej=maxe; eg; = 1::;;m (15.9)

We thenusea similar approactio thatusedin Theorem3.4to evaluate
themaximumin (15.9).



Transformationcontinued
Thennotethat:

jej = £n2|gf212 e;z eq;
m

8x2 R:f(x) = §jAx bj;
N

°3

= a jej; wheree = Ax b,

minfzjz e:z eq:
2R J g

1
" QJOB W

Combiningtheseobsenations,we considerthetransformedgroblem:

i f174A = 0; : : 15.1
zsz;xr?éerr]';esz ZAXx b e=0;z ez eg (15.10)

Problemgq15.8 and(15.10 areequvalent.



15.3.3 Changesn the numberof pointsand the data

We couldimagineaddinga new trial andrecalculatinghe estimateof the
least-squares without startingfrom scratch.
We canalsoimaginemodifying the datafor a particulartrial.



15.3.4 Problemcharacteristics
15.3.4.1 Objective

Theobjectve of Problem(15.98 is non-differentiable.
Transformationnto Problem(15.10 by representingachabsolutevalue
usingtwo inequalityconstraintghenyieldsa differentiablejn factlinear,

objectve.
15.3.4.2 Constaints

The“cost” of makingthe objectve differentiables thatwe have
introduceda large numberof subsidiaryconstraints.
Therearem equalityconstraintand2m inequalityconstraintsn
Problem(15.10, whereasProblem(15.8 wasunconstrained.

15.3.4.3 Variables
We have alsoincreasedhe numberof variablesfrom nto n+ 2m.



15.3.4.4 Solvability

Problem(15.8 hasa minimumandconsequentlyProblem(15.10 also
hasa minimum.

15.3.4.5Discussion

If thenumberof trials mis extremelylargethenit maybeunattractwe to
solve Problem(15.10.
In this case we may preferto, for example:

— solve Problem(15.8 usingtechnique®f non-differentiable
optimization,

— approximatehe objectve of Problem(15.8 with a smoothfunction
usingtheapproachdescribedn Section3.1.4.4 or

— useaniterative techniqueo successiely approximatd by smooth
functions.



15.4 Optimal margin pattern classi cation
15.4.1 Motivation

We will considerthe problemof distinguishingoetweertwo classe®f
patternson the basisof alineardecisionfunction.

Geometricallywe seeka hyperplanghatseparatethetwo classe®f
patterns.



15.4.2 Formulation
15.4.2.1 Classesandtraining set

Labelthetwo classessclassA andclassB.
We will considerhow to nd thecoefcients thatspecifyalineardecision
functionin suchaway asto provide the bestdiscriminationbetween
classe®\ andB of patterns.

In particular we assumehatwe have r representatesin our training
set

Potentiallyr is verylarge.

Thetrainingsetis to beusedto determinghebestlineardecision
functionto separatéheclasses.

The " -th representatie consistf two items:

— apattern, namelyavectory () 2 R" 1, and
—avaluez(’) 2 f 1;1g.

1, if y() isof classA,

8 =1:unz()= 1; if y (") is of classB.



Classesandtraining set,continued

B.
Thatis, z(1) = z(2) = z(3) = z(4) = 1andz(5) = z(6) = z(7) = 1.

Yo
6
y (5) y (6)
y(7)
YD y@  yE
y(2)

Fig. 15.5. Seven exam-

ple patterns and hy-

perplanethat separates
— Y1 them.




Classesandtraining set,continued

Thehorizontalline in Figure15.5perfectly discriminates between
classeA andB.

Thevectorsrepresentingachpatternmay have avery large numberof
entries.

Thatis,n 1 maybeverylarge.

15.4.2.2 Featue space

In avariationon this formulation,the patternsy (*) aretransformed
versionsof the " -th originalimage.

For the purpose®f our discussionit doesnot matterwhetherwe think of
the patternsasbeing“raw” imagesor transformedmagesn thefeature
space.



15.4.2.3 Decisionfunction
We consideranaf ne decisionfunction D: R" 1! R de ned by:

8y 2R" LD(y)=bly+g
wheretheparameterd 2 R" 1 andg2 R areto bechosersothat:
8 =1:.5;nDyC)>0, (z()=1): (15.11)

Therearemary choicesof parameterg andgthatwill satisfy(15.17).
Figure15.5shavs aline, whichis ahyperplanen R" 1= R?, of the
form:

fy 2 R" YjD(y) = Og;

thatdividesR" ! into two half-spacespneof which containsall the
patternan classA andtheotheroneof which containsall the patternan
classB.



Decisionfunction,continued

Theparameterd andgarecalculatedusingthetrainingsetandthe
functionis thenusedto estimatethe classe®f new, unknovn patterndor
whichwe do notknow theclass.

We mustselecta suitablecriterionfor choosingfrom amongsthevalues
of b andgthatsatisfy(15.11).

If we know thefunctionalform of the probability distribution of the
patternghenwe couldestimatehe parameterd andg usingamaximum
likelihoodcriterion,asdiscussedn the multi-variatelinearregression
casestudyin Section9.1

Unfortunatelywe usuallydo not have alot of informationaboutthe
patternghatwe mustsubsequentlglassifyanddo not know the
functionalform of the probability distribution from which they aredrawn.
Consequentlythe criterionfor choosinghe parameterg andgwill bead
hoc,aimedat nding asatis cing solution.



Decisionfunction,continued
We will seekb andgsuchthatthe correspondindiyperplane

fy 2 R" 3D(y) = Ogis asfar aspossiblefrom all the patterngn the
trainingset.

Thatis, wewill nd thevaluesof b andgthat:

— maximizethe minimumdistanceof arny patternfrom the hyperplane,
and

— allow classi cationof thetwo classe®f patternsaccordingto (15.11).

We will usethenotionof Euclideandistancego de ne distance.
Thatis, we will usethenormk k.

We aretryingto nd thehyperplandetweerthetwo classeshatis atthe
middle of thethickestslabthatseparatethetwo setsof points.



15.4.2.4 Variables
Thedecisionvectorfor this problemconsistof b 2 R" andg2 R.

We collectthesetogetherinto a vectorx = % 2 R".

Thatis, the parametershatspecifythe decisionfunctionD arethe
variablesfor the problem.



15.4.2.5 Objective

We mustevaluatethe Euclideandistanceof a patterny (*) from the
closestpointonthehyperplane:

fy 2 R" 3D(y) = 0g:
This distancds givenby:

iD(y ()i
kbk,
assuminghatb 6 0.
De ne thesetP  R" by:
p= g 2R" b6 0



Objective continued
If thedecisionfunctionD satis es(15.11) thenfor eachpatterny (") and
classi cationz("):
z(")D(y (")) = ID(y ("))i:
If b andgsatisfy(15.11) thenthedistanceofy (") from the hyperplands
givenby thefunctionf- : P! R de ned by:

iD(y (O))i.
Kbk,
z(')D(y ().

Kok,

Theminimumdistanceof ary patterny (*) to thehyperplanepverall the
patterns, isgivenbyf : R"! R de nedby:

8x2 P;f(X) = ‘n;in f-(x):
= r

8x2 P;f-(x) =

We call this minimumdistancethe margin betweerthe hyperplaneand
the patterns.



15.4.2.6 Constaint

In orderfor the objective to bewell-de ned, we mustrestrictoursehesto
choicesof x 2 P; thatis, we mustrequireb 6 O.

This constraints notin our standardorm of eitheranequalityor an
inequalityconstraint.

15.4.2.7 Problem
We seekthe coefcients b 6 0 andgsuchthatthemamgin is maximized.
Our problemis therefore:

max f (x)jb 6 Og: (15.12)
x2 RN

In the next sectionwe will transformthis problemto remaove the
minimizationembeddeadn thede nition of the objectve.



15.4.2.8 Transformation

By Theorem3.4, we canremove the minimizationin thede nition of the
objectvef by de ning asubsidiaryariablez

)r(rzlgnﬁf(x)Jbﬁ Og

= max min f-(x) b6 0 ;
X2RN T=1r

= max fzjf-(x) z8 =1;:::;r;b6 0g; by Theorem3.4,

Z2R;x2RN
= max Zz()D(y()) z8 =1::::rb6 0 ;
zZR;xZR'”n kbk2 o
- YTy () + kbk,z8 =1:::::rb6 0
Jmax - zz()(b'y()+ 9 kbk,z8' = Li::ir
(15.13)

If themaximumz® of Problem(15.13 is strictly positive thenthe optimal
maigin is equalto z” andis strictly positive.



15.4.3 Changes

We couldconsiderachangean the problemdueto theadditionof anextra
pattern.

15.4.4 Problemcharacteristics

15.4.4.1 Objective
Theobjectve z of Problem(15.13 is linear.



15.4.4.2 Constaints

Theinequalityconstraintsn Problem(15.13 arenon-linear
Eachbindinginequalityconstraintat a solutionto the problem
corresponds$o a patternthatis closesto the hyperplane.
Thesearecalledthe supporting patterns.
Theconstrainto 6 0in Problem(15.13 is notin theform of equalityor
inequalityconstraints.
Thefeasiblesetof Problem(15.13:

S= i 2 R™L z() by () + 9 kbk,z8 = 1;:::;;b6 0 ;
Is not closedandmaynot be corvex.
Feasiblesetsthatarenot closedcanpotentiallypresendif culties.

We will considerfurthertransformatiorof Problem(15.13 in
Sectionsl8.4and20.1

15.4.4.3 Solvability

If thereis no hyperplanghatcanseparateéhe patternghen
Problem(15.13 hasa maximumthatis zeroor strictly negative.



15.5 Sizing of interconnectsin integrated circuits
15.5.1 Motivation
15.5.1.1 Hierarchical design
Thedesignof digital integratedcircuits (ICs) is usuallydividedinto a
hierarcly of planningstages.
For example,a speci cationof thefunctionality of thelC is translated
into thelogic requiredto meetthe speci cation.
Theintegratedcomponent$o implementthelogic mustthenbelaid out
onthe“ oor -plan” of thechip.
Oncethelayoutis done,therearestill variousdecisiongo be made.
For example,thewidthsof the “interconnects’thatjoin onegateto
anothercanbe adjustedwithin limits, to achiese performanceaoals.



15.5.1.2 Delayconstaints

Onegoalis to make surethatthe propagtiondelayon eachpathfrom the

outputof onelatchthroughcombinationalogic to theinput of the next
latchis within alimit.

Adjustingthewidth of theinterconnectsffectsthedelay

Increasinghewidth of theinterconnectlecreasetheresistanceand
increaseshe capacitancef aninterconnect.

— Decreasingesistancéendsto reducedelaybecausehe currentfrom
thedriving latchor logic is increased.

— Increasingcapacitancéendsto increasealelaybecauseheincreased
capacitanceequiresmorecurrentto chageor dischage.

15.5.1.3 Areaof layout

Anotherconsideratiorbesideslelayis thatthewider theinterconnects,
themoreareamay berequiredfor thecircuit.

We will try to minimize chip areaby adjustingthe widths of the
interconnectsyhile satisfyingthe delayconstraints.



15.5.1.4 Otherissues
Therearemary othergoals,suchasminimizing power dissipationand
otherconstraintssuchasguaranteeingoiseimmunity, thatmustbe
considered.
In seekinga compromisebetweervariousgoals,we areagain seekinga
satis cing solution.

15.5.1.5Interactionbetweerdesignlevels

At eachlevel of the hierarcly, we take as x edthe decisiongnadeat
higherlevelsandseekto optimizetheremainingdecisions.



15.5.2 Formulation
15.5.2.1 Variables
Inter connectwidths and lengths
Latchadrivesgateb througha pieceof interconnectlabeledl.

Gateb drivesa branchingnterconnectlabeled2, 3, 4, 5, and6, whichin

turn drivestwo moregates |abeledc andd.
Thesegatesdrive theinterconnectabeled7 and8, whichin turndrive

latchese andf.

5 [ 7 llatch
i -

3
Iag: L IH[S'H 2§
4 Fig. 15.6. Schematic
diagram of gates and
H
6 I(‘TH 8 'a‘;;Ch latches joined by
interconnect.




Segments

Theinterconnectanbethoughtof asconsistingof segments
correspondindo thelabeledpiecesof interconnecshowvn in Figure15.6
We assumehattheinterconnectanbe partitionedinto a setof n

segments

Let the k-th segmenthave width X, thicknesslg, andlengthLy, as

illustratedin Figure15.7.
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B | L | Bpg
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B . B
BB B Aluminum or Copper Ty BY,
BB' B - — B5$
B B Silicon dioxide B
& % |
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BB%l Silicon

Fig. 15.7. Dimensions
of k-th segment of
interconnectThe gure
Is notto scale.



Discreteness

Becauseave canonly dimensionfeaturego beanintegermultiple of the

minimumfeaturesize,xx canonly bechoserfrom adiscretesetof

alternatves.

In generalpptimizingover adiscretesetof alternatvesis muchmore

dif cult thanoptimizingoveracontinuousvariablebecausén the

discretecasewe:

— cannotusecalculusto derive optimality conditions,

— cannotobtaindescentirectionsfrom purelylocal rst dervative
information,and

— cannotmake useof convexity to establishglobal optimality.

In this casestudy we will neglectdiscretenesandassumehatthewidths

arecontinuouslyvariable.



Alter native formulations

As analternatve formulation,insteadof optimizingover a continuous
rangeof widthsx, for segmentk, we considera nite collectionof

For example,thesewidths might correspondo the allowableinteger
multiplesof the minimumfeaturesize.

suchthatéjszlij = Lk. Thevaluely; speci eshow muchof thetotal
lengthof segmentk is of width W;.

Thisis anexampleof aradicaltransformatiorof a problemcomparedo
its “natural” formulation.

We will notpursuethis formulationfurther.



15.5.2.2 Objective

We have indicatedthatour goalis to minimizethe areaof interconnect.
Theareaf : R"! R isde nedby:

n
8x2 R" f(X) = & L.
k=1
whereLy is thelengthof the k-th segment.



15.5.2.3 Constaints
Upper and lower bounds
8k=1;::5nm X Xk X

Bottlenecks

a X Xe; (15.14)
k2B

whereB is the setof sgmentsnvolvedin a particularbottleneckandxg
is the maximumtotal width availablefor the segmentsin the setB.



Delay constraints

Considera path from alatchthroughthe combinationalogic to theinput
of thenext latch.

Our performancespeci cationrequireshat,for eachlatch-to-latchpath’,
asignalcanpropagtefrom:

— theoutputof thelatchatthebeginningof path”,
— throughthe gatesin path’,
— to theinput of latchatthe endof path’,

within a maximumallowedtime delaythatdepend®n:

— theclock period,

— thedelayfrom the clock edgeto whenthe outputsof latchesbecome
valid, and

— theset-uptime from theinput of latcheso the clock edge.

Latch-to-latchdelayon eachpathwill dependon thewidthsof the
seggments.



Delay constraints, continued

Thereforethedelayonthe " -th pathis afunctionh- : R"! R depending
onthewidthsandwe requirethat:

8 =1::rh(X h; (15.15)
whereh- is the maximumallowed latch-to-latchdelayon path".
We collectthe delayfunctionsfor eachpathtogetherinto avector
functionh: R"! R, B
Similarly, we collectthe maximumalloweddelaysinto avectorh2 R",

To evaluatethefunctionh- we mustde ne “delay” morecarefully.
Normatwvely, delayis thetime differencebetween:

(i) whenthevoltageatthe outputof thelatchthatis driving path™ can
be consideredo have changedstate,and

(i) whenthevoltageattheinputof thelatchthatis drivenby path™ can
be consideredo have changedstate.



Delay constraints, continued

In practice,“’changingstate”is de ned onanad hocbasisaswhen,for
example,thevoltagewaveformhasrisento or fallento within 50%, say
or 90%,say of its nal value. B

Thedelayis oftenapproximatedy a functionh- thatis easierto
calculate.

We will approximatehe gatedelaysby constantsieglectingthe effect of
theload of theinterconnecon the delaythroughthe combinationalogic.
We canthenre-interpreth asbeingthedelaythroughtheinterconnect
alone,ngylectingthe gatedelays,andreducethe correspondinglelay
limit h- by the sumof the gatedelayson path".

Thatis, we re-de ne eachinequalityin (15.19 by reducingtheleft-hand
sideandtheright-handsideby the sumof the gatedelayson path".

A typical approximatiorusedfor theinterconnectlelayis the EImore
delay, whichrequiresanelectricalmodelof theinterconnect.



Inter connectelectrical model

Eachsegmentof theinterconnects a distributedresistve-capacitre
transmissionine.

Sagmentk, for k= 2;:::;6, hasbeenrepresentetly a seriesresistancdzy
andshuntcapacnancé:k, calledanL-segment

H
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' C H gatesc andd consisting
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; Cs L-segments.
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Inter connectelectrical model, continued

Theresistancef sggmentk is determinedy theresistvity r y of the
sggmentandits thickness|ength,andwidth:

8k=1;::5;mRe = rilbk=(Tixx);

= KriX« (15.16)
wherekgrk = r kLk=Tk is aparameter
Thecapacitancef sggmentk is determinedapproximatelyby thesheet

capacitanceperunit areak g, its fringing capacitanceperunit length
kek, andits heightandwidth:

8k=1;:::;n;Cx = kglLixx+ Keklg:
= ket Cri (15.17)
wherekck = kgL andCri = kpkly areparameters.



Gate model

We canmodelthe gatedriving theinterconnecby consideringts output
transistor

It canbe approximatelyrepresentedly a voltagesourcedriving a
resistance.

Thedriving gateb is modeledn Figure15.8asthevoltagesourcev, and
thedriverresistancedy,,.

Theloadpresentedy complementary metal-oxide semiconductor
(CMOS)gatesatthesinkscanbe modeledby a capacitance.

Thisis shavn by C. andCy in Figure15.8for theinputsto gatesc andd,
respectiely.



Elmoredelay

Considera constantvoltagesourcechaging a capacitoiC througha
resistancdr.

Thevoltageacrosghe capacitowill exponentiallyapproachhedriving
voltage.

Thetime-constanof theexponentialis RC, sothatareasonable
orderof-magnitudeestimatdor therisetime of thevoltageacrosshe
capacitoiis RC.

The“Elmore delay” is anestimateof thetime constanbf asingle
exponentiathatapproximateshetrueresponse.

We usethis time constantasan estimateof the delay;however, under
certainconditionsit canbea poorestimateof thedelay



Elmore delay, continued
GiventhelumpedL-segmentmodelsthe EiImoredelayis give#n by:

8 =1:5r8x2RNh (0= 3 a4 R a4 C
J2P-j23  k2D(j)

where:

— P is thesetof setsof connectedsegmentson path™. Two segmentsare
connectedf thereis a pathof sggmentsbetweerthem.In asetof
connectedamentseachpair of sggmentss connectedFor example,
for thepath™ from latchato latchein Figure15.6
P- = ff 1g;f 2;3;5q;f 7gg, sincethe pathfrom latchato latche consists
of threesetsof connectedementsnamelyf 19g;f 2; 3;5q;f 79. The
connectedegmentsareseparatedtby thelatchesb andc onthe path
from latchato latche.

— D(j) isthesetof downstreamsegmentsncludingandbetween
segmentj andall sinksthataredrivenfrom sggmentj through
connectedegments.For example,in Figurel5.6 for j = 2,

D(2) = f2;3;4,5;6q. For j = 3,D(3) = f 3;5g.



Elmore delay, continued

TheEImoredelayis the sumof theresistve-capacitre time-constantsf

eachsegment,where:

— theresistve-capacitre time-constanbf a segmentis equalto the
productof theresistancef the segmentandall the capacitve loadonit,

and
— thecapacitve loadis de ned to bethe sumof the capacitancesf all the

downstreansggments(includingtheinput capacitancef all

downstreangatesandlatches.)
Usingthelumpedresistve-capacitte model(15.16—(15.17) for each
segment,we obtain:

[1] #
~ o) o) k i o)
8 =1:::;r82R"“"h(¥X= a a ﬁ a (kekxxt Cei)
2P 23 X keD(j)
(15.18)

We cancollectthe EImoredelayfunctionsfor eachpathtogetherinto a
vectorfunctionh: R"! R'", whichwe useto approximateheactual

delayfunctionh: R"! R,



15.5.2.4 Problem

Theapproximatenodelfor minimizing the areasubjectto the upperand

lower constraintsn segmentwidthsandsubjectto the delayconstraints
canbewritten as:

Xrgggff(x)jﬁ(x) hx x Xg (15.19)
Themoreaccuratedelaymodelis:

Xrgéerglff(x)Jh(x) h;x X Xg: (15.20)



15.5.3 Changes

We couldconsiderchangesn parametersuchasthe sheetor fringe
capacitanceonstantsgueto achangen dielectricproperties.
We couldalsoconsiderthe effect of addinganadditionalgatein a path.



15.5.4 Problemcharacteristics
15.5.4.1 Objective
Theobjectve, f(x), of bothProblemq15.19—(15.20 is linear.

15.5.4.2 Constaints
Upper and lower bounds

Thelowerandupperboundconstraintx x X de ne acorvex set.

Delay constraints

We focuson Problem(15.19.
The Elmoredelayfunctionis not cornvex.
The constrainfunctionsinvolve the sumof termseachof whichis a

positive constantimesthe productof powersof theentriesin thedecision
vector

Suchafunctionis calleda posynomialfunction.



15.5.4.3 Solvability
If thereis no selectionof widthsthatyield delayssatisfyingthedelay

constraintsthentheremay be no feasiblesolution.
We may needto inserta buffer to breakalong segmentinto two shorter

pieces.



15.6 Optimal power ow
15.6.1 Motivation
15.6.1.1 Geneanlizationof economidaispatd
Whenappliedto electricpower systemsthe problemsdescribedn
Sectionsl2.1and15.1arecalledeconomicdispatch problems
Theequalityconstraint(12.3 requiresthatelectricgeneratiorequalthe
demandhowever, this doesnot fully characterizeéhesituationin an
electricity network.
For example,if generatorareremotefrom demandcenterghenthere
will belossesncurredin moving power alongtransmissionines.
At theleast,(12.3 shouldbe modi ed to accountfor lossedn this case.



15.6.1.2 Constaintson opemation

Transmissioninesbetweergeneratioranddemandcanalsolimit the
feasiblechoicesof generation.

15.6.1.3 Power ow equations
To checkwhetheror nottheline o w andvoltageconstraintsaresatis ed,
we mustexpandthedetail of representatioof the network by explicitly

incorporatingKirchhoff's laws, asdescribedn theelectricpower system
casestudyin Section6.2.2.4

15.6.1.4 Othercontwollable elements

Besidegeal power generationsye canalsoconsideradjustingary
controllableelementsn the systemsoasto minimize costsandmeet
constraints.



15.6.2 Formulation
15.6.2.1 Variables
In thedecisionvector we needto represent:

— realandreactve power generationst the generatorsywhich we will
collecttogetherinto the vectorsP andQ,

— ary othercontrollablequantitiesn the system suchasthe settingsof
phase-shiftingtransformers andcapacitors,

— thevoltagemagnitudest every busin the systemwhich we collect
togetheiinto thevectoru, and

— thevoltageanglesat every busin the systemexceptfor thereference
bus,whichwe collecttogetherinto thevectorq. (Thevoltageangleat
thereferencebusis constansince,aspreviously, it representan
arbitrarytime reference.)



Variables,continued
We collectall thevariablesnto tgev:e%ctor:
P

X = 9‘3?, 2 R™
q

In thepower o w casestudyin Section6.2, thegenerationstthe
generatorsvere X edparametersgxceptatthereferenceous.

In this casestudy therealandreactve power generationstall generator
busesarevariables.

Thisis similar to theleast-cosproductioncasestudiesof Sectionsl2.1
and15.1, wherethereal power generationsverevariables.

This casestudygeneralizesll of theseearliercasestudiesand

exempli es the procesof startingwith only a few variablesandmary
parameterandgraduallyre-interpretinghe parameterso bevariables.



15.6.2.2 Objective

A typical objective is to minimizethetotal costof power generationLet
f:R"! R representhiscost.
Typically:

f depend®nly ontheentriesof x correspondingo realpower
generationshowever, in someformulationsf alsodepends
someavhaton theentriesof x correspondingo reactve power
generationsand

f is separablsincethe decisionsat onegeneratodo not usuallyaffect
the costsat ary othergenerators.



15.6.2.3 Equality constaints
We expressedirchhoff's laws asequationsn theform:

8 p(¥) = O
8 a(x) = 0
wherep : R"! Randg :R"! R werede nedin (6.12—(6.13):
8x2RMp(x) = & uuwlGkco{q qJ)+Bysing )] P
k2JO)If g
8x2RMa () = A uwuGksing a) Bkcodg ql] Q
k2JO)If "9

whereJ(") is thesetof busegoinedby alineto bus".



Equality constiaints,continued

We collectthe equationgogethelinto a vectorequationsimilar to the
form of (6.14):

g(x) = G;

whereatypical entryof g is of theform of (6.12 or (6.13), but the
decisionvectorx includestherealandreactve generationgaswell asthe
voltagemagnitudesandangles.



15.6.2.4 Inequalityconstaints
Limits ontheentriesin x:
X X X

A voltagemagnituddimit atbus " couldbe0:95=u-  u T = 1:05.

A generatorealpowerlimit couldbe0:15=P- P P-= 0.7.

Therearealsoconstraintsnvolving functionsof x.

For example,therearetypically angledifferenceconstraintof theform:
8,8k2J(°); p= g o p=4 (15.21)

andtheremightbelimits on angledifferencedetweerbuseshatarenot

joineddirectly by aline.



Inequalityconstaints,continued

In addition,transmissionine o w constraintsanbe expressediia the
power o w equationsn termsof x.
Thatis, we will alsohave functionalconstraintf theform:

h hXx h

A typical constraintmightlimit the o w onaline thatjoinsbus™ to busk.
Neglectingshuntelementsn theline modelstheline o w realand
reactve power ow functionspx: R"! Randgyk:R"! R arede ned

by:

8x2 R" pr(X) = uulGkcodg qo+ Bysin(g a)] (u)°Gy;
(15.22)

8x2 R au(¥) = wulGysin(g  a) Bycoda g+ (u)By

If thereis arealpower o w limit of p, ontheline joining bus™ andk

thenwe representhis limit asaninequalityconstraintof theform
pk(X) Pintheinequalityconstrainth(x) h.



15.6.2.5Probhlem

Xryé{rr\‘ff(x)jg(x): O;x X Xh h(x) hg (15.23)



15.6.3 Changesn demand lines,and generators

We canconsiderchangesn demandat busesandalsoconsiderchangesn
the system:

— failureor returnto serviceof atransmissiodine, and
— failureor returnto serviceof ageneratar



15.6.4 Problemcharacteristics
15.6.4.1 Corvexity
Objective

As arguedin theleast-cosproductioncasestudyin Sectionl12.], the
objectie of this problemis typically corvex.

Equality constraints

Becausehefunctiong is non-linearthesetf x 2 R"jg(x) = 0g is not
generallycorvex.

We canarguefrom two perspectiesthatthis non-comwexity doesnot
necessarilgreatemultiple local minimaof the problem.

First, following thediscussionn Section8.2.4 we obsene thatthe
Jacobian] of g canoftenbewell approximatedy a constantthatis, the
equationsaareapproximatelinear.

Sincethe equationsareapproximatehinear, thefeasibleset

fx2 R"g(X) = Og is notvery differentfrom a setde ned by alinear
equalityconstraint.



Equality constraints, continued

Secondijf we can“throw away” realandreactve power, thenwe can
replacethepower o w equalitieswith inequalities.

P (X) 0; (15.24)
ax O (15.25)

Thatis, we have relaxedthe constraintgo requiringthatthe netpower
0 wing outof anodeis atmostzero.

Thatis, we allow powerto o w into anodeor to begeneratedtanode
andbe“thrown away”

Considersolvingtherelaxed problemhaving inequalityconstraintsas
speci edin (15.29 and(15.29 ateachbus ", but with all the other
constraintsasrepresenteth Problem(15.23:

minff(jg>) 0x x xh h() hg: (15.26)



Equality constraints, continued

In Problem(15.26, thefeasibleset B
S=fx2R"g(x) 0O;x x Xh h(x) hgisarelaxedversionofthe
feasiblesetof Problem(15.23:

S=fx2R"Mg(x)=0;x x xXh h(xX hg

Supposave obtaina solutionx” 2 Sto Problem(15.26 suchthatatbus’
we have p-(x?) < 0or g (x?) < 0.

In this case solong aswe candisposeof realor reactve power atbus ",
thenwe canconsider‘throwing away” the differenceandre-establishing
equalityto constructa solutionx”? 2 Sto theoriginal equality-constrained
problemwith the samevalueof objectve andall constraintsatis ed.
Froma practicalperspectie, if thereis ageneratoat " thento “throw
away” powveratbus™ we canconsidereducingthe outputof the
generatoto enablesatisactionof the constraintwith equality
Thiswould reducethe objective of the problemsincecoststypically
increasawith output.



Equality constraints, continued

In summarytheinequality-constraine®roblem(15.26 hasessentially

the samesolutionasProblem(15.23.
Now we will shawv thatthefeasiblesetde ned by therelaxed
constraint§15.24 is corvex undertheassumptiorthatall voltage

magnitudesreconstant.
We will notconsiderthereactve power constraint15.29 northecase

wherevoltagemagnitudesanvary.



Equality constraints, continued
Recallthatp isde nedin (6.12) to be:

8x2 R"
p(X = A uulGycodq g+ Bysing qd] P;
k2JO)If "9
= & uulGykcodg qg+ Bysin(g  qd]+ (w)2G-  P;
k2J()
= & fuulGycodq g+ Bysing qy] (u)?Gyg
k2J3(")

!
+(W)? G+ § Gy Py

23()
onaddingandsubtractingu)?8 25() Gk,

a pk+W)? G+ d Gk P,
k2J() k2J()

wherefor eachk 2 J(°), thefunction p-x wasde nedin (15.29.



Equality constraints, continued

Sinceall voltagesareassumedaonstantye cande ne functions
Pk:R! Rby:

8k2 J(); 80k 2 R; Pri(ari) = W UGk cogqri) + Briesin(gri)] - ()G

andwe obtainthat: :
8:8x2RMp(¥= 4 Pua g+ (w)® G+ g Gk P

k2J(") k2J(")

Thatis, p is equalto f (u)%(G- + akei)Gk Pgplusthesumof

termspk(q  qkx) eachof which depend®nly onalinearfunctionof two

of the entriesof x.

We will nd conditionsfor p-i to be corvex, whichwill therefore

guarantee¢hat p- is cornvex.
We calculatethe seconddervative of p-y.



Equality constraints, continued

d?p- .
8¢k 2 R;Wizk(qk) = U W[Gkecogq k) + Bksin(q)]:

RecallingthatGx < 0;Bx > 0for k2 J(), thisexpressions positve if:
8k2 J(");jGcodqk) Bisin(gqk) O
Thiswill betrueif:
1G G
+ arctan —— © Qg arctan —
P By B
Consideringpower balanceatbusk 2 J(*) aswell, thefunctionswill be
corvex if for eachline joining abus™ to abusk we have:

. . . 1G W ]G«
. min arctan —— ; arctan —— : 15.27
ja ad iBg P By ( )



Equality constraints, continued
Typically, G5By 0:1s0(15.27) requiresthat
jO Qg Olradian 6.
Thisis alittle morerestrictve thantheanglerestrictiong15.21) thatwe
previously mentionedor stability limits in Section15.6.2.4



Inequality constraints
Similarly, if a o w constrainbetween andk requireshatpk(x) P
thenthe constraintde nesacorvex setif (15.27 holds.

Discussion

We have provided sufcient conditionsunderwhich the optimalpower
0 W problemis convex.

If theseassumptionsreviolatedthentheremaybe multiple local
minimizers.

15.6.4.2 Solvability

Thereareavarietyof constraintsn the optimalpower o w problemand
it is easilypossiblefor thereto beno solution.



16

Algorithmsfor non-ngatively constrained
minimization

In this chaptemwe will developalgorithmsfor constraineaptimization
problemsof theform:

X@}{r‘]f f(X)jAx= b;x 0Og; (16.1)

wheref :R"lI R,A2 R™ " andb2 R™,



Keyissues

Optimality conditionsfor non-negatvely constrainedproblemsbased
ontheresultsfor equality-constrainegdroblems,
thecomplementaryslacknessconditions in the optimality conditions,
optimality conditionsfor convex problems and

active setandinterior point algorithmsto seeksolutions.



16.1 Optimality conditions
16.1.1 First-order necessaryonditions
16.1.1.1 Analysis

Theorem16.1 Let f : R"! R bepartially differentiablewith continuous
partial derivativesA2 R™ " andb2 R™. ConsiderProblem(16.1),

)glgl]]f f(X)JAXx= b;x 0Og;

andapointx® 2 R". If x” is a local minimizerof Problem(16.1) then:
91?2 R™op’ 2 R" sud that: Nf(x) + ATl ? p° = ©;

AXC = b
M’X° = O;
x’  0; and

w0, (16.2)

whee M? = diad p’g is a diagonalmatrix with diagonalentriesequalto
. Thevectos| ? andp? satisfyingthe conditions(16.2) are calledthe
vectoss of Lagrange multipliers for theconstaintsAx= bandx 0,



respectivelyTheconditionsthatM?x? = 0 are calledthe
complementaryslacknessconditions. Thecomplementargladkness
conditionstogetherwith theconditionsx’ Oandp’ 0 implythat, for
ead ', eitherthe " -th non-n@ativity constaintx:  0is bindingor the
*-th Lagrange multiplier p? is equalto zemo (or both).



Proof Thisis aspecialcaseof Theoreml7.1to bepresentedn
Chapterl7. We will only sketchthe proof of this specialcase.
Considerthe equality-constrainegroblem:

minf f(xjAx=b; x =0; 8" 2 A(X)g; (16.3)
X n

the non-nejativity constraintsx 0 for thepointx’. Thatis, the
equality-constraine@roblem(16.3 includesasequalityconstraintghe
following:

all of theequalityconstraint§rom Problem(16.1) and

all of thenon-ngativity constraintof Problem(16.1) thatwere

satis edwith equalityby x”.
Thatis, theactve non-n@ativity constraint§rom Problem(16.1) atits
minimizerhave beenincludedasequalityconstraintsn Problem(16.3.
Therepresentationf theconstrainias x = Oratherthanasx = Ois
for corveniencdn interpretingthe Lagrangemultipliersfor
eqguality-constraine@roblem(16.3.



Theproofinvolvesapplyingour earlierresultsfor equality-constrained
problemsto Problem(16.3 to prove thetheorem.Theproofis divided
into threeparts:

(i) shawing thatx? is alocal minimizerof equality-constrained
Problem(16.3),

(i) usingthe necessargonditionsof the equality-constrained
Problem(16.3 to de ne | ? andp” thatsatisfythe rst four lines
of (16.2, and

(iii) provingthaty® 0 by shawing thatif a particularLagrange
multiplier werenegative, sayp’ < 0, thenthe objective couldbe
reducedoy moving in adirectionsuchthatx: increasesndso
becomestrictly feasiblefor theconstraintx: 0. Theintuition
behindthis obsenationis thatif the second-ordesufcient
conditionsheldfor Problem(16.3 atx’ thenwe couldapplythe
sensitvity analysisCorollary13.11 If we considerchanginghe
constrainfrom x =0to x = ¢ withg> 0,then,since
1’ < 0, Corollary13.11indicatesthatthe minimumof the
changedroblemwould belower andx: would be strictly
positive. Thismeanghattheconstraintx: 0 couldnot have



beenbindingataminimizerof Problem(16.1) sinceapositve
valueof x: would reducethe objectve.



16.1.1.2 Example
ConsiderProblem(2.15:

minfx; Xojx1+ 2= 1L;xg O;x2  Og: (16.4)
x2 R2

18-
161

141

Fig. 16.1. Feasible set
(shavn asline) andmin-
imizer X’ (shavn as )
L s s 2 X1 for exampleproblem.




Example continued
Consideratiorof the objectve andinspectionof Figure16.1shavs that

= 2 is the uniqueminimizerof Problem(16.4).

We apply Theoreml6.1to this non-n@atively constrainegroblem.
Theobjectveis linear, andhencepartially differentiablewith continuous
partialdervatives.

8x2 R%f(X) = X1 X

8x2 R%Nf(x) = i :
A= [11];
= 1T'
b = [1]:
We claimthat! 7 = [1] andp’ = S satisfy(16.2).



Example continued

. 1 1 2
Nf(x?)+ ATl ? @° = 1t 7 Wog
:O;

oo 20 0
MX"= 00 1°
:O;

AC = [11] 9
= [1];
_b;
2 = 0 .
=
0; and
> _ 2.
U— 01
O.



16.1.1.3 Discussion

As in theequality-constrainedase the Lagrangemultipliersadjustthe
unconstrainedptimality conditionsto balancehe constraintsagainstthe
objectve.

We will referto theequalityandinequalityconstraintspeci edin (16.2
asthe rst-order necessargonditions.
Thereareinequalityconstraintn boththe minimizerx” andon the
Lagrangemultipliersp” in the rst-order conditionsfor inequality
constraints.



Discussiongcontinued
ThecomplementarglacknessonditionsrequirethatM?x’ = 0.
ConsidefinearizingMx aboutp(™ andx(" andusingthelinearized
equationgo constructanupdate.

This approachs not effective unlesswe arecarefulto avoid the boundary
of thesetde nedbyx Oandu O.

For example,supposdhatatiterationn we hadx"” = 0.
In this casefor the particularentry ", linearizingthe complementary

slacknesgonditionsinvolveslinearizingp: x: aboutugn) andx".

We obtain:
O OO N O ONOIN IO IR ORNGE

= i"Dd"; sincex™ = 0.

Settingthis equalto zeroyields X" = 0.



Discussiongcontinued

Linearizingthe complementarglacknesgonditionsdoesnotyield a
usefulapproximationn thesecases.

We will seein Section16.4.3.3thataneffective linearizationof this
constraintrequiresusto carefullyavoid the possibilitiesthatxgn) =0or

l_l(n) = Q.

We will seethatonewayto dothisisto r stapproximateghe constraint

i x = 0byahyperbolap x = t, wheret 2 R , andthenlinearizethe

hyperbolicapproximation.

Then,we graduallyreducet.

Figure16.2shaws a hyperbolicapproximatiorto the setof points

satisfyingthe complementarglacknesgonstraintfor severalvaluesof t.
Lt

X

andyr 0 approachetheunionof thenon-ngative - -axisandthe

non-ngjative x--axis.

Ast isreducedthesetof orderedpairs satisfyingu: x = t,x 0,
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Discussiongcontinued
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Fig. 16.2. The complementary
slacknessconstraintfor the en-
try ~ requires that the point

l)“(l 2 R? lie eitheron the -

axis or on the x--axis. The hy-
perbolap x = t approximates
the set of points satisfying the
complementaryslacknesscon-
straints. The dashed curne
shavsthehyperbolafort = 0:1;
thedash-doturve shavsthehy-
perbolafort = 0:05; andthedot-
ted curve shavs the hyperbola
fort = 0:01.



16.1.2 Second-ordesuf cient conditions
16.1.2.1 Analysis

Theorem16.2 Letf : R"! R, A2 R™ " andb2 R™. Consider
Problem(16.1),

g\g}lf f(X)JAXx= b;x 0Og;
andpointsx’ 2 R™1?2 R™ andp’ 2 R". LetM? = diad p’g. Suppose
that:

(i) f istwicepartially differentiablewith continuoussecondpartial
derivatives,

(i

Nf(x?)+ AT ? WP
M2’ =
AX =

7

?

%
[merece’| [WIT] DO [G5e2et] [TeakekT] [utsweon] [MoeeeT| [ewT]
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and
(iii)y N2 (x?) is positivede nite onthenull space:

N, = fDx2 R"ADX= 0;Dx = 0;8" 2 A, (x°: 11))g;

Thenx” is a strict local minimizerof Problem(16.1). 2

Theconditions(i)—(iii) in thetheoremarecalledthesecond-order
suf cient conditions,

In additionto the rst-order necessargonditionsthe second-order
sufcient conditionsrequirethat:
f is twice partially differentiablewith continuoussecondpartial
dervatives,and
N2f (x?) is positive de nite onthenull spaceN. de nedin thetheorem.



16.1.2.2 Example
Considettheobjective f : R2! R de ned by:

8x2 R% f(X) = (x1)%+ (X2 1)%

Fig. 16.3. Contour sets
of objective functionde-

| ned in sectionl6.1.2.2
The heightsof the con-

1 tours decreasetowards
the point x* = 2 :
which is indicatedwith
the .

1 15 2 25 Xl

251

)

0 0.5

15

0.5

0



Example continued
Considertheproblem:

minf f(x)jx  Og:
x2R2

Theobjective s twice partially differentiablewith continuoussecond
partialdervatives.

We claim thatthe second-ordesufcient conditionshold for x” = 2
andp’ = 0, whichis illustratedasthe in Figure16.3



Example continued
Thesecond-ordesufcient conditionsarethat:

QN P — 2X; 2.
NGO 17 = 52ty W)
M’ = 0;
X O
wooo

andthatN?f (x?) = 2l is positive de nite onthenull space:
N, = fIx2 R3¢ = 0;8 2 A, (X*; 1) g:



Example continued

AKX = flg;
A (W) = £ 21,2957 = 0,7 > Og;
=

N, = FDx 2 R?%jDc = 0,8 2 Ay (X 1) g:;
= fIx2 R%D¢x = 0;8" 2 0g;
= RZ;
N%*(x?) = 2I;
whichis positive de nite on N+ = R2.

Thesecond-ordesufcient conditionshold atx? = 2 andpy’ = 0.

NotethatA. (x7;°) = 0is astrictsubsebf A(x?) = f 1g for this
example.



16.1.2.3 Discussion
ThesetA, (x’; 1°) canbeastrict subsebf A(x?) sinceA, (x’; u°) omits
thoseconstraints for whichx? = 0 andp? = 0.

N, = fIx2 RADX= 0;D¢ = 0;8 2 A, (X*;1))g;
canstrictly containthe null space:
N = fIx2 R"JADx= 0;Dx = 0;8" 2 A(X))g;

correspondindo the constraintof equality-constraine@roblem(16.3):

Ax = b;

x = 0,8 2 AX):

By Corollary13.4 if X satis esthe rst-order necessargonditionsfor
equality-constraine®roblem(16.3 andif Nf (x?) is positive de nite on
thenull spaceN thenx” is astrictlocal minimizer of
equality-constraine@roblem(16.3.
However, this is insufcient to guarante¢hatx” is a strictlocal minimizer

of the correspondingnequality-constraine®roblem(16.1) if thereare
ary constraints for whichbothx? = 0 andp? = 0.



Discussiongcontinued

Constraintdor whichx? = 0 andp? = 0 arecalleddegenerate
constraints.

Intuitively, adegenerateonstraint is only “just” binding.
Thesensitvity of theminimumto changesn x- is zero.

Thereexist feasiblemovementdx away from x’, namelythosein which
D¢ > 0, for whichtheconstraintx:  0is nolongerbinding.
Suchfeasiblemovementsdo notsatisfyDx: = 0, soto guarante¢hatx” is
aminimizerof Problem(16.1) we musttestfor positve de nitenessof
theobjective in thelargersubspacé¢hatallows movementin directionsDx
suchthatD¢ > 0.

If theHessians positive de nite in thesedirectionsthenthe objectve
mustincreasen thesedirectionsaswe move away from x° and
consequentlyve areindeedat alocal minimizerof Problem(16.1).
Thatis, if N%f(x?) is positive de nite on N, thentherecanbeno feasible
descentlirectionsfor f atx”’.



16.1.2.4 Exampleof not satisfyingsecond-ader sufcient conditions
Supposehatwe have theobjective f : R2! R de ned by:

8x2 R%f(X)= (x1)3+ (2 1)%

Fig. 16.4. Contour sets of ob-
jective function de ned in sec-
tion 16.1.2.4 The heightsof the
contourglecreasewayfromthe

point X = which is indi-

0
1 ]
catedwith the , in thedirection
of increasingvaluesof x;. The
heightsof the contoursincrease
away from the point X in the di-
rectionof increasingor decreas-
ing valuesof xo.

2 2&5 3 X1



Exampleof not satisfyingsecond-ader sufcient conditions,continued
Considerthe problem:

minf f(x)jx Og:
x2R2

Theproblemis unboundedelov onthefeasiblesetandhasno
minimizer.

However, considerthe candidataninimizerx = 2 andcandidatevalue

of Lagrangamultipliersfa= 0:

Nf(X) = O
Mx = O
X 0;
pooo

sothatX and{i satisfythe rst-order necessargonditionswhere
M = diad [+ g is adiagonalmatrix with diagonalentriesequalto {1



Exampleof not satisfyingsecond-ader sufcient conditions,continued
Theactve setfor x 0 atXincludesthe rst non-neativity constraint.

Ax) = flg;

AL (XD);

2 f1:2g)° = 0;2 > Og;
= 0

I o i

Thereforejf X = (1) and{i= 0 weretheminimizerandcorresponding

Lagrangemultipliersof this problem,thenthe constraintwould be
degenerate.



Exampleof not satisfyingsecond-ader sufcient conditions,continued
TheHessiarof theobjectveis:

00 .
02"
Thesubspaceorrespondingdo the constraintof equality-constrained
Problem(16.3 is:
N = fIx2 R%)ADX= 0;D¢ = 0;8" 2 A(X)g;
= fIx2 R%D¢x = 0;8" 2 figg;
= fIx2 R%Dx = 0g:

N2 (R) =

Notethat:
8x2 N ;(Ix6 0) ) (Dx1= 0;Dx26 0);
) (DX (R)Dx = 2(Dxo)? > 0):

TheHessiarns positive de nite on N and,by Corollary13.4, Xis alocal
minimizerof the equality-constrainegroblemmin,, gof f(X)j X1 = 0g.



Exampleof not satisfyingsecond-ader sufcient conditions,continued
But positive de nitenesson N is insufcient to guarantedocal optimality
for Problem(16.1).

In fact,N%f (X) is not positive de nite onthenull spaceN. speci edin
Theoreml6.2

N, = fDx2 RjHADX= 0;Dx = 0;8 2 A+ (X )g:;
= fIx2 R%Dx = 0;8" 2 0g;
= RZ%
Thesecond-ordesufcient conditionsdo nothold andX is nota
minimizerof the problem.



16.2 Convexproblems
16.2.1 First-order suf cient conditions
16.2.1.1 Analysis

Theorem16.3 Let f : R"! R bepartially differentiablewith continuous
partial derivativesA2 R™ " andb2 R™. ConsiderProblem(16.1),

g\gr]]f f(X)JAx= b;x 0Og;
andpointsx’ 2 R", 1?2 R™ andp’ 2 R". LetM? = diad p’g. Suppose
that:

(i) fiscorvexonfx2 R"Ax= b;x 0g,
(i) NfFOO) + ATl ? p?= 0,

(iii) M2 = 0,
(iv) AX’ = bandx’ 0, and
V) u* O

Thenx? is a global minimizerof Problem(16.1).



Proof By ltem(iv), X is feasible.Considerary otherfeasiblepoint
x 2 R". Thatis, considerx suchthat:

Ax= b;x O:
Wehave Ax= AX° = b, soA(x x°)= 0and:
I 'ax X)) =o: (16.5)

We now considerconstraints 2 A(x?) andconstraints 62A(x?)
separately
For® 62A(X?), we have thatx? > 0. Consequentlyitem (iii) impliesthat
u’ = 0. Therefore,

8" 62A(X); ¥ (x x)=0: (16.6)

For™ 2 A(X?), we havethatx? = 0. Moreover, sincex  Ofor all *, we
have:

8 2AKX)x XX = x O
0:



Thereforesincep! 0, we have:
8 2 A (x X)) O (16.7)
Combining(16.6 and(16.7), we have:

W'x x) = & Wix D+ & Wix xD;

2A(X?) “BA(X?)
= a4 W x);by(16.6;
2A(X)
0; by (16.7): (16.8)



We have:
fx) o)+ NFx)T(x  x%); by Theorem2.6, notingthat:
f is partially differentiablewith continuougartialdervatives
f is corvex onthecorvex setf x2 R"JAx= b;x 0g,
by Item (i) of thehypothesisand
x:x*2 fx2 RMAx= b;x 0Og;
by Item (iv) of the hypothesisandconstruction,
= 167 (A7 W(x %);
by Item (ii) of thehypothesis
= 10O I TAx )+ WT'(x x);
= 0+ W]'(x x); by (16.5;
f(x%); by (16.9:
Thereforex? is aglobalminimizerof f onfx2 R"Ax= b;x 0g. 2



16.2.1.2 Example
Consideragainthe problemfrom Section16.1.2.2

minf f(X)jx  0Og;
x2 R2
with objective f : R?! R de ned by:

8x2 R% f(X) = (x)°+ (2 1%

Theobjective s partially differentiablewith continuougartialderivatives

andcorvex.

We have alreadyveri ed thatx’ = 2 andp’ = [0] satisfythe rst-order

necessargonditions.
By Theorem16.3 x” is a globalminimizerof the problem.



In the active setmethod, we consideratentatve list of the constraints
thatwe believe arebindingatthe optimum.

Thistentatve list is calledtheworking setandtypically consistof the
indicesof the bindinginequalitiesatthe currentiterate.

Sinceour tentatve list maynot bethe correctlist for the solution,we
mustconsidermow to changehis tentative list, eitherby:

— addinganotherconstrainto thelist, whichis calledswappingin, or
— removing a constraintfrom thelist, whichis calledswappingout.

Geometricallyactive setalgorithmstendto stepalongthe boundaryof
theregion de ned by theinequalityconstraints.



16.3.1 Working set

We write W(" for theworking set.

Theconstraintsn theworking setaretreatedempoarily asequality
constraints.

A searchdirectionis calculatedhatseekghe minimizerof an
equality-constrainegroblemwherethe equalityconstraintonsistof:
— all theequalityconstraintsn the original problem,and

— thebindinginequalityconstraintgistedin W,

If W happenso coincidewith theactive setfor the minimizerx? of the
inequality-constraine®roblem(16.1) then,by the proof of
Theoreml6.], the solutionof the equality-constrainegdroblemusing
W will bex’.

Inequalityconstraintsare“swapped’in andout of theworking setas
calculationgroceed.



16.3.2 Swappingin
16.3.2.1 Descendirection
Consideiiterationn, the currentvalueof theiteratex(), anda working
setW(".
Supposehatx(" is feasiblewith respecto all the constraints.
We considerthe problem:

minf f(x)jAx=b; x = 0,8 2 wg: (16.9)
X n

We canusethealgorithmsfrom Chapterl3to nd adescentirection
DX atx(M for this equality-constrainegroblem.



16.3.2.2 Step-size
We seeka step-sizdor the updatethatwill maintainfeasibility with
respecto all of theconstraintsn Problem(16.1).
In particular considerary inequalityconstraint °thatis notin the current
working set.
Thatis, consider %62V (M sothatx? > 0.
For simplicity, rst supposéhattheobjectve functiondecreasealong
thedescentirectionfor arbitrarystep-sizes.



Step-sizegcontinued

SupposehatanupdateDx" basecbn the currentworking setanda
step-sizeof 1 would causenequalityconstraint °to beviolatedbecause
xSQ) + D(fg) < 0.
Then:
— thestep-sizea(" of theupdateshouldbe choserto malke constraint ©
justbindingatthe next iteratexy) + aMDLY, and
— theworking setshouldbe updatedoy includingconstraint “sothat
WD = W £°q,

We may nd thatthefunctionevaluatecbtx@ + a Dc(Q) doesnot satisfy
asufcient decreaseriterion.

In this case we shoulddecreas¢he step-sizdurther (andnot addthe
constraint °to theworking set.)



16.3.2.3 Example
Considerthefeasiblesetf x 2 R3j1'™x= 10;x  0g.

Fig. 16.5. Change in
10 10 working set.



Example continued
Thisfeasiblesetis anexampleof a setof theform:

fx2 R"jAx= b;x Og; (16.10)

whereA= 172 R™ "andb=[ 10]2 R™ form= landn= 3.
Thisis the sameform asthe equalityconstraintn theleast-cost
productioncas&stl.#dyof Sectionl2.1andwe know from Section12.1.4.2

1 1
thatZ = 1 O isamatrixwith columnsthatform abasisfor the
0 1
null spaceof A. T
1
Also illustratedin Figure16.5is acurrentiteratex("’ = 3 2 R3 thatis
6

feasiblefor the equalityconstraint.

Sincex(™ > 0, we supposehatthe currentworking setis empty
W(n) = 0.



Example continued
Considera partigqllydifferentiableobjecti/e f:R3! R suchthat
2

Nf (x(M) = 1 .
11
Thevector:
DAY = zZTRE ()
o
= 3
9

Is adescentirectionfor f thatliesin thenull spaceof the equality
constraint.

Moving from x(" in thedirectionDx™ will simultaneously:

— improve theobjectve,and

— maintainsatisfctionof the equalityconstraintlTx = 10.



Examplecontinued
Supposehatthe objective decreasealongthedirectionDx(" for
step-sizesipto atleastl.:
ga( 2 (0;1]; f(xW + aWDdM) < £(x(M):
To maintainfeasibility, the updatecannotprogresgastthexs = 0 plane.
We mustchoosea (" suchthat:
x(n+1) - x(n)#+ a(M -

1 6"
= 3 +a® 3
6 9

0)



Example continued

TosatisfyxX™? 0, astep-sizeof a(" = 4is ;ghosertsothatx(rl+ 1)
5

satis esx{"" " = 0 and,thereforex™ D = 5 .
0

Constrain3 is addedto theworking setsothatW ("1 = f 3g.



Example continued
We now considemovementin adirectionDx("* Y suchthat:
DX" D js adescentirectionfor theobjective f atx(" 1
moving in thedirectionD<" 1 maintainsfeasibility for the equality
constraintl™x = 10, and

moving in thedirectionD<" 1 maintainssatisfctionof the equality
constraint x3 = 0implied by the currentworking set.

Supposehatatx("* D the objective decreasewith increasingvaluesof x;
anddecreasingaluesof x».
Thenasuitableupdatedirectionis shovn in Figurel6.5asthearron "
10
labelledD<™ D having its tail atx("" D andpointingtowardsx= 0 .
0



Example continued

We updatealongthedirectionDx(™* ) until asufcient decreasén the
objectveis achiered or anotherconstraintoecomebinding.

In theformercasea pointsuchasx(" 2 in Figure16.5would be
obtained.

In thelattercase anotherconstraintwould be addedo the working set
andthe procedurevould continue.

Theiterategypically lie onthe boundaryof theregion de ned by the
inequalityconstraints.



16.3.3 Swappingout
16.3.3.1 Descendirection

We canalsoconsiderswappinga constraint ®®ut of thefeasibleset.
Supposehatfor some %2 W we nd thataLagrangemultiplier for
theconstraint x-o0= 0is negative for Problem(16.9.

In this casewe canpotentiallyreducethe objective by moving in a
directionthatmakesthe constraintnon-bindingandwe shouldconsider
removing ~%%rom theworking set.

This approacHollows the proof of Theoreml16.1wherea negative value
of a Lagrangemultiplier correspondingo aninequalityconstraint
allowedusto reducethe objectve by moving in adirectionsuchthatthe
constraintbecamestrictly feasible.



Descentdirection,continued

In practice the equality-constrainegroblemsmay not be solvedto
optimality, sothatthe Lagrangemultiplier estimatemaybein error.
Consequentlythe working setapproackcanbe proneto “zig-zagging”
whereconstraintgepeatedlynove in andout of the active setwithout
signi cant progress.

Variousstratgjieshave beendevisedto avoid erroneouslhyswappinga

constrainout.
Neverthelesssupposéhatwe chooseo swap out constraint “%o update

theworking setatiterationn.

Thenwe revisetheworking setto be W (" nf " 0§,
Thatis, we remove “%%rom theworking set. A descentirectionis sought
for the correspondingquality-constrainegroblem:

minf f()jAx=b; x = 0,82 W nf g



16.3.3.2 Example

min fx; Xojx1+ X=1;x1 O;x2 0g:
X1;%22 R

x? = x(D

Fig. 16.6. Trajectoryof
iteratesusing active set
algorithm for example
problem. The feasible
set is indicated by the
] solidline.




Example continued

Supposeghatwe startwith theinitial guessof x(0 = (1) for this problem.

Thisinitial guesss feasiblewith respecto all the constraintsis strictly
feasiblewith respecto theinequalityconstraintx; 0, andtheinequality
constraintx,  Ois active atthisinitial guess.

Working set

Sincetheinequalityconstraintx, 0 is active for theinitial guessthe
initial working setis W(@ = f 2g.



Descentdir ection at x(9
We considerthe equality-constrainegroblem:

min fx1 Xojxi+ x2= 1; x = 0;8 2 W(Og

X1 %2R
= min fx; Xojx1+ X =1; X = 0g; (16.11)
X1 %2R
andseekadescentirectionfor it.
In fact,however, X9 is optimalfor this problem but the sign of the
Lagrangeamultiplier for theconstraint x, = 0is negative.
Thatis, we areatthe minimizer of the equality-constrainedroblembut
have notfoundthe minimizerof inequality-constraine@roblem(16.4).



Update working set

We updatethe working setby remaving constrain® fromiit.
Thatis, we now have therevisedworking setW(© = 0.

Descentdir ection at x(9

Sincetheobjectve increasesvith x; anddecreasewith x,, adescent
directionatx(?9 for the objective thatmaintainsfeasibility for the equality

constraintsg + o = 1is givenby D<(9 = i .



16.3.4 Alternation of swappingin and out
We mustsolve a sequencef problemsalternatelyswappingin andout.

We continuewith Problem(16.4), startingatx(® = L andusing
0

descentlirectionDx(9 = i .



16.3.4.1 Swappingn

If we move alongthedescentlirectionaccordingo x(9 + a(@ (9 we
nd thatfor a(® = 1, theconstrainx; 0 becomesinding.
We obtainthe next iterate:

KD = %O 4 20pO-

_ 1 1 .
= o *1 1
_ 0 .
- 2

andwe updatetheworking setto WD = f 1g.



16.3.4.2 Descendirection

We considerthe equality-constrainedroblemcorrespondindo the
working setW® = f 1g:
min fx; Xjxi+Xx =1, x = 0,8 2 Wlg
X1;%2 R
= min fx; Xojx1+ x2=1; X1 = 0g; (16.12)
X1: %2R
andseekadescentirectionfor it.
In fact,x(V) is theminimizerof this equality-constrainegroblemandthe
signof the Lagrangemultiplier for theconstraint x; = 0 is positive.
Thatis, we areatthe optimumof the equality-constrainegdroblemand
have alsofoundthe optimumof theinequality-constrained
Problem(16.4).



16.3.4.3 Discussion

Sincetherewereonly two inequalityconstraintsve took justone
swappingout operationrandoneswappingin operationto nd the
minimizer.

In generalwe will nd thatwe will have to successely swapin andout
variousof the constraintandsolve severalequality-constrainedroblems
beforereachinghe minimizerof the original inequality-constrained
problem.



16.3.5 Finding an initial feasibleguess

To nd aninitial feasibleguesdor Problem(16.1), we de ne another
optimizationproblemthatis relatedto Problem(16.1) andhaving the
following properties:

— it iseasyto nd aninitial feasibleguesdor therelatedproblem,

— if Problem(16.]) is feasible thena minimizerof therelatedproblem
yieldsafeasibleinitial guesdor Problem(16.1), and

— if Problem(16.1) is infeasible thenthe minimumof therelatedproblem
signalsthis fact.

Therelatedproblemincludesthevariablesx2 R" from Problem(16.1)
and,additionally includesarti cial variablesw2 R™,



Finding aninitial feasibleguesscontinued

Supposehatb 0 (or, swapthesignof any negative entryin b andthe
signsof theentriesin the correspondingow of A.)
Considerthefollowing problem, relatedto Problem(16.1):

min flTWjAX+W: b;x O;w Og: (16.13)
X2 RMw2 RM

Notethatx(® = 0;w9 = b 0 satis estheequalityandinequality
constraintof Problem(16.13 andis thereforea feasibleinitial guesdor

this problemthatcanbe usedby anactve setmethod.
We solwe this problemusingthe active setmethodandthis feasibleinitial

guess.



Finding aninitial feasibleguesscontinued
?
Supposehat v)\j? is aminimizerof Problem(16.13 with w? = 0.

Thentheminimumof Problem(16.13 is 1'w? = 0 andx’ is afeasible
initial guesdor Problem(16.1), since:
?
b = AX+w’; since v)\j? is feasiblefor Problem(16.13,

= AX’; sincew’ = 0,
?
X’ 0; since v)\j? is feasiblefor Problem(16.13.

?

X, satis esw’ 6 0)

If theminimumis non-zerao(sothatthe minimizer W

thenProblem(16.]) is infeasible.

Theprocesof nding afeasibleinitial guesdor Problem(16.]) is called
phasel of optimization.

Thefeasibleinitial guesss thenusedasa startingpoint by analgorithm
to minimizethe objectve of Problem(16.1) in phase2.



16.3.6 Linear and quadraticobjectives
16.3.6.1 Linear programming
Analysis

Considera non-n@atively constrainedinearprogrammingproblem:

minfc'xjAx= b;x Og:
x2R"N

Exceptfor:

— thecomplementarglacknesgonditionsMx = 0, and
— theinequalitiesx Oandu O,

the necessargonditionsarelinear simultaneougquations.
Thelinearity facilitates:

— thecalculationof descentirectionsfor the corresponding
equality-constrainegdroblem,
— avoiding zig-zaggingand

— maintainingfeasibility assuccessie iteratesarecalculated.

(16.14)



Analysis, continued

ThelinearminimizationProblem(16.14 is equvalentto maximizingthe
objective c'x overthesamefeasibleset.

By Theoren?.5, thereis amaximizerof c'x (andthereforea minimizer
of c'x) thatis anextremepoint of thefeasibleset.

We canrestrictattentionto pointsthatareverticesof the feasiblesetand
do not needto considempointssuchasx("* 2 in Figure16.5thatareonthe
boundarybut not at a vertex of thefeasibleset.
Geometricallycontoursetsof the objective areparallelhyperplanes.
Theminimumof thelinearprogramcorrespondso the hyperplanewith
minimum heightthatintersectghefeasibleset.

Theintersectiorwill containavertex of thefeasibleset.



Discussion

Theactve setstratgy appliedto linearprogrammingproblems
representeth theform of Problem(16.14, togethemwith various
techniqued$o make the constrainswappingandcalculationof descent
directionsmoreef cient, leadsto thesimplexalgorithm.

Thesimplex algorithmwasdevelopedin the 1940sby Geoge Dantzig.
Theverticesof thefeasiblesetof Problem(16.14 arepointsthatsatisfy
equationf theform:

Ax=b x=08 2W;

with W havingn mmembergfor A2 R™ " having mlinearly
independentows.)



Discussion,continued
For example,for thefeasiblesetillustratedin Figure16.5 theverticesare:

10# O# 0#
O : 10 : O ;
0 0 10

correspondingrespectrely, to thethreechoices:
W =12,3g;W=11,3g;W = 11, 20:

Eachof thesechoicesof workingsethasn m= 3 1= 2members.
Theform of thefeasiblesetleadsto importantsimpli cations for
updatingiteratesandswappingin andswappingout.

Swappingin andoutis performedsimultaneoushandcalculationof a
descendirectionis facilitatedby maintainingandupdatingfactorsof an
appropriatesquaresub-matrixof the coefcient matrix of the constraints
Ax=Db;, x=0;8 2 W.

The MATLAB functionlinprog  usesthesimplex algorithmundersome
circumstances.



Discussion continued

For someproblemsthe simplex algorithmmustexaminealarge
proportionof the possiblecombinationf active inequalities.

However, the simplex algorithmusually nds a solutionof the problemin
relatvely few iterations.

Thesimplex algorithmandits variantsremainthe mostusedandpractical
optimizationalgorithms.

If anoptimizationproblemcanbeformulatedasalinearprogramthenit
is worthwhileto do so.

Many specialissuesarisein linearprogramminghatallow

simpli cations of hypothesesndsharpeningf conclusion®of thetheory
we have discussed.

For example,somelinearintegeroptimizationproblemshave simple
solutionsin termsof linearprogramming.



16.3.6.2 Quadratic programming
As with linearprogrammingtherearealsosimpli cations possiblein the
caseof quadraticobjectves.
Moreover, thereis alargebody of active set-basedoftwareavailableto
solve quadratigprogrammingproblems.

The MATLAB functionquadprog usesanactie setalgorithmunder
somecircumstances.

16.3.6.3 Furtherdetalls

We have only introducedactie setalgorithmsbrie y here;however,
muchsoftwarewritten for optimizationproblemsusessomeform of
actwve setalgorithm.



A very differentapproacho solvinginequality-constrainegroblemss
not basedn identifying the actve constraintgirectly.
Conceptuallya“barrier” is erectedhatpreventsviolation of all the
inequalityconstraintsothatthe sequencef iteratesremainsstrictly
feasiblewith respecto theinequalityconstraints.
Theiteratesremainin theinterior of the setde ned by theinequality
constraints.

|deally, theiteratesstepdirectly towardsthe minimizeracrosgheinterior
of thefeasibleregion, ratherthansteppingalongits boundaryasin the
active setalgorithm.

For thisreasonthetechniquds calledaninterior point algorithm.



16.4.1 lllustration

To illustratetheinterior pointalgorithm,considettheobjectve f : R! R
de ned by:

8x2 R; f(X) = x;

andanon-n@ativity constraintx 0.
We addabarrier function for theconstraintx 0 to theobjectve f(X)
to formthebarrier objective, f : R++ ! R.
Theessentiatharacteristiof the barrierfunctionis thatit is partially
differentiableon theinterior of thefeasiblesetbut becomesinboundeds
the boundaryof thefeasiblesetis approached.
De ne thelogarithmicbarrierfunction f, : R4+ ! R for theconstraint
x 0by:

8X2 Ryt ; fp(X) = In(X):

Lett 2 R++ beaparametercalledthebarrier parameter.



[llustration, continued
De ne thebarrierobjectvef : R+ ! R by:

8x2 R+ ;1 () = f(x)+ tfy(X);
= f(x) tinx

f(X);f(x)= f(x) tIn(x)

1

| Fig. 16.7. Barrier ob-
o5 | | jective for the constraint

| X Ox2 R. The
solid cure shavs the
ool , objectve f while the

0.4r

dashedcurve shaws the
of : barrier objectve f for

t = 0:1 on the interior
03, o1 0 01 02 03 04 05 o6 o7 o8 X Of thefeaSibleregion_



lllustration, continued
Asx! 07, f(x)! ¥.
An algorithmthatis trying to minimizef will avoid thevicinity of the
boundaryof thefeasibleregion.

Thatis, it will produceaterateshatareinteriorto thesetde ned by the
inequalityconstraint.



lllustration, continued
Forarny x edx> 0,thevalueof tIn(x) approachefast! O.

tIn(x)

Fig. 16.8. Effect ~ on

| barrier function for

the constraint x 0

| ast! 0. The dashed
’ curve shavs  tIn(x)

1 fort = 0:1; thedash-dot
e 1 cune shavs  tIn(x)

for t = 0:05; and the
o dotted curve shaws
T |y tIn(x) fort = 0:01,



16.4.2 Outline
16.4.2.1 Logarithmicbarrier function

We de ne thelogarithmicbarrierfunction f,: R?, ! R for the
constraintx 0 by:

n
8x2 RY, :fp(¥) = g In(x): (16.15)
o



16.4.2.2 Barrier problem
Givenanobjectve f : R"! R, abarrierfunctionf,: R}, ! R, anda
barrierparametet 2 R, , weformthebarrier objectivef :R}. ! R
de ned by:

8x2 R, ;f(x) = f(X)+ tfy(X):

Insteadof solvingProblem(16.1), we will considersolvingthebarrier
problem:
minf f (x)JAx= b;x> 0g: (16.16)
X2 RN
We discussedhe potentialdisadantage®f anopenfeasiblesetsuchas
fx2 R"jx> Ogin Section2.3.3
However, in practice for suitablef, Problem(16.19 canbesolvedby a
techniquehatconsidersonly the equalityconstraintavhenseekinga
descendirection.



16.4.2.3 Slatercondition

For Problem(16.16 to beusefulin nding asolutionof Problem(16.7),
we needto assumehat:

fx2 R"Ax= b;x> 0g6 0;

sothatProblem(16.19 hasanon-emptyfeasibleset.

Thisis calledthe Slater condition.

This conditionrequiresthe existenceof afeasiblepointthatis strictly
feasiblefor theinequalityconstraints.

Thatis, theremustbe a feasibleinterior point.

Many constraintsystemsarisingfrom physicalsystemssatisfythe Slater
condition.



Slatercondition,continued

A simpleexampleof constraintghatdo not satisfythe Slaterconditionis
de ned by thefollowing:

A= [11];
b = [O];
X 0:

Thesetf x2 R%jAx= b;x> 0gis empty



16.4.2.4 Solvingthe barrier problem

To nd theminimizerof Problem(16.19 for ary particularvalueoft, we
canstartwith aninitial guesx(? thatsatis esAx= b andx> 0.

We thensearchrom x(9 usinganiterative algorithmthatseekghevalue
of X thatminimizesf (X) subjectto Ax= b.

Sincetheobjectve functionf of Problem(16.19 becomesrbitrarily
large asits agumentapproachetheboundaryof x 0, we only needto

preventtheiteratesfrom goingoutsidetheregionx > 0 by controllingthe
step-sizeappropriately



16.4.2.5 Sequencef problems

We solve Problem(16.16 notjustatonevalueof t, but for asequencef
valuesof t thatapproaclo.

Thetrajectoryof minimizersof Problem(16.16 asafunctionoft is
calledthecentral path.



16.4.2.6 Example
Consideragain Problem(16.4), whichwe analyzedn Section16.3.3.2

min fx; Xojx1+ x2= 1L;xg O;x  Og:
X1 %2R

Theinterior pointalgorithminvolvessolvingthe barrierproblem,
Problem(16.19, for asequencef valuesof t thatdecreas¢owardszero.
For Problem(16.4), thebarrierproblemis:

min fx; X2 tin(xy)) tin(x)jx1+ x2= 1;x1> O;x2> 0g: (16.17)
X1 %2R



Example continued

We cancalculatethe minimizerof Problem(16.17) explicitly asa
functionoft.

We caneliminatex, usingthe equalityconstrainto expressthe objectve
asafunctionof xy:

2x1 1 tin(xy) tIn(1 x): (16.18)
We now have anunconstrainegroblem:

minf2x; 1 tin(xy) tin(1 x1)g:
X12R

Differentiating(16.19, settingthe derwvative equalto zero,and
re-arrangingve nd that:

(x1)? x(1+t)+1t=2=0; (16.19)

wherewe notethatbothx; andx, = 1 X1 mustbegreaterthanzerofor
the objective andderiative to bede ned (andfor theinequality
constraintgo bestrictly satis ed.)



Example continued

Thequadraticequation(16.19 hastwo solutions bothof which are
positive.
However, only oneof the solutions:

C1+t D Ir @2

X1 5 ; (16.20)
yieldsavalueof xo = 1 x; thatsatis esthestrict non-ngativity
constraintffor Xo.

Substitutingwe obtain:
P
1 t+ 1+ (1)2
Xo = ®) ; (16.21)

2

In generalwe may not beableto convenientlyeliminatevariablesand
solve for theminimizerof the barrierproblemexplicitly asafunctionof t
aswe have donefor Problem(16.17).

Neverthelessywe canthink, in principle,of solvingthebarrierproblem
for asequencef decreasingaluesoft.



Example continued

Figure16.9shaws the minimizergivenin (16.20 and(16.2]) of
Problem(16.179 versud fort = 1:0;0:9;:::;0:1.
Theminimizersarealwaysin theinterior of thesetf x2 R"jx  0g.

X2

Fig. 16.9. The tra-
jectory of the min-
imizers  of Prob-
| lem (16.17 versus t
G, for t = 1:0;0:9;::::0:1
2 minimizerfort = 0:1 . shavn as The
minimizerfort = 1:0 1 minimizer x> of Prob-

0.6

lem (16.4) is shovn as
a . Thefeasiblesetis
indicated by the solid
%oz oa o5 o5 i 1z 1 15 1 2 Xl line.

0.4

021




Example continued
For largevaluesof t, the minimizerof Problem(16.17 is far away from
theminimizerx® = (1) of theinequality-constraine@roblem(16.4).
However, ast decrease®wardszero,the minimizerof Problem(16.17)
approachesg’ = 2 .

We will explicitly discussa stoppingcriterionin Section16.4.6.4



16.4.2.7 Reductiorof barrier parameter

Becauseave evaluatedthe minimizerexplicitly asafunctionoft, we
couldjustpickt = 10 19, say andevaluate(16.20—(16.21) to obtain:

» 5 10 11
1:0000

In generalwe cannotsolve for the minimizerof Problem(16.19
explicitly andwe will have to useaniteratie algorithm.

It is very dif cult to solve Problem(16.19 from scratchfor a smallvalue
of t because¢heinitial guesghatwe canprovide for theiteratve
algorithmleadsto a poorupdatein seekinganunconstrainedninimizer.
Insteadof trying to minimizethebarrierproblemfrom scratchfor asmall
valueof t, we startwith alargevalueof t andusethe Newton—Raphson
updateto seeka minimizerfor this valueoft.



16.4.3 Newton—Raphsompdate
16.4.3.1 Discussiorof thebarrier problem
We seeka minimizerof the problem:

minf f (X)jAx= bg; (16.22)
x2 RN

By Theoreml3.2, the rst-order necessargonditionsof Problem(16.229
are:

NF(x)+ ATl = o (16.23)
Ax b = O (16.24)

16.4.3.2 Primal interior pointalgorithm

We rst investicatea straightforvardapproacho applyingthe
Newton—Raphsomipdateto solvingthe rst-order necessary
conditions(16.23—(16.249.



Primal interior pointalgorithm,continued
Considerthe rst termin (16.23:

NF (x) NIf(X) + t fo(X)];

Nf (x) + tlgfb(x); 3
Tfu(X)

3 X1

Nfo)+t8
Tfu(X)
Xn

213

- Rfo+td ;&

1

= Nf(x) t[X] 1

N (x) = R2f(x)+ t[X] %



Primal interior pointalgorithm,continued
TheNewton—Raphsompdateto solve (16.23—(16.29 is givenby:

N (xmy At DdW _ RE(xW) Al
A o om ~ b AX" !
or. " #H
R2F(xM) + tx] 2 At DAY _ R + t[x™] 1 AT )
A o oM b AxM
(16.25)

Thisupdateeadsto theprimal interior point algorithm.

We arenot goingto investicatethis algorithmfurther, exceptin
Section18.2.1in thediscussiorof enforcemenbf the strictinequality
constraintsn the casestudyof optimalroutingin adatacommunication
network.

Insteadof discussinghe primalinterior point method,we will considera
variantin the next section.



16.4.3.3 Primal—dualinterior pointalgorithm

Insteadof the primalinterior point algorithm,we will describean
algorithmthatincorporatedinearizationof a hyperbolicapproximatiorto

thecomplementarglacknesgonstraintsas rst introducedn
Section16.1.1.3



New variable and equation

We aregoingto introducea new variablep, whichwill turnoutto
correspondo thedualvariablesfor theinequalityconstraintsn
Problem(16.1).

We incorporateheequations:

8 =1:;nuwx =t (16.26)

Theapproximationn (16.29 allows 5 to lie onahyperbolic-shaped

setasshavn in Figure16.2

Linearizationof (16.29, togethemwith anexplicit requiremento avoid
thex - andp -axes,yieldsa usefulupdatethatcanapproximately
representhekink in thecomplementarglacknesgonditions.

We have remarledthatwe will solve Problem(16.16 for asequencef
decreasingaluesof t.

Ast! 0, pointsthatsatisfy(16.26 will approaclsatistctionof the
complementarglacknesgonditions:

Mx= O:



New variable and equation, continued
We canre-write (16.29 as:
Xy tl=0; (16.27)
which we canre-arrangesp = t[X] 11,
RecallthatNf : R, ! R"isde nedby:
8x2 R, :NfF (x) = Nf(x) t[X] 1.
Substitutingthe expressiorfor Nf into (16.23 andmakingthe
substitutionu = t[X] 11, we obtain:
Nf(x)+ ATl p = O (16.28)
Ax = b (16.29)

Equationg16.27)—(16.29 areequialentto (16.23—(16.29 in that:

— asolutionof (16.23—(16.24 satis es(16.29—(16.29, giventhatpis
de ned by (16.27, and
— asolutionof (16.279—(16.29 satis es(16.23—(16.29.



New variable and equation, continued

Thehyperbolicapproximatiorto the complementarglacknesgonditions
togethewith (16.29 and(16.29 areequialentto the rst-order
necessargonditionsfor minimizing Problem(16.22, ignoringthe strict
inequalityconstraints.

Moreover, (16.29 and(16.29 aretwo of thelinesof the rst-order
necessargonditionsfor Problem(16.17).

Thecondition(16.27 becomesnorenearlyequivalentto the
complementarglacknesgsonditionsfor Problem(16.1) ast! O.
Insteadof seekingx’ and| ? thatsatisfy(16.23—(16.249, we will seekx’,

| ?, andp’ thatsatisfy(16.279—(16.29.



Stepdir ection
TheNewton—Raphsoistepdirectionto solve (16.279—(16.29 is givenby:

2 2
2 xM MM 0 3 DM 3 XM + t1
4 | sz (X(n)) AT5 4 D((n) 5-14 Nf(x(n)) AT| (N + p_(n) 5 :
0 A o oM AXM + b

whereM® = diag g andX™ = diag x"g.



Symmetry

The Newton—Raphsonipdateequationave a coefcient matrix thatis
notsymmetric.

By multiplying the rst block row of theequationghroughby [M(™] *
ontheleft, we cancreatethe symmetricsystem:

. 32 3 2 , 3
[M(M] X | o DU XM (MM] 1
, Ry AT A5 =8 Rrxmy Al ()4
0 A o OW AX + b

(16.30)
This systemis symmetric but inde nite.

In generalto factorizeit we mustmalke useof the specialfactorization
algorithmsfor inde nite matricesasmentionedn Section5.4.7.



Block pivoting of Jacobianand sparsity issues

Unfortunatelythetop left-handblock of the coefcient matrix of this
systemmay have entriesthatarevery largeandentriesthatarevery
small,dependingpn whetheror notthe correspondingonstraintix: 0 is
binding.

This meanghatthe coefcient matrix canbeill-conditioned.

We candealanalyticallywith the entriesin thetop left-handblock of the
coefcient matrix becausef its simplestructure.

We will dothisby blockfactorizingthe Jacobiarusingthe diagonal

matrix [M™] *X®™ asblock pivot, notingthatwe canexplicitly invert
[M(™M] *X(™ to obtain [X(™M] MM,



Block pivoting of Jacobianand sparsity issuescontinued

Weobtairé: 39 3
| 00 M) txm | 0
4 XM I | 054 | Ri2f (x(M) ATD
0 O
5 0 A 30
M(n)] x(n) |

= 4

sz(X(n))+ [X(n)] 1M(n) AT%Z (16.31)
0 A 0



Selectionof step-size

If we set:
2y 2 w3 2pm3
4 X(n+1)5 -4 X(n)5 + 4 D((n)5’
| (n+1) | (n) 0 (n)

we may violatethe non-ngjativity constraintson p or x.
To avoid this we may have to take a stepthatis lessthanthefull step-size

of one:
2 u(n+ 1) 3 2 u(n) 3 2 QJ(n) 3
4 X(n+ N5-4 X(n) 5+ a(n)4 D((n) 5 :
| (n+1) | (n) O ("

Thestrict non-n@ativity constraintsaresomevhatproblematic.
For example,supposeahatwe implementthe requiremenbf strict

non-n@ativity by choosingatolerance2> 0 andrequiringthatthe next

iteratesatis esx™? g8 andi™? ¢8.



Selectionof step-size continued

A seriousdravbackof this approachs thata priori we do notknow how
closethe minimizerof Problem(16.22 is to theboundary

X\
6
e -
Fig. 16.10.Using a
x ed toleranceto en-
uz 6e force  non-neativity
X X ‘ will  prevent corver-
— H genceto aminimizer.




Selectionof step-size continued

We mustadjustthetolerancesothatiteratescan,asymptotically
approachheboundary
(n+1)
Oneschemas to picka™ 1 ateachiterationsothat “(m 1 Isno
X
closerthana x edfraction,say0.9995,0f thedistancdrom the current

(n)
iterate 5(”) totheboundaryof x O;u O undertheLy norm.

With this choice,u(™ andx(™ canapproactary pointthatsatis esp> 0
andx> 0.
Therearemary variationson the choiceof step-size.



Selectionof step-size continued

It is alsopossibleto usea differentstep-sizdor:

— theprimal variablesx, and
— thedual variableguandl .

Thatis, we canupdateaccordingo:
XD = Wy g pdn.

prima
S VLN ( [ oAU
| (n+1) | (n) dual y (n)
where:
ag;i)mal is choserto presere the strict non-ne@jativity of x, and

afjrl?al is choserto presere the strict non-neativity of .

However, we will nottake advantageof this e xibility.



16.4.3.4 Example

Let usapplythe primal-dualinterior point algorithmto our example
Problem(16.4).

Termsin update
8x2 R%f(X) = X1 X

8x 2 R% Nf(x) = 1 :
2. K _ 00 .
8x2 RENF() = g
A= [11];

= 1f.

b = [1]:



Factorization

3
[M("] l)((n) | 0
A=4 | R2%f(x) AT2;
0 A 0
3
M) X™ o
=4 I 0 1°:
0 1" o

This matrixis inde nite and,in generalwe shouldusea specialpurpose
factorizatioralgorithm.

Here,we will simply applyLU factorizationusingthe symbolsA()) and
M () for thematricescreatedht the j-th stageof factorization.

NotethatM®™ = diagf " g.



Factorization, continued

Block pivoting of A usingits top-leftblock [M(™] *X(" aspivot yields
M @ andA® given by:2

3
I 00
M(l) = 4 [X(n)] 1M(n) | 05;
5 0 1 O 3
M(M] “x () | 0
AL = 7 ™ 15
0 [X\V] "M 19
0 1 0



Factorization, continued

2 3
| 0 0
M® = 40 | 05 -
,0 1Mo x| ;
| 0 0
_ 40 | 05 -

0 [X(n)]T[M(n)] 1 |
A = EA(Z)A(D;

. 3
MM] “x ™ | 0
= 0 X(M] v 1 £,
0 0 1 MM] XM
[M(")] 1)((n) | 0
= 0 [X(M] 1|\/|(l’1) 1 Z;
0 o M W



Factorization, continued
sothatwe canfactorizeA into:

2
I 0 0
L = dxop 'm0 0§;
0 Myt gt
, (] M) ;
M) X | 0
U=§ o o imo .
1 1
0 0 (TR IS T At



Initial guess
As aninitial guesswe pick:

X(10) = 05

X(20) = 05

10 = 2

t@ = 025

W = tO0=Y = 0:2520:5= 0:5;
1Y = tO= = 0:25-0:5= 0:5:

Thevalueof t(© is largeenoughto yield a usefulupdatedirectionfor the
initial guess<(9:1 @ andp@.

We chosex(9 to satisfyAX9 = b.

However, X0 = 82 is in the“middle” of theregion Ax= b:x 0and

is not closeto the minimizerof Problem(16.4).



Stepdir ection 2

x(0) |\/|(0)] 1
RE(x©) Al O 4 (OF;
AXO) + b

RO,

2
2
(
0 (0
() t(0)[ )]
1 |(O)+p_ ;
2

1 10+ )
(0) (o> .1

2

OOI\JOO



Stepdir ection, continued

2 (

qu

Dy
A D((O) = B;



Stepdir ection, continued

2 ©) 3
ql(lo) 2 1 3
Dy 1
D(g_o) = i_
(0)
DG 1:5
O (0



First iterate

If we set:
2 u@ 3 2 @ 3 2 U@ 3
4 (D5 =4x05+4n05: (16.32)
| (1) | (0) O (0
we will obtain: 2 (1)3
Hy > 150
H(z) 0:5
X(l) = 0:57;
1
(1) 1.5
% 0:5
| (1)

which will notsatisfythe non-n@ativity constraintnx or L.



First iterate, continued
Insteadwe will updateaccordingto:

2 Fe 3 2 O 3 2 0O 3
4 X(1)5 -4 X(0)5 + a(0)4 D((O)S :
| (1) | (0) O (0

where0 < a(9 < 1is choserto preventtheiteratesfrom goingoutside
n> 0;x> 0. 2 3

(0)
For theinitial guess ” 9 , theboundaryis 0:5 unit away in

O 5
theLy norm.



First iterate, continued

Usingtherule suggesteih Section16.4.3 wepicka(®  1tocomeno
closerthan(0:9995 0:5 unitsof thedistancaowardstheboundary

We choosehelargesta(© suchthat:

° (0) ° (0) 3

DJ(O) Ll<10>
a(o)g . % o:9995§ Ho % ;
D<(1 ) Xt
I:)((20) X(20)
whichyieldsa(® = 0:49975and:

2 )3 ,
“ L) 0:99975 >
1 0:00025
X(11> 0:00025

(1) 0:99975

% 1:250375

| (l)



16.4.4 Adjustmentof the barrier parameter
16.4.4.1 Sequencef equality-constainedproblems

In principle,we could continueiteratingwith a x edvaluet = t(O until
we approachta minimizerx(9)? of equality-constraine®roblem(16.22.
We couldthenusex(9)? asthe startingpoint for the Newton—Raphson
methodfor Problem(16.22 for asmallervalueoft.

Thatis, we would beaccuratelysolvinga sequencef
equality-constrainegdroblemsfor pointsthatareonthe centralpath.
However, we wantto reducet asquickly aspossiblesothattheiterates

converge quickly to a minimizer of theinequality-constrained
Problem(16.1).



16.4.4.2 Reductiorof barrier parameterat everyiteration

Theminimizerof Problem(16.1) cantypically beapproachednore
quickly by reducingt afterevery Newton—Raphsompdate.
For Problem(16.4), we startedfar from its minimizerwith aninitial guess

of x(O = 82 andusedarelatively largevalueoft = t(Q = 0:25.

NeverthelessxD is actuallyvery closeto the minimizerof
inequality-constraine®roblem(16.4).

Thatis, XY canbethoughtof asbeingcloseto a minimizerof
Problem(16.17 for amuchsmallervalueof t thant(®.



16.4.4.3 Effectivevalueof barrier parameter
We would like ameasuref how closethe currentiterateis to aminimizer
of the original inequality-constrainegroblemandadjustt accordingly
Insteadof interpretingx(Y) asanapproximateminimizerof
Problem(16.22 fort = t(9, we will seeif we caninterpretxY) asan
exact(or nearlyexact) minimizerof Problem(16.22 for someother
hopefullysmaller valueoft.

We think of this valueof t asthe effective valuet'?. .. _for which x( is

C .. effective
nearlythe minimizerof Problem(16.22.
Wewill thenpickt® < t¥_ for thevalueoft to applyin the next

effective

Newton—Raphsomipdateto calculatex(?.
By continuingin this way we will construciasequencéteﬁecwegn o and
correspondingapproximate)minimizersx(™ of Problem(16.22 for

_ +(n)
t=1t

effective*



Effectivevalueof barrier parameteycontinued

If thesequencétéﬁ)ecwegn o convergesto 0 thenwe have achieved our
goalof asequencef minimizersof Problem(16.22 witht! O.

We will have avoidedthe effort of performingmary iterationsateach
valueof the barrierparametet to solve Problem(16.22.

To interprettheiteratesasapproximataninimizersof Problem(16.169 for

avalueof barrierparametet = té?f)ective' recallthatwe have beentrying to

solve (16.29—(16.29. o 3

(1)
u
We aregoingto interpret4 x(U S togethemwith avalueté%cﬁve asnearly
| (1)

satisfying(16.279—(16.29.



Effectivevalueof barrier parameteycontinued

We will assumehat(16.29 and(16.29 arevery nearlysatis ed by p
andx(D.

Let:
SHUTE
m _ XPTEY
teffective = T n (16.33)
wheren is thelengthof x, sothatthattéflf)ective is theaveragevalueof

DD,

If thevaluesof x pgl) do notvarytoo muchwith °, then:

xOy® & 1 o

effective

Thatis, xX(V andp(V) satisfy(16.27 approximatelyfor t = tgggcﬁve.



16.4.4.4 Updateof barrier parameter

We now set:
1 L .
t( ) < teffective'
For example,we couldchoose:
@
t(l) — _effective.
n ]
x01"u®
= T

For largen, thisreduces signi cantly ateachstep.

We now mustsolve (or approximatelysolve) the barrierproblemfor the
updatedvaluet = tD.

As initial guesgor the minimizerof the barrierproblemfor t = t() we
canusep®; x| (D).



Updateof barrier paramete,rconﬁinued

3
DJ(]-)
We calculatethe Newton—Raphsostepdirection4 Dx(Y) 9, andupdate
O @
accordingo: 2 3 2 3 5 3
(@° C U
4425 = 4 x5 4 34 QD5 -
| () | (1) O @

wherea( is choserto ensurethatthex(® andp(? strictly satisfythe
non-n@ativity constraints.



16.4.4.5 Adjustmentf barrier parameterin exampleproblem

In Problem(16.4), sincen = 2 is rathersmall,we will take anevenmore
aggressie approachandset:

1
t@ = 1Ot§?ecwe— 2:499375 10 5:

Wesolwe LY = B, where:

2 3
| 0 0
L = 2[)((1)] 1|\/|(1) | og;
0 [x<1>]*[M<1>] '
2 0 0 o3
0 00
— 53999 1 0 oz;
o 2501 10 4 0 10
0 2:501 10 % 3999 1



Adjustmenbf barrier parameterin exampleproblem,continued

2 13
1 (1
Xg) t(l)[ )]
1 1
W op

1 HD+¢”

1) (1)
Xq +1

2 2 73
2:250 10
g 0:899775 Z

1:251
0: 250

2 43
2:250 10
0:899775

E 2:150 z

0:250
10021050



Adjustmenb5barr|e§ parameternn exampleproblem,continued

DJ(]-)
Now we sohve U4 k(D 5 = Y, where:
O @
2 3
[M(l)] x(l) | 0
- § X®] M 1 ¢
(1 1 1), L
, 0 1 50 ) 5
2:501 10 4 0 1 0 0
0 3099 O 1 0
= 0 0 3999 0 17
0 0 0 2501 10 4 1
0 0 0 0 3999



Adjustmenbf barrier parameterin exampleproblem,continued

sothat: 2 3
D-J-(ll) ? 1:000
o 2:251 10 4
D(<11> =§ 4:751 10 ‘é:
D(<21) 4:755 10 4
o 0:25032



Adjustmenbf barrier parameterin exampleproblem,continued

Solvingfor a? to bring the next iterateno closerthan0.9995of the
distanceo theboundazryof x3 O Owe nd at® = 0:526and:

2
“12 2 1:525428 3
(2) 1:317 10 4

X<12) =§3:056 10 77:
(2 0:99999987

2 .

e 1:119

After only two iterations x(? is extremelycloseto the minimizer of

Problem(16.4), whichis x* = 1

Theoptimalvaluesof the othervariablesare: p” = CZ) andl ? = [1].



Adjustmenbf barrier parameterin exampleproblem,continued
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Fig. 16.11. Progress
of primal—dual interior
point algorithm in x
coordinates for Prob-
lem (16.4). Thefeasible
set is indicated by the
solidline.



Adjustmenbf barrier parameterin exampleproblem,continued

I
@
2o | (0

Fig. 16.12. Progress
of primal—dual interior
point algorithm in p
and | coordinatesfor
Problem(16.4).




16.4.4.6 Rateof corvergence

For largerandmorecomplex problemswe shouldexpectto take more
iterationsto approachlanaccurateanswerandwe might expectto usea
lessaggressie reductionof the barrierparametet at eachiteration.
Empirically, however, evenlarge problemsusuallytake no morethana
few tensof iterationsto solve to high accurag.

Variantsof this algorithmcanbe provento converge supetlinearly or
quadraticallyfor linearandquadratigorogrammingproblemsandfor
someothertypesof convex objectves.



16.4.5 Finding an initial feasibleguess

As with theactive setalgorithm,we must nd aninitial feasibleguessan
phasel beforeproceedingo minimizethe objectve in phase2.

We requirethattheinitial guesdor the primal—dualinterior point
algorithmsatis esx> O andu> O.

Again,we will de ne aproblemrelatedto Problem(16.1) thatincludes
arti cial variablesandapplythe primal—dualinterior pointalgorithmto it.
Thereareanumberof possiblewaysto de ne therelatedproblem.



Finding an initial feasibleguessgcontinued
For examplelet X9 2 R%, | supposeA haslinearly independentows,
deneb=b AX9, andconsiderthe problem:

min fwjAx+ bw= b;x Ow 0g: (16.34)
xX2RMwW2R
Notethatx(9 andw9 = 1 satisfythe equalityandstrictly satis esthe
inequalityconstraintof Problem(16.34 andis thereforeafeasibleinitial
guesdor this problemthatcanbe usedby the primal-dualinterior point
algorithm.
We solwe this problemusingthe primal—dualinterior point algorithmand

this feasibleinitial guess.
?

If v)\j? is aminimizerof Problem(16.34 with w” = 0 thenx’ satis es

the equalityandinequalityconstraintsof Problem(16.1).

If x? > 0 thenthe primal—-dualinterior pointalgorithmcanthenusex” as
aninitial guesdor solvingProblem(16.1).

If w”> 0thenProblem(16.]) is infeasible.



16.4.6 Summary

16.4.6.1 Initial gyess 4
(@

Thealgorithmbeginswith aninitial guesst x(9 9 satisfyingAX© = b,
| (0)

uO > 0;x(9 > 0, andwith aninitial barrierparametet(©.



16.4.6.2 Geneal iteration
Newton—Raphsonstepdir ection
At then-th iteratipnwe solve (16.30 for the Newton—Raphsoistep
m(n)
direction4 Dx(M 5.
g (m
Thecoefcient matrix hasbeenpartially block factorizedasshovn
in (16.37).
Thefactorizationshouldbe completedoy analgorithmfor symmetric
inde nite matricesasmentionedn Section5.4.7.



Step-size
Theiterateis updatedaccordingo:

2 p(n+ ) 3 2 (M 3 2 DM 3
45+ 5 =454+ gMAnp5:
| (n+1) | (n) O (m

wherea(" is chosersothatp(™ D > 0 andx(™ 1D > 0, (andpossiblyalso
to satisfya sufcient decreaseriterionfor thebarrierobjectvef.)
Oneruleto ?uaranteelon-n@ativity of U™ D andx(™ D jsto set:
" ( ) #
(n)

a™ = min 1.0;0:9995  min

Thestep-sizanay have to bereducedurtherto satisfythe sufcient
decreaseriterionfor thebarrierobjectief .



16.4.6.3 Updateof barrier parameter
We thenupdatethevalueof the barrierparameteusingarule suchas:

o (n+1)_(n+1)
t(n+1):an:1l1‘ X

n2



16.4.6.4 Stoppingcriteria

Theiterationscontinueuntil t(" is sufciently reducedthechangen
iterateds small,andthe rst-order necessargonditionsof
Problem(16.1) aresatis edsufciently accurately

In the caseof linearandquadratigorogramswe canuseduality to
developa stoppingcriterionthatguaranteeslosenessf f(x(M) to the
minimum.

Supposehatat eachiterationn we generatéateratesx<(™’ > 0;1 (", and

M > 0 thatsatisfy(16.28—(16.29 thenwe canuseduality to boundthe
errorin theestimateof thein mum by:

f(x(My inf £ f(xjAx=bix  0g TOE
X n
If the problemhasa minimumandwe iterateuntil:
HOTR e

then f(x(M) will bewithin es of theminimum.



16.4.7 Discussionand variations

If fisquadraticdhenlinearizing(16.29 introduceso errorsothatthe
Newton—Raphsomipdatecanexactly predictthe changesecessaryo
satisfy(16.29—(16.29.

(16.27) is alwaysnon-linearandwe neglectimportanttermswhenwe
linearizeit.

A developmenibf the primal-dualalgorithmwe have describedcalled
the primal—dualpredictor—corrector method, useshefactorization
of (16.30 for two successie updatespneof whichis usedto bring the

iteratescloserto beingonthe centralpathby reducingthe variationof
X ™ with .

If the problemformulationrequiresnon-negativity constraintononly
someof the entriesof x, thenthebarrierfunctiontermsandthe
correspondind.agrangemultiplierscanbe omittedfor the othet

unconstrainecentries.



16.5 Summary

We have describedptimality conditionsfor non-neatively constrained

minimizationproblemsconsideringalsothe specialcaseof convex
problems.

We thenconsideredictive setalgorithmsbrie y andinterior point

algorithmsin moredetailasalgorithmsto solve non-ngjatively
constrainegroblems.



