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Part Il
Non-linearsimultaneougquations



6
Casestudiesof non-linearsimultaneougquations

(i) Solutionof Kirchhoff'slawsin anon-lineardirectcurrent(DC)
circuit (Section6.1), and

(i) Solutionof Kirchhoff'slawsin alinearalternatingcurrent(AC)
circuit wherethevariablesof interestarenot currentsandvoltages
but insteadarepower (and“reactive power”) injections
(Section6.2).



6.1 Analysis of a non-linear dir ectcurrent circuit
6.1.1 Motivation

Predictthebehavior of the circuit without actuallybuilding a prototype.
Predictthe effect of changesn componentalueson thecircuit behavior.

6.1.2 Formulation
6.1.2.1 Devicemodels
Terminal characteristics

For aresistor thecurrentis alinearfunction of voltage.



Non-linear devices
Diodemodel:

. \Vai
8Vdiode2 R;idioded(Vdiode) = lsat €Xp thzo_?e 1 (6.1)

21 diode

A Vdiode
Fig. 6.1. Symbol for

diode together with
voltage and current
conventions.




Non-linear devices,continued

I diode( Vdiode) (@MPS)

0.18

0.16

0.14

0.12

0.1

0.08

0.06 -

0.04

0.02-

Fig. 6.2. Current to
a5 o o o1 o 0z o 03 voltage relationshipfor
Vgiode (VOILS) diode.




Choiceof terminal model
Again, Occamsrazoris importantin selectingaterminalmodel.



6.1.2.2 Kirchhof's currentlaw

Fig. 6.3. A simplenon-
linearcircuit.



Kirchhof's currentlaw, continued
By Kirchhoff's currentlaw appliedto nodesl, 2, 3, 4:

Ria X1+ ip(X1 X2) 11 = 0; (6.2)
Ip(X1 Xo)+ %+% Xo + é x3 = 0 (6.3)
% Xo + %+Rie+% X3+ % Xa = 0 (6.4)
é X3+ % Xa+ ig(xq) = O: (6.5)

As in thedirectcurrentlinearcircuit casestudyin Section4.1, the
equationfor thedatumnodeis redundant



6.1.2.3 Non-linearequations
De ne thevectorfuznction g:R*! R*by: ;
R Xti(a %) I

: 1, 1 1
Ip(X1 Xo)+ E+E Xo + Ry X3
1

1 1 1 1
R RTRTR BT R M
1

R Xt g Xatig(x)

If we write g(x) = 0thenwe have reproduced6.2)—(6.5). Thesearea set
of non-linearsimultaneougquations.

To representinearequationsAx= b in thisway we would de ne
g:R"! RMby:

8x 2 R*g(x) = (6.6)

8x2 R"g(x)= Ax b



6.1.3 Circuit changes

Changesn thevaluesof resistorscurrentsourcespr diodeparameters
will changehefunctionalform of correspondingntriesin g.

For example,if aresistoror adiodebetweemodes andk changeghen
thefunctionalform of g~ andgk will change.

If aresistorcurrentsourceor diodebetweemode™ andthedatumnode
changeshenthefunctionalform of g- will change.

Changesn thediodecouldbedueto changesn lsa; h, or T, for example,
andwould changehefunctionalrelationshipbetweerthediodecurrent
anddiodevoltage.



6.1.4 Problemcharacteristics
6.1.4.1 Numbes of variablesandequations

As in thelinearcircuit, we have the samenumberof variablesas
equations.

6.1.4.2 Numberof solutions

Thecurrentto voltagecharacteristiof adiodeis strictly monotonically
increasingsothatincreasingvoltagecorresponds$o increasingecurrent.
Strict monotonicityof componenmodelfunctionsis sufcient to
guaranteehatthereis at mostonesolutionfor thecircuit.

Not every two-terminalelectroniccomponenthasa strictly monotonically
increasingerminalmodel.



Numberof solutions,continued

For example,atunnel diode hasa characteristi¢hatis not strictly
monotonicallyincreasing.

Itunneldiode(VtunneIdiode) (amps)
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6.1.4.3 Spasity

Thevectorfunctiong is “sparse”in the sensdhatatypical entryof g
depend®nly on afew entriesof x.

Althoughwe cannotstoretherepresentatioof a non-linearfunctionasa
sparsamatrix, we canstill storethe parametergsecessaryo specifythe
functionsin a sparsestructureassuggested Figure6.5.

|Sat h T

Fig. 6.5. Storageof pa-
R F W rametersfor diode and
resistoraslinked|lists.

6.1.4.4 Non-«istenceof directalgorithms

Becausef thenon-lineardiodeelementsthereis in generahodirect
algorithmfor solvinganarbitrarycircuit consistingof currentsources,
resistorsanddiodes.



6.2 Analysis of an electric power system
6.2.1 Motivation

It is importantto beableto predictthepowver o wsonlinesandthe
voltagemagnitudestloadsin advanceof actualoperations.



6.2.2 Formulation
6.2.2.1 Variables
Phasors

We canusecomplex numberscalledphasors to representhe magnitude
andangleof the AC voltagesandcurrentsata x edfrequeng.
Themagnitude of thecomplex numbermrepresentsheroot-mean-square
magnitudeof thevoltageor current.

Theangle of thecomple« numberrepresentsheangulardisplacement
betweerthe sinusoidaloltageor currentanda referencesinusoid.

Referenceangle

Theanglesof thevoltagesandcurrentsan the systenmwould all changaf
we changedhe angleof our referencesinusoid,but this would have no
effectonthe physicalsystem.

We canthereforearbitrarily assignthe angleat oneof the busesto be zero
andmeasurall the otherangleswith respecto thisangle.

We call this busthereferencebus.



Representationof complexnumbers
To represenaicomplec numbeV with realnumbergsequirestwo real
numberseither: 0
— themagnitude jVj andtheangleéV, sothatV = jVjexp(6V 1), or
— thergaIAng andim@inary AfVg parts,sothat

V = Afvg+ Afvg 1

Sincewe needto comparevoltagemagnitudego limits, we will represent
voltagesasmagnitudesandangles.



Scalingand “per unit”

Therearevoltagetransformershroughoutatypical power system.
This meanghatthe nominalvoltagemagnitudevariesconsiderably
throughouthe systemjn fact, by severalordersof magnitude.
We scalethevoltagemagnitudesothatanactualvalueof 121kV in the
110kV partof thesystemwould berepresentetly a scaledvalueof:
121kV
110kV
while anactualvalueof 688.5kV in the 765kV partof the systemwould
berepresentetly a scaledvalueof:
6885kV _

765Ky O

= 1:1;




6.2.2.2 Symmetry
Thr ee-phasecircuits

Generation-transmissi@ystemsareusuallyoperatedasbalanced
thr ee-phasesystems

r— — A
transmission
generator line load

1

Q)

c al_ =7 3|
| |

Q | = | @ g
@t t 00
In°neutral [ 4n | | N

b | | | Fig. 6.6. An example
Zp balanced three-phase
L — _ system.




Per-phaseequivalent

Thebehaior of abalancedhree-phaseircuit canbe completely
determinedrom the behavior of a per-phaseequivalent circuit.
Figure6.7 shavs the a-phasequwvalentcircuit of thethree-phaseircuit
of Figure6.6.

transmission

generator line load
a7
| = Fig. 6.7. Perphase
Z. equialent circuit for
| neutral fthe .three-phasecircuit
in Figure6.6.

Model transformation

Thedeterminatiorof the behaior of athree-phassystenthroughthe
analysisof arelatedperphasezquialentis anexampleof model
transformation.



6.2.2.3 Transmissionines
We canrepresenthedistrib uted parameter circuits with a
p-equivalent circuit.

Eachcomponenthasanimpedancdor, equivalently anadmittance)
determinedy the characteristicsf theline.

series "
h h . .
u u Fig. 6.8. Equivalent
A A p circuit of perphase
- neutral | equialent of transmis-

sionline.



6.2.2.4 Busadmittancematrix and power ow equations

Considerthe perphasezquialentof athreebus,threeline transmission
systemasillustratedin Figure6.9.

For eachbus™ = 1, 2;3; the pair of shuntp elementgoining node™ to
neutralcanbe combinedogetherto form a singleshuntelement.

S I I |
1 [?'—'m 2

[ | t t ] t
3 — Fig. 6.9. Perphase
equwvalentcircuit model
neutral for threebus, threeline

system.




Busadmittancematrix and power ow equationscontinued
Thisyieldsa circuit with:

— oneelementcorrespondingo eachof thebuses = 1;2; 3, joining node
" to neutral,and
— oneelementcorrespondingo eachline,

asillustratedin Figure6.1Q

1 Iﬁl 2
Y13 ] L 3 Yo3 [ Fig. 6.10. Perphase
equialentcircuit model
Eﬂ E(a for threebus, threeline
neutral system with parallel

componentgombined.



Busadmittancematrix and power ow equationscontinued

Let uswrite Y- for theadmittanceof the elemenfoining node" to neutral,
and

Y-k for theadmittanceof the serieselementcorrespondindo aline joining
buses andk.

Theserieselements mosteasilychar?,ctirizedh termsof its impedance.

Foraseriesmpedanc& = Rk+ Xk  1betweerbuses andk, the
correspondin@dmittancey‘y is givenby:

1
Yk = =—;
K=z
R+ X‘kv_l D
B 1 " Rk X‘kn—l
= D o S—
R‘k+xkp 1 Ry Xk 1
Rk Xy 1

(Rg)?+ (X‘k)z: (67



Busadmittancematrix and power ow equationscontinued

UsingKirchhoff's laws, we canagain obtainarelationshipof theform
AV = | betweercurrentandvoltage,where:

< Y+ ékoz‘](‘)Y\ko; if ~ = K,
8 kKAK= Yk if k2 J(") or 2 J(K), (6.8)
' 0; otherwise,

whereJ(") is the setof busegoineddirectly by atransmissionine to bus

A is calledthebus admittance matrix .



6.2.2.5 Genentors andloads

Whenelectricityis boughtandsold,the power andenegy arethe
guantitieshatareusuallypriced,notthevoltageor current.

However, realpower doesnot completelydescribeheinteraction
betweergeneratorer loadsandthe system.

We alsohave to characteriz¢heinjectedreactive power.

We cancombinetherealandreactve powersinto thecomplexpower,
whichis the sumof:

erealpower, and
1 timesthereactve power.



Genentors andloads,continued

Theusefulnes®f this representatiors that,for example,the complex
power S injectedatnode’ into thenetwork is givenby:

S =VI;
wherethe superscript indicatescomplexconjugate

Thecurrentl- equalsthesumof:

thecurrent o wing into theshuntelementy:, and
the sumof the currents o wing into eachline connecting to abus
k2 J(") throughadmittancer-y.

We cansubstitutgor the currentsto obtain:
S = V[AAV+ § AWM

k2J(")
= VPA+ & AWV (6.9)
k2J()



Bﬁeneators andloads,continued
LetAk= G+ By 1;8"; k, wherewe notethatby (6.7) and(6.9):
— we havethatGy < 0 andB: > Ofor " 6 k, and

— we havethatG+ > 0 andthesignof B+ is indeterminatdout typically
Iessthanzerob

letS =P+ Q 1,8, with:

— for generatobusesP > 0 andQ- is typically positie,

— for loadbusesP < 0andQ < O;

andletV: = uexp(q-  1);8, with:

— thevoltagemagnitudeu: 1 in scaledunitsto satisfyvoltagelimits,

— thevoltageangleq- typically between p=4 andp=4radians.



Geneators andloads,continued
Thenwe canseparat€6.9) into realandimaginaryparts:

P = a uw[Gkcodq )+ Bysin(g qWl; (6.10)
IO g

Q = a uwGysing g Bkcodg gl (6.11)
k2J(O)If "9

Theequationg6.10 and(6.11), which arecalledthepower o w
equality constraints, mustbe satis edateachbus .



6.2.2.6 Thepower ow problem
Power balance
We specify:
— therealandreactve generationstthe generatoPQ busesaccordingo
the generatocontrolsettingsand

— therealandreactve power attheload PQ busesaccordingio supplied
data.

However, we cannotspecifytheinjectedpower at all the busessincethis
would typically violatethe rst law of thermodynamics!



Referencebus

A traditional,but ad hocapproacho nding asolutionto theequationss
to singleoutthereferenceous.

At this bus,insteadof specifyinginjectedrealandreactve power, we
specifythevoltagemagnitude.

Thereferencegenerators thenassumedo producewhaterer is neededo
“balance”therealandreactve power for therestof the systemassuming
thatsucha solutionexists.

We re-interpretP; andQ; to bevariablesn our formulationandhave
eliminatedthesevariablesby writing themasa function of therestof the
variables.

Thereferenceéussupplieswhatever power is necessaryor power
balance.



6.2.2.7 Non-linearequations

We have npg PQ busesjncludingboththe PQ generatorsindtheloads.
Letn= 2npg andde ne avectorx 2 R" consistingof thevoltage
magnitudesandanglesatthe PQ buses.

For everybus™ (thatis, includingthereferenceousaswell asthe PQ
buses)de ne functionsp: : R"! R andqg : R"! R by:

8x2R%p(X) = & uwlGkcodq g+ Bysing qd] P;
k2J(O)If g

(6.12)

8x2RMg(X) = A uuwlGysin(g a0 Bkcodg q] Q-
k2J()[f g

(6.13)

Thefunctionsp- andqg- representhenetrealandreactve powver o w,
respectrely, from bus" into therestof the system.

Kirchhoff's laws requirethatthe netrealandreactve o w outof abus
mustbe zero.



Non-linearequationscontinued
Finally, de ne avectorfunctiong: R"! R"thatincludes(6.12
and(6.13 for all thePQ busesput omits(6.12 and(6.13 for the
referenceous.
We solve:

g(x) = O: (6.14)
In summarysolvingKirchhoff's equationdor the electricpower network
hasbeentransformednto anequwvalentproblem:

(i) solve (6.14), whichis asystemof non-linearsimultaneous
equationsand
(i) substitutanto (6.10 and(6.11) for thereferencebus.



6.2.3 Circuit changes

If arealpowerinjectionchangestabus™ thentheentriesin g
correspondindo p- will change.

If areactve powerinjectionchangestabus™ thentheentriesin g
correspondingdo ¢ will change.

If atransmissionine betweerbuses andk changesthentheentriesof g
correspondindo p; O ; pk, andgx will change.

Theentriesin theadmittancanatrix A will changan amanneranalogous
to thechangesliscussedn Section4.1.3for the DC circuit.



6.2.4 Problemcharacteristics
6.2.4.1 Numberof variablesand equations
Therearethe samenumberof variablesasequationsn (6.14).

6.2.4.2 Non-«istenceof directalgorithms

As with thenon-linearcircuit in Section6.1, because¢he equationsare
non-lineaythereis no directalgorithmto solve for x for arbitrarysystems.

6.2.4.3 Numberof solutions

Theremaybeno solutions,onesolution,or even multiple solutions

to (6.14).

However, power systemsareusuallydesignedandoperatedsothatthe
voltagemagnitudesrenearto nominalandthevoltageanglesare
relatively closeto O .

If we restrictour attentionto solutionssuchthatvoltagemagnitudesre
all closeto 1 (andmake someotherassumptionsphenwe can nd
conditionsfor thethereto beat mostonesolution.



6.2.4.4 Admittancamatrix
Symmetry

Theadmittancematrixis symmetric.
Sparsity

Thematrix A is only sparselypopulatedwvith non-zeroentriesandeach
componenbf g depend®n only afew component®f x.



Values

A typicalline impedancdiaspositive realandimaginaryparts.
Thecorrespondindine admittancer: i thereforehaspositive realpartand
negative imaginarypart.

If thereis ali:pﬂoetweerbuses‘ andk thentheentries

A= Gy+ 1Bk in theadmitfgaﬂ:efnatrixsatisfyG‘k < 0;Bk> 0.
ThediagonalentriesA~ = G- + 1B+ in theadmittancesatisfy

G+ > O and,typically, B+ < 0.

Theresistancd i of transmissioninesis relatively smallcomparedo
theinductive reactanceX.

Furthermorethe shuntelementsareoftenalsonggligible comparedo the
inductive reactance.
This meanghat:

8:8k2J()[ f'giGW jBu:



7
Algorithmsfor non-linearsimultaneougquations

Keyissues

Approximatingnon-linearfunctionsby alinear approximation,
usingthelinearapproximatiorto improve our estimateof the solution
convergenceof thesequencef iteratesproducedby repeated
re-linearization,

variations thatreducecomputationaéffort, and

sensitvity andlargechangeanalysis.



7.1 Newton—Raphsonmmethod

Considerafunctiong: R"! R" andsupposdhatwe wantto solve the
simultaneousion-linearequations:

g(x) = O: (7.1)

7.1.1 Initial guess

Let X9 betheinitial gueswof asolutionto (7.1).
We seekanupdatedvalueof thevectorxd = x(9 + Dd9 suchthat:

g(xD) = g(x9 + ) = 0 (7.2)



7.1.2 Taylor appraximation
7.1.2.1 Scalarfunction

G = g+ DOY: sincex® = xO + DO,
01(x9) + JO ()DL + -+ J9 (0 Dd?;
n
- Oy+ & J91..(0\n©.
= g (xO)+ %(x(o))D((o): (7.3)

In (7.3), thesymbol“ " shouldbeinterpretedo meanthatthedifference
betweerthe expressiongo theleft andto theright of the is small

comparedo D9 .



Scalarfunction,continued
De ne theremainderat the point xX(9;e: R"! R, by:

8Dx 2 R™ e(IX)

= 0¥+ D) @) D gRO)Dgy
By Taylor' stheoremwith remainder, if g1 is partially differentiable
with continuougpartialderivativesthen:

e(Dx) _
klygl] 0 kDxk

As rst mentionedn Section2.6.3.5 theexpressiorto theright of the
in (7.9 is calleda rst-order Taylor approximation.

For a partially differentiablefunctiong; with continuouspartial
derivatives,the rst-order Taylor approximatioraboutx = x(9
approximateshebehaior of g; in thevicinity of x = x(9.

The rst-order Taylor approximatiorrepresents planethatis tangential
to thegraphof thefunctionatthe point x(9.

=0:



Scalarfunction,continued
For example,supposehatg; : R?! R isde nedby:

8x2 R%g1(X) = (x1)%+ (X2)%+ 2% 3

\ Eunction

Fig. 7.1. Graph of
function repeatedfrom
sproximation Figure2.5andits Taylor
approximation about

1
5 s (0) =
X 3 -

e~ P
\‘\‘-' ==



7.1.2.2 \ectorfunction

We now considerthevectorfunctiong: R"! R".
Sinceg is avectorfunctionandx is a vector the Taylor approximatiorof

ginvolvesthen n matrix of partialderivativesE evaluatedat x(9.

X
A rst-order Taylor approximatiorof g aboutx(? yields:

g(x?+ DY) g(x9) + %(X(O))D((O);

whereby the we meanthatthe normof thedifferencebetweerthe
expressiongo theleft andtheright of  is smallcomparedo D<@ .



\ectorfunction,continued
De ne theremaindemtthepointx(9;e: R"! R", by:
8x 2 R" e(IX)
= g+ D) o) I xOpg 9Oy,
X1 Xn
By Taylor' stheoremwith remainder, if g is partially differentiablewith

continuougartialdervativesthen:

ke(DOk _

[im
kD|<k! o kDxk

The rst-order Taylor approximatioragain represents “plane” thatis
tangentiako thegraphof thefunction; however, the situationis much
moredif cult to visualizefor avectorfunction.



7.1.2.3 Jacobian
Recallfrom Section2.5.3.2thatthe matrix of partialderivativesis called
the Jacobianandwe will denoteit by J( ).
Usingthis notation,we have:
g(xP) = g(x9 + D9): by de nition of Dx©,
g(x?) + I(X?)DLO: (7.4)
In someof our developmentwe will approximatehe Jacobiarwhenwe

evaluatetheright-handsideof (7.4)
In this casethelinearapproximatingunctionis nolongertangentiato f.



7.1.3 Initial update

Settingtheright-handsideof (7.4) to zeroto solve for X(9) yieldsa setof
linearsimultaneougquations:

JXNDKO = g(x(9)y: (7.5)

7.1.4 Generalupdate
IKMNDW = g(xM); (7.6)

X(MD = x4 (7.7)

(7.6)—(7.7) arecalledthe Newton—Raphsonupdate.
Dx(" is the Newton—Raphsonstepdir ection.



7.1.5 Discussion
Threedravbacksof the Newton—Raphsomnethod:

(i) Theneedto calculatethe matrix of partialdervativesandsolve a
systemof linearsimultaneougquationsateachiteration. Evenwith
sparsanatrix techniquesthis canrequireconsiderableffort.

(i) At someiterationwe may nd thatthelinearequation(7.6) doesnot
have a solution,sothatthe updates notwell-de ned.

(i) Evenif (7.6) doeshave asolutionat every iteration,the sequencef
iteratesgenerateanay not corvergeto thesolutionof (7.1).



7.2 Variations on the Newton—Raphsonmethod

We will discussvariouswaysto reducethe effort involvedin thebasic
Newton—Raphsomethod.

7.2.1 Approximation of the Jacobian

Replacel(xX(M) by amatrix J’ suchthat,comparedo usingJ(x(")
directly:

(i) LU factorizationof J'" requiredesseffort (or hasalreadybeen
performed),

(i) aninverseof JI" is easietto calculate pr
(iii) evaluationof J" is moreconvenient.

If theresultingapproximatiorto the Newton—Raphsomipdatesatis es

suitableconditions thenit turnsoutthatwe will still iteratetowardsthe
solution.



7.2.1.1 Thechord method

I = g(x(My; (7.8)
XM D = (4 (7.9)

7.2.1.2 TheShamanskimethod

JANERN D = g(x(My; (7.10)
XD = x4 pd; (7.11)

7.2.1.3 Approximatingparticular terms
Replacesmalltermsin the Jacobiarby zero.

7.2.1.4 Analyticapproximationto Jacobian

We may have anapproximateanalyticalmodel.
Thenwe cancombinea numericalevaluationof g with anapproximate
analyticalmodelof J to usein the Newton—Raphsomipdate.



7.2.1.5 Finite differenceapproximationto Jacobian

Theforward differ enceapproximation betweerthe pointx(" andthe
pointx(™ + Dx:

KD g+ Dy g(xXM);
Thecentral differ enceapproximation betweerthepointx("  Dx and
thepointx(" + Dx:
20" g+ Dy gX" DY;

or
Thesecantapproximation, for x 2 R, betweerthe pointx(™ andthe
pointx(" D:

E(X(n)) g(xM) g(x(" D).
X x(n)  x(n 1~



Finite differenceapproximationto Jacobian,continued

a(x)

1.4

1.2+

-

0.8

0.6

0.4
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X
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Fig. 7.2. Finite differenceap-
proximationsto the derivative
of afunctiong: R! R ata
pointx(", Thefunctiong is il-
lustratedasa solid curve. The

x(N) ;
gxV) 1
dicatedby the . Theforward
differenceapproximationwith
Dx = 1 is given by the slope
of the dottedline. The central
differenceapproximationwith
Dx = 1 is given by the slope
of the dashedine. The secant
approximatiorfor xX™ Y = 0Qis
givenby the slopeof thedash-
dottedline.

point IS in-



7.2.1.6 Quasi-Nevtonmethods
Consider rst-order Taylor approximatiorof g aboutx(" 1:

g(x(n D 4+ pxn 1)) g(X(n 1))+ J(X(n 1))D((n D).

Substitutingrom the Newton—Raphsomipdateequationg7.6)—(7.7)
appliedto calculatex™ , we obtain:

o) g™ M)+ I ) X" Dy:
Re-arrangingye have:
I AW X ) g ) g™ By (7.12)



Quasi-Nevton methodscontinued
Quasi-Newtonmethodsinvolve successékely updatingeach
approximationJ(" D sothatthe updatedapproximationy™ usedfor
calculating«" D satis esthe quasi-Newtoncondition:

g8n> 0;JMW(xM X" Dy = gxMy  g(x(" Vy: (7.13)
Quasi-Nevton methodgyeneralizéhe secantapproximatiorto functions
g:R"l R",

TheapproximationJ(", (whichis usedin the calculationof x("* 1) is

choserto mimic thebehaior of thechangan g thatresultedfrom the
choiceof x(M.

Undermild conditionsjf J®" D is symmetricthensymmetric rank two
updatescanbefoundthatsatisfythe Quasi-N&ton condition.



7.2.2 lterative algorithms

If theJacobians largeandnon-sparsethenthefactorization-or
inversion-basetechniqueghatwe have discussedofar maynotbe
effective.

lterative algorithmsmaybe used.

7.2.3 Pre-conditioning

Pre-conditioningcanbe usedto helpwith the solutionof theupdate
equationf anapproximatenverseto the Jacobians known.

A simple“pre-conditioner”is the diagonalmatrix consistingof the
inverseof the diagonalelementsf the Jacobian.

Pre-conditionings oftenusedin combinatiorwith iteratve methods.

7.2.4 Automaticdifferentiation

If the calculationof g is performedby codethatimplementsa direct
algorithm,it is possibleto systematicallyransformthe codefor
calculatingg into codethatcalculateghe Jacobian.



7.3 Local convergenceof iterati ve methods
7.3.1 Closenes$o a solution
In this sectionwe discusshreemeasuresf closenes$o a solutionthat

arecandidateg$or useasa stoppingcriterion.
We thendiscusausingtheiterationcountandthe combinationof several

stoppingcriteria.
7.3.1.1 Functionvalue

o) e (7.14)

g(xM) . & o(x?) % (7.15)



7.3.1.2 Iteration space
XM X , (7.16)
)2 ) o X0 2

7.3.1.3 Changein iterate

DAY ey (7.17)

7.3.1.4 lteration count
It is commonto limit thetotal numberof iterations.

7.3.1.5 Combinedstoppingcriteria
Combinationof criteriaareusedin practiceto balancehe desireto:

— getcloseto asolution,but
— not performanexcessve numberof iterations.



7.3.2 The Caudy criterion and contractionmappings
7.3.2.1 Caudy sequences

De nitior_l 7.1A sequenccéx(“)gif:O Is saidto bea Cauchy sequenceor
Cauchy if:

8e2 R,y ;9N 2 Z, suchthat(n;n®2 Z, andm;n® N)) x™ xM ¢ .
2
Thewealer condition:

8e2 R.y ;9N2 Z, suchthat(n2 Z+ andn N))  x™D xm ¢ .
(7.18)
is insufcient to guarante¢hatthesequencéx(Wgf_ , is Caucly.

Lemma7.1 Asequencéx(™ gﬁz o of real vectos corvergesto a limit in R"
if andonlyif it is Caudy. 2



7.3.2.2 Lipsaitz continuity

De nition 7.2 A functionF : R"! R™M(orF :R"! R™ M) is Lipschitz
continuous
onasetS R",
with respecto anormk k onthedomainR",
with respecto anormk k ontherangeR™ (ortoanormonR™ M), and
with constant. O, if:

8x:x’2S F(x) FOO L x X2 (7.19)

X7 F, Fig. 7.3. Points x;x% and
xX¥in a setS R? (left
panel) and their images
g FO);F(), and F(X
X F(x9 . .
00 F(X) (right panel) under a Lip-
schitz continuous function
F:R?! RZ

X1 - Fq




7.3.2.3 Contractionmapping

De nition 7.3 A mapF : R"! R"is calledacontraction mapping or a
contraction map:

onasetS R" and
with respecto anormk k onR",

if 90 L < 1suchthat:
8x;x°2S, F(x) FOXY L x X2
2

A mapfrom R" to R" isacontractiormaponS R"if it is:

— Lipschitzcontinuouson S for oneparticularnormappliedto bothits
domainandrange,and

— theLipschitzconstanis lessthanone.

ThemapkF illustratedin Figure7.3is a contractiormappingwith respect

to the Euclideamorm.



7.3.2.4 Geneal iterative methodsand xed points
Considera generaiteratve method:

8n2 Z, ;X" = F(x(M)y; (7.20)
whereF : R"!  R"representshecalculationsduringasingleiteration.



Geneal iterative methodsand xed points,continued

De nition 7.4 A pointx’ is calleda xed point of amapF : R"! R"if

x> = F(x?). 2

X2
6

X2
6
F (X0
F00 Koty = o
F(X)
X1

Fig. 7.4. Pointsx; x%x%9
and x° in R? (left
panel)andtheir images
F(X);F09;F(x%, and
F(x?) (right panel)
under a  function
F :R?! R2 Thepoint
x? is a x ed point of F

becausé (X?) = X°.



7.3.2.5 Contractionmappingtheoem

Theorem7.2 Supposé¢hatF : R"! R"is acontractionmappingwith
LipschitzconstantD L < 1 with respecto somenormk k ona closed
setS R". Alsosupposdhat8x2 S;F(x) 2 S. Then,there existsa
uniquex’ 2 Sthatis a xed pointof F. Moreover, for anyx(9) 2 S, the
sequencef iteratesgenertedby theiterative method(7.20 corvermes
to x” andsatis esthebound:

gn22Z,; XMW x*  w" X9 x? (7.21)

Proof Thelong proofis dividedinto four parts:

(i) proving thatf x("g¥_ is Caucly andhasalimit thatis contained
inS;
(i) provingthatthelimit isa x edpointof F;
(i) provingthatthe x edpointis unique;and
(iv) proving thatthe sequenceorvergesto the x edpointaccording
to (7.27).



7.3.3 The chord and Newton—Raphsomethods
7.3.3.1 Thechord method

Theorem 7.3 Considera functiong: R"! R". Letk k beanormonR"
andletk k alsostandfor the correspondingnducedmatrix norm.
Supposehatthere exista; b;c,andr 2 R sud that:

() gis partially differentiablewith continuougartial derivativesat
x(9, with JacobianJ(x(9) satisfying:

O
D] 'gx@) by

(i) gis partially differentiablein a closedball of radiust aboutx(9,
with JacobianJd thatis Lipsditz continuouswith Lipsditz

constantc. Thatis,
n 0

8x;x’2 x2R" x X9 F :Jx I cx X0

(i) abc< 2, and



1 P 1 2abc

(iv) r r wheer = "

Then:

(i) In theopenball of radiusr + = min 1; 1+ g 1 2abc =(ac
aboutx(9 theris a uniquesolutionx? of g(x) = 0. (There may
be othersolutionsoutsidethis ball.)

(i) Considerthechord update(7.8)—(7.9) with X9 asinitial guess.
Thesequencef iteratescorvemesto x° andead iterate x(" s

containedn theclosedball of radiusr  aboutx(9,
Furthermoe,

gn22Z,; X"V x* (acr )'r : (7.22)



Thechord method continued

X2
® fx2 R%gy(x) = 0g

'$
x(9
|

&% I?
I

X?

$

Ro
=
—_
1+

%

fx2 R%gz(x) = Og
- X1

Fig. 7.5. lllustration of
chord and Kantorovich
theorems.



Thechord method continued

X2
3 XO
(1)
X
6
x(ﬂ
N

Fig. 7.6. lllustration of
thelinearrateof conver-
gencen chordtheorem.



Proof

Wede neF : R"! R"tobethemapthatrepresenttheupdatein the
chordmethod.

8x2 R:MF(x) = x [I(xX)] “g(9:
Theproofis dividedinto four parts:

n 0
() proving thattheiteratesstayin S= x2 R" x x© r

(i) proving thatF is acontractionrmapwith Lipschitzconstant
L=aa < 1sothat,bythecontractionrmappingTheorem?7.2,
thereexistsauniquex’ 2 Sthatis a x edpointof F,

(i) proving thatthe x edpointx’ of F satis es(7.1) and(7.22),
and

(iv) proving thatx? is the only solutionwithin adistance + of x(9.

2
Therateof corvergences linear.



7.3.3.2 Kantomvich theoem

Theorem 7.4 (Kantorvich) Considera functiong: R"! R". Letk k be
anormonR" andletk k alsostandfor thecorrespondingnduced
matrix norm. Supposehatthere existsa; b;c, andr 2 R, sud that:

() gis partially differentiablewith continuougartial derivativesat
x(9, with JacobianJ(x(9) satisfying:

O
D] 9@ by

(i) gis partially differentiable with Jacobiand thatis Lipsditz
continuouswith Lipsditz constantc in a closedball of radiusr

aboutx(9 . Thatis,
n 0

8x;x’2 x2R" x X9 ¥ ;I IX¥ cx X:

(i) abc< 2, and



| O
(ivyr  Twheer =1 _12abc
Then: n 0

P
(i) In theopenball of radiusr 4 = min ;11 230¢ ahaytx(0),

there is only onesolutionx” of g(x) = 0. (Thele maybeother
solutionsoutsidethis ball.)

(i) Considerthe Newton—Raphsonpdate(7.6)—(7.7) with X9 as
initial guess Thesequencef iteratesconvergesto x’ andead
iteratex(" is containedn theclosedball of radiusr  aboutx(©.

Furthermoe,
(2abg) (2" _

8n2 Z,: xMW x?
¥ (2)"ac

(7.23)

2
Therateof corvergences quadratic.



7.3.3.3 Discussion
Thechordtheoremandthe Kantorovich theoremare“local.”
If theJacobians non-singulamattheinitial guesgsothatais
well-de ned),
if theinitial guesssatis estheequationsufciently well (sothatthe
normb of theinitial update:

b = [P ‘gx@) ;
= 0

is small),and

if the Jacobiardoesnotvary too muchovertheclosedball of radiusir
aboutx(? (sothatc is small),

thenthechordandthe Newton—Raphsompdatesonvergeto the solution.



7.3.4 Computationaleffort
Suppose is thebestboundwe have ontheinitial error;thatis:

G (7.24)

We wantto estimataghe numberof iterationsN suchthattheerrorbound
Is reducedby afactore, < 1 sothat:

XN x? ar (7.25)



7.3.4.1 Chod method
Thecomputationsequiredfor N iterationsare:

— oneevaluationandonefactorizationof the Jacobianrequiringeffort on
the orderof (n)3, and

— oneevaluationof g periteration,oneforwardsandbackwards

substitutionperiteration,andonevectoradditionperiteration,requiring
effort onthe orderof N(n)Z.

Theoverall effort is onthe orderof (n)3+ N(n)? andthe averageeffort
periterationis onthe orderof (n)3=N+ (n)2.

We must nd aboundonthesizeof N thatis necessaryo satisfy(7.25).

XN x? (acr )Nr ;
r
= (ac )N — T

r
(ac )N — T
M+

sincer+ 1 byde nition.



Chord methodcontinued
Then(7.25 will besatis edif (aar )N ! Ex.

Ty
eI +
_—
Takingnaturallogarithmsandre-arrangingye obtain
N In(e) + In(r+) In(r )
In(acr ) ’
notingthatin(acr ) < 0.
Overall effort is onthe orderof:

5 In(e)+In(r+) In(r )
()™ In(acr )

Re-arranginghis conditionwe obtainthat(acr )N

()%

Computationagffort grows with (n)2 and(n)?jIn(ey)j.



7.3.4.2 Newton—Raphsomethod
Thecomputationsequiredfor N iterationsare:
— oneevaluationandfactorizationof the Jacobiarperiteration,requiring
effort ontheorderof N(n)3, and
— oneevaluationof g periterationandoneforwardsandbackwards
substitutionperiteration,requiringeffort on the orderof N(n)?.
Theoverall effort is on the orderof N(n)>.

Again,we must nd aboundonthesizeof N thatis necessaryo
satisfy(7.29.



Newnton—Raphsomethodcontinued

W e (2200@0
(2)Nac

(2abc)((2)N)__

ONag '

(2abc)((2)N)__
(2)Nacr+

(2abg (@™ _

aq 4 "

sincer . T byde nition and(2)N 1.



Newnton—Raphsomethodcontinued
(2abg)(@")

+

Then(7.25 will besatis edif

Re-arranginghis conditionwe obtainthat(2abd(@")  acr . e,
Takingnaturallogarithms,we obtain((2)N) In(2abd In(acr 1+ &)).

Now 2abc< 1 by hypothesissoln(2abc) < 0 anddividing bothsideshy
In(acr + &)

In(2abg)
Taking naturallogarithmsagain andre-arrangingsields:

the negative numberin(2abg) yields (2)N

In(acr + &) . . . .
n(2abg _ In(jIn(acr +&)j) In(jIn(2abo)j) .

In(2) In(2)
Overall effort is:

(n)

In

N

sIniIn(acr  8)j) In(jIn(2abg)j).
In(2) '

For smalle, the computationaeffort grows with (n)3In(j In(ey)j).




7.3.4.3 Quasi-Nevtonmethods

Assumingsuperlinearcornvergencewe again nd thatthe numberof
iterationsN grows with In(j(Iney)j) andconsequentlyhe computational
effort grows with (n)?In(jIn(&y)j).

This effort grows muchmoreslowly with n thanfor the Newton—Raphson
method.

7.3.4.4 Othervariations

Often,thevariationsthatavoid a completefactorizationat every iteration
will bemoreattractve thanthe basicNewton—Raphsomethod.



Numberof iterationsto satisfystoppingcriterion
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7.3.4.5 Summanpof performanceof methods

Quasi-Nevton

Newton—Raphson

0

I
0.1

I
0.2

I
0.3

I I I I I I
0.4 0.5 0.6 0.7 0.8 0.9 1

Averageeffort periteration

Fig. 7.7. The qualita-
tive tradeof between
effort per iteration and
numberof iterations.



7.3.4.6 Calculationof Jacobhian

Theanalysissofar hasassumedhatthe entriesof J take no moreeffort to
calculatethanthe entriesof g.

It is sometimesnoredif cult to calculateentriesof J thanit is to
calculateentriesof g.

In this case we maychooseo usea methodthatusedessinformation
aboutJ but alsohasa slower rateof convergence andconsequentiya
largerrequiredvalueof N, becaus®f the savingsin thecomputational
effort periteration.

7.3.5 Discussion

Thechordmethodandthe Newton—Raphsomethodhave greatlocal
performance.

Thetheoremsanprovide qualitatve insightsinto corvergence.
However, we alsoconsidercasesvheretheinitial guesgs far from the
solution.



7.4 Globalization procedures
We mustsafaeyuardour algorithmfrom two relatedissues:

(i) singularJacobianand
(i) excessvely largesteps.



7.4.1 Singular Jacobian
7.4.1.1 Example
8x2 R;g(x) = (x 2)3+ 1.
9(x)

15

l - Fig. 7.8. A function
with a singularJacobian
at the point x(" = 2.
The rst-order Taylor
approximation about
x("W is shavn dashed.
The approximation
implied by the secant

approximation through
: = ; v x X" andx(™ b is shavn

X’ x(") x(n D asthe dot-dashedine.

0.5




7.4.1.2 Modi ed factorization
If Jis singularatary iteratethenthe basicNewton—Raphsomipdatewill

fail.

An ad hocapproacho this problemis to modify termsin J(x) if it is
singularandthensolve theresultingupdateequation.
Forexampleforg: R! R, if jJ(x(M)j < E for somethresholdE 2 R4+ ,

thenwe might replaceJ(x(") by the secanfapproximation:

s = ) gx® V)
x(N)  x(n 1)

or replaceJ(x(") by thevalueE.
Forg: R"! R", duringfactorizationof J, if we encountera smallor
zeropivot, we simply replacethe pivot by a smallnon-zeronumber



7.4.2 Step-sizeselection
7.4.2.1 Raion of validity of approximationof function

arctarfx)

2

Fig. 7.9. The inverse
tan function (shavn
solid) andits rst-order
Taylor approximation
about X" = 5 (shawn
dashed.) The point
x(" 5

gx(my —  1:3734

Is illustrated with a
while the solution to
25 0 5 o : = . x theequationg(x) = Ois

x> xn shovn with a .

1k

0.5

ok

05

1+




Reagion of validity of approximationof function,continued
Considettheiteratex( shavn in Figure7.9,
For thefunctionshovn, x" x* = k5 Ok= 5.
Usingstep-sizeequalto 1:

X(n+1) X’? > X(n) X?.

g™y > gy :

If the Newton—RaphsostepdirectionDx(" is solargethatit would take
the next iterateoutsidetheregion of validity of thelinearapproximation,
thenwe shouldnot move asfarasD<" suggests.

Instead we shouldconsidemaoving a smallerstepin thedirectionof
D",



7.4.2.2 Step-sizaules
DampedNewton method: picka x ed0< a < 1 andmodify (7.7) to:

X(n+ 1) = X(n) + aD((n)

Allow the step-sizdo vary with iteration:

K1) = () 4 2 (M) ). (7.26)
whereO< al(™ 1 ischosemateachiterationsothat:
g(x(n) + a(n)D((n)) < g(x(n)) . (727)

If theL> normis chosenn (7.27) thenit is possibleto choosea suitable
a( if:

— g is partially differentiablewith continuougpartialderivatives,and

— thestepdirectionD«™ satis es:

DM 3xM) g™y < 0: (7.28)



7.4.2.3 Armijo step-sizeule

Condition(7.27) doesnot specifyby howmud thenormof g should
decreas¢o ensurehatwe obtaina satisactoryimprovementin the
satishctionof theequations.

A variationon (7.27) thatdoesspecifya “suf cient” decreaseequires
that:

gxXW+aWpdMy (1 dalM) g(xMy ; (7.29)

where0 < d< 1is apositve constant.
To understand7.29, supposehata(" is smallenoughsothatthelinear
Taylor approximations accurateandalsoassumehatthe
Newton—Raphsostepdirectionwasused:
g(xX"™ + a(M (M)
g(xX™) + I aM DM sincea is assumedo be
smallenoughsothatthelinear Taylor approximations accurate,
= g(xX) aMg(x(M); by de nition of Dx(";
= (1 alP)g(x"):



Armijo step-sizeule, continued
Thereforetakingnorms:

g(x(n)+ a(n)D((n)) (l a(n)) g(x(n)) :

With a step-sizeof a(", the bestwe could expectis for
g(xXM + a(MDM) to bereducedby afactorof (1 a™) comparedo

g(x(M) .
In practice we will notachieve thisreduction,asallowedfor in
condition(7.29.
Condition(7.29 togethemwith areductionrule for choosinga(™ is called
the Armijo step-sizerule.
For example,therule couldbeto nd thelargeststep-sizeof theform:

aM=(2) Kk o (7.30)
thatsatis es(7.29.



Armijo step-sizeule, continued

5 X0+ Do

x4+ (2) T DM
t %MW+ (2) 2 D
X"

Fig. 7.10. lllustration
of back-tracking in
Armijo step-sizaule.




7.4.2.4 Example
Again considetthearctanfunctionandx(™ = 5,

D((n) = [J(X(n))] 1g(x(n))’
35.7:

Setd= 0:5.
Thedottedlinesin Figure7.11boundthe setof pointsof theform
x(M + a(M N

satisfying:
g fying

o am 1
(1 da®) gx™) g (1 da®) g(xM) :



Example continued

arctargx)

2

15

1+

0.5

ol

0.5 -

1+

Fig. 7.11. Armijo update ap-
plied to solving equationwith
arctan function (shavn solid).
The rst-order Taylor approxi-
mation aboutx™ = 5 is shavn

. xin :

dashed. The point g(xM) IS
illustrated by the rightmost

while the solution to the equa-
tion g(x) = 0 is shavn with

a . The dotted lines bound
the region of acceptancéor the
Armijo rule with d = 0:5. The
leftmostthree  do not satisfy
the Armijo rule. The updated
iterateis illustrated by the left-

most .



Example continued

Usingstep-size®f theform (7.30 resultsin tentatve updatedterates
andcorrespondindunctionvaluesof:

XM+ D 307, g(xXW+ DMy 1:54
XM+t o129, g+ (2 DX 149
XM+ 2 393 g+ (2 2 M) 132
XW+@2) 2 oW 054 gxM+ (@2 2 DY) 049



7.4.2.5 Choiceofd

If the parameted is closeto onethenit maytake mary reductionsof a ("
to satisfy(7.29.
dis oftenchoserto be considerablyessthanone.

7.4.2.6 Variations

Thereareothervariationson (7.29—(7.30 thatseekto avoid unnecessary
“back-tracking.

7.4.2.7 Discussion

Step-sizeulescansigni cantly aid in corvergencefrom aninitial guess
thatis far from the solution.

7.4.3 Computationaleffort

Variationson the Newton—Raphsomethodthatrequirelesseffort per
iterationwill tendto performbetteroverall thanthe exact
Newton—Raphsomethod.



7.5 Sensitvity and largechangeanalysis
7.5.1 Sensitivity
7.5.1.1 Implicit functiontheoem

Corollary 7.5 Letg: R" R®! R"bepartially differentiablewith
continuougartial derivatives.Considersolutionsof the equations
g(x;c) = 0, whee ¢ is a parameter Suppos¢hat x” satis es:

g(x’;0) = O

We call x= x? thebase-cassolutionandc = 0 thebase-case
parametes. De ne the (parameterizedyacobianJ: R" Rs! R" "

by:
n. S 1wy — N9, .
8x2 R";8c 2 R J(x;c) = ﬂ—x(x,c).

Supposehat J(x’; 0) is hon-singular Then there is a solutionto
g(x;c) = Ofor c in a neighborhoof thebase-cas@aluesof the
parametes c = 0. Thesensitivityof the solutionx” to variation of the



parametes c, evaluatedat thebase-case = 0, is givenby:
o= pe%0] K60y
wheeK:R" R®! R" Sisde nedby:
8x2 R";8c 2 R%K(x;c) = %(x; c):

2

If J(x”;0) hasalreadybeenfactorizedthenthe calculationof the
sensitvity requiresoneforwardsandbackwardssubstitutionfor each
entryof c.



7.5.1.2 Example
Supposdhatg: R R! Risde nedby:

8x2 R:8c 2 R;g(x;c)= (x 2 sinc)3+ 1:

Thebase-cassolutionis x” = 1.
We considerthesensitvity of the solutionto the parametec, evaluatedat

c=0.



Example continued
Using Corollary 7.5, we have thatthe sensitvity is givenby:

PO 0] KK 0);
whereJ :R" RS! R" "andK:R" RS! R" Sarede nedby:
8x2 R";8c 2 R%J(x;c) = %(x;c);
= 3(x 2 sinc)?%
JxX;0) = 3;
8x2 R";8c 2 R%K(x;c) = %(x;c);
= 3(x 2 sinc)’( cosc);
K(x0) = 3
Substitutingthe sensitvity is 1.



7.5.2 Large changes

Usetheiterative techniquesve have developed,usingasinitial guesshe
solutionto thebase-case.

7.6 Summary

TheNewton—Raphsomethodandvariants,
Local convergenceresults,
Globalizationprocedures,

Sensitvity analysis.



3

Solutionof thenon-linearsimultaneougquationase
studies

Non-linearDC circuitin Section8.1, and
Pawver o w problemin Section8.2



8.1 Analysis of a non-linear dir ect current circuit
Thecircuit satis esg(;) = 0, whereg: R*! R*wasde nedin (%.6):

R Xt X)) I

(X1 X)+ Z+ 3 Xt & X3
aeRhgM=8 0 7Y L
Re 2T RTRTR BT RN
R X8+ g Xatig(x)
1 2 3 4
(R} LR
Dy
wRl R R aDs
Fig. 8.1. The non-
linear DC circuit from
: 0 Figure6.3



8.1.1 Jacobian

4. 10 —
5 y 8x 2 CFIQ ;J(X) = 3
Rt ﬁ(X1 X2) ﬁ(xl X2) 0 0
d'b dip 1.1 1 0
(Xl XZ) dV (Xl XZ) Re ' Ry Ry
1, 1,1 1
0 R RTRTR ?
1 1, Gig
0 0 S TR VASD)
(8.1)

TheJacobians similarin appearance theadmittancematrix for alinear
circuit, with the samesortof sparsitystructure:

— non-zero®nthediagonalsand
— non-zeronthe off-diagonalscorrespondindo branches.

For thediodes we have incrementaladmittancesvaluatedat x instead
of admittances.



8.1.2 Initial guess

In theabsencef abetterguessx(9 = 0 maybeareasonablénitial guess

for our circuit.
Betterguessesvill save on computatiortime andoccasionallymake the
differencebetweersuccessfuandunsuccessfuhpplicationof the

algorithm.

8.1.3 Calculation of iterates

J(X(O))D((O) — g(x(o)),
X(l) = X(O)+ D((O):



8.1.4 Application of chord and Kantorovich theorems

Applying the chordandKantorovich theoremsanrequireconsiderable
effort evenfor simpleproblems.

Thetheoremswill runinto dif culty if theentriesin the Jacobiarvary
greatlywith theiragumentbecausehis will causea large valuefor the
Lipschitzconstant.

Largevariationof theentriesin the Jacobiaroccursin thediodemodel
andothermodelswith cut-off/cut-oncharacteristicsvherethe slopeof
thevoltageto currentcharacteristizariesfrom nearzeroto very large.

We can nd that:;

(1) @y -
g > g

ThechordandKantorovich convergencetheoremswve have presentedre
local in nature.

Their conclusionglo not helpusif we aresolvinga circuit for the rst
time anddo notknow which diodeswill be conductingandwhichwill be
off.



8.1.5 Step-sizeules

A step-sizeule cansigni cantly aidin convergenceevenwhenthe
Jacobiarvariesgreatly

TheArmijo rulewill guarante¢hat g(x(P) < g(x(9) andimprove
cornvergence. 2 2



8.1.6 Stoppingcriteria

If themeasuremens accuratdo, say 0.1%,thenit is super uousto try
to solve theequationgo far betterthanthis accurag.

If all measurementsereaccuratao around0:1%= 10 3, asuitable
stoppingcriterionwould be:

g(x(M) " 10 4, and

D" b 10 4or DXM D 10 4.
2 ¥
We mightrequirethatthis conditionbe satis ed over severalsuccessie

iterates.
We canalsotry to applythe chordandKantorovich theoremgo the

currentiterate x(") say re-interpretecisanew initial guess.



8.1.7 Circuit changes

Now we supposdhatthe equationsareparameterizedy a parameter
c2 RS,

Thatis,g: R* RS! R# with thebase-cassolutioncorrespondingo
c=0.

8.1.7.1 Sensitivity
Sensitvity of the base-caseolutionto changesn c:

o= B0 Koo

whereJ:R* RS! R* “andK :R* RS! R?* Sarede nedby:

8x2 R*8c 2 R%J(x.c) = %(x;c);K(x;c) = %(x; C):



8.1.7.2 Large change analysis
Apply the Newton—Raphsomethod(or oneof the variants)to the
changedystemusinganinitial guesdor thechangedsystenthatis given
by the base-cassolutionx’ or by anestimateof the change-cassolution
usingsensitvity analysis.

For achangen aresistoror diode,we canalsoupdatethe Jacobiarusing
arankoneupdate.



8.2 Analysis of an electric power system

Y- i Y- t _
= 3 = Fig. 8.2. Perphase
Y1 Y, equialent circuit
neutral model repeated from

Figure6.10



8.2.1 Jacobian
8.2.1.1 Terms
Theentriesing: R"! R"areeitherof theformp- : R"! R:

8x2RMp (= & uwulGkcodq o+ Bysin(g q)] P;
K2JO)If "9

or of theformqg : R"! R:

8x2R%g(X)= A& uulGysing a0 Bkcodg qJ)] Q:
k2JO)If g

Theentriesin thevectorx areeitherof theform gy or of theform uy.



Terms,continued

Four qualitatve typesof partialderivative termscorrespondindo each
combination:

8x2 R"; ‘Hp (x)

8 H . AN
2 a uwuj[ Gjsin(g qj)+ Bjcodq qjl; ifk=",
- 230 | | \
> uulGygsin(g ax) Bwykcogq aqwl; if k2 J(),
0; otherwise,

8x2 R"; ‘ﬂp (x)

2 2UG + @ ulGjcodg )+ Bjsin(g gl ifk=",
_ i230)
> u[Gkcogq )+ Bysin(g  aqu]; ifk2J(),
0; otherwise,



Terms,continued

8x2 R"; ‘Hq (x)

2 a uuj[Gjcoqq qj)+ Bsin(g qj)]; if k=",

— j23() _ _ )
> uwuw[ Ggecodqg aW) Bwsin(g gyl ifk2J(),
0; otherwise,

8x2 R"; ‘Hq (x)

> 2uB + a ylGjsin(e qj) Bjcodq q)]; ifk=",
_ j23()
> w[Gysin(g k) Bwkecodg aWl; if k2 (),
0; otherwise.



8.2.1.2 Partitioning by typesof terms
Ordertheentriesin g sothatall theequationdor realpower appearrst
in asub-\ectorp followedby all theequationdor reactve powerin a

sub-\ectora.
Partition x sothatall thevoltageanglesappearrst in asub-\ectorq
followedby all thevoltagemagnitudesn a sub-\ectoru.



Partitioning by typesof terms,continued
We canpartitionthe Jacobiannto four blocks:

8x2 RM™J(x) = jzgg)’g ‘J]gzg)’g ; (8.2)
8x2 R"Jpg(x) = %O(X);

8x2 R™Jpu(x) = %T—lljo(x);
8x2 R" Jyq(x) = %(x);

n. _ q,..
8x2 R" Jqu(x) = .”—u(x).

8.2.1.3 Spasity

Eachof thefour blocksin (8.3) hasthe samesparsitystructureasthe bus
admittancematrix.



8.2.1.4 Symmetry

TheblocksJyg; Jpu; Jgq, andJgy arenot symmetricand[JpLJT 8 Jyq-
Thatis, the Jacobiarasa wholeis not symmetric.

8.2.1.5 Partitioning by busnumber

An alternatve to partitioningby thetypesof termsis to partitionthe
Jacobiannto blocksbasedon the busnumber

As discussedn Section5.5.4.2 we cantreateach2 2 blockasasingle
“entry” in our sparsanatrix.

We canuseblock pivoting asdiscussedn Section5.5.4.2

We cantreateach2 2 blockasasingleentityin factorizatiorby
explicitly invertingtheblock usingtheformulafor theinverseof a2 2
matrix.

We will notusethis approacHor solvingthe power o w problem.

In someextensionsof this problemblock pivoting canbe exploitedto
speedup calculationsconsiderably



8.2.2 Initial guess
A sensiblechoicefor theinitial guesdor thevoltagemagnitudds
u® = 1, wherel is thevectorof all ones.
A possibleguesdor thevoltageangleis q(© = 0.

Thesechoicesof initial guesdor voltageangleandmagnitudearecalled
a“at start!

8.2.3 Calculation of iterates

Jpa(® Jpu(® Do _ p(x(M)
- : 8.3
Joa(¥) Jqu(®)  DuM q(x(M) (8.3)
o™ = g+ m®; (8.4)
dm D = (M4 pym- (8.5)



8.2.4 Approximation of the Jacobianand update

8.2.4.1 Chord and Shamanskiupdates

(0)
Usinga at start,x(9 = 3(0) = , ,asourinitial guesstheentriesfor

the Jacobiarbecome:

8 o . .
> a Bj ifk=",
0)y — j230)
0 = B0 o 30),
'8 0; otherwise,
> 26+ 4 Gy ifk=",
0y — j23()
‘ﬂuk(x N Gy if k2 J0),

O; otherwise,



Chord and Shamanskiupdatesgcontinued

8 o : .
> a Gj ifk=",
0y — j230)
‘ﬂqk(x )= 5 7 ey ik23(0),
3 0; otherwise,
> 2B~ 4 By ifk=",
g (X(O)) — i23C) ]
Muk > B, ifk2J(),

0; otherwise.
8.2.4.2 Approximatingparticular terms
Wewill rst approximatdhe Jacobiarby:

(1) neglectingall thetermsin the blocksJp, andJgyg, and
(i) approximatingsomeof thetermsin the blocksJyg andJqu.

Neglectingtermsin the blocksincreaseshe sparsityof the equations.
Approximationsto thetermsin J,q andJqy thenyield alinearsystemthat
Is similar to the Jacobiarusedin the chordupdatewith a at start.



Neglectingterms
As notedin Section6.2.4.4 typically:

1IGW  By: (8.6)
A typicallimit onangledifferencessjg- g §.

jsin(dr  dj jg q«; for smallangledifferencesn radians,
1; for smallangledifferences, (8.7)
codq Qk) 1, for smallangledifferences, (8.8)
u 1 (8.9)



Neglectingterms, continued

IPw = vulGwsing g0 Brcoda  qol;

fo
G o) Bk
sinceu 1;ux l;codg v 1,
B; sincejgr qy landjGy By,
o0 = ulGkeoda a)+Bisina Al ;

Gkt B(ad  awj;

sinceus 1;codg q¢ Iisinflg W) (O

|BW; sincejgr q landjGy) By,

(8.10)

Ok)
(8.11)



Neglectingterms, continued

Jo( = uul Grooda ) Bisina Gdl ;
j Gk Bk@ Wi
sincew  Liu ILicofq g Lsin(g q) o O,
|Byj; sincejgr qy landjGyj By, (8.12)
o = wiewsing q) Brcosq gl
Muk
Gk@ a By
sincew  Licofq Q¢ Lsin(g a) (o ),
Bk, sincejgr gy landjGy B.
Theseapproximationse ect the qualitatve obsenrationthatreal power

o w is mostlydeterminedy differencesn voltageanglesacrosdines,
while reactve powver o w is mostly determinedy voltagemagnitude

differences

(8.13)



Neglectingterms
If we neglectall thetermsin Jpy andJqq, thenwe canthenapproximate

the Jacobiarby J(x) Jpqo(x) Jquo(x)
Jg(®) O g™ p(xM)
0 Jqu(x) DJ(n) = q(x(n)) ) (814)

gD = o+ m™:
u(n+l) = u(n)+ D,l(n):

ThesearecalledthedecoupledNewton—Raphsomipdatesquations:

Jpa()™ = p(x); (8.15)
Juu™ = g(xMy: (8.16)



Approximating terms

In additionto assuminghatjG-j  jBj andthatcodg qx) 1,we
will assumehat:

(i) for ary bus ", themagnitudeof thevoltagesu;j atbusesj 2 J(°) is
approximatelythe sameasthe magnitudeof thevoltageu- at ", and

(i) B~ &j2u0)Bje

000 = & wul Gisina a)+Bjcoda  apl
j230)
a (W)l Gjsin(g qj+Bjcodq a)l;
j23()
assumingyj u for j2 J(7),
a (u)?B; sincejGyj jByjandcofg gy 1,
j23()
(u)?B-; sinceB- &230)B -



Approximating terms, continued

0B~ + g ulGjsin(g q)) Bjcofq q)l;
123C)
o .
2uB-+ g uw[Gjsin(g q;) Bjcodg qj];
123C)
assumingy; u for j 2 J(),
2u0B-  Q uByj; sincejGyj jByjandcofg g0 1,
123C)
u-B; assuming- aj210)Bjs

U By Ug;

u By:



Approximating terms, continued

‘qu P =
= U ByU;
= 0

- U By

‘ITuk T

In summarythe approximationﬁ%(x) u Bxux and

ﬂuk (X) u: B, applyfor all * andk.



Compactrepresentation

De ne thematrix B to betheimaginarypartof the busadmittancematrix
A.

De ne U to bethediagonalmatrix having diagonalentriesequalto the
correspondingntriesof u.

Jpq(X) UBU;
Jqu(X) UB:
uWeuMm™ = pxM)y; (8.17)
uMBou™ = g(x("): (8.18)



Pre-conditioning and scalingvariables
By moving u("™ to theright-handsidesof (8.17) and(8.18) andde ning
o (W = uM (", we obtainthe equivalentsystem:
B = U] "p(x™); (8.19)
Bu™ = U] fgx™): (8.20)

Thecoefcient matrix( B) ontheleft-handsidesof both(8.19
and(8.20 is constanandsymmetric.

To solve (8.19 and(8.20, we needonly performLU factorizationof
( B) once,notonceperiteration.

OnceLf (M is known, g™ canbe calculatecusing:

™ = (UM ‘o™ (8.21)



Discussion

Theadwantageof usinga constantoefcient matrixin (8.19 and(8.20
is thatit signi cantly reduceghe computationaéffort periteration.
Theapproximationsve have describedarenot alwaysvery good.

But foundto work in practiceto decreaseomputationaéffort overall.



8.2.4.3 Quasi-Nevtonmethods

Quasi-Nevton methodscanalsobeappliedto solve the equations.
Equationg8.19 and(8.20 specifya suitableinitialization for the
approximatiorto the Jacobian.

8.2.4.4 Iterativemethods

Insteadof directly solvingthelinearequationgor the Newton—Raphson
updatejt is alsopossibleto useaniterative algorithm,suchasthe
conjugategradientmethod.



8.2.5 Step-sizeules
A step-sizeule canaidin convergence.

8.2.6 Stoppingcriteria
Requireasufciently smallvalueof thenormof the:

— changebetweenrsuccessie iteratesand
— deviation of the entriesof g from zero.



8.2.7 Circuit changes
8.2.7.1 Sensitivity

%1_5(0) [3(x%;0)] *K(x%;0);

8x2 R™:8c 2 R%J(x;c) = %(x; c);
8x2 R"8c 2 R%K(x;c) = %(x; c):

8.2.7.2 Large change analysis

Largechangedo therealandreactve injectionsinto the systemcanbe
analyzedoy restartingghe Newton—Raphsonipdatedasedn the
solutionto the base-cassystem.

If thefastdecoupledupdateequationsareused,no changesrenecessary
to theJacobian.

Changedo thetransmissioninesrequireanupdateto the Jacobiareven

if theapproximatelacobians used.



