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Unit commitment

(i) Temporalissues,
(i) Homework exercisesDue WednesdayDecembes,
(ii)) Unit commitment,
(iv) Lagrangiarnrelaxation,
(v) Duality gaps,
(vi) Mixed-integer programming,
(vii) Dispatchsupportingpricesandmake-wholepayments,



(viii) Anonymity of prices,
(ix) Implicationsfor investmenandconsumptiordecisions,
(x) Day-aheadindreal-timemarlets,
(xi) Reseres.



Sofarwe have consideregarticularperiodsof time.
Demandhasbeenrepresentedly its assumedknown averagevalueover a
period,ignoringwhetherthis demandvasoccurring:

— “now” (thatis, in the next few minutesor next period),or
— in thefuture (suchasduringanhourof tomorraw).

Supplyhasbeenrepresentetlty assuminghatunit commitmentdecisions
hadalreadybeentaken:

— eachgeneratols commitmentstatuds x ed.

We have ignoreduncertaintyexceptimplicitly throughspinningresenes
andregulation.
In this chaptemwe will generalizehisin severalways,by considering:

(i) variationof demandovertime,
(i) ramprates,
(iif) unitcommitment,
(iv) uncertainty
(v) day-aheadndreal-timemarkets,and
(vi) differenttypesof resenes.



7.1.1 Variation of demandover time
Supposehatwe areconsideringhe averagedemandn eachtime period,
sayeachhour, tomorrow.
Thatis, we areplanningday-ahead
For now, we will continueto ignoreunit commitmentdecisions.

averagepower demandp;.

We needto satisfypower balanceesachhour (and,of course continuously
but thiswill beachieredby thereal-time market).



7.1.2 Ramp-constrainecgtconomicdispatt
7.1.2.1 Decisionvariables

We generalizeour previousformulationsothat Py representtheaverage
power generatedby generatok in hourt.

We collecttheentriesP; togetherinto avectorP 2 RT.

As previously, we canalsoconsiderthe spinningresenesandlet Ry be
theamountof spinningreseresprovided by generatok in hourt.

We collectthe entriesRy; togethetinto avectorR, 2 RT.

We collect R, andR, togethelinto avectorx, 2 R?T.

We collectthe vectorsx, togethelinto avectorx 2 R2"T.

In someexampleswe will only considerenegy andnotresenres,in
which casewere-de nex= P2 R"T andre-de neary associated
functions,matricesandvectorsappropriately



7.1.2.2 Geneator constaintsincludingramp-ate constaints

Eachgeneratok hasafeasibleoperatingsetS.

In additionto minimumandmaximumgeneratiorandspinningresene
constraintstherecanbeinter-temporal constraintsin thespeci cation
of S thatlimit the changen averageproductionfrom hourto hour.

For example,if theramp-ratdimit is 1 MW perminutethenthegenerator
constraintdor generatok couldbe:

8t=1,::;;T;, P P« Py

8t=1,::;;T, 0 Ry 10

8t=1:::;T, P¢ PetRae P

8t=1;::5T, Pq 1 60 Pe¢ P 1760 Rt 1

whereRg andRy arethe power andresenresfor thelasthourof today
and

wherewe have requiredthatthe spinningreseresbe availablefor
deploymentduringarny onel10 minuteperiodthroughouthehour



Geneator constaintsincludingramp-ate constaints, continued

As previously, we canspecifythefeasibleoperatingsetfor generatok in
theform:

S= %2 RTjd, G  d;

whereG,2 R« 2T, d 2 R, anddy 2 R'k.
Otherformulationsof generatoconstraintdesidesur examplealso t
into this form.



7.1.2.3 Genentor costs
Generatok hasa costfunction fy for its generatiorover thehours

Typically, if aunitis committedthenthe productionin onehourdoesnot
(directly) affectthe costsin anothemoursothatthe costsareadditively
separablacrosgdime:

T

8% f(%) = a fue(%a);
=1

wherexy = FF;qkt :

Typically, we would expectthat f; doesnotvary signi cantly from hour
to hour, exceptfor:

— temperatur@andpressureelatedchangesand
— signi cant changean fuel availability or cost.

We will treatstart-upcostswhenwe explicitly considemunit commitment.



7.1.2.4 Problemformulation
Theresultingramp-constrainedconomiadispatchproblemis in theform
of ourgeneralizececonomiadispatchproblem:

8kr;1)?k|2nskf f(X)JAx= b;Cx dg

= min f f(X)jAx= b;Cx d;8k;d, Gx« dg:

This problemis cornvex andcanbe solvedwith standardalgorithmsfor
minimizing corvex problems.



7.1.2.5 Example
Supposehatwe have two generatorsn = 2, with costs:

8t; fi(Py) = 2Py;100 Py 300
8t; fa(Px) = 5Px;100 Py 300

Thegeneratorfiave ramp-ratdimits of D, = 200MW/h andD, = 100
MW!/h, respecirely.
We considerday-aheadlispatchacrosswo hours, T = 2, with demands:

t of 1| 2
Dt | 200| 400| 600

Thet = 0 entryin thetableis thedemandor thelasthourof today
Thet = 1,2 entriesarethedemanddgor the rst two hoursof tomorrow.
Also, Pip= 100MW andP,g= 100MW arethegenerationsn thelast
hourof today

We ignoreresenressothatthe only systemconstrainis supply-demand
balanceor power.

We solve theramp-constrainedconomiadispatchproblem.




Example continued
Thegeneratoconstraintdor generatok = 1;2 are:

8t=12 P P« Py
8t=12 PRgi1 Dk Pe Bq 1t Do
which we canrepresenin theform:
Sc= 2 R0, G dg;
by de ning d, 2 R* G2 R* 2, andd, 2 R* as:

2 3
2 P, 3 2 103 Py
4-8%9, 0Eq-] 1 %a-§Rar0d
Dx 11 Dx



Example continued

Sincegeneratod is the cheapersowe would preferto useit insteadof
generatop.

Sincetheramp-ratdimit for generatod is D; = 200,for hourt = 1, we
considersetting:

Prp = Piot+ Dy
= 100+ 200
= 300
With P;1 = 300,to meetdemandwve would have:

Po1 = D1 Pug;
400 300
= 100



Example continued
However, we now have a problemin hourt = 2, since:

— generatod would beatits maximum,

— generatof canonly increasdédy D> = 100from hour1 to hour2, sothat
P, P+ Dy = 100+ 100= 200MW, and

— supplywould thenbe 100MW lessthandemandn hour2.

SettingP;1 = 200doesnot work!



Example continued

Instead we needbothgeneratorgachproducingat their capacityof 300
MW in hour?2 to meetthedemandsothatP;o> = P, = 300MW.

— Working backwardsin time, generato2 mustbe producingatleast200
MW in periodl becaus®f its ramprateconstraintsoP,;  200MW.

— Sincegenerato? is the moreexpensve, we do not wantit to produce
morethannecessaryandsowe will try to seeif we cansetP>1 = 200
MW.

— In this casegeneratod mustproduceP;1 = 200MW in periodl to
meetdemandf D1 = 400.
— This solutionsatis estheramp-rateconstraintsandis optimal.

Theramp-constrainedconomiadispatchsolutionis:

t o 1| 2
D: | 200| 400| 600
P;; | 100| 200] 300
P, || 100{ 200| 300




Example continued

Whatarethevaluesof the Lagrangamultipliers?

To answetthis questionwe will considerseveralof the rst-order
necessargonditions.

Notethatgeneratod is neitheratits maximumnor minimumin hourl,
nor areits rampconstraintdindingacrossary periods.

Therefore py complementarglacknessall Lagrangemultipliersonits
generatoconstraintassociateavith P1; arezero.



Example continued
By the rst-order necessargonditionsfor generatof associatedvith
P11:
0 = Nfyg(Pl) 1] (Gl + [Gua] S
Nfio(P7) 173
=2 17
where:
G, is the gegeratorconstraintmatrix for generatod,
1

G = 9 (1)52) is the columnof G; associatedvith P11, and

1
Eri) andn’i’ arethe Lagrangamultipliersonthe generatorconstraintgor

generatod.
Thatis, | 7 = 2.



Example continued
Generatof:

is atits maximumin hour2,
hasits ramprateconstraintindingfrom hourO to hour1, and
hasits ramprateconstraintindingfrom hour1 to hour2.

Thatis thebindinggeneratoconstraintdor generato® are:
P 300 (Lagrangemultiplier i,capacit):
P1 P+ Dy; (Lagrangemultiplier i3m0
P2 Par+ Dy; (Lagrangemultiplier i3, ,)-
By complementarglacknessall Lagrangemultiplierson generator

constraint§or generato® arezero,exceptfor the Lagrangemultipliers
onthesethreebinding constraints.



Example continued

By the rst-order necessargonditionsfor generatof associatedvith
P21Z

0 = Nfx(P3) 17 [Gl' u2+[Gzﬂ L , ;
2 ,3+cq?

2 :
BT I‘121capa0|t 1 “21capaC|ty
= NfuPl) 17 4 1% éuz“ampz g o6 §E2”amp ,
IJZZCapacn 1 220apaC|ty
ll22ramp |J'22ramp

?

— KN ? : ? ?
= Nf2g(Pzy) 1 EZlcapacity Eeramp E22ramp
+ 2 + 2 2 .
UZlcapacity U21ramp |~l22ramp
— KN ? ? =? ol .
= Nf21(P21) | 1t Ueramp p—22ramp
by complementarglackness,

2 2 .
= 5 2+ p-21ramp p—22ramp



Example continued
where:
&, is the gegeratorconstraintmatrix for generatog,
1

G = 9 (1)52;. is thecolumnof G, associatedavith P,;, and
1

2 5 3 2 5 3
l'1,2)1capaC|t |J'21capac|ty
W = §“,z)1ramp E andp; = §|J'21ramp Z arethe Lagrangemultipliers
- l'122capa0|t l'122061I0610|ty
? V%
l'l22ramp 22ramp

onthe generatoconstramtsfor generatop.
Therefore“ZZramp “21ramp + 3.



Example continued
By the rst-order necessargonditionsfor generatof associatedvith

Pzz:
0 = NP}y 13 [Gd" 12+ G R
= NfZZ(Pé)Z) | ’2)"' |_J§20apacity+ p;Zramp'
by complementarglackness,
= 5 | ’2)"' |-_1"2)2capacity+ I_J;Zramp'
where:
G is t@eoqganeratoconstraintmatrixfor generatog,

Gpo = 92% is the columnof G, associatedavith P,o, and

1
E'Z-’ andrfé’ arethe Lagrangamultipliersonthe generatorconstraintgor

generato@.
? = 2 A
Therefore] 5 = 5+ Myocapacity’ Pozramp



Example continued
Summarizing:
p-’é)Zramp = p-glramp"' 3
I Z = 5+ HZanpacity"' EEZramﬁ
Let'stry to nd anon-najative solutionfor thesetwo equationsn the
four Variablesnngamp. ﬂglramﬁ nchapacity andrl’é)Zramp'
We setﬁglramp = 0; constraints “just” binding,
Therefore:ﬁé)Zramp = Hglramp"‘ 3,
- 3

We setflsocapaciy = 0; constraints “just” binding,
12 = Ea 2 o
Thereforel ; = 5+ Paocapacityt Po2ramp
= 5+ 0+ 3;
= 8



Example continued
Thesolutionis:

=7 - N
I-’-eramp = 0
) - 3
M22ramp ,
=? - O
|J-220apacity - ,
15 = 8

Theseparticularvaluesconstituteoneof multiple solutionsfor the
Lagrangamultipliers.

Any othersolutionof thetwo equationshaving non-neative valuesfor
theLagrangemultiplierson theinequalityconstraintsalsoprovides
Lagrangamultipliersfor this problem.



7.1.3 Ramp-constrainedffer-basedeconomicdispath
7.1.3.1 Geneator offers

Generatok makesan offer for its generation.
Theoffer is usuallyrequiredto be separablecrosshours.
Sometimesnarket rulesrequirethe offer for eachhourt to be x ed
independentf t (asin PJM)andsometimeshe offer canvary from hour
to hour(asin ISO-NE,NYISO, andERCQ):
— marketruleson x edversusvaryingofferscanaffect the exerciseof
market power,
— discussedn market power course,
http://users.ece.utas.edu/ baldick/classes/
394V _market power/EE394Vmarket power.html.

Assumingthatoffersre ect mamginal costs the offer for generatok is:

wherexy = 2:{ :



7.1.3.2 Offer-basedeconomidispatt andprices

Usingthe offer costsresultsin offer-basedamp-constrainedconomic
dispatch:

min f f(X)jAx= b;Cx d;8k;d, G da:
x2 R2nT

The solutioninvolvesdispatcb('k’ for eachgeneratok andLagrange
multipliers:

| ? andp? on systemconstraintsand
E{i andn;-(’ ongeneratoconstraint§or eachgeneratok.

Dispatch-supportingricescanbe constructedispreviously:

= (A7 G

To summarizethe generalizatiorof the problemto includemore
complicatedgeneratoconstraintandmorecomplicatedsystem
constraintsloesnot fundamentallycomplicatethe pricing rule, solong as
thegeneralizeskconomiadispatchproblemis convex:

— we will qualify this statemenin the context of anticipatingprices.



7.1.3.3 Example

Continuingwith the previousexample,assuméhatthe generatoreffer at
their mamginal costsin eachperiod:

Nfy(Py) = 2,100 Py 300t= 1;2;
Nfx(Px) = 5100 Py 300t= 1;2:
Fromthe previousanalysiswe have that:

t 1 2
D; | 400| 600
p? [ 200 300
P [ 200|300
7T 2] 8
Thepricefor enegy in hourt = 1is| 7 = 2$/MWh:

— generatod with offer price Nf11(P11) = 2%/MWhis mamginal, but

— thepriceis lower thantheoffer price of Nf,1(P;) = 5$/MWh for
generatoR.




Example continued

GeneratoR is operatingaboveits minimumin hourt = 1, soit is
operatingatalossin hourt = 1 andcouldreducets operatingossesf it
operatedatits minimumin hourt = 1.
Why would generatooperateabove its minimumin hourt = 1 whenthe
priceis only 28/MWh?
Thepricefor enegyin hourt = 2is| 3: 8%/MWh, whichis higherthan
the higheroffer price of bothgenerators!
Thepricein hourt = 2 is necessaryo inducegenerato® to produceata
lossin hourt = 1.
— Theinfra-maginal rentin hourt = 2 equalsthelossin hourt = 1 for
generatog.
— Generator is indifferentto arny levelsof productionthatinvolve
P Po1= Dy,
— Thepricessupporithe dispatchbut do not strictly supportdispatch.



Example continued
GeneratoR is “marginal”’ in hourt = 2 in thatchangedo its offer price
Nf2(P5,) would affectthepricel 3 in hourt = 2:
— thepricein hourt = 2is| 3= Nfyx(P5,) + (Nfa1(Ps)  Nfya(P7)),
— somavhatdifferentto earlieruseof “marginal” sinceoffer prices
Nfa2(P5,) andNf,1(P;,) of generatod arebothinvolvedin settingthe
pricefor hourt = 2.

Pricesareabove the highestmaminal costbecauseherearebinding
ramp-rateconstraints.

— We alsosaw thatpricescanrise above the highestoffer pricein the
presenc®f bindingtransmissiorconstraints.



7.1.3.4 Discussion
This exampleis somavhatunrealisticfor severalreasons:

— Ramp-rateconstraintsaretypically not bindingacrosamultiple hoursin
ERCOT (butincreasedvind generatiormay changehisin themorning
ramp-upof demandandthe eveningramp-davn of demand).

— Themoreexpensve generatohasthetighterramp-rateconstraint.

— TheERCOT day-aheadnarket doesnot representamp-rateconstraints.

This particularexamplerequiresanticipationacrossmultiple periodsto
solve:

— Anticipationacrosgnultiple periodsis not alwaysnecessaryor nding
theramp-constrainedptimum,asthe Homework exercise parta, will
illustrate.

Day-aheadmarketsprovide all pricesto market participantdor afull day
atonceandcanthereforesupportanticipation:

— but, asmentionedthe ERCOT day-aheadnarketdoesnotrepresent
ramp-rateconstraints.



Discussiongcontinued

Somer eal-time marketsdo representamp-rateconstraintsacrossseveral
( ve minute)periods:

— Californiamarket,

— PJMis implementing.

Thetypical arrangemenis to solve multi-perioddispatchfor several
periodsbut to only provide explicit priceanddispatchinformationto
market participantdor the next period.

If market participantsdo notanticipatepricesin subsequemneriodsthen

the market cannotincentvize sequencesf dispatchthroughtime that
involve anticipation:

— Real-timemarketscanrepresentamp-rateconstrainton changan
generatiorbetweemmostrecentperiodandthe next period(see
Homawork exercise parta, for example),but

— anticipationis requiredto incentvize actionsin the next periodthat
provide for meetingramp-rateconstraintetweerthe next periodand
furtherinto thefuture (aswasnecessaryn theramp-constrained
examplein Section7.1.3.3.



Discussiongcontinued
Alternativesfor supportinganticipation:
— 1SO providesexplicit informationaboutanticipateduture prices(asin
theexamplein Section7.1.3.3,

— market participantestimateandanticipatefuture pricesthemseles,or
— 1SO modi es currentpricesto re ect effect of future constraints:

in theexamplein Section7.1.3.3 raisethepricein periodl for
generatoR to 5$/MWh,
while keepingthe pricein period1 for generatod at 2$/MWh.

Modifying currentpricestypically involves“non-anorymous” prices
sincethey will involve Lagrangemultipliersexplicitly associateavith
generatoconstraintdor generatok.

Despitetheimplicationsof anticipation the exampledoesillustratethat
inter-temporalconstraintglo not per sepresenfundamentatif culties
solong asfuture pricesareanticipated.



Supposehatwe have two generatorsn = 2, with offer costs:

8t; fi(Py) = 2P;100 Py 400
8t; fa(Px) = 5Px;100 Py 300

Thegeneratorfiave ramp-ratdimits of D, = 50 MW/h andD, = 100
MW!/h, respecirely.
We considerday-aheadlispatchacross ve hours,T = 5, with demands:

t oL 1| 2| 3| 4, 5
Dt | 250| 350| 400(425| 450|475

Thet = O entryin thetableis thedemandor thelasthourof today
Also, Pig= 150MW andP,g= 100MW.
We ignoreresernes.

(i) Solvetheramp-constrainedconomiadispatchproblem.
(i) Whatpriceis paidfor enegy in eachhour?
(i) Whatdo you noticeabouttherelationshipbetweerdemandand
prices?




Now we considerthe commitmentof generators.

In contrasto theeconomiadispatchproblemsandthe generalizationsve
have consideredofar, unit commitmentequiresnteger variableso
representhedecisions.

Theintegervariablespresendif culties in two relatedways:

(i) solvingtheproblemsand
(i) nding dispatch{andcommitment-)supportingorices.
We will analyzeoneparticulartype of algorithm,Lagrangiarrelaxation,
for attemptingo solve suchproblems.
Lagrangiarrelaxationwill helpusto understand:
— thedif culty in solvingsuchproblemsand
— why the previousapproacho nding dispatch-supportingricesfor
corvex problemsdoesnot (quite)work in the contet of unit
commitment.



7.2.1 Decisionvariables

In additionto the continuousdecisionvariablessuchaspower and
reseres,we mustconsiderrepresentationf the decisionof ageneratoto
beon or off.

We will representhiswith binary variables:

O; if generatok is off in hourt,
1; if generatok is onin hourt.

We collecttheentriesz, togetherinto avectorz, 2 ZT andcollectthe
vectorsz, togetherinto avectorz2 Z"T.
Otherrepresentationarepossibleandvarious“tricks” aretypically used
in thespeci cationof problemswith integerandbinaryvariablesin order
to helpwith solution:

— someof thesetricks areproprietaryor notwidely known, and
— we will simply considera straightforvardformulation.



Decisionvariables,continued

We canconsidertherequirementor z; to bebinaryasconsistingof two
requirements:

z¢ 2 fz2¢2Rj0 z¢ 1g;
2 2 Z:

The rst requirementhatz; bebetweerD andl is anexampleof a
generatoconstrainthatcanberepresenteaith linearinequalities.

— This ts our previousformulationfor economiadispatch.

— As previously, suitabled,; dy, andG, canbefoundto expresssuch
generatoconstraintsn theform:

Z :

d dy:

[/ € X k

— For example theconstrainD  z; 1 couldbeexpresseds:

o [10]



Decisionvariables,continued

Therequirementhatz; beintegervaluedyieldsanon-comwex feasible
operatingsetfor eachgenerator:

_ Zx T 2T Z pra

= 272" R d dk ;

S X d. & X K

This meanghatthe unit commitmentroblemis a non-corvex problem.
Thenon-cowvexity makessolutiondif cult andcomplicateghe pricing
rule.



7.2.2 Generatorcosts

We now assumehatthe costfunctionfor generatok depend®n both z
andx, sothatf,: ZT R2T!I R.

For conveniencewe will sometimesssumehat fy hasbeenextrapolated
toafunctionfy: RT RZT! R.
Thecostfunctionfor generatok represents:

the costof producingenegy andof providing reseres(already

consideredn thedispatchproblem),
start-up costs and
no-load or min-load costs

Becausestart-upcostscandependon changesin commitmentstatusthe
costfunctionis nolonger(completely)additively separable.



Generatorcosts,continued

However, costscanusuallybe consideredo bethe sumof costs
associatedvith:

start-upcosts,dependingnly ontheintegervariablesz, but not
additively separable,
no-loador min-loadcosts additively separableanddependingnly on

whichtheunitis running.



7.2.2.1 Start-upcosts
Start-upcostsdependon z, andarenot additively separablecrosgime:

T
a 21 zt 1)
t=1

where:

S« arethestart-upcostsfor startingup in hourt, ignoringvariationof
start-upcostwith time sincelastshutdavn, and
Z Is thecommitmentstatusat theendof today
Thatis, start-upcostsareonly incurredwhena generatomasoff in hour
t 1andonin hourt.



7.2.2.2 Min-load costs
Min-load costsdependon z, andareadditively separablecrosgime:
1 I
Z T
fk 1P =

Z¢ f Py
0 t —x

1

where:

Py is themin load,and

jkt is themin-loadenegy offer associateavith operatingat Py.

7.2.2.3 Incrementakenegy andreservesosts
Incrementaknepgy andreserescostsabose min-loadcostsdependon Xy

in eachperiodfor which theunitis runningandareadditively separable
acrosgime:

Zit

fie X

1

fk =

1 g
Xk =

t



7.2.3 Generatoroffers
How to specifythe offers?
Building on offer-basedeconomiadispatchwe will still assumehatthe
dependencef offerson power andreseresarespeci ed asthegradient
of costswith respecto power andresernes.
We will assumehatthe dependencef offerson power andresenesare
requiredto be separablecrosdime, sothatthe offersare:

Te 1 . _ ... .
™ t= 1T

Abusingnotationsomevhat,we will write Nf,¢(Xi) for%gkt Xlkt ,

with theunderstandinghatthe offer functiondependencen power and
reseresis only meaningfulfor z; = 1.
Thatis, theoffersarespeci ed by thefunctions:

Nfg;t= 1;::5T:

We will call this collectionof functionstheincrementaknegy and
resene offers.



Generatoroffers, continued

To specifythe start-upcosts thevaluesof si;t = 1;:::; T arerequired.
To specifythemin -loadcosts thevaluesof the min- Ioadenegy offer
f o t= LT andthevalueof themin-loadPy arerequired.

Theoffer costfunctlon canbereconstructedrom the start-upcoststhe

min-loadenegy offer, the min-load,andtheincrementaknegy and
resere offers:

T Z

o  Yk=X ~
Z¢(1 Ze 1)Sa* 4 zef Pet Q 2a[Nfie (yie)]" dyie:
1 t=1 t=1 Ya=[¢]

Z
kak

Qo

t

In contrasto the casein theeconomiadispatchproblemiit is necessaryo
explicitly representhecostfunctionin orderto:

— comparecostsof committinganddispatchingalternatve generatorsand
— to calculate'make-whole” costs.



7.2.4 Formulation

As previously, we de ne the objectve of the unit commitmentproblemto
bethe sumof the costfunctionsof the generators:

z 9

x -~ a fi
k=1

Theunit commitmentroblemmeango solwe:

nT. 2nT. Z
8z2 Z"":x2 R“"": f X

min f z Ax= b Cx d
sk[ilsc X
Z

= min f Ax= b;Cx d;8k;dy Gk)z('l: dk

72 ZnT;XZ R2nT
(7.1)

In someexampleswe will again only considerenegy andnotreseres,
in which casewere-de nex= P2 R"T andre-de nethefunctions,
matricesandvectorsappropriately



7.3.1 Description

Lagrangiarrelaxationis a computationatechniquefor approximately
solving problemssuchasthe unit commitmentproblem.
Thesystemconstraintaredualizedandwe maximizethedual:

max min f 2 +1fax p+pfcx d) : (7.2)
w0 8k[x]2s« X
Thisis analogoudo solvingthe economiadispatchproblemby dualizing
the systemconstraints.
We usea similar pricing rule to thatusedin offer-basedeconomic
dispatchput basedn eitherthe currentvalueof thedualvariablesata
particulariterationor on the maximizerof thedual.
This separatethe unit commitmentrobleminto:
— asub-problenfor eachgeneratomvolving pro t maximizationfor the
generatarand
— theproblemof nding thevaluesof thedualvariableshatmaximizethe
dual.



Description,continued

Eachgeneratomaximizedts operatingoro t for thegivenprices,as
speci ed by the currentvaluesof thedualvariables.
Thedualvariablesareupdateduntil a maximumof the dualfunctionis
obtained.

Theremaybeaduality gap.

If theduality gapis hon-zerahenanad hocpost-processingtepis
requiredto producea solutionthatsatis esthe systemconstraints:

— suchadhocstepsareproblematidbecausehey presenppportunitiedor
market participantgo in uence outcomeghroughchangedgo offersthat
do notrepreseneconomicdundamentals.

We will seethatthe maximizerof thedualcanprovide importantinsights
evenif it doesnotyield the optimalunit commitment.



7.3.2 Example
Recallthe previousexamplein the context of duality gapswhereasingle
generatowasavailableto meetademandof D = 3 MW in thesingle
periodT = 1.
Thegeneratohadtwo variablesassociatedvith its operation:
— the“unit commitment”variablez2 Z, and
— the“production”variablex= P2 R.

Thecostfunctionf : Z R'! R for thegenerators:

z

Tox

= 4z+ x,2210;19;2z x 4z

Recallthatif thegeneratowerepaidl for its productionthenits pro t
maximizingbehaior would be:

(&

x= 0or4;

4

This meantthatno pricewould equatesupplyto demandof 3 MW.

if | < 2,
if I = 2,
if I > 2.

vV I A



Example,continued
Now considerthe caseof a generatowith costfunction:

z

T

= 4z+ bx;z2 f0;19;2z x 4z

whereb 0.

Supposehatthegeneratois paidl for its power productionx andthatit
nds thevalueof productionthatmaximizespro t speci edby:

z

Ifo

We performsimilar analysisto previouslyto nd thepro t maximizingx
(andz).



Example,continued

To maximizeprot | x f i = (I b)x 4z wemustcompare:

theprot forz= Oandx= 0, (namelyaprot of 0),to
themaximumprot over2 x 4forz= 1.

We considewnariouscasedor | .
| b

0> 4
(I b)x 4;,for2 x 4.

So,theprot is maximizedfor z= 0;x= 0.
b<l <1+Db
Then(l b)x< 4for2 x 4.

0> (1 b)x 4;for2 x 4.
So,theprot is again maximizedfor z= 0;x = 0.



Example,continued
| =1+Db
ThenO0O> (I b)x 4for2 x< 4.
Also,0= (I b)x 4forx= 4.
So,thepro t hastwo maximizers:

z= 0:x= 0, and
z= 1;x= 4.
| > 1+ Db

O< (I Db)x 4 forx= 4.

Moreover, theright-handsideincreasesvith increasingx, soit is
maximizedover2 x 4byx= 4,
So,theprot is maximizedfor z= 1;x= 4.



Example,continued
Thereforejf thegeneratomwerepaidl for its productionthenits pro t
maximizingbehaior would be:

( 0, ifl

1 < 1+ bl
x= Q0or4; ifl =1+Db,
4; ifl > 1+ b.

If we have justonegeneratohaving maiginal costb thentherewill still
typically beno pricethatequatesupplyto demandunlessdemandwvere
changedo D = O or 4.

Theprice,| = 1+ b, atwhichthegeneratostartsto producedepend®n
b.

We still typically have a duality gap sincethe minimumof Problem(7.1)
is strictly greatetthanthe maximumof Problem(7.2).



7.3.3 Larger example

Supposehatwe generalizéhe exampleproblemto the casewherethere
aremultiple generatorsvith differentcostcharacteristiceandalarger
demand.
SupposehatdemandvasD = 303MW.
Assumethattherearenoresenre requirementssoxy = P for generatok.
Supposehatwe had100generatorswith generatok having cost
function:

f X

x, = At bxczc2101g2zc x4z

where:
Thefeasibleoperatingsetfor eachgeneratok is:

S = f‘k 22 10;10,2z¢ x« 4z



7.3.3.1 Solution

Eachgeneratohasa slightly differentoperatingcostfunction, with
highervaluesof k associatedavith moreexpensve generators.
Theoptimalcommitments for:

Minimum costis therefore:
75

4 1+ (1+k=100 4]+ [4 1+ (1+76=100 3]= 72328
k=1

Thisis the minimumof Problem(7.1), whichwe could nd in thiscase

becaus®f the simplestructureof the problem.

We will investicatethe maximizerof the dualproblem,Problem(7.2),

andseetheinsightsit providesinto the minimumandminimizer of
Problem(7.1):

— theseansightsfrom thedualproblemareusefulevenif we cannot nd
the minimumandminimizerof Problem(7.1)



7.3.3.2 Maximizerof dual
Thedualproblem,Problem(7.2), in this casais:

( ( 1))

2 1(90
max min f x T | D a X
2R 8k=1;::;100 ]2 S« k=1

Supposeve setl sothat2+ 75=100< | < 2+ 76=100.
— For example,supposeahatwe setthe priceto bel = 2:755.

— Total productionwill be 300MW.
Now supposdhatwe setl sothat2+ 76=100< | < 2+ 77=100.
— For example,supposeahatwe setthe priceto bel = 2:765.

— Total productionwill be 304 MW.



Maximizerof dual, continued

Themaximizerof thedual, Problem(7.2), occursfor | 7 = 2:76 andhas

valueof 722.28.

— Total productionis either300or 304 MW.

— Thereis still no priceweresupplyequalsdemandof 303MW.

— However, the supply-demandonstrainis violatedby arelatvely
smalleramount.

— Moreover, thecommitmentanddispatchdecisiondor generators

problemsarecorrect.

Thedualitygapis 72328 72228= 1.
Theduality gapis relatively smallerasa fractionof the minimumof the
primal unit commitmentroblem.



7.4.1 Discussion
In boththe rst exampleandthelargerexample,thereis aduality gap.

Themaximumof thedualobtainedoy dualizingthe systemconstraintss
strictly lessthanthe minimumof the primal problem.

Theprimal variablesresultingfrom thegeneratopro t maximization
sub-problemslo not satisfythe systemconstraints.

However, theduality gapis relatively smallerin thelargerexamplethan
in the rst exampleandthe systemconstraintsareviolatedby arelatvely
smalleramount,sothe primal valuescorrespondingo thedualmaximizer
canprovide a usefulapproximateguideto the optimumof the unit
commitmentProblem(7.1).

If thegeneratorcostcharacteristicareheterogeneoukentheduality gap
(andtheviolation of the systemconstraintspecomeselatively smalleras
the numberof generatorgrows large.

Thisis thekey to applicationof Lagrangiarmrelaxationto large-scale
systemssincethe post-processingtepto createa feasiblesolution
involvesa smalleradjustmentor largersystems.



7.4.2 Non-existenceof dispatd-supportingprices

Unfortunately the existenceof a non-zeroduality gap meanghatprices
onthe systemconstraintsalonecannotencourag@ro t-maximizing
generatorso commitanddispatchin away thatis (exactly) consistent
with optimalunit commitmentanddispatch.

For eachvalueof the pricevector somesystemconstraintwill fail to be
satis ed by theresultingpro t-maximizing decisionsof thegenerators.



Non-existenceof dispatd-supportingprices,continued

As Stoftargues however, by modifying demandslightly we canobtain
dispatchsupportingprices:

— if thegeneratiorstockis heterogeneoutienthe modi cation will be
small,

— in thelargerexample,the modi cation would beat most2 MW,

— sincethereareotheruncertaintie@nderrorsin dispatchjt maybe
reasonablé¢o ignoretheduality gapin this case.

Thisis thebasisof a principledagumentagainstcentralizedunit
commitment.

Howeverwe will continueto assumehatthe SO performscentralized

unit commitment:

— ERCOT will usecentralizedunit commitmentanddispatchin thenodal
market, re ecting the compleity of the variousconstraintsparticularly
transmissiorconstraints.

We will developanapproacho inducingthe generatorso produce

consistentvith optimalunit commitmentanddispatchthatinvolvesan

additional“‘make-whole” paymentto somegenerators.



7.4.3 Make-wholepayment

As discusse@bove, the existenceof a non-zeroduality gap meanghat
priceson the systemconstraintsalonecannotencourage

pro t-maximizing generators$o all commitanddispatchin away thatis
consistentvith optimalunit commitment.

However, in theexamplewith D = 303, all but oneof thegenerators
would be committedanddispatchedatorrectlyif the priceweresetequal
to themaximizerof theduall ? = 2:76:

total of 300MW.



Make-wholepayment,continued

To meetthetotal demanddf D = 303MW, generatok = 76 should
produce3 MW:

— thecostfor generatok to produce3 MW is:

R
S
f76 Xég = 4z56+ breXog
= 4 1+ (1+76=100 3.
= 0:28:

— with anenepy priceof | 7 = 2:76$/MWh,generatok = 76 would
receverevenuef| ?  x7,= 2:76 3= 8:28if it produced = 3.

— generatok = 76 would needanadditionalpaymentof
9:28 8:28= 1%/hin orderto have non-ngative pro t, basednan
enegy priceof | * = 2:76$/MWh,

— this differenceis equalto the duality gap.



Make-wholepayment,continued
Supposeve nd pricesfor enegy andresenesusingsomealgorithm:
— for example,the maximizerof thedualfrom Lagrangiarrelaxation.

For somegeneratorstheir pro t maximizinggeneratiorbasednthese
enegy andresenespriceswill be consistentvith optimalunit
commitmentanddispatch:

— thesegeneratorairepaidbasedntheseenegy andreseresprices.
For therestof the generatorspaybasedn:

— theenegy andresenresprices,plus
— anadditional‘make-whole” paymenthatinduceshemto generate
consistentvith optimalunit commitmentanddispatch.



Make-wholepayment,continued

Whatmake-wholepaymentwould be sufcient to inducebehavior
consistentvith centralizedptimalcommitmentanddispatchas
determinedy thelSO?

Givenanenenpy pricel ?, andgiventhatgeneratok could choosdts
commitmentz, anddispatchx,, maximumpro t for generatok would be:

2,1 ? 2 Zy
(I )= max | x f
P(l ) hax I ey,

Givenanenepy pricel ? andgiventhe centralizedptimal commitment
zf(’ anddispatcth for generatok determinedy thelSO,pro t for
generatok would be:

Notethat, by de nition:

2
PR 1 f 3
K



Make-wholepayment,continued
2

IFp2(1 D) = 15¢ i )fE
— thenthepro t maximizingbehaior of generatok in responseo | ?
aloneis consistentvith optimalunit commitmentanddispatch,

— no make-wholepayments needed.
2

ifp2(1 7> 1% )fE
— thenthepro t maximizingbehaior of generatok in responseo | ?
aloneis inconsistentvith optimalunit commitmentanddispatch,
2
— anadditionalmake-wholepaymenof pS(1 7))  17x7 g )Z(ls is
k
necessaryo inducebehaior thatis consistentvith optimalunit
commitmentanddispatch.

We cancombinebothcasedy observinghatthe payments equalto
?

pe(1?) 17 fx ils in bothcases.
K



Make-wholepayment,continued
Notethatmake-wholepayments only madeto generatok if generatok

commitsanddispatchesccordingo le
By deS|gn the make- wholepaymemadjuststhe prot for generatok so
that le Is generatok's pro t maximizingcommitmentanddispatch.

In prlnC|pIe no additionalinducements necessaryor generatok to
behae consistentlywith centralizedptimal unit commitmentand
dispatch:

— needto settoleranceon commitmentanddispatchbeing“close enough”
2

to i‘s to receve make-wholepayment.
k



7.4.4 Simpli ed make-wholepayment

If thepro t maximizingbehaior in responséo | ? aloneis for generator
k to notcommit

— thenits optimalpro t is, by assumption,
pe(1?) = 17 0 f 0
= O’
?
X Tk )Z(E ; by de nition,

— andthe make-wholepaymentsimpli es to:
2

?
p2(17) 15 i )Z(E =0 I fi )fE :



Simpli ed make-wholepayment,continued

If thepro t maximizingbehaior in responséo | ? aloneis for generator

k to either:
?

— notcommit,sothat0 = p (1 %) > | ?x}  fy )Z(E , or
— to commitanddispatchandto do soconsistentlywith optimal
centralizeccommitmentanddispatchso
2

p2(1 ) =175 fi >Z<E > 0,

thenthe male-wholepaymemsimpliSes to:

2,0 ? 2.7 ZE < fk ZE | ?XE; if p?(l ?) =0,
P ) P fie = X )
K ' 0, if p2(1?) >0,
2
= max O; fy )Z(E | 7%



Simpli ed make-wholepayment,continued
2

Thesimpli ed make-wholepaymeniof max 0; fi )Z(‘S | 7% will
K

apparenthbeusedin ERCOT nodal,eventhoughit doesnot have the

correctincentvesin thecasethatboth:
?

p2(1 ?) 6 0,andp?(l %) > fi >Z<E 0%

In this case a generatomight preferto forego the make-wholepayment
?

andnot commitanddispatchaccordingto )Z(‘S if analternatve
k

commitmentanddispatchplanofferedhigherpro ts.
To ensurehatbehaior is actuallyconsistentith optimalcommitment
anddispatchin ERCOT:

— make-wholeis only paldwhengeneratok commitsanddispatches

“closeenough’to Z‘S and
?
— generatok is penalizedf it deviatestoo farfrom %

X



7.4.5 Make-wholepaymentin example
To achieve optimalunit commitmentin theexample:
— priceenegy basedn thedualmaximizer| ? = 2:76$/MWh,

responseo this priceis to behae consistentlywith centralizecoptimal
unit commitmentanddispatch but
— anadditionalmake-wholepaymentis paidto generatoi76 of:

2 12 2,2 Z5e _ 5 o 2 _
P7g(l 9) | %76 f76 X% =0 | %76 f76 X; :
76 ? ? 2.7 76
= 4zy6+ brexzg | X7
0:28 8:28
1,

— generatof76 requiresandadditionall$/hto induceit to generate
consistentvith optimalcommitmentanddispatch,

— themalke-wholepaymentwould only be paidif generatoi76 commits
anddispatchesonsistentlywith the optimalcommitmentanddispatch.



Make-wholepaymentin example,continued
Demandpaysfor:
— enegybasedn!|? D= 2:76 303= 836:28%/h,plus
— themake-wholepaymento generatoi76 of 1$/h.
Themake-wholepayments chagedasanuplift to demand.
Notethatthe pricesareno longeranorymoussincethe paymento

generatof76 is differentto the paymento othergeneratorsincein
involvesa make-wholepayment.



7.4.6 Demandresponse

Demandesponseanreducethe duality gap (andthereforereducethe
malke-wholepaymentequiredto achieve optimality).
Supposehatinsteadof x eddemandf 303MW, thedemandwvasthe
sumof:

a x eddemandf 290MW, plus
price-responsie demand Xg) with willingness-to-payof

(2:755+ 10) $/MWh  1$/h ( X0); 0 ( x) 20MW:

At apriceof | ? = 2:755$/MWh,the price-responsie demandvould be
( X)) = 10MW, sothattotal demandwvould be290+ 10= 300MW.
At apriceof | ? = 2:755%/MWh,the supplyequals300 MW.
So,supplyequalsdemandandthereis no duality gapandno needfor a
malke-wholepayment.

In generalprice-response demandcanreducethe duality gapand
reducethe make-wholepayments.



Demandresponsegontinued
This demandespons@&xampleis somavhatunrealisticin thatdemands
generallynotwilling to curtail at pricesthatarecloseto typical
generatiormaiginal costs:
— we will assumex eddemandn subsequergxamples.
Suchpriceresponsienessioes however, have animportanteffectin the
presencef scarcityand/ormarket power whereoffer pricesmight
otherwiseriseto far above generatiormarginal costs.
Seemarket power course http://users.ece.utas.edu/ baldick/classes/
394V_market powver/EE394Vmarket power.html.



Commerciakoftwarefor solvingmixed-integger programmingoroblems
hasbecomemuchmorecapablean thelastdecade.
In principle,suchalgorithmscanexactly solve Problem(7.1):

min f v Ax= b Cx d
8k;[]2S¢ X

= min f 2 Ax=s b;,Cx d;8k;d, Gk)z(t o

27nT:x2 R2nT X
MostISOs,includingERCOT areusingor moving towardsusing
mixed-intgyer programmingalgorithmsfor solvingunit commitment.
However, thesealgorithmsmaybeterminatedoeforecompletionto
optimality becaus®f excessve computationaéffort.

We will neverthelessupposdhatthelSO cansolve Problem(7.1) and
thatthe minimizeris z” andx’:

— we alreadymadethis assumptionmplicitly in thediscussiorof
Lagrangiarrelaxationsincewe foundthe optimalcommitmentand
dispatchby inspection.



7.6 Alter native approachto make-wholepayments
7.6.1 Analysis
Recallthatin offer-basedeconomiadispatchwe requiredthatthe cost

functionwascornvex.
Similarly, theincrementaknegy andresenescostsin the unit
commitmentproblemarerequiredto be cornvex.

Thereforefor x edz thefunction f z IS cornvex.

. z .
In particular f IS cornvex.



Analysis,continued
Considerthefoélowing problem:

9
| 3 oz Ax= b;Cx d;8k;d, G )Z(t di; 3 |
ZZRan'?)'(QRznTg X Z¢ 0O;8Kk:t suchthatzfg =0; 3

z¢ 1,8k;t suchthatz, = 1
(7.3)

Thefeasiblesetof Problem(7.3) is a subsebf thefeasiblesetof
Problem(7.1).

Problem(7.3) is corvex since:

weallow z2 R"T,

eachentryof zis constrainedy theinequalitieso be oneparticular

x edvalue,eitherOor 1, and

zZ .
f IS convex for x edz

Thereforeassuminganappropriateconstraintguali cation, the rst-order
necessargonditionsaresatis ed by a minimizer of this problem.



Analysis,continued
Theconstrainton zin Problem(7.3) requirethatz= z”:

— we have requiredthatthediscretevariablesn Problem(7.3) to be
constrainedo equaltheir optimalvaluesfrom Problem(7.1).

? ?
z° . L : Z
Moreover, 2 is aminimizerof Problem(7.3), since 2

— is feasiblefor Problem(7.3), and
— is aminimizerof Problem(7.1), which hasafeasiblesetthatcontains
thefeasiblesetfor Problem(7.3).

Finally, X is alsoa minimizerof:
?

. Z
min f

X
_ Al zZ 5 .
min y  Ax=bCx diBkd G X d ;i  (74)

wherethediscretevariablesareexplicitly x edattheir optimalvalues.



Analysis,continued

As previously, wede ne | ?, %, i?, andp’ to bethe Lagrangemultipliers
onthe systemequalityandinequality andthe generatotower andupper
boundconstraintsn Problem(7.3):

— notethat! ? andp? will typically bedifferentto the valuesof thedual
maximizercalculatedn the Lagrangiarrelaxationapproach,

— however, solving Problem(7.4), wherethediscretevariablesare
explicitly x edattheir optimalvalueswould resultin the samevalues
of | ?, u?, &2, andp” asin Problem(7.3).

Additionally, de ne r ? andr~ to bethevectorsof Lagrangemultipliers

ontheadditionalconstraintsn Problem(7.3):

r_Et is theLagrangemultiplieronz,  0;8k;t suchthatz; = O;
T istheLagrangemultiplieronze  1;8k;t suchthatz, = 1:

We now interprettheseconstraintdo be additionalsystemconstraintson
additional“‘commitmentcommodities’andpay generatorbasedn these
constraintandon theassociatedlagrangemultipliers.

Thiswill form thebasisof analternatve make-wholepaymentule.



Analysis,continued

Thatis, we de ne apricingrule for boththeintegerandthe continuous
decisionvariablesaccordingo:

Py, = O[Ak]*;’-’ [CdTW;
Pg, = Tk Iy

wherer ; andr_f(’ arethevectorsof Lagrangemultipliersassociateavith
generatok.

Thepaymento a generatoagain consistof:

— apaymenfor enegy (andresenes)basedn| ? andp?, and

— amake-wholepayment(or chage)basedn r_f(’ andr_E.
Themake-wholepaymenis again chagedasanuplift to demand.

As with the previous make-wholepaymentasedon the maximizerof the
dual,thesepricesarenot anorymoussincethe paymento generatok

depend®nalagrangemultiplier explicitly associateavith agenerator
constrainfor generatok.



Analysis,continued

Considerthe Lagrangemultiplier r_['(’t correspondingo a particular
constralmzkt 1.

If rk; 6 0 andz; = 1thengeneratok recevesa contrilbutionto payment
of 'y

Slmllarly if r 6 0 andz; = 1thengeneratok would bechageda
penalty

Over aday, thetotal payments:

?

[pa]' 2 = gzkt(rkt M)

wherewe de ne 7, to bezeroif z, = 0 andde ne r to bezeroif
?
zi = 1.



7.6.2 Commitment-supportingrices

We shaw that,undermild conditions the pricing rule resultsin z; andx;
beingthe pro t-maximizing commitmentanddispatchdecisiondor
generatok.

Z

Xk
Supposehatthis functioncanbe extrapolatedto a functionthatis convex
onRT R?T,

Recallthe offer costsfunctionfor generatok, fy

Z
Xk
Considertherelaxationof generatok's pro t maximizationproblem
obtainedby allowing it to choosecontinuousvaluesof z.

Thatis, we relaxthefeasibleoperatingsetto be:

— For example, f is corvex if it is expressedisalinearfunctionof

S = )Z(kszT R?T g Gkikk di

We call thistherelaxedgenerator feasibleoperating set



Commitment-supportingrices,continued
We considerthe solutionof therelaxedpro t maximizationproblemfor

generatok:
( ; )
max [pl%+ & 2 1) fk X (7.5)
[X]25 t=1 - *
where )Z(i canbechosenfrom therelaxed generatofeasibleoperating
setS,, and

wherethe pricevectorsfor, respectrely, enegy andreseres(andother
ancillaryservices) py, ), andfor commitmentvariables(p,, ), are:

o = (A7 [Cd'W
Pze = Tk Ty
This relaxationof thepro t maximizationproblemis a corvex problem

sincetherelaxed generatofeasibleoperatingsetis corvex andthe
objective is assumedo be cornvex onthis feasibleset.



Commitment-supportingrices,continued

We apply pricing Theorem5.3to Problem(7.3).
Denotethe solutionof therelaxedgeneratopro t maximizationproblem,
27

Problem(7.5), by )Z(Eo :

WeinterpretAx= b,Cx d,z¢ 0;8t suchthatz], = 0,and
z¢ 1,8t suchthatzﬁt = 1 as“systemconstraints’in Problem(7.3).
27?

Then,by Theorenb.3, “dispatching”at )Z(‘so (assumingt were
k

possiblewouldyield pro ts for generatok thatareno higherthanthe
pro ts underthe correspondingntriesof the solutionof the convex
?

Problem(7.3), namely )Z(E :

Therefore, Z‘S Is optimalfor therelaxedgeneratopro t maximization
problem, Problem(? 5.



Commitment-supportingrices,continued

But we alreadyknow thatz?; X’ is feasiblefor the un-relaxedpro t
maximizationproblemfor generatok thatmustrespectheintegrality of

% ( )

Z
fic o (7.6)

max [pexc+ & 2a(Ty 17

[%]2S t=1

Thereforez; x; is alsooptimalfor theun-relaxedpro t maximization
?

problemfor generatok, Problem(7.6), since )Z(E 2SS S

maximizespro ts for generatok over S, sincewe have proved

2N,

thatit is amazimizerof therelaxedgeneratopro t maximization
problem,Problem(7.5),
?

also ;E 2SS,

SO )fE alsomaximizespro t over S.



Commitment-supportingrices,continued
Thatis, pricesbasedn| ?, i?, r ?, andr* aredispatch{and
commitment-)supportingprices:

— Thereareno choicesof ikk thatyield ahigherpro t to generatok

r)

thandothechoices i‘s :
k
— Generatok is motivatedby the pricesbasedn| ?, 1%, r ?, andr~’ to
5 L

commitanddispatchaccordingo )Z(E :
We will referto pricesandmake-wholepaymentsasecdn! ?, 17, r ? and
'’ ascommitment-supporting prices.
We will contrasthesepriceswith thoseobtainedirom the maximumof

thedualfrom the Lagrangiarrelaxationformulation.



7.6.3 Example

Considerthe examplewith 100 heterogeneougeneratorsimnaiginal costs
of theform by = 1+ k=100,anddemandD = 303.

Considerthe rst-order necessargonditionsin Problem(7.3), wherewe
constrainthe commitmentdecisionswith inequalities for generator

k= 76:
0

r)
I..

Nf76(x76)
bz 17
(1+ 76=100)
qf
ﬂzjg‘(zm)
4 r76;

2
I..

2.
I' 76

wherewe have omittedthe subscripffor time sincethereis only one

period.

In this case the commitment-supportingricesfor generatok = 76 are:

anenepy priceof | ?

= 1 76(sothatgenerator76mll bemaginal),and

amake-wholepaymento generatoi76 of r; K = 4%/h.



Example,continued

Now considerthe rst-order necessargonditionsin Problem(7.3) for
generator& = 1;:::;75:
0 = Nf(x) |°+n
= b 17+
= (1+ k=100 | °+ @

f o
0 = 1Tk(zk) A TG
= 4 4uk rk,

wherewe have again omittedthe subscriptfor time sincethereis only one
period,and

n[-(’ is the Lagrangemultiplier on the maximumcapacityconstraint
Xk 4z for generatok.

Thecommitment- supportlngrlcesfor generatok = 1;:::;75are:

anenepy priceof | ? = 1: 76$/MWh and
amake- wholepaymembasecbn ro=4 4=
4 417 (1+k=100)=4 (76 K)=25= 1+ (k 1)=25.



Example,continued

remainoff andthereis no additionalmake-wholepaymentor these
generators.
Demandpaysfor:

—enegybasedn!|? D= 1:76 303= 53328%/h,plus

a/5,(1+ (k 1)=25)+ 4= 76:48+ 4= 80:48%/h.
Comparedo the casewherethedualmaximizerwasusedto priceenegy
andthe make-wholepaymentwasonly madeto generatoi76:

— themake-wholepayments larger (andis madeto moremarket
participants)put
— thetotal paymentby demands smaller



7.6.4 Discussion

In this examplethe pricesfrom Problem(7.3) arevery differentto the
enegy pricesobtainedirom thedualmaximizer:
— Themaximizerof thedualyielded:
anenepy priceof | ? = 2:76%/MWh, plus
amalke-wholepaymentof 1$/hto generatoi76 alone.
— Themixed-integgerprogrammingormulation:
anenegy priceof | ? = 1:76$/MWh, plus
amake-wholepaymeniof rp = 1+ (k 1)=25for eadh committed
generatar
Thereasorfor thecommitmenipaymento ead generators that:
— themauginal costsof all thegeneratorareclusteredogetherand
— theaveragecostsof all thegeneratorsreclusteredogetheybut
— for eachgeneratqrthe mamginal costdifferssigni cantly from the
averagecostdueto thelarge min-loadcost.
If the start-upandmin-loadcostswererelatively smallerandthereis a
wider dispersiornof mamginal coststhenthe differencein enegy prices
will besmaller



7.6.5 Examplewith wider dispersionof marginal costs

Supposehatdemands again 303MW.
Supposd¢hatwe again have 100generatorsyith generatok having cost
function:

f, X

x, = At bxczc2101g2zc x4z

where:

Thereis now awider dispersiorof maiginal costsand,for eachgeneratar
the mamginal costandaveragecostarenot extremelydifferent.



7.6.5.1 Solution
Theoptimalcommitments for:

Minimum costis therefore:

75
A4 1+(1+K 4+[4 1+ (1+76) 3]= 13235
k=1

Thisis theminimumof Problem(7.1).



7.6.5.2 Maximizerof dual

We rst nd thevalueof | ? thatmaximizeshedual.
Thedualproblemis: ( )

. 100
max min f x T | D a X
| 2R [)Z(]zsk k=1

Supposeve setl sothat2+ 75< | < 2+ 76.
— For example,supposeahatwe setthepriceto bel = 77:5.

— Total productionwill be300MW.
Now supposdhatwe setl sothat2+ 76< | < 2+ 77.

— Total productionwill be 304 MW.



Maximizerof dual, continued

Again, thereis still no priceweresupplyequalsdemandf 303MW,
Themaximizerof thedual, Problem(7.2), occursfor | ?= 78 andhas
valueof 13234.

— Total productionis either300or 304 MW.
— Thereis still no priceweresupplyequalsdemandf 303MW.

Thedualitygapis 13235 13234= 1.

Theduality gapis relatively smallerasa fractionof the minimumof the
primal unit commitmentroblem.

In this caseanenengy priceof | ? = 78%/MWhtogethewith a
make-wholepaymeniof 1$/hfor generatok = 76 would provide for
optimalunit commitment.

Demandpaysfor:

—enegy basebn! ? D= 78 303= 23:634%/hplus
— themake-wholepaymentof 1$/h.



7.6.5.3 Commitment-supportingrices

Considetrthe rst-order necessargonditionsin Problem(7.3) for
generatok = 76:

0= Nf76(x76) 17

= b 17

= (1+76) 17

_If =2 .
0= 1”27766 (Zi9 T7e

= 4 Tig

wherewe have again omittedthe subscriptfor time sincethereis only one
period.
In this casethe commitment-supportingricesfor generatok = 76 are:

anenepy priceof | = 77$/MWh,and
commitmentaymento generatoi76 of | k = 4%/h,if it commitsand
generates.



Commitment-supportingrices,continued

the generatorso be committed ,without any additionalcommitment
paymentsincetherevenuefor producingxx = 4is 77 4= 308.
Theproductioncostis:

Az¢+ (1+ Kxx = 8+ 4k;
308

In this case the commitment-supportingricesare:
anenegy priceof | = 77$/MWh,and
commitmenfpaymento generatoi76 aloneof r_}’6 = 4%/h.

Demandpaysfor:

—enegybasedn!|? D= 77 303= 23:331%$/h,plus

— themake-wholepaymentof 4%/h.

Thetotal paymenty demands again lessthanwith the dualmaximizer
andthe make-wholepayments only slightly morethanwith thedual
maximizer



7.6.5.4 Summary

With awider dispersiorof mamginal costs thedifferencebetweerthe
enegy pricesin thetwo formulationsis now relatvely muchsmaller
However, enegy pricestendto vary morewith the
commitment-supportingricesthanwith the dualmaximizer

Moreover, the make-wholepaymenis madeonly to onegeneratoin both
formulationsfor the examplewith thewider dispersiorof marginal costs.
This situationis likely to betypicalwhenmaginal costshave wide
dispersiomandstart-upandno-loadcostsarerelatively small.



Summarycontinued

If thesmallrelative differencebetweerthetwo formulationsis typical,

thenwhy botherwith the compleity of the mixed-integerformulation,or

evenwith centralizedunit commitment?

Why botherwith centralizedunit commitment?

— Thecostof incorrectdecentralizedommitmentdecisionanightbe
large, particularlywhentransmissiortonstraintsarebinding.

— Thecostof incorrectdecentralizedommitmentecisionds an
empiricalquestiorthathasnot beenstudiedin a systematiavay, except
for particularcasestudiessuchasin the ERCOT “backcast’study

Why botherwith the mixed-intggerformulation?
— Necessarheuristican Lagrangiarrelaxationarevery detailedand

“brittle,” particularlywith transmissiorconstraints.
— Theheuristicsareproblematidn a market setting,wherea particular

heuristicmay have signi cant implicationsfor pro tability or be
vulnerableto “strategic” offers.



7.6.6 Make-wholepaymentdan practice

Thegoalof make-wholepaymentss to ensurehateachgenerators paid
enoughto cover its offer costsandsothatit commitsanddispatches

consistentlywith the optimalcommitmentanddispatchasdeterminedy
thelSO:

— all centralizedunit commitmenformulationsrequireanuplift from

demand.
2

Thesimpli ed make-wholepaymentmax 0; f )Z(ls | ?x; canbe
K

appliedto ary pricing rule on enegy andreseresin orderto inducea
particularbehaior:

— make-wholepaymentsarepaidto ageneratothatcommitsand
dispatchesccordingo (or closeenoughto) z = z, andxy = XZ, but
— themake-wholepayments withheldand(possibly)a penaltyis chaged

for any generatothatdeviatessigni cantly from thedesired
commitmentanddispatch.



Make-wholepaymentscontinued
In ERCOT:

— enepy andresenespaymentdasedn Lagrangemultipliers| ? andp’
obtainedfrom the solutionof the corvex problem,Problem(7.4),
obtainedoy xing theintegervariablesattheir optimalvaluesz’ and
optimizingthe remainingcornvex problemto obtainx® andthe Lagrange
multipliers,

— make-wholepayment(for generatorshatfollow commitmentand
dispatchfrom ERCQOT) basedon a daily calculationof:

?

max O; fi i‘z [px ] %



Homework exercise,part b: Due WednesdayDecember3
Supposehatwe have two generatorsn = 2, with offer costs:

8t; fi(Py) = 2Py;200 Py 400
8t; fa(Px) = 3Px;50 Py 150
Thereareno ramp-ratdimits nor min-loadcosts but the start-upcosts
are.
sit = 100Qt= 1;:::;T,;
S = 200t=1;:::;T:
We consideray-aheadlispatchacrossighthours,T = 8, with demands:

t o, 1 2| 3| 4| 5| 6] 7| 8
D; || 200| 350| 500| 350| 200| 350| 500| 350| 200

Thet = 0 entryin thetableis thedemandor thelasthourof today
Also, Pip= 200MW, andP,g = 0 MW with generatof out-of-serviceat
theendof today

We ignorebothramp-ratesandresernes.




Homework exercise,part b: Due WednesdayDecember3

() Findthemaximizerof thedualobtainedoy dualizingthedemand
constrainin eachhour. (Hint: Whatpricewill inducegeneratof to
beindifferentbetweerbeingoff andbeingon atfull capacityin
periods2 and6. Whatis the pricein the otherperiods?)

(i) Solve theunit commitmentoroblem.

(i) Whataretheenepy pricesobtainedirom the solutionof the cornvex
problemobtainedby xing theintegervariablesattheir optimal
valuesandoptimizingPy; andPx?

(iv) Whatis the make-wholepaymentor eachgeneratobasedn
pricesfrom Part (iii) ?



7.7 Anonymity of prices

In the commitment-supportingricesformulation,someof the pricesare
anonymous

— Pricespy, onsystemequalityandinequalityconstraintsarepaidfor
enegy andresenesproducedoy everyoneandaryone.

However, the make-wholepaymentsarenotanonymous

Non-anoiymity makesthe marketlesscontestablespeciallyif the

make-wholepaymentsarenotdisclosedpublicly.

— It is dif cult for anew entrantto understandf it would be pro table to
enteratthecurrentprices.



7.8 Implications for investmentdecisions

Evenif the make-wholepaymentsaredisclosedmake-wholepayments
candistortinvestmentlecisions.

Make-wholepaymentsontributeto theinfra-maginal rentsof some
generators.

Theserentsarenotalsoavailableto everyoneelse.

Theincentvesfor building new capacitymaybedepressed.



In thediscussiorsofar we have not consideredransmissiorconstraints.
However, transmissiorconstraintanlimit thedispatchdecisions.
We canexpandthe formulationto includethetransmissiorconstraintsn

the systemconstraints.
We couldconsiderpricesbasedn either:

— thedualmaximizer or
— enepgy andresenrespricesobtainedfrom the solutionof the corvex

problem,Problem(7.4), having theintegervariablesx edattheir
optimalvalues(asusedin ERCQT).

In both casesa make-wholepaymentmaybenecessary
In practice transmission-constrainechit commitmentcanbean

extremelydif cult problemto solwe.



7.9.1 Example

We considerday-aheadlispatchacrosswo hours, T = 2, with demands:

t| O

1

2

Dy | 90

110

125

Thet = 0 entryin thetableis thedemandor thelasthourof today
Thet = 1;2 entriesarethedemanddor the rst two hoursof tomorrow.
Also, Pig= 90 MW andP,o= 0 MW arethegenerations thelasthour
of today with generatoR out-of-serviceat the endof today

We ignoreresenes,min-loadcosts,andramp-rateconstraints.

Theoffersarespeci edby:

8t = 1;2:s1; = 1000 8Py; 2 [0; 200; Nf3;(Py) =
8t = 1;2;sx = 100Q 8Py 2 [0;50]; Nfor(Px)

25%$/MWh
35$/MWh



Example,continued
Thegeneratorarelocatedin thefollowing one-linetwo-bus system.
We usethe DC power o w approximatiorandthetransmissionine has
transmissiorcapacityof 100MW.

We solve thetransmissiorconstrainedoffer-basedunit commitmentor
this system.
We will considerenegy pricesbasedon Problem(7.4).

?
Make-wholepaymentswill bebasedonmax 0; fg )Z(E [pxk]TxE
1 2
I P2t
Pu -
100MW - D¢
demand Fig. 7.1. One-line two-
bus network.



Example,continued

Becausef thetransmissiortonstraintjt will benecessaryo commit
generato? andrunit duringperiodsl and?2.
Theoptimal offer-basedcommitmentanddispatchs:

t| O 1 2
D; | 90| 110|125
Z | 1] 1] 1
Pi’ 90| 100|100
Zy | 0 1| 1
P, 0] 10| 25

We calculatethe locationalmaiginal pricesusingcommitmentvariables
X edattheiroptimalvalues:

t] 0] 1] 2
D; | 90| 110/ 125
1225 25| 25
% |25 35| 35




Example,continued

Sincegeneratod is alreadycommittedat the startof theday, andsince
therevenue(just) coversits incrementaknegy coststhereis no
malke-wholepaymentfor generatod.

GeneratoR mustbe started put the revenueonly just coversits
incrementaknegy costs.

Thereforethe make-wholepaymento generato® is sp; = 1000$.



7.10 Day-aheadand real-time markets

Randomnesanduncertaintyis penasve in supplyanddemandof
electricity.

A sequencef marketscanbe usedto help copewith randomness.
Successie marketscorrectforecasterrorsandothererrorsfrom previous
marlkets.

For example:

— theday-aheadnarket setsup ( nancial) agreement# generata dayin
adwancebasedn forecastr speci cationsof demandadayin
adwance.

— thereal-timemarket dealswith the deviationsof actualsupplyand
demandrom day-aheadpeci cations.



For eachcommodity(besidegshe commitmentcommodities}thereis a
day-aheagbriceandareal-timeprice.

Theday-aheagbrice appliesto commoditiedboughtandsoldin the
day-aheadnarket.

Theday-aheadnarlketis technicallya short-term forward market.
Participationin the day-aheadnarket entailsa nancial commitmentto
produceor consumen real-time.

Thatis, paymentn thereal-timemarlet appliesto the deviations from
day-aheagbositions.

For example,supposdhatthe ISO day-aheadnarketyieldsa day-ahead
price of $50/MWhin a particularhourandgeneratiorof 40 MW by a
particulargeneratar

In thereal-timemarlet, if thereal-timepriceis $60/MWhandthe
generatoactuallyproducest5 MW, thenits payments:

(DA quantityYDA price) + (RT quantity- DA quantity)(R price),
= 40 50+ (45 40) 60;
= 2300



Day-aheadand real-time markets,continued
It is desirablghateachmarket representsimilar systemconstraints:

— Otherwisetherewould be price differencedetweerthetwo markets
evenin theabsencef randomness.

Conceptuadif culties:

— Ancillary servicessuchasresenes,acquiredn theday-aheadnarlket
arecommitmentgo be availablein real-time.

— Whathappensvhenreseresareactuallydeployed?

— Whathappensf agenerators paidto commitin day-aheadbut doesnot
actuallycommit?



Market processesandealwith somerandomness:

— real-timemarlketsdealwith deviation of actualloadfrom day-ahead
speci cationby settinga real-timeprice payableon deviationsfrom
day-aheagbositions.

— Thegreaterthe participationof price-response demandn the
real-timemarket, the morerandomnessanbe accommodately
adjustmentsn thereal-timemarket by demandespondingo prices.

However, becausef the needto matchsupplyanddemandcontinuously
andbecaus®f randomfailures,market processesannotdeal(directly)
with all randomnesg sufcient time to ensuresecurity
Reseresandotherancillary servicesarerequiredfor supplyand(to a
lesserextent)demanductuationsthatoccurtoo fastfor the marketto
respond.

— Forcedoutageof generatar



7.11.1 Representatiorof resenes
Whatis anappropriateepresentationf resenes?

— “Hard constraint”on requiredamountof resenes.
— “Soft constraint’re ecting targetfor reseres.

Hard constraintareappropriatdor representing:

— constraintghatderive from physicallaws suchasKirchhoff's laws, and
— “security constraints, wherewe wantto guarante¢hatat eachtime we
will notgetinto anoperatingstatethatwill leadto cascadingutages.

Theformulationssofar have all involved“hard constraints.

— For example the spinningresereswererequiredto meetor exceeda
speci c level.

— However, spinningresere above the minimumneededo copewith all
single-contingencie@ndcommon-modelouble-contingenciesjasa
rolein assuring'adequag.”



7.11.2 Softconstraints

“Soft constraints’areappropriatavhenthereis some e xibility in
meetingthe constraintor wherethereis someimplicit trade-of between:

— meetinga constraintand
— the nite cost(or expectedcost)of not meetingthe constraint.

Exampleanclude:

— constraintghatinstantiaterulesof thumb,and

— “adequag constraints, wherewe wantto reduce to someacceptable
level, the probability of needingto curtaildemandn orderto maintain
security

How to representsoft constraints”?

— Relaxa constraintoy allowing violation at someassumedpenalty
cost!



7.11.3 Representatiorof soft constraints

Considemon-spinningeseresandaugmenthedecisionvectorfor
generatok to includethe contrilution of non-spinningesenesby
generatok for periodt, denotedoy RX".
Supposehatwe have atargetlevel of non-spinningeseresspeci edby:
én RE[on a"o"p-
k=1
However, we recognizethatviolating this requirementioesnot
necessarilyeadto violation of security



Representatiorof soft constraints,continued
Insteadof representinghe constraintasspeci ed,we:
— includeanextra variableRy",
— modify thenon-spinningesene constrainto:

n
o

a RE[on anonD;
k=0

— includea non-ngjativity requiremenig’" 0, and
— adda penaltytermto the objective f3°(RF"), with f§°(0) = 0.

Thepenaltytermcouldbelinearin RG>, implying a x edmamginal
penaltyfor eachunit of violation:

8R8t0n. fgton(R&ow - C&OHR&OH:
Alternatively, it couldbenon-linearor piece-wisdinear, with higher
maiginal penaltyfor greaterviolation.



Representatiorof soft constraints,continued

Solvingthe penaltyformulationmayresultin the original non-spinning
resere constrainteingviolated.

Thatis, RG> 0, andthe Lagrangemultiplier ontheresere constraint
will beequalto ciP".

Thepenaltycostwill bere ectedin thepricesof all commodities.
How shouldwe chooseci?™?

Compromise:

— Typically wantcy" largerthanthe highestoffer pricefor non-spinning
resenessothatwhene&er enoughnon-spinningesenesareactually
availablethenwe will procurethem.

— If it is “too large” thenit will produceunreasonablfigh commodity
pricesin the market.

Cor ' shouldbe a proxy to the costof violating the constraint.
Theuseof a penaltyfor violation of a soft constrainteffectively
transformdahe constraininto atermin the objectve, asin dualizingthe
constraint.



7.11.4 Evaluation of proxy to costof violating constraint
Whatis the cost(changean welfare)of violating a non-spinningesenre
constraint?
Thecostis dueto theincreasan probabilitythatinvoluntarycurtailment
will benecessaryo maintainsecurity
Thechangan welfaredueto involuntarycurtailmentis equalto the
differencebetween:

thevalueof thelostload, minus

the savingsfrom not generating.
Generally saringsfrom notgeneratingaresmallcomparedo the valueof
lostload.
So,thecostis approximatelWOLL expectedenegy curtailment



7.11.4.1 Expectedoad curtailment
How to calculatethe expectedenengy curtailed?

— Involvesoutageprobabilitiesof eachin-servicegeneratar
— Requiresspeci cationof conditionsfor curtailment.

We will sketchanapproximatiorto this analysis.

It will leadto are-formulationof non-spinningesere constraintasan
explicit termin the objectie.

Theanalysisshouldbe appliedto thetotal amountof resenes(both
spinning,non-spinningandreplacementjor adequay.

— Denoteresenesfor adequayg contritutedby generatok attimet by

Rsl;\tdequaxz.

— Division of Rﬁ[deq”ay into spinningfor adequayg, non-spinningand
replacemenheeddo bechosenput we will nottreatthis detail.
— Denoteresenresfor securitycontritutedby generatok attimet by

Rsktecurity.

— Division of reseresbetweerR“*4® andR***“"™ maynot be fully
explicit in practice.



7.11.4.2 Conditionsfor curtailment
Whathappensf ageneratoproviding enegy trips?

— Spinningresenesaredeployed.

— Changen costof dispatchdueto increaseaostof actuallyrunning
spinningreseneslessthe savingsin productioncostof outaged
generatar

Whathappensvhenspinningreseresaredeplo/edor agenerator

providing spinningreserestrips?

— Otherresenesaredeployedto restorespinningreseresor other
non-spinningeseresarecommitted.

— Furtherchangdn costof dispatch.

— Theseotherreseresareproviding adequag; thatis, ensuringa low

probability of having to curtaildemando maintainsecurity

How muchoutagecapacityP, - canwe sustainin hourt beforewe

have to curtail loadto presere security?

— Until thetotal outagedcapacityexceedshe amountof reseresthat
wereacquiredfor adequay.



7.11.4.3 Probability of curtailment
Theprobability of curtailmentin any givenhourt is the probability that
thetotal outagein the hour, P"?9 exceedshe amountof reseresthat

wereacquiredfor adequay in thathour, RAM¥ = gn_, RAdeauay,
Thatis:

ProbabilityP>"#9¢  RAdeauay).

Theoutageprobability distribution depend®n thethe outage
characteristicef generatorstotal in-servicecapacity andothersystem
conditions.

Thetotal outageis a discreteor mixedrandomvariable.

Theamountof curtailedloadis equalto maxf 0; Py 1296 Radeauas

In somecasesthe probability distribution of POUtagecan beapproximated

by anexponentialdistrib ution with parameterﬁﬁatdepenobnly weakly
on systemconditions:

Probabilit "% y)  agexp( y=M);
whereag andM dependonly weakly on systemconditions.



7.11.4.4 Expectedenegy curtailed
The probabilitydensityfunctionof theamountof outagels

(a0=M) exp( y=M)
So,theexpectedcurtailedenengy is:

Z adequa
O R o dequag _
ey Y R %) (ag=M) exp( y=M)dy
=R

iD+ I:\,{adequa}z
= (y R®"Fagexp( y=M)
Z D+ Rtadequay:
o dequa 20EXP( Y=M)dy,
y=R
integratingby parts,
= ((D M)exp( D=M)+ M)agexp( RF*¥¥=Mm):

adequa
y= RECCA



7.11.4.5 Re-formulatiorof non-spinningeserves

Recallthatthe costassociateavith a givenlevel of non-spinningeseres
iS:

VOLL expectedenegy curtailed
= VOLL ((D M)exp( D=M)+ M)agexp( RF*M¥=m); |

n
= VOLL ((D M)exp( D=M)+ M)agexp % 3 RAdeauy
k=1
If we includethisterm(or anapproximatiorto it) in the costfunction
thenit will implicitly requireenoughnon-spinningesenesto ensurehat
the probability of curtailmentis reducedo anacceptablgrobability
If thereis price-response demandhentheamountof demandmaybe
modulatedo ensurghatenoughnon-spinningesenesareavailable.



7.12 Summary

In this chaptemwe have consideredemporalissues.
We formulatedthe unit commitmentoroblem.
We investicgatedthe duality gapin the problemandtheimplicationsfor

commitment-supportingrices.
We brie y consideredlay-ahea@dndreal-timemarkets.

We consideredesenres.
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