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Locational marginal pricing

(i) Optimalpower o w,
(i) DC optimalpower o w,
(i) Offer-basedptimalpower ow,
(iv) Examples,
(v) Homawork exercisesDue WednesdayNovemberl9,
(vi) Propertieof locationalmarginal prices,
(vii) Othertopics,



(viii) Homework exercise:DueWednesdayNovember26.



6.1 Optimal power flow

Sectionl5.60f Applied Optimization: Formulation and Algorithms for
Engineering Systems, CambridgeJniversity Pres2006.



6.2.1 Motivation
Optimalpower o w presentseveraldif culties:

— solvinganon-linearoptimizationproblem,bothin contet of day-ahead
andin real-time,and

— specifyingthe data,particularlythereactve power andvoltage
magnitudaequirements.

Onesimpli cation involves:

— replacingtherepresentatioof the power o w equationsvith theDC
power o w model,and
— replacingtheinequalityconstraintswith alinearizedversion.

Thesimpli cation neglectslossesandreactve powerissuesandcreatesa
linearly constrainegroblem:

— thesimpli cation is usedin severalday-aheadnarkets,requiringthat
the costof lossesandcompensatioliif any) for reactve power be
chaged,for example,asuplift.

Someday-aheadnarketssuchasNew York andPJMincludelosses.



6.2.2 Formulation
Recalltheoptim(al power o w problem:

)

n
min & f(P) g(x)=0,h(x) hP P P ,
XeRN 1=
wherewe will assumehatthe objectve depend®nly ontherealpower
injectionsandis additively separableand
wherewe have simpli ed therepresentatioof theinequalityconstraints
to simplify the notation. B
Thesystemconstraintsaareg(x) = 0,h(x)  h.
We will assumehatthefunctionalinequalityconstraintsi(x) &
representine o w limits only.
We will assumehatthe only generatoconstraintsarethe box constraints
P P P
More generalgeneratorconstraintanalsobeaccommodated,
For example,we couldconsidereseresandotherancillaryservices.



Formulation, continued

Thegenerabptimalpower o w formulationrepresentdothrealand
reactve power andvoltagemagnitudeandanglesout subsumedalemand
andgenerationnto avectorof netgeneration.

Making realandreactve power explicit andseparatingietgeneration
into generatioranddemandywe obtain:

)

n
mn & APR)F |  P= D, Q= E.h(x) hP P P

X& RN k=1 u

< O

9

wherewe have assumedhattherearespeci ed vectorsof realand
reactve powerdemandD andE, respectrely.

In our original formulationof power o w, P andQ werespeci ed
parametersonsistingof the netinjections.

Now, we have re-interpretedhe netinjectionsto bethedifference

betweemgeneratioranddemandandre-de nedthevectorsP andQ
appropriately).



Formulation, continued

FurthermorethevectorsP andQ arepartof thedecisionvector
P

x:Q%EZRN.

q
To emphasiz¢hat P andQ arepartof thedecisionvector we have shifted
P andQ to theleft-handsideof the equationsaandshiftedthe constant
vectorsD andE to theright-handsideof theequations.
Thatis, we have re-writtenthe power o w constraintsn theform:

~ ( _ ~ Q _
p P= Dygq | Q= E.

We canalsoexpandtheformulationandinterpretthe vectorof demands
D asvariables:
— usefulin the context of pricesfor demand.



6.2.3 Further simplifications
We will furthersimplify theoptimalpower o w formulationby:

— omitting thereactve power o w equationseffectively assuminghatwe
cansatisfythemindependentlypf otherdecisions,

— deletingthereactive powver andvoltagemagnitudevariablesrom the
decisionvector

— xing thevoltagemagnitudeschedulatu(? =1,

— linearizingtherealpower o w equationsand

— linearizingtheline o w limit equations.

Thatis, our decisionvectorwill bere-de nedto bex = Io)| .



6.2.3.1 Reactive power and voltage magnitude

Omitting thereactve powver o w equationsand xing thevoltage
scheduldeavesuswith therealpower o w equations:

. B
6.2.3.2 Linearization of power flow

We linearizetherealpower o w equationsaboutq(®) = 0 to obtainthe
DC power o w approximation:

1

g 1
wherewe assumehatq® = 0 andu(®) = 1 satisfytherealpower o w
equationdor injectionsP(?) = 0.

©_1Tp 0
Wedenere_ﬁ 1

q P= D,

, Sothatthepower o w equationecome:

(0)
Jpd P= D.



6.2.3.3 Linearization of line flow limit constraints
Theline o w limit equationsare:

h(x) h.
Linearizingtheseaboutq(®) = 0 andmaintaining«(®) = 1 we obtain:
% 0 = 0
q 1 qQ h h
Wede neK = 1% (1) andd=h h (1) , Sothattheline ow
inequalityconstraintdecome:
Kq d.



6.2.4 Explicit representation of angles
6.2.4.1 Formulation
TheDC optimalpower o w problemis therefore:

)

n
mn & AA) Jd P= DKq d.p P P
Y k=1

This problemis in theform of our generalizec&cconomiadispatch
problem:

minf f(x)jAx=b,Cx d,8k=1,...,n,d, Gk kg,

XeRN
where;
P N
= 2 R
X q i,
(0)
I Jpe ,
b = D,
C = [0 K],



Formulation, continued
andwhere:

X1 = (,
8x2 RN, f(x) = & filP.
k=1
gk = [Py,
dk = [Py,
G = [1].



6.2.4.2 Offer-based optimal power flow

We considetthe solutionof the optimalpower o w problemandwrite
down the pricing rule for offer-basecdptimal powver o w whereeach
generatok = 1,... n offersNfy andspeci esits limits P, andPy.

k

Let X* — q*

bethe minimizer of the offer-basedptimal power o w

problem.

Let| * andu™ bethe Lagrangemultipliersassociateavith the system
constraintsAx = b andCx  d, respectiely.

Let Ax andCy bethecolumnsof A andC, respecttrely, associatedvith the
decisionvariablesxy representingeneratok.
Thatis:

Ak = I
Ck = 0,
wherel is a vectorwith all zerosexceptfor aonein thek-th place.

Notethatthe correspondingolumnsfor thevariablescn+ | = g areJ
andKk, respectrely.

(0)
po



6.2.4.3 First-order necessary conditions

ol *2 RM9u* 2 R", 8k =1,...,n,9u, i 2 R' suchthat:

8k=1,....n, Nfi(x) + [Al)T * + [Cid " [GAMHGAW = 0;
[ (0)] |*—|—KT,U* — 0

M*(Cx* d) = 0

8k=1,....n,Mi(d, Go&*) = 0;

8k=1,....n,M(Gx* d) = O0;

Ax* = b;

Cx* d;

8k=1,...,n,Guxy dy;
8k=1,....n,Gx* dy;

ueo 0
Eﬁ 0; and
T )



6.2.4.4 Pricing rule

Frompreviousanalysiswe canwrite down thevectorof pricespy, that
inducespro t-maximizing generatorso dispatchaccordingto P*:

px, = (AT Gl
| &,

wherel | is the Lagrangemultiplier associateavith the systemconstraint
Tk 0 _ ok 0 (0)
9 1 q P= Dy andwhereW 1 'S the k-th row of Jpe :
Thepricel  is calledthelocational marginal price or LMP atbusk.
Thatis, thepaymento generatok for generationy = P is:

[pXk]Txk — I ;Pk

Generatok is paidbasedon the Lagrangemultiplier onthe power
balanceconstraintassociateavith its bus.

Similarly, demandpaysbasedon the Lagrangamultiplier associatedavith
its bus.



Pricing rule, continued

If theformulationwereexpandedo includeresenesandotherancillary
serviceghenthe LMPswould alsoincludeadditionaltermsrelatedto
theseservicesaswe derivedfor the caseof resereswithouttransmission
constraints.
Formulationswith ancillary servicegypically do not representocational
issuedn detail:
— for example,deliverability of spinningreseresmaynot be considered,

or only consideredpproximatelyin termsof deliverability to “zones:



Pricing rule, continued

Typically, the LMP atabuscanbeinterpretedasthe minimumcostper
unit enegy of deliveringanadditionalin nitesimal amountof power to
thatbusor thevalueperunit enegy of producinganadditional

in nitesimal amountof power atthatbus.

“Marginal” meansaderiative or in nitesimal changan this context.

In particular if thesecond-ordesufcient conditionshold thenthe
Lagrangamultiplier on aconstraintequalsthe sensitvity of the objective
to achangen theright-handsideof the constraint.

TheLMP for busk is the Lagrangemultiplier onthe power balance
constraintfor busk.

The LMP thereforerepresentshe sensitvity of costto changesn
production(or demandhat busk:

Minimizing the cost(minusbene ts)is equivalentto maximizingthe
bene ts minusthe cost,or the surplus.

Thesensitvity of costto changesn productionis calledthe marginal
surplus.



Pricing rule, continued

Thesensitvity interpretations not alwaysvalid whenconstraintsare
“just” binding,if thesecond-ordesufcient conditionsdo not hold.



6.2.5 Angles eliminated
To understandherelationshipbetweerthe constraintandthe LMPs, we
will re-formulatethe optimalpower o w problemto eliminatetheangles.
Thiswill alsoleadto adecompositiorapproactthatcanbeutilizedto
representhe AC power o w equations.



6.2.5.1 Formulation
Recallthe systemconstraints:

(0)
Jed P = D,

Kq d.

We have previously discusseeliminatingq by deletingoneof therows
of Jé%) to form J%%) anddeletingcorrespondingntriesof P andD to form
. . I

sub-\ectorsP andD, respectiely, sothatq = Jdp%) (P D).

Typically, we will eitherdeletetherow correspondingo the (angle)
referencebusor correspondingo a buswith demand.

Thisbuswill becomehe“price referenceéous; asdistinctfrom theangle
referencebus.

Thesystemequalityandinequalityconstraintshenbecome:
iﬂP = TD,i
0 14 0) 1A
kB B kB) Dt



Formulation, continued
TheDC optimalpower o w problemwith angleseliminatedis therefore:

n h 0 | -1 . h 0 | -1 . .
min a im) 1'p= 1'pk B) P Kk B) Diapr P P
k=1
Thisis in theform of our generalizeccconomiadispatchproblem:

minf f(x)jAx=b,Cx d,8k=1,....n,d, Gax g,

XeR”?

wherewe have used" to distinguishthis formulationfrom theformulation
whereanglesg wereexplicit andwhere:

x = P2R",

A= 17

b= 1D

E = 0k Jdo)l_l wherewe have assumedhatthe rst entry
po »of P correspondso the pricereferenceous,

~

. h -
d = KB) D+a,



Formulation, continued

andwhere:
= [P,
gk — [Bk]a
de = [P,
G = [1].

RecallthatC is theaugmented shift factor matrix thatwe derivedin the
context of linearizedpower o w.



6.2.5.2 Olffer-based optimal power flow
We again considerthe solutionof the optimalpower o w problemand
write down thepricing rule for offer-basedptimalpower o w where
eachgeneratok = 1,...,n offersNfy andspeci esits limits P, andP.
Let P* bethe minimizerof the offer-basedptimal optimalpower o w
problemwith anglesg eliminated.

Notethatif the offersarethe sameasin the previouscasewherewe
considerednglesg explicitly thentheminimizer P* mustbethe
sameaspreviously in theformulationwherewe representedngles
explicitly!

Moreoler, theff\nglesm the previous solutionmustalsosatisfy

Jdo) . (P* D), whereP* is thevectorobtainedrom P* by

deletlngthe entrycorrespondingo therow thatwaseliminated
from Jé%).

Let| * andu* bethe Lagrangemultipliersassociatedavith the system
constraintsAx = b andCx  d, respecittely.



Offer-based optimal power flow, continued

Let A, andCy bethecolumnsof A andC, respectiely, associateavith the
decisionvariablesyy representingeneratok.
Thatis:

Ac=glo
EK Jf{,%) , if kisnotthepricereferenceus,

k
3
' 0, if kisthepricereferenceous.

h i h 0
where Jff)%) is the k-th columnof Jf{)%) :
k



Offer-based optimal power flow, continued
Thatis, if k is notthe pricereferencebusthenCy is the columnof the shift
factormatrix correspondingo generatok.
Eachentryof Cy representghefractionof the generatiorninjectedby
generatok that o ws onthecorrespondindine whenwithdravn atthe
pricereferencebus.
Theentriesof Cy areall zerosinceinjectingandwithdraving thesame
amountof power atthepricereferencéoushasno effectonary line o ws.



6.2.5.3 First-order necessary conditions

A*2RM O 2R 8k=1.... 11, Oy, i 2 R"* suchthat:

8k=1,...,n,Nfi(x) + [Ad T*+ (67" G+ (Gl = o;
M*(Cx d) = 0;

8k=1....n,M(d, Gx*) = 0;
8k=1,....n,M(Gx* d¢) = O0;
Ax* = b
Cx* I:

8k=1,...,n,Guxg dy;
8k=1,....n,Gx* dg;

g0
Eﬁ 0; and
g0,



6.2.5.4 Pricing rule

Frompreviousanalysiswe canwrite down thevectorof pricespy, that
inducespro t-maximizing generatorso dispatchaccordingo P*:
P = glAlT* [GdR"
_ < [ * Jff)%) B Ko, if k is notthepricereferenceus,
2 f*, ‘ if k is thepricereferenceous,

wherel * is the Lagrangemultiplier associateavith the systemequality
constraint 1'P= 1'D.

In particular the paymento generatok for generation?y is:

~

ol = G0 ')A !

h i ¥ o
2 -, 0) ! ok if kis notthe
= | Jf{)e ) K™ Po  bricereferencebus,
' f*Pk, if k isthepricereferenceus.



Pricing rule, continued
Generatok is paidbasedon:

the Lagrangemultiplier onthe“overall” power balanceconstraint
associateavith the pricereferenceobus,and
the Lagrangemultipliersassociatedvith theline o w limit constraints.
Thisis again thelocational marginal price atbusk.
In general] *, thevalueof the Lagrangamultiplier onthe“overall”
power balanceconstrainthasa differentvalueto theanalogoud.agrange

multiplier thatwould be obtainedf thetransmissiorconstraintsvere
ignored:

Thatis, | *is notthe sameasthe“unconstrainegrice” obtainedrom the
offer-basedeconomiadispatchcalculationignoringtransmission
constraints!



Pricing rule, continued
TheLMP atbusk, | 3, is equalto:

the LMP atthepricereferenceus,
minusaweightedsumof the Lagrangemultipliersontheline o w limit
constraints.
Theweightsare“shift factors”to the constraints.
SincethedispatchP* mustbethe sameasin offer-basedptimal power
0 w wherewe considerednglesg explicitly, it mustalsobethe casethat
LMPsin eachcasemustprovide the samencentves.



Pricing rule, continued

Theorem 6.1

Consider the LMPs in the two formulations of offer-based optimal
power flow with angles included and with angles eliminated,
respectively.

For some choices of Lagrange multipliers | * and u* satisfying the
first-order necessary conditions of offer-based optimal power flow with
angles included and for some choices of Lagrange multipliers | * and
U™ satisfying the first-order necessary conditions of offer-based optimal
power flow with angles eliminated we have that:

I *

8k=1,...nl¢F =1* [&'5 (6.1)
o= i (6.2)

If there are unique values of the Lagrange multipliers then (6.1)
and (6.2) hold for these values so that the unique LMPs are the same in
both formulations.



Pricing rule, continued
Proof
Let P* bethe minimizerof the offer-basedptimal optimalpower o w
problemwith anglesq eliminatedandlet | *, 1", p, andm bethe

Lagrangemultipliersassociateavith the systemconstraintsix = b and
Cx d andeth t]he generatoconstraintsyespectrely.

De ne g~ = Jdo) . (P* D), whereP* is thevectorobtainedrom P*

by deletingthe entry correspondingo therow eliminatedfrom JE)%).

Direct substitutionthenshaws that:

X< = P
- q* )

| *andu* de ned by and(6.1) and(6.2), and

My, andgg,

satisfythe rst-order necessargonditionsof offer-basedoower o w

with anglesincluded.

O



6.3 Example

Considerthefollowing one-linetwo-bus systemwith MW capacityand
perunitimpedancgonal MVA base)asshavn.
Bus1istheanglereferenceous,sotheunknavn angleis .
Therearegeneratorat bothbusesl and2 andD, = 110MW of demand
atbus?2.

Theoffersarespeci edby:

8P; 2 [0,200,Nf,(P;) = 25$/MWh
8P, 2 [0,50],Nf>(P,) = 35%$/MWh

:
ON B
0+0001I 1L - 110MW
100MW demand Fig. 6.1. One-line two-

busnetwork.




6.3.1 Admittance matrix
Theline admittances:

1
0+0.001 1

= 100 1.

Yo =

Thebusadmittancenatrixis:

Yo Y 1oo§_1 1oo§_1
Yo Yoo 180 1 p100 1
Bllp:l Blij

By 1By 1°



6.3.2 Jacobian

Evaluatingthe sub-matrixof the Jacobiarcorrespondindo real power
andanglesattheconditionof at start:

;0 _ fp 0
P qqg 1 7
_ B
By 7
1000
- 1000



6.3.3 DC power flow
TheDC power o w constraintsare:

(0) Py
Jpe q= P, D
Substitutingwe obtain:
1000 Py

1000 (®1= p, p, -



6.3.4 Inverting the power flow equations

We invertthepower o w equationgo eliminateq;, to obtainthefollowing
form:

P P =, D
h ol
@ = By [P,

where,to form Jﬁfog), we have deletedthe secondow of Jé%) corresponding
to bus2 (sothatbus2 will bethe pricereferenceus):

S = 1 1000,
-1
B = 0001,

Notethattheangle referencéousis bus 1, whereagheprice referenceous
Is bus 2!

Exampleshows thatthesecanbe differentbuses!



Inverting the power flow equations, continued
Thepower o w equationsarethen:

Pl P2 — D23
% = [ 0.001[A].

For positve valuesof P;, we havethatg, < 0= q;.
Paver o wsfrom “higher” to “lower” angles.



6.3.5 Line flow constraints
Theline o w constraintsarespeci edby Kq d, where:

d = [Puyl;
= [100],

K = | Bia,
— [ 1000.

Therefore:

(Klae] d) ., ([ 100Q[q.] [100),
, (02 0.1).

Forjg;j 0.1wehavethatsin(q; o) =sin( Q) O», sothatthe
DC power o w approximationis reasonable.



6.3.6 Shift factors
Thematrix of shift factorsis:
h O)i—l
kK By = [ 1000] 0.001,
= [1].

Thatis, if P is injectedatbus1 andwithdravn atbus2 then[1][P;] = P,
will o w ontheline betweerbus1 andbus?2.

If P, isinjectedatbus?2 andwithdravn atbus?2 thenno powerwill ow
ontheline betweerbus1 andbus?2.



6.3.7 Line flow constraints with angles eliminated
Thesystemequalityandinequalityconstraintsvith angleseliminatedare:

h i 1'p = [1'D i
0) ! 0) !
KB kB0
Also, d = [100], sotheseconstraintdbecome:

P P = Dy,
Py 100

We could seethis from the picture!!



6.3.8 Offer-based optimal power flow, angles represented explicitly
Offer-basedptimalpower o w involves:

Py = 100MW generatiorfrom generatod,
Py =10 MW generatiorfrom generato2, and
o w of 1G60MW ontheline, sothat

g — B2 P =[ 0003(p] = 0.]

Noneof thefour generatoconstraintarebinding so,by complementary
slacknessthe Lagrangamultipliersonthe generatoconstraintsarezero:

EE = 0,k=1,2,
e = 0,k=1,2.

Therefore pothgeneratorare“marginal’”



Offer-based optimal power flow, angles represented explicitly, continued
The rst-order necessargonditionsinclude:

8k=1,...,n,0 = Nf(P)+Ad" “+ [ (G e+ (G R,
= Ni(P) 1k

Therefore:
= 25%/MWh
15 = Nf(P3),
= 35%$/MWh

The LMPs are25%/MWhand35%/MWh,respectrely.
Theseare,respectrely, the costsperunit enegy of deliveringan
additionalin nitesimal amountof powerto busesl and2.



6.3.9 Offer-based optimal power flow, angles eliminated
In this formulation,the rst-order necessaryonditionsinclude:

N T A * —%
8k=1,...,n,0 = NA(P)+[Aq'T [ ' G+ (G
= NA(E) T+ +[6dR
Therefore:
35$/MWh = Nfa(Ps),
= I (o,
— |~
25$/MWh = Nfi(P}),
= 1 [
= 35%/MWh ",

o = 10$/MWh
TheLMP atthepricereferenceous,bus 2, is | * = 35$/MWh.



Considerthe exampleone-linetwo-bus systemasshown.
Bus1lis theanglereferenceous,sotheunknavn angleis .
Therearegeneratorat bothbusesl and2 with offersagain speci ed by:

8P; 2 [0,200,Nf,(P;) = 25$/MWh
8P, 2 [0,50],Nf>(P,) = 35%$/MWh

Findthe LMPs andLagrangemultiplierson systemconstraintgor both
theanglesrepresentedndthe angleseliminatedformulationsof
offer-basedptimalpower o w for thefollowing valuesof demandD;:

(i) Dy = 9OMW.
(i) Dy = L00MW.
(iii) Dy = 125MW.

1 2
Fig. 6.2. One-line two-

@ —p— bus network for exer-
0+ 0.001 1L_- Demand cise.
100MW D,




6.4 Larger example
Recallthe previousfour-line four-bus examplewith MW capacitiesand

perunitimpedancegonal MVA base)asshowvn. "oy
Qi
BusO is theanglereferenceus,sotheunknavn anglesareq= Q. .
a3
Demands 3000MW atbusO.
1@ 2
0+ 0.001" _1%0
0__ 3000MW -
0+ 0.00 1| 0+ O.OOZp 1
3000MW | - 300MW
0+ 0.00 P 1
0‘ 3000MW
0 00 @@::’ Fig. 6.3. Fourline

@ four-busnetwork.
Dy



Larger example, continued
Thetransmissionine capacitiesare:

Py = 3000MW,
Pony = 3000MW,
Pz = 300MW,
Py = 3000MW.

Thegeneratioroffersare:
8P; 2 [0,1500,Nf,(P;) = 40$/MWh

8P, 2 [0,1000,Nf>(P,) = 20$/MWh
8P; 2 [0,1500,Nf3(P;) = 50$/MWh

Thisis thesamedemandandoffersasa previousexample,but now we
mustsatisfythetransmissiorconstraints.



6.4.1 DC power flow
Recallthatthe DC power o w constraintsare:

(0)CI P D,
where:
2 1000 0 10003
J(O) 2000 1000 0
pe — 1000 1500 500% -

0 500 1500

SincebusO is actuallya demandousandthereis only generatiorat buses
1,2,and3,theDC power o w constraintsare:

2 1000 0 1000°" 0 203 ?2p,3
2000 1000 6P o
1000 1500 500‘2’ Q2 —ﬁng ; E,

0 500 1500 * P, o



6.4.2 Inverting the power flow equations
Invertingthepower o w equationgo eliminatetheanglesyields:

P P P3 - uD07 H#"

0.0008 0.0006 0.0002 P,

g = 0.0006 0.0012 0.0004 P,
0.0002 0.0004 0.0008 P;

#



6.4.3 Line flow constraints
Theline ow constraintarczespeciBed by Kq d,where:

P(10)
d = greng.
P(23)
P(30)
30003
23000
a 300"

3000
2 1000 0 03

1000 1000 0
0 500 5007
0 0 1000

2



6.4.4 Shift factors
Thematrix of shift factorsis:

hooi 1000 0 0
x B9 - 1000 1000 0
po - 0 500 500

0 0 1gOO

0.8 06 02
_§ 0206 02

02 04 02°
02 04 08

Theaugmentedhift factormatrixis:

3. #

0.0008 0.0006 0.0002

% 0.0006 0.0012 0.0004 |,
0.0002 0.0004 0.0008

: i
C= o0okk .
200 0806 02°
_ 600 0206 02
= %00 0204 02

00 0204 08



6.4.5 Line flow constraints with angles eliminated
Thesystemequalityandinequalityconstraintsvith angleseliminatedare:

1'p = 1'D
N it : i
KB P kB 0+d

whichyield:
P P P = , Dy,
0.8 0.6 0.23{3" p 230003
2 02 06 02 P1 23000
02 04 02 P2 300° "
02 04 08 3 3000



6.4.6 Line flows using solution ignoring transmission constraints

Thesolutionof the offer-basedeconomiadispatchproblemignoring
transmissiorconstraintsvasP; = 1500,P; = 1000,andP; = 500.

Substitutingwe obtain o ws of:

2 0.8 0.6 023 # 2 0.8 0.6 023

1500"
0.2 0.6 0.2 0.6
; 0.2 0.4 Z, P* - 3 0.2 0.4 02g 1000,

> 2 0.
0.2 0.4 0.8 Ps 02 04 o0g °%

2 19003
400
- 600~

1100
2 30003

3000
300+’
3000

sincetheconstrainon o w ontheline betweerbuses?2 and3 would be
violated.



Line flows using solution ignoring transmission constraints, continued

If we dispatched®, = P; = 0 andP, = 1000,thenthe o w ontheline
betweerbuses2 and3 would be 400 MW, whichwould still violatethe
constraint!
Will we beableto utilize all thelow-pricedpower from bus2?
Offer-basedeconomiadispatchis sometimesxplainedby sayingthat
the“offer blocks” arestacled up from lowestto highestoffer price

until demands met.
Usingthis analogywe might beled to believe thatwe will notbeableto

useall of thelow-pricedpower from bus 2 in offer-basedptimal
power o w, sinceusingthelowestpriced“block” alonewould
violatethetransmissiorconstraints.



6.4.7 Offer-based optimal power flow
To nd theoffer-basedptimalpowver o w solution,we needto usea
formal optimizationprocess.
Usingeitherthe formulationwith anglesrepresentedr the formulation
with angleseliminatedwe nd thatoffer-basedptimalpower o w
involves:

Py =750MW generatiorfrom generatod,

Py = 1000MW generatiorfrom generator,

P; = 1250MW generatiorfrom generatoB, and
o w of 300MW ontheline from bus?2 to bus 3.

In this case pnly the generatoconstrainfor generato® is bindingso, by
complementarglacknessthe Lagrangemultiplierson all the other
generatoconstraintarezero:

Eﬁ = 0,k=123
e = 0,k=1,3.
Generatord and3 aremaginal.



Offer-based optimal power flow, continued

Only theline constrainfor theline joining bus 2 to bus 3 is binding so,
by complementarglacknessthe Lagrangemultiplierson all theline
constraintsarezero:

i)

~

oy =
Hiz0) =

|
o o o



6.4.8 Offer-based optimal power flow, angles represented explicitly
The rst-order necessargonditionsinclude:

8k=1,...,n,0 = NA(P)+ A" "+ [Cd'w  [GJ s+ (G mg,
= NAF) 1h 16w+ (Gl
= NA(P) 1 fork=1,3, sincey; = p; =0fork=1,3.
Therefore:
1T = NP,
— 40$/MWh
15 = Nfs(P5),
= 50%$/MWh

TheLMPs are40$/MWhand50$/MWh,respectiely, at busesl and3.
Theseare,respectrely, the costsperunit enegy of deliveringan
additionalin nitesimal amountof power to busesl and3.

Thepoweris “delivered”to thesebusesby generatingt locally.



6.4.9 Offer-based optimal power flow, angles eliminated
In this formulation,the rst-order necessaryonditionsinclude:

8k=1,....n,0 = Nf(P)+ A T*+1GJ'i* (G i+ [Gd A
= NAR) T +[60 "% fork =13
0
= M) Tiad g 8. S ey
0
Thereforethe LMPs atbusesl and3 alsosatisfy:
|7 = 40$/MWh,
= Np(Pp),

I * 0.2 fi(53), where0.2 is the shift factorfor bus1,

|35 = 50$/MWh,

N/3(P3).

= 17 ( 02) [i,3. where( 0.2) is theshift factorfor bus3.



Offer-based optimal power flow, angles eliminated, continued
Solvingtheseequationsimultaneouslyor | * andﬁfB), we obtain:

FA’(23) = 25%/MWh
[* = 45$/MWh
Thereforethe LMPs atbuses0 and2 are:

15 = 1"
= 45%/MWh
wherewe notethatbusO is the pricereferenceous,
| 5 |* 0.4 ﬁfm,
where0.4 is the shift factorfor bus2,
= 35$/MWh



Offer-based optimal power flow, angles eliminated, continued

Substitutingwe obtain o ws of:

2 0.8 0.6 023 # 2 0.8 0.6 023"

750"
0.2 0.6 0.2 0.6
; 0.2 0.4 % P* - 3 0.2 0.4 02g 1000,

> 2 0.
0.2 0.4 0.8 Ps 02 04 08 1290

2 14503

700
a 300+’

1550
2 30003

3000
300~
3000



6.4.10 Offer-based optimal power flow solution

Py = 750MW, Py = 1000MW,
A7 = 40$/MWh, A5 = 35$/MWh,
mamginal atfull output
1® %2
ow 700MW, Fe
below limit
ow 1450MW, |, . ow 300MW,
belov Ilimit | ' atlimit
ow 1550MW,
@ belov limit
0‘0 - 3
¢ @@ 6.4. Offer-based
Fig. 6.4. er-base
Do olqtimal over ow
Do = 3000MW P P
7&9: A58/MWh Py = 1250Mw for fourline four-bus
0 A% = 50$/MWh, network.
mamginal



Homework exercise, part b: Due Wednesday, November 19
Considerthe examplefour-line four-bus systemaspreviously. .

#
Qi
BusO is theanglereferenceus,sotheunknavn anglesareq= q, .
a3
Demands atbusO.
®) ,
1@ 2
0+ 0.001 _1%0
0__ 3000MW -
0+ 0.001 1} | 0+ 0002 1
3000MW | - 300MW
0+ 0001 1
V' 3000MW _ _
000 @3 Fig. 6.5. Fourline
o @ four-bus network for

@ !
Dy homevork exercise.



Homework exercise, part b: Due Wednesday, November 19, continued

UsePaverWorld, the excel solver, or the M ATLAB optimizationtoolbox
to solve thefollowing variationson the example.

Continueto theusethe DC power o w approximation.

In eachcase specifythedispatchandthe LMPs.

You shouldobtainthe Lagrangemultipliersfrom the optimization
softwarein orderto facilitateyour calculations.

(i) Thegeneratioroffersarethesameasin theexample:

8P; 2 [0,1500,Nf,(P;) = 40$/MWh
8P, 2 [0,1000,Nf>(P,) = 20$/MWh
8P; 2 [0,1500,Nf3(P;) = 50$/MWh

However, thedemandchangedo Dy = 1500MW.



(i) Thedemands thesameasin theexample,sothatDy = 3000MW
However, the generatioroffer capacityof generato8 changedrom
1500MW to 1200MW. Thatis, the offersarenow:

8P; 2 [0,1500,Nf,(P;) = 40$/MWh
8P, 2 [0,1000,Nf>(P,) = 20$/MWh
8P; 2 [0,1200,Nf3(P;) = 50$/MWh
(i) Thegeneratioroffersarethe sameasin theexample:
8P; 2 [0,1500,Nf,(P;) = 40$/MWh
8P, 2 [0,1000,Nf>(P,) = 20$/MWh
8P; 2 [0,1500,Nf3(P;) = 50$/MWh
Thedemands the sameasin theexample,sothatDy = 3000MW

However, thetransmissiorcapacityof theline from bus2 to bus 1
changedrom p(,;y = 3000MW1o p(,;) = 600MW,



LMPs canbedifferentat every bus:

|5 = 45$/MWh
|7 = 40$/MWh
|5 = 35$/MWh
|3 = 50$/MWh

LMPs canbethe sameasor lower thanthe offer price at bus:

— lowerthanoffer priceif cheapeimportsarefeasible,
— sameasoffer priceif generators maiginal.

LMPs canbehigherthanoffer priceatbus:
— if nomorecapacityis availableatbus.
LMPs canbehigheror lower atdemandhanat generation:

- LMP atdemands higherthanLMP atbusesl and2,
— LMP atdemands lowerthanLMP atbus 3.

Pawver can o w from buswith higherLMP to buswith lower LMP:
— Frombus3to busO.



Properties of LMPs, continued
LMPs canbehigherthanary generatooffer price:

— if increasingdemandhecessitatedecreasingeneratioratcheap
generatar(for example,homevork exerciseb, whereoffer of generator
atbus3is 1200MW),

— occurredn Houstonzonethis year!

LMPs canbelowerthanary generatooffer price:

— if increasingdemandoy 1 MW allows for morethanl MW increaseata
cheapgeneratar



Properties of LMPs, continued
LMPs canbelower thantransmissiomnunconstrainegbrice:

— underoffer-basedeconomiadispatchignoringtransmissiorconstraints,
unconstrainegricewas$50/MWh,
— underoffer-basedptimalpower o w, LMP is $45/MWhat busO.

LMPs canbehigherthantransmissiorunconstrainegbrice:

— in oneline example,the solutionignoringtransmissiorconstraints
would resultin anLMP of 25$/MWh.



6.6.1 Congestion rent and congestion cost
6.6.1.1 Congestion rent
In thefour-line, four-busexample the paymentsare:

DemandpaysDy | §=3000MW 45$/MWh= 135 000%$/h
Thegeneratoatbus1is paid
Py | 7=750MW 40$/MWh= 30,000%/h
The generatoat bus2 is paid
Py |5=1000MW 35%/MWh= 35,000%/h
The generatoat bus3is paid
P} 15=1250MW 50$/MWh= 62 500%/h
Total paymentto thegeneratorss 127,500%/hwhichis lessthanthe
paymentoy demandof 135,000%/h.
Thedifferencebetweerthe paymenty demandnminusthe paymento
generatorss calledthe congestion rent.
Thecongestiorrentis 7,500%/hfor this example.



Congestion rent, continued

Congestiorrentis arevenuestreamhataccruedo thelSO.
It is dishursedbackto market participantghroughfinancial transmission
rights (known in ERCOI ascongestion revenue rights).



6.6.1.2 Congestion cost

A related but different,concepts the (revealed)congestion cost, which
Is de ned asdifferencebetween:

costof dispatchunderoffer-basedptimalpowver o w (112,500%/h),

minus

costof dispatchunderoffer-basedeconomiadispatchignoring
transmissiorconstraintg105,000%/h).

Congestiorcostrepresentgheincreasecaostof fuel needediueto the
nite capabilityof thetransmissiometwork.

Thecongestiorcostis 7,500%/hin this case.

Thecongestionrentis not generallyequalto the congestiorcost.

In this particularexample,the congestiorrentandcongestiorcosthappen

to bethesame!

More typically, the congestiorrentis largerthanthe congestiorcost.
Congestiorrentandcongestiorcostareoftenconfused:

— althoughthey areeitherbothzeroor bothnon-zerothereis nodirect
relationshipbetweerthem.



6.6.1.3 Properties of congestion rent
Non-negativity

Theorem 6.2 Congestion rent is always non-negative.

Proof
By de nition, congestiomrentis:
paymenty demand paymento generators- || *]T(D P),

wherel * is thevectorof LMPs. R
From(6.1), we have that,for somechoicesof Lagrangamultipliers| *
andu* in theangleseliminatedformulation:

8k=1,...nl5=1* (6 i,

wherewe notethatthe columnof € correspondingo the price
referencédbuswasde ned to bethezerovector
Collecttheseexpressiondogetherinto a singlevectorequation:

=1 (O] (6.3)



Non-negativity, continued

Therefore:
congestionment = H*]T(D P¥),
|
= 1~ [C]Tﬁ* (D P), usingtheexpressiorfor | *,
= [('a’p 1P D P,
= [@"¢ P,
sincel’D 17P* = 0; thatis, D andP* satisfythe systemequality
constraint.

Let é(gk) bethe row of C correspondingo theline joining buses/ and
k, let p» bethecorrespondindine limit, andletﬁz’(}k) bethe

corresponding agrangemultiplier ontheline limit constraint
C(P D) d.



Non-negativity, continued

Then:
1" P = [#]'C(D P*), fromthepreviouspage,
= L&*]T@(P* D),
= a .U(gk)C(Ek)(P D)"’ a .U(gk)C(Ek)(P D),
i 0” =0 70
= a .U(zk)C(ék)(P D),
70
= a ‘Ll(gk)p(gk), by complementarglackness,
70

smceC(gk) (P* D) isthe ow ontheline
joining bus/ to k,
0,

assuminghat8¢,k, p( O,andnotingthatﬂ&k) 0,8/, k.



Non-negativity, continued

Thatis:

paymenty demand paymento generators= oé H g Pk
Piy7 0
0.

We have provedthatthe congestiorrentis non-neative.
L]

Notethatthe congestiorrentis equalto the sumover the bindingline
constraintf the productof the correspondind.agrangemultiplier and
the o w limit.

In the flowgate transmissiomights mechanisnwe associateongestion
rentindividually to eachbindingline constraint.



Changing the dispatch

Now we will considerarelatedpropertythatis usefulin thediscussiorof
financial transmission rights.

We considewectorsof demandandgenerationp’ andP’, thatmaydiffer
from thedemandD andgeneratiornP* in offer-basedoptimalpower o w.
However, we requirethatD’ andP’ satisfythe systemconstraints.

We considerthe congestiorrentunderthefollowing circumstances:

thepricesl * weredeterminedrom the offer-basedptimal power o w
solution,correspondingo thedemandD andgeneratiorP*, but
thedemandandgeneratiorguantitiesaregivenby D’ andP'.

Thatis, we considerl *]" (D' P').



Changing the dispatch, continued

Corollary 6.3

Suppose locational marginal prices | * were determined from the
offer-based optimal power flow solution, corresponding to the demand
D and generation P”.

Let D' and P’ be any vectors of demand and generation, respectively,
that satisfy the system constraints, so that:

1'D" 1P = 0o,
cP D) d.
The values D' and P' may differ from the demand D and generation P*

in offer-based optimal power flow.
Then:

1% Py 1" P. (6.4)



Changing the dispatch, continued

Proof We have: )

[
~ ~ T
Y@ Py = 1t [ (D P), by (6.3,
- ['a'p’ 1Py e P,
— []'¢(@ P, sincel’D’ 1TP =0,
= ['cr o),
= a .U(gk)c(ﬁk)(P D)+ a .U(gk)c(zk)(P D)

=0 K70
— é ﬁ?gk)C(Ek)(Pl D/)»
[1'(-’\,{);10
a# y(gk)p(gk),smceC( D) d andii,y 0,80k,
0

= [I1*]'(D  P*), from the proof of Theorem6.2
O



6.6.2 Contingency constraints
6.6.2.1 Pre-contingency versus post-contingency flow
In theformulationof transmissionimits, we have implicitly been

considerindimits on pre-contingency flow.
However, mosttransmissiorsystemsarecontingency limited.
Thatis, the binding constraintis on alimiting post-contingenc o w that

would occuron contingenyg of anotheline:
— 0 wsin thepost-contingengccaseresultfrom the generationnjections
andthe post-contingengcnetwork.
Thesecontingeng constraintsanalsobe consideredn our formulation,
but requireoutage shift factors:
— fractionof post-contingenc o w onaline dueto injectionat generator
andwithdrawal at pricereferenceous.



6.6.2.2 Example
Considerthefollowing eight-linefour-bus system.

To besecureagainstall singlecontingenciesywe mustoperatehe system

sothatfor any outagecelementthe o wsontheremainingsystemare
within limits.
Thereareeightpossiblesingleelemeniutages.

@

@ o
1® _ Ob 2
Eachlige Flg
_ 0+ 0.00 1 _
Eachlige 1500MW Eachlige
0+ 0.00 1PP ?F 0+ 0.00 1
1500MW Eachlige 300MW
0+ 0.00 1
@ 1500MW
0@ e
% @ Fig. 6.6. Eight-line

Do @ four-busnetwork.



Example, continued

For example,consideran outageof oneof thelinesjoining bus2 to bus 3.
Thiswouldyield the systemshawvn.

We cananalyzethe contingeng constraintdy calculatingthe shift
factorsfor the outagesystem.

For example,we would consideithe shift factorsto theremainingline
joining bus 2 to bus 3.

@
@
1® . ‘%2
Eachlipe o

0+ 0.00 1
Eachlige 1500MW -
0+ 0.00 17F ? 0+ 0.002p 1
1500MW Eachlige | 300MW
0+ 0.00 1
ga 1500MW 3 Fig. 6.7. Contingeng
% @ on eight-line four-bus

@ network.
Dy



Example, continued

For this example,a contingeng on oneof thelinesjoining bus2 and3 is
themostbinding contingeng:

— thecorrespondingost-contingencsystemhappendo have thesame
admittancesndtotal capacitieon eachcorridoraswe considered
previously in the pre-contingeng limited case.

To be securewith respecto a contingeng on oneof thelinesjoining bus
2 and3, we mustoperatesothatthis contingeng would not resultin
overloadof theremaininglinespost-contingeng

Assumingthe sameoffersaspreviously, theresultinggeneratiordispatch

andLMPs arethe sameasthe solutionwe foundfor the pre-contingeng
limited case.



Example, continued

However, the pre-contingency 0 wsresultingfrom this dispatchare
differentto the solutionwe found previously:

— we mustdispatchsothatpost-contingengc o ws arewithin constraints
on post-contingengcsystem,

— but unlessthe contingeng actuallyoccurs, o wswill bedueto
generationnjectionsandthe pre-contingeng network,

— pre-contingeng o ws aretypically well belov capacities.



Example, continued

Py = 750MW, Py = 1000MW,
A = 40$/MWh, A5 = 35$/MWh,
mamginal atfull output
1® °b 2
eachow 312.5,

belonv 1500MW

eachow 687.5MW, | |
belov 1500MW limit | |

, eachow 187.5MW,

| belon 300MW limit

eachow 812.5,
@ | belov 1500MW

"o, N
@ Fig. 6.8. Pre-
D ccl)gntin eng ows
Dy = 3000MW, geng O\
k*O: 45$/MWh P;= 1250MW  On eight-line
0 2% = 50$/Mwh,  four-busnetwork.
mamginal



6.6.2.3 Representation of contingency constraints

Notethatthe post-contingency 0 wsin thesystemmustberepresenteth
termsof thegeneratiorlevelspre-contingency in theeconomiadispatch
problem:

— therelevantsystemconstrainis on post-contingency 0 w asafunction
of generation.



Representation of contingency constraints, continued

In the currentERCOT zonalsystemthe CSCconstraintarerepresented
by the effecton pre-contingency o w onthe CSCsasafunctionof
generation:

— however, pre-andpost-contingengshift factorsaredifferent,

— sotheapproximatiorusedin thecurrentERCOT zonalsystemusesthe
incorrect dervative of thefunctionrepresentinghe post-contingeng

0 wsthatappeaitn the systemconstraints.

— As discussegbreviously, this distortstheincentivesaway from inducing
thebehaior thatwould be consistentvith contingeng-constrained
economiadispatch.

— Whengeneratorshenbehae consistentlywith theirincentves,but
inconsistentvith actualconstraintsERCOI mustadjustthe constraints
or take out-of-marlet actionsto maintainfeasibility.



Representation of contingency constraints, continued
In the ERCOT nodalsystemcontingeng constraintswill berepresented

in termsof post-contingengc o ws.
Incentvesfor generatorsvill be betteralignedwith theactual

transmissiorconstraints:
— becausenoreof the constraintswill berepresentecand
— becauséehe constraintswill berepresentedorrectly



6.6.3 Reactive power prices
6.6.3.1 Offer-based economic dispatch formulation
FecalltheAC formulation:
n

min & fi) p 0 P= D,g
xRN 2 u

< O

Q= E,h(x) hP P

wherewe now explicitly allow the cost(andthe offer) for generatok to

beafunctionof bothrealandreactve power, sothatxy = 5'; :

We ngglectotherancillary servicedor simplicity.

In this case the systemequalityconstraintsncludebothtermsfor real
power andfor reactve power.

Let theminimizerbe P*, Q*, g*, andu*.

Letl 5, andl 6k bethe Lagrangemultiplierson realandreactve power
balanceat generatok.

~l



6.6.3.2 Pricing rule, angles explicit
As previously, we canwrite down the pricing rule for generatok:

*
Pk
*

Qk

sothattherearepricesfor bothrealandreactve power.
Thatis, thepaymento generatok is:

[P k=1 picb+1 5Ok
onthebasisof bothits realandreactve power production.

pXk —

Y



6.6.3.3 Discussion

Althoughthetheoreticaldevelopmeniof pricesfor reactve poweris
straightforvard,adif culty with settingup a marketfor reactve poweris
thatreactve power doesnot “travel” far, sothatthereareseriousssuesof
geographicamarket power.

Furthermorealthoughreal power reseresaretypically lessvaluablethan

enepy, reactve reseresmaybe morevaluablethansteady-statesactve
power:

— socontingeng constraintshouldbe explicitly represented.



6.6.4 Loss prices
6.6.4.1 Offer-based economic dispatch formulation
Againrecallthe AC formulation:

( )

n
mn & P05 | P= DG | Q= Ehx) hP P P
XERN k=1

In this casewe will simplify the optimalpower o w formulationby:

— omitting thereactve powver o w equations,

— omitting otherancillary services,

— deletingthereactve power andvoltagemagnitudevariablesrom the
decisionvector and

— xing thevoltagemagnitudeschedulet x(?.



Offer-based economic dispatch formulation, continued
However, we will keepthenon-lineamrealpowver o w equationsxplicit

andour decisionvectorwill bex = 1:1 , toyield:

(. )
g g

. o ~
B @MBSP o P Db

=
I~
~
~l

Let theminimizerbe P* andq”.

We assumeanappropriateconstrainiguali cation holdssothatwe can
nd Lagrangemultipliers| * andu* onthe systemequalityandinequality
constraints.



6.6.4.2 Pricing rule, angles explicit
As previously, we canwrite down the pricing rule:

*
pPkZI k-



6.6.4.3 Formulation to remove angles
Transformation

We considera similar transformatiorof the equalityconstraintso theone
we usedwhenwe invertedthe DC power o w equations.
117

0 I andnoticethat:

De ne theinvertiblematrixM =

. B

. Mj @ MP= MD

i~ G ip_ 1ps Y p_
o I'p 0 I'P= 1D.p () P =

wh

wherep ug)) ,P, andD arethesub-\ectorsof p ug)) .P,and

D, respecttely, with thepricereferenceousdeleted.



Transformation, continued

Thatis, the AC power o w is equivalentto satisfying:

i~ 4 tp _ 1t
s 5 A
Losses
Theequality:

i~ 4 ip— 1f

requireshatgeneratiorequaldemandpluslosses.

Thatis, lossesarel’ ug))



Inverting the power flow equations

Whatdoespower o w softwarecalculate?
GivenP andD, it calculatesy (andu).
Thatis, it invertsthe equations:

s 0 5 A
PO P= D,

to solve for theangleq asa functionof P.

Thatis, power o w softwareimplicitly de nes anlnversefunctlonq to p
thatsatis es:

aP)  p_ f
(0 P= D.

o

8P,
In otherwords,can use& to substitutdfor anglesaccordingto:

q=q(P).



Loss function

De ne thelossfunctionL : R R by:

De ne thefunctiong : R"! R by:

. . q(P
8P3(P) = 1'p ‘l((())) 1'P+1'D,

= L(P) 17P+1'D.

If werequireg(P) = 0 thenwe requirethatgeneratiorequaldemandlus
losses.

Notethat:
R 1, if kisthepricereferenceous,
Tg. (P)= L 4 o .
1P« 12 (P) 1, if kisnotthepricereferenceus.



Line flows
Similarly, de ne thefunction’ by:

Thenif werequirethati(P) h, we have have satis edthesystem
inequalityconstraints.



Formulation

We canformulatethe offer-basedeconomiadispatchproblemas:

n
min & fu(A) §P)=0h(P) WP P P .
k=1

wherethefunctionsg andh areprovidedby power o w software.
Let the minimizerbe P*.

Let P* bethe sub-\ectorof P* with theentryfor the pricereferencebus
deleted.

We assumenappropriateconstrainjuali cation holdssothatwe can

nd Lagrangemultipliers| * andu* onthe systemequalityandinequality
constraints.



6.6.4.4 Pricing rule, angles eliminated
As previously, we canwrite the pricing rule as:

pp. = ﬂ—Xk(P ) l ﬂTk )
8 -
E | =, if kistheprice
referenceous,
_ ~ T
= ﬂ_L Ax\ | x M oy e ; i
E 1 ‘ITPk(P ) | ‘HTk(P ) u*, if kisnottheprice

referencebus,



Pricing rule, angles eliminated, continued

As previously, thesepricesmustmatchthe correspondingpricesfrom the
formulationwith anglesexplicitly representedsothat:

2 f*, if k is thepricereferenceous,

L px\ | * ﬂil * T"* : ; ;
> 1 ﬁ(P) I ‘HTK(P) u*, if kisnotthepricereferenceus,

TheLMP atbusk, | 7, is equalto:

the LMP atthepricereferenceous,

minusthelosspenaltyfor the effect on mamginal losses,

minusaweightedsumof the Lagrangamultipliersontheline o w limit
constraints.

Theweightsarethe“incrementalshift factors”to the constraints.
TheLMP atthepricereferencebus,themaginallossesandthe
Lagrangemultipliersontheline o w limit constraintswill eachdepend
onthelocationof the pricereferenceous.

However, theLMP ateachbusis independenof the choiceof the
locationof the pricereferenceous.

* __
| k=



6.6.4.5 Example
We modify the one-linetwo-bus systemfrom Section6.3to include
losses.
Bus1istheanglereferenceéous,sotheunknavn angleis .
Bus2 is thepricereferenceous.
Therearegeneratorait bothbusesl and?2.
Thereis D, MW of demancdat bus 2.
Theoffersarespeci edby:

8P; 2 [0,200,Nf,(P;) = 25$/MWh
8P, 2 [0,50],Nf>(P,) = 35%/MWh

1
oF =
100MW - D, MW
demand

Fig. 6.9. One-line two-
busnetwork.



Admittance matrix

We modify theline admittanceo includelosses:
Y12 = 100 1000 1
Thebusadmittancematrixis:

Yo Yo o 100 100§ j. 100+ 100§ j
Yo Yo 100+ 180 1 100 ) 100 1’
Gii+Bii, 1 G +Blzp j .

Gyi+By1 1 Gyp+By 1

We assumehatthe voltagemagnitudegremaintainecequalto oneper
1

unit, sothatu(® =1 = 1



Capacity constraint

We alsoassumehatthe thermalcapacityconstraintsareexpressedn
termsof maximumcurrent magnitude:

— for voltagesequalto oneperunit, the previous 100MW constraint
becomes 100perunit currentconstraint,
— thereis aconstrainton o w ateachendof theline.

Sincepower o wsfrom bus 1 towardsbus2:

— thepower o wing from bus1 into theline is greaterthanthe power
o wing out of theline into bus 2,

— sothe ow from bus1 will bethebindingconstraintwhentheline is at
capacity



Capacity constraint, continued

Thecurrent/; o wing from bus1l into theline is:

I = ApVi+ARV,,
whereA is the busadmittancanatrix,
andVj is thevoltagephasoratbusk = 1, 2,
= (100 1000 1)(V; W,).

ini2 = 100 1000 “1ljv; Wi,
2

— [(1002+ (10007 u wux(cos(a)+sin(g)” 1) %,

— [(1007+ (10007 1 (cogqy) +sin(gy) 1) >,

sincethevoltagemagnitudesreoneperunit,
(100 +(1000%][(1  cog(ap))*+ (sin(qz))?],
= [(100* +(1000°][2 2cogap)]
If we requirethe magnitudeof the currentto belessthan100thenthis
requirest, 0.0995= g, radian:
— very closeto thelimit of 0.1 radianwe foundin thelosslessase.



Power flow at capacity
Usingthe expressiongor realpower injection,we obtain:

p1(p) = 100cogq,) 1000sin(qgy)-+ 100,

pi(d) = 100cogq,) 1000sin(q,)+ 100,
— 9987,

p2(0k) = 100cog )+ 1000sin(gz) + 100,

p2(0,) = 100cogQ,)+ 1000sin(g,) + 100
= 98388

Thatis, when o w is atcapacity 99.87MW is injectedat bus 1 into the
line and98.88MW is deliveredto bus 2.

Notethatlossesarep;(q;) + p2(02), whichare0.99MW whentheline

0 W is at capacity

Injectedpoweratbus 1 islessthan100MW sincesomereactve poweris
injectedinto theline to maintainvoltageequalto 1 perunit.



Dispatch and prices for varying demand

If demands lessthanor equalto 98.88MW thenonly generatod is
dispatchedo meetdemand:

— theLagrangemultiplier ontheline o w constrainis /:’62) = 0.

— LMP atbuslis| 7 = 25%/MWh,re ecting offer atbus 1,
— generatioratbus1 is slightly morethandemand,
— LMP atbus2 is slightly morethan25$/MWh, re ecting maiginal
impactof lossedo transmitfrom bus 1 to bus2:
15 = 1"
I *
‘HL o
qp, (F1)

iz ..
> S|nce0<ﬂP1(P) < 1.

1



Dispatch and prices for varying demand, continued

If demands greateithan98.88MW thenbothgeneratod andgenerator
2 aredispatched:

— theLagrangemultiplier ontheline o w constrainis /3:?12) > 0.

— LMP atbuslis| 7 = 25%/MWh,re ecting offer atbus 1,

— generatioratbus1is 99.87MW,

— LMP atbus2is| 5 = 35$/MWh, re ecting offer atbus 2,

— generatioratbus2is (D, 98.88MW),

— lossesare0.99MW.

— Differencebetweern_MPs at endsof line dueto bothlossesand
congestion:

T

* ﬂL * ﬂh(lz) * ~ %
Il - 1 "ﬂPl(Pl) |2 T[Pl (P) #(122#7
T
_ * ﬂL ﬂh(lz) * Ak
=15 i) (POI5+ P, (P*)  i1p)
< I3



6.6.4.6 Surplus
Lossesarewell-approximatedy a corvex quadratidunctionof
injections,sothatg is convex:
— the“marginal losses areapproximatelydoublethe “averagelosses.
Similarly, thermalline o w limit constraintsn h arecorvex for small
enoughangledifferencesacrosghelines.

Fromthe pricing anduplift Theorem5.3for convex non-linearsystem
constraintgherewill beasurplus.

Thatis, assuminghermalconstraintsarethe only bindingconstraints,

pricing thatincludesthe mamginal losseswill generate surplusfor the
1SO:

— surpluscanbedistursedbackto market participants.



6.6.5 Decomposition approaches
6.6.5.1 Inverting the power flow equations

In generalwe cannotexplicitly invertthepower o w equationgo

analyticallydeterminghefunctionsg and#.
As in thediscussiorof losseshowever, for agivenchoiceof generations

we canusepower o w softwareto calculate:
— thepower o ws,
— thesensitvity of power o wsto generation,

— thelossesand
— the sensitvity of lossego generation.

We canalsosolve contingency power flows for eachcontingeng to
evaluate for givenpre-contingeng generations:

— thecontingeng power o ws, and
— thesensitvity of thecontingeng power o wsto generation.



6.6.5.2 Successively linearizing constraints

Usingthe power o ws andsensitvities, we canapproximatehelosses

with a rst-order Taylor approximatioraboutthe givenchoiceof
generations.

Usingthe power o ws andsensitvities, we canalsoapproximateeach
pre-contingengline o w constraintandeachpost-contingencline ow
constraintoy its rst-order Taylor approximatioraboutthe givenchoice
of generations.

We canalsolinearizeothertypesof constraintsn additionto realpower
0 W constraints:

— constrainton complex power o w,

— currentlimits,

— voltageandreactve power constraintsand
— transientanddynamicstability constraints.

We cansolwe the offer-basedptimal powver o w by iteratingbetween
solvingpower o w andoptimizingthelinearizedapproximation.

We successiely re-linearizethe power o w solutionat eachsolutionof
the optimizedlinearapproximation.



Linearizing constraints, continued

Voltageandreactve power constraintgequiresolutionof AC power o w
includingreactve power:

Linearizingvoltageconstraintsn termsof realpower yieldsa proxy
thermallimit for thevoltageconstraints.

Sincethevoltageto realpower relationships highly non-linearthe
linearizationwill changesigni cantly from iterationto iteration.

Thisis particularlytruefor voltage-related¢ontingeng constraints.

Moreover, voltageconstraintsnayde ne anon-cowex feasibleset.

Transientanddynamicstability constraintgequiresolutionof transient
behaior.



6.6.5.3 lIterative re-linearization

(i) Setinitial list of indicesof bindingconstraintsWV, to be empty
(i) Setinitial linearizationof lossedo zero.
(i) Solwe offer-basedptimalpowver o w for generationsgivencurrent
losslinearizationandcurrentsetof linearizedconstraintsas
speci ed by indicesin W.
(iv) Solve power o w andcontingeng power o ws givengenerations
from solutionto step(iii) .
(v) Updatelinearizationof losses.
(vi) For eachbindingor violatedpre-or post-contingengconstraint
(andpossiblyalsosomeconstraintghatarecloseto limits or have
beenbindingat previousiterations):

form the rst-order Taylor approximatiorto the constraintand
includetheindex of theconstraintin W,

(vii) If thereareviolatedconstraintor the changgrom the previous
solutionof offer-basedeconomiadispatchis too largethengoto
step(iii) .

(viii) Otherwisegend.



Iterative re-linearization, continued
To guaranteeonvergenceof this decompositioralgorithm,we needto
satisfycertainassumptiondncluding:
corvexity of offer-basedptimalpowver o w, and
constraintguali cation.

This decompositiortanbe usedevenin the caseof DC power ow to
avoid explicitly representingll theline o w constraintsnto the
offer-basedptimalpower o w calculation:

Constraintguali cation is automaticallysatis edfor DC optimal power
o W.

In areal-timemarket, linearizationof theline o w constraintss basedn
theresultsof state estimation.



6.7 Summary
In this chaptemwe have consideredransmissiorconstraints.
We formulatedthe optimalpower o w problemandconsidered
offer-basedptimalpower o w.
We appliedthe previously derived pricing rule to obtainthelocational
maiginal prices.
We consideregropertief thelocationalmamginal prices.
We discussedeveral othertopics,including congestiorrent, priceswith
AC power o w, anddecompositioriechniques.



Homework exercise: Due Wednesday, November 26
We again considerthe modi ed one-linetwo-bussystemfrom Section6.3
thatincludeslosses.
Bus1istheanglereferenceous,sotheunknavn angleis q».
Thepower o w injectionsare:

p1(2) = 100cogqp) 1000sin(g) + 100,
p2(p) = 100cogqp) + 1000sin(q,) + 100
1
OF B
100MW - D, MW
demand Fig. 6.10. One-line

two-busnetwork.



Homework exercise: Due Wednesday, November 26
Adding andsubtractingheseequationsyve obtain:

p1(Q2) +p2(02) = 200 200cogqy),
p2(@2) p1(@2) = pi(@)+p2(d2) 2p1(%),
= 2000sin(qy).
Noting thattheinjectionatbuslis P; = p;(g) andthatthelossesare
L(P;) = p1(92) + p2(02), we obtain:

L(P;) = 200 200cogQq»),
L(P1> 2P = ZOOOSIH(CIZ)

() Eliminateq, from thelasttwo equations.

(i) Usethequadraticequationto expressthelossesasafunctionof P;.
(Therearetwo solutions.Which operatingconditionwould you
prefer:thelower or the higherlossesJsethatone.)

(i) Graphthelossesversusp;.



Homework exercise: Due Wednesday, November 26

(iv) Differentiatethe expressiorfor losseswith respecto P;.

(v) Findthe LMPs anddispatchwhendemands D, = 98.88MW, so
thatline is justatlimit.

(vi) Bonusquestion:performseveraliterationsof theiteratve
linearizationalgorithmdescribedn Section6.6.5.3to solve for the
LMPs anddispatchfor thethreecasef demand:

(a) D, = 90MW,
(b) D, = 100MW, and
(c) D, =110MW.
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