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Part I
Linearsimultaneousequations
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4
Casestudiesof linearsimultaneousequations

(i) Solutionof Kirchhoff 's laws in asimpleelectricalcircuit
(Section4.1), and

(ii) Searchfor asetof inputsto a “discrete-timelinearsystem”thatwill
bring thesystemto adesiredstate(Section4.2).
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4.1 Analysisof a dir ect curr ent linear circuit
4.1.1 Motivation

� Wewantto calculatethebehavior of acircuit.
� Circuitsarecharacterizedby Kir chhoff's laws.
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4.1.2 Formulation
� Consideracircuit consistingof interconnectedresistorsandcurr ent

sourcesasshown in Figure4.1.
� A circuit canbethoughtof asaspecialtypeof graphwherethebranches

arecomponents.
� Wewantto:

– calculateall theelectricalquantitiesassociatedwith thecircuit, and
– characterizehow thesequantitieschangeif thecircuit changes.
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Fig. 4.1. A ladder cir-
cuit consistingof resis-
torsandcurrentsources.
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4.1.2.1 Variablesof interest
� Basicissuein problemformulationis to identify anddistinguish:

– thevariablesof interestfrom
– thevariablesthatareof lessimportance.

� Thischoiceis oneaspectof Occam's razor:
– Themodelshouldbenomorecomplicatedthanis necessaryto represent

theimportantissues,where“important” dependsonourperspective.
� In typical circuits,weseekvaluesof:

– thevoltagesacrosstheresistorsandcurrentsources,and
– thecurrentsthroughtheresistors.

� Weusuallyneglectmostotherquantities.
� For thisproblem,wecouldeither:

– usethenodal voltagesastheindependentvariablesandcalculatethe
current�o wing througheachresistorin termsof thenodalvoltages,or

– usethebranch curr entsastheindependentvariablesandcalculatethe
branchvoltagesin termsof thebranchcurrents.

� A nodalbaseddescriptionwill have lessvariables.
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4.1.2.2 Kirchhoff 's voltage law
� Kir chhoff's voltagelaw expressesthefactthatthevoltagearoundany

loop is zero.
� Thismeansthatwecansingleoutoneof thenodesandcall it thedatumor

groundnodeandmeasureall voltageswith respectto thedatumvoltage.
� Wewrite xk for thevoltageof nodek = 0; : : : ;n with respectto thedatum

voltage,wherek = 0 is thedatumnode.
� Kirchhoff 's voltagelaw is anexampleof aconservation law.

4.1.2.3 Branch constitutiverelations
� Thebranch constitutive relationsexpresstherelationshipbetween

branchcurrentandvoltage.
� For a resistorthereis a linearrelationshipbetweenresistorcurrentand

voltage.
� For acurrentsource,thebranchcurrentis constant.
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4.1.2.4 Kirchhoff 's currentlaw
� Kirchhoff 's currentlaw expressesconservationof chargewhencurrentis

�o wing in acircuit.

� Thenetcurrent�o wing from node1 into thecomponentsincidentto
node1 is:

x1 � x0

Ra
+

x1 � x2

Rb
� I1;

� Re-arranging:
�

1
Ra

+
1
Rb

�
x1 +

�
�

1
Rb

�
x2 = I1: (4.1)

�
�

1
Rb

�
x1 +

�
1
Rb

+
1
Rc

+
1
Rd

�
x2 +

�
�

1
Rd

�
x3 = 0; (4.2)

�
�

1
Rd

�
x2 +

�
1
Rd

+
1
Re

+
1
Rf

�
x3 +

�
�

1
Rf

�
x4 = 0; (4.3)

�
�

1
Rf

�
x3 +

�
1
Rf

+
1
Rg

�
x4 = I4: (4.4)
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4.1.2.5 Nodaladmittancematrixandvoltageandcurrentvector

A =

2

6
4

A11 A12 A13 A14
A21 A22 A23 A24
A31 A32 A33 A34
A41 A42 A43 A44

3

7
5 ;

=

2

6
6
6
6
4

1
Ra

+ 1
Rb

� 1
Rb

0 0
� 1

Rb
1

Rb
+ 1

Rc
+ 1

Rd
� 1

Rd
0

0 � 1
Rd

1
Rd

+ 1
Re

+ 1
Rf

� 1
Rf

0 0 � 1
Rf

1
Rf

+ 1
Rg

3

7
7
7
7
5

; (4.5)

x =

2

6
4

x1
x2
x3
x4

3

7
5 : (4.6)

� ThematrixA is calledthenodal admittancematrix .
� Thevariablex0 is not includedin ourde�nition of thevectorx.
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Nodaladmittancematrixandvoltageandcurrentvector, continued

b =

2

6
4

b1
b2
b3
b4

3

7
5 =

2

6
4

I1
0
0
I4

3

7
5 : (4.7)

4.1.2.6 Linearequations

Ax=

2

6
6
4

å 4
k= 1A1kxk

å 4
k= 1A2kxk

å 4
k= 1A3kxk

å 4
k= 1A4kxk

3

7
7
5 :

� If wewrite Ax= b, we reproducethenodalequations(4.1)–(4.4) for our
system.

� Wecall A thecoef�cient matrix , while b is calledtheright-hand side.
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4.1.3 Changes
� In our laddercircuit, therearetwo typesof circuit componentsthatcan

change:
– eitherthecurrentsfrom thecurrentsourcesvary, correspondingto a

changein theright-handsideof thelinearsystem,b, or
– theresistancesvary, correspondingto achangein thecoef�cient matrix

of thesystem,A.
� For eachtypeof componentor parameterchange,wecanconsidertwo

relatednotionsof change:
(i) in�nitesimal changesin componentor parametervalues,

providing asensitivity analysis, and
(ii) largechangesin componentvaluesor parameters.
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4.1.3.1 Sensitivity
� Sensitivity analysis, sometimescalledsmall-signalsensitivity analysis

in thecontext of circuit theory, is thecalculationof apartialderivativeof
thesolutionx?, or a functionof thesolution,with respectto some
parameter.

� For example,wemightwantto calculatethepartialderivativeof the
solutionfor aparticularvoltage,sayx2, with respectto thevalueof:

– acurrentsource,sayI4, to obtain
¶x?

2
¶I4

,

– a resistor, sayRb, to obtain
¶x?

2
¶Rb

, or

– thetemperature,T, to obtain
¶x?

2
¶T .
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Sensitivity, continued
� As anotherexampleof asensitivity analysis,wemayalsowantto

considerthesensitivity of aperformancecriterion or objective function
to variationsin parameters.

� For example,considerthefunction f : R4 ! R de�ned by:

8x 2 R4; f (x) = (x1)2 + 2(x2)2 + 3(x3)2 + 4(x4)2: (4.8)

� Wemightwantto calculatethederivativeof f ?(� ) = f (x?(� )), with
respectto thevalueof:

– acurrentsource,sayI4, to obtain
¶f ?

¶I4
,

– a resistor, sayRb, to obtain
¶f ?

¶Rb
, or

– thetemperature,T, to obtain
¶f ?

¶T .
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4.1.3.2 Largechanges
Changein curr ent source

� Consideravariationin thecurrentinjectionb` atnode` by anamountDb`
� Thenew circuit mustsatisfyAx0= b+ Db.

t t t t t

t t t t t
1 2 3 4

0

��

� �

" I1
��

��

"Db2Ra

Rb

Rc

Rd

Re

Rf

Rg
��

��

" I4 Fig. 4.2. The ladder
circuit of Figure 4.1
with a change,Db` , in
the current injected at
node` = 2.
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Changein resistance

� Consideravariationin theresistanceof theresistorjoining nodes̀ andk.
� Thechangein A is DA, whereDA haszeroseverywhereexceptin the`` -th,

`k-th, k`-th, andkk-th entries.
� Thenew circuit mustsatisfy(A+ DA)x0= b.

t t t t

t t t t
1 2 3 4

0

��

� �

" I1 1
Ra

1=Rb

1
Rc

1=Rd

DG23

1
Re

1=Rf

1
Rg ��

��

" I4

Fig. 4.3. The ladder
circuit of Figure 4.1
with resistorsre-labeled
with their conductances
andwith achangein the
conductance between
nodes` = 2 andk = 3.
Notethattheconvention
for labelingtheresistors
has changedcompared
to theprevious�gures.
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4.1.4 Problemcharacteristics
4.1.4.1 Numbersof variablesandequations

� SinceA is asquarematrix,wecall Ax= b asquaresystemof linear
equations.

4.1.4.2 Solvability
� Sincethiscircuit alwayshasauniquesolution,Ax= b is solvablefor any

givenb andthereis only onesolution.
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4.1.4.3 Admittancematrix

8` = 1; : : : ;n;8k = 1; : : : ;n;

A`k =

8
>>>>>>>>><

>>>>>>>>>:

sumof theconductancesconnectedto node`,
if ` = k,

minustheconductancejoining ` andk,
if ` 6= k andthereis a resistorbetweeǹ andk,

0;
if ` 6= k andthereis no resistorbetweeǹ andk:

(4.9)

Symmetry

� A is symmetric.
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Sparsity

� In a largeladdercircuit, theA matrixwouldbemostlyzeros.
� Wecall amatrix sparseif mostof its entriesarezero.
� By choosingasdatumnodethenodewith themostbranchesincidentto

it, wewill minimizethenumberof non-zerosin theadmittancematrix.
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Fig. 4.4. A graph with
n = 8 nodes and all
n(n� 1)

2 = 28 possible
branches.For clarity in
this graph,eachnodeis
representedby a bullet
� , while each branch
is represented by a
line. This is a different
convention to that used
in �gures 4.1–4.3.
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Diagonaldominance

� EntryA`` in A is greaterthanthesumof theabsolutevaluesof theother
entriesin the`-th columnof A.

� Suchamatrix is calledstrictly diagonally dominant.
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Changesin the admittancematrix

� For achangein a resistorbetweennodes̀ andk:

DA = DG`k

2

6
6
6
6
6
6
4

`-th columnz}|{ k-th columnz}|{

1 � 1 g `-th row

� 1 1 g k-th row

3

7
7
7
7
7
7
5

: (4.10)

� For achangein a resistorbetweennode` andthedatumnode:

DA = DG`0

2

6
6
4

`-th columnz}|{

1 g `-th row

3

7
7
5 : (4.11)
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4.2 Control of a discrete-timelinear system
4.2.1 Motivation

� Investigatetheconditionsunderwhichwecanshift thestateof the
systemto adesired�nal valueby adjustingtheinputsoverasequenceof
time intervals.

� Thatis, wearegoingto considertheopenloop controlof thesystem.
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Motivation, continued

-
u(t)

plant
w(t)

�controller
Fig. 4.5. A feedback
control system applied
to aplant.

� In a feedbackcontroller, asillustratedin Figure4.5, weusetheoutput
(or thestate)of thesystemto decideon thecontrols.

� Furthermore,in optimal control we recognizethecostsof certaincontrol
actionsandstates.

� Theseposesomewhatdifferentproblemsto theonewe investigatein this
casestudy.

� However, severalof theissuesturnout to besimilar.
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4.2.2 Formulation
4.2.2.1 Variables

� Thestateof thesystemis thesmallestsetof variables,w 2 Rm, say, such
that:
– w includesall thevariablesof interestasasub-vector, and
– knowledgeof thevalueof w for any particulartimet = t0, togetherwith

knowledgeof thevaluesof theinputu(t) to theplantfor t1 � t � t0
completelyspeci�esthevalueof w for any timet1 � t � t0.

� Wewrite w(kT) for thevalueof w at thek-th samplinginstant.
� Weassumethattheinput staysconstantbetweenthek-th and(k+ 1)-th

samplinginstantsothatu(t) = u(kT);kT � t < (k+ 1)T.
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4.2.2.2 Behaviorof system
� By thede�nition of state,thevalueof thestateat timekT andthevalueof

theinput for periodk determinesvalueof thestateat time (k+ 1)T.
� Thatis, for eachk, thereexistsa functionf (k) : Rm � R ! Rm:

8k 2 Z;w((k+ 1)T) = f (k)(w(kT);u(kT));

Linear: 8k 2 Z;8w 2 Rm;8u 2 R; f (k)(w;u) = G(k)w+ h(k)u;
Time-invariant: 8k 2 Z;w((k+ 1)T) = f (w(kT);u(kT));

Linear time-invariant:
8k 2 Z;8w 2 Rm;8u 2 R; f (k)(w;u) = Gw+ hu:

� Lineartime-invariantsystemsbehaveaccordingto thediffer ence
equation:

8k 2 Z;w([k+ 1]T) = Gw(kT) + hu(kT): (4.12)

� G is calledthestatetransition matrix .
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4.2.2.3 Changingthestateof thesystem
� At timekT = 0 theplantis in statew(0) 2 Rm andwewould like it

insteadto bein someotherdesired�nal statewdesired2 Rm.
� Thatis, w(nT) = wdesired.

w(nT) = Gw([n� 1]T) + hu([n� 1]T);
onsubstitutingfor w(nT) from (4.12) for k = n� 1,

= (G)2w([n� 2]T) + Ghu([n� 2]T) + hu([n� 1]T);
onsubstitutingfor w([n� 1]T) from (4.12) for k = n� 2,

= (G)3w([n� 3]T) + (G)2hu([n� 3]T)
+ Ghu([n� 2]T) + hu([n� 1]T); continuing;

... ...

= (G)nw(0) +
n� 1

å
k= 0

(G)n� 1� khu(kT):
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Changingthestateof thesystem,continued
� De�ne:

A =
�
(G)n� 1h (G)n� 2h � � � Gh h

�
;

x =

2

6
6
6
4

u(0T)
u(1T)
...
u([n� 2]T)
u([n� 1]T)

3

7
7
7
5

;

b = wdesired� (G)nw(0):
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Changingthestateof thesystem,continued
� Then:

Ax =
�
(G)n� 1h (G)n� 2h � � � Gh h

�

2

6
6
6
4

u(0T)
u(1T)
...
u([n� 2]T)
u([n� 1]T)

3

7
7
7
5

;

=
n� 1

å
k= 0

(G)n� 1� khu(kT):

� w(nT) will beequalto wdesiredif:

wdesired= (G)nw(0) + Ax:

� Thatis:
Ax= b: (4.13)
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4.2.2.4 Example
� Supposethatn = 2, m= 2, and:

h =
�

0
1

�
;

G =
�

0 1
1 1

�
;

w(0) =
�

1
3

�
;

wdesired =
�

3
7

�
:
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Example, continued
� Then:

A = [Gh h] ;

=
�

1 0
1 1

�
;

b = wdesired� (G)nw(0);

=
�

� 1
0

�
:

� Solvingfor x, weobtain:
�

u(0T)
u(1T)

�
= x;

=
�

� 1
1

�
:
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Example, continued
� For thisparticularexample,it is alsopossibleto �nd acontrolu(0T) that

achievedthedesired�nal statein onetime-step;thatis, for n = 1.
� In particular, thereis asolutionu(0T) 2 R to:

hu(0T) = wdesired� Gw(0);

namelyu(0T) = 3.
� However, it will typically requiremorethanonetime-stepto achievea

desiredstate.
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4.2.2.5 Labelingof vectorandmatrixentries
� Thecolumnsof A arelabeledfrom 0 to (n� 1).
� Thiscontrastswith thelabelingof thevariablesin thecasestudyin

Section4.1wheretheentrieswerelabeledfrom 1 to n.
� In general,wecanlabeltheentriesof avectorin any waywechoose.

4.2.3 Changes
4.2.3.1 Initial anddesiredstate

� If wdesiredor w(0) change,thentheright-handsideb in thelinear
equation(4.13) will alsochangecorrespondingly.

4.2.3.2 System
� If thebehavior of theplantchanges,thenthestatetransitionmatrixG and

thereforethecoef�cient matrixA in (4.13) will change.
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4.2.4 Problemcharacteristics
4.2.4.1 Numbersof variablesandequations

� Thenumberof variablesis n, which is equalto thenumberof entriesin x,
but thenumberof equationsis equalto m, which is thenumberof entries
in b.

4.2.4.2 Solvability
� It is notalwaysthecasethat(4.13) is solvable.
� Solvability will dependonG, h, wdesired, w(0), andonn.

4.2.4.3 Coef�cient matrix
� Thecoef�cient matrix is notsymmetricandhasdifferentnumbersof rows

andcolumns.
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5
Algorithmsfor linearsimultaneousequations

� Considergenerallyhow to solve largesystemsof theform:

Ax= b: (5.1)

� A is calledthecoef�cient matrix , while b is calledtheright-hand side
vector.
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� First considerspecialcasesof coef�cient matrices:

Upper triangular: U =

2

4
2 3 4
0 � 9

2 � 9
0 0 1

3

5 ; (5.2)

Lower triangular: L =

2

4
1 0 0
7
2 1 0
4 2

3 1

3

5 : (5.3)

Key issues
� Solutionof triangular systemsandfactorization of matrices,
� computational effort andparticularfeaturesof problems,suchas

symmetry andsparsity thatcanreducethenecessarycomputational
effort,

� sensitivity analysisandill-conditioning ,
� solutionof non-squaresystems.
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5.1 Inversionof coef�cient matrix
� SupposethatA is invertible with inverseA� 1.
� Let x = A� 1b.
� Then:

Ax = AA� 1b;
= Ib; by de�nition of inverse,
= b; by de�nition of I .

� Craḿer's rulesaysthatk`-th entryof A� 1 is givenby:
(� 1)`+ k times
thedeterminantof thematrixobtainedfrom A by deletingits `-th row

andk-th column,dividedby
thedeterminantof A.

� Computationaleffort is on theorderof n! arithmeticoperations.
� If n is largethenCraḿer's rule is impracticalbecausethecalculationof

determinantsis toocomputationallyintensive.
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Inversionof coef�cient matrix, continued
� Nevertheless,Craḿer's rulecanbeextremelyusefulfor:

– proving propertiesof matrices,
– invertingsmallmatrices,sinceCraḿer's ruleallows theinverseto be

writtendown explicitly. For example,for A 2 R2� 2, if
A11A22 � A12A21 6= 0 thenA is invertibleand:

A� 1 =
1

A11A22 � A12A21

�
A22 � A12

� A21 A11

�
; (5.4)

– invertingspeci�c typesof matrices.
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5.2 Solution of triangular systems

5.2.1 Forwardssubstitution

5.2.1.1 Analysis

� If L is lower triangularthenL`k = 0;8` < k.

� Supposewewantto �nd y? 2 Rn satisfyingLy = b.

� (Wewill seein Section5.3.1thereasonfor choosingy asthedecision
variableinsteadof x.)

b1 = L11y1;
b2 = L21y1 + L22y2;
b3 = L31y1 + L32y2 + L33y3;

... ...
bn = Ln1y1 + Ln2y2 + Ln3y3 + � � � + Lnnyn:
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Analysis,continued
� Re-arranging:

y1 =
b1

L11
;

y2 =
b2 � L21y1

L22
;

y` =
b` � å `� 1

k= 1L`kyk

L``
: (5.5)

� Thisprocessis calledforwards substitution.
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5.2.1.2 Example

L =

2

4
1 0 0
7
2 1 0
4 2

3 1

3

5 ;

b =

"
9

18
28

#

;

y? =

2

4
9

� 27
2
1

3

5 :
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5.2.2 Backwardssubstitution

5.2.2.1 Analysis

� If U is uppertriangularthenU`k = 0;8` > k

� Supposethaty 2 Rn is givenandwewantto solveUx = y.

U11x1 + � � � + U1;n� 2xn� 2 + U1;n� 1xn� 1 + U1;nxn = y1;
... ...

Un� 2;n� 2xn� 2 + Un� 2;n� 1xn� 1 + Un� 2;nxn = yn� 2;
Un� 1;n� 1xn� 1 + Un� 1;nxn = yn� 1;

Un;nxn = yn:
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Analysis
� Re-arranging:

xn =
yn

Un;n
;

xn� 1 =
yn� 1 � Un� 1;nxn

Un� 1;n� 1
;

x` =
y` � å n

k= `+ 1U`kxk

U``
:

� Thisprocessis calledbackwardssubstitution.
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5.2.2.2 Example

U =

2

4
2 3 4
0 � 9

2 � 9
0 0 1

3

5 ;

y =

2

4
9

� 27
2
1

3

5 ;

x? =

"
1
1
1

#

:

Title Page JJ II J I 42 of 139 Go Back Full Screen Close Quit



5.2.3 Computationaleffort
5.2.3.1 Forwardssubstitution

� Forwardssubstitutioncalculatesy` ; ` = 1; : : : ;n.
� Calculationof y1 requiresadivision.
� Calculationof eachy` for ` = 2; : : : ;n requires:(` � 1) multiplications,

(` � 2) additions,asubtraction,andadivision.
� In total, this is:

n

å
`= 2

(` � 1) =
1
2

(n� 1)n multiplications;

n

å
`= 2

(` � 2) =
1
2

(n� 2)(n� 1) additions;

(n� 1) subtractions;
n divisions:
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5.2.3.2 Backwardssubstitution
� Backwardssubstitutioncalculatesx` ; ` = n; : : : ;1.
� Calculationof xn requiresadivision.
� Calculationof eachx` for ` = (n� 1); : : : ;1 requires:(n� `)

multiplications,(n� ` � 1) additions,asubtraction,andadivision.
� In total, this is:

n� 1

å
`= 1

(n� `) =
1
2

(n� 1)n multiplications;

n� 1

å
`= 1

(n� ` � 1) =
1
2

(n� 2)(n� 1) additions;

(n� 1) subtractions;
n divisions:

5.2.3.3 Overall
� Overall effort is on theorderof thesquareof thenumberof variables.
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5.3 Solution of square,non-singular systems
5.3.1 Combiningforwardsandbackwardssubstitution

� SupposethatwecanfactorizeA 2 Rn� n into LU, with L lower triangular
andU uppertriangular:

b = Ax; theequationwewantto solve,
= LUx; sinceA = LU,
= L(Ux);
= Ly;

� wherey = Ux.
� Wehave transformedtheproblemof solvingAx= b into thesolutionof

threesuccessiveproblems:
(i) factorizationof A into LU,
(ii) forwardssubstitutionto solveLy = b, and

(iii) backwardssubstitutionto solveUx = y.
� If A is singularthenwecannotfactorizeA into LU with L andU having

non-zerodiagonalentries.
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5.3.2 LU factorization
� Wewill specifyaseriesof “stages”to implementthealgorithm.
� M( j) representsamatrix thatis de�ned in the j-th stageof thealgorithm.
� To factorizeA, wewill multiply it on theleft by thenon-singularmatrices

M(1), M(2); : : : ;M(n� 1) suchthatthematrixU = M(n� 1)M(n� 2) � � �M(1)A
is uppertriangular.

� At eachstage,theproduct:

A( j+ 1) = M( j)M( j � 1) � � �M(1)A;

will becomesuccessively “closer” to beinguppertriangular.
� Wewill choosetheM( j); j = 1; : : : ;n� 1 to have two additional

properties:
(i) eachM( j) will belower triangularandthereforehavea lower

triangularinverse,and
(ii) [M( j)]

� 1
, theinverseof M( j), will beeasyto compute.
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LU factorization,continued
� We let:

L = [M(n� 1) � � �M(1)]
� 1

;

= [M(1)]
� 1

� � � [M(n� 1)]
� 1

:

� Thatis, L is theproductof (n� 1) lower triangularmatricesand,
therefore,L is alsolower triangular.

LU = [M(n� 1) � � �M(1)]
� 1

M(n� 1) � � �M(1)A; by de�nition,
= A;

� sothatA hasbeenfactorizedinto LU.
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5.3.2.1 First stage
Pivoting

� In the�rst stageof thealgorithm,we let:

M(1) =

2

6
6
6
6
4

1 0 � � � � � � 0
� L21 1 ... ...
� L31 0 1 ... ...

... ... ... ... 0
� Ln1 0 � � � 0 1

3

7
7
7
7
5

; (5.6)

� whereL`1 = A`1=A11; ` = 2; : : : ;n.
� De�ne A(2) = M(1)A.
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Pivoting, continued

A(2) =

2

6
6
6
4

A11 A12 � � � A1n

0 A(2)
22 � � � A(2)

2n... ... ...
0 A(2)

n2 � � � A(2)
nn

3

7
7
7
5

; (5.7)

A(2)
`k = A`k � L`1A1k;1 < `; k � n:

A(2)
`1 = A`1 � L`1A11; for 1 < ` � n,

= A`1 �
A`1

A11
A11;

= A`1 � A`1;
= 0:

� Wehavezeroedtheentriesin the�rst columnof A below its �rst entry.
� Wesaythatwehavepivotedon theentryA11.
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Pivoting, continued

� Notethat:
2

6
6
6
6
4

1 0 � � � � � � 0
� L21 1 ... ...
� L31 0 1 ... ...

... ... ... ... 0
� Ln1 0 � � � 0 1

3

7
7
7
7
5

2

6
6
6
6
4

1 0 � � � � � � 0
L21 1 ... ...
L31 0 1 ... ...
... ... ... ... 0

Ln1 0 � � � 0 1

3

7
7
7
7
5

=

2

6
6
4

1 0 � � � 0
0 1 ... ...
... ... ... 0
0 � � � 0 1

3

7
7
5 ;

� sothat:

[M(1)]
� 1

=

2

6
6
6
6
4

1 0 � � � � � � 0
L21 1 ... ...
L31 0 1 ... ...
... ... ... ... 0

Ln1 0 � � � 0 1

3

7
7
7
7
5

:
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Small or zero pivot

� Theconstructionwill fail if A11 = 0.
� If A11 is small in magnitudecomparedto A`1 thenL`1 = A`1=A11 will be

largein magnitude.
� For moderateto largevaluesof A1k thiswill meanthattheproductL`1A1k

canbelargecomparedto A`k.
� If so,A`k � L`1A1k will haveanerror, dueto round-off error, thatis large

comparedto A`k.
� Thatis, thecalculatedvalueA(2;calc)

`k differsfrom theexactvalueby

A(2;error)
`k :

A(2;calc)
`k = A`k � L`1A1k + A(2;error)

`k : (5.8)

Err or analysis

� Wecanre-arrange(5.8) to:

A(2;calc)
`k = (A`k + A(2;error)

`k ) � L`1A1k;

� wherewenow imaginetheerrorasbeingin theoriginalentryof A.
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Permuting rows and columns

� If A11 = 0 (or if A11 is small in magnitude),but A`k 6= 0 for somè andk
thenwecanreordertherowsandcolumnsandpivot onA`k instead.

� Thissimplycorrespondsto permuting:
– equatioǹ is re-numberedto beequation1, and
– variablek is re-numberedto bevariable1.

� Thisapproachis calledfull pivoting.

Partial pivoting

� Insteadof permutingbothrowsandcolumnswecanonly permute,say,
rows.

� Thepermutationof therowscanberepresentedby multiplying A on the
left by apermutationmatrixP 2 Rn� n:

P =
�

0 1
1 0

�
:
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Diagonalpivoting

� Equatioǹ is re-numberedto beequation1, and
� Variable` is re-numberedto bevariable1.

Summary

� In the�rst stageof thealgorithm,to calculateA(2) usingA11 aspivot, we:
– copy the�rst row of A into A(2);
– zerotheentriesin the�rst columnof A(2) below thediagonal;and
– explicitly calculatetheentriesA(2)

`k for 1 < ` � n;1 < k � n using

A(2)
`k = A`k � L`1A1k.

� Wecall A11 thestandard pivot.

Title Page JJ II J I 53 of 139 Go Back Full Screen Close Quit



5.3.2.2 Secondstage
Pivoting

� In thesecondstageof thealgorithm,wenow chooseM(2) to zerothe
secondcolumnof A(2) below thediagonal:

M(2) =

2

6
6
6
6
6
6
4

1 0 � � � 0
0 1 ...

� L32 1 ...
... � L42 0 ... ...

... ... ... ... 0
0 � Ln2 0 � � � 0 1

3

7
7
7
7
7
7
5

; (5.9)

� whereL`2 = A(2)
`2 =A(2)

22 ; ` = 3; : : : ;n.
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Pivoting, continued

� Let A(3) = M(2)M(1)A = M(2)A(2):

A(3) =

2

6
6
6
6
6
4

A11 A12 A13 � � � A1n

0 A(2)
22 A(2)

23 � � � A(2)
2n

0 0 A(3)
33 � � � A(3)

3n... ... ... ...
0 0 A(3)

n3 � � � A(3)
nn

3

7
7
7
7
7
5

; (5.10)

A(3)
`k = A(2)

`k � L`2A(2)
2k ;2 < `; k � n:

[M(2)]
� 1

=

2

6
6
6
6
6
6
4

1 0 � � � 0
0 1 ...

L32 1 ...
... L42 0 1 ...

... ... ... ... 0
0 Ln2 0 � � � 0 1

3

7
7
7
7
7
7
5

:
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Err or analysis

� As in Section5.3.2.1, wecaninterpretround-off errorsin thecalculation
of A(3) in termsof aperturbationintroducedinto A(2), whichwecan,in
turn, interpretin termsof aperturbationin theoriginalmatrixA.

Permuting rows and columns

� Theconstructionmayagain fail if A(2)
22 = 0.

� Again, full, partial,or diagonalpivotingcanbeusedif thereis asuitable
non-zeropivot A`k for some2 � ` � n and2 � k � n.
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Summary

� At thesecondstageof thealgorithm,to calculateA(3) usingA(2)
22 aspivot,

we:
– copy the�rst two rowsof A(2) into A(3);
– zerotheentriesin the�rst two columnsof A(3) below thediagonal;and
– explicitly calculatetheentriesA(3)

`k for 2 < ` � n;2 < k � n using

A(3)
`k = A(2)

`k � L`2A(2)
2k .

� Wecall A(2)
22 thestandardpivot.
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5.3.2.3 Subsequentstages
Pivot

8` > j;L` j = A( j)
` j =A( j)

j j ;

8` > j;8k > j;A( j+ 1)
`k = A( j)

`k � L` jA
( j)
jk : (5.11)

Err or analysis

� At eachstage,errorsin A( j+ 1) canbeinterpretedin termsof a
perturbationin A( j), whichcanbeinterpretedin termsof aperturbationin
theoriginalmatrixA.
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Summary

� At stagej of thealgorithm,to calculateA( j+ 1) usingA( j)
j j aspivot, we:

– copy the�rst j rowsof A( j) into A( j+ 1);
– zerotheentriesin the�rst j columnsof A( j+ 1) below thediagonal;and
– explicitly calculatetheentriesA( j+ 1)

`k for j < ` � n; j < k � n using

A( j+ 1)
`k = A( j)

`k � L` jA
( j)
jk .

� Wecall A( j)
j j thestandardpivot.

� Again, if A( j)
j j = 0 or if it is small in magnitude,thentherowsand/or

columnsof A( j) canbereorderedto placeasuitablenon-zeroentryA( j j)
`k ,

where j � ` � n and j � k � n, in the j j place.
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5.3.2.4 Laststage

U = A(n) = M(n� 1)M(n� 2) � � �M(1)A =

2

6
6
6
6
6
4

A11 A12 A13 � � � A1n

0 A(2)
22 A(2)

23 � � � A(2)
2n

0 0 A(3)
33 � � � A(3)

3n... ... ... ... ...
0 0 � � � 0 A(n)

nn

3

7
7
7
7
7
5

:

L = [M(n� 1) � � �M(1)]
� 1

=

2

6
6
4

1 0 � � � 0
L21 1 ... ...
... ... ... 0

Ln1 � � � Ln;n� 1 1

3

7
7
5 :
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5.3.2.5 Example

� A =

"
2 3 4
7 6 5
8 9 11

#

,

� b =

"
9

18
28

#

.

M(1) =

2

4
1 0 0

� 7
2 1 0

� 4 0 1

3

5 ;A(2) = M(1)A =

2

4
2 3 4
0 � 9

2 � 9
0 � 3 � 5

3

5 :

M(2) =

2

4
1 0 0
0 1 0
0 � 2

3 1

3

5 ;U = A(3) =

2

4
2 3 4
0 � 9

2 � 9
0 0 1

3

5 ;L =

2

4
1 0 0
7
2 1 0
4 2

3 1

3

5 :

� x? =

"
1
1
1

#

.
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5.3.2.6 Singularmatrices
� Factorizationcansometimesbeperformedonsingularmatrices.
� However, if factorizationfails then(undertheassumptionof in�nite

precisioncalculations)thematrix is singular.
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5.3.3 Computationaleffort
� At the j-th stage,wecalculate:

– the(n� j) entriesof L thatarein its j-th columnandlying below the
diagonal,

– the(n� j)2 valuesof A( j+ 1) thatarein thelower right of thematrix.
� Thetotaleffort thereforeis:

n� 1

å
j= 1

(n� j) =
1
2

n(n� 1) divisions;

n� 1

å
j= 1

(n� j)2 =
1
6

(2n� 1)n(n� 1) multiplications;

n� 1

å
j= 1

(n� j)2 =
1
6

(2n� 1)n(n� 1) subtractions:

� Theoverall effort for LU factorizationis thereforeon theorderof the
cubeof thenumberof variables.
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5.3.4 Variations
5.3.4.1 Factorizationin place

� To implementtheLU factorizationalgorithm,wecanstartwith acopy of
A andapplythepivot operationsdirectly to updatetheentriesin thecopy
of A, therebytransformingit into theLU factors.

� Theentriesof thelower triangleof L canbeenteredinto thelower
triangleof A asthey arecalculated,while theentriesof thediagonaland
uppertriangleof U canbeenteredinto thediagonalanduppertriangleof
A asthey arecalculated.

Title Page JJ II J I 64 of 139 Go Back Full Screen Close Quit



5.3.4.2 Diagonalentriesof L andU
� L hasoneson its diagonal,while theentrieson thediagonalof U werethe

pivots.
� WecaninsteadfactorizeA into two matricesL0andU0sothatU0hasones

on its diagonal,while theentrieson thediagonalof L0arethepivots.

5.3.4.3 LDU factorization
� Supposewe factorizeA into LU0.
� Let D havediagonalentriesequalto thediagonalentriesof U0

� De�ne U = D� 1U0.
� Wenow havea factorizationof A into LDU, whereD is adiagonalmatrix

andbothL andU haveoneson thediagonal.
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5.4 Symmetric coef�cient matrix
� If A is symmetric,wecansaveapproximatelyhalf thework in

factorization,solongasweonly usediagonalpivots.
� Symmetricsystemsoftenarisein circuit applications,aswehaveseen,

andalsooccurin optimizationapplications.
� Sometimes,asystemthatappearsat �rst to benot symmetriccanbe

madesymmetricby scalingtherowsor columnsor re-arrangingtherows
or columns.
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5.4.1 LU factorization

Lemma 5.1 SupposethatA is symmetricanddiagonalpivotingwasused
in the�r st stageof factorizationto reorder rowsandcolumns.Then:

(i) the�r st rowof A is equalto A11 timesthetransposeof the�r st
columnof L, (that is, theentriesin the�r st columnof L arranged
into a row),and

(ii) thesubmatrixof A(2) formedbydeletingits �r st rowandcolumn
is symmetric.

Proof Theproof involvescalculationof theentriesA(2). 2
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Lemma 5.2 Let2 � j � (n� 1) andconsiderthematrixA( j) formedat the
( j � 1)-th stageof thefactorization.Supposethat thesubmatrixof A( j)

obtainedbydeletingits �r st ( j � 1) rowsand( j � 1) columnsis
symmetric.Assumethatdiagonalpivotingis usedat the j-th stageof
factorization.ConsiderthematrixA( j+ 1) formedat the j-th stageof
factorization.Then:

(i) the j-th rowof A( j+ 1) is equalto A( j)
j j timesthetransposeof the

j-th columnof L, (that is, theentriesin the j-th columnof L
arrangedinto a row),and

(ii) thesubmatrixof A( j+ 1) formedbydeletingits �r st j rowsand j
columnsis alsosymmetric.

Proof Theproof is analogousto thatof Lemma5.1. 2
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Corollary 5.3 SupposethatA is symmetricandthatdiagonalpivotingis
usedat each stageof thefactorization.Thenfor each j, 2 � j � n, the
submatrixof A( j) formedbydeletingits �r st ( j � 1) rowsand( j � 1)
columnsis symmetric.Moreover, at theendof thefactorization,for each
`, the`-th rowof U is equalto U`` timesthetransposeof the`-th column
of L.

Proof By induction.Lemma5.1provestheresultfor j = 1. Lemma5.2
thenprovestheinductionstep.2
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5.4.2 Example

� A =

"
2 3 4
3 5 7
4 7 13

#

5.4.2.1 First stage

� M(1) =

2

4
1 0 0

� 3
2 1 0

� 2 0 1

3

5

� A(2) = M(1)A =

2

4
2 3 4
0 1

2 1
0 1 5

3

5

� A(2)
32 = A(2)

23
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5.4.2.2 Secondstage

� M(2) =

"
1 0 0
0 1 0
0 � 2 1

#

� A(3) = M(2)M(1)A =

2

4
2 3 4
0 1

2 1
0 0 3

3

5.

5.4.2.3 Laststage

� L = [M(1)]
� 1

[M(2)]
� 1

=

2

4
1 0 0
3
2 1 0
2 2 1

3

5.
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5.4.3 Computationalsavings
� Thesavingsin computationaleffort for thesmallexamplein Section5.4.2

is modest.
� For ageneralmatrix,calculatingonly thediagonalanduppertrianglein

the�rst stageof factorizationsavesa fractionof thework equalto:

(n� 1)2 � (n� 1)n=2
(n� 1)2 =

(n� 1)2=2� (n� 1)=2
(n� 1)2 ;

=
n� 2

2(n� 1)
;

�
1
2

; for n large.

� Similarly, ateachsuccessivestageapproximatelyhalf thework is saved,
sothatoverall approximatelyhalf thecomputationaleffort is required
comparedto factorizinganon-symmetricmatrix.
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5.4.4 LDL† andCholeskyfactorization
� Let D beadiagonalmatrixwith entriesequalto thediagonalof U.
� By Corollary5.3, U = DL†.
� Thatis, A = LDL† with thediagonalentriesof D beingthepivots.
� If theentriesof D areall positive, let R= D

1
2L†, wherethematrixD

1
2 is

diagonalwith eachdiagonalentryequalto thepositivesquarerootof the
correspondingentryof D.

� ThenA = R†Ris calledtheCholesky factorization of A.
� ThematrixR is uppertriangular.
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5.4.5 Discussionof diagonalpivoting
� In thecircuit casestudyfrom Section4.1, theadmittancematrix is strictly

diagonallydominantandsothediagonalentriesarerelatively large
comparedto theoff-diagonal.

� Diagonalpivoting is consequentlyadequatefor theparticularproblemin
ourcasestudy.

� In othercircuit formulationsandmoregenerallyin otherapplications,this
maynotbethecaseandoff-diagonalpivotingbecomesnecessary.
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5.4.6 Positivede�nite coef�cient matrix

Lemma 5.4 SupposethatA 2 Rn� n is symmetricandcanbefactorizedas
A = LDL†, with D 2 Rn� n diagonalandL lower triangular with oneson
thediagonal.ThenA is positivede�nite if andonly if all thediagonal
entriesof D arestrictly positive.
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Proof

) We �rst prove thatA beingpositivede�nite impliesthatthediagonal
entriesof D arestrictly positive. To prove this,weprove the
contra-positive. So,supposethatthereis at leastonediagonalentry, D`` ,
say, of D thatis not strictly positive. Wewill exhibit x 6= 0 suchthat
x†Ax� 0. To �nd suchax, solve theequationL†x = I ` for x. (This is
possiblesinceL is lower triangularandhasoneson its diagonal.We just
performbackwardssubstitutiononL†.) Noticethatx 6= 0, for else
I ` = L†x = L†0 = 0, which is acontradiction.Furthermore,

x†Ax = x†LDL†x; by assumptiononA;
= I `

†DI ` ; by de�nition of x;
= D`` ; ondirectcalculation;
� 0; by supposition:

Therefore,A is notpositivede�nite.
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( Wenow prove thatthediagonalentriesof D beingpositive implies
thatA is positivede�nite. So,supposethatall thediagonalentriesof D
arestrictly positive. De�ne thematrixD

1
2 to bediagonalwith each

diagonalentry
h
D

1
2

i

``
equalto thesquarerootof thecorresponding

diagonalentryof D. Thatis,
h
D

1
2

i

``
=

p
D`` ;8`. Let x 6= 0 begivenand

de�ne y = D
1
2L†x. We �rst claim thaty 6= 0.

For supposethecontrary. Thatis, supposethaty = 0. Then,h
D

1
2

i � 1
y = 0. (Noticethatthediagonalentriesof D

1
2 areall strictly

positive,sothatD
1
2 is invertible.)But then0 =

h
D

1
2

i � 1
y = L†x. Solving

L†x = 0 by backwardssubstitutionweobtainx = 0, acontradiction.
Therefore,y 6= 0.
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( continued Second,weobserve that:

x†Ax = x†LDL†x; by assumptiononA;

= x†LD
1
2D

1
2L†x; by de�nition of D

1
2;

= y†y; by de�nition of y;
= kyk2

2 ; by de�nition of k� k2;
> 0; sincethelengthof anon-zerovectoris strictly positive.

Thatis, A is positivede�nite. 2
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Theorem5.5 If A is symmetricandpositivede�nite, then:
(i) A is invertible,
(ii) A is factorizableasLDL†, with D diagonalhavingstrictly

positivediagonalentriesandL lower triangular with oneson the
diagonal,and

(iii) A� 1 is alsosymmetricandpositivede�nite.
2
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5.4.7 Inde�nite coef�cient matrix
� Consider:

A =
�

A B
B† C

�
:

� SupposethatA is asquaresymmetricmatrix thatis positivesemi-de�nite
or positivede�nite andthatC is asquaresymmetricmatrix thatis
negativesemi-de�niteor negativede�nite.

� Thecoef�cient matrixA is inde�nite ; thatis, it is neitherpositive
semi-de�nitenornegativesemi-de�nite.

� For example:

A =
�

1 0
0 � 1

�
:

� For anon-singularinde�nite matrix therearespecialpurposefactorization
techniquesto factorizethismatrix thattakeadvantageof theknown
partitioningof thematrix into positivede�nite andnegativede�nite parts.
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5.5 Sparsity techniques
� Thenon-zeroentriesin theadmittancematrixoccuronly:

– on thediagonal,and
– at thoseoff-diagonalentriescorrespondingto resistors,

� sothattheadmittancematrix is asparsematrix .
� Wemayalsohave right-handsidevectorsb thatonly havea few non-zero

entries.
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5.5.1 Sparsestorage
5.5.1.1 Sparsematrices

� Storeonly valuesandlocationsof thenon-zeroentriesin thematrix.

A =

2

6
4

1 2 0 5
2 1 3 0
0 3 1 4
5 0 4 1

3

7
5 : (5.12)

?
row 1

?

-
location 1 2 4 end

value 1 2 5

row 2 -

?

location 1 2 3 end
value 2 1 3

row 3 -

?

location 2 3 4 end
value 3 1 4

row 4 -
location 1 3 4 end

value 5 4 1

Fig. 5.1. Sparsematrix
storageby rows of the
matrix (5.12).
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5.5.1.2 Sparsevectors
� Sparsevectorscanbestoredasa list of pairsof numbersrepresentingthe

locationsandvaluesof thenon-zeroentriesof thevector.
� For example,considerthechangein thecircuit casestudyof Section4

illustratedin Figure4.2, which is repeatedfor referencein Figure5.2.
� In thiscircuit, thecurrentinjectedatnode2 changesby Db2.

t t t t t

t t t t t
1 2 3 4

0

��

� �

" I1
��

��

"Db2Ra

Rb

Rc

Rd

Re

Rf

Rg
��

��

" I4 Fig. 5.2. The ladder
circuit of Figure 4.2,
showing a change,Db` ,
in thecurrentinjectedat
node` = 2.
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Sparsevectors,continued
� Supposethatthevalueof thechangein thecurrentsourcewasDb2 = 1.
� Then,wecouldde�ne avectorDb 2 R4 thatrepresentsthechangesatall

nodesasspeci�edby:

Db =

2

6
4

0
1
0
0

3

7
5 : (5.13)

Db -
location 2 end

value 1 Fig. 5.3. Sparsestorage
of thevector(5.13).

5.5.1.3 Implementation
� A linkedlist of recordscanbeeasilymodi�ed by changingthepointers.
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5.5.2 Forwardsandbackwardssubstitution
5.5.2.1 Sparsematrices

� Forwardsubstitutionto solveLy = b:

y` =
1

L``

 

b` �
`� 1

å
k= 1

L`kyk

!

;

= b` � å
k < `

L`k 6= 0
yk 6= 0

L`kyk: (5.14)

� To calculatey` , we �rst initialize y` = b` .
� For eachnon-zeroentryL`k;k < `; in row `, if yk 6= 0, wecalculateL`kyk

andsubtractit from thecurrentvalueof y` .

5.5.2.2 Sparsevectors
� If b = In thenweonly needperform(5.14) for ` = n sincey` = 0 for

` < n.
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5.5.3 Factorization
5.5.3.1 Fill-ins

A =

2

6
4

1 2 0 5
2 1 3 0
0 3 1 4
5 0 4 1

3

7
5 :

� Wecanrepresentthezerosandnon-zerosof A with thefollowing
diagram:

� � �
� � �

� � �
� � �

:
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Fill-ins, continued
� Similarly, wecanrepresentthezerosandnon-zerosof L with:

�
� �

� �
� � � �

;

� where� and� bothrepresentnon-zeros:
� correspondsto anentrythatwasnon-zeroin A, while
� correspondsto anentrythatwaszeroin A.

� Wereferto thelatterentries,indicatedby bullets� , as�ll-ins because
they correspondto anon-zeroentryin L thatwascreatedatapositionof a
zeroin A.
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5.5.3.2 Choosingpivotsto minimize�ll-ins
� Weseekanorderingof therowsandcolumnsof thematrix that

minimizesthenumberof �ll-ins duringfactorization.

Heuristic criteria

� It is in generalverydif�cult to �nd theoptimalorderingto minimizethe
totalnumberof �ll-ins createdduringthecompletefactorization.

� Severalheuristicsavailableto approximatelyminimizethenumberof
�ll-ins created.

� Choosethepivot at stagej soasto minimizethenumberof �ll-ins
createdat stagej, ignoringtheeffectof thisdecisionon thenumberof
�ll-ins createdat laterstages.
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Number of �ll-ins with standard pivot

� Wehave thefollowing upperboundon thenumberof �ll-ins:

Lemma 5.6 SupposethatA 2 Rn� n is symmetric.LetN( j) bethenumber
of �ll-ins createdat stage j of factorizationusingA( j)

j j aspivot. Then
N( j) � N( j), where:

N( j) = [(thenumberof non-zero entriesin the j-th rowof A( j)) minus1]2;

2
� TheupperboundN( j) is veryeasyto evaluateandrepresentstheworst

possiblecaseof creationof �ll-ins whereeverynon-zeroentryin the j-th
row of A( j) createsa �ll-in for everyoneof thenon-zeroelementsin the
j-th columnof A( j) below thediagonalthatmustbeexplicitly annihilated.

� Thatis, it ignorestheentriesthatarealreadynon-zeroin A( j).
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Number of �ll-ins with other pivots

� De�ne N(`) to bethenumberof �ll-ins createdat stagej if wepivot on
theentryA( j)

``
� Again,wecanapproximateN(`) by ignoringtheentriesthatarealready

non-zeroin A( j) to obtaintheupperboundN(`).
� N(`) is equalto thesquareof onelessthanthenumberof non-zeroentries

in the`-th row of A( j).

Application of heuristic

� Wechooseto pivot on theentryA( j)
`` thatminimizesN(`), whichwill also

approximatelyminimizeN(`).
� Thatis, wepick therow ` of A( j), where j � ` � n, thathastheleast

numberof non-zeroentries.
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5.5.3.3 Computationaleffort
� Thecomputationaleffort for factorizationis dif�cult to calculateexactly

becauseit dependson thetotalnumberof �ll-ins.
� However, theeffort for factorizationis typically muchlessthancubicin

thenumberof variables.
� In practice,elapsedcomputationtimesometimesgrowsonly slightly

fasterthanlinearly in thenumberof variables.
� Solutiontimedependsstronglyon thenumberof non-zeroentriesin theA

matrix.
� A very large,but sparse,systemcanbefasterto solve thanasmalldense

systemhaving morenon-zerosthanthesparsesystem.

5.5.3.4 Othercriteria for pivot selection
� Weshouldtry to avoid smallpivots.
� Thispresentsdif�culties for ourLU factorizationalgorithmfor sparse

matrices,becausewewould like to know theorderof thepivotsaheadof
timesothatwecancreatetheappropriate�ll-ins in thelinkedlist
representationof thematrix.
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5.5.4 Specialtypesof sparsematrices
5.5.4.1 Bandedmatricesandmatriceswith regular structure

� A bandedmatrix haszeroseverywhereexcepton thediagonalandon
entriesthatarecloseto thediagonal.

� A tri-diagonal matrix is abandedmatrix thathasnon-zeroentriesonly
on thediagonalandadjacentto thediagonal.

� Therearespecialfactorizationalgorithmsthathavebeendevelopedfor
thesetypesof matrices.
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5.5.4.2 Block pivotingandsparsity
� Considerfactorizationof theblockmatrix:

A =
�

A B
C D

�
;

M (1) =
�

I 0
� CA� 1 I

�
;

A(2) =
�

I 0
� CA� 1 I

� �
A B
C D

�
;

=
�

A B
0 D � CA� 1B

�
: (5.15)
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Block pivotingandsparsity, continued
� Thepre-multiplicationmatrixM (1) wasobtainedby “pretending”thatthe

matrix:

A =
�

A B
C D

�
;

� wasa2� 2 matrixandpivotingon theblockA.
� The�rst blockcolumnof L in theblockLU factorizationof

A =
�

A B
C D

�
is givenby

�
I

CA� 1

�
andthe�rst block row of U is givenby

[A B].
� Wesaythatwehavepivotedon the block A.
� Wehave that:

A = LU;

=
�

I 0
CA� 1 I

� �
A B
0 D � CA� 1B

�
:
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Block pivotingandsparsity, continued
� If thesparsitypatternof thesystemis suchthatnon-zeroentriesoccurin

blocks,thenit canbemoreef�cient to storethematrixasasparse
collectionof blocks.

� The“entries”of thecoef�cient matrixwill thereforeconsistof blocksand
blockpivotingcanbeused.

� For example,Figure5.4shows thestorageof suchamatrix.
� As in Figure5.1, thematrix is storedby “rows;” however, in thiscasethe

rowsareactuallypairsof rows in thematrixandtheentriesare2� 2
blocks.
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Block pivotingandsparsity, continued

?
row 1

?

-

location 1 2 4 end

value
�

1 2
3 4

� �
2 3
4 5

� �
5 6
7 8

�

row 2 -

?

location 1 2 3 end

value
�

2 3
4 5

� �
1 2
3 4

� �
3 4
5 6

�

row 3 -

?

location 2 3 4 end

value
�

3 4
5 6

� �
1 2
3 4

� �
4 5
6 7

�

row 4 -

location 1 3 4 end

value
�

5 6
7 8

� �
4 5
6 7

� �
1 2
3 4

� Fig. 5.4. Stor-
age by block
rows for ablock
matrix.
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5.6 Changes
5.6.1 Sensitivity
5.6.1.1 Analysis

� Wenow generalizeto thecasewherethecoef�cient matrixandright-hand
sidesarefunctionsof aparameterc 2 Rs.

� Thatis, A : Rs ! Rn� n andb : Rs ! Rn arematrixandvectorvalued
functionsof c, respectively.

� Weassumethatwehavealreadyfoundx = x?? 2 Rn thatsatis�ed
A(0)x = b(0).
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Theorem5.7 SupposethatA : Rs ! Rn� n andb : Rs ! Rn arepartially
differentiablewith continuouspartial derivativesandthatA(0) is
non-singular. Then,thereexistsa functionx? : Rs ! Rn such that:
� for c in a neighborhoodof 0, thefunctionx? satis�esthelinear

simultaneousequationsA(c)x?(c) = b(c), and
� thefunctionx? is partially differentiablein theneighborhoodwith

partial derivativewith respectto c j at c = 0 givenby:

¶x?

¶c j
(0) = [A(0)]� 1

�
¶b
¶c j

(0) �
¶A
¶c j

(0)x??
�

; (5.16)

wherex?? 2 Rn satis�esthebase-caselinear simultaneousequations
A(0)x?? = b(0).
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Proof ThematrixA(c) is invertiblefor all c in aneighborhoodof 0.
Consequently, thereis awell-de�ned solutionof A(c)x = b(c) for all c
in thisneighborhoodandfor eachsuchc wecande�ne thevalueof
x?(c) to bethissolution.Thatis, for all c within aneighborhoodof 0 we
have thatA(c)x?(c) = b(c). (SinceA(0) is non-singular, thesolutionis
uniqueandwehave thatx?(0) = x??.)
Thatis, x?(c) = [A(c)]� 1b(c) for all c in thisneighborhood.Theinverse
[A(c)]� 1 is partiallydifferentiablewith respectto c j in the
neighborhood.Moreover, thepartialderivative is continuous.Therefore,
x?(c), beingtheproductof partiallydifferentiablefunctionswith
continuouspartialderivatives,is alsopartiallydifferentiablewith respect
to c j in theneighborhood.
Totally differentiatingA(c)x?(c) = b(c) with respectto c j , evaluatingat
c = 0, andre-arrangingyields(5.16). 2
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5.6.1.2 Discussion
� If wehavealreadyfactorizedthebase-casecoef�cient matrixA(0)

then(5.16) shows thatthesensitivity of x? with respectto variationin c j
canbecalculatedwith oneadditionalforwardsandbackwards
substitutionusingtheright-handside

¶b
¶c j

(0) �
¶A
¶c j

(0)x??.

� Findingthepartialderivativeof all entriesof x? with respectto all entries
of c 2 Rs requiress forwardsandbackwardssubstitutions.

� Eachforwardsandbackwardssubstitutionprovidesasensitivity
¶x?

¶c j
(0).

� Sincethebase-casesolutionx?? in Theorem5.7 is equalto x?(0), wewill
from now onabusenotationsomewhatandusuallywrite x? for the
base-casesolutionandalsofor thefunctionthatrepresentsthe
dependenceof thesolutiononc.
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5.6.1.3 Directsensitivityanalysis
� A singleforwardsandbackwardssubstitutionis requiredto calculatethe

sensitivity of x? to anentryc j of c 2 Rs.

Example

8c 2 R;A(c) =
�

1 2+ c
3 4

�
;

8c 2 R;b(c) =
�

1
1+ c

�
;

x?(0) =
�

� 1
1

�
:
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Example,continued

¶A
¶c (c) =

¶A
¶c (0);

=
�

0 1
0 0

�
;

¶b
¶c (c) =

¶b
¶c (0);

=
�

0
1

�
;

¶b
¶c (0) �

¶A
¶c (0)x?(0) =

�
� 1

1

�
;

¶x?

¶c (0) = [A(0)]� 1
�

¶b
¶c (0) �

¶A
¶c (0)x?

�
;

=
�

3
� 2

�
:
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Cir cuit casestudy

� For theladdercircuit in Figure4.3, which is repeatedin Figure5.5, there
is anadditionalconductanceof DG23 betweennodes2 and3.

t t t t

t t t t
1 2 3 4

0

��

� �

" I1 1
Ra

1=Rb

1
Rc

1=Rd

DG23

1
Re

1=Rf

1
Rg ��

��

" I4 Fig. 5.5. The ladder
circuit of Figure 4.3
that hasa changein the
conductance between
nodes̀ = 2 andk = 3.
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Cir cuit casestudy, continued

� Thesensitivity of thesolutionof thiscircuit with respectto DG23 = c,
evaluatedatDG23 = c = 0, is givenby thesolutionof acircuit with
“currentinjections”(actuallyhaving unitsof voltage)equalto:

¶b
¶DG23

(0) �
¶A
¶DG23

(0)x? = 0�

2

6
4

0 0 0 0
0 1 � 1 0
0 � 1 1 0
0 0 0 0

3

7
5 x?;

� where:
– x? is thebase-casesolution,

– thecurrentinjectionsdonotdependonDG23 sothat
¶b
¶DG23

(0) = 0, and

– thedependenceof theadmittancematrixA onDG23 wasdiscussedin
Section4.1.3.2.

� Thesolutionof thecircuit is avectorof “voltages”(actuallyhaving units
of voltagedividedby impedance)thatrepresentthesensitivitieswith
respectto DG23.
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5.6.1.4 Adjoint sensitivity
� In thissectionwewill supposethatthereis anobjective function

f : Rn ! R thatprovidesthevalueor payoff of thesolutionx.
� Wede�ne f ? : Rs ! R by:

8c 2 Rs; f ?(c) = f (x?(c)):

� Weareinterestedin calculatingthepartialderivativeof f ?, again
assumingthatwehaveabase-casesolutionx?(0) correspondingto the
parametervaluec = 0 andalsoassumingthat f is differentiable.

¶f ?

¶c j
(0) =

d[ f (x?(c))]
dc j

(0);

=
¶f
¶x (x?(0))

¶x?

¶c j
(0); by thechainrule,

=
¶f
¶x (x?(0))[A(0)]� 1

�
¶b
¶c j

(0) �
¶A
¶c j

(0)x?(0)
�

: (5.17)
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Adjoint sensitivity, continued
� Let usde�ne x 2 Rn to bethesolutionof:

[A(0)]†x = Ñf (x?(0)): (5.18)

� Solvingfor x in (5.18) andtakingthetransposeof theresultyields:

x† =
¶f
¶x (x?(0))[A(0)]� 1;

¶ f ?

¶c j
(0) = x†

�
¶b
¶c j

(0) �
¶A
¶c j

(0)x?(0)
�

:

� Calculationof thevectorx in (5.18) requiresthesolutionof a linear
equationwith coef�cient matrix [A(0)]†.

� After x hasbeencalculatedwith oneforwardsandbackwardssubstitution,
sensitivitiesof f ? with respectto all entriesof c canbeevaluated.
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Example

8x 2 R2; f (x) = (x1)2 + (x2)2 + 2x2 � 3;

8x 2 R2;Ñf (x) =
�

2x1
2x2 + 2

�
;

Ñf (x?) =
�

� 2
4

�
:
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Example,continued

� In thiscase,(5.18) becomes:
�

1 3
2 4

�
x =

�
� 2

4

�
;

� whichhassolutionx =
�

10
� 4

�
, sothat:

¶f ?

¶c (0) = x†
�

¶b
¶c (0) �

¶A
¶c (0)x?(0)

�
;

= [10 � 4]
�

� 1
1

�
;

= � 14:
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Cir cuit casestudy

� Thelinearequationthatis solvedfor adjointsensitivity analysis
correspondsto acircuit thathasentriesin its admittancematrix thatare
thetransposeof thosein thebase-caseandhasentriesin its “current
vector” thatarede�ned in termsof thesensitivity of theobjective
function.

� Thecircuit is calledtheadjoint sensitivity circuit.
� Onesolutionof theadjointsensitivity circuit suf�ces for sensitivitiesof

anobjective functionwith respectto all parametersof interest.
� In thecaseof resistivecircuitswith currentsources,theadmittancematrix

is symmetric,sothattheresistorsin theadjointcircuit arethesameas
thosein thebase-casecircuit.

� For somecircuits,however, theadmittancematrix is not symmetricand
theadjointcircuit hascomponentsthataredifferentfrom thosein the
base-casecircuit.
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5.6.2 Largechanges
5.6.2.1 Right-handside

� Wecaneasilyaccommodatelargechangesin b, eitherby:
(i) re-solvingtheequationswith thenew valueof b, or
(ii) solvingfor thechangeDx in x to matchthechangeDb in b.

� In thesecondcase,weassumethatwehavealreadyhaveasolutionx?

thatsatis�esAx? = b andnow wewantto �nd Dx thatsatis�es
A(x? + Dx) = b+ Db, whereDb is thechangein theright-handside.

� WemustsolveADx = Db.
� Thecomputationaleffort usingforwardsandbackwardssubstitutionas

describedin Section5.2 is on theorderof (n)2.
� Wesaw acasein Section5.5.2.2wheretheeffort is muchsmallerthan

(n)2 if Db hasonly a few non-zeroentries.
� Thesolutionof thesystemAx= b is a linearfunctionof theright-hand

sidevectorb.
� If asensitivity analysisis carriedoutwith respectto parametersthatare

all entriesof b thenthesensitivity andlargechangeanalysisyield the
sameresult.
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5.6.2.2 Coef�cient matrix
� AssumingthatA hasbeenfactorizedasLDL†, wehave:

A+ DA = LDL† + DA;

= LDL† + LL� 1DA[L� 1]
†
L†; sinceLL� 1 = I ,

= L(DL† + L� 1DA[L� 1]
†
L†);

collectingthecommonfactoron theleft,

= L(D+ L� 1DA[L� 1]
†
)L†;

collectingthecommonfactoron theright.
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Coef�cient matrix,continued

� SupposethatwecanfactorizeD+ L� 1DA[L� 1]† into L̂D̂L̂† with L̂ lower
triangularwith oneson its diagonalandD̂ diagonal.

� Then,wewouldhave:

A+ DA = L(D+ L� 1DA[L� 1]
†
)L†;

= LL̂D̂L̂†L†;
= L̃D̂L̃†:

� Thepracticalityof thisapproachdependsonbeingableto factorize
D+ L� 1DA[L� 1]† usinglesseffort thanit takesto factorizeA+ DA.

� This is not trueif DA is anarbitrarychange,but is truefor somerestricted
formsof DA thatareneverthelessextremelyusefulin applications.
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Coef�cient matrix,continued
� For example,supposethat:

– g;d 2 R with gandd non-zero,and
– w;u 2 Rn with w andu linearly independent.

� Then,for theparticularforms:
DA = gww† 2 Rn� n, which is calledasymmetric rank oneupdate, and
DA = gww† + duu† 2 Rn� n, which is calledasymmetric rank two

update,
� thecomputationaleffort involvedis on theorderof (n)2, which is

considerablylessthantheeffort involvedin factorizingA+ DA directly.

5.6.3 Newvariablesandequations
� Wecanalsoconsideraugmentingasystemof equationsby addinganew

variableor anew equation.
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5.7 Ill-conditioning
5.7.1 Numerical conditioningandconditionnumber

5.7.1.1 Discussion
� In Section5.3weshowedthatif A is non-singularthenwecanfactorize

it, while if it is singularthenat somestagewewill �nd thatthereareno
non-zeropivots.

� Weavoideddiscussionof theissueof whenacoef�cient matrix is
“nearly” singularin thesensethatasmallperturbationof thematrix
wouldmake is singular.
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5.7.1.2 Example

A =
�

1 d
1 0

�
: (5.19)

� If d 6= 0, thenundertheassumptionof in�nite precisionarithmetic,we
couldreliably factorizeA andsolveAx= b exactly for thesolutionx?.

� However, if d is small in magnitude,thenA is “nearly” singularin that
perturbingd to make it equalto zerowouldmakeA singular.

� Smallrelativeerrorsin thespeci�cationof A or b (or in thecalculationsto
factorizeA or to performforwardsor backwardssubstitution)leadto
largerelativeerrorsin thevalueof thesolutionx?.

� Thatis, theproblemof solvingAx= b giventheA de�ned in (5.19) is
ill-conditionedaccordingto De�nition 2.21.

Title Page JJ II J I 115 of 139 Go Back Full Screen Close Quit



Example, continued

A� 1 =
�

0 1
1=d � 1=d

�
:

x? = A� 1b =
�

b2
(b1=d) � (b2=d)

�
: (5.20)

� Let b =
�

1
1

�
sothatkbk2 =

p
2.

� Wehave thatx? =
�

1
0

�
andkx?k2 = 1.

� Weconsider, in turn,changesto b andto A assumingin�nite precision
calculations.
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Right-hand side

� Ax= b+ Db, with Db =
�

c
0

�
, sothatkDbk2 = jcj.

� Dx? =
�

0
c=d

�
andkDx?k2 = jc=dj.

kDx?k2
kx?k2

= jc=dj ;

kDbk2
kbk2

=
jcj
p

2
:

� Therelativechangein thenormof thesolutionis on theorderof j1=dj
timestherelativechangein thenormof theright-handside.
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Coef�cient matrix

� (A+ DA)x = b, with DA =
�

c 0
0 0

�
, sothatkDAk2 = jcj

� x? + Dx? =
�

1
c=d

�
, Dx? =

�
0

c=d

�
andkDx?k2 = jc=dj.

kDx?k2
kx? + Dx?k2

� jc=dj ;

kDAk2
kAk2

�
jcj
p

2
:

� Again, therelativechangein thesolutionis on theorderof j1=dj timesthe
relativechangein thecoef�cient matrix.
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5.7.1.3 Analysis
� Thedegreeof ill-conditioning is characterizedby ameasureknown asthe

condition number of thematrix.

De�nition 5.1 Let k� k standfor vectorandmatrixnormsonRn andRn� n

thatarecompatible.For example,thematrixnormk� k couldbethematrix
norminducedby thevectornorm.SupposethatA 2 Rn� n is non-singular.
Thenthecondition number of A is de�ned by kAk




 A� 1




 . If A 2 Rn� n is

singularthentheconditionnumberis de�ned to be¥ . 2

Theorem5.8 Let k� k standfor vectorandmatrixnormsonRn andRn� n

thatarecompatible. SupposethatA 2 Rn� n is non-singularandb 2 Rn.
Weconsidertherelationbetweensolutionsof thesystemAx= b and
solutionsof theperturbedsystemsAx= b+ Db and(A+ DA)x = b. We
havethefollowingbounds:

(i) ConsidertheperturbedsystemAx= b+ Db. Thesolutionx?+ Dx?

to thisperturbedsystemsatis�es:

kDx?k
kx?k

� kAk



 A� 1




 kDbk

kbk
;
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wherex? is thesolutionto Ax= b. Thatis, therelativechange in
thesolutionis boundedby theproductof theconditionnumber
andtherelativechange in theright-handside.

(ii) Considertheperturbedsystem(A+ DA)x = b. Thesolution
x? + Dx? to thissystemsatis�es:

kDx?k
kx? + Dx?k

� kAk



 A� 1




 kDAk

kAk
;

wherex? is thesolutionto Ax= b. Thatis, therelativechange in
thesolutionis boundedby theproductof theconditionnumber
andtherelativechange in thecoef�cient matrix.

2
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Example

� Considerthematrixde�ned in (5.19) andsupposethatd is small.
� If theinducedmatrixnormk� k2 is chosen,then:

kAk2 �
p

2, and


 A� 1






2 � j1=dj,
� sothattheconditionnumberis proportionalto j1=dj.
� Accordingto Theorem5.8, relatively smallchangesin eitherthe

right-handsideb or thecoef�cient matrixA of thesystemAx= b can
potentiallyproducelargerelativechangesin thesolutionwith the
ampli�cation proportionalto j1=dj.

� By Theorem5.7, weobtainthatthenormof thesensitivity to c is j1=dj.
� Theseobservationsareconsistentwith theabovecalculationsfor the

matrixde�ned in (5.19) sincethechangesin A andb wereindeed
ampli�ed by j1=dj in thesolution.
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5.7.2 Scalingandpre-conditioning
� Scalingcansometimesbeusedeffectively to reducetheconditionnumber

of amatrix.
� For example,considerthematrix:

A =
�

d 0
1 1

�
; (5.21)

A� 1 =
�

1=d 0
� 1=d 1

�
;

x? = A� 1b =
�

b1=d
� (b1=d) + b2

�
: (5.22)

� If thek� k2 inducedmatrixnormis againused,thenfor smalld wehave
that:
– kAk2 � 1,

–



 A� 1






2 �
�
�
�
p

2=d
�
�
�,

� sothattheconditionnumberis againproportionalto j1=dj.
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Scalingandpre-conditioning,continued
� By scalingthe�rst equationof Ax= b by multiplying it by 1=d weobtain

thenew system:
�

1 0
1 1

�
x =

�
b1=d
b2

�
; (5.23)

� andthecoef�cient matrixnow hasaconditionnumberthatis asmall
constantthatis independentof d.

� Westill facetheissuethatthesolution(5.22) is verydependenton the
valueof d; however, theconditionnumberof thecoef�cient matrixhas
improved.

� Wewill returnto theimplicationsof thisobservationin Section5.7.3.

� It is importantto realizethatpre-conditioningwill not remove the
sensitivity of thesolutionto changesin theoriginally speci�edcoef�cient
matrixA andvectorb.
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5.7.3 Matrix factorization
5.7.3.1 LU factorizingill-conditionedsystems

� Theconditionnumberof thelower triangularmatrix:

L = [M(n� 1) : : :M(1)]
� 1

;

� is:

kLk



 L� 1




 =






 [M(n� 1) : : :M(1)]

� 1












 M(n� 1) : : :M(1)






 ;

� which is boundedby:





 [M(n� 1)]

� 1





 : : :






 [M(1)]

� 1












 M(n� 1)






 : : :






 M(1)






 =






 M(n� 1)













 [M(n� 1)]

� 1





 : : :






 M(1)













 [M(1)]

� 1





 :
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LU factorizingill-conditionedsystems,continued
� Similarly, theconditionnumberof theuppertriangularmatrix:

U = M(1) : : :M(n� 1)A;

� is boundedby:





 M(n� 1)













 [M(n� 1)]

� 1





 : : :






 M(1)













 [M(1)]

� 1





 kAk




 A� 1




 :

� BothM( j) and[M( j)]
� 1

haveentriesthatareproportionalto theinverseof
thepivot usedat the j-th stageandtheirnormswill bothbe
correspondinglylarge.

� Theeffectof pre-conditioningby M(1); : : : ;M(n� 1) is to increasethe
conditionnumberof theresultingsystem,whichexacerbatesthe
ill-conditioningof A.

� If A is ill-conditionedthentheresultingsystemsLy = b andUx = y can
beextremelyill-conditioned.
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5.7.3.2 LDL† for positivede�nite A
� In thecaseof astrictly diagonallydominantmatrix suchasin ourcircuit

casestudyof Section4.1, thelargestpivotsareon thediagonaland
diagonalpivotingwill keeptheconditionnumberof thesystemrelatively
low.

� This favorablecircumstancealsooccursfor LDL† factorizationof any
symmetricpositivede�nite matrix.
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5.7.3.3 QR
� An alternative factorizationinvolvesmultiplying by asequenceof

matricesM( j) for which





 M( j)








2
=






 [M( j)]

� 1







2
= 1 sothatthecondition

numberof L is oneandtheconditionnumberof U is thesameasthe
conditionnumberof A.

� Theresultingfactorizationis calledtheQRfactorizationandcanbe
appliedto anm� n matrixA with m� n andhaving linearly independent
columnsto producea factorizationA = QRwhereQ 2 Rm� m is unitary
andR2 Rm� n is uppertriangular.

� Thatis, R`k = 0 for ` > k.

� Themaindrawbacksof QRfactorizationarethat:
– it takesmorecomputationaleffort thanLU factorization,and
– thematrixQ will notusuallybesparseevenif A is sparse.
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5.8 Non-squaresystems
5.8.1 More variablesthan equations

� ConsiderthesystemAx= b whereA 2 Rm� n;b 2 Rm, andm< n.

5.8.1.1 Inconsistentequations
� A systemof equationsis calledinconsistentif thereis nosolution.
� Thisproblemwill turnout to beanoptimizationproblemandwewill

treatit in Section11.1.

5.8.1.2 Consistentequationsandthenull space
� If themrowsof A arelinearly independentthenthereis anm� m

sub-matrixof A with linearly independentcolumns.
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First mcolumnslinearly independent

� Let n0= n� mandpartitionA into
�
Ak A?

�
whereAk 2 Rm� m and

A? 2 Rm� n0
.

� Similarly, partitionx into
�

w
x

�
wherew 2 Rm andx 2 Rn0

.

� SupposethatAk haslinearly independentcolumns,sothatAk is
non-singular.

Ax= b ,
�
Ak A?

�
�

w
x

�
= b; by de�nition of

�
Ak A?

�
and

�
w
x

�
,

, Akw+ A? x = b;

, Akw = b� A? x;

, w = [Ak]
� 1

(b� A? x);

� Let x̂ = 0 andŵ = [Ak]
� 1

b.
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First mcolumnslinearly independent,continued

� Thende�ne:

x̂ =
�

ŵ
x̂

�
;

=
�

[Ak]
� 1

b
0

�
:

� Thevectorx̂ is oneparticular solution to Ax= b.
� Thesetof all solutionsto Ax= b is givenby f x̂+ Dx 2 RnjADx = 0g.
� Theset:

N (A) = f Dx 2 RnjADx = 0g;

� is calledthenull spaceof A.
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First mcolumnslinearly independent,continued

� PartitionDx into
�

Dw
Dx

�
, whereDw 2 Rm andDx 2 Rn0

.

ADx = 0 ,
�
Ak A?

�
�

Dw
Dx

�
= 0;

, AkDw+ A? Dx = 0;

, AkDw = � A? Dx;

, Dw = � [Ak]
� 1

A? Dx:
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First mcolumnslinearly independent,continued

N (A) = f Dx 2 RnjADx = 0g;

=
� �

� [Ak]
� 1

A? Dx
Dx

� �
�
�
� Dx 2 Rn0

�
;

= f ZDxjDx 2 Rn0
g;

Z =
�

� [Ak]
� 1

A?

I

�
:

� Thecolumnsof Z form abasisfor thenull spaceof A.

� Everysolutionof Ax= b is of theform x =
�

ŵ
0

�
+

�
Dw
Dx

�
,

� where:

x̂ =
�

ŵ
0

�
is aparticularsolutionof Ax= b, and

�
Dw
Dx

�
2 N (A).
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First mcolumnslinearly independent,continued

6

x

- w

N (A) � �
w
x

�
2 Rn

�
�
�
� A

�
w
x

�
= b

�

��

��

��

��

��

��

��

��

��

��

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

d

td

�
ŵ
0

�

�
ŵ
0

�
+

�
Dw
Dx

�

�
Dw
Dx

�

Fig. 5.6. Solution of
linear equations. The
solid line representsthe
set of points satisfying
the linear equations.
The null spaceof the
coef�cient matrix is
shown as the dashed
line.
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Linearly independentcolumnsunknown

� An analogousfactorizationto theQRfactorizationcanbeusedto write
PA = LQ, wherenow:
P 2 Rm� m is apermutationmatrix,
L 2 Rm� n is lower triangular, with its �rst m0columnslinearly

independentandits lastn0= n� m0columnszero,and
Q 2 Rn� n is unitary.

� PartitionL into
�
Lk 0

�
whereLk 2 Rm� m0

is lower triangularwith its m0

columnslinearly independent.
� If A hasm linearly independentcolumnsthenm0= m.
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Linearly independentcolumnsunknown, continued

� Let n0= n� m0andy = Qx andpartitiony 2 Rn into y =
�

w
x

�
where

w 2 Rm0
andx 2 Rn0

.

Ax= b , PAx= Pb; sinceP is non-singular,
, LQx= Pb; by de�nition of LQ,
, Ly = Pbandy = Qx;

,
�
Lk 0

�
�

w
x

�
= Pbandy = Qx;

( Lkw = Pbandy =
�

w
0

�
= Qx:

� If m0= m thensimilarargumentsto beforeshow thatŷ =
�

[Lk]
� 1

Pb
0

�

satis�esLy = Pbandthatx̂ = Q� 1ŷ = Q†ŷ satis�esAx= b.
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Linearly independentcolumnsunknown, continued

N (A) = f Dx 2 RnjADx = 0g;

=
�

Q†
�

0
Dx

� �
�
�
� Dx 2 Rn0

�
;

= f ZDxjDx 2 Rn0
g;

� whereZ is thelastn0columnsof Q†.
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5.8.2 More equationsthan variables
� ConsiderthesystemAx= b whereA 2 Rm� n;b 2 Rm, andm> n.

5.8.2.1 Inconsistentequations
� Inconsistentequationstypically occurif A is non-squarewith more

equationsthanvariables.
� Wewill investigatethis typeof problemin Section11.1.

5.8.2.2 Consistentequations
� For b 2 R(A), thesystemAx= b will haveoneor moresolutions,evenif

therearemoreequationsthanvariables.
� For suchb, wesaythattheequationsareconsistent.
� Thereareredundantequations.

5.8.3 Thepseudo-inverse
� Theprecedingdiscussioncanbeuni�ed by de�ning thenotionof the

pseudo-inverse, which is de�ned to bethe(unique)matrixA+ 2 Rn� m

suchthatthevectorx = A+ b is thevectorhaving theminimumvalueof
normkxk2 overall vectorsthatminimizekAx� bk2.
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5.9 Iterati vemethods
� Very large,but sparse,systemscanbesolvedeffectively by factorization.
� However, if thecoef�cient matrix is extremelylargeor is dense,thenthe

factorizationapproachesbecometoo timeconsuming.
� An alternativeapproachinvolvesaniterati vealgorithm wherea

sequencef x(n)g¥
n= 0 of approximationsto thesolutionof Ax= b are

calculated.
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5.10 Summary
� In thischapterwehavedescribedLU factorization(andits variants)and

forwardsandbackwardsubstitutionasanef�cient approachto solving
systemsof linearequations,payingparticularattentionto symmetric
systems.

� Weconsideredtheselectionof pivotsanddiscussedthesolutionof
perturbedsystems,sparsemethods,andtheissueof ill-conditioning.

� Webrie�y discussedthesolutionof non-squaresystemsanditerative
techniques.

� In laterchapterswewill needto solve largelinearsystemsrepeatedlyso
thatthealgorithmsdevelopedin thischapterwill beincorporatedinto all
subsequentalgorithms.
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