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Part II
Non-linearsimultaneousequations
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6
Casestudiesof non-linearsimultaneousequations

(i) Solutionof Kirchhoff 's laws in anon-lineardirectcurrent(DC)
circuit (Section6.1), and

(ii) Solutionof Kirchhoff 's laws in a linearalternatingcurrent(AC)
circuit wherethevariablesof interestarenot currentsandvoltages
but insteadarepower (and“reactivepower”) injections
(Section6.2).
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6.1 Analysisof a non-linear dir ect curr ent circuit
6.1.1 Motivation

� Predictthebehavior of thecircuit withoutactuallybuilding aprototype.
� Predicttheeffectof changesin componentvalueson thecircuit behavior.

6.1.2 Formulation
6.1.2.1 Devicemodels

Terminal characteristics

� For a resistor, thecurrentis a linearfunctionof voltage.
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Non-linear devices

� Diodemodel:

8Vdiode2 R; idiode(Vdiode) = Isat

�
exp

�
qVdiode

hK T

�
� 1

�
: (6.1)

idiode?

AA�� Vdiode

+

� Fig. 6.1. Symbol for
diode together with
voltage and current
conventions.
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Non-linear devices,continued
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Fig. 6.2. Current to
voltage relationshipfor
diode.
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Choiceof terminal model

� Again,Occam's razoris importantin selectinga terminalmodel.
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6.1.2.2 Kirchhoff 's currentlaw
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Fig. 6.3. A simplenon-
linearcircuit.
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Kirchhoff 's currentlaw, continued
� By Kirchhoff 's currentlaw appliedto nodes1, 2, 3, 4:

�
1
Ra

�
x1 + ib(x1 � x2) � I1 = 0; (6.2)

� ib(x1 � x2) +
�

1
Rc

+
1
Rd

�
x2 +

�
�

1
Rd

�
x3 = 0; (6.3)

�
�

1
Rd

�
x2 +

�
1
Rd

+
1
Re

+
1
Rf

�
x3 +

�
�

1
Rf

�
x4 = 0; (6.4)

�
�

1
Rf

�
x3 +

�
1
Rf

�
x4 + ig(x4) = 0: (6.5)

� As in thedirectcurrentlinearcircuit casestudyin Section4.1, the
equationfor thedatumnodeis redundant.
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6.1.2.3 Non-linearequations
� De�ne thevector function g : R4 ! R4 by:

8x 2 R4;g(x) =

2

6
6
6
6
6
6
4

�
1
Ra

�
x1 + ib(x1 � x2) � I1

� ib(x1 � x2) +
�

1
Rc

+ 1
Rd

�
x2 +

�
� 1

Rd

�
x3�

� 1
Rd

�
x2 +

�
1

Rd
+ 1

Re
+ 1

Rf

�
x3 +

�
� 1

Rf

�
x4�

� 1
Rf

�
x3 +

�
1
Rf

�
x4 + ig(x4)

3

7
7
7
7
7
7
5

: (6.6)

If wewrite g(x) = 0 thenwehave reproduced(6.2)–(6.5). Theseareaset
of non-linearsimultaneousequations.

� To representlinearequationsAx= b in thiswaywewouldde�ne
g : Rn ! Rm by:

8x 2 Rn;g(x) = Ax� b:
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6.1.3 Circuit changes
� Changesin thevaluesof resistors,currentsources,or diodeparameters

will changethefunctionalform of correspondingentriesin g.
� For example,if a resistoror adiodebetweennodes̀ andk changesthen

thefunctionalform of g` andgk will change.
� If a resistor, currentsource,or diodebetweennode` andthedatumnode

changesthenthefunctionalform of g` will change.
� Changesin thediodecouldbedueto changesin Isat;h, or T, for example,

andwouldchangethefunctionalrelationshipbetweenthediodecurrent
anddiodevoltage.
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6.1.4 Problemcharacteristics
6.1.4.1 Numbersof variablesandequations

� As in thelinearcircuit, wehave thesamenumberof variablesas
equations.

6.1.4.2 Numberof solutions
� Thecurrentto voltagecharacteristicof adiodeis strictly monotonically

increasingsothatincreasingvoltagecorrespondsto increasingcurrent.
� Strictmonotonicityof componentmodelfunctionsis suf�cient to

guaranteethatthereis atmostonesolutionfor thecircuit.
� Not every two-terminalelectroniccomponenthasastrictly monotonically

increasingterminalmodel.
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Numberof solutions,continued
� For example,a tunnel diodehasacharacteristicthatis not strictly

monotonicallyincreasing.
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Fig. 6.4. Current to
voltage relationshipfor
tunneldiode.
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6.1.4.3 Sparsity
� Thevectorfunctiong is “sparse”in thesensethata typicalentryof g

dependsonly ona few entriesof x.
� Althoughwecannotstoretherepresentationof anon-linearfunctionasa

sparsematrix,wecanstill storetheparametersnecessaryto specifythe
functionsin asparsestructureassuggestedin Figure6.5.

D - Isat h T

R - R
Fig. 6.5. Storageof pa-
rametersfor diode and
resistoraslinkedlists.

6.1.4.4 Non-existenceof directalgorithms
� Becauseof thenon-lineardiodeelements,thereis in generalnodirect

algorithmfor solvinganarbitrarycircuit consistingof currentsources,
resistors,anddiodes.
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6.2 Analysisof an electric power system
6.2.1 Motivation

� It is importantto beableto predictthepower �o wson linesandthe
voltagemagnitudesat loadsin advanceof actualoperations.

Title Page JJ II J I 15 of 129 Go Back Full Screen Close Quit



6.2.2 Formulation
6.2.2.1 Variables

Phasors

� Wecanusecomplex numbers,calledphasors, to representthemagnitude
andangleof theAC voltagesandcurrentsata �x edfrequency.

� Themagnitudeof thecomplex numberrepresentstheroot-mean-square
magnitudeof thevoltageor current.

� Theangleof thecomplex numberrepresentstheangulardisplacement
betweenthesinusoidalvoltageor currentanda referencesinusoid.

Referenceangle

� Theanglesof thevoltagesandcurrentsin thesystemwouldall changeif
wechangedtheangleof our referencesinusoid,but thiswouldhaveno
effecton thephysicalsystem.

� Wecanthereforearbitrarilyassigntheangleatoneof thebusesto bezero
andmeasureall theotherangleswith respectto thisangle.

� Wecall thisbusthereferencebus.
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Representationof complexnumbers

� To representacomplex numberV with realnumbersrequirestwo real
numbers,either:
– themagnitude jVj andtheangle6V, sothatV = jVj exp(6V

p
� 1), or

– therealÂ f Vg andimaginary Áf Vg parts,sothat
V = Âf Vg+ Áf Vg

p
� 1.

� Sinceweneedto comparevoltagemagnitudesto limits, wewill represent
voltagesasmagnitudesandangles.
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Scalingand “per unit”

� Therearevoltagetransformersthroughouta typicalpowersystem.
� Thismeansthatthenominalvoltagemagnitudevariesconsiderably

throughoutthesystem,in fact,by severalordersof magnitude.
� Wescalethevoltagemagnitudesothatanactualvalueof 121kV in the

110kV partof thesystemwouldberepresentedby ascaledvalueof:

121kV
110kV

= 1:1;

� while anactualvalueof 688.5kV in the765kV partof thesystemwould
berepresentedby ascaledvalueof:

688:5 kV
765kV

= 0:9:
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6.2.2.2 Symmetry
Thr ee-phasecircuits

� Generation-transmissionsystemsareusuallyoperatedasbalanced
thr ee-phasesystems.
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Fig. 6.6. An example
balanced three-phase
system.
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Per-phaseequivalent

� Thebehavior of abalancedthree-phasecircuit canbecompletely
determinedfrom thebehavior of aper-phaseequivalent circuit.

� Figure6.7shows thea-phaseequivalentcircuit of thethree-phasecircuit
of Figure6.6.

generator
transmission

line load

neutral
��

� �

a

�

Zp

ZL

Fig. 6.7. Per-phase
equivalent circuit for
the three-phasecircuit
in Figure6.6.

Model transformation

� Thedeterminationof thebehavior of a three-phasesystemthroughthe
analysisof a relatedper-phaseequivalentis anexampleof model
transformation.
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6.2.2.3 Transmissionlines
� Wecanrepresentthedistrib uted parameter circuits with a

p-equivalent circuit.

� Eachcomponenthasanimpedance(or, equivalently, anadmittance)
determinedby thecharacteristicsof theline.

neutral

` k
u

u

s
h
u
n
t

series u

u

s
h
u
n
t

Fig. 6.8. Equivalent
p circuit of per-phase
equivalent of transmis-
sionline.
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6.2.2.4 Busadmittancematrixandpower�ow equations
� Considertheper-phaseequivalentof a threebus,threeline transmission

systemasillustratedin Figure6.9.
� For eachbus` = 1;2;3; thepairof shuntp elementsjoining node` to

neutralcanbecombinedtogetherto form asingleshuntelement.

neutral

1 2

3
t

t

t

t

t

t

t

t

t

t

t

t

Fig. 6.9. Per-phase
equivalentcircuit model
for threebus, threeline
system.
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Busadmittancematrixandpower�ow equations,continued
� Thisyieldsacircuit with:

– oneelementcorrespondingto eachof thebuses̀ = 1;2;3, joining node
` to neutral,and

– oneelementcorrespondingto eachline,
� asillustratedin Figure6.10.

neutral

1 2

3
t

Y1

Y13 t

t

Y3

Y23 t

Y2

Y12

Fig. 6.10. Per-phase
equivalentcircuit model
for threebus, threeline
system with parallel
componentscombined.
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Busadmittancematrixandpower�ow equations,continued
� Let uswrite Ỳ for theadmittanceof theelementjoining node` to neutral,

and
� Ỳ k for theadmittanceof theserieselementcorrespondingto a line joining

buses̀ andk.
� Theserieselementis mosteasilycharacterizedin termsof its impedance.
� For aseriesimpedanceZ`k = R̀ k + X`k

p
� 1 betweenbuses̀ andk, the

correspondingadmittanceỲ k is givenby:

Ỳ k =
1

Z`k
;

=
1

R̀ k + X`k
p

� 1

=
1

R̀ k + X`k
p

� 1
�

R̀ k � X`k
p

� 1

R̀ k � X`k
p

� 1

=
R̀ k � X`k

p
� 1

(R̀ k)2 + (X`k)2: (6.7)

Title Page JJ II J I 24 of 129 Go Back Full Screen Close Quit



Busadmittancematrixandpower�ow equations,continued
� UsingKirchhoff 's laws,wecanagainobtaina relationshipof theform

AV = I betweencurrentandvoltage,where:

8`; k;A`k =

8
<

:

Ỳ + å k02J(`) Ỳ k0; if ` = k,
� Ỳ k; if k 2 J(`) or ` 2 J(k),

0; otherwise,
(6.8)

� whereJ(`) is thesetof busesjoineddirectlyby a transmissionline to bus
`.

� A is calledthebusadmittancematrix .
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6.2.2.5 Generators andloads
� Whenelectricityis boughtandsold,thepowerandenergy arethe

quantitiesthatareusuallypriced,not thevoltageor current.
� However, realpowerdoesnotcompletelydescribetheinteraction

betweengeneratorsor loadsandthesystem.
� Wealsohave to characterizetheinjectedreactivepower.
� Wecancombinetherealandreactivepowersinto thecomplexpower,

which is thesumof:
therealpower, andp

� 1 timesthereactivepower.
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Generators andloads,continued
� Theusefulnessof this representationis that,for example,thecomplex

power S̀ injectedatnode` into thenetwork is givenby:

S̀ = V̀ I �
` ;

� wherethesuperscript� indicatescomplexconjugate.
� ThecurrentI` equalsthesumof:

thecurrent�o wing into theshuntelementỲ , and
thesumof thecurrents�o wing into eachline connecting̀ to abus

k 2 J(`) throughadmittanceỲ k.
� Wecansubstitutefor thecurrentsto obtain:

S̀ = V̀ [A`` V̀ + å
k2J(`)

A`kVk]
� ;

= jV̀ j2A�
`` + å

k2J(`)

A�
`kV̀ V �

k : (6.9)
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Generators andloads,continued
� Let A`k = G`k + B`k

p
� 1;8`; k, wherewenotethatby (6.7) and(6.8):

– wehave thatG`k < 0 andB`k > 0 for ` 6= k, and
– wehave thatG`` > 0 andthesignof B`` is indeterminatebut typically

lessthanzero;
� let S̀ = P̀ + Q`

p
� 1;8`, with:

– for generatorbuses,P̀ > 0 andQ` is typically positive,
– for loadbuses,P̀ < 0 andQ` < 0;

� andlet V̀ = u` exp(q`
p

� 1);8`, with:
– thevoltagemagnitudeu` � 1 in scaledunitsto satisfyvoltagelimits,
– thevoltageangleq` typically between� p=4 andp=4 radians.
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Generators andloads,continued
� Thenwecanseparate(6.9) into realandimaginaryparts:

P̀ = å
k2J(`)[f `g

u`uk[G`kcos(q` � qk) + B`ksin(q` � qk)]; (6.10)

Q` = å
k2J(`)[f `g

u`uk[G`ksin(q` � qk) � B`kcos(q` � qk)]: (6.11)

� Theequations(6.10) and(6.11), whicharecalledthepower �o w
equality constraints, mustbesatis�edateachbus`.
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6.2.2.6 Thepower�ow problem
Power balance

� Wespecify:
– therealandreactivegenerationsat thegeneratorPQbusesaccordingto

thegeneratorcontrolsettings,and
– therealandreactivepowerat theloadPQbusesaccordingto supplied

data.
� However, wecannotspecifytheinjectedpoweratall thebusessincethis

would typically violatethe�rst law of thermodynamics!
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Referencebus

� A traditional,but adhocapproachto �nding asolutionto theequationsis
to singleout thereferencebus.

� At thisbus,insteadof specifyinginjectedrealandreactivepower, we
specifythevoltagemagnitude.

� Thereferencegeneratoris thenassumedto producewhatever is neededto
“balance”therealandreactivepower for therestof thesystem,assuming
thatsuchasolutionexists.

� Were-interpretP1 andQ1 to bevariablesin our formulationandhave
eliminatedthesevariablesby writing themasa functionof therestof the
variables.

� Thereferencebussupplieswhateverpower is necessaryfor power
balance.
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6.2.2.7 Non-linearequations
� WehavenPQ PQbuses,includingboththePQgeneratorsandtheloads.
� Let n = 2nPQ andde�ne avectorx 2 Rn consistingof thevoltage

magnitudesandanglesat thePQbuses.
� For everybus` (thatis, includingthereferencebusaswell asthePQ

buses)de�ne functionsp` : Rn ! R andq` : Rn ! R by:

8x 2 Rn; p`(x) = å
k2J(`)[f `g

u`uk[G`kcos(q` � qk) + B`ksin(q` � qk)] � P̀ ;

(6.12)
8x 2 Rn;q`(x) = å

k2J(`)[f `g

u`uk[G`ksin(q` � qk) � B`kcos(q` � qk)] � Q` :

(6.13)

� Thefunctionsp` andq` representthenetrealandreactivepower �o w,
respectively, from bus` into therestof thesystem.

� Kirchhoff 's laws requirethatthenetrealandreactive �o w outof abus
mustbezero.

Title Page JJ II J I 32 of 129 Go Back Full Screen Close Quit



Non-linearequations,continued
� Finally, de�ne avectorfunctiong : Rn ! Rn thatincludes(6.12)

and(6.13) for all thePQbuses,but omits(6.12) and(6.13) for the
referencebus.

� Wesolve:
g(x) = 0: (6.14)

� In summary, solvingKirchhoff 'sequationsfor theelectricpowernetwork
hasbeentransformedinto anequivalentproblem:

(i) solve (6.14), which is asystemof non-linearsimultaneous
equations,and

(ii) substituteinto (6.10) and(6.11) for thereferencebus.
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6.2.3 Circuit changes
� If a realpower injectionchangesatabus` thentheentriesin g

correspondingto p` will change.
� If a reactivepower injectionchangesatabus` thentheentriesin g

correspondingto q` will change.
� If a transmissionline betweenbuses̀ andk changes,thentheentriesof g

correspondingto p` ;q` ; pk, andqk will change.
� Theentriesin theadmittancematrixA will changein amanneranalogous

to thechangesdiscussedin Section4.1.3for theDC circuit.
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6.2.4 Problemcharacteristics
6.2.4.1 Numberof variablesandequations

� Therearethesamenumberof variablesasequationsin (6.14).

6.2.4.2 Non-existenceof directalgorithms
� As with thenon-linearcircuit in Section6.1, becausetheequationsare

non-linear, thereis nodirectalgorithmto solve for x for arbitrarysystems.

6.2.4.3 Numberof solutions
� Theremaybenosolutions,onesolution,or evenmultiplesolutions

to (6.14).
� However, powersystemsareusuallydesignedandoperatedsothatthe

voltagemagnitudesarenearto nominalandthevoltageanglesare
relatively closeto 0� .

� If we restrictourattentionto solutionssuchthatvoltagemagnitudesare
all closeto 1 (andmakesomeotherassumptions)thenwecan�nd
conditionsfor thethereto beatmostonesolution.
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6.2.4.4 Admittancematrix
Symmetry

� Theadmittancematrix is symmetric.

Sparsity

� ThematrixA is only sparselypopulatedwith non-zeroentriesandeach
componentof g dependsononly a few componentsof x.
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Values

� A typical line impedancehaspositive realandimaginaryparts.
� Thecorrespondingline admittanceỲ k thereforehaspositive realpartand

negative imaginarypart.
� If thereis a line betweenbuses̀ andk thentheentries

A`k = G`k +
p

� 1B`k in theadmittancematrix satisfyG`k < 0;B`k > 0.
� ThediagonalentriesA`` = G`` +

p
� 1B`` in theadmittancesatisfy

G`` > 0 and,typically, B`` < 0.
� TheresistanceR`k of transmissionlinesis relatively smallcomparedto

theinductive reactanceX`k.
� Furthermore,theshuntelementsareoftenalsonegligible comparedto the

inductive reactance.
� Thismeansthat:

8`; 8k 2 J(`) [ f `g; jG`kj � jB`kj:
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7
Algorithmsfor non-linearsimultaneousequations

Key issues
� Approximatingnon-linearfunctionsby a linear approximation,
� usingthelinearapproximationto improveourestimateof thesolution
� convergenceof thesequenceof iteratesproducedby repeated

re-linearization,
� variations thatreducecomputationaleffort, and
� sensitivity andlargechangeanalysis.
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7.1 Newton–Raphsonmethod
� Considera functiong : Rn ! Rn andsupposethatwewantto solve the

simultaneousnon-linearequations:

g(x) = 0: (7.1)

7.1.1 Initial guess
� Let x(0) betheinitial guessof asolutionto (7.1).
� Weseekanupdatedvalueof thevectorx(1) = x(0) + Dx(0) suchthat:

g(x(1)) = g(x(0) + Dx(0)) = 0: (7.2)
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7.1.2 Taylor approximation
7.1.2.1 Scalarfunction

g1(x(1)) = g1(x(0) + Dx(0)); sincex(1) = x(0) + Dx(0),

� g1(x(0)) +
¶g1
¶x1

(x(0))Dx(0)
1 + � � � +

¶g1
¶xn

(x(0))Dx(0)
n ;

= g1(x(0)) +
n

å
k= 1

¶g1
¶xk

(x(0))Dx(0)
k ;

= g1(x(0)) +
¶g1
¶x (x(0))Dx(0): (7.3)

� In (7.3), thesymbol“ � ” shouldbeinterpretedto meanthatthedifference
betweentheexpressionsto theleft andto theright of the� is small
comparedto






 Dx(0)






 .
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Scalarfunction,continued
� De�ne theremainderat the point x(0);e : Rn ! R, by:

8Dx 2 Rn;e(Dx)

= g1(x(0) + Dx) � g1(x(0)) �
¶g1
¶x1

(x(0))Dx1 � � � � �
¶g1
¶xn

(x(0))Dxn:

� By Taylor' s theoremwith remainder, if g1 is partiallydifferentiable
with continuouspartialderivativesthen:

lim
kDxk! 0

e(Dx)
kDxk

= 0:

� As �rst mentionedin Section2.6.3.5, theexpressionto theright of the�
in (7.3) is calleda �rst-order Taylor approximation.

� For apartiallydifferentiablefunctiong1 with continuouspartial
derivatives,the�rst-order Taylorapproximationaboutx = x(0)

approximatesthebehavior of g1 in thevicinity of x = x(0).
� The�rst-order Taylorapproximationrepresentsaplanethatis tangential

to thegraphof thefunctionat thepoint x(0).
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Scalarfunction,continued
� For example,supposethatg1 : R2 ! R is de�ned by:

8x 2 R2;g1(x) = (x1)2 + (x2)2 + 2x2 � 3:

�5
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x1

�

x2

g1(x)
Function

Taylorapproximation

Fig. 7.1. Graph of
function repeatedfrom
Figure2.5andits Taylor
approximation about

x(0) =
�

1
3

�
.
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7.1.2.2 Vectorfunction
� Wenow considerthevectorfunctiong : Rn ! Rn.
� Sinceg is avectorfunctionandx is avector, theTaylorapproximationof

g involvesthen� n matrixof partialderivatives
¶g
¶x evaluatedat x(0).

� A �rst-order Taylorapproximationof g aboutx(0) yields:

g(x(0) + Dx(0)) � g(x(0)) +
¶g
¶x (x(0))Dx(0);

� whereby the� wemeanthatthenormof thedifferencebetweenthe
expressionsto theleft andtheright of � is smallcomparedto






 Dx(0)






 .
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Vectorfunction,continued
� De�ne theremainderat thepoint x(0);e : Rn ! Rn, by:

8Dx 2 Rn;e(Dx)

= g(x(0) + Dx) � g(x(0)) �
¶g
¶x1

(x(0))Dx1 � � � � �
¶g
¶xn

(x(0))Dxn:

� By Taylor' s theoremwith remainder, if g is partiallydifferentiablewith
continuouspartialderivativesthen:

lim
kDxk! 0

ke(Dx)k
kDxk

= 0:

� The�rst-order Taylorapproximationagain representsa “plane” thatis
tangentialto thegraphof thefunction;however, thesituationis much
moredif�cult to visualizefor avectorfunction.
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7.1.2.3 Jacobian
� Recallfrom Section2.5.3.2thatthematrixof partialderivativesis called

theJacobianandwewill denoteit by J(� ).
� Usingthisnotation,wehave:

g(x(1)) = g(x(0) + Dx(0));by de�nition of Dx(0),

� g(x(0)) + J(x(0))Dx(0): (7.4)

� In someof ourdevelopment,wewill approximatetheJacobianwhenwe
evaluatetheright-handsideof (7.4)

� In thiscase,thelinearapproximatingfunctionis no longertangentialto f .

Title Page JJ II J I 45 of 129 Go Back Full Screen Close Quit



7.1.3 Initial update
� Settingtheright-handsideof (7.4) to zeroto solve for Dx(0) yieldsasetof

linearsimultaneousequations:

J(x(0))Dx(0) = � g(x(0)): (7.5)

7.1.4 Generalupdate

J(x(n))Dx(n) = � g(x(n)); (7.6)

x(n+ 1) = x(n) + Dx(n): (7.7)

� (7.6)–(7.7) arecalledtheNewton–Raphsonupdate.
� Dx(n) is theNewton–Raphsonstepdir ection.
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7.1.5 Discussion
� Threedrawbacksof theNewton–Raphsonmethod:

(i) Theneedto calculatethematrixof partialderivativesandsolvea
systemof linearsimultaneousequationsateachiteration.Evenwith
sparsematrix techniques,thiscanrequireconsiderableeffort.

(ii) At someiterationwemay�nd thatthelinearequation(7.6) doesnot
haveasolution,sothattheupdateis notwell-de�ned.

(iii) Evenif (7.6) doeshaveasolutionatevery iteration,thesequenceof
iteratesgeneratedmaynotconvergeto thesolutionof (7.1).
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7.2 Variations on the Newton–Raphsonmethod

� Wewill discussvariouswaysto reducetheeffort involvedin thebasic
Newton–Raphsonmethod.

7.2.1 Approximation of theJacobian

� ReplaceJ(x(n)) by amatrix J̃(n) suchthat,comparedto usingJ(x(n))
directly:

(i) LU factorizationof J̃(n) requireslesseffort (or hasalreadybeen
performed),

(ii) aninverseof J̃(n) is easierto calculate,or
(iii) evaluationof J̃(n) is moreconvenient.

� If theresultingapproximationto theNewton–Raphsonupdatesatis�es
suitableconditions,thenit turnsout thatwewill still iteratetowardsthe
solution.
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7.2.1.1 Thechord method

J(x(0))Dx(n) = � g(x(n)); (7.8)

x(n+ 1) = x(n) + Dx(n): (7.9)

7.2.1.2 TheShamanskiimethod

J(x(Nbn
Nc))Dx(n) = � g(x(n)); (7.10)

x(n+ 1) = x(n) + Dx(n): (7.11)

7.2.1.3 Approximatingparticular terms
� Replacesmalltermsin theJacobianby zero.

7.2.1.4 Analyticapproximationto Jacobian
� Wemayhaveanapproximateanalyticalmodel.
� Thenwecancombineanumericalevaluationof g with anapproximate

analyticalmodelof J to usein theNewton–Raphsonupdate.
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7.2.1.5 Finite differenceapproximationto Jacobian
� Theforward differ enceapproximation betweenthepoint x(n) andthe

point x(n) + Dx:

J(x(n))Dx � g(x(n) + Dx) � g(x(n));

� Thecentral differ enceapproximation betweenthepoint x(n) � Dx and
thepoint x(n) + Dx:

2J(x(n))Dx � g(x(n) + Dx) � g(x(n) � Dx);

or
� Thesecantapproximation, for x 2 R, betweenthepoint x(n) andthe

point x(n� 1):

¶g
¶x (x(n)) �

g(x(n)) � g(x(n� 1))
x(n) � x(n� 1)

:
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Finite differenceapproximationto Jacobian,continued

�0.5 0 0.5 1 1.5 2 2.5 3
�0.6

�0.4

�0.2
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0.4

0.6

0.8

1

1.2

1.4

x

g(x)

g(x(n))

x(n) � Dxx(n� 1) x(n) x(n) + Dx

Fig. 7.2. Finite differenceap-
proximationsto the derivative
of a function g : R ! R at a
point x(n). Thefunctiong is il-
lustratedasa solid curve. The

point
�

x(n)

g(x(n))

�
=

�
1:5
1

�
is in-

dicatedby the � . The forward
differenceapproximationwith
Dx = 1 is given by the slope
of thedottedline. Thecentral
differenceapproximationwith
Dx = 1 is given by the slope
of thedashedline. Thesecant
approximationfor x(n� 1) = 0 is
givenby theslopeof thedash-
dottedline.
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7.2.1.6 Quasi-Newtonmethods
� Considera �rst-order Taylorapproximationof g aboutx(n� 1):

g(x(n� 1) + Dx(n� 1)) � g(x(n� 1)) + J(x(n� 1))Dx(n� 1):

� Substitutingfrom theNewton–Raphsonupdateequations(7.6)–(7.7)
appliedto calculatex(n), weobtain:

g(x(n)) � g(x(n� 1)) + J(x(n� 1))(x(n) � x(n� 1)):

� Re-arranging,wehave:

J(x(n� 1))(x(n) � x(n� 1)) � g(x(n)) � g(x(n� 1)): (7.12)
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Quasi-Newtonmethods,continued
� Quasi-Newtonmethodsinvolvesuccessively updatingeach

approximationJ̃(n� 1) sothattheupdatedapproximationJ̃(n) usedfor
calculatingx(n+ 1) satis�esthequasi-Newtoncondition:

8n > 0; J̃(n)(x(n) � x(n� 1)) = g(x(n)) � g(x(n� 1)): (7.13)

� Quasi-Newtonmethodsgeneralizethesecantapproximationto functions
g : Rn ! Rn.

� TheapproximationJ̃(n), (which is usedin thecalculationof x(n+ 1)) is
chosento mimic thebehavior of thechangein g thatresultedfrom the
choiceof x(n).

� Undermild conditions,if J̃(n� 1) is symmetricthensymmetric rank two
updatescanbefoundthatsatisfytheQuasi-Newtoncondition.
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7.2.2 Iterativealgorithms
� If theJacobianis largeandnon-sparse,thenthefactorization-or

inversion-basedtechniquesthatwehavediscussedsofarmaynotbe
effective.

� Iterativealgorithmsmaybeused.

7.2.3 Pre-conditioning
� Pre-conditioningcanbeusedto helpwith thesolutionof theupdate

equationif anapproximateinverseto theJacobianis known.
� A simple“pre-conditioner”is thediagonalmatrix consistingof the

inverseof thediagonalelementsof theJacobian.
� Pre-conditioningis oftenusedin combinationwith iterativemethods.

7.2.4 Automaticdifferentiation
� If thecalculationof g is performedby codethatimplementsadirect

algorithm,it is possibleto systematicallytransformthecodefor
calculatingg into codethatcalculatestheJacobian.
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7.3 Local convergenceof iterati vemethods
7.3.1 Closenessto a solution

� In thissection,wediscussthreemeasuresof closenessto asolutionthat
arecandidatesfor useasastoppingcriterion.

� We thendiscussusingtheiterationcountandthecombinationof several
stoppingcriteria.

7.3.1.1 Functionvalue






 g(x(n))








¥
� eg; (7.14)






 g(x(n))








¥
� eg






 g(x(0))








¥
: (7.15)
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7.3.1.2 Iterationspace






 x(n) � x?








2
� ex; (7.16)






 x(n) � x?








2
� ex






 x(0) � x?








2
:

7.3.1.3 Change in iterate






 Dx(n)






 � eDx: (7.17)

7.3.1.4 Iterationcount
� It is commonto limit thetotalnumberof iterations.

7.3.1.5 Combinedstoppingcriteria
� Combinationsof criteriaareusedin practiceto balancethedesireto:

– getcloseto asolution,but
– notperformanexcessivenumberof iterations.
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7.3.2 TheCauchy criterion andcontractionmappings
7.3.2.1 Cauchysequences

De�nition 7.1 A sequencef x(n)g¥
n= 0 is saidto beaCauchy sequenceor

Cauchy if:

8e2 R++ ;9N 2 Z+ suchthat(n;n02 Z+ andn;n0� N) )
� 





 x(n) � x(n0)






 � e

�
:

2
� Theweakercondition:

8e2 R++ ;9N 2 Z+ suchthat(n2 Z+ andn � N) )
� 





 x(n+ 1) � x(n)






 � e

�
;

(7.18)
� is insuf�cient to guaranteethatthesequencef x(n)g¥

n= 0 is Cauchy.

Lemma 7.1 A sequencef x(n)g¥
n= 0 of realvectorsconvergesto a limit in Rn

if andonly if it is Cauchy. 2
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7.3.2.2 Lipschitz continuity

De�nition 7.2 A functionF : Rn ! Rm (or F : Rn ! Rm� n) is Lipschitz
continuous:
� onasetS � Rn,
� with respectto anormk� k on thedomainRn,
� with respectto anormk� k on therangeRm (or to anormonRm� n), and
� with constantL � 0, if:

8x;x02 S;



 F (x) � F (x0)




 � L




 x� x0




 : (7.19)

2

6

-

6

-x1

x2

F 1

F 2

S

x00�
� x0

� x

� F (x00)
F (x0) �

� F (x)

Fig. 7.3. Points x;x0, and
x00 in a set S � R2 (left
panel) and their images
F (x);F (x0), and F (x00)
(right panel) under a Lip-
schitz continuous function
F : R2 ! R2.
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7.3.2.3 Contractionmapping

De�nition 7.3 A mapF : Rn ! Rn is calledacontraction mapping or a
contraction map:
� onasetS � Rn, and
� with respectto anormk� k onRn,
if 90 � L < 1 suchthat:

8x;x02 S;



 F (x) � F (x0)




 � L




 x� x0




 :

2
� A mapfrom Rn to Rn is acontractionmaponS � Rn if it is:

– LipschitzcontinuousonS for oneparticularnormappliedto bothits
domainandrange,and

– theLipschitzconstantis lessthanone.
� ThemapF illustratedin Figure7.3 is acontractionmappingwith respect

to theEuclideannorm.
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7.3.2.4 General iterativemethodsand�xed points
� Considerageneraliterativemethod:

8n 2 Z+ ;x(n+ 1) = F (x(n)); (7.20)

� whereF : Rn ! Rn representsthecalculationsduringasingleiteration.
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General iterativemethodsand�xed points,continued

De�nition 7.4 A point x? is calleda �xed point of amapF : Rn ! Rn if
x? = F (x?). 2

6

-

6

-x1

x2

x1

x2

S S

x00�
� x0

� x

� x?
� F (x00)

F (x0) � � F (x?) = x?

� F (x)

Fig. 7.4. Pointsx;x0;x00,
and x? in R2 (left
panel)and their images
F (x);F (x0);F (x00), and
F (x?) (right panel)
under a function
F : R2 ! R2. Thepoint
x? is a �x ed point of F
becauseF (x?) = x?.
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7.3.2.5 Contractionmappingtheorem

Theorem7.2 SupposethatF : Rn ! Rn is a contractionmappingwith
Lipschitz constant0 � L < 1 with respectto somenormk� k ona closed
setS � Rn. Alsosupposethat8x 2 S;F (x) 2 S. Then,thereexistsa
uniquex? 2 S that is a �xed pointof F . Moreover, for anyx(0) 2 S, the
sequenceof iteratesgeneratedby theiterativemethod(7.20) converges
to x? andsatis�esthebound:

8n 2 Z+ ;





 x(n) � x?






 � (L)n






 x(0) � x?






 : (7.21)

Proof Thelongproof is dividedinto four parts:
(i) proving thatf x(n)g¥

n= 0 is Cauchy andhasa limit thatis contained
in S;

(ii) proving thatthelimit is a �x edpointof F ;
(iii) proving thatthe�x edpoint is unique;and
(iv) proving thatthesequenceconvergesto the�x edpointaccording

to (7.21).
2
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7.3.3 Thechord andNewton–Raphsonmethods
7.3.3.1 Thechord method

Theorem7.3 Considera functiong : Rn ! Rn. Let k� k bea normonRn

andlet k� k alsostandfor thecorrespondinginducedmatrixnorm.
Supposethat thereexista;b;c, andr 2 R+ such that:

(i) g is partially differentiablewith continuouspartial derivativesat
x(0), with JacobianJ(x(0)) satisfying:






 [J(x(0))]

� 1





 � a;






 [J(x(0))]

� 1
g(x(0))






 � b;

(ii) g is partially differentiablein a closedball of radiusr aboutx(0),
with JacobianJ that is Lipschitz continuouswith Lipschitz
constantc. Thatis,

8x;x02
n

x 2 Rn
�
�
�





 x� x(0)






 � r

o
;



 J(x) � J(x0)




 � c




 x� x0




 :

(iii) abc< 1
2, and
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(iv) r � � r where r � = 1�
p

1� 2abc
ac .

Then:
(i) In theopenball of radiusr + = min

�
r ;

�
1+

p
1� 2abc

�
=(ac)

	

aboutx(0) there is a uniquesolutionx? of g(x) = 0. (Theremay
beothersolutionsoutsidethisball.)

(ii) Considerthechord update(7.8)–(7.9) with x(0) asinitial guess.
Thesequenceof iteratesconvergesto x? andeach iteratex(n) is
containedin theclosedball of radiusr � aboutx(0).
Furthermore,

8n 2 Z+ ;





 x(n) � x?






 � (acr � )nr � : (7.22)
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Thechord method,continued

-

6

x2

x1

& %

' $t

t

x?d

?
�

�
�

�
��=

&%

'$

x(0)

x??

r �r +

f x 2 R2jg1(x) = 0g

f x 2 R2jg2(x) = 0g
Fig. 7.5. Illustration of
chord and Kantorovich
theorems.
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Thechord method,continued

-

6

x2

x1

x?t�
�

�
�

�
��

d
x(0)

6
d

x(1)

�dx(2)

Fig. 7.6. Illustration of
thelinearrateof conver-
gencein chordtheorem.
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Proof
� Wede�ne F : Rn ! Rn to bethemapthatrepresentstheupdatein the

chordmethod.

8x 2 Rn;F (x) = x� [J(x(0))]
� 1

g(x):

� Theproof is dividedinto four parts:

(i) proving thattheiteratesstayin S=
n

x 2 Rn
�
�
�





 x� x(0)






 � r �

o
,

(ii) proving thatF is acontractionmapwith Lipschitzconstant
L = acr � < 1 sothat,by thecontractionmappingTheorem7.2,
thereexistsauniquex? 2 S thatis a �x edpointof F ,

(iii) proving thatthe�x edpoint x? of F satis�es(7.1) and(7.22),
and

(iv) proving thatx? is theonly solutionwithin adistancer + of x(0).
2

� Therateof convergenceis linear.
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7.3.3.2 Kantorovich theorem

Theorem7.4 (Kantorovich) Considera functiong : Rn ! Rn. Let k� k be
a normonRn andlet k� k alsostandfor thecorrespondinginduced
matrixnorm.Supposethat thereexistsa;b;c, andr 2 R+ such that:

(i) g is partially differentiablewith continuouspartial derivativesat
x(0), with JacobianJ(x(0)) satisfying:






 [J(x(0))]

� 1





 � a;






 [J(x(0))]

� 1
g(x(0))






 � b;

(ii) g is partially differentiable, with JacobianJ that is Lipschitz
continuouswith Lipschitz constantc in a closedball of radiusr
aboutx(0). Thatis,

8x;x02
n

x 2 Rn
�
�
�





 x� x(0)






 � r

o
;



 J(x) � J(x0)




 � c




 x� x0




 :

(iii) abc< 1
2, and
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(iv) r � � r where r � = 1�
p

1� 2abc
ac .

Then:
(i) In theopenball of radiusr + = min

n
r ; 1+

p
1� 2abc
ac

o
aboutx(0),

there is onlyonesolutionx? of g(x) = 0. (Theremaybeother
solutionsoutsidethisball.)

(ii) ConsidertheNewton–Raphsonupdate(7.6)–(7.7) with x(0) as
initial guess.Thesequenceof iteratesconvergesto x? andeach
iteratex(n) is containedin theclosedball of radiusr � aboutx(0).
Furthermore,

8n 2 Z+ ;





 x(n) � x?






 �

(2abc)((2)n)

(2)nac
: (7.23)

2
� Therateof convergenceis quadratic.
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7.3.3.3 Discussion
� ThechordtheoremandtheKantorovich theoremare“local.”
� If theJacobianis non-singularat theinitial guess(sothata is

well-de�ned),
� if theinitial guesssatis�estheequationssuf�ciently well (sothatthe

normb of theinitial update:

b =





 [J(x(0))]

� 1
g(x(0))






 ;

=





 Dx(0)






 ;

is small),and
� if theJacobiandoesnotvary toomuchover theclosedball of radiusr

aboutx(0) (sothatc is small),
� thenthechordandtheNewton–Raphsonupdatesconvergeto thesolution.
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7.3.4 Computationaleffort
� Supposer is thebestboundwehaveon theinitial error;thatis:






 x(0) � x?






 � r : (7.24)

� Wewantto estimatethenumberof iterationsN suchthattheerrorbound
is reducedby a factorex < 1 sothat:






 x(N) � x?






 � exr : (7.25)
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7.3.4.1 Chord method
� Thecomputationsrequiredfor N iterationsare:

– oneevaluationandonefactorizationof theJacobian,requiringeffort on
theorderof (n)3, and

– oneevaluationof g periteration,oneforwardsandbackwards
substitutionperiteration,andonevectoradditionperiteration,requiring
effort on theorderof N(n)2.

� Theoverall effort is on theorderof (n)3 + N(n)2 andtheaverageeffort
periterationis on theorderof (n)3=N + (n)2.

� Wemust�nd aboundon thesizeof N thatis necessaryto satisfy(7.25).





 x(N) � x?






 � (acr � )Nr � ;

= (acr � )N
�

r �

r

�
r ;

� (acr � )N
�

r �

r +

�
r ;

� sincer + � r by de�nition.
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Chord method,continued

� Then(7.25) will besatis�edif (acr � )N
�

r �
r +

�
� ex.

� Re-arrangingthisconditionweobtainthat(acr � )N �
exr +

r �
.

� Takingnaturallogarithmsandre-arranging,weobtain

N �
ln(ex) + ln(r + ) � ln(r � )

ln(acr � )
,

� notingthatln(acr � ) < 0.
� Overall effort is on theorderof:

(n)3 +
ln(ex) + ln(r + ) � ln(r � )

ln(acr � )
(n)2:

� Computationaleffort growswith (n)3 and(n)2j ln(ex)j.
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7.3.4.2 Newton–Raphsonmethod
� Thecomputationsrequiredfor N iterationsare:

– oneevaluationandfactorizationof theJacobianperiteration,requiring
effort on theorderof N(n)3, and

– oneevaluationof g periterationandoneforwardsandbackwards
substitutionperiteration,requiringeffort on theorderof N(n)2.

� Theoverall effort is on theorderof N(n)3.
� Again,wemust�nd aboundon thesizeof N thatis necessaryto

satisfy(7.25).
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Newton–Raphsonmethod,continued






 x(N) � x?






 �

(2abc)((2)N)

(2)Nac
;

=
(2abc)((2)N)

(2)Nacr
r ;

�
(2abc)((2)N)

(2)Nacr +
r ;

�
(2abc)((2)N)

acr +
r ;

� sincer + � r by de�nition and(2)N � 1.

Title Page JJ II J I 75 of 129 Go Back Full Screen Close Quit



Newton–Raphsonmethod,continued

� Then(7.25) will besatis�edif
(2abc)((2)N)

acr +
� ex.

� Re-arrangingthisconditionweobtainthat(2abc)((2)N) � acr + ex.
� Takingnaturallogarithms,weobtain((2)N) ln(2abc) � ln(acr + ex).
� Now 2abc< 1 by hypothesis,soln(2abc) < 0 anddividing bothsidesby

thenegativenumberln(2abc) yields(2)N �
ln(acr + ex)
ln(2abc)

.

� Takingnaturallogarithmsagainandre-arrangingyields:

N �
ln

�
ln(acr + ex)
ln(2abc)

�

ln(2)
=

ln(j ln(acr + ex)j) � ln(j ln(2abc)j)
ln(2)

:

� Overall effort is:

(n)3ln(j ln(acr + ex)j) � ln(j ln(2abc)j)
ln(2)

:

� For smallex thecomputationaleffort growswith (n)3 ln(j ln(ex)j).
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7.3.4.3 Quasi-Newtonmethods
� Assumingsuper-linearconvergenceweagain �nd thatthenumberof

iterationsN growswith ln(j(lnex)j) andconsequentlythecomputational
effort growswith (n)2 ln(j ln(ex)j).

� Thiseffort growsmuchmoreslowly with n thanfor theNewton–Raphson
method.

7.3.4.4 Othervariations
� Often,thevariationsthatavoid acompletefactorizationatevery iteration

will bemoreattractive thanthebasicNewton–Raphsonmethod.
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7.3.4.5 Summaryof performanceof methods
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Numberof iterationsto satisfystoppingcriterion

Fig. 7.7. The qualita-
tive tradeoff between
effort per iteration and
numberof iterations.
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7.3.4.6 Calculationof Jacobian
� Theanalysissofarhasassumedthattheentriesof J takenomoreeffort to

calculatethantheentriesof g.
� It is sometimesmoredif�cult to calculateentriesof J thanit is to

calculateentriesof g.
� In thiscase,wemaychooseto useamethodthatuseslessinformation

aboutJ but alsohasaslower rateof convergence,andconsequentlya
largerrequiredvalueof N, becauseof thesavingsin thecomputational
effort periteration.

7.3.5 Discussion
� ThechordmethodandtheNewton–Raphsonmethodhavegreatlocal

performance.
� Thetheoremscanprovidequalitative insightsinto convergence.
� However, wealsoconsidercaseswheretheinitial guessis far from the

solution.
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7.4 Globalization procedures
� Wemustsafeguardouralgorithmfrom two relatedissues:

(i) singularJacobian,and
(ii) excessively largesteps.
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7.4.1 Singular Jacobian

7.4.1.1 Example

8x 2 R;g(x) = (x� 2)3 + 1.

0.5 1 1.5 2 2.5 3
�0.5

0

0.5

1

1.5

x
x? x(n) x(n� 1)

g(x)

Fig. 7.8. A function
with asingularJacobian
at the point x(n) = 2.
The �rst-order Taylor
approximation about
x(n) is shown dashed.
The approximation
implied by the secant
approximation through
x(n) andx(n� 1) is shown
asthedot-dashedline.
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7.4.1.2 Modi�ed factorization
� If J is singularatany iteratethenthebasicNewton–Raphsonupdatewill

fail.
� An adhocapproachto thisproblemis to modify termsin J(x) if it is

singularandthensolve theresultingupdateequation.
� For example,for g : R ! R, if jJ(x(n))j < E for somethresholdE 2 R++ ,

thenwemight replaceJ(x(n)) by thesecantapproximation:

J̃(n) =
g(x(n)) � g(x(n� 1))

x(n) � x(n� 1)

� or replaceJ(x(n)) by thevalueE.
� For g : Rn ! Rn, duringfactorizationof J, if weencounterasmallor

zeropivot, wesimply replacethepivot by asmallnon-zeronumber.

Title Page JJ II J I 82 of 129 Go Back Full Screen Close Quit



7.4.2 Step-sizeselection
7.4.2.1 Regionof validity of approximationof function

�15 �10 �5 0 5 10 15
�2

�1.5

�1

�0.5

0

0.5

1

1.5

2

x

arctan(x)

x? x(n)

Fig. 7.9. The inverse
tan function (shown
solid) andits �rst-order
Taylor approximation
about x(n) = 5 (shown
dashed.) The point�

x(n)

g(x(n))

�
=

�
5
1:3734

�

is illustrated with a � ,
while the solution to
theequationg(x) = 0 is
shown with a � .
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Regionof validity of approximationof function,continued
� Considertheiteratex(n) shown in Figure7.9.
� For thefunctionshown,






 x(n) � x?






 = k5� 0k = 5.

� Usingstep-sizeequalto 1:





 x(n+ 1) � x?






 >






 x(n) � x?






 ;






 g(x(n+ 1))






 >






 g(x(n))






 :

� If theNewton–RaphsonstepdirectionDx(n) is solargethatit would take
thenext iterateoutsidetheregionof validity of thelinearapproximation,
thenweshouldnotmoveasfarasDx(n) suggests.

� Instead,weshouldconsidermoving asmallerstepin thedirectionof
Dx(n).
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7.4.2.2 Step-sizerules
� DampedNewtonmethod: pick a �x ed0 < a < 1 andmodify (7.7) to:

x(n+ 1) = x(n) + aDx(n):

� Allow thestep-sizeto varywith iteration:

x(n+ 1) = x(n) + a (n)Dx(n); (7.26)

� where0 < a (n) � 1 is chosenateachiterationsothat:





 g(x(n) + a (n)Dx(n))






 <






 g(x(n))






 : (7.27)

� If theL2 normis chosenin (7.27) thenit is possibleto chooseasuitable
a (n) if:
– g is partiallydifferentiablewith continuouspartialderivatives,and
– thestepdirectionDx(n) satis�es:

[Dx(n)]
†
J(x(n))

†
g(x(n)) < 0: (7.28)
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7.4.2.3 Armijo step-sizerule
� Condition(7.27) doesnotspecifyby howmuch thenormof g should

decreaseto ensurethatweobtainasatisfactoryimprovementin the
satisfactionof theequations.

� A variationon (7.27) thatdoesspecifya “suf�cient” decreaserequires
that: 





 g(x(n) + a (n)Dx(n))






 � (1� da(n))






 g(x(n))






 ; (7.29)

� where0 < d < 1 is apositiveconstant.
� To understand(7.29), supposethata (n) is smallenoughsothatthelinear

Taylorapproximationis accurateandalsoassumethatthe
Newton–Raphsonstepdirectionwasused:

g(x(n) + a (n)Dx(n))

� g(x(n)) + J(x(n))a (n)Dx(n); sincea (n) is assumedto be
smallenoughsothatthelinearTaylorapproximationis accurate,

= g(x(n)) � a (n)g(x(n)); by de�nition of Dx(n);

= (1� a (n))g(x(n)):
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Armijo step-sizerule, continued
� Therefore,takingnorms:






 g(x(n) + a (n)Dx(n))






 � (1� a (n))






 g(x(n))






 :

� With astep-sizeof a (n), thebestwecouldexpectis for




 g(x(n) + a (n)Dx(n))






 to bereducedby a factorof (1� a (n)) comparedto






 g(x(n))






 .

� In practice,wewill notachieve this reduction,asallowedfor in
condition(7.29).

� Condition(7.29) togetherwith a reductionrule for choosinga (n) is called
theArmijo step-sizerule.

� For example,therulecouldbeto �nd thelargeststep-sizeof theform:

a (n) = (2)� k;k � 0; (7.30)

� thatsatis�es(7.29).
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Armijo step-sizerule, continued

-

6

x2

x1

x(n)
t�

�
�

�
�

��
t
x(n) + Dx(n)

�
�

��
tx(n) + (2) � 1 � Dx(n)

� ��
t
x(n) + (2) � 2 � Dx(n)

Fig. 7.10. Illustration
of back-tracking in
Armijo step-sizerule.
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7.4.2.4 Example
� Againconsiderthearctanfunctionandx(n) = 5.

Dx(n) = � [J(x(n))]
� 1

g(x(n));
� � 35:7:

� Setd = 0:5.
� Thedottedlinesin Figure7.11boundthesetof pointsof theform�

x(n) + a (n)Dx(n)

g

�
satisfying:

0 � a (n) � 1;

� (1� da(n))





 g(x(n))






 � g� (1� da(n))






 g(x(n))






 :
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Example, continued

�35 �30 �25 �20 �15 �10 �5 0 5 10 15
�2

�1.5

�1

�0.5

0

0.5

1

1.5

2

x

arctan(x)

x? x(n)
�

�
�

Fig. 7.11. Armijo update ap-
plied to solving equationwith
arctan function (shown solid).
The �rst-order Taylor approxi-
mationaboutx(n) = 5 is shown

dashed.The point
�

x(n)

g(x(n))

�
is

illustrated by the rightmost � ,
while the solution to the equa-
tion g(x) = 0 is shown with
a � . The dotted lines bound
the region of acceptancefor the
Armijo rule with d = 0:5. The
leftmost three� do not satisfy
the Armijo rule. The updated
iterateis illustratedby the left-
most� .
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Example, continued
� Usingstep-sizesof theform (7.30) resultsin tentativeupdatediterates

andcorrespondingfunctionvaluesof:

x(n) + Dx(n) � � 30:7; g(x(n) + Dx(n)) � � 1:54;

x(n) + (2)� 1 � Dx(n) � � 12:9; g(x(n) + (2)� 1 � Dx(n)) � � 1:49;

x(n) + (2)� 2 � Dx(n) � � 3:93; g(x(n) + (2)� 2 � Dx(n)) � � 1:32;

x(n) + (2)� 3 � Dx(n) � 0:54; g(x(n) + (2)� 3 � Dx(n)) � 0:49:
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7.4.2.5 Choiceof d
� If theparameterd is closeto onethenit maytakemany reductionsof a (n)

to satisfy(7.29).
� d is oftenchosento beconsiderablylessthanone.

7.4.2.6 Variations
� Thereareothervariationson (7.29)–(7.30) thatseekto avoid unnecessary

“back-tracking.”

7.4.2.7 Discussion
� Step-sizerulescansigni�cantly aid in convergencefrom aninitial guess

thatis far from thesolution.

7.4.3 Computationaleffort
� Variationson theNewton–Raphsonmethodthatrequirelesseffort per

iterationwill tendto performbetteroverall thantheexact
Newton–Raphsonmethod.
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7.5 Sensitivity and largechangeanalysis
7.5.1 Sensitivity

7.5.1.1 Implicit functiontheorem

Corollary 7.5 Letg : Rn � Rs ! Rn bepartially differentiablewith
continuouspartial derivatives.Considersolutionsof theequations
g(x;c) = 0, wherec is a parameter. Supposethat x? satis�es:

g(x?;0) = 0:

Wecall x = x? thebase-casesolutionandc = 0 thebase-case
parameters. De�ne the(parameterized)JacobianJ : Rn � Rs ! Rn� n

by:

8x 2 Rn;8c 2 Rs;J(x;c) =
¶g
¶x (x;c):

Supposethat J(x?;0) is non-singular. Then,there is a solutionto
g(x;c) = 0 for c in a neighborhoodof thebase-casevaluesof the
parameters c = 0. Thesensitivityof thesolutionx? to variationof the
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parameters c, evaluatedat thebase-casec = 0, is givenby:

¶x?

¶c (0) = � [J(x?;0)]� 1K(x?;0);

whereK : Rn � Rs ! Rn� s is de�nedby:

8x 2 Rn;8c 2 Rs;K(x;c) =
¶g
¶c (x;c):

2
� If J(x?;0) hasalreadybeenfactorizedthenthecalculationof the

sensitivity requiresoneforwardsandbackwardssubstitutionfor each
entryof c.
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7.5.1.2 Example
� Supposethatg : R � R ! R is de�ned by:

8x 2 R;8c 2 R;g(x;c) = (x� 2� sinc)3 + 1:

� Thebase-casesolutionis x? = 1.
� Weconsiderthesensitivity of thesolutionto theparameterc, evaluatedat

c = 0.
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Example, continued
� UsingCorollary7.5, wehave thatthesensitivity is givenby:

� [J(x?;0)]� 1K(x?;0);

� whereJ : Rn � Rs ! Rn� n andK : Rn � Rs ! Rn� s arede�ned by:

8x 2 Rn;8c 2 Rs;J(x;c) =
¶g
¶x (x;c);

= 3(x� 2� sinc)2;
J(x?;0) = 3;

8x 2 Rn;8c 2 Rs;K(x;c) =
¶g
¶c (x;c);

= 3(x� 2� sinc)2(� cosc);
K(x?;0) = � 3:

� Substituting,thesensitivity is 1.
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7.5.2 Largechanges
� Usetheiterative techniqueswehavedeveloped,usingasinitial guessthe

solutionto thebase-case.

7.6 Summary
� TheNewton–Raphsonmethodandvariants,
� Local convergenceresults,
� Globalizationprocedures,
� Sensitivity analysis.
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8
Solutionof thenon-linearsimultaneousequationscase

studies

� Non-linearDC circuit in Section8.1, and
� Power �o w problemin Section8.2.
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8.1 Analysisof a non-linear dir ect curr ent circuit
� Thecircuit satis�esg(x) = 0, whereg : R4 ! R4 wasde�ned in (6.6):

8x 2 R4;g(x) =

2

6
6
6
6
6
6
4

�
1
Ra

�
x1 + ib(x1 � x2) � I1

� ib(x1 � x2) +
�

1
Rc

+ 1
Rd

�
x2 +

�
� 1

Rd

�
x3�

� 1
Rd

�
x2 +

�
1

Rd
+ 1

Re
+ 1

Rf

�
x3 +

�
� 1

Rf

�
x4�

� 1
Rf

�
x3 +

�
1
Rf

�
x4 + ig(x4)

3

7
7
7
7
7
7
5

:

t t t

t t t
1 2 3 4

0

��

� �

" I1 Ra

� �
HH

Db

Rc

Rd

Re

Rf

AA�� Dg

Fig. 8.1. The non-
linear DC circuit from
Figure6.3.
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8.1.1 Jacobian

8x 2 R4;J(x) =2

6
6
6
6
6
6
6
6
4

�
1
Ra

�
+

dib
dVb

(x1 � x2) �
dib
dVb

(x1 � x2) 0 0

�
dib
dVb

(x1 � x2)
dib
dVb

(x1 � x2) +
�

1
Rc

+ 1
Rd

� �
� 1

Rd

�
0

0
�

� 1
Rd

� �
1

Rd
+ 1

Re
+ 1

Rf

� �
� 1

Rf

�

0 0
�

� 1
Rf

� �
1
Rf

�
+

dig
dVg

(x4)

3

7
7
7
7
7
7
7
7
5

:

(8.1)

� TheJacobianis similar in appearanceto theadmittancematrix for a linear
circuit, with thesamesortof sparsitystructure:
– non-zeroson thediagonals,and
– non-zeroson theoff-diagonalscorrespondingto branches.

� For thediodes,wehave incrementaladmittancesevaluatedat x instead
of admittances.
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8.1.2 Initial guess
� In theabsenceof abetterguess,x(0) = 0 maybea reasonableinitial guess

for ourcircuit.
� Betterguesseswill saveoncomputationtimeandoccasionallymake the

differencebetweensuccessfulandunsuccessfulapplicationof the
algorithm.

8.1.3 Calculationof iterates

J(x(0))Dx(0) = � g(x(0));

x(1) = x(0) + Dx(0):
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8.1.4 Applicationof chord andKantorovich theorems
� Applying thechordandKantorovich theoremscanrequireconsiderable

effort evenfor simpleproblems.
� Thetheoremswill run into dif�culty if theentriesin theJacobianvary

greatlywith theirargumentbecausethiswill causea largevaluefor the
Lipschitzconstantc.

� Largevariationof theentriesin theJacobianoccursin thediodemodel
andothermodelswith cut-off/cut-oncharacteristicswheretheslopeof
thevoltageto currentcharacteristicvariesfrom nearzeroto very large.

� Wecan�nd that:






 g(x(1))








2
>






 g(x(0))








2
:

� ThechordandKantorovich convergencetheoremswehavepresentedare
local in nature.

� Their conclusionsdonothelpusif wearesolvingacircuit for the�rst
timeanddonotknow whichdiodeswill beconductingandwhichwill be
off.
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8.1.5 Step-sizerules
� A step-sizerulecansigni�cantly aid in convergenceevenwhenthe

Jacobianvariesgreatly.
� TheArmijo rulewill guaranteethat






 g(x(1))








2
<






 g(x(0))








2
andimprove

convergence.
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8.1.6 Stoppingcriteria
� If themeasurementis accurateto, say, 0.1%,thenit is super�uousto try

to solve theequationsto far betterthanthisaccuracy.

� If all measurementswereaccurateto around0:1%= 10� 3, asuitable
stoppingcriterionwouldbe:




 g(x(n))








¥
� 10� 4, and






 Dx(n� 1)








2
� 10� 4 or






 Dx(n� 1)








¥
� 10� 4.

� Wemight requirethatthisconditionbesatis�edoverseveralsuccessive
iterates.

� Wecanalsotry to applythechordandKantorovich theoremsto the
currentiterate,x(n) say, re-interpretedasanew initial guess.
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8.1.7 Circuit changes
� Now wesupposethattheequationsareparameterizedby aparameter

c 2 Rs.
� Thatis, g : R4 � Rs ! R4, with thebase-casesolutioncorrespondingto

c = 0.

8.1.7.1 Sensitivity
� Sensitivity of thebase-casesolutionto changesin c:

¶x?

¶c (0) = � [J(x?;0)]� 1K(x?;0);

� whereJ : R4 � Rs ! R4� 4 andK : R4 � Rs ! R4� s arede�ned by:

8x 2 R4;8c 2 Rs;J(x;c) =
¶g
¶x (x;c);K(x;c) =

¶g
¶c (x;c):
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8.1.7.2 Largechangeanalysis
� Apply theNewton–Raphsonmethod(or oneof thevariants)to the

changedsystemusinganinitial guessfor thechangedsystemthatis given
by thebase-casesolutionx? or by anestimateof thechange-casesolution
usingsensitivity analysis.

� For achangein a resistoror diode,wecanalsoupdatetheJacobianusing
a rankoneupdate.
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8.2 Analysisof an electric power system

neutral

1 2

3
t

Y1

Y13 t

t

Y3

Y23 t

Y2

Y12

Fig. 8.2. Per-phase
equivalent circuit
model repeated from
Figure6.10.

Title Page JJ II J I 107 of 129 Go Back Full Screen Close Quit



8.2.1 Jacobian
8.2.1.1 Terms

� Theentriesin g : Rn ! Rn areeitherof theform p` : Rn ! R:

8x 2 Rn; p`(x) = å
k2J(`)[f `g

u`uk[G`kcos(q` � qk) + B`ksin(q` � qk)] � P̀ ;

� or of theform q` : Rn ! R:

8x 2 Rn;q`(x) = å
k2J(`)[f `g

u`uk[G`ksin(q` � qk) � B`kcos(q` � qk)] � Q` :

� Theentriesin thevectorx areeitherof theform qk or of theform uk.
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Terms,continued
� Fourqualitative typesof partialderivative termscorrespondingto each

combination:

8x 2 Rn;
¶p`
¶qk

(x)

=

8
><

>:

å
j2J(`)

u`u j [� G` j sin(q` � q j) + B` j cos(q` � q j)]; if k = `,

u`uk[G`ksin(q` � qk) � B`kcos(q` � qk)]; if k 2 J(`),
0; otherwise,

8x 2 Rn;
¶p`
¶uk

(x)

=

8
><

>:

2u`G`` + å
j2J(`)

u j [G` j cos(q` � q j) + B` j sin(q` � q j)]; if k = `,

u` [G`kcos(q` � qk) + B`ksin(q` � qk)]; if k 2 J(`),
0; otherwise,
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Terms,continued

8x 2 Rn;
¶q`
¶qk

(x)

=

8
><

>:

å
j2J(`)

u`u j [G` j cos(q` � q j) + B` j sin(q` � q j)]; if k = `,

u`uk[� G`kcos(q` � qk) � B`ksin(q` � qk)]; if k 2 J(`),
0; otherwise,

8x 2 Rn;
¶q`
¶uk

(x)

=

8
><

>:

� 2u`B`` + å
j2J(`)

u j [G` j sin(q` � q j) � B` j cos(q` � q j)]; if k = `,

u` [G`ksin(q` � qk) � B`kcos(q` � qk)]; if k 2 J(`),
0; otherwise.
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8.2.1.2 Partitioning by typesof terms
� Ordertheentriesin g sothatall theequationsfor realpowerappear�rst

in asub-vectorp followedby all theequationsfor reactivepower in a
sub-vectorq.

� Partitionx sothatall thevoltageanglesappear�rst in asub-vectorq
followedby all thevoltagemagnitudesin asub-vectoru.
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Partitioning by typesof terms,continued

� WecanpartitiontheJacobianinto four blocks:

8x 2 Rn;J(x) =
�

Jpq(x) Jpu(x)
Jqq(x) Jqu(x)

�
; (8.2)

8x 2 Rn;Jpq(x) =
¶p
¶q (x);

8x 2 Rn;Jpu(x) =
¶p
¶u (x);

8x 2 Rn;Jqq(x) =
¶q
¶q(x);

8x 2 Rn;Jqu(x) =
¶q
¶u (x):

8.2.1.3 Sparsity

� Eachof thefour blocksin (8.3) hasthesamesparsitystructureasthebus
admittancematrix.

Title Page JJ II J I 112 of 129 Go Back Full Screen Close Quit



8.2.1.4 Symmetry
� TheblocksJpq;Jpu; Jqq, andJqu arenot symmetricand[Jpu]

† 6= Jqq.
� Thatis, theJacobianasawholeis not symmetric.

8.2.1.5 Partitioning bybusnumber
� An alternative to partitioningby thetypesof termsis to partitionthe

Jacobianinto blocksbasedon thebusnumber.
� As discussedin Section5.5.4.2, wecantreateach2� 2 blockasasingle

“entry” in oursparsematrix.
� Wecanuseblockpivotingasdiscussedin Section5.5.4.2.
� Wecantreateach2� 2 blockasasingleentity in factorizationby

explicitly invertingtheblockusingtheformulafor theinverseof a2� 2
matrix.

� Wewill notusethisapproachfor solvingthepower �o w problem.
� In someextensionsof thisproblemblockpivotingcanbeexploitedto

speedupcalculationsconsiderably.
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8.2.2 Initial guess
� A sensiblechoicefor theinitial guessfor thevoltagemagnitudeis

u(0) = 1, where1 is thevectorof all ones.
� A possibleguessfor thevoltageangleis q(0) = 0.
� Thesechoicesof initial guessfor voltageangleandmagnitudearecalled

a “�at start.”

8.2.3 Calculationof iterates

�
Jpq(x) Jpu(x)
Jqq(x) Jqu(x)

� �
Dq(n)

Du(n)

�
= �

�
p(x(n))
q(x(n))

�
; (8.3)

q(n+ 1) = q(n) + Dq(n); (8.4)
u(n+ 1) = u(n) + Du(n): (8.5)
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8.2.4 Approximation of theJacobianandupdate
8.2.4.1 Chord andShamanskiiupdates

� Usinga �at start,x(0) =
�

q(0)

u(0)

�
=

�
0
1

�
, asour initial guess,theentriesfor

theJacobianbecome:

¶p`
¶qk

(x(0)) =

8
><

>:

å
j2J(`)

B` j ; if k = `,

� B`k; if k 2 J(`),
0; otherwise,

¶p`
¶uk

(x(0)) =

8
><

>:

2G`` + å
j2J(`)

G` j ; if k = `,

G`k; if k 2 J(`),
0; otherwise,
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Chord andShamanskiiupdates,continued

¶q`
¶qk

(x(0)) =

8
><

>:

å
j2J(`)

G` j ; if k = `,

� G`k; if k 2 J(`),
0; otherwise,

¶q`
¶uk

(x(0)) =

8
><

>:

� 2B`` � å
j2J(`)

B` j ; if k = `,

� B`k; if k 2 J(`),
0; otherwise.

8.2.4.2 Approximatingparticular terms
� Wewill �rst approximatetheJacobianby:

(i) neglectingall thetermsin theblocksJpu andJqq, and
(ii) approximatingsomeof thetermsin theblocksJpq andJqu.

� Neglectingtermsin theblocksincreasesthesparsityof theequations.
� Approximationsto thetermsin Jpq andJqu thenyield a linearsystemthat

is similar to theJacobianusedin thechordupdatewith a �at start.
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Neglectingterms

� As notedin Section6.2.4.4, typically:

jG`kj � jB`kj: (8.6)

� A typical limit onangledifferencesis jq` � qkj � p
4.

j sin(q` � qk)j � jq` � qkj; for smallangledifferencesin radians,
� 1; for smallangledifferences, (8.7)

cos(q` � qk) � 1; for smallangledifferences, (8.8)
u` � 1: (8.9)
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Neglectingterms, continued

¶p`
¶qk

(x) = u`uk[G`ksin(q` � qk) � B`kcos(q` � qk)];

� G`k(q` � qk) � B`k;
sinceu` � 1;uk � 1;cos(q` � qk) � 1,

� � B`k; sincejq` � qkj � 1 andjG`kj � jB`kj, (8.10)�
�
�
�
¶p`
¶uk

(x)

�
�
�
� =

�
�u` [G`kcos(q` � qk) + B`ksin(q` � qk)]

�
� ;

� jG`k + B`k(q` � qk)j ;
sinceu` � 1;cos(q` � qk) � 1;sin(q` � qk) � (q` � qk),

� jB`kj; sincejq` � qkj � 1 andjG`kj � jB`kj, (8.11)
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Neglectingterms, continued
�
�
�
�
¶q`
¶qk

(x)

�
�
�
� =

�
�u`uk[� G`kcos(q` � qk) � B`ksin(q` � qk)]

�
� ;

� j� G`k � B`k(q` � qk)j ;
sinceu` � 1;uk � 1;cos(q` � qk) � 1;sin(q` � qk) � q` � qk),

� jB`kj; sincejq` � qkj � 1 andjG`kj � jB`kj, (8.12)
¶q`
¶uk

(x) = u` [G`ksin(q` � qk) � B`kcos(q` � qk)];

� G`k(q` � qk) � B`k;
sinceu` � 1;cos(q` � qk) � 1;sin(q` � qk) � (q` � qk),

� � B`k; sincejq` � qkj � 1 andjG`kj � jB`kj. (8.13)

� Theseapproximationsre�ect thequalitativeobservationthatrealpower
�o w is mostlydeterminedby differencesin voltageanglesacrosslines,
while reactivepower �o w is mostlydeterminedby voltagemagnitude
differences
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Neglectingterms

� If weneglectall thetermsin Jpu andJqq, thenwecanthenapproximate

theJacobianby J(x) �
�

Jpq(x) 0
0 Jqu(x)

�
:

�
Jpq(x) 0

0 Jqu(x)

� �
Dq(n)

Du(n)

�
= �

�
p(x(n))
q(x(n))

�
; (8.14)

q(n+ 1) = q(n) + Dq(n);
u(n+ 1) = u(n) + Du(n):

� ThesearecalledthedecoupledNewton–Raphsonupdateequations:

Jpq(x)Dq(n) = � p(x(n)); (8.15)

Jqu(x)Du(n) = � q(x(n)): (8.16)
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Approximating terms

� In additionto assumingthatjG`kj � jB`kj andthatcos(q` � qk) � 1, we
will assumethat:

(i) for any bus`, themagnitudeof thevoltagesu j atbusesj 2 J(`) is
approximatelythesameasthemagnitudeof thevoltageu` at `, and

(ii) B`` � � å j2J(`) B` j .

¶p`
¶q`

(x) = å
j2J(`)

u`u j [� G` j sin(q` � q j) + B` j cos(q` � q j)];

� å
j2J(`)

(u`)
2[� G` j sin(q` � q j) + B` j cos(q` � q j)];

assumingu j � u` for j 2 J(`),

� å
j2J(`)

(u`)
2B` j ; sincejG`kj � jB`kj andcos(q` � qk) � 1,

� � (u`)
2B`` ; sinceB`` � � å j2J(`) B` j .
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Approximating terms, continued

¶q`
¶u`

(x) = � 2u`B`` + å
j2J(`)

u j [G` j sin(q` � q j) � B` j cos(q` � q j)];

� � 2u`B`` + å
j2J(`)

u` [G` j sin(q` � q j) � B` j cos(q` � q j)];

assumingu j � u` for j 2 J(`),
� � 2u`B`` � å

j2J(`)

u`B` j ; sincejG`kj � jB`kj andcos(q` � qk) � 1,

� � u`B`` ; assumingB`` � � å j2J(`) B` j ,
¶p`
¶qk

(x) � � u` B`kuk;

¶q`
¶uk

(x) � � u` B`k:
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Approximating terms, continued

¶p`
¶qk

(x) = 0;

= � u` B`kuk;
¶q`
¶uk

(x) = 0;

= � u` B`k:

� In summary, theapproximations
¶p`
¶qk

(x) � � u` B`kuk and

¶q`
¶uk

(x) � � u` B`k applyfor all ` andk.

Title Page JJ II J I 123 of 129 Go Back Full Screen Close Quit



Compact representation

� De�ne thematrixB to betheimaginarypartof thebusadmittancematrix
A.

� De�ne U to bethediagonalmatrixhaving diagonalentriesequalto the
correspondingentriesof u.

Jpq(x) � � UBU;
Jqu(x) � � UB:

� U (n)BU (n)Dq(n) = � p(x(n)); (8.17)

� U (n)BDu(n) = � q(x(n)): (8.18)
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Pre-conditioningand scalingvariables

� By moving u(n) to theright-handsidesof (8.17) and(8.18) andde�ning
Df (n) = u(n)Dq(n), weobtaintheequivalentsystem:

� BDf (n) = � [U (n)]
� 1

p(x(n)); (8.19)

� BDu(n) = � [U (n)]
� 1

q(x(n)): (8.20)

� Thecoef�cient matrix (� B) on theleft-handsidesof both(8.19)
and(8.20) is constantandsymmetric.

� To solve (8.19) and(8.20), weneedonly performLU factorizationof
(� B) once,notonceperiteration.

� OnceDf (n) is known, Dq(n) canbecalculatedusing:

Dq(n) = [U (n)]
� 1

Df (n): (8.21)
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Discussion

� Theadvantageof usingaconstantcoef�cient matrix in (8.19) and(8.20)
is thatit signi�cantly reducesthecomputationaleffort periteration.

� Theapproximationswehavedescribedarenotalwaysverygood.
� But foundto work in practiceto decreasecomputationaleffort overall.
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8.2.4.3 Quasi-Newtonmethods
� Quasi-Newtonmethodscanalsobeappliedto solve theequations.
� Equations(8.19) and(8.20) specifyasuitableinitialization for the

approximationto theJacobian.

8.2.4.4 Iterativemethods
� Insteadof directlysolvingthelinearequationsfor theNewton–Raphson

update,it is alsopossibleto useaniterativealgorithm,suchasthe
conjugategradientmethod.
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8.2.5 Step-sizerules
� A step-sizerulecanaid in convergence.

8.2.6 Stoppingcriteria
� Requireasuf�ciently smallvalueof thenormof the:

– changebetweensuccessive iterates,and
– deviationof theentriesof g from zero.
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8.2.7 Circuit changes
8.2.7.1 Sensitivity

¶x?

¶c (0) = � [J(x?;0)]� 1K(x?;0);

8x 2 Rn;8c 2 Rs;J(x;c) =
¶g
¶x (x;c);

8x 2 Rn;8c 2 Rs;K(x;c) =
¶g
¶c (x;c):

8.2.7.2 Largechangeanalysis
� Largechangesto therealandreactive injectionsinto thesystemcanbe

analyzedby restartingtheNewton–Raphsonupdatesbasedon the
solutionto thebase-casesystem.

� If thefastdecoupledupdateequationsareused,nochangesarenecessary
to theJacobian.

� Changesto thetransmissionlinesrequireanupdateto theJacobianeven
if theapproximateJacobianis used.

Title Page JJ II J I 129 of 129 Go Back Full Screen Close Quit


