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7
Unit commitment

(i) Temporalissues,
(ii) Homework exercises:DueWednesday, December3,

(iii) Unit commitment,
(iv) Lagrangianrelaxation,
(v) Duality gaps,

(vi) Mixed-integerprogramming,
(vii) Dispatchsupportingpricesandmake-wholepayments,
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(viii) Anonymity of prices,
(ix) Implicationsfor investmentandconsumptiondecisions,
(x) Day-aheadandreal-timemarkets,

(xi) Reserves.
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7.1 Temporal issues
� Sofarwehaveconsideredparticularperiodsof time.
� Demandhasbeenrepresentedby its assumedknown averagevalueovera

period,ignoringwhetherthisdemandwasoccurring:
– “now” (thatis, in thenext few minutesor next period),or
– in thefuture(suchasduringanhourof tomorrow).

� Supplyhasbeenrepresentedby assumingthatunit commitmentdecisions
hadalreadybeentaken:
– eachgenerator's commitmentstatusis �x ed.

� Wehave ignoreduncertainty, exceptimplicitly throughspinningreserves
andregulation.

� In thischapterwewill generalizethis in severalways,by considering:
(i) variationof demandover time,
(ii) ramprates,

(iii) unit commitment,
(iv) uncertainty,
(v) day-aheadandreal-timemarkets,and

(vi) differenttypesof reserves.
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7.1.1 Variation of demandover time
� Supposethatweareconsideringtheaveragedemandin eachtimeperiod,

sayeachhour, tomorrow.
� Thatis, weareplanningday-ahead.
� For now, wewill continueto ignoreunit commitmentdecisions.
� For eachhourt = 1; : : : ;T, wehaveaspeci�cationor a forecastof the

averagepowerdemand,Dt.
� Weneedto satisfypowerbalanceeachhour(and,of course,continuously,

but thiswill beachievedby thereal-timemarket).
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7.1.2 Ramp-constrainedeconomicdispatch
7.1.2.1 Decisionvariables

� WegeneralizeourpreviousformulationsothatPkt representstheaverage
powergeneratedby generatork in hourt.

� WecollecttheentriesPkt togetherinto avectorPk 2 RT .
� As previously, wecanalsoconsiderthespinningreservesandlet Rkt be

theamountof spinningreservesprovidedby generatork in hourt.
� WecollecttheentriesRkt togetherinto avectorRk 2 RT .
� WecollectPk andRk togetherinto avectorxk 2 R2T .
� Wecollectthevectorsxk togetherinto avectorx 2 R2nT.
� In someexamples,wewill only considerenergy andnot reserves,in

whichcase,we re-de�nex = P 2 RnT andre-de�neany associated
functions,matrices,andvectorsappropriately.
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7.1.2.2 Generator constraintsincludingramp-rateconstraints

� Eachgeneratork hasa feasibleoperatingsetSk.
� In additionto minimumandmaximumgenerationandspinningreserve

constraints,therecanbeinter-temporal constraints in thespeci�cation
of Sk thatlimit thechangein averageproductionfrom hourto hour.

� For example,if theramp-ratelimit is 1 MW perminutethenthegenerator
constraintsfor generatork couldbe:

8t = 1; : : : ;T; Pk � Pkt � Pk;
8t = 1; : : : ;T; 0 � Rkt � 10;
8t = 1; : : : ;T; Pk � Pkt + Rkt � Pk;
8t = 1; : : : ;T; Pk;t� 1 � 60 � Pkt � Pk;t� 1 + 60� Rk;t� 1;

� wherePk0 andRk0 arethepowerandreservesfor thelasthourof today,
and

� wherewehave requiredthatthespinningreservesbeavailablefor
deploymentduringany one10minuteperiodthroughoutthehour.
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Generator constraintsincludingramp-rateconstraints,continued
� As previously, wecanspecifythefeasibleoperatingsetfor generatork in

theform:
Sk = f xk 2 R2T jdk � Gkxk � dkg;

� whereGk 2 Rrk� 2T , dk 2 Rrk, anddk 2 Rrk.
� Otherformulationsof generatorconstraintsbesidesourexamplealso�t

into this form.
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7.1.2.3 Generator costs
� Generatork hasacostfunction fk for its generationover thehours

t = 1; : : : ;T.
� Typically, if aunit is committedthentheproductionin onehourdoesnot

(directly)affect thecostsin anotherhoursothatthecostsareadditively
separableacrosstime:

8xk; fk(xk) =
T

å
t= 1

fkt(xkt);

� wherexkt =
�

Pkt
Rkt

�
.

� Typically, wewouldexpectthat fkt doesnot varysigni�cantly from hour
to hour, exceptfor:
– temperatureandpressurerelatedchanges,and
– signi�cant changein fuel availability or cost.

� Wewill treatstart-upcostswhenweexplicitly considerunit commitment.
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7.1.2.4 Problemformulation
� Theresultingramp-constrainedeconomicdispatchproblemis in theform

of ourgeneralizedeconomicdispatchproblem:

min
8k;xk2Sk

f f (x)jAx= b;Cx � dg

= min
x2R2nT

f f (x)jAx= b;Cx � d;8k;dk � Gkxk � dkg:

� Thisproblemis convex andcanbesolvedwith standardalgorithmsfor
minimizingconvex problems.
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7.1.2.5 Example
� Supposethatwehave two generators,n = 2, with costs:

8t; f1t(P1t) = 2P1t;100� P1t � 300;
8t; f2t(P2t) = 5P2t;100� P2t � 300:

� Thegeneratorshave ramp-ratelimits of D1 = 200MW/h andD2 = 100
MW/h, respectively.

� Weconsiderday-aheaddispatchacrosstwo hours,T = 2, with demands:

t 0 1 2
Dt 200 400 600

� Thet = 0 entryin thetableis thedemandfor thelasthourof today.
� Thet = 1;2 entriesarethedemandsfor the�rst two hoursof tomorrow.
� Also, P10 = 100MW andP20 = 100MW arethegenerationsin thelast

hourof today.
� We ignorereservessothattheonly systemconstraintis supply-demand

balancefor power.
� Wesolve theramp-constrainedeconomicdispatchproblem.
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Example, continued
� Thegeneratorconstraintsfor generatork = 1;2 are:

8t = 1;2; Pk � Pkt � Pk;
8t = 1;2; Pk;t� 1 � Dk � Pkt � Pk;t� 1 + Dk;

� whichwecanrepresentin theform:

Sk = f xk 2 R2jdk � Gkxk � dkg;

� by de�ning dk 2 R4, Gk 2 R4� 2, anddk 2 R4 as:

dk =

2

6
4

Pk
Pk;0 � Dk

Pk
� Dk

3

7
5 ;Gk =

2

6
4

1 0
1 0
0 1

� 1 1

3

7
5 ;dk =

2

6
6
4

Pk
Pk;0 + Dk

Pk
Dk

3

7
7
5 :
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Example, continued
� Sincegenerator1 is thecheaper, sowewouldpreferto useit insteadof

generator2.
� Sincetheramp-ratelimit for generator1 is D1 = 200,for hourt = 1, we

considersetting:

P11 = P10+ D1;
= 100+ 200;
= 300:

� With P11 = 300,to meetdemandwewouldhave:

P21 = D1 � P11;
= 400� 300;
= 100:
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Example, continued
� However, wenow haveaproblemin hourt = 2, since:

– generator1 wouldbeat its maximum,
– generator2 canonly increaseby D2 = 100from hour1 to hour2, sothat

P22 � P21+ D1 = 100+ 100= 200MW, and
– supplywould thenbe100MW lessthandemandin hour2.

� SettingP11 = 200doesnotwork!
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Example, continued
� Instead,weneedbothgeneratorseachproducingat their capacityof 300

MW in hour2 to meetthedemand,sothatP12 = P22 = 300MW.
– Workingbackwardsin time,generator2 mustbeproducingat least200

MW in period1 becauseof its ramprateconstraint,soP21 � 200MW.
– Sincegenerator2 is themoreexpensive,wedonotwantit to produce

morethannecessary, andsowewill try to seeif wecansetP21 = 200
MW.

– In thiscase,generator1 mustproduceP11 = 200MW in period1 to
meetdemandof D1 = 400.

– Thissolutionsatis�estheramp-rateconstraintsandis optimal.
� Theramp-constrainedeconomicdispatchsolutionis:

t 0 1 2
Dt 200 400 600
P?

1t 100 200 300
P?

2t 100 200 300

Title Page JJ II J I 15 of 123 Go Back Full Screen Close Quit



Example, continued
� Whatarethevaluesof theLagrangemultipliers?
� To answerthisquestion,wewill considerseveralof the�rst-order

necessaryconditions.
� Notethatgenerator1 is neitherat its maximumnorminimumin hour1,

norareits rampconstraintsbindingacrossany periods.
� Therefore,by complementaryslackness,all Lagrangemultiplierson its

generatorconstraintsassociatedwith P11 arezero.

Title Page JJ II J I 16 of 123 Go Back Full Screen Close Quit



Example, continued
� By the�rst-order necessaryconditionsfor generator1 associatedwith

P11:

0 = Ñf11(P?
11) � l ?

1 � [G11]
†µ?

1
+ [G11]

†µ?
1;

= Ñf11(P?
11) � l ?

1;
= 2� l ?

1;

� where:
G1 is thegeneratorconstraintmatrix for generator1,

G11 =

2

6
4

1
1
0

� 1

3

7
5 is thecolumnof G1 associatedwith P11, and

µ?
1

andµ?
1 aretheLagrangemultiplierson thegeneratorconstraintsfor

generator1.
� Thatis, l ?

1 = 2.
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Example, continued
� Generator2:

is at its maximumin hour2,
hasits ramprateconstraintbindingfrom hour0 to hour1, and
hasits ramprateconstraintbindingfrom hour1 to hour2.

� Thatis thebindinggeneratorconstraintsfor generator2 are:

P22 � 300; (Lagrangemultiplier µ?
22capacity),

P21 � P20+ D2; (Lagrangemultiplier µ?
21ramp),

P22 � P21+ D2; (Lagrangemultiplier µ?
22ramp).

� By complementaryslackness,all Lagrangemultipliersongenerator
constraintsfor generator2 arezero,exceptfor theLagrangemultipliers
on thesethreebindingconstraints.
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Example, continued
� By the�rst-order necessaryconditionsfor generator2 associatedwith

P21:

0 = Ñf21(P?
21) � l ?

1 � [G21]
†µ?

2
+ [G21]

†µ?
2;

= Ñf21(P?
21) � l ?

1 �

2

6
4

1
1
0

� 1

3

7
5

†
2

6
6
6
4

µ?
21capacity

µ?
21ramp

µ?
22capacity

µ?
22ramp

3

7
7
7
5

+

2

6
4

1
1
0

� 1

3

7
5

†
2

6
6
4

µ?
21capacity

µ?
21ramp

µ?
22capacity

µ?
22ramp

3

7
7
5 ;

= Ñf21(P?
21) � l ?

1 � µ?
21capacity

� µ?
21ramp

+ µ?
22ramp

+ µ?
21capacity+ µ?

21ramp� µ?
22ramp;

= Ñf21(P?
21) � l ?

1 + µ?
21ramp� µ?

22ramp;
by complementaryslackness,

= 5� 2+ µ?
21ramp� µ?

22ramp;
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Example, continued
� where:

G2 is thegeneratorconstraintmatrix for generator2,

G21 =

2

6
4

1
1
0

� 1

3

7
5 is thecolumnof G2 associatedwith P21, and

µ?
2

=

2

6
6
6
4

µ?
21capacity

µ?
21ramp

µ?
22capacity

µ?
22ramp

3

7
7
7
5

andµ?
2 =

2

6
6
4

µ?
21capacity

µ?
21ramp

µ?
22capacity

µ?
22ramp

3

7
7
5 aretheLagrangemultipliers

on thegeneratorconstraintsfor generator2.
� Therefore,µ?

22ramp= µ?
21ramp+ 3.
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Example, continued
� By the�rst-order necessaryconditionsfor generator2 associatedwith

P22:

0 = Ñf22(P?
22) � l ?

2 � [G22]
†µ?

2
+ [G22]

†µ?
2;

= Ñf22(P?
22) � l ?

2 + µ?
22capacity+ µ?

22ramp;
by complementaryslackness,

= 5� l ?
2 + µ?

22capacity+ µ?
22ramp;

� where:
G2 is thegeneratorconstraintmatrix for generator2,

G22 =

2

6
4

0
0
1
1

3

7
5 is thecolumnof G2 associatedwith P22, and

µ?
2

andµ?
2 aretheLagrangemultiplierson thegeneratorconstraintsfor

generator2.
� Therefore,l ?

2 = 5+ µ?
22capacity+ µ?

22ramp.
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Example, continued
� Summarizing:

µ?
22ramp = µ?

21ramp+ 3;
l ?

2 = 5+ µ?
22capacity+ µ?

22ramp:

� Let's try to �nd anon-negativesolutionfor thesetwo equationsin the
four variablesµ?

22ramp;µ
?
21ramp;µ

?
22capacity, andµ?

22ramp:

Wesetµ?
21ramp = 0; constraintis “just” binding,

Therefore:µ?
22ramp = µ?

21ramp+ 3;
= 3;

Wesetµ?
22capacity = 0; constraintis “just” binding,

Therefore:l ?
2 = 5+ µ?

22capacity+ µ?
22ramp;

= 5+ 0+ 3;
= 8:
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Example, continued
� Thesolutionis:

µ?
21ramp = 0;

µ?
22ramp = 3;

µ?
22capacity = 0;

l ?
2 = 8:

� Theseparticularvaluesconstituteoneof multiplesolutionsfor the
Lagrangemultipliers.

� Any othersolutionof thetwo equationshaving non-negativevaluesfor
theLagrangemultiplierson theinequalityconstraintsalsoprovides
Lagrangemultipliersfor thisproblem.
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7.1.3 Ramp-constrainedoffer-basedeconomicdispatch
7.1.3.1 Generator offers

� Generatork makesanoffer for its generation.
� Theoffer is usuallyrequiredto beseparableacrosshours.
� Sometimesmarket rulesrequiretheoffer for eachhourt to be�x ed

independentof t (asin PJM)andsometimestheoffer canvary from hour
to hour(asin ISO-NE,NYISO, andERCOT):
– market ruleson �x edversusvaryingofferscanaffect theexerciseof

marketpower,
– discussedin marketpowercourse,

http://users.ece.utexas.edu/˜baldick/classes/
394V market power/EE394Vmarket power.html.

� Assumingthatoffersre�ect marginal costs,theoffer for generatork is:

Ñfkt; t = 1; : : : ;T;

� wherexkt =
�

Pkt
Rkt

�
.
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7.1.3.2 Offer-basedeconomicdispatch andprices
� Usingtheoffer costsresultsin offer-basedramp-constrainedeconomic

dispatch:

min
x2R2nT

f f (x)jAx= b;Cx � d;8k;dk � Gkxk � dkg:

� Thesolutioninvolvesdispatchx?
k for eachgeneratork andLagrange

multipliers:
l ? andµ? onsystemconstraints,and
µ?

k
andµ?

k ongeneratorconstraintsfor eachgeneratork.
� Dispatch-supportingpricescanbeconstructedaspreviously:

pxk = � [Ak]
†l ? � [Ck]

†µ?:

� To summarize:thegeneralizationof theproblemto includemore
complicatedgeneratorconstraintsandmorecomplicatedsystem
constraintsdoesnot fundamentallycomplicatethepricing rule,solongas
thegeneralizedeconomicdispatchproblemis convex:
– wewill qualify thisstatementin thecontext of anticipatingprices.
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7.1.3.3 Example
� Continuingwith thepreviousexample,assumethatthegeneratorsoffer at

theirmarginal costsin eachperiod:

Ñf1t(P1t) = 2;100� P1t � 300;t = 1;2;
Ñf2t(P2t) = 5;100� P2t � 300;t = 1;2:

� Fromthepreviousanalysis,wehave that:

t 1 2
Dt 400 600
P?

1t 200 300
P?

2t 200 300
l ?

t 2 8

� Thepricefor energy in hourt = 1 is l ?
1 = 2$/MWh:

– generator1 with offer priceÑf11(P?
11) = 2$/MWh is marginal,but

– thepriceis lower thantheoffer priceof Ñf21(P?
21) = 5$/MWhfor

generator2.
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Example, continued
� Generator2 is operatingaboveits minimumin hourt = 1, soit is

operatingata lossin hourt = 1 andcouldreduceits operatinglossesif it
operatedat its minimumin hourt = 1.

� Why wouldgeneratoroperateabove its minimumin hourt = 1 whenthe
priceis only 2$/MWh?

� Thepricefor energy in hourt = 2 is l ?
2 = 8$/MWh,which is higherthan

thehigheroffer priceof bothgenerators!
� Thepricein hourt = 2 is necessaryto inducegenerator2 to produceata

lossin hourt = 1:
– Theinfra-marginal rentin hourt = 2 equalsthelossin hourt = 1 for

generator2.
– Generator2 is indifferentto any levelsof productionthatinvolve

P22 � P21 = D1.
– Thepricessupportthedispatchbut donotstrictly supportdispatch.
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Example, continued
� Generator2 is “marginal” in hourt = 2 in thatchangesto its offer price

Ñf22(P?
22) wouldaffect thepricel ?

2 in hourt = 2:
– thepricein hourt = 2 is l ?

2 = Ñf22(P?
22) + (Ñf21(P?

21) � Ñf11(P?
11)),

– somewhatdifferentto earlieruseof “marginal” sinceoffer prices
Ñf22(P?

22) andÑf21(P?
21) of generator1 arebothinvolvedin settingthe

pricefor hourt = 2.
� Pricesareabove thehighestmarginal costbecausetherearebinding

ramp-rateconstraints.
– Wealsosaw thatpricescanriseabove thehighestoffer pricein the

presenceof bindingtransmissionconstraints.
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7.1.3.4 Discussion
� Thisexampleis somewhatunrealisticfor severalreasons:

– Ramp-rateconstraintsaretypically notbindingacrossmultiplehoursin
ERCOT (but increasedwind generationmaychangethis in themorning
ramp-upof demandandtheeveningramp-down of demand).

– Themoreexpensivegeneratorhasthetighterramp-rateconstraint.
– TheERCOT day-aheadmarketdoesnot representramp-rateconstraints.

� Thisparticularexamplerequiresanticipationacrossmultipleperiodsto
solve:
– Anticipationacrossmultipleperiodsis notalwaysnecessaryfor �nding

theramp-constrainedoptimum,astheHomework exercise,parta,will
illustrate.

� Day-aheadmarketsprovideall pricesto marketparticipantsfor a full day
atonceandcanthereforesupportanticipation:
– but, asmentioned,theERCOT day-aheadmarketdoesnot represent

ramp-rateconstraints.
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Discussion,continued
� Somereal-timemarketsdo representramp-rateconstraintsacrossseveral

(� veminute)periods:
– Californiamarket,
– PJMis implementing.

� Thetypicalarrangementis to solvemulti-perioddispatchfor several
periodsbut to only provideexplicit priceanddispatchinformationto
marketparticipantsfor thenext period.

� If marketparticipantsdonotanticipatepricesin subsequentperiodsthen
themarket cannotincentivizesequencesof dispatchthroughtime that
involveanticipation:
– Real-timemarketscanrepresentramp-rateconstraintsonchangein

generationbetweenmostrecentperiodandthenext period(see
Homework exercise,parta, for example),but

– anticipationis requiredto incentivizeactionsin thenext periodthat
provide for meetingramp-rateconstraintsbetweenthenext periodand
furtherinto thefuture(aswasnecessaryin theramp-constrained
examplein Section7.1.3.3).
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Discussion,continued
� Alternativesfor supportinganticipation:

– ISOprovidesexplicit informationaboutanticipatedfutureprices(asin
theexamplein Section7.1.3.3),

– marketparticipantsestimateandanticipatefuturepricesthemselves,or
– ISOmodi�es currentpricesto re�ect effectof futureconstraints:

� in theexamplein Section7.1.3.3, raisethepricein period1 for
generator2 to 5$/MWh,

� while keepingthepricein period1 for generator1 at2$/MWh.
� Modifying currentpricestypically involves“non-anonymous”prices

sincethey will involveLagrangemultipliersexplicitly associatedwith
generatorconstraintsfor generatork.

� Despitetheimplicationsof anticipation,theexampledoesillustratethat
inter-temporalconstraintsdonotpersepresentfundamentaldif�culties
solongasfuturepricesareanticipated.
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Homework exercise,part a: DueWednesday, December3
� Supposethatwehave two generators,n = 2, with offer costs:

8t; f1t(P1t) = 2P1t;100� P1t � 400;
8t; f2t(P2t) = 5P2t;100� P2t � 300:

� Thegeneratorshave ramp-ratelimits of D1 = 50MW/h andD2 = 100
MW/h, respectively.

� Weconsiderday-aheaddispatchacross� vehours,T = 5, with demands:

t 0 1 2 3 4 5
Dt 250 350 400 425 450 475

� Thet = 0 entryin thetableis thedemandfor thelasthourof today.
� Also, P10 = 150MW andP20 = 100MW.
� We ignorereserves.

(i) Solve theramp-constrainedeconomicdispatchproblem.
(ii) Whatpriceis paidfor energy in eachhour?

(iii) Whatdoyounoticeabouttherelationshipbetweendemandand
prices?

Title Page JJ II J I 32 of 123 Go Back Full Screen Close Quit



7.2 Unit commitment
� Now weconsiderthecommitmentof generators.
� In contrastto theeconomicdispatchproblemsandthegeneralizationswe

haveconsideredsofar, unit commitmentrequiresinteger variablesto
representthedecisions.

� Theintegervariablespresentdif�culties in two relatedways:
(i) solvingtheproblems,and
(ii) �nding dispatch-(andcommitment-)supportingprices.

� Wewill analyzeoneparticulartypeof algorithm,Lagrangianrelaxation,
for attemptingto solvesuchproblems.

� Lagrangianrelaxationwill helpusto understand:
– thedif�culty in solvingsuchproblems,and
– why thepreviousapproachto �nding dispatch-supportingpricesfor

convex problemsdoesnot (quite)work in thecontext of unit
commitment.
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7.2.1 Decisionvariables
� In additionto thecontinuousdecisionvariablessuchaspowerand

reserves,wemustconsiderrepresentationof thedecisionof ageneratorto
beonor off.

� Wewill representthiswith binary variables:

zkt =
�

0; if generatork is off in hourt,
1; if generatork is on in hourt.

� Wecollecttheentrieszkt togetherinto avectorzk 2 ZT andcollectthe
vectorszk togetherinto avectorz2 ZnT.

� Otherrepresentationsarepossibleandvarious“tricks” aretypically used
in thespeci�cationof problemswith integerandbinaryvariablesin order
to helpwith solution:
– someof thesetricksareproprietaryor notwidely known, and
– wewill simplyconsiderastraightforwardformulation.
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Decisionvariables,continued
� Wecanconsidertherequirementfor zkt to bebinaryasconsistingof two

requirements:

zkt 2 f zkt 2 Rj0 � zkt � 1g;
zkt 2 Z:

� The�rst requirementthatzkt bebetween0 and1 is anexampleof a
generatorconstraintthatcanberepresentedwith linearinequalities.
– This �ts ourpreviousformulationfor economicdispatch.
– As previously, suitabledk;dk, andGk canbefoundto expresssuch

generatorconstraintsin theform:

dk � Gk

�
zk
xk

�
� dk:

– For example,theconstraint0 � zkt � 1 couldbeexpressedas:

[0] � [1 0]
�

zk
xk

�
� [1]:
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Decisionvariables,continued
� Therequirementthatzkt beinteger-valuedyieldsanon-convex feasible

operatingsetfor eachgenerator:

Sk =
� �

zk
xk

�
2 ZT � R2T

�
�
�
� dk � Gk

�
zk
xk

�
� dk

�
;

� Thismeansthattheunit commitmentproblemis anon-convex problem.
� Thenon-convexity makessolutiondif�cult andcomplicatesthepricing

rule.
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7.2.2 Generatorcosts
� Wenow assumethatthecostfunctionfor generatork dependsonbothzk

andxk, sothat fk : ZT � R2T ! R.
� For convenience,wewill sometimesassumethat fk hasbeenextrapolated

to a function fk : RT � R2T ! R.
� Thecostfunctionfor generatork represents:

thecostof producingenergy andof providing reserves(already
consideredin thedispatchproblem),

start-up costs, and
no-loador min-load costs.

� Becausestart-upcostscandependonchangesin commitmentstatus,the
costfunctionis no longer(completely)additively separable.
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Generatorcosts,continued
� However, costscanusuallybeconsideredto bethesumof costs

associatedwith:
start-upcosts,dependingonly on theintegervariableszk, but not

additively separable,
no-loador min-loadcosts,additively separable,anddependingonly on

theintegervariableszkt; t = 1; : : : ;T, and
incrementalenergy andreservescosts,additively separable,and

dependingonly on thecontinuousxkt in eachperiodt = 1; : : : ;T for
which theunit is running.
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7.2.2.1 Start-upcosts
� Start-upcostsdependonzk andarenotadditively separableacrosstime:

T

å
t= 1

zkt(1� zk;t� 1)skt;

where:
skt arethestart-upcostsfor startingup in hourt, ignoringvariationof

start-upcostwith timesincelastshutdown, and
zk0 is thecommitmentstatusat theendof today.

� Thatis, start-upcostsareonly incurredwhenageneratorwasoff in hour
t � 1 andon in hourt.
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7.2.2.2 Min-loadcosts
� Min-loadcostsdependonzk andareadditively separableacrosstime:

fk

 "
zk

1Pk
0

#!

=
T

å
t= 1

zkt f
kt

Pk;

where:
Pk is themin load,and
f

kt
is themin-loadenergy offer associatedwith operatingatPk.

7.2.2.3 Incrementalenergyandreservescosts
� Incrementalenergy andreservescostsabovemin-loadcostsdependonxkt

in eachperiodfor which theunit is runningandareadditively separable
acrosstime:

fk

��
1
xk

� �
=

T

å
t= 1

fkt

� �
zkt
xkt

� �
:
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7.2.3 Generatoroffers
� How to specifytheoffers?
� Building onoffer-basedeconomicdispatch,wewill still assumethatthe

dependenceof offersonpowerandreservesarespeci�edasthegradient
of costswith respectto powerandreserves.

� Wewill assumethatthedependenceof offersonpowerandreservesare
requiredto beseparableacrosstime,sothattheoffersare:

¶fkt
¶xkt

� �
1
�

� �
; t = 1; : : : ;T:

� Abusingnotationsomewhat,wewill write Ñfkt(xkt) for
¶fkt
¶xkt

��
1

xkt

� �
,

with theunderstandingthattheoffer functiondependenceonpowerand
reservesis only meaningfulfor zkt = 1.

� Thatis, theoffersarespeci�edby thefunctions:

Ñfkt; t = 1; : : : ;T:

� Wewill call this collectionof functionstheincrementalenergy and
reserveoffers.
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Generatoroffers,continued

� To specifythestart-upcosts,thevaluesof skt; t = 1; : : : ;T arerequired.
� To specifythemin-loadcosts,thevaluesof themin-loadenergy offer

f
kt

; t = 1; : : : ;T andthevalueof themin-loadPk arerequired.

� Theoffer costfunctioncanbereconstructedfrom thestart-upcosts,the
min-loadenergy offer, themin-load,andtheincrementalenergy and
reserveoffers:

fk

��
zk
xk

� �
=

T

å
t= 1

zkt(1� zk;t� 1)skt +
T

å
t= 1

zkt f
kt

Pk+
T

å
t= 1

Z ykt= xkt

ykt= [Pk
0 ]

zkt[Ñfkt(ykt)]
†dykt:

� In contrastto thecasein theeconomicdispatchproblem,it is necessaryto
explicitly representthecostfunctionin orderto:

– comparecostsof committinganddispatchingalternativegenerators,and
– to calculate“make-whole”costs.
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7.2.4 Formulation
� As previously, wede�ne theobjectiveof theunit commitmentproblemto

bethesumof thecostfunctionsof thegenerators:

8z2 ZnT;x 2 R2nT; f
��

z
x

� �
=

n

å
k= 1

fk

��
zk
xk

� �
:

� Theunit commitmentproblemmeansto solve:

min
8k;[zk

xk]2Sk

�
f
��

z
x

� � �
�
�
� Ax= b;Cx � d

�

= min
z2ZnT;x2R2nT

�
f
� �

z
x

� � �
�
�
� Ax= b;Cx � d;8k;dk � Gk

�
zk
xk

�
� dk

�
:

(7.1)

� In someexamples,wewill againonly considerenergy andnot reserves,
in whichcase,we re-de�nex = P 2 RnT andre-de�nethefunctions,
matrices,andvectorsappropriately.
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7.3 Lagrangian relaxation
7.3.1 Description

� Lagrangianrelaxationis acomputationaltechniquefor approximately
solvingproblemssuchastheunit commitmentproblem.

� Thesystemconstraintsaredualizedandwemaximizethedual:

max
l ;µ� 0

(

min
8k;[zk

xk]2Sk

�
f
� �

z
x

� �
+ l †(Ax� b) + µ†(Cx� d)

� )

: (7.2)

� This is analogousto solvingtheeconomicdispatchproblemby dualizing
thesystemconstraints.

� Weuseasimilarpricing rule to thatusedin offer-basedeconomic
dispatch,but basedoneitherthecurrentvalueof thedualvariablesata
particulariterationor on themaximizerof thedual.

� Thisseparatestheunit commitmentprobleminto:
– asub-problemfor eachgeneratorinvolving pro�t maximizationfor the

generator, and
– theproblemof �nding thevaluesof thedualvariablesthatmaximizethe

dual.
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Description,continued
� Eachgeneratormaximizesits operatingpro�t for thegivenprices,as

speci�edby thecurrentvaluesof thedualvariables.
� Thedualvariablesareupdateduntil amaximumof thedualfunctionis

obtained.
� Theremaybeadualitygap.
� If thedualitygapis non-zerothenanadhocpost-processingstepis

requiredto produceasolutionthatsatis�esthesystemconstraints:
– suchadhocstepsareproblematicbecausethey presentopportunitiesfor

marketparticipantsto in�uence outcomesthroughchangesto offersthat
donot representeconomicfundamentals.

� Wewill seethatthemaximizerof thedualcanprovide importantinsights
evenif it doesnotyield theoptimalunit commitment.
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7.3.2 Example
� Recallthepreviousexamplein thecontext of dualitygapswhereasingle

generatorwasavailableto meetademandof D = 3 MW in thesingle
periodT = 1.

� Thegeneratorhadtwo variablesassociatedwith its operation:
– the“unit commitment”variablez2 Z, and
– the“production”variablex = P 2 R.

� Thecostfunction f : Z � R ! R for thegeneratoris:

f
� �

z
x

� �
= 4z+ x;z2 f 0;1g;2z� x � 4z:

� Recallthatif thegeneratorwerepaidl for its productionthenits pro�t
maximizingbehavior wouldbe:

x =

(
0; if l < 2,

0 or 4; if l = 2,
4; if l > 2.

� Thismeantthatnopricewouldequatesupplyto demandof 3 MW.
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Example,continued
� Now considerthecaseof ageneratorwith costfunction:

f
��

z
x

� �
= 4z+ bx;z2 f 0;1g;2z� x � 4z;

� whereb � 0.
� Supposethatthegeneratoris paidl for its powerproductionx andthatit

�nds thevalueof productionthatmaximizespro�t speci�edby:

l x� f
� �

z
x

� �
:

� Weperformsimilaranalysisto previously to �nd thepro�t maximizingx
(andz).
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Example,continued

� To maximizepro�t l x� f
� �

z
x

� �
= (l � b)x� 4z, wemustcompare:

thepro�t for z= 0 andx = 0, (namely, apro�t of 0), to
themaximumpro�t over2 � x � 4 for z= 1.

� Weconsidervariouscasesfor l .

l � b

0 > � 4;
� (l � b)x� 4; for 2 � x � 4.

� So,thepro�t is maximizedfor z= 0;x = 0.
b < l < 1+ b

� Then(l � b)x < 4 for 2 � x � 4.

0 > (l � b)x� 4; for 2 � x � 4.

� So,thepro�t is againmaximizedfor z= 0;x = 0.
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Example,continued
l = 1+ b

� Then0 > (l � b)x� 4 for 2 � x < 4.
� Also, 0 = (l � b)x� 4 for x = 4.
� So,thepro�t hastwo maximizers:

z= 0;x = 0, and
z= 1;x = 4.

l > 1+ b
0 < (l � b)x� 4; for x = 4.

� Moreover, theright-handsideincreaseswith increasingx, soit is
maximizedover2 � x � 4 by x = 4.

� So,thepro�t is maximizedfor z= 1;x = 4.
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Example,continued
� Therefore,if thegeneratorwerepaidl for its productionthenits pro�t

maximizingbehavior wouldbe:

x =

(
0; if l < 1+ b,

0 or 4; if l = 1+ b,
4; if l > 1+ b.

� If wehave justonegeneratorhaving marginal costb thentherewill still
typically benopricethatequatessupplyto demand,unlessdemandwere
changedto D = 0 or 4.

� Theprice,l = 1+ b, atwhich thegeneratorstartsto producedependson
b.

� Westill typically haveadualitygapsincetheminimumof Problem(7.1)
is strictly greaterthanthemaximumof Problem(7.2).
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7.3.3 Larger example
� Supposethatwegeneralizetheexampleproblemto thecasewherethere

aremultiplegeneratorswith differentcostcharacteristicsanda larger
demand.

� SupposethatdemandwasD = 303MW.
� Assumethatthereareno reserve requirements,soxk = Pk for generatork.
� Supposethatwehad100generators,with generatork having cost

function:

fk

��
zk
xk

� �
= 4zk + bkxk;zk 2 f 0;1g;2zk � xk � 4zk;

� where:
8k = 1; : : : ;100;bk = 1+ k=100:

� Thefeasibleoperatingsetfor eachgeneratork is:

Sk =
� �

zk
xk

� �
�
�
� zk 2 f 0;1g;2zk � xk � 4zk

�
:
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7.3.3.1 Solution
� Eachgeneratorhasaslightly differentoperatingcostfunction,with

highervaluesof k associatedwith moreexpensivegenerators.
� Theoptimalcommitmentis for:

– generators1; : : : ;75 to becommittedandproducingat full capacityof 4,
– generator76 to becommittedandproducing3, and
– generators77; : : : ;100to beoff.

� Minimum costis therefore:
75

å
k= 1

[4� 1+ (1+ k=100) � 4]+ [4� 1+ (1+ 76=100) � 3] = 723:28:

� This is theminimumof Problem(7.1), whichwecould�nd in thiscase
becauseof thesimplestructureof theproblem.

� Wewill investigatethemaximizerof thedualproblem,Problem(7.2),
andseetheinsightsit providesinto theminimumandminimizerof
Problem(7.1):
– theseinsightsfrom thedualproblemareusefulevenif wecannot�nd

theminimumandminimizerof Problem(7.1)
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7.3.3.2 Maximizerof dual
� Thedualproblem,Problem(7.2), in thiscaseis:

max
l 2R

(

min
8k= 1;:::;100;[zk

xk]2Sk

(

f
� �

z
x

� �
+ l

 

D �
100

å
k= 1

xk

! ) )

:

� Supposewesetl sothat2+ 75=100< l < 2+ 76=100.
– For example,supposethatwesetthepriceto bel = 2:755.
– Generatorsk = 1; : : : ;75will produce4 MW.
– Generatorsk = 76; : : : ;100will producenothing.
– Totalproductionwill be300MW.

� Now supposethatwesetl sothat2+ 76=100< l < 2+ 77=100.
– For example,supposethatwesetthepriceto bel = 2:765.
– Generatorsk = 1; : : : ;76will produce4 MW.
– Generatorsk = 77; : : : ;100will producenothing.
– Totalproductionwill be304MW.
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Maximizerof dual,continued
� Themaximizerof thedual,Problem(7.2), occursfor l ? = 2:76andhas

valueof 722.28.
– Totalproductionis either300or 304MW.
– Thereis still nopriceweresupplyequalsdemandof 303MW.
– However, thesupply-demandconstraintis violatedby a relatively

smalleramount.
– Moreover, thecommitmentanddispatchdecisionsfor generators

k = 1; : : : ;75and77; : : : ;100in thegeneratorpro�t maximization
problemsarecorrect.

� Thedualitygapis 723:28� 722:28= 1.
� Thedualitygapis relatively smallerasa fractionof theminimumof the

primalunit commitmentproblem.
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7.4 Duality gaps
7.4.1 Discussion

� In boththe�rst exampleandthelargerexample,thereis adualitygap.
Themaximumof thedualobtainedby dualizingthesystemconstraintsis

strictly lessthantheminimumof theprimalproblem.
Theprimal variablesresultingfrom thegeneratorpro�t maximization

sub-problemsdonotsatisfythesystemconstraints.
� However, thedualitygapis relatively smallerin thelargerexamplethan

in the�rst exampleandthesystemconstraintsareviolatedby a relatively
smalleramount,sotheprimalvaluescorrespondingto thedualmaximizer
canprovideausefulapproximateguideto theoptimumof theunit
commitmentProblem(7.1).

� If thegeneratorcostcharacteristicsareheterogeneousthenthedualitygap
(andtheviolationof thesystemconstraints)becomesrelatively smalleras
thenumberof generatorsgrows large.

� This is thekey to applicationof Lagrangianrelaxationto large-scale
systemssincethepost-processingstepto createa feasiblesolution
involvesasmalleradjustmentfor largersystems.
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7.4.2 Non-existenceof dispatch-supportingprices
� Unfortunately, theexistenceof anon-zerodualitygapmeansthatprices

on thesystemconstraintsalonecannotencouragepro�t-maximizing
generatorsto commitanddispatchin away thatis (exactly) consistent
with optimalunit commitmentanddispatch.

� For eachvalueof thepricevector, somesystemconstraintwill fail to be
satis�edby theresultingpro�t-maximizing decisionsof thegenerators.
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Non-existenceof dispatch-supportingprices,continued
� As Stoft argues,however, by modifyingdemandslightly wecanobtain

dispatchsupportingprices:
– if thegenerationstockis heterogeneousthenthemodi�cation will be

small,
– in thelargerexample,themodi�cation wouldbeatmost2 MW,
– sincethereareotheruncertaintiesanderrorsin dispatch,it maybe

reasonableto ignorethedualitygapin thiscase.
� This is thebasisof aprincipledargumentagainstcentralizedunit

commitment.
� Howeverwewill continueto assumethattheISOperformscentralized

unit commitment:
– ERCOT will usecentralizedunit commitmentanddispatchin thenodal

market, re�ecting thecomplexity of thevariousconstraints,particularly
transmissionconstraints.

� Wewill developanapproachto inducingthegeneratorsto produce
consistentwith optimalunit commitmentanddispatchthatinvolvesan
additional“make-whole”paymentto somegenerators.
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7.4.3 Make-wholepayment
� As discussedabove, theexistenceof anon-zerodualitygapmeansthat

priceson thesystemconstraintsalonecannotencourage
pro�t-maximizing generatorsto all commitanddispatchin away thatis
consistentwith optimalunit commitment.

� However, in theexamplewith D = 303,all but oneof thegenerators
wouldbecommittedanddispatchedcorrectlyif thepriceweresetequal
to themaximizerof theduall ? = 2:76:
– generatorsk = 1; : : : ;75wouldproduce4 MW, while
– generatorsk = 77; : : : ;100will producenothing.

� Generatorsk = 1; : : : ;75and77; : : : ;100wouldcollectively producea
totalof 300MW.
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Make-wholepayment,continued
� To meetthetotaldemandof D = 303MW, generatork = 76should

produce3 MW:
– thecostfor generatork to produce3 MW is:

f76

��
z?
76

x?
76

� �
= 4z?

76+ b76x?
76;

= 4� 1+ (1+ 76=100) � 3;
= 9:28:

– with anenergy priceof l ? = 2:76$/MWh,generatork = 76would
receive revenuesof l ? � x?

76 = 2:76� 3 = 8:28 if it producedx?
76 = 3.

– generatork = 76wouldneedanadditionalpaymentof
9:28� 8:28= 1$/hin orderto havenon-negativepro�t, basedonan
energy priceof l ? = 2:76$/MWh,

– thisdifferenceis equalto thedualitygap.

Title Page JJ II J I 59 of 123 Go Back Full Screen Close Quit



Make-wholepayment,continued
� Supposewe �nd pricesfor energy andreservesusingsomealgorithm:

– for example,themaximizerof thedualfrom Lagrangianrelaxation.
� For somegenerators,theirpro�t maximizinggenerationbasedon these

energy andreservespriceswill beconsistentwith optimalunit
commitmentanddispatch:
– thesegeneratorsarepaidbasedon theseenergy andreservesprices.

� For therestof thegenerators,paybasedon:
– theenergy andreservesprices,plus
– anadditional“make-whole”paymentthatinducesthemto generate

consistentwith optimalunit commitmentanddispatch.
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Make-wholepayment,continued
� Whatmake-wholepaymentwouldbesuf�cient to inducebehavior

consistentwith centralizedoptimalcommitmentanddispatchas
determinedby theISO?

� Givenanenergy pricel ?, andgiventhatgeneratork couldchooseits
commitmentzk anddispatchxk, maximumpro�t for generatork wouldbe:

p?
k(l ?) = max

[zk
xk]2Sk

�
l ?xk � fk

� �
zk
xk

� ��
:

� Givenanenergy pricel ? andgiventhecentralizedoptimalcommitment
z?
k anddispatchx?

k for generatork determinedby theISO,pro�t for
generatork wouldbe:

l ?x?
k � fk

��
z?
k

x?
k

� �
:

� Notethat,by de�nition:

p?
k(l ?) � l ?x?

k � fk

��
z?
k

x?
k

� �
:
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Make-wholepayment,continued

� If p?
k(l ?) = l ?x?

k � fk

��
z?
k

x?
k

� �
:

– thenthepro�t maximizingbehavior of generatork in responseto l ?

aloneis consistentwith optimalunit commitmentanddispatch,
– nomake-wholepaymentis needed.

� If p?
k(l ?) > l ?x?

k � fk

��
z?
k

x?
k

� �
:

– thenthepro�t maximizingbehavior of generatork in responseto l ?

aloneis inconsistentwith optimalunit commitmentanddispatch,

– anadditionalmake-wholepaymentof p?
k(l ?) �

�
l ?x?

k � fk

��
z?
k

x?
k

� ��
is

necessaryto inducebehavior thatis consistentwith optimalunit
commitmentanddispatch.

� Wecancombinebothcasesby observingthatthepaymentis equalto

p?
k(l ?) �

�
l ?x?

k � fk

��
z?
k

x?
k

� ��
in bothcases.
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Make-wholepayment,continued
� Notethatmake-wholepaymentis only madeto generatork if generatork

commitsanddispatchesaccordingto
�

z?
k

x?
k

�
.

� By design,themake-wholepaymentadjuststhepro�t for generatork so

that
�

z?
k

x?
k

�
is generatork'spro�t maximizingcommitmentanddispatch.

� In principle,noadditionalinducementis necessaryfor generatork to
behaveconsistentlywith centralizedoptimalunit commitmentand
dispatch:
– needto settoleranceoncommitmentanddispatchbeing“closeenough”

to
�

z?
k

x?
k

�
to receivemake-wholepayment.
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7.4.4 Simpli�ed make-wholepayment
� If thepro�t maximizingbehavior in responseto l ? aloneis for generator

k to not commit:
– thenits optimalpro�t is, by assumption,

p?
k(l ?) = l ? � 0� fk

� �
0
0

� �
;

= 0;

� l ?x?
k � fk

��
z?
k

x?
k

� �
; by de�nition,

– andthemake-wholepaymentsimpli�es to:

p?
k(l ?) �

�
l ?x?

k � fk

��
z?
k

x?
k

� ��
= 0�

�
l ?x?

k � fk

� �
z?
k

x?
k

� ��
;

= fk

��
z?
k

x?
k

� �
� l ?x?

k:
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Simpli�ed make-wholepayment,continued
� If thepro�t maximizingbehavior in responseto l ? aloneis for generator

k to either:

– not commit,sothat0 = p?
k(l ?) > l ?x?

k � fk

��
z?
k

x?
k

� �
, or

– to commitanddispatchandto dosoconsistentlywith optimal
centralizedcommitmentanddispatch,so

p?
k(l ?) = l ?x?

k � fk

��
z?
k

x?
k

� �
> 0,

� thenthemake-wholepaymentsimpli�es to:

p?
k(l ?) �

�
l ?x?

k � fk

��
z?
k

x?
k

� ��
=

8
<

:
fk

� �
z?
k

x?
k

� �
� l ?x?

k; if p?
k(l ?) = 0,

0; if p?
k(l ?) > 0,

= max
�

0; fk

��
z?
k

x?
k

� �
� l ?x?

k

�
:
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Simpli�ed make-wholepayment,continued

� Thesimpli�ed make-wholepaymentof max
�

0; fk

��
z?
k

x?
k

� �
� l ?x?

k

�
will

apparentlybeusedin ERCOT nodal,eventhoughit doesnothave the
correctincentivesin thecasethatboth:

p?
k(l ?) 6= 0, andp?

k(l ?) > fk

� �
z?
k

x?
k

� �
� l ?x?

k.

� In thiscase,ageneratormightpreferto forego themake-wholepayment

andnotcommitanddispatchaccordingto
�

z?
k

x?
k

�
if analternative

commitmentanddispatchplanofferedhigherpro�ts.
� To ensurethatbehavior is actuallyconsistentwith optimalcommitment

anddispatchin ERCOT:
– make-wholeis only paidwhengeneratork commitsanddispatches

“closeenough”to
�

z?
k

x?
k

�
, and

– generatork is penalizedif it deviatestoo far from
�

z?
k

x?
k

�
.
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7.4.5 Make-wholepaymentin example
� To achieveoptimalunit commitmentin theexample:

– priceenergy basedon thedualmaximizer, l ? = 2:76$/MWh,
– pro�t-maximizing behavior of generators1; : : : ;75and77; : : : ;100in

responseto thispriceis to behaveconsistentlywith centralizedoptimal
unit commitmentanddispatch,but

– anadditionalmake-wholepayment is paidto generator76of:

p?
76(l

?) �
�

l ?x?
76 � f76

� �
z?
76

x?
76

� � �
= 0�

�
l ?x?

76 � f76

� �
z?
76

x?
76

� � �
;

= 4z?
76+ b76x?

76 � l ?x?
76;

= 9:28� 8:28;
= 1;

– generator76 requiresandadditional1$/hto induceit to generate
consistentwith optimalcommitmentanddispatch,

– themake-wholepaymentwouldonly bepaidif generator76commits
anddispatchesconsistentlywith theoptimalcommitmentanddispatch.
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Make-wholepaymentin example,continued
� Demandpaysfor:

– energy basedon l ? � D = 2:76� 303= 836:28$/h,plus
– themake-wholepaymentto generator76of 1$/h.

� Themake-wholepaymentis chargedasanuplift to demand.
� Notethatthepricesareno longeranonymoussincethepaymentto

generator76 is differentto thepaymentto othergeneratorssincein
involvesamake-wholepayment.
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7.4.6 Demandresponse
� Demandresponsecanreducethedualitygap(andthereforereducethe

make-wholepaymentrequiredto achieveoptimality).
� Supposethatinsteadof �x eddemandof 303MW, thedemandwasthe

sumof:
a �x eddemandof 290MW, plus
price-responsivedemand(� x0) with willingness-to-payof

(2:755+ 10) $/MWh� 1 $/h� (� x0); 0 � (� x0) � 20MW:

� At apriceof l ? = 2:755$/MWh,theprice-responsivedemandwouldbe
(� x0) = 10MW, sothattotal demandwouldbe290+ 10= 300MW.

� At apriceof l ? = 2:755$/MWh,thesupplyequals300MW.
� So,supplyequalsdemandandthereis nodualitygapandnoneedfor a

make-wholepayment.
� In general,price-responsivedemandcanreducethedualitygapand

reducethemake-wholepayments.
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Demandresponse,continued
� Thisdemandresponseexampleis somewhatunrealisticin thatdemandis

generallynotwilling to curtail at pricesthatarecloseto typical
generationmarginal costs:
– wewill assume�x eddemandin subsequentexamples.

� Suchpriceresponsivenessdoes,however, haveanimportanteffect in the
presenceof scarcityand/ormarketpowerwhereoffer pricesmight
otherwiseriseto farabovegenerationmarginal costs.

� Seemarketpowercourse,http://users.ece.utexas.edu/˜baldick/classes/
394V market power/EE394Vmarket power.html.
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7.5 Mixed-integer programming
� Commercialsoftwarefor solvingmixed-integerprogrammingproblems

hasbecomemuchmorecapablein thelastdecade.
� In principle,suchalgorithmscanexactlysolveProblem(7.1):

min
8k;[zk

xk]2Sk

�
f
��

z
x

� � �
�
�
� Ax= b;Cx � d

�

= min
z2ZnT;x2R2nT

�
f
� �

z
x

� � �
�
�
� Ax= b;Cx � d;8k;dk � Gk

�
zk
xk

�
� dk

�
:

� Most ISOs,includingERCOT areusingor moving towardsusing
mixed-integerprogrammingalgorithmsfor solvingunit commitment.

� However, thesealgorithmsmaybeterminatedbeforecompletionto
optimalitybecauseof excessivecomputationaleffort.

� Wewill neverthelesssupposethattheISOcansolveProblem(7.1) and
thattheminimizeris z? andx?:
– wealreadymadethisassumptionimplicitly in thediscussionof

Lagrangianrelaxationsincewe foundtheoptimalcommitmentand
dispatchby inspection.
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7.6 Alter nativeapproachto make-wholepayments
7.6.1 Analysis

� Recallthatin offer-basedeconomicdispatchwerequiredthatthecost
functionwasconvex.

� Similarly, theincrementalenergy andreservescostsin theunit
commitmentproblemarerequiredto beconvex.

� Therefore,for �x edz, thefunction f
��

z
�

� �
is convex.

� In particular, f
� �

z?

�

� �
is convex.
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Analysis,continued
� Considerthefollowing problem:

min
z2RnT;x2R2nT

8
>><

>>:
f
� �

z
x

� �
�
�
�
�
�
�
�
�

Ax= b;Cx � d;8k;dk � Gk

�
zk
xk

�
� dk;

zkt � 0;8k;t suchthatz?
kt = 0;

zkt � 1;8k;t suchthatz?
kt = 1

9
>>=

>>;
:

(7.3)
� Thefeasiblesetof Problem(7.3) is asubsetof thefeasiblesetof

Problem(7.1).
� Problem(7.3) is convex since:

weallow z2 RnT,
eachentryof z is constrainedby theinequalitiesto beoneparticular

�x edvalue,either0 or 1, and

f
� �

z
�

� �
is convex for �x edz.

� Therefore,assuminganappropriateconstraintquali�cation, the�rst-order
necessaryconditionsaresatis�edby aminimizerof thisproblem.
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Analysis,continued
� Theconstraintsonz in Problem(7.3) requirethatz= z?:

– wehave requiredthatthediscretevariablesin Problem(7.3) to be
constrainedto equaltheiroptimalvaluesfrom Problem(7.1).

� Moreover,
�

z?

x?

�
is aminimizerof Problem(7.3), since

�
z?

x?

�
:

– is feasiblefor Problem(7.3), and
– is aminimizerof Problem(7.1), whichhasa feasiblesetthatcontains

thefeasiblesetfor Problem(7.3).
� Finally, x? is alsoaminimizerof:

min
x2R2nT

�
f
� �

z?

x

� � �
�
�
�Ax= b;Cx � d;8k;dk � Gk

�
z?
k

xk

�
� dk

�
; (7.4)

� wherethediscretevariablesareexplicitly �x edat theiroptimalvalues.
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Analysis,continued
� As previously, wede�ne l ?, µ?, µ?, andµ? to betheLagrangemultipliers

on thesystemequalityandinequality, andthegeneratorlowerandupper
boundconstraintsin Problem(7.3):
– notethatl ? andµ? will typically bedifferentto thevaluesof thedual

maximizercalculatedin theLagrangianrelaxationapproach,
– however, solvingProblem(7.4), wherethediscretevariablesare

explicitly �x edat theiroptimalvalues,would resultin thesamevalues
of l ?, µ?, µ?, andµ? asin Problem(7.3).

� Additionally, de�ne r ? andr ? to bethevectorsof Lagrangemultipliers
on theadditionalconstraintsin Problem(7.3):

r ?
kt

is theLagrangemultiplier onzkt � 0;8k;t suchthatz?
kt = 0;

r ?
kt is theLagrangemultiplier onzkt � 1;8k;t suchthatz?

kt = 1:

� Wenow interprettheseconstraintsto beadditionalsystemconstraintson
additional“commitmentcommodities”andpaygeneratorsbasedon these
constraintsandon theassociatedLagrangemultipliers.

� Thiswill form thebasisof analternativemake-wholepaymentrule.
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Analysis,continued
� Thatis, wede�ne apricing rule for boththeintegerandthecontinuous

decisionvariablesaccordingto:

pxk = � [Ak]
†l ? � [Ck]

†µ?;
pzk = r ?

k � r ?
k
;

� wherer ?
k

andr ?
k arethevectorsof Lagrangemultipliersassociatedwith

generatork.
� Thepaymentto ageneratoragainconsistsof:

– apaymentfor energy (andreserves)basedon l ? andµ?, and
– amake-wholepayment(or charge)basedon r ?

k andr ?
k
.

� Themake-wholepaymentis againchargedasanuplift to demand.
� As with thepreviousmake-wholepaymentbasedon themaximizerof the

dual,thesepricesarenotanonymoussincethepaymentto generatork
dependsonaLagrangemultiplier explicitly associatedwith agenerator
constraintfor generatork.
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Analysis,continued
� ConsidertheLagrangemultiplier r ?

kt correspondingto aparticular
constraintzkt � 1.

� If r ?
kt 6= 0 andzkt = 1 thengeneratork receivesacontribution to payment

of r ?
kt.

� Similarly, if r ?
kt

6= 0 andzkt = 1 thengeneratork wouldbechargeda
penalty.

� Overaday, thetotalpaymentis:

[pzk]
†zk =

T

å
t= 1

zkt(r
?
kt � r ?

kt
);

� wherewede�ne r ?
kt to bezeroif z?

kt = 0 andde�ne r ?
kt

to bezeroif
z?
kt = 1.
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7.6.2 Commitment-supportingprices
� Weshow that,undermild conditions,thepricing rule resultsin z?

k andx?
k

beingthepro�t-maximizing commitmentanddispatchdecisionsfor
generatork.

� Recalltheoffer costsfunctionfor generatork, fk

��
zk
xk

� �
.

� Supposethatthis functioncanbeextrapolatedto a functionthatis convex
onRT � R2T .

– For example,fk is convex if it is expressedasa linearfunctionof
�

zk
xk

�
.

� Considertherelaxationof generatork'spro�t maximizationproblem
obtainedby allowing it to choosecontinuousvaluesof zkt.

� Thatis, we relaxthefeasibleoperatingsetto be:

Sk =
� �

zk
xk

�
2 RT � R2T

�
�
�
� dk � Gk

�
zk
xk

�
� dk

�
:

� Wecall this therelaxedgenerator feasibleoperating set.

Title Page JJ II J I 78 of 123 Go Back Full Screen Close Quit



Commitment-supportingprices,continued
� Weconsiderthesolutionof therelaxedpro�t maximizationproblemfor

generatork:

max
[zk
xk]2Sk

(

[pxk]
†xk +

T

å
t= 1

zkt(r
?
kt � r ?

kt
) � fk

� �
zk
xk

� � )

; (7.5)

� where
�

zk
xk

�
canbechosenfrom therelaxedgeneratorfeasibleoperating

setSk, and
� wherethepricevectorsfor, respectively, energy andreserves(andother

ancillaryservices)(pxk), andfor commitmentvariables(pzk), are:

pxk = � [Ak]
†l ? � [Ck]

†µ?;
pzk = r ?

k � r ?
k
:

� This relaxationof thepro�t maximizationproblemis aconvex problem
sincetherelaxedgeneratorfeasibleoperatingsetis convex andthe
objective is assumedto beconvex on this feasibleset.
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Commitment-supportingprices,continued
� WeapplypricingTheorem5.3to Problem(7.3).
� Denotethesolutionof therelaxedgeneratorpro�t maximizationproblem,

Problem(7.5), by
�

z??
k

x??
k

�
.

� We interpretAx= b, Cx � d, zkt � 0;8t suchthatz?
kt = 0, and

zkt � 1;8t suchthatz?
kt = 1 as“systemconstraints”in Problem(7.3).

� Then,by Theorem5.3, “dispatching”at
�

z??
k

x??
k

�
(assumingit were

possible)wouldyield pro�ts for generatork thatarenohigherthanthe
pro�ts underthecorrespondingentriesof thesolutionof theconvex

Problem(7.3), namely
�

z?
k

x?
k

�
.

� Therefore,
�

z?
k

x?
k

�
is optimalfor therelaxedgeneratorpro�t maximization

problem,Problem(7.5).
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Commitment-supportingprices,continued
� But wealreadyknow thatz?

k;x?
k is feasiblefor theun-relaxedpro�t

maximizationproblemfor generatork thatmustrespecttheintegrality of
zk:

max
[zk
xk]2Sk

(

[pxk]
†xk +

T

å
t= 1

zkt(r
?
kt � r ?

kt
) � fk

� �
zk
xk

� � )

: (7.6)

� Therefore,z?
k;x?

k is alsooptimalfor theun-relaxedpro�t maximization

problemfor generatork, Problem(7.6), since
�

z?
k

x?
k

�
2 Sk � Sk:

�
z?
k

x?
k

�
maximizespro�ts for generatork overSk, sincewehaveproved

thatit is amazimizerof therelaxedgeneratorpro�t maximization
problem,Problem(7.5),

also
�

z?
k

x?
k

�
2 Sk � Sk,

so
�

z?
k

x?
k

�
alsomaximizespro�t overSk.
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Commitment-supportingprices,continued
� Thatis, pricesbasedon l ?, µ?, r ?, andr ? aredispatch-(and

commitment-)supportingprices:

– Therearenochoicesof
�

zk
xk

�
thatyield ahigherpro�t to generatork

thando thechoices
�

z?
k

x?
k

�
.

– Generatork is motivatedby thepricesbasedon l ?, µ?, r ?, andr ? to

commitanddispatchaccordingto
�

z?
k

x?
k

�
.

� Wewill referto pricesandmake-wholepaymentsbasedon l ?, µ?, r ? and
r ? ascommitment-supporting prices.

� Wewill contrastthesepriceswith thoseobtainedfrom themaximumof
thedualfrom theLagrangianrelaxationformulation.

Title Page JJ II J I 82 of 123 Go Back Full Screen Close Quit



7.6.3 Example
� Considertheexamplewith 100heterogeneousgenerators,marginal costs

of theform bk = 1+ k=100,anddemandD = 303.
� Considerthe�rst-order necessaryconditionsin Problem(7.3), wherewe

constrainthecommitmentdecisionswith inequalities,for generator
k = 76:

0 = Ñf76(x?
76) � l ?;

= b76 � l ?;
= (1+ 76=100) � l ?;

0 =
¶f76
¶z76

(z?
76) � r ?

76;

= 4� r ?
76;

� wherewehaveomittedthesubscriptfor timesincethereis only one
period.

� In thiscase,thecommitment-supportingpricesfor generatork = 76are:
anenergy priceof l ? = 1:76 (sothatgenerator76will bemarginal),and
amake-wholepaymentto generator76of r ?

k = 4$/h.
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Example,continued
� Now considerthe�rst-order necessaryconditionsin Problem(7.3) for

generatorsk = 1; : : : ;75:

0 = Ñfk(x
?
k) � l ? + µ?

k;
= bk � l ? + µ?

k;
= (1+ k=100) � l ? + µ?

k;

0 =
¶fk
¶zk

(z?
k) � 4µ?

k � r ?
k;

= 4� 4µ?
k � r ?

k;

� wherewehaveagainomittedthesubscriptfor timesincethereis only one
period,and

� µ?
k is theLagrangemultiplier on themaximumcapacityconstraint

xk � 4zk for generatork.
� Thecommitment-supportingpricesfor generatork = 1; : : : ;75are:

anenergy priceof l ? = 1:76$/MWh,and
amake-wholepaymentbasedon r ?

k = 4� 4µ?
k =

4� 4(l ? � (1+ k=100)) = 4� (76� k)=25= 1+ (k� 1)=25.
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Example,continued
� Givenanenergy priceof l ? = 1:76$/MWh,generators77; : : : ;100will

remainoff andthereis noadditionalmake-wholepaymentfor these
generators.

� Demandpaysfor:
– energy basedon l ? � D = 1:76� 303= 533:28$/h,plus
– themake-wholepaymentsto generatorsk = 1; : : : ;76,of

å 75
k= 1(1+ (k� 1)=25) + 4 = 76:48+ 4 = 80:48$/h.

� Comparedto thecasewherethedualmaximizerwasusedto priceenergy
andthemake-wholepaymentwasonly madeto generator76:
– themake-wholepaymentis larger(andis madeto moremarket

participants),but
– thetotalpaymentby demandis smaller.
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7.6.4 Discussion
� In thisexamplethepricesfrom Problem(7.3) areverydifferentto the

energy pricesobtainedfrom thedualmaximizer:
– Themaximizerof thedualyielded:

anenergy priceof l ? = 2:76$/MWh,plus
amake-wholepaymentof 1$/hto generator76alone.

– Themixed-integerprogrammingformulation:
anenergy priceof l ? = 1:76$/MWh,plus
amake-wholepaymentof r ?

k = 1+ (k� 1)=25 for each committed
generator.

� Thereasonfor thecommitmentpaymentto each generatoris that:
– themarginal costsof all thegeneratorsareclusteredtogether, and
– theaveragecostsof all thegeneratorsareclusteredtogether, but
– for eachgenerator, themarginal costdifferssigni�cantly from the

averagecostdueto thelargemin-loadcost.
� If thestart-upandmin-loadcostswererelatively smallerandthereis a

widerdispersionof marginal coststhenthedifferencein energy prices
will besmaller.
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7.6.5 Examplewith widerdispersionof marginal costs
� Supposethatdemandis again303MW.
� Supposethatweagainhave100generators,with generatork having cost

function:

fk

��
zk
xk

� �
= 4zk + bkxk;zk 2 f 0;1g;2zk � xk � 4zk;

� where:
8k = 1; : : : ;100;bk = 1+ k:

� Thereis now awiderdispersionof marginal costsand,for eachgenerator,
themarginal costandaveragecostarenotextremelydifferent.
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7.6.5.1 Solution
� Theoptimalcommitmentis for:

– generators1; : : : ;75 to becommittedandproducingat full capacityof 4,
– generator76 to becommittedandproducing3, and
– generators76; : : : ;100to beoff.

� Minimum costis therefore:
75

å
k= 1

[4� 1+ (1+ k) � 4]+ [4� 1+ (1+ 76) � 3] = 13235:

� This is theminimumof Problem(7.1).
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7.6.5.2 Maximizerof dual
� We �rst �nd thevalueof l ? thatmaximizesthedual.
� Thedualproblemis:

max
l 2R

(

min
[z
x]2Sk

(

f
��

z
x

� �
+ l

 

D �
100

å
k= 1

xk

! ) )

:

� Supposewesetl sothat2+ 75< l < 2+ 76.
– For example,supposethatwesetthepriceto bel = 77:5.
– Generatorsk = 1; : : : ;75will produce4 MW.
– Generatorsk = 76; : : : ;100will producenothing.
– Totalproductionwill be300MW.

� Now supposethatwesetl sothat2+ 76< l < 2+ 77.
– Generatorsk = 1; : : : ;76will produce4 MW.
– Generatorsk = 77; : : : ;100will producenothing.
– Totalproductionwill be304MW.
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Maximizerof dual,continued
� Again, thereis still nopriceweresupplyequalsdemandof 303MW.
� Themaximizerof thedual,Problem(7.2), occursfor l ? = 78andhas

valueof 13234.
– Totalproductionis either300or 304MW.
– Thereis still nopriceweresupplyequalsdemandof 303MW.

� Thedualitygapis 13235� 13234= 1.
� Thedualitygapis relatively smallerasa fractionof theminimumof the

primalunit commitmentproblem.
� In thiscase,anenergy priceof l ? = 78$/MWhtogetherwith a

make-wholepaymentof 1$/hfor generatork = 76wouldprovide for
optimalunit commitment.

� Demandpaysfor:
– energy basedon l ? � D = 78� 303= 23;634$/h,plus
– themake-wholepaymentof 1$/h.
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7.6.5.3 Commitment-supportingprices
� Considerthe�rst-order necessaryconditionsin Problem(7.3) for

generatork = 76:

0 = Ñf76(x?
76) � l ?;

= b76 � l ?;
= (1+ 76) � l ?;

0 =
¶f76
¶z76

(z?
76) � r ?

76;

= 4� r ?
76;

� wherewehaveagainomittedthesubscriptfor timesincethereis only one
period.

� In thiscase,thecommitment-supportingpricesfor generatork = 76are:
anenergy priceof l ? = 77$/MWh,and
commitmentpaymentto generator76of r ?

k = 4$/h,if it commitsand
generates.
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Commitment-supportingprices,continued
� For generatorsk = 1; : : : ;75, theenergy priceof l ? = 77 induceseachof

thegeneratorsto becommitted,withoutany additionalcommitment
payment,sincetherevenuefor producingxk = 4 is 77� 4 = 308.

� Theproductioncostis:

4zk + (1+ k)xk = 8+ 4k;
� 308;

� sor ?
k = 0;k = 1; : : : ;75.

� In thiscase,thecommitment-supportingpricesare:
anenergy priceof l ? = 77$/MWh,and
commitmentpaymentto generator76aloneof r ?

76 = 4$/h.
� Demandpaysfor:

– energy basedon l ? � D = 77� 303= 23;331$/h,plus
– themake-wholepaymentof 4$/h.

� Thetotalpaymentby demandis again lessthanwith thedualmaximizer
andthemake-wholepaymentis only slightly morethanwith thedual
maximizer.
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7.6.5.4 Summary
� With awiderdispersionof marginal costs,thedifferencebetweenthe

energy pricesin thetwo formulationsis now relatively muchsmaller.
� However, energy pricestendto varymorewith the

commitment-supportingpricesthanwith thedualmaximizer.
� Moreover, themake-wholepaymentis madeonly to onegeneratorin both

formulationsfor theexamplewith thewiderdispersionof marginal costs.
� Thissituationis likely to betypicalwhenmarginal costshavewide

dispersionandstart-upandno-loadcostsarerelatively small.
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Summary, continued
� If thesmallrelativedifferencebetweenthetwo formulationsis typical,

thenwhy botherwith thecomplexity of themixed-integerformulation,or
evenwith centralizedunit commitment?

� Why botherwith centralizedunit commitment?
– Thecostof incorrectdecentralizedcommitmentdecisionsmightbe

large,particularlywhentransmissionconstraintsarebinding.
– Thecostof incorrectdecentralizedcommitmentdecisionsis an

empiricalquestionthathasnotbeenstudiedin asystematicway, except
for particularcasestudiessuchasin theERCOT “backcast”study.

� Why botherwith themixed-integerformulation?
– Necessaryheuristicsin Lagrangianrelaxationareverydetailedand

“brittle,” particularlywith transmissionconstraints.
– Theheuristicsareproblematicin amarket setting,whereaparticular

heuristicmayhavesigni�cant implicationsfor pro�tability or be
vulnerableto “strategic” offers.
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7.6.6 Make-wholepaymentsin practice
� Thegoalof make-wholepaymentsis to ensurethateachgeneratoris paid

enoughto cover its offer costsandsothatit commitsanddispatches
consistentlywith theoptimalcommitmentanddispatchasdeterminedby
theISO:
– all centralizedunit commitmentformulationsrequireanuplift from

demand.

� Thesimpli�ed make-wholepaymentmax
�

0; fk

��
z?
k

x?
k

� �
� l ?x?

k

�
canbe

appliedto any pricing ruleonenergy andreservesin orderto inducea
particularbehavior:
– make-wholepaymentsarepaidto ageneratorthatcommitsand

dispatchesaccordingto (or closeenoughto) zk = z?
k andxk = x?

k, but
– themake-wholepaymentis withheldand(possibly)apenaltyis charged

for any generatorthatdeviatessigni�cantly from thedesired
commitmentanddispatch.
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Make-wholepayments,continued
� In ERCOT:

– energy andreservespaymentsbasedonLagrangemultipliersl ? andµ?

obtainedfrom thesolutionof theconvex problem,Problem(7.4),
obtainedby �xing theintegervariablesat theiroptimalvaluesz? and
optimizingtheremainingconvex problemto obtainx? andtheLagrange
multipliers,

– make-wholepayment(for generatorsthatfollow commitmentand
dispatchfrom ERCOT) basedonadaily calculationof:

max
�

0; fk

��
z?
k

x?
k

� �
� [pxk]

†x?
k

�
:
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Homework exercise,part b: DueWednesday, December3
� Supposethatwehave two generators,n = 2, with offer costs:

8t; f1t(P1t) = 2P1t;200� P1t � 400;
8t; f2t(P2t) = 3P2t;50� P2t � 150:

� Thereareno ramp-ratelimits normin-loadcosts,but thestart-upcosts
are:

s1t = 1000;t = 1; : : : ;T;
s2t = 200;t = 1; : : : ;T:

� Weconsiderday-aheaddispatchacrosseighthours,T = 8, with demands:

t 0 1 2 3 4 5 6 7 8
Dt 200 350 500 350 200 350 500 350 200

� Thet = 0 entryin thetableis thedemandfor thelasthourof today.
� Also, P10 = 200MW, andP20 = 0 MW with generator2 out-of-serviceat

theendof today.
� We ignorebothramp-ratesandreserves.
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Homework exercise,part b: DueWednesday, December3
(i) Find themaximizerof thedualobtainedby dualizingthedemand

constraintin eachhour. (Hint: Whatpricewill inducegenerator2 to
beindifferentbetweenbeingoff andbeingonat full capacityin
periods2 and6. Whatis thepricein theotherperiods?)

(ii) Solve theunit commitmentproblem.
(iii) Whataretheenergy pricesobtainedfrom thesolutionof theconvex

problemobtainedby �xing theintegervariablesat theiroptimal
valuesandoptimizingP1t andP2t?

(iv) Whatis themake-wholepaymentfor eachgeneratorbasedon
pricesfrom Part (iii) ?
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7.7 Anonymity of prices
� In thecommitment-supportingpricesformulation,someof thepricesare

anonymous:
– Pricespxk onsystemequalityandinequalityconstraintsarepaidfor

energy andreservesproducedby everyoneandanyone.
� However, themake-wholepaymentsarenotanonymous.
� Non-anonymity makesthemarket lesscontestableespeciallyif the

make-wholepaymentsarenotdisclosedpublicly.
– It is dif�cult for anew entrantto understandif it wouldbepro�table to

enterat thecurrentprices.

Title Page JJ II J I 99 of 123 Go Back Full Screen Close Quit



7.8 Implications for investmentdecisions
� Evenif themake-wholepaymentsaredisclosed,make-wholepayments

candistortinvestmentdecisions.
� Make-wholepaymentscontributeto theinfra-marginal rentsof some

generators.
� Theserentsarenotalsoavailableto everyoneelse.
� Theincentivesfor building new capacitymaybedepressed.
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7.9 Transmissionconstraintsand unit commitment
� In thediscussionsofarwehavenotconsideredtransmissionconstraints.
� However, transmissionconstraintscanlimit thedispatchdecisions.
� Wecanexpandtheformulationto includethetransmissionconstraintsin

thesystemconstraints.
� Wecouldconsiderpricesbasedoneither:

– thedualmaximizer, or
– energy andreservespricesobtainedfrom thesolutionof theconvex

problem,Problem(7.4), having theintegervariables�x edat their
optimalvalues(asusedin ERCOT).

� In bothcases,amake-wholepaymentmaybenecessary.
� In practice,transmission-constrainedunit commitmentcanbean

extremelydif�cult problemto solve.
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7.9.1 Example
� Weconsiderday-aheaddispatchacrosstwo hours,T = 2, with demands:

t 0 1 2
Dt 90 110 125

� Thet = 0 entryin thetableis thedemandfor thelasthourof today.
� Thet = 1;2 entriesarethedemandsfor the�rst two hoursof tomorrow.
� Also, P10 = 90MW andP20 = 0 MW arethegenerationsin thelasthour

of today, with generator2 out-of-serviceat theendof today.
� We ignorereserves,min-loadcosts,andramp-rateconstraints.
� Theoffersarespeci�edby:

8t = 1;2;s1t = 1000;8P1t 2 [0;200];Ñf1t(P1t) = 25$/MWh;
8t = 1;2;s2t = 1000;8P2t 2 [0;50];Ñf2t(P2t) = 35$/MWh:
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Example,continued
� Thegeneratorsarelocatedin thefollowing one-linetwo-bussystem.
� WeusetheDC power �o w approximationandthetransmissionline has

transmissioncapacityof 100MW.
� Wesolve thetransmissionconstrained,offer-basedunit commitmentfor

thissystem.
� Wewill considerenergy pricesbasedonProblem(7.4).

� Make-wholepaymentswill bebasedonmax
�

0; fk

� �
z?
k

x?
k

� �
� [pxk]

†x?
k

�
.

P1t

P2t

1 2

Dt
demand

100MW
-

�

-��

��
��

� �

-

Fig. 7.1. One-line two-
busnetwork.
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Example,continued
� Becauseof thetransmissionconstraint,it will benecessaryto commit

generator2 andrun it duringperiods1 and2.
� Theoptimaloffer-basedcommitmentanddispatchis:

t 0 1 2
Dt 90 110 125
z?
1t 1 1 1

P?
1t 90 100 100

z?
2t 0 1 1

P?
2t 0 10 25

� Wecalculatethelocationalmarginalpricesusingcommitmentvariables
�x edat their optimalvalues:

t 0 1 2
Dt 90 110 125
l ?

1t 25 25 25
l ?

2t 25 35 35
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Example,continued
� Sincegenerator1 is alreadycommittedat thestartof theday, andsince

therevenue(just) coversits incrementalenergy costs,thereis no
make-wholepaymentfor generator1.

� Generator2 mustbestarted,but therevenueonly just coversits
incrementalenergy costs.

� Therefore,themake-wholepaymentto generator2 is s21 = 1000$.
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7.10 Day-aheadand real-timemarkets
� Randomnessanduncertaintyis pervasive in supplyanddemandof

electricity.
� A sequenceof marketscanbeusedto helpcopewith randomness.
� Successivemarketscorrectforecasterrorsandothererrorsfrom previous

markets.
� For example:

– theday-aheadmarket setsup (�nancial) agreementsto generateadayin
advancebasedon forecastsor speci�cationsof demandadayin
advance.

– thereal-timemarketdealswith thedeviationsof actualsupplyand
demandfrom day-aheadspeci�cations.
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Day-aheadand real-timemarkets,continued
� For eachcommodity(besidesthecommitmentcommodities)thereis a

day-aheadpriceanda real-timeprice.
� Theday-aheadpriceappliesto commoditiesboughtandsoldin the

day-aheadmarket.
� Theday-aheadmarket is technicallyashort-term forward market.
� Participationin theday-aheadmarketentailsa �nancial commitment to

produceor consumein real-time.
� Thatis, paymentin thereal-timemarketappliesto thedeviations from

day-aheadpositions.
� For example,supposethattheISOday-aheadmarket yieldsaday-ahead

priceof $50/MWhin aparticularhourandgenerationof 40MW by a
particulargenerator.

� In thereal-timemarket, if thereal-timepriceis $60/MWhandthe
generatoractuallyproduces45MW, thenits paymentis:

(DA quantity)(DA price) + (RT quantity- DA quantity)(RT price);
= 40� 50+ (45� 40) � 60;
= 2300:
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Day-aheadand real-timemarkets,continued
� It is desirablethateachmarket representssimilar systemconstraints:

– Otherwisetherewouldbepricedifferencesbetweenthetwo markets
evenin theabsenceof randomness.

� Conceptualdif�culties:
– Ancillary services,suchasreserves,acquiredin theday-aheadmarket

arecommitmentsto beavailablein real-time.
– Whathappenswhenreservesareactuallydeployed?
– Whathappensif ageneratoris paidto commitin day-aheadbut doesnot

actuallycommit?
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7.11 Reserves
� Marketprocessescandealwith somerandomness:

– real-timemarketsdealwith deviationof actualloadfrom day-ahead
speci�cationby settinga real-timepricepayableondeviationsfrom
day-aheadpositions.

– Thegreatertheparticipationof price-responsivedemandin the
real-timemarket, themorerandomnesscanbeaccommodatedby
adjustmentsin thereal-timemarketby demandrespondingto prices.

� However, becauseof theneedto matchsupplyanddemandcontinuously
andbecauseof randomfailures,marketprocessescannotdeal(directly)
with all randomnessin suf�cient time to ensuresecurity.

� Reservesandotherancillaryservicesarerequiredfor supplyand(to a
lesserextent)demand�uctuationsthatoccurtoo fastfor themarket to
respond.
– Forcedoutageof generator.
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7.11.1 Representationof reserves
� Whatis anappropriaterepresentationof reserves?

– “Hard constraint”on requiredamountof reserves.
– “Soft constraint”re�ecting targetfor reserves.

� Hardconstraintsareappropriatefor representing:
– constraintsthatderive from physicallaws suchasKirchhoff 's laws,and
– “securityconstraints,” wherewewantto guaranteethatateachtimewe

will notgetinto anoperatingstatethatwill leadto cascadingoutages.
� Theformulationssofarhaveall involved“hardconstraints.”

– For example,thespinningreserveswererequiredto meetor exceeda
speci�c level.

– However, spinningreserveabove theminimumneededto copewith all
single-contingencies(andcommon-modedouble-contingencies)hasa
role in assuring“adequacy.”
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7.11.2 Soft constraints
� “Soft constraints”areappropriatewhenthereis some�e xibility in

meetingtheconstraintor wherethereis someimplicit trade-off between:
– meetingaconstraint,and
– the�nite cost(or expectedcost)of notmeetingtheconstraint.

� Examplesinclude:
– constraintsthatinstantiaterulesof thumb,and
– “adequacy constraints,” wherewewantto reduce,to someacceptable

level, theprobabilityof needingto curtail demandin orderto maintain
security.

� How to represent“soft constraints”?
– Relaxaconstraintby allowing violationat someassumed“penalty

cost.”
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7.11.3 Representationof soft constraints
� Considernon-spinningreservesandaugmentthedecisionvectorfor

generatork to includethecontributionof non-spinningreservesby
generatork for periodt, denotedby Rnon

kt .
� Supposethatwehavea targetlevel of non-spinningreservesspeci�edby:

n

å
k= 1

Rnon
kt � anonD:

� However, we recognizethatviolating this requirementdoesnot
necessarilyleadto violationof security.
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Representationof soft constraints,continued
� Insteadof representingtheconstraintasspeci�ed,we:

– includeanextravariableRnon
0t ,

– modify thenon-spinningreserveconstraintto:
n

å
k= 0

Rnon
kt � anonD;

– includeanon-negativity requirementRnon
0t � 0, and

– addapenaltytermto theobjective f non
0t (Rnon

0t ), with f non
0t (0) = 0.

� Thepenaltytermcouldbelinearin Rnon
0t , implying a �x edmarginal

penaltyfor eachunit of violation:

8Rnon
0t ; f non

0t (Rnon
0t ) = cnon

0t Rnon
0t :

� Alternatively, it couldbenon-linearor piece-wiselinear, with higher
marginalpenaltyfor greaterviolation.
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Representationof soft constraints,continued
� Solvingthepenaltyformulationmayresultin theoriginalnon-spinning

reserveconstraintbeingviolated.
� Thatis, Rnon

0t > 0, andtheLagrangemultiplier on thereserveconstraint
will beequalto cnon

0t .
� Thepenaltycostwill bere�ectedin thepricesof all commodities.
� How shouldwechoosecnon

0t ?
� Compromise:

– Typically wantcnon
0t largerthanthehighestoffer pricefor non-spinning

reservessothatwheneverenoughnon-spinningreservesareactually
availablethenwewill procurethem.

– If it is “too large” thenit will produceunreasonablyhighcommodity
pricesin themarket.

� cnon
0t shouldbeaproxy to thecostof violating theconstraint.

� Theuseof apenaltyfor violationof asoft constrainteffectively
transformstheconstraintinto a termin theobjective,asin dualizingthe
constraint.
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7.11.4 Evaluationof proxy to costof violating constraint
� Whatis thecost(changein welfare)of violatinganon-spinningreserve

constraint?
� Thecostis dueto theincreasein probabilitythatinvoluntarycurtailment

will benecessaryto maintainsecurity.
� Thechangein welfaredueto involuntarycurtailmentis equalto the

differencebetween:
thevalueof thelost load,minus
thesavingsfrom notgenerating.

� Generally, savingsfrom notgeneratingaresmallcomparedto thevalueof
lost load.

� So,thecostis approximatelyVOLL � expectedenergy curtailment.
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7.11.4.1Expectedloadcurtailment
� How to calculatetheexpectedenergy curtailed?

– Involvesoutageprobabilitiesof eachin-servicegenerator,
– Requiresspeci�cationof conditionsfor curtailment.

� Wewill sketchanapproximationto thisanalysis.
� It will leadto a re-formulationof non-spinningreserveconstraintasan

explicit termin theobjective.
� Theanalysisshouldbeappliedto thetotalamountof reserves(both

spinning,non-spinning,andreplacement)for adequacy:
– Denotereservesfor adequacy contributedby generatork at timet by

Radequacy
kt .

– Divisionof Radequacy
kt into spinningfor adequacy, non-spinning,and

replacementneedsto bechosen,but wewill not treatthisdetail.
– Denotereservesfor securitycontributedby generatork at timet by

Rsecurity
kt .

– Divisionof reservesbetweenRadequacy
kt andRsecurity

kt maynotbefully
explicit in practice.
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7.11.4.2Conditionsfor curtailment
� Whathappensif ageneratorproviding energy trips?

– Spinningreservesaredeployed.
– Changein costof dispatchdueto increasedcostof actuallyrunning

spinningreserveslessthesavingsin productioncostof outaged
generator.

� Whathappenswhenspinningreservesaredeployedor agenerator
providing spinningreservestrips?
– Otherreservesaredeployedto restorespinningreservesor other

non-spinningreservesarecommitted.
– Furtherchangein costof dispatch.
– Theseotherreservesareproviding adequacy; thatis, ensuringa low

probabilityof having to curtail demandto maintainsecurity.

� How muchoutagecapacityPoutage
t canwesustainin hourt beforewe

have to curtail loadto preservesecurity?
– Until thetotaloutagedcapacityexceedstheamountof reservesthat

wereacquiredfor adequacy.
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7.11.4.3Probabilityof curtailment
� Theprobabilityof curtailmentin any givenhourt is theprobabilitythat

thetotaloutagein thehour, Poutage
t , exceedstheamountof reservesthat

wereacquiredfor adequacy in thathour, Radequacy
t = å n

k= 1Radequacy
kt .

� Thatis:
Probability(Poutage

t � Radequacy
t ):

� Theoutageprobabilitydistributiondependson thetheoutage
characteristicsof generators,total in-servicecapacity, andothersystem
conditions.

� Thetotaloutageis adiscreteor mixedrandomvariable.
� Theamountof curtailedloadis equalto maxf 0;Poutage

t � Radequacy
t g

� In somecases,theprobabilitydistributionof Poutage
t canbeapproximated

by anexponentialdistrib ution with parametersthatdependonly weakly
onsystemconditions:

Probability(Poutage
t � y) � a0exp(� y=M);

� wherea0 andM dependonly weaklyonsystemconditions.
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7.11.4.4Expectedenergycurtailed
� Theprobabilitydensityfunctionof theamountof outageis

(a0=M) exp(� y=M)
� So,theexpectedcurtailedenergy is:

Z D+ Radequacy
t

y= Radequacy
t

(y� Radequacy
t )(a0=M) exp(� y=M) dy

=
h
� (y� Radequacy

t )a0exp(� y=M)
i D+ Radequacy

t

y= Radequacy
t

+
Z D+ Radequacy

t

y= Radequacy
t

a0exp(� y=M) dy;

integratingby parts,

= ((D � M) exp(� D=M) + M)a0exp(� Radequacy
t =M):
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7.11.4.5Re-formulationof non-spinningreserves
� Recallthatthecostassociatedwith agivenlevel of non-spinningreserves

is:

VOLL � expectedenergy curtailed

= VOLL � ((D � M) exp(� D=M) + M)a0exp(� Radequacy
t =M);

= VOLL � ((D � M) exp(� D=M) + M)a0exp

 

�
1
M

n

å
k= 1

Radequacy
kt

!

:

� If we includethis term(or anapproximationto it) in thecostfunction
thenit will implicitly requireenoughnon-spinningreservesto ensurethat
theprobabilityof curtailmentis reducedto anacceptableprobability.

� If thereis price-responsivedemandthentheamountof demandmaybe
modulatedto ensurethatenoughnon-spinningreservesareavailable.
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7.12 Summary
� In thischapterwehaveconsideredtemporalissues.
� We formulatedtheunit commitmentproblem.
� We investigatedthedualitygapin theproblemandtheimplicationsfor

commitment-supportingprices.
� Webrie�y consideredday-aheadandreal-timemarkets.
� Weconsideredreserves.
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