Applied Optimization:
FormulationandAlgorithms
for EngineeringSystems
Slides

RossBaldick

Departmenbf Electrical and ComputerEngineering
TheUniversity of Texasat Austin
Austin, TX 78712

Copyright ¢ 2009RossBaldick

B LUNE ENEN il Mol (e Dol e



Part |
Linearsimultaneougquations



4
Casestudiesof linearsimultaneougquations

(i) Solutionof Kirchhoff'slawsin asimpleelectricalcircuit
(Sectior4.1), and

(i) SearcHor asetof inputsto a “discrete-timeinearsystem’thatwill
bring the systemto a desiredstate(Section4.2).



4.1 Analysisof adirectcurrentlinear circuit
4.1.1 Motivation

We wantto calculatethebehaior of acircuit.
Circuitsarecharacterizedy Kir chhoff's laws.



4.1.2 Formulation
Considera circuit consistingof interconnectedesistorsandcurr ent

sourcesasshavn in Figure4.1

A circuit canbethoughtof asa specialtype of graphwherethe branches
arecomponents.

We wantto:

— calculateall the electricalqguantitiesassociateavith the circuit, and

— characterizénow thesequantitieschangaf thecircuit changes.

1 2 3
Ry Ry

Fig. 4.1. A ladder cir-
0 cuit consistingof resis-
torsandcurrentsources.




4.1.2.1 Variablesof interest
Basicissuein problemformulationis to identify anddistinguish:

— thevariablesof interestfrom
— thevariableghatareof lessimportance.

This choiceis oneaspecbf Occam'srazor:

— Themodelshouldbe no morecomplicatedhanis necessaryo represent
theimportantissueswhere“important” depend®n our perspectie.

In typical circuits, we seekvaluesof:

— thevoltagesacrosgheresistorsandcurrentsourcesand
— thecurrentshroughtheresistors.

We usuallyneglectmostotherquantities.
For this problem,we couldeither:

— usethenodal voltagesastheindependenvariablesandcalculatethe
current o wing througheachresistorin termsof the nodalvoltages pr

— usethebranch currentsastheindependentariablesandcalculatethe
branchvoltagesn termsof the branchcurrents.

A nodalbaseddescriptionwill have lessvariables.



4.1.2.2 Kirchhof's voltage law

Kir chhoff'svoltagelaw expresseshefactthatthevoltagearoundary

loopis zero.
Thismeanghatwe cansingleout oneof thenodesandcall it thedatumor
groundnodeandmeasurall voltageswith respecto thedatumvoltage.

voltage,wherek = 0 is thedatumnode.
Kirchhoff's voltagelaw is anexampleof a consewation law.

4.1.2.3 Brandh constitutiverelations

Thebranch constitutive relationsexpresstherelationshipbetween
branchcurrentandvoltage.
For aresistorthereis alinearrelationshipbetweerresistorcurrentand

voltage.
For a currentsourcethe branchcurrentis constant.



4.1.2.4 Kirchhof's currentlaw

Kirchhoff's currentlaw expressesonsenrationof chagewhencurrentis
0 wing in acircuit.

Thenetcurrent o wing from nodel into thecomponentsncidentto
nodel is:
X1 Xo+ X1 X2

I1;

Ra Ry
Re-arranging:
R%% Yo+ % %o = Iy (4.1)
St prmtmoet %= 0 (42)
Aot mtRtE Rt om0 (43
é Yo+ %+% X = g (4.4)



4.1.2.5 Nodaladmittancematrix andvoltage and currentvector

2 3
A11 Ao A1z Aug

2A21 Axo Azz Aoy

A Az1 Az2 Azz Ass ;
2A41 Aso Agz Ayg 3
1, 1 1
Rat Ry Ro 0 0
1 l+ i+i 1 0
=§ S T U AT ;% (4.5)
Rd Ra R R Ry
0 0 Ri Ri+%
2 3 f f
X1
_ X2 L.
X = QXBE. (4.6)
X4

Thematrix A is calledthe nodal admittance matrix .
Thevariablexg is notincludedin our de nition of thevectorx.



Nodaladmittancematrix andvoltage and currentvector continued

2,3 2 3
by I1
b=8p26=85: (4.7)
by l4

4.1.2.6 Linear equations

If we write Ax= b, we reproducdhenodalequationg4.1)—(4.4) for our
system.
We call A thecoef cient matrix, while b is calledtheright-hand side.



4.1.3 Changes

In our laddercircuit, therearetwo typesof circuit componentshatcan
change:

— eitherthe currentsfrom the currentsourcesrary, correspondindo a
changan theright-handsideof thelinearsystemp, or

— theresistancesary, correspondindgo a changdan the coefcient matrix
of thesystemA.

For eachtype of componenbr parametechangewe canconsidertwo
relatednotionsof change:
(i) in nitesimal changesn componenbr parameteralues,
providing a sensitvity analysis and
(i) largechangesn componentvaluesor parameters.



4.1.3.1 Sensitivity

Sensitvity analysis sometimegalledsmall-signalsensitvity analysis
in the context of circuit theory is the calculationof a partialdervative of
the solutionx’, or afunctionof the solution,with respecto some
parameter
For example,we mightwantto calculatethe partialderiative of the
solutionfor a particularvoltage,sayx», with respecto the valueof:

?
— acurrentsourcesayly, to obtain%,

— aresistorsayRy, to obtaln'IT 2 or

TRy’

— thetemperatureT, to obtain 11171_2



Sensitivitycontinued

As anotherexampleof a sensitvity analysiswe mayalsowantto
considerthe sensitvity of aperformancecriterion or objective function
to variationsin parameters.

For example,considetthefunction f : R*! R de ned by:

8x2 R% £(x) = (x0)+ 20x)% + 3(x3)*+ 4(xa): (4.8)

We mightwantto calculatethederivative of f?( ) = f(x’( )), with
respecto thevalueof:

?
— acurrentsource sayls, to Obta'”%f
L

R °

— thetemperatureT, to obtam%ﬁ :

— aresistor sayRy, to obtaings-



4.1.3.2 Large changes
Changein current source

Consideravariationin thecurrentinjectionb- atnode” by anamountCh
Thenew circuit mustsatisfyAxX’= b+ Db.

(R H—t{ R FH{R

"Iy @ "002@ @ @ la Fig. 4.2. The  ladder

circuit of Figure 4.1

with a change,b-, in

L the current injected at
0 node” = 2.




Changein resistance

Consideravariationin theresistancef theresistorjoining nodes andk.
Thechangan Ais DA, whereDA haszeroseverywhereexceptin the ™ -th,
“k-th, k™ -th, andkk-th entries.

Thenew circuit mustsatisfy(A+ DA)x°= b.

DG, Fig. 4.3. The ladder
1 2 — 3 A circuit of Figure 4.1
FHI=R——1=Ri——1=R] with resistorsre-labeled

with their conductances
andwith achangean the

" H H H E " conductance between

VR Re Re Ro| 4 nodes’ = 2 andk = 3.
Notethatthecorvention
for labelingtheresistors

L has changedcompared
to theprevious gures.




4.1.4 Problemcharacteristics
4.1.4.1 Numbes of variablesandequations

SinceA is asquaranatrix, we call Ax= b a square systemof linear
equations.

4.1.4.2 Solvability

Sincethis circuit alwayshasa uniquesolution,Ax= b is solvablefor ary
givenb andthereis only onesolution.



4.1.4.3 Admittancamatrix

8 = 1;:::;r188k= 1.::::n;
sumof theconductancesonnectedo node",
if =Kk,

minusthe conductanc¢oining = andk,
if ~ 6 k andthereis aresistorbetween andk,

0;
if ~ 6 kandthereis noresistorbetween andk:

_§

(4.9)

Symmetry
Ais symmetric.



Sparsity

In alargeladdercircuit, the A matrix would be mostly zeros.

We call a matrix sparseif mostof its entriesarezero.

By choosingasdatumnodethe nodewith the mostbranchesncidentto
it, we will minimizethe numberof non-zerosn theadmittancematrix.

Fig. 4.4. A graph with
n = 8 nodes and all
nnl) - 28 possible
branches.For clarity in
this graph,eachnodeis
representedy a bullet

, while each branch
IS represented by a
line. Thisis a different
cornvention to that used

in gures 4.1-4.3,



Diagonaldominance

Entry A~ in Ais greatethanthe sumof theabsolutevaluesof the other
entriesin the "-th columnof A.
Suchamatrixis calledstrictly diagonally dominant.



Changesin the admittance matrix
For achangdn aresistorbetweemodes andk:

2 . 3
-thﬁ?{lumn k-chc}RIumn
DA= DGy 1 1 g “-throw
1 1 g k-throw

For achangdn aresistorbetweemode™ andthedatumnode:

3

2
‘-thzc}ﬂlumn
.

.
° 1 g -throw

(4.10)

(4.11)



4.2 Control of a discrete-timelinear system
4.2.1 Motivation

Investicatethe conditionsunderwhich we canshift the state of the
systento adesirednal valueby adjustingtheinputsover a sequencef

time intervals.
Thatis, we aregoingto considerthe openloop controlof thesystem.



Motivation, continued

u(t) olant w(t)

Fig.4.5. A feedback
controller control system applied
to aplant.

In afeedbackcontroller, asillustratedin Figure4.5, we usethe output
(or the state)of the systento decideon the controls.

Furthermorein optimal control we recognizehe costsof certaincontrol
actionsandstates.

Theseposesomeavhatdifferentproblemso the onewe investigatein this
casestudy

However, severalof theissuegurn outto besimilar.



4.2.2 Formulation
4.2.2.1 Variables

The state of the systemis the smallestsetof variablesw 2 R™, say such
that:

— wincludesall thevariablesof interestasa sub-\ector and

— knowledgeof thevalueof w for ary particulartimet = to, togethemwith
knowledgeof thevaluesof theinputu(t) to theplantfort; t to
completelyspeci esthevalueof w for ary timet; t to.

We write w(kT) for thevalueof w atthe k-th samplinginstant.
We assumehattheinput staysconstanbetweerthek-th and(k+ 1)-th
samplinginstantsothatu(t) = u(kT);kT t< (k+ 1)T.



4.2.2.2 Behaviorof system

By thede nition of state thevalueof the stateattime kT andthevalueof
theinputfor periodk determinewvalueof thestateattime (k+ 1)T.

Thatis, for eachk, thereexistsafunctionf ® : R™ R1 R™
8k2 Z;w((k+ 1)T) = f®m(KkT);u(kT));
Linear: 8k2 Z;8w2 R™8u2 R;fW(wu) = cWw+ hMy;
Time-invariant: 8k2 Z;w((k+ 1)T) f (W(KT); u(kT));
Linear time-invariant:
8k2 Z;8w2 R™8u2 R;fW(wu) = Gw+ hu

Lineartime-invariantsystemsehae accordingo thedifference
equation:

8k2 Z;w([k+ 1]T) = GWKT) + hu(KkT): (4.12)

G is calledthe statetransition matrix.



4.2.2.3 Changingthe stateof the system

At time kT = 0 theplantis in statew(0) 2 R™ andwe would like it
insteadto bein someotherdesirednal statewdesiredp RM

Thatis, w(nT) = wdesired
w(nT) = GwW([n 1T)+ hu([n 1]T);
on substitutingfor w(nT) from (4.12 fork=n 1,
= (GW([n 2JT)+ Ghu[n 2T)+ hu([n 1T);
onsubstitutingfor w([n 1]T) from (4.12 fork=n 2,
= (G°(n 3T)+ (G)*hu([n 3IT)
+ Ghu[n 2]T)+ hu([n 1]JT); continuing

= (G)"w(0) + néﬁG)“ L Khu(kT):
k=0



Changingthe stateof the systemg¢ontinued
De ne:

A= (G)" h (G%n ’h Gh h ;
u(0oT)
u(1T)

o
u([n 2]T)
u([n 1JT)

b = Wdesired (G)nW(O)



Changingthe stateof the systemg¢ontinued
Then:
u(0T)
u(1T) Z

u([n 2JT)
u([n 1JT)

2
Ax= (G)"h (G"2h Ghh E

n 1l
a (G)" * KhukT):
k=0

w(nT) will beequalto waesiredjf:

yaesired— (G)nW(O) + Ax

Thatis:
Ax= b: (4.13)



4.2.2.4 Example
Supposehatn= 2, m= 2, and:

h = 2;
e- o1,
wo) = 3
pdesired — 3:



Example continued

Then:
A = [Gh h];
_ 10
- 11
b = Wdesired (G)nW(O),
_ 1 .
= 0 -

Solvingfor x, we obtain:

u(oT) _ .
w1ty "%



Example continued

For this particularexample,it is alsopossibleto nd acontrolu(OT) that
achivedthedesirednal statein onetime-stepthatis, forn= 1.
In particular thereis a solutionu(0T) 2 R to:

hu(0T) = wiesed Gw(0);

namelyu(OT) = 3.
However, it will typically requiremorethanonetime-stepto achiere a
desiredstate.



4.2.2.5 Labelingof vectorand matrix entries

Thecolumnsof A arelabeledfromOto (n 1).

This contrastawith thelabelingof thevariablesn the casestudyin
Sectiond.1wheretheentrieswerelabeledfrom 1 to n.

In generalwe canlabelthe entriesof avectorin any way we choose.

4.2.3 Changes
4.2.3.1 Initial anddesiedstate

If wdesiredgr w(0) changethentheright-handsideb in thelinear
equation(4.13 will alsochangecorrespondingly

4.2.3.2 System

If thebehaior of the plantchangesthenthe statetransitionmatrix G and
thereforethe coefcient matrix Ain (4.13 will change.



4.2.4 Problemcharacteristics
4.2.4.1 Numbes of variablesandequations
Thenumberof variableds n, whichis equalto the numberof entriesin X,
but the numberof equationss equalto m, whichis the numberof entries
in b.
4.2.4.2 Solvability

It is notalwaysthe casethat(4.13) is solvable.
Solvability will dependn G, h, wdesed y(0), andonn.

4.2.4.3 Coefcient matrix

Thecoefcient matrixis notsymmetricandhasdifferentnumbersof rows
andcolumns.



<)
Algorithmsfor linearsimultaneougquations

Considemgenerallyhow to solve large systemf theform:
Ax= b: (5.1)

Ais calledthecoef cient matrix , while b is calledtheright-hand side
vector.



Firstconsiderspecialcasesf coefcient matrices:

2 3
2 3 4
Upper triangular: U=40 2 95; (5.2)
O 0 1
2 3
100
Lower triangular: L=4Z 1 05: (5.3)
4 %1

Keyissues
Solutionof triangular systemsandfactorization of matrices,
computational effort andparticularfeaturesof problemssuchas
symmetry andsparsity thatcanreducethe necessargomputational

effort,
sensitvity analysisandill-conditioning,
solutionof non-square systems



5.1 Inversion of coef cient matrix
SupposehatA is invertible with inverseA 1.
Letx= A 1b.
Then:
Ax = AA lb;
= Ib; by de nition of inverse,
b; by de nition of I.

Cramér'srule saysthatk™-th entryof A 1is givenby:
( 1) *Ktimes
the determinanbf the matrix obtainedirom A by deletingits "-th row
andk-th column,divided by
thedeterminanof A.

Computationaéffort is ontheorderof n! arithmeticoperations.
If nis largethenCramnér'sruleis impracticalbecausehe calculationof
determinantss too computationallyintensve.



Inversion of coef cient matrix, continued
NeverthelessCraner's rule canbe extremelyusefulfor:

— proving propertiesof matrices,

— invertingsmallmatricessinceCramer's rule allows theinverseto be
written down explicitly. For example,for A2 R? 2| if
A11A22 A12A21 6 OthenAisinvertibleand:

1 A A .
A11Ao2 AApr  Aor A

— invertingspeci c typesof matrices.

Al=

(5.4)



5.2 Solution of triangular systems
5.2.1 Forwardssubstitution
5.2.1.1 Analysis

If L is lowertriangularthenL-x = 0;8 < k.
Supposeve wantto nd y° 2 R" satisfyingLy = b.

(We will seein Section5.3.1thereasorfor choosingy asthedecision
variableinsteadof x.)

by = Liiy1;
by = Lowyr+ Laoyo;
b3 = Laiy1+ Lagy2+ L3ays;

bn = Lmay1+ Ln2y2+ Lngya+  + Lnnyn:



Analysis,continued
Re-arranging:

_ bp,
L
Yy = 2 21)’1;
b &, 1L wk
y = o1 1k, (5.5)

L“
This processs calledforwards substitution.



5.2.1.2 Example

100
|_:4%105;
"451
9
b= 18 ;
2283
9
? .
y’ = 4 25
1



5.2.2 Backwards substitution
5.2.2.1 Analysis

If U is uppertriangularthenU-x = 0;8" > k

Supposéghaty 2 R" is givenandwe wantto solveUx = .

Uiixg + + Upn 2%h 2+ Up 1Xn 1+ UrnXa = V1,

Un 2n 2%n 2+ Un 2n 1X%0 12+ Un 20X = Yn 25
Un 1n 1Xn 1+ Un 1:nXn Yn 1,
UnnXn = Yn:



Analysis
Re-arranging:

Yn
Xg = ——;
" Un:n
X, 1 = Yn 1 Un 1;an;
Un In 1
w = 1 &=+ 1Y%
U- '

This processs calledbackwards substitution.



5.2.2.2 Example
2 3
2 4

3
u=40 3 095;
0
2 &
9
y =4 Z5;
" 1
.
X = 1:
1



5.2.3 Computationaleffort
5.2.3.1 Forwards substitution

Calculationof eachy: for * = 2;:::;nrequires:(" 1) multiplications,
(" 2) additions,asubtractionandadivision.

In total, thisis:
3 1
aC 1 = é(n 1)n multiplications
N
J 1
aC 2 = é(” 2)(n 1) additions

N

(n 1) subtractions
n divisions



5.2.3.2 Bakwards substitution

Calculationof eachx: for " = (n  1);:::;1requires(n )
multiplications,(n = 1) additions,a subtractionandadivision.
In total, thisis:

o . 1 L
a(m ) = é(n 1)n multiplications

Q

—
>

N>
I

%(n 2)(n 1) additions

(n 1) subtractions
n divisions

5.2.3.3 Ovenll
Overall effort is onthe orderof the squake of the numberof variables.



5.3 Solution of square, non-singular systems
5.3.1 Combiningforwardsand badkwards substitution

Supposeahatwe canfactorizeA2 R" "into LU, with L lowertriangular
andU uppertriangular:

b = Ax theequatiorwe wantto solwe,
= LUXx; sinceA= LU,
L(UX);
= |_y;
wherey = UX.

We have transformedhe problemof solving Ax= b into the solutionof
threesuccessie problems:

(i) factorizationof Ainto LU,
(i) forwardssubstitutionto solve Ly = b, and
(i) backwardssubstitutionto solveUx = .

If Ais singularthenwe cannotfactorizeA into LU with L andU having
non-zerodiagonalentries.



5.3.2 LU factorization

We will specifyaseriesof “stages’to implementthealgorithm.
M) representa matrix thatis de ned in the j-th stageof thealgorithm.
To factorizeA, we will multiply it ontheleft by the non-singulamatrices
MDD, M@ M(™ D suchthatthematrixU = M Dm 2 MDA
IS uppertriangular
At eachstagetheproduct:

AU+HD = MG D @A

will becomesuccessiely “closer” to beinguppertriangular

properties:

(i) eachM() will belower triangularandthereforenave alower
triangularinverse and

(i) (MD] *, theinverseof M(), will beeasyto compute.



LU factorization,continued
We let:

L= MOD mOph
= M@ M

Thatis, L istheproductof (n 1) lower triangularmatricesand,
thereforeL is alsolower triangular

LU = MOD MO MO D MDA by de nition,
= A’
sothatA hasbeenfactorizednto LU .



5.3.2.1 Firststage

Pivoting
In the rst stageof thealgorithm,we let:
1 0 O3
Lo 1 --. :
M@ = g l31 O 1 --. 5%; (5.6)
.. -0

ly 0 0 1
whereL-; = A 1=A11, = 2;:::;n.
De ne A® = MDA,



Pivoting, continued

2
iy

A<2>=§? Pz A?é; (5.7)
0 A2 @

AD = Ay LaAgl< ik n

AD = A LA fori<” n,
Aq
= A1 —Aag;
A
= A1 Ay,
= 0

We have zeroedtheentriesin the rst columnof A belaw its rst entry.
We saythatwe have pivoted ontheentry Ap1.



Pivoting, continued

Notethat:
2 1 O O32 1 O 0 2 3
, 1 0 0
Loy 1 : Log 1 0 1 - :
L31 O 1 :48Ls; 0 1 =§_, é
L . - 0
Lha O 0 1 Lhp O 0 1
sothat:
2 1 0 0
L21 1 -
MBP] "=R13 0 1



Small or zero pivot
Theconstructiorwill fail if Aj;1= 0.
If A11is smallin magnitudecomparedo A1 thenlL 1 = A-1=A;1 will be

largein magnitude.
For moderateo large valuesof Ak thiswill meanthatthe productL- Ak

canbelargecomparedo A-.
If so,Ax L-1A will have anerror, dueto round-of error, thatis large

comparedo Ay.

Thatis, the calculatedvalue A'> "9 differsfrom the exactvalueby

(2;erron) ,
A‘ k .

Agi;calc) = Ak LaAxt A‘(i;erroo: (5.8)
Err or analysis
We canre-arrang€5.8) to:
Agi;calc) = (Ay+ Agi;errof)) L 1AL

wherewe now imaginethe errorasbeingin theoriginal entry of A.



Permuting rows and columns

If A11= 0 (orif Aq1issmallin magnitude)put A 6 O for some™ andk
thenwe canreordertherows andcolumnsandpivot on A i instead.
This simply corresponds$o permuting:

— equation is re-numberedo be equationl, and

— variablek is re-numberedo bevariablel.

This approachs calledfull pivoting.

Partial pivoting

Insteadof permutingbothrows andcolumnswe canonly permute say
rows.

The permutatiorof therows canberepresentetdy multiplying A onthe
left by apermutatiommatrixP2 R" ™

_ 0
P= 1

1.
0



Diagonal pivoting

Equation is re-numberedo be equationl, and
Variable™ is re-numberedo bevariablel.

Summary

In the rst stageof thealgorithm,to calculateA(® usingAq aspivot, we:

— copy the rst row of Ainto A(@:
— zerotheentriesin the rst columnof A(® below thediagonal;and

— explicitly calculatetheentriesAgi) forl<” n;l<k nusing
2
AD = Ay LA
We call A1, thestandard pivot.



5.3.2.2 Secondstage
Pivoting

In the secondstageof the algorithm,we now chooseM (@ to zerothe
secondcolumnof A@ belav thediagonal:

2 1 O 03
o 1 --.
L 1
E S O
O Ln2 O 0 1



Pivoting, continued
Let A® = MOMDA= |\§(2)A(2);

3
S B
3 ORI~ T
o o AY AV
Agi)z Agi) Lo (i);2< Tkoon
21 0 O3
0 1
[M(Z)] 1= L3x 1
Ly O 1 :
: S O
OLp O 01

(5.10)



Err or analysis

As in Section5.3.2.] we caninterpretround-of errorsin the calculation
of A® in termsof a perturbatiorintroducednto A®, whichwe can,in
turn, interpretin termsof a perturbationin the original matrix A.

Permuting rows and columns

Theconstructiormay again fail if A(222) = 0.
Again, full, partial,or diagonalpivoting canbe usedif thereis a suitable
non-zeropivot A forsome2 ~ nand2 k n.



Summary

At the secondstageof the algorithm,to calculateA® usingAgzz) aspivot,
we:

— copy the rst two rows of A into A®);
— zerotheentriesin the rst two columnsof A®® below thediagonal;and

— explicitly calculatetheentriesAgi) for2< " n;2<k nusing
(3 - A (2
A‘k - A\k L‘2A2k .
We call A(222) the standarcpivot.



5.3.2.3 Subsequerdteges

Pivot
8 > Ly = Al=all;

8 > jiek> ;ALY = A LaAld: (5.11)

Err or analysis

At eachstageegrrorsin AU* D canbeinterpretedn termsof a
perturbatiorin A(), which canbeinterpretedn termsof a perturbatiorin
the original matrix A.



Summary
At stagej of thealgorithm,to calculateAli* D usingAﬂ) aspivot, we:
— copy the rst j rowsof A into AU*D;
— zerotheentriesin the rst j columnsof AU*Y below thediagonal;and
— explicitly calculatdheentriesAﬂ‘: Y for j< nj<k nusing
(J+1) _ A(D) (1)
A‘k - A‘k L‘JA]k .
We call A(j’j) the standardpivot.
Again, if A%Jj) = Oorif it is smallin magnitudethentherows and/or

columnsof Al canbereorderedo placea suitablenon-zeroentry AU )
wherej ~ nandj Kk n,inthejj place.



5.3.2.4 Laststege

2 3
A1 A Ais Ain

0 AD A®Q D

2 2
U= AM=MO DM 2 vOA=8 0 0 AD )
0 0 0o A
2 3
1 0 0
L = [M(n 1) M(l)] 1: §|—21 1 52:
Do 0

Lnl I—n;n 1 1
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5.3.2.6 Singularmatrices

Factorizationcansometimede performedon singularmatrices.
However, if factorizatiorfails then(underthe assumptiorof in nite
precisioncalculations}he matrixis singular



5.3.3 Computationaleffort
At the j-th stagewe calculate:

—the(n ) entriesof L thatarein its j-th columnandlying belaw the
diagonal,

—the(n )2 valuesof AU*D thatarein thelower right of the matrix.

Thetotal effort thereforas:

ot 1

am j) = =Zn(n 1) divisions

j=1 2

o1 1

am j° = E(Zn n(n 1) multiplications
j=1

n 1

é(n j)? = é(Zn Dn(n 1) subtractions

Theoverall effort for LU factorizations thereforeontheorderof the
cubeof the numberof variables.



5.3.4 Variations
5.3.4.1 Factorizationin place

To implementthe LU factorizationalgorithm,we canstartwith a copy of
A andapplythe pivot operationglirectly to updatethe entriesin the copy
of A, therebytransformingt into the LU factors.

Theentriesof thelower triangleof L canbe enterednto thelower
triangleof A asthey arecalculatedwhile the entriesof the diagonaland
uppertriangleof U canbeenterednto thediagonalanduppertriangleof
A asthey arecalculated.



5.3.4.2 Diagonalentriesof L andU

L hasonesonits diagonalwhile theentrieson thediagonalof U werethe
pivots.

We caninsteadfactorizeA into two matrices.®andU%sothatUhasones
onits diagonalwhile the entrieson the diagonalof L arethe pivots.

5.3.4.3 LDU factorization
Supposave factorizeA into LU°
Let D have diagonalentriesequalto the diagonalentriesof U ©
DeneU =D 1U°
We now have afactorizationof A into LDU, whereD is adiagonalmatrix
andbothL andU have onesonthediagonal.



5.4 Symmetric coef cient matrix

If Ais symmetric,we cansase approximatelyhalfthework in
factorizationsolong aswe only usediagonalpivots.
Symmetricsystemsftenarisein circuit applicationsaswe have seen,
andalsooccurin optimizationapplications.

Sometimesa systenthatappearat rst to benotsymmetriccanbe
madesymmetricby scalingtherows or columnsor re-arrangingherows
or columns.



5.4.1 LU factorization

Lemmab5.1 Supposéhat A is symmetrianddiagonalpivotingwasused
in the r st stage of factorizationto reorder rowsandcolumns.Then:

(i) the r strowof A is equalto A;1 timesthetransposef the r st
columnof L, (thatis, theentriesin the r stcolumnof L arranged
into arow), and

(ii) thesubmatrixof A® formedby deletingits r strowandcolumn
IS symmetric.

Proof Theproofinvolvescalculationof theentriesA(?. 2



Lemma5.2 Let2 j (n 1) andconsiderthematrix AlY) formedat the
(j 1)-th stage of thefactorization.Supposéhat the submatrixof A())
obtainedby deletingits r st(j 1) rowsand(j 1) columnss
symmetric Assumehat diagonal pivotingis usedat the j-th stage of
factorization.Considerthe matrix AU+ 1) formedat the j-th stage of
factorization.Then:

(i) the j-th rowof AU*D js equalto AEJJ-) timesthetransposef the
j-th columnof L, (thatis, theentriesin the j-th columnof L
arrangedinto arow), and

(i) thesubmatrixof AU+ 1 formedby deletingits r st j rowsand j
columngs alsosymmetric.

Proof Theproofis analogougo thatof Lemmab.1 2



Corollary 5.3 Suppos¢hat A is symmetriandthat diagonalpivotingis
usedat ead stage of thefactorization.Thenforeadh j,2 | n,the
submatrixof AU) formedby deletingits r st(j 1) rowsand(j 1)
columnss symmetricMoreover, at the endof thefactorization,for each
*, the -throwofU is equalto U+ timesthetransposef the "-th column
of L.

Proof By induction.Lemmab.1 provestheresultfor j = 1. Lemmab.2
thenprovestheinductionstep.2



5.4.2 Example

2 3 4#
A= 35 7
4 7 13
5 3 5.4.2.1 Firststage
100
M = 4 % 1 05
2 021 3
2 34
A(Z): M(l)A: 40 % 15
015
(2 - A2
Az = Ags



5.4.2.2 Secondstage

1 OO#
M@= 0 10
0o 21 , 3
2 34
AG = MOMDA= 40 % 15.
003
) 542§Laststage
. . 100
= MD] M@ “= 45_23 1 05.
221



5.4.3 Computationalsavings

Thesaringsin computationakffort for the smallexamplein Section5.4.2
IS modest.

For ageneralmatrix, calculatingonly thediagonalanduppertrianglein
the rst stageof factorizationsavesa fractionof thework equalto:

(n D2 (n Hn=2 _ (n D?=2 (n =2
(n 1)2 ) (n 1)2 ’

n 2

2(n 1)’

L for nlarge
2 ge.

Similarly, at eachsuccessie stageapproximatelyhalf thework is saved,
sothatoverall approximatelyhalf the computationaéffort is required
comparedo factorizinga non-symmetrignatrix.



5.4.4 LDLT and Choleskyfactorization
Let D beadiagonalmatrix with entriesequalto thediagonalof U.
By Corollary5.3 U = DLT.
Thatis, A= LDLT with thediagonalentriesof D beingthe pivots.
If theentriesof D areall positve,letR= D%LT, wherethe matrix D7 is
diagonalwith eachdiagonalentry equalto the positive squareroot of the

correspondingntryof D.
ThenA = R'Ris calledthe Cholesky factorization of A.

Thematrix Ris uppertriangular



5.4.5 Discussionof diagonalpivoting

In the circuit casestudyfrom Section4.1, theadmittancematrixis strictly
diagonallydominantandsothe diagonalentriesarerelatively large
comparedo the off-diagonal.

Diagonalpivoting is consequenthadequatdor the particularproblemin
our casestudy

In othercircuit formulationsandmoregenerallyin otherapplicationsthis
may not bethe caseandoff-diagonalpivoting becomesecessary



5.4.6 Positive de nite coefcient matrix

Lemma5.4 Suppose¢hatA2 R" "is symmetriandcanbefactorizedas
A= LDLT, withD 2 R" " diagonalandL lower triangular with oneson
thediagonal. ThenA is positivede nite if andonlyif all thediagonal
entriesof D are strictly positive



Proof

) We rst provethatA beingpositive de nite impliesthatthe diagonal
entriesof D arestrictly positive. To prove this, we prove the
contra-positre. So,supposehatthereis atleastonediagonalentry, D+,
say of D thatis not strictly positive. We will exhibit x6& 0 suchthat
xTAx 0.To nd suchax, solvetheequationL™x= |- for x. (Thisis
possiblesincel is lower triangularandhasoneson its diagonal We just
performbackwardssubstitutioron L.) Noticethatx & 0, for else

I- = L™x= LT0= 0, whichis acontradiction.Furthermore,

x'Ax = x'LDL'x; by assumptioron A;
= I-'DI-; by de nition of x;
= D-; ondirectcalculation
O; by supposition

Therefore A is not positive de nite.



(- Wenow provethatthe diagonalentriesof D beingpositive implies
thatA is positive de nite. So,supposehatall thediagonalentriesof D
. ... . 1 . .
arestrictly posgive; De ne thematrix D2 to bediagonalwith each
diagonalentry D3 __equalto thesquareroot of the corresponding
|
1 p

diagonalentryof D. Thatis, Dz =" D-;8". Letx6 0begivenand

de ney= D3L'x. We rst claimthaty & O.
ﬁor§upposehecontrary Thatis, supposéhaty = 0. Then,

D3 y= 0. (NotlcethatthedlagonalentrlesofD2 areall strictly
h i 4
positive,sothatD? is invertible.) ButthenO = D3 y= L™x. Solving

LTx = 0 by backwardssubstitutionwe obtainx = 0, acontradiction.
Thereforey 6 O.



( continued Secondwe obsenre that:
x'Ax = X'LDL'x; by assumptioron A;
= x'LD3D3L"x: by de nition of DZ:
= y'y: by de nition of y;
= kykz; by de nition of k k»;
> 0; sincethelengthof anon-zerovectoris strictly positive.

Thatis, A is positive de nite. 2



Theorem5.5 If Ais symmetriandpositivede nite, then:
() Aisinvertible
(i) Ais factorizableasLDLT, with D diagonalhavingstrictly
positivediagonalentriesandL lower triangular with onesonthe
diagonal,and
(i) A 1isalsosymmetricandpositivede nite.
2



5.4.7 Inde nite coefcient matrix

Consider:
A B
BT C

SupposehatA is a squaresymmetricmatrix thatis positive semi-de nite
or positive de nite andthatC is a squaresymmetricmatrix thatis
negative semi-de niteor negative de nite.

Thecoefcient matrix A is inde nite ; thatis, it is neitherpositive
semi-de nitenor negative semi-de nite.

For example:

A =

1 0 |
0O 1°

For anon-singulainde nite matrix therearespecialpurposeactorization
techniquedo factorizethis matrix thattake advantageof the known
partitioningof the matrix into positive de nite andnegative de nite parts.

A =



5.5 Sparsity techniques
Thenon-zercentriesin theadmittancematrix occuronly:

— onthediagonal,and
— atthoseoff-diagonalentriescorrespondindo resistors,

sothattheadmittancamatrix is a sparsematrix .
We may alsohave right-handsidevectorsb thatonly have afew non-zero
entries.



5.5.1 Sparsestorage
5.5.1.1 Spasematrices
Storeonly valuesandlocationsof the non-zeroentriesin the matrix.

21 20 53
621 3 07,
A=4523 08: (5.12)
5041
location|| 1| 2|4 | end
row 1 value| 125
R location|| 1| 2|3 |end
[row 2 value| 2|13
R location|| 2| 3|4 | end
@3 value| 3|14
) locationl 11314 end Fig. 5.1. Sparsematrix
row 4 = value 51211 storageby rows of the

matrix (5.12).



5.5.1.2 Spassevectos

Sparsevectorscanbestoredasalist of pairsof numbergepresentinghe
locationsandvaluesof the non-zercentriesof the vector

For example,considerthe changdn thecircuit casestudyof Sectiond
illustratedin Figure4.2, whichis repeatedor referencen Figure5.2

In this circuit, the currentinjectedat node2 changesy [bs.

4

3
R+ (R R

"I @ "[102@ @ @ a Fig.5.2. The  ladder

circuit of Figure 4.2
shaving a change,b,
L L in thecurrentinjectedat
node’ = 2.




Spasevectoss, continued

Supposehatthevalueof thechangdn the currentsourcewaso, = 1.
Then,we couldde ne avectorDb 2 R* thatrepresentshe changest all
nodesasspeci edby: > 3

0
=958 (5.13)
0

N

location end

value

Fig. 5.3. Sparsestorage
of thevector(5.13.

o

5.5.1.3 Implementation
A linkedlist of recordscanbe easilymodi ed by changingthe pointers.



5.5.2 Forwardsand badkwards substitution
5.5.2.1 Spasematrices
Forward substitutiornto solve Ly = b: '
. !

1 .
y = - b ALk ;
k=1
= b 4 Lk (5.14)
k<
L.k6 0
Y«6 0

To calculatey-, we rst initializey- = b-.
For eachnon-zeroentryL i ;k< *; inrow , if yx 6 O, we calculatel-yy
andsubtractit from thecurrentvalueof y-.

5.5.2.2 Spassevectos

If b= 1,thenwe only needperform(5.14) for ° = nsincey- = O for
<.



5.5.3 Factorization
5.5.3.1 Fill-ins

2 3

A:Q ?;:

OGO DN B
SCwWErnmN
AP WO
Bk~ Ol

We canrepresenthe zerosandnon-zerof A with thefollowing

diagram:

N




Fill-ins, continued
Similarly, we canrepresenthe zerosandnon-zerosf L with:

where and bothrepresenhon-zeros:

correspond$o anentrythatwasnon-zeran A, while
correspond$o anentrythatwaszeroin A.

We referto thelatterentries,indicatedby bullets , as ll-ins because
they correspondo anon-zercentryin L thatwascreatedata positionof a
zeroin A.



5.5.3.2 Choosingpivotsto minimize ll-ins

We seekanorderingof the rows andcolumnsof the matrix that
minimizesthenumberof llI-ins duringfactorization.

Heuristic criteria

It isin generalverydif cult to nd theoptimalorderingto minimizethe
totalnumberof ll-ins createdduringthe completefactorization.
Severalheuristicsavailableto approximatelyminimize the numberof
ll-ins created.

Chooseéhepivot at stagej soasto minimizethenumberof ll-ins
createcht stagej, ignoringthe effect of this decisionon the numberof
ll-ins createcdatlaterstages.



Number of ll-ins with standard pivot

We have thefollowing upperboundon the numberof Il-ins:

Lemma5.6 Suppos¢hatA2 R" "is symmetricLetN(j) bethenumber

of ll-ins createdat stege | offactorizationusingA%jj) aspivot. Then
N(j) N(j),whee:

N(j) = [(the numberof non-zeo entriesin the j-th row of A()) minus1]?;
2

TheupperboundN(j) is very easyto evaluateandrepresentshe worst
possiblecaseof creationof Il-ins whereevery non-zeroentryin the j-th
row of Al) createsa Il-in for every oneof thenon-zeroelementsn the
j-th columnof A below the diagonalthatmustbe explicitly annihilated.
Thatis, it ignoresthe entriesthatarealreadynon-zeran AW,



Number of ll-ins with other pivots

De ne N(") to bethenumberof ll-ins createdatstagej if we pivoton
theentry A
Again,we canapproximateN(") by ignoringtheentriesthatarealready

non-zerain Al)) to obtainthe upperboundN(").
N(") is equalto thesquareof onelessthanthe numberof non-zeroentries
in the ™ -th row of A()).

Application of heuristic

We choosé&o pivot ontheentryAfJ) thatminimizesN("), whichwill also
approximatelyminimize N(").

Thatis, we pick therow > of A), wherej ~ n, thathastheleast
numberof non-zeroentries.



5.5.3.3 Computationakffort

Thecomputationaéffort for factorizations dif cult to calculateexactly
becausdé depend®nthetotalnumberof lI-ins.

However, the effort for factorizations typically muchlessthancubicin
thenumberof variables.

In practice elapseccomputatiortime sometimegrows only slightly
fasterthanlinearly in the numberof variables.

Solutiontime dependstronglyonthenumberof non-zercentriesin the A
matrix.

A verylarge,but sparsesystemcanbefasterto solve thanasmalldense
systemhaving morenon-zeroghanthe sparsesystem.

5.5.3.4 Othercriteria for pivot selection

We shouldtry to avoid smallpivots.

This presentglif culties for our LU factorizationalgorithmfor sparse
matrices pecauseave would like to know the orderof the pivotsaheadf
time sothatwe cancreatetheappropriatell-ins in thelinkedlist
representationf the matrix.



5.5.4 Specialtypesof sparsematrices
5.5.4.1 Bandedmatricesand matriceswith regular structuie

A bandedmatrix haszeroseverywhereexceptonthediagonalandon
entriesthatarecloseto thediagonal.

A tri-diagonal matrix is abandedmnatrix thathasnon-zercentriesonly
onthediagonalandadjacento thediagonal.
Therearespecialfactorizationalgorithmsthathave beendevelopedfor
thesetypesof matrices.



5.5.4.2 Blo pivotingand sparsity
Considefrfactorizationof the block matrix:

a- 28
M® = clAl?’
A® = c:IAl? o
- QD C|:3A g - (5.15)



Blodk pivotingandsparsity, continued

The pre-multiplicationmatrix M (Y wasobtainedby “pretending”thatthe
matrix:

A B

C D -

wasaz2 2 matrixandpivotingontheblock A.
The rst block columnof L in theblock L U factorizationof

A =

A= é g is givenby CAI\ 1 andthe rst blockrow of U is givenby

[A B].
We saythatwe have pivoted on the block A.
We have that:

A

LU;
|l 0 A B _
CAll oD caAlB -



Blodk pivotingandsparsity, continued

If the sparsitypatternof the systemis suchthatnon-zeroentriesoccurin
blocks,thenit canbe moreef cient to storethe matrix asa sparse
collectionof blocks.

The“entries” of thecoefcient matrixwill thereforeconsistof blocksand
block pivoting canbe used.

For example,Figure5.4 shows the storageof sucha matrix.

As in Figure5.1, thematrixis storedoy “rows;” however, in this casethe
rows areactuallypairsof rows in thematrixandtheentriesare2 2
blocks.



Blodk pivotingandsparsity, continued

location 1 2 4 end
| 12 2 3 56
Vallel 34 | 45 | 78
location 1 2 3 end
| 2 3 12 34
Vallél 45 | 34 | 56
location 2 3 4 end
| 34 12 4 5
Vallel 56 | 34 | 67
location 1 3 4 end Fig. 5.4. Stor
56 | 45 | 12 age by block
value| ;- g | 57 | 34 rows for ablock
matrix.

| & &<



5.6 Changes
5.6.1 Sensitivity
5.6.1.1 Analysis

We now generalizeo thecasewherethe coefcient matrixandright-hand
sidesarefunctionsof a parametec 2 RS>,

Thatis,A: R®! R" "andb:RS! R"arematrixandvectorvalued
functionsof c, respecitrely.

We assumehatwe have alreadyfoundx = x°? 2 R" thatsatis ed

A(0)x= b(0).



Theorem5.7 SupposghatA: R3! R" "andb: RSS! R"are partially
differentiablewith continuougartial derivativesandthat A(0) is
non-singular Then there existsa functionx” : R$!  R" sudh that:

for ¢ in a neighborhoodf 0, thefunctionx” satis esthelinear
simultaneougquationsA(c)x’(c) = b(c), and

thefunctionx” is partially differentiablein the neighborhoodvith
partial derivativewith respecto c; atc = 0 givenby:

™, b TA 2 .
e, (0 = [AO)] ! 1c, (@ ¢ (O (5.16)

where x’? 2 R" satis esthebase-caséinear simultaneougquations
A(0)x?? = b(0).



Proof Thematrix A(c) is invertiblefor all ¢ in aneighborhooaf 0.
Consequentlythereis awell-de ned solutionof A(c)x= b(c) for all c

in this neighborhoodndfor eachsuchc we cande ne thevalueof
x’(c) to bethis solution. Thatis, for all ¢ within aneighborhooaf 0 we
have thatA(c)x’(c) = b(c). (SinceA(0) is non-singularthe solutionis
uniqueandwe have thatx’(0) = x°°.)

Thatis, x’(c) = [A(c)] 1b(c) for all ¢ in this neighborhoodTheinverse

[A(C)] lis partially differentiablewith respecto c in the
neighborhoodMoreover, the partialderivative is continuous.Therefore,
x’(c), beingthe productof partially differentiablefunctionswith
continuougartialdervatives,is alsopartially differentiablewith respect
to ¢ in theneighborhood.

Totally differentiatingA(c)x’(c) = b(c) with respecto ¢ j, evaluatingat
c = 0, andre-arrangingields(5.16). 2



5.6.1.2 Discussion

If we have alreadyfactorizedthe base-caseoefcient matrix A(0)
then(5.16) shawvs thatthe sensitvity of x” with respecto variationin Cj
canbecalculatedwith oneaddltlonalforwardsand backwards

substitutionusingtheright- handslde.”C (0) 'ﬂc (O) X7,

Findingthe partialderiative of all entrlesof X’ Wlth respecto all entries
of ¢ 2 R3requiress forwardsandbackwardssubstitutions. ,
fix

Eachforwardsandbackv\ardssubstltutlorpr()\/ldesasensmnty." (0).

Sincethebase-cassolutionx’” in Theoremb.7is equaltox (0), WeW|II
from now on atusenotationsomavhatandusuallywrite x” for the
base-caseolutionandalsofor thefunctionthatrepresentshe
dependencef thesolutiononc.



5.6.1.3 Directsensitivityanalysis

A singleforwardsandbackwardssubstitutionis requiredto calculatethe
sensitvity of X’ to anentryc; of c 2 RS.

Example
8c 2 R;A(c) = :1,) i+c ;
: _ 1 :
8c 2 R;b(c) = 1+c
x’(0) = i ;



Example, continued

f6(©) = 450)
_ 01,
- 00"
) = 20
_ 0.
- 9,
b A, 2 1 .
c@ qO@O¥0O = 1
™, fb TA 2 -
7c (O = [AO] " (0 ¢ (Ox ;
- 3.
- 3.



Cir cuit casestudy

For theladdercircuit in Figure4.3, whichis repeatedn Figure5.5, there
is anadditionalconductancef DG,3 betweemodes2 ands3.

1 2 3 4
=Ry IRy =R
P ES 1 1 il o, _

Ra Re Re Ry Fig.5.5. The ladder
circuit of Figure 4.3
thathasa changen the

. conductance between

nodes = 2andk= 3.



Cir cuit casestudy, continued

Thesensitvity of the solutionof this circuit with respecto DG,3 = ¢,
evaluatedat DGo3 = ¢ = 0, is givenby the solutionof a circuit with
“currentinjections” (actuallyhaving units of voltage)equalto:

20 0O O O3
5@ qos@¥=0 85 1 1 g6x;
O 0O 0O
where:
— X? is thebase-cassolution,
— thecurrentinjectionsdo notdependon DGy3 sothat%zg)(O) = 0, and

— thedependencef theadmittancanatrix A on DG»3 wasdiscussedn
Section4.1.3.2

Thesolutionof thecircuit is avectorof “voltages”(actuallyhaving units
of voltagedivided by impedance}hatrepresenthe sensitvities with
respecto DGos.



5.6.1.4 Adjoint sensitivity
In this sectionwe will supposehatthereis anobjective function

f:R"! R thatprovidesthevalueor payof of thesolutionx.
Wedene f?:RS! R by:

8c 2 RS; f?(c) = f(X’(c)):

We areinterestedn calculatingthe partialderivative of f?, again
assuminghatwe have a base-cassolutionx’(0) correspondingo the
parameteraluec = 0 andalsoassuminghat f is differentiable.

1f” d[f(X?(C))] .
W(O) . (0)

= (x (O)) (0) by thechainrule,

1'ﬂb

= ﬂ—x(x?(O))[A(O)] e, © ﬂ—Cj(O)X?(O) : (5.17)



Adjoint sensitivity continued
Let usde ne x 2 R" to bethesolutionof:

[A0)]x = Kif (x*(0)): (5.18)
Solvingfor x in (5.18 andtakingthetransposef theresultyields:
X = Lo
7 r b
fic; fici
Calculationof thevectorx in (5.18 requiresthe solutionof alinear

equationwith coefcient matrix [A(O)]T.
After x hasbeencalculatedvith oneforwardsandbackwardssubstitution,
sensitvities of f? with respecto all entriesof ¢ canbeevaluated.

© = xt (g %T—Q(O)x’-’(O) :



Example
8x2 R%f(X) = (x1)°+ (%)°+ 2% 3

2. & _ 2X .
8x2 R4 Nf(X) = Oxp+ 2

Ce U 2

Nf(x?) = 4"



Example, continued
In this case(5.18 becomes:

13 y = 2
2 4 © 4
which hassolutionx = 12 . sothat:
f? b A
de (O = X' 20 gOX(0)
_ 1 .
= [10 4] 1
= 14



Cir cuit casestudy

Thelinearequatiorthatis solvedfor adjointsensitvity analysis
corresponds$o a circuit thathasentriesin its admittancematrix thatare
thetransposef thosein thebase-casandhasentriesin its “current
vector”thatarede ned in termsof the sensitvity of the objectve
function.

Thecircuitis calledtheadjoint sensitvity circuit.

Onesolutionof the adjointsensitvity circuit sufces for sensitvities of
anobjectve functionwith respecto all parametersf interest.

In the caseof resistve circuitswith currentsourcestheadmittancanatrix
Is symmetric,sothattheresistordan theadjointcircuit arethe sameas
thosein thebase-caseircuit.

For somecircuits,however, theadmittancematrix is not symmetricand
theadjointcircuit hascomponentshataredifferentfrom thosein the
base-caseircuit.



5.6.2 Large changes
5.6.2.1 Right-handside
We caneasilyaccommodatéarge changesn b, eitherby:

(i) re-solvingthe equationswith the new valueof b, or
(i) solvingfor thechangdX in x to matchthechangelb in b.

In the seconccase we assumehatwe have alreadyhave a solutionx’
thatsatis esAx’ = b andnow we wantto nd DX thatsatis es

A(X’+ DX) = b+ Db, wherelb is thechangean theright-handside.
We mustsolve ADx = [h.

Thecomputationaéffort usingforwardsandbackwardssubstitutionas
describedn Section5.2is ontheorderof (n)>2.

We sawv a casen Section5.5.2.2wheretheeffort is muchsmallerthan
(n)? if Db hasonly afew non-zercentries.

Thesolutionof thesystemAx = b is alinearfunctionof theright-hand
sidevectorb.

If asensitvity analysigs carriedoutwith respecto parametershatare
all entriesof b thenthe sensitvity andlarge changeanalysisyield the
sameresult.



5.6.2.2 Coefcient matrix
AssumingthatA hasbeenfactorizedasLDLT, we have:

A+ DA = LDLT+ DA;
= LDLT+ LL DAL Y'LT: sinceLL 1= 1,
= L(OLT+ L oAl 4'Lh:
collectingthecommonfactorontheleft,
= L(D+L oL Jht:
collectingthecommonfactorontheright.



Coefcient matrix, continued

Supposéhatwe canfactorizeD+ L 1DA[L 1" into LOLT with [ lower
triangularwith onesonits diagonalandD diagonal.
Then,we would have:

A+ DA = L(D+L ‘DAL YN
= LLOL™LT:

= (DL
The practicalityof this approactdepend®n beingableto factorize

D+ L DAL 4" usinglesseffort thanit takesto factorizeA+ DA.
Thisis nottrueif DA is anarbitrarychangeput is truefor somerestricted
formsof DA thatareneverthelesgxtremelyusefulin applications.



Coefcient matrix, continued
For example,supposédhat:

— g d 2 R with gandd non-zeroand
—w; u2 R"with wandu linearly independent.

Then,for the particularforms:

DA= gvw' 2 R" " whichis calleda symmetric rank oneupdate, and
DA = gwvw'+ duu’ 2 R" ", whichis calledasymmetric rank two
update,

the computationaeffort involvedis on the orderof (n)2, whichis
considerablyessthantheeffort involvedin factorizingA+ DA directly.

5.6.3 Newvariablesand equations

We canalsoconsideraugmentinga systemof equationsy addinga new
variableor a new equation.



5.7 lll-conditioning
5.7.1 Numerical conditioning and condition number
5.7.1.1 Discussion

In Section5.3we shavedthatif A is non-singulathenwe canfactorize
it, while if it is singularthenat somestagewe will nd thatthereareno

non-zeropivots.
We avoideddiscussiorof theissueof whena coefcient matrixis

“nearly” singularin the sensahata smallperturbatiorof the matrix
would make is singular



5.7.1.2 Example

1d .
10~

If d6& O, thenundertheassumptiorof in nite precisionarithmetic,we
couldreliably factorizeA andsolve Ax= b exactly for the solutionx”.
However, if dis smallin magnitudethenA is “nearly” singularin that
perturbingd to make it equalto zerowould make A singular
Smallrelative errorsin the speci cationof A or b (or in thecalculationgo
factorizeA or to performforwardsor backwardssubstitution)eadto
largerelative errorsin the valueof the solutionx”.

Thatis, the problemof solvingAx= b giventheA de nedin (5.19 is
ill-conditionedaccordingto De nition 2.21

A= (5.19)



Example continued

1_
A= 199 1=

x’=A b= (blzd)bz(bzzd) : (5.20)

Letb= 1 sothatkbk,= ' 2.

We have thatx? = é andkx’k, = 1.

We consideyin turn,changego b andto A assumingn nite precision
calculations.



Right-hand side

Ax= b+ Db, with b=, , sothatkDok, = jcj.
D= 0 andkDk, = je=d.
kDK,
kX’?kz JC_dJ!
KDok,  jcj
kbk, %

Therelative changan thenormof the solutionis onthe orderof j1=dj
timestherelative changdn the normof theright-handside.



Coef cient matrix

(A+ DAx= bwith DA= & 0 sothatkDAk, = jcj
X¥+DP= L. .DP= 2. andkdk,= je=d.
kD<K, L
je=dj;
kx?+ DXk,
KDAK,  icj
KAK, %

Again, therelatve changan the solutionis ontheorderof j1=dj timesthe
relative changdan the coefcient matrix.



5.7.1.3 Analysis
Thedeagreeof ill-conditioning is characterizetby a measuré&nown asthe
condition number of the matrix.

De nition 5.1 Letk k standfor vectorandmatrixnormson R" andR" "
thatarecompatible For example,the matrixnormk k couldbethe matrix
norminducedby thevectornorm. SupposéhatA2 R" "is non-singular
Thenthe condition number of Aisde nedby kAk A 1 . If A2 R" "is

singularthenthe conditionnumberis de nedto be¥. 2

Theorem5.8 Letk k standfor vectorandmatrixnormsonR" andR" "
thatare compatible Supposg¢hatA2 R" "is non-singularandb 2 R".
We considertherelationbetweersolutionsof the systemAx= b and
solutionsof the perturbedsystem#®x= b+ Db and(A+ DA)x= b. We
havethefollowing bounds:

(i) ConsidertheperturbedsystemAx= b+ Db. Thesolutionx’+ DX’
to this perturbedsystensatis es:
kDok

kD<K 1
odk  AKAT T




wheee X’ is thesolutionto Ax= b. Thatis, therelativechange in
the solutionis boundedby the productof the conditionnumber
andtherelativechange in theright-handside

(i) Considertheperturbedsysten{A+ DA)x= b. Thesolution
x”+ DX’ to this systemnsatis es:

KDX’k . kDAk
o+ DOk AT G

whee x” is thesolutionto Ax= b. Thatis, therelativechange in
the solutionis boundedby the productof the conditionnumber
andtherelativechange in the coefcient matrix.



Example

Considerthematrixde nedin (5.19 andsupposehatd is small.
If theinducedmatrixnormk Kk, is chosenthen:

kAK, P 2,and
N

sothatthe conditionnumberis proportionalo j1=d;.
Accordingto Theorem5.8, relatively smallchangesn eitherthe
right-handsideb or the coefcient matrix A of thesystemAx= b can
potentiallyproduceargerelatve changesn the solutionwith the
ampli cation proportionalto j1=d.

By Theorenb.7, we obtainthatthe normof the sensitvity to ¢ is j1=d|.
Theseobsenrationsareconsistentith theabove calculationdor the
matrixde nedin (5.19 sincethechangesn A andb wereindeed
ampli ed by j1=dj in the solution.



5.7.2 Scalingand pre-conditioning

Scalingcansometimede usedeffectively to reducethe conditionnumber
of amatrix.
For example,considerthe matrix:

a= $9 (5.21)

,_ 1=d 0

AT 11
K=At=  IE (5.22)

If thek k, inducedmatrix normis again usedthenfor smalld we have
that:

—kAk, 1,
1 P5_
- Al T2,

sothatthe conditionnumberis again proportionalto j1=dj.



Scalingand pre-conditioning,continued
By scalingthe rst equationof Ax= b by multiplying it by 1=d we obtain
thenew system:

10 b=d .

11 X< b, (5.23)

andthecoefcient matrix now hasa conditionnumberthatis asmall
constanthatis independenof d.

We still facetheissuethatthe solution(5.22) is very dependenonthe
valueof d; however, the conditionnumberof the coefcient matrix has
improved.

We will returnto theimplicationsof thisobsenationin Section5.7.3

It is importantto realizethatpre-conditioningwill notremove the
sensitvity of the solutionto changesn the originally speci ed coefcient
matrix A andvectorb.



5.7.3 Matrix factorization
5.7.3.1 LU factorizingill-conditionedsystems
The conditionnumberof thelower triangularmatrix:

L=[M®™ D m®] .

KLk LY = MO D@1t mo D2m@
whichis boundedoy:
MM D b IMD] SRV [GE PR VGO

Mo D mn D v M L.



LU factorizingill-conditionedsystemsgontinued
Similarly, the conditionnumberof the uppertriangularmatrix:

U=MD::mM Da:
is boundedoy:
MO D M D s MO MOt kak AL

Both M() and[M()] * have entriesthatareproportionalto theinverseof
the pivot usedat the j-th stageandtheir normswill bothbe
correspondinglyarge.

conditionnumberof theresultingsystemwhich exacerbateghe
ill-conditioning of A.

If Aisill-conditionedthentheresultingsystemd.y= bandUx= ycan
be extremelyill-conditioned.



5.7.3.2 LDLT for positivede nite A

In the caseof a strictly diagonallydominantmatrix suchasin our circuit

casestudyof Section4.1, thelargestpivotsareon thediagonaland
diagonalpivoting will keepthe conditionnumberof the systenrelatively

low.
This favorablecircumstancealsooccursfor LDLT factorizationof ary

symmetricpositive de nite matrix.



5.7.3.3QR
An alternatve factorizationnvolvesmultiplying by a sequencef
matricesM(D) for which M) = [M()] * = 1 sothatthecondition

numberof L is oneandtheconéitionnumbero% U is thesameasthe
conditionnumberof A.

Theresultingfactorizationis calledthe QR factorizationandcanbe
appliedtoanm nmatrixAwith m nandhaving linearlyindependent
columnsto produceafactorizationA= QRwhereQ 2 R™ Mis unitary
andR2 R™ "is uppertriangular

Thatis, R = Ofor ™ > k.

Themaindrawvbacksof QR factorizatiomarethat:

— it takesmorecomputationaéffort thanLU factorizationand
— thematrix Q will notusuallybesparseavenif Ais sparse.



5.8 Non-square systems
5.8.1 More variablesthan equations
ConsidertthesystemAx= bwhereA2 R™ "b2 R™ andm< n.

5.8.1.1 Inconsistenequations

A systemof equationss calledinconsistentif thereis no solution.
This problemwill turn outto beanoptimizationproblemandwe will
treatit in Sectionl1.l

5.8.1.2 Consistenequationsandthe null space

If them rows of A arelinearly independentthenthereisanm m
sub-matrixof A with linearly independentolumns.



First mcolumnslinearly independent
Letn®= n mandpartitionAinto Ak A? whereAX2 R™ Mand
A? 2 R 1
Similarly, partitionx into \;(V wherew 2 R™ andx 2 R™.

SupposehatAX haslinearly independentolumns sothatAX is
non-singular

Ax=b , Ak A? \;(V = b; by de nition of AK A? and \)'(V :
. Aw+ A7x= b
. Aw=b A’x

. w= A (b ATX);
Letx= 0andW= [A] 'b.



First mcolumnslinearly independent,continued
Thende ne:

R = = ;
X

- A9 b
0

ThevectorX is oneparticular solutionto Ax= b.
Thesetof all solutionsto Ax= bis givenby f X+ Dx2 R"JAD«= 0Og.
Theset:

N (A) = fIx2 R"ADx= 0Og;
is calledthenull spaceof A.



First mcolumnslinearly independent,continued

Partition Dx into B(N . whereDnv 2 RMandDx 2 R
Dw
— k ? — .
ADx= 0 , A A X - 0;
., ADv+ A’Dx= 0
. Aow= AT

. Dw=  [AY 'A’Dc



First mcolumnslinearly independent,continued
N(A) = fIx2 R"JADx= 0Og;
_ (A AP} o RO
D

= fZDXjDx 2 R"g:
7 = [Ak:ll 1A?

Thecolumnsof Z form abasisfor the null spaceof A.

Every solutionof Ax= b is of theform x = V(\)/ + %A(I ;

where:
W
0

X = is a particularsolutionof Ax= b, and

QY

2 N (A).



First mcolumnslinearly independent,continued

X N (A)

6

s
x S

Dw 2R" A =b
DX

q . Fig. 5.6. Solution  of
linear equations. The
solid line representshe
set of points satisfying
the linear equations.
The null spaceof the
coefcient matrix is
shovn as the dashed
line.

o>
QY

o>



Linearly independentcolumnsunknown

An analogougactorizatiornto the QRfactorizationcanbe usedto write

PA = LQ, wherenow:

P2 R™ Mis apermutatiormatrix,

L2 R™ "is lowertriangular with its rst mPcolumnslinearly
independenandits lastn®= n  m°columnszero,and

Q2 R" Misunitary.

PartitionL into LK 0 whereLk 2 R™ ™is lower triangularwith its

columnslinearly independent.

If A hasm linearlyindependentolumnsthenm®= m.



Linearly independentcolumnsunknown, continued
Letn®= n mPandy= Qxandpartitiony2 R"intoy = \)’(V where

w2 R™andx 2 R™.

Ax=Db , PAx= Pb; sinceP is non-singulayr
, LQx= Pb; by de nition of LQ,
, Ly= Pbandy= Qx

. ko | =Pbandy=Qx

( L*w= Pbandy= \(’)V = Qx
- L4 ‘Pb
If m°= m thensimilar agumentso beforeshav thaty= | ]O

satis esLy = Pbandthatx= Q 1y= Q'y satis esAx= b.



Linearly independentcolumnsunknown, continued
N(A) = fDx2 R"JADX= Og;
= qf 8( x2 R™ :
= fzZDxjDx2 R"g;

whereZ is thelastn®columnsof QT.



5.8.2 More equationsthan variables
ConsidethesystemAx= bwhereA2 R™ ":b2 R™ andm> n.

5.8.2.1 Inconsistenequations

Inconsistentequationstypically occurif A is non-squarevith more
equationghanvariables.
We will investicatethistypeof problemin Sectionl11.1

5.8.2.2 Consistenequations

Forb2 R(A), thesystemAx= b will have oneor moresolutionsevenif
therearemoreequationghanvariables.

For suchb, we saythatthe equationsareconsistent
Thereareredundanequations.

5.8.3 The pseudo-iverse

Theprecedingliscussiorcanbeuni ed by de ning thenotionof the
pseudo-irverse whichis de nedto bethe (unique)matrix A" 2 R" M
suchthatthevectorx = A" b is thevectorhaving the minimumvalueof
normkxk, over all vectorsthatminimize kAx  bk,.



5.9 lterati ve methods

Very large,but sparsesystemsanbe solved effectively by factorization.
However, if thecoefcient matrixis extremelylargeor is densethenthe
factorizationapproachebecomeoo time consuming.

An alternatve approachnvolvesaniterati ve algorithm wherea

sequencéx(”)gﬁ: o of approximationgo the solutionof Ax= b are
calculated.



In this chaptemwe have described U factorization(andits variants)and
forwardsandbackward substitutionasanef cient approacho solving
systemsof linearequationspayingparticularattentionto symmetric
systems.

We consideredhe selectionof pivotsanddiscussedhe solutionof
perturbedsystemssparsanethodsandtheissueof ill-conditioning.
We brie y discussedhe solutionof non-squarsystemsanditerative
techniques.

In laterchapterave will needto solve largelinearsystemsepeatedlyso
thatthe algorithmsdevelopedin this chaptemwill beincorporatednto all
subsequemndlgorithms.
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