
Coursenotesfor EE394V
RestructuredElectricityMarkets:

LocationalMarginalPricing

RossBaldick

Copyright c© 2008RossBaldick

Title Page JJ II J I 1 of 118 Go Back Full Screen Close Quit



6
Locational marginal pricing

(i) Optimalpower �o w,
(ii) DC optimalpower �o w,

(iii) Offer-basedoptimalpower �o w,
(iv) Examples,
(v) Homework exercises:DueWednesday, November19,
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(vii) Othertopics,
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(viii) Homework exercise:DueWednesday, November26.
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6.1 Optimal power flow
� Section15.6of Applied Optimization: Formulation and Algorithms for

Engineering Systems, CambridgeUniversityPress2006.
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6.2 DC optimal power flow
6.2.1 Motivation

� Optimalpower �o w presentsseveraldif�culties:
– solvinganon-linearoptimizationproblem,bothin context of day-ahead

andin real-time,and
– specifyingthedata,particularlythereactivepowerandvoltage

magnituderequirements.
� Onesimpli�cation involves:

– replacingtherepresentationof thepower �o w equationswith theDC
power �o w model,and

– replacingtheinequalityconstraintswith a linearizedversion.
� Thesimpli�cation neglectslossesandreactivepower issuesandcreatesa

linearlyconstrainedproblem:
– thesimpli�cation is usedin severalday-aheadmarkets,requiringthat

thecostof lossesandcompensation(if any) for reactivepowerbe
charged,for example,asuplift.

� Someday-aheadmarketssuchasNew York andPJMincludelosses.
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6.2.2 Formulation
� Recalltheoptimalpower �o w problem:

min
x∈RN

(
n

å
k= 1

fk(Pk)

�
�
�
�
�
g(x) = 0,h(x) � h,P � P � P

)

,

� wherewewill assumethattheobjectivedependsonly on therealpower
injectionsandis additively separable,and

� wherewehavesimpli�ed therepresentationof theinequalityconstraints
to simplify thenotation.

� Thesystemconstraintsareg(x) = 0,h(x) � h.
� Wewill assumethatthefunctionalinequalityconstraintsh(x) � h

representline �o w limits only.
� Wewill assumethattheonly generatorconstraintsaretheboxconstraints

P � P � P.
Moregeneralgeneratorconstraintscanalsobeaccommodated,
For example,wecouldconsiderreservesandotherancillaryservices.
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Formulation, continued
� Thegeneraloptimalpower �o w formulationrepresentsbothrealand

reactivepowerandvoltagemagnitudeandanglesbut subsumeddemand
andgenerationinto avectorof netgeneration.

� Making realandreactivepowerexplicit andseparatingnetgeneration
into generationanddemand,weobtain:

min
x∈RN

(
n

å
k= 1

fk(Pk)

�
�
�
� p̃

� �
q
u

� �
� P = � D, q̃

��
q
u

� �
� Q = � E,h(x) � h,P � P � P

)

,

� wherewehaveassumedthattherearespeci�edvectorsof realand
reactivepowerdemandD andE, respectively.

� In ouroriginal formulationof power �o w, P andQ werespeci�ed
parametersconsistingof thenetinjections.

� Now, wehave re-interpretedthenetinjectionsto bethedifference
betweengenerationanddemand(andre-de�nedthevectorsP andQ
appropriately).
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Formulation, continued
� Furthermore,thevectorsP andQ arepartof thedecisionvector

x =

2

6
4

P
Q
u
q

3

7
5 2 RN.

� To emphasizethatP andQ arepartof thedecisionvector, wehaveshifted
P andQ to theleft-handsideof theequationsandshiftedtheconstant
vectorsD andE to theright-handsideof theequations.

� Thatis, wehave re-writtenthepower �o w constraintsin theform:

p̃
��

q
u

� �
� P = � D, q̃

� �
q
u

� �
� Q = � E.

� Wecanalsoexpandtheformulationandinterpretthevectorof demands
D asvariables:
– usefulin thecontext of pricesfor demand.
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6.2.3 Further simplifications
� Wewill furthersimplify theoptimalpower �o w formulationby:

– omitting thereactivepower �o w equations,effectively assumingthatwe
cansatisfythemindependentlyof otherdecisions,

– deletingthereactivepowerandvoltagemagnitudevariablesfrom the
decisionvector,

– �xing thevoltagemagnitudescheduleat u(0) = 1,
– linearizingtherealpower �o w equations,and
– linearizingtheline �o w limit equations.

� Thatis, ourdecisionvectorwill bere-de�nedto bex =

�
P
q

�
.
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6.2.3.1 Reactive power and voltage magnitude
� Omitting thereactivepower �o w equationsand�xing thevoltage

scheduleleavesuswith therealpower �o w equations:

p̃
� �

q
u(0)

� �
� P = � D.

6.2.3.2 Linearization of power flow
� We linearizetherealpower �o w equationsaboutq(0) = 0 to obtainthe

DC power �o w approximation:

¶p̃
¶q

��
0
1

� �
q � P = � D,

� whereweassumethatq(0) = 0 andu(0) = 1 satisfytherealpower �o w
equationsfor injectionsP(0) = 0.

� Wede�ne J(0)
pθ =

¶p̃
¶q

��
0
1

� �
, sothatthepower �o w equationsbecome:

J(0)
pθ q� P = � D.
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6.2.3.3 Linearization of line flow limit constraints
� Theline �o w limit equationsare:

h(x) � h.

� Linearizingtheseaboutq(0) = 0 andmaintainingu(0) = 1 weobtain:

¶h
¶q

� �
0
1

� �
q � h � h

� �
0
1

� �
.

� Wede�ne K =
¶h
¶q

��
0
1

� �
andd = h � h

� �
0
1

� �
, sothattheline �o w

inequalityconstraintsbecome:

Kq � d.
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6.2.4 Explicit representation of angles
6.2.4.1 Formulation

� TheDC optimalpower �o w problemis therefore:

min
P,θ

(
n

å
k= 1

fk(Pk)

�
�
�
�
�
J(0)

pθ q� P = � D,Kq � d,P � P � P

)

.

� Thisproblemis in theform of ourgeneralizedeconomicdispatch
problem:

min
x∈RN

f f (x)jAx = b,Cx � d,8k = 1, . . . ,n,dk � Gkxk � dkg,

� where:

x =

�
P
q

�
2 RN,

A =
h

� I J(0)
pθ

i
,

b = � D,
C = [0 K ] ,
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Formulation, continued
� andwhere:

xk = [Pk],k = 1, . . . ,n,
xn+ 1 = q,

8x 2 RN, f (x) =
n

å
k= 1

fk(Pk),

dk = [Pk],

dk = [Pk],

Gk = [1].
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6.2.4.2 Offer-based optimal power flow
� Weconsiderthesolutionof theoptimalpower �o w problemandwrite

down thepricing rule for offer-basedoptimalpower �o w whereeach
generatork = 1, . . . ,n offersÑfk andspeci�esits limits Pk andPk.

� Let x? =

�
P?
q?

�
betheminimizerof theoffer-basedoptimalpower �o w

problem.
� Let l ? andµ? betheLagrangemultipliersassociatedwith thesystem

constraintsAx = b andCx � d, respectively.
� Let Ak andCk bethecolumnsof A andC, respectively, associatedwith the

decisionvariablesxk representinggeneratork.
� Thatis:

Ak = � Ik,

Ck = 0,

� whereIk is avectorwith all zerosexceptfor aonein thek-th place.
� Notethatthecorrespondingcolumnsfor thevariablesxn+ 1 = q areJ(0)

pθ
andK, respectively.
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6.2.4.3 First-order necessary conditions

9l ? 2 Rm,9µ? 2 Rr ,8k = 1, . . . ,n,9µ?
k
,µ?k 2 Rrk suchthat:

8k = 1, . . . ,n,Ñfk(x?k)+ [Ak]
†l ?+[Ck]

†µ? � [Gk]
†µ?

k
+[Gk]

†µ?k = 0;

[J(0)
pθ ]

†
l ?+ K†µ? = 0;

M?(Cx? � d) = 0;
8k = 1, . . . ,n,M?

k(dk � Gkx?) = 0;

8k = 1, . . . ,n,M?
k(Gkx? � dk) = 0;

Ax? = b;
Cx? � d;

8k = 1, . . . ,n,Gkx?k � dk;

8k = 1, . . . ,n,Gkx? � dk;
µ? � 0;
µ?

k
� 0; and

µ?k � 0,
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6.2.4.4 Pricing rule
� Frompreviousanalysis,wecanwrite down thevectorof pricespxk that

inducespro�t-maximizing generatorsto dispatchaccordingto P?:

pxk = � [Ak]
†l ? � [Ck]

†µ?,
= l ?k,

� wherel ?k is theLagrangemultiplier associatedwith thesystemconstraint
¶p̃k
¶q

� �
0
1

� �
q � Pk = � Dk andwhere

¶p̃k
¶q

��
0
1

� �
is thek-th row of J(0)

pθ .

� Thepricel ?k is calledthelocational marginal price or LMP atbusk.
� Thatis, thepaymentto generatork for generationxk = Pk is:

[pxk]
†xk = l ?kPk.

� Generatork is paidbasedon theLagrangemultiplier on thepower
balanceconstraintassociatedwith its bus.

� Similarly, demandpaysbasedon theLagrangemultiplier associatedwith
its bus.
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Pricing rule, continued
� If theformulationwereexpandedto includereservesandotherancillary

servicesthentheLMPswouldalsoincludeadditionaltermsrelatedto
theseservicesaswederivedfor thecaseof reserveswithout transmission
constraints.

� Formulationswith ancillaryservicestypically donot representlocational
issuesin detail:
– for example,deliverabilityof spinningreservesmaynotbeconsidered,

or only consideredapproximatelyin termsof deliverability to “zones.”
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Pricing rule, continued
� Typically, theLMP atabuscanbeinterpretedastheminimumcostper

unit energy of deliveringanadditionalin�nitesimal amountof power to
thatbusor thevalueperunit energy of producinganadditional
in�nitesimal amountof powerat thatbus.
“Marginal” meansaderivativeor in�nitesimal changein thiscontext.

� In particular, if thesecond-ordersuf�cient conditionshold thenthe
Lagrangemultiplier onaconstraintequalsthesensitivity of theobjective
to achangein theright-handsideof theconstraint.

� TheLMP for busk is theLagrangemultiplier on thepowerbalance
constraintfor busk.

� TheLMP thereforerepresentsthesensitivity of costto changesin
production(or demand)atbusk:
Minimizing thecost(minusbene�ts) is equivalentto maximizingthe

bene�tsminusthecost,or thesurplus.
Thesensitivity of costto changesin productionis calledthemarginal

surplus.
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Pricing rule, continued
� Thesensitivity interpretationis notalwaysvalid whenconstraintsare

“just” binding,if thesecond-ordersuf�cient conditionsdonothold.
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6.2.5 Angles eliminated
� To understandtherelationshipbetweentheconstraintsandtheLMPs,we

will re-formulatetheoptimalpower �o w problemto eliminatetheangles.
� Thiswill alsoleadto adecompositionapproachthatcanbeutilized to

representtheAC power �o w equations.
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6.2.5.1 Formulation
� Recallthesystemconstraints:

J(0)
pθ q� P = � D,

Kq � d.

� Wehavepreviouslydiscussedeliminatingq by deletingoneof therows
of J(0)

pθ to form bJ(0)
pθ anddeletingcorrespondingentriesof P andD to form

sub-vectorsP̂ andD̂, respectively, sothatq =
h

bJ(0)
pθ

i −1
(P̂ � D̂).

Typically, wewill eitherdeletetherow correspondingto the(angle)
referencebusor correspondingto abuswith demand.

Thisbuswill becomethe“price referencebus,” asdistinctfrom theangle
referencebus.

� Thesystemequalityandinequalityconstraintsthenbecome:

� 1†P = � 1†D,

K
h

bJ(0)
pθ

i −1
P̂ � K

h
bJ(0)
pθ

i −1
D̂ + d.
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Formulation, continued
� TheDC optimalpower �o w problemwith angleseliminatedis therefore:

min
P

(
n

å
k= 1

fk(Pk)

�
�
�
� � 1†P = � 1†D,K

h
bJ(0)
pθ

i −1
P̂ � K

h
bJ(0)
pθ

i −1
D̂ + d,P � P � P

)

.

� This is in theform of ourgeneralizedeconomicdispatchproblem:

min
x∈Rn

f f (x)jÂx = b̂,Ĉx � d̂,8k = 1, . . . ,n,dk � Gkxk � dkg,

� wherewehaveused̂ to distinguishthis formulationfrom theformulation
whereanglesq wereexplicit andwhere:

x = P 2 Rn,

Â = � 1†,

b̂ = � 1†D,

Ĉ =

�

0 K
h

bJ(0)
pθ

i −1
�
,

wherewehaveassumedthatthe�rst entry
of P correspondsto thepricereferencebus,

d̂ = K
h

bJ(0)
pθ

i −1
D̂ + d,
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Formulation, continued
� andwhere:

xk = [Pk],

dk = [Pk],

dk = [Pk],

Gk = [1].

� RecallthatĈ is theaugmented shift factor matrix thatwederivedin the
context of linearizedpower �o w.
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6.2.5.2 Offer-based optimal power flow
� Weagainconsiderthesolutionof theoptimalpower �o w problemand

write down thepricing rule for offer-basedoptimalpower �o w where
eachgeneratork = 1, . . . ,n offersÑfk andspeci�esits limits Pk andPk.

� Let P? betheminimizerof theoffer-basedoptimaloptimalpower �o w
problemwith anglesq eliminated.
Notethatif theoffersarethesameasin thepreviouscasewherewe

consideredanglesq explicitly thentheminimizerP? mustbethe
sameaspreviously in theformulationwherewerepresentedangles
explicitly!

Moreover, theanglesin theprevioussolutionmustalsosatisfy

q? =
h

bJ(0)
pθ

i −1
(P̂? � D̂), whereP̂? is thevectorobtainedfrom P? by

deletingtheentrycorrespondingto therow thatwaseliminated
from J(0)

pθ .

� Let l̂ ? andµ̂? betheLagrangemultipliersassociatedwith thesystem
constraintsÂx = b̂ andĈx � d̂, respectively.
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Offer-based optimal power flow, continued
� Let Âk andĈk bethecolumnsof Â andĈ, respectively, associatedwith the

decisionvariablesxk representinggeneratork.
� Thatis:

Âk = � 1,

Ĉk =

8
>><

>>:

K
� h

bJ(0)
pθ

i −1
�

k
, if k is not thepricereferencebus,

0, if k is thepricereferencebus.

� where
� h

bJ(0)
pθ

i −1
�

k
is thek-th columnof

h
bJ(0)
pθ

i −1
.
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Offer-based optimal power flow, continued
� Thatis, if k is not thepricereferencebusthenĈk is thecolumnof theshift

factormatrix correspondingto generatork.
� Eachentryof Ĉk representsthefractionof thegenerationinjectedby

generatork that�o wson thecorrespondingline whenwithdrawn at the
pricereferencebus.

� Theentriesof Ĉ0 areall zerosinceinjectingandwithdrawing thesame
amountof powerat thepricereferencebushasnoeffectonany line �o ws.
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6.2.5.3 First-order necessary conditions

9l̂ ? 2 Rm,9µ̂? 2 Rr ,8k = 1, . . . ,n,9µ?
k
,µ?k 2 Rrk suchthat:

8k = 1, . . . ,n,Ñfk(x?k)+ [Âk]
†
l̂ ?+[Ĉk]

†
µ̂? � [Gk]

†µ?
k
+[Gk]

†µ?k = 0;

M?(Ĉx? � d̂) = 0;
8k = 1, . . . ,n,M?

k(dk � Gkx?) = 0;

8k = 1, . . . ,n,M?
k(Gkx? � dk) = 0;

Âx? = b̂;
Ĉx? � d̂;

8k = 1, . . . ,n,Gkx?k � dk;

8k = 1, . . . ,n,Gkx? � dk;
µ̂? � 0;
µ?

k
� 0; and

µ?k � 0,
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6.2.5.4 Pricing rule
� Frompreviousanalysis,wecanwrite down thevectorof pricespxk that

inducespro�t-maximizing generatorsto dispatchaccordingto P?:

pxk = � [Âk]
†
l̂ ? � [Ĉk]

†
µ̂?,

=

8
><

>:

l̂ ? �
� h

bJ(0)
pθ

i −1
�

k

†

K†µ̂?, if k is not thepricereferencebus,

l̂ ?, if k is thepricereferencebus,

� wherel̂ ? is theLagrangemultiplier associatedwith thesystemequality
constraint� 1†P = � 1†D.

� In particular, thepaymentto generatork for generationPk is:

[pxk]
†xk = (l̂ ? � [Ĉk]

†
µ̂?)Pk,

=

8
><

>:

 

l̂ ? �
� h

bJ(0)
pθ

i −1
�

k

†

K†µ̂?
!

Pk,
if k is not the

pricereferencebus,

l̂ ?Pk, if k is thepricereferencebus.
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Pricing rule, continued
� Generatork is paidbasedon:

theLagrangemultiplier on the“overall” powerbalanceconstraint
associatedwith thepricereferencebus,and

theLagrangemultipliersassociatedwith theline �o w limit constraints.
� This is again thelocational marginal price atbusk.
� In general,̂l ?, thevalueof theLagrangemultiplier on the“overall”

powerbalanceconstraint,hasadifferentvalueto theanalogousLagrange
multiplier thatwouldbeobtainedif thetransmissionconstraintswere
ignored:

Thatis, l̂ ? is not thesameasthe“unconstrainedprice” obtainedfrom the
offer-basedeconomicdispatchcalculationignoringtransmission
constraints!
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Pricing rule, continued
� TheLMP atbusk, l ?k, is equalto:

theLMP at thepricereferencebus,
minusaweightedsumof theLagrangemultiplierson theline �o w limit

constraints.
� Theweightsare“shift factors”to theconstraints.
� SincethedispatchP? mustbethesameasin offer-basedoptimalpower

�o w whereweconsideredanglesq explicitly, it mustalsobethecasethat
LMPs in eachcasemustprovide thesameincentives.

Title Page JJ II J I 30 of 118 Go Back Full Screen Close Quit



Pricing rule, continued

Theorem 6.1
� Consider the LMPs in the two formulations of offer-based optimal

power flow with angles included and with angles eliminated,
respectively.

� For some choices of Lagrange multipliers l ? and µ? satisfying the
first-order necessary conditions of offer-based optimal power flow with
angles included and for some choices of Lagrange multipliers l̂ ? and
µ̂? satisfying the first-order necessary conditions of offer-based optimal
power flow with angles eliminated we have that:

8k = 1, . . . ,n, l ?k = l̂ ? � [Ĉk]
†
µ̂?, (6.1)

µ? = µ̂?. (6.2)

� If there are unique values of the Lagrange multipliers then (6.1)
and (6.2) hold for these values so that the unique LMPs are the same in
both formulations.
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Pricing rule, continued
Proof
� Let P? betheminimizerof theoffer-basedoptimaloptimalpower �o w

problemwith anglesq eliminatedandlet l̂ ?, µ̂?, µ?
k
, andµ?k bethe

Lagrangemultipliersassociatedwith thesystemconstraintsÂx = b̂ and
Ĉx � d̂ andwith thegeneratorconstraints,respectively.

� De�ne q? =
h

bJ(0)
pθ

i −1
(P̂? � D̂), whereP̂? is thevectorobtainedfrom P?

by deletingtheentrycorrespondingto therow eliminatedfrom J(0)
pθ .

� Direct substitutionthenshows that:

x? =

�
P?
q?

�
,

l ? andµ? de�ned by and(6.1) and(6.2), and
µ?

k
, andµ?k,

� satisfythe�rst-order necessaryconditionsof offer-basedpower �o w
with anglesincluded.

2
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6.3 Example
� Considerthefollowing one-linetwo-bussystemwith MW capacityand

perunit impedance(ona1 MVA base)asshown.
� Bus1 is theanglereferencebus,sotheunknown angleis q2.
� Therearegeneratorsatbothbuses1 and2 andD2 = 110MW of demand

atbus2.
� Theoffersarespeci�edby:

8P1 2 [0,200],Ñf1(P1) = 25$/MWh,
8P2 2 [0,50],Ñf2(P2) = 35$/MWh.

P1

P2
1 2

110MW
demand

0+ 0.001
p

� 1
100MW

-

�

-��
�� ��

��
-

Fig. 6.1. One-line two-
busnetwork.

Title Page JJ II J I 33 of 118 Go Back Full Screen Close Quit



6.3.1 Admittance matrix
� Theline admittanceis:

Y12 =
1

0+0.001
p

� 1
,

= � 1000
p

� 1.

� Thebusadmittancematrix is:
�

Y12 � Y12
� Y12 Y12

�
=

�
� 1000

p
� 1 1000

p
� 1

1000
p

� 1 � 1000
p

� 1

�
,

=

�
B11

p
� 1 B12

p
� 1

B21
p

� 1 B22
p

� 1

�
.
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6.3.2 Jacobian
� Evaluatingthesub-matrixof theJacobiancorrespondingto realpower

andanglesat theconditionof �at start:

J(0)
pθ =

¶p̃
¶q

� �
0
1

� �
,

=

�
� B12

B21

�
,

=

�
� 1000

1000

�
.
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6.3.3 DC power flow
� TheDC power �o w constraintsare:

J(0)
pθ q =

�
P1
P2 � D2

�
.

� Substituting,weobtain:
�

� 1000
1000

�
[q2 ] =

�
P1
P2 � D2

�
.
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6.3.4 Inverting the power flow equations
� We invert thepower �o w equationsto eliminateq2 to obtainthefollowing

form:

� P1 � P2 = � D2,

[q2] =
h

bJ(0)
pθ

i −1
[P1],

� where,to form bJ(0)
pθ , wehavedeletedthesecondrow of J(0)

pθ corresponding
to bus2 (sothatbus2 will bethepricereferencebus):

bJ(0)
pθ = [� 1000],

h
bJ(0)
pθ

i −1
= [� 0.001].

� Notethattheangle referencebusis bus1, whereastheprice referencebus
is bus2!
Exampleshows thatthesecanbedifferentbuses!
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Inverting the power flow equations, continued
� Thepower �o w equationsarethen:

� P1 � P2 = � D2,

q2 = [� 0.001][P1].

� For positivevaluesof P1, wehave thatq2 < 0 = q1.
Power �o ws from “higher” to “lower” angles.
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6.3.5 Line flow constraints
� Theline �o w constraintsarespeci�edby Kq � d, where:

d = [p(12)],

= [100] ,

K = [� B12],

= [� 1000].

� Therefore:

(K[q2] � d) , ([� 1000][q2] � [100]),
, (q2 � � 0.1).

� For jq2j � 0.1 wehave thatsin(q1 � q2) = sin(� q2) � � q2, sothatthe
DC power �o w approximationis reasonable.
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6.3.6 Shift factors
� Thematrixof shift factorsis:

K
h

bJ(0)
pθ

i −1
= [� 1000][� 0.001],

= [1].

� Thatis, if P1 is injectedatbus1 andwithdrawn atbus2 then[1][P1] = P1
will �o w on theline betweenbus1 andbus2.

� If P2 is injectedatbus2 andwithdrawn atbus2 thennopowerwill �o w
on theline betweenbus1 andbus2.
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6.3.7 Line flow constraints with angles eliminated
� Thesystemequalityandinequalityconstraintswith angleseliminatedare:

� 1†P = � 1†D,

K
h

bJ(0)
pθ

i −1
[P1] � K

h
bJ(0)
pθ

i −1
[0] + d.

� Also, d = [100], sotheseconstraintsbecome:

� P1 � P2 = � D2,

P1 � 100.

� Wecouldseethis from thepicture!!
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6.3.8 Offer-based optimal power flow, angles represented explicitly
� Offer-basedoptimalpower �o w involves:

P?1 = 100MW generationfrom generator1,
P?2 = 10MW generationfrom generator2, and
�o w of 100MW on theline, sothat

q?2 =
h

bJ(0)
pθ

i −1
[P?1 ] = [� 0.001][P?1 ] = [� 0.1].

� Noneof thefour generatorconstraintsarebindingso,by complementary
slackness,theLagrangemultiplierson thegeneratorconstraintsarezero:

µ?
k

= 0,k = 1,2,

µ?k = 0,k = 1,2.

� Therefore,bothgeneratorsare“marginal.”

Title Page JJ II J I 42 of 118 Go Back Full Screen Close Quit



Offer-based optimal power flow, angles represented explicitly, continued
� The�rst-order necessaryconditionsinclude:

8k = 1, . . . ,n,0 = Ñfk(P?k )+ [Ak]
†l ?+[Ck]

†µ? � [Gk]
†µ?

k
+[Gk]

†µ?k,
= Ñfk(P?k ) � l ?k.

� Therefore:

l ?1 = Ñf1(P?1 ),

= 25$/MWh,
l ?2 = Ñf2(P?2 ),

= 35$/MWh.

� TheLMPsare25$/MWhand35$/MWh,respectively.
� Theseare,respectively, thecostsperunit energy of deliveringan

additionalin�nitesimal amountof power to buses1 and2.
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6.3.9 Offer-based optimal power flow, angles eliminated
� In this formulation,the�rst-order necessaryconditionsinclude:

8k = 1, . . . ,n,0 = Ñfk(P?k )+ [Âk]
†
l̂ ?+[Ĉk]

†
µ̂? � [Gk]

†µ?
k
+[Gk]

†µ?k,

= Ñfk(P?k ) � l̂ ?+[Ĉk]
†
µ̂?.

� Therefore:

35$/MWh = Ñf2(P?2 ),

= l̂ ? � [0]µ̂?,
= l̂ ?,

25$/MWh = Ñf1(P?1 ),

= l̂ ? � [1]µ̂?,
= 35$/MWh� µ̂?,

µ̂? = 10$/MWh.

� TheLMP at thepricereferencebus,bus2, is l̂ ? = 35$/MWh.
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Homework exercise, part a: Due Wednesday, November 19
� Considertheexampleone-linetwo-bussystemasshown.
� Bus1 is theanglereferencebus,sotheunknown angleis q2.
� Therearegeneratorsatbothbuses1 and2 with offersagainspeci�edby:

8P1 2 [0,200],Ñf1(P1) = 25$/MWh,
8P2 2 [0,50],Ñf2(P2) = 35$/MWh.

� Find theLMPsandLagrangemultipliersonsystemconstraintsfor both
theanglesrepresentedandtheangleseliminatedformulationsof
offer-basedoptimalpower �o w for thefollowing valuesof demandD2:

(i) D2 = 90MW.
(ii) D2 = 100MW.

(iii) D2 = 125MW.

P1

P2
1 2

Demand
D2

0+ 0.001
p

� 1
100MW

-

�

-��
�� ��

��
-

Fig. 6.2. One-line two-
bus network for exer-
cise.
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6.4 Larger example
� Recallthepreviousfour-line four-busexamplewith MW capacitiesand

perunit impedances(ona1 MVA base)asshown.

� Bus0 is theanglereferencebus,sotheunknown anglesareq =

"
q1
q2
q3

#

.

� Demandis 3000MW atbus0.
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� 1
3000MW
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� 1
300MW

0+ 0.001
p

� 1
3000MW
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�	
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��
��

�

�

? ?

Fig. 6.3. Four-line
four-busnetwork.
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Larger example, continued
� Thetransmissionline capacitiesare:

p(10) = 3000MW,
p(21) = 3000MW,
p(23) = 300MW,
p(30) = 3000MW.

� Thegenerationoffersare:

8P1 2 [0,1500],Ñf1(P1) = 40$/MWh,
8P2 2 [0,1000],Ñf2(P2) = 20$/MWh,
8P3 2 [0,1500],Ñf3(P3) = 50$/MWh.

� This is thesamedemandandoffersasapreviousexample,but now we
mustsatisfythetransmissionconstraints.
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6.4.1 DC power flow
� RecallthattheDC power �o w constraintsare:

J(0)
pθ q = P � D,

� where:

J(0)
pθ =

2

6
4

� 1000 0 � 1000
2000 � 1000 0

� 1000 1500 � 500
0 � 500 1500

3

7
5 .

� Sincebus0 is actuallyademandbusandthereis only generationatbuses
1, 2, and3, theDC power �o w constraintsare:

2

6
4

� 1000 0 � 1000
2000 � 1000 0

� 1000 1500 � 500
0 � 500 1500

3

7
5

"
q1
q2
q3

#

=

2

6
4

0
P1
P2
P3

3

7
5 �

2

6
4

D0
0
0
0

3

7
5 .
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6.4.2 Inverting the power flow equations
� Invertingthepower �o w equationsto eliminatetheanglesyields:

� P1 � P2 � P3 = � D0,

q =

"
0.0008 0.0006 0.0002
0.0006 0.0012 0.0004
0.0002 0.0004 0.0008

# " P1
P2
P3

#

.
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6.4.3 Line flow constraints
� Theline �o w constraintsarespeci�edby Kq � d, where:

d =

2

6
6
4

p(10)
p(21)
p(23)
p(30)

3

7
7
5 ,

=

2

6
4

3000
3000
300

3000

3

7
5 ,

K =

2

6
4

1000 0 0
� 1000 1000 0

0 500 � 500
0 0 1000

3

7
5 .
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6.4.4 Shift factors
� Thematrixof shift factorsis:

K
h

bJ(0)
pθ

i −1
=

2

6
4

1000 0 0
� 1000 1000 0

0 500 � 500
0 0 1000

3

7
5

"
0.0008 0.0006 0.0002
0.0006 0.0012 0.0004
0.0002 0.0004 0.0008

#

,

=

2

6
4

0.8 0.6 0.2
� 0.2 0.6 0.2

0.2 0.4 � 0.2
0.2 0.4 0.8

3

7
5 .

� Theaugmentedshift factormatrix is:

Ĉ =

�

0 K
h

bJ(0)
pθ

i −1
�
,

=

2

6
4

0.0 0.8 0.6 0.2
0.0 � 0.2 0.6 0.2
0.0 0.2 0.4 � 0.2
0.0 0.2 0.4 0.8

3

7
5 .
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6.4.5 Line flow constraints with angles eliminated
� Thesystemequalityandinequalityconstraintswith angleseliminatedare:

� 1†P = � 1†D,

K
h

bJ(0)
pθ

i −1
P̂ � K

h
bJ(0)
pθ

i −1
0 + d,

� whichyield:

� P1 � P2 � P3 = � D0,2

6
4

0.8 0.6 0.2
� 0.2 0.6 0.2

0.2 0.4 � 0.2
0.2 0.4 0.8

3

7
5

" P1
P2
P3

#

�

2

6
4

3000
3000
300

3000

3

7
5 .
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6.4.6 Line flows using solution ignoring transmission constraints
� Thesolutionof theoffer-basedeconomicdispatchproblemignoring

transmissionconstraintswasP?1 = 1500,P?2 = 1000,andP?3 = 500.
� Substituting,weobtain�o wsof:

2

6
4

0.8 0.6 0.2
� 0.2 0.6 0.2

0.2 0.4 � 0.2
0.2 0.4 0.8

3

7
5

" P?1
P?2
P?3

#

=

2

6
4

0.8 0.6 0.2
� 0.2 0.6 0.2

0.2 0.4 � 0.2
0.2 0.4 0.8

3

7
5

"
1500
1000
500

#

,

=

2

6
4

1900
400
600

1100

3

7
5 ,

6�

2

6
4

3000
3000
300

3000

3

7
5 ,

� sincetheconstrainton �o w on theline betweenbuses2 and3 wouldbe
violated.
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Line flows using solution ignoring transmission constraints, continued
� If wedispatchedP1 = P3 = 0 andP2 = 1000,thenthe�o w on theline

betweenbuses2 and3 wouldbe400MW, whichwouldstill violatethe
constraint!

� Will webeableto utilize all thelow-pricedpower from bus2?
Offer-basedeconomicdispatchis sometimesexplainedby sayingthat

the“offer blocks”arestackedup from lowestto highestoffer price
until demandis met.

Usingthisanalogy, wemightbeled to believe thatwewill notbeableto
useall of thelow-pricedpower from bus2 in offer-basedoptimal
power �o w, sinceusingthelowestpriced“block” alonewould
violatethetransmissionconstraints.
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6.4.7 Offer-based optimal power flow
� To �nd theoffer-basedoptimalpower �o w solution,weneedto usea

formaloptimizationprocess.
� Usingeithertheformulationwith anglesrepresentedor theformulation

with angleseliminated,we �nd thatoffer-basedoptimalpower �o w
involves:
P?1 = 750MW generationfrom generator1,
P?2 = 1000MW generationfrom generator2,
P?3 = 1250MW generationfrom generator3, and
�o w of 300MW on theline from bus2 to bus3.

� In thiscase,only thegeneratorconstraintfor generator2 is bindingso,by
complementaryslackness,theLagrangemultipliersonall theother
generatorconstraintsarezero:

µ?
k

= 0,k = 1,2,3

µ?k = 0,k = 1,3.

� Generators1 and3 aremarginal.
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Offer-based optimal power flow, continued
� Only theline constraintfor theline joining bus2 to bus3 is bindingso,

by complementaryslackness,theLagrangemultipliersonall theline
constraintsarezero:

µ̂?(10) = 0,

µ̂?(21) = 0,

µ̂?(30) = 0.
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6.4.8 Offer-based optimal power flow, angles represented explicitly
� The�rst-order necessaryconditionsinclude:

8k = 1, . . . ,n,0 = Ñfk(P?k )+ [Ak]
†l ?+[Ck]

†µ? � [Gk]
†µ?

k
+[Gk]

†µ?k,

= Ñfk(P?k ) � l ?k � [Gk]
†µ?

k
+[Gk]

†µ?k,
= Ñfk(P?k ) � l ?k, for k = 1,3, sinceµ?

k
= µ?k = 0 for k = 1,3.

� Therefore:

l ?1 = Ñf1(P?1 ),

= 40$/MWh,
l ?3 = Ñf3(P?3 ),

= 50$/MWh.

� TheLMPsare40$/MWhand50$/MWh,respectively, atbuses1 and3.
� Theseare,respectively, thecostsperunit energy of deliveringan

additionalin�nitesimal amountof power to buses1 and3.
Thepower is “delivered”to thesebusesby generatingit locally.
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6.4.9 Offer-based optimal power flow, angles eliminated
� In this formulation,the�rst-order necessaryconditionsinclude:

8k = 1, . . . ,n,0 = Ñfk(P?k )+ [Âk]
†
l̂ ?+[Ĉk]

†
µ̂? � [Gk]

†µ?
k
+[Gk]

†µ?k,

= Ñfk(P?k ) � l̂ ?+[Ĉk]
†
µ̂?, for k = 1,3,

= Ñfk(P?k ) � l̂ ?+[Ĉk]
†

2

6
6
4

0
0

µ̂?(23)
0

3

7
7
5 ,

sinceµ̂?(10) = µ̂?(21)
= µ̂?(30) = 0.

� Therefore,theLMPsatbuses1 and3 alsosatisfy:

l ?1 = 40$/MWh,
= Ñf1(P?1 ),

= l̂ ? � 0.2� µ̂?(23), where0.2 is theshift factorfor bus1,

l ?3 = 50$/MWh,
= Ñf3(P?3 ),

= l̂ ? � (� 0.2) � µ̂?(23), where(� 0.2) is theshift factorfor bus3.
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Offer-based optimal power flow, angles eliminated, continued
� Solvingtheseequationssimultaneouslyfor l̂ ? andµ̂?(23), weobtain:

µ̂?(23) = 25$/MWh,

l̂ ? = 45$/MWh.

� Therefore,theLMPsatbuses0 and2 are:

l ?0 = l̂ ?,
= 45$/MWh,

wherewenotethatbus0 is thepricereferencebus,
l ?2 = l̂ ? � 0.4� µ̂?(23),

where0.4 is theshift factorfor bus2,
= 35$/MWh.
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Offer-based optimal power flow, angles eliminated, continued
� Substituting,weobtain�o wsof:

2

6
4

0.8 0.6 0.2
� 0.2 0.6 0.2

0.2 0.4 � 0.2
0.2 0.4 0.8

3

7
5

" P?1
P?2
P?3

#

=

2

6
4

0.8 0.6 0.2
� 0.2 0.6 0.2

0.2 0.4 � 0.2
0.2 0.4 0.8

3

7
5

"
750

1000
1250

#

,

=

2

6
4

1450
700
300

1550

3

7
5 ,

�

2

6
4

3000
3000
300

3000

3

7
5 .
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6.4.10 Offer-based optimal power flow solution
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Fig. 6.4. Offer-based
optimal power �o w
for four-line four-bus
network.
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Homework exercise, part b: Due Wednesday, November 19
� Considertheexamplefour-line four-bussystemaspreviously.

� Bus0 is theanglereferencebus,sotheunknown anglesareq =

"
q1
q2
q3

#

.

� Demandis atbus0.
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Fig. 6.5. Four-line
four-bus network for
homework exercise.
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Homework exercise, part b: Due Wednesday, November 19, continued
� UsePowerWorld, theexcel solver, or theMATLAB optimizationtoolbox

to solve thefollowing variationson theexample.
� Continueto theusetheDC power �o w approximation.
� In eachcase,specifythedispatchandtheLMPs.
� YoushouldobtaintheLagrangemultipliersfrom theoptimization

softwarein orderto facilitateyourcalculations.

(i) Thegenerationoffersarethesameasin theexample:

8P1 2 [0,1500],Ñf1(P1) = 40$/MWh,
8P2 2 [0,1000],Ñf2(P2) = 20$/MWh,
8P3 2 [0,1500],Ñf3(P3) = 50$/MWh.

However, thedemandchangesto D0 = 1500MW.
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Homework exercise, part b: Due Wednesday, November 19,
continued

(ii) Thedemandis thesameasin theexample,sothatD0 = 3000MW.
However, thegenerationoffer capacityof generator3 changesfrom
1500MW to 1200MW. Thatis, theoffersarenow:

8P1 2 [0,1500],Ñf1(P1) = 40$/MWh,
8P2 2 [0,1000],Ñf2(P2) = 20$/MWh,
8P3 2 [0,1200],Ñf3(P3) = 50$/MWh.

(iii) Thegenerationoffersarethesameasin theexample:

8P1 2 [0,1500],Ñf1(P1) = 40$/MWh,
8P2 2 [0,1000],Ñf2(P2) = 20$/MWh,
8P3 2 [0,1500],Ñf3(P3) = 50$/MWh.

Thedemandis thesameasin theexample,sothatD0 = 3000MW.
However, thetransmissioncapacityof theline from bus2 to bus1
changesfrom p(21) = 3000MWto p(21) = 600MW.
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6.5 Properties of locational marginal prices
� LMPscanbedifferentateverybus:

l ?0 = 45$/MWh,
l ?1 = 40$/MWh,
l ?2 = 35$/MWh,
l ?3 = 50$/MWh.

� LMPscanbethesameasor lower thantheoffer priceatbus:
– lower thanoffer priceif cheaperimportsarefeasible,
– sameasoffer priceif generatoris marginal.

� LMPscanbehigherthanoffer priceatbus:
– if nomorecapacityis availableatbus.

� LMPscanbehigheror loweratdemandthanatgeneration:
– LMP atdemandis higherthanLMP atbuses1 and2,
– LMP atdemandis lower thanLMP atbus3.

� Powercan�o w from buswith higherLMP to buswith lowerLMP:
– Frombus3 to bus0.

Title Page JJ II J I 65 of 118 Go Back Full Screen Close Quit



Properties of LMPs, continued
� LMPscanbehigherthanany generatoroffer price:

– if increasingdemandnecessitatesdecreasinggenerationat cheap
generator, (for example,homework exerciseb, whereoffer of generator
atbus3 is 1200MW),

– occurredin Houstonzonethisyear!
� LMPscanbelower thanany generatoroffer price:

– if increasingdemandby 1 MW allows for morethan1 MW increaseata
cheapgenerator.
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Properties of LMPs, continued
� LMPscanbelower thantransmissionunconstrainedprice:

– underoffer-basedeconomicdispatchignoringtransmissionconstraints,
unconstrainedpricewas$50/MWh,

– underoffer-basedoptimalpower �o w, LMP is $45/MWhatbus0.
� LMPscanbehigherthantransmissionunconstrainedprice:

– in oneline example,thesolutionignoringtransmissionconstraints
would resultin anLMP of 25$/MWh.
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6.6 Other topics
6.6.1 Congestion rent and congestion cost

6.6.1.1 Congestion rent
� In thefour-line, four-busexample,thepaymentsare:

DemandpaysD0 � l ?0 = 3000MW� 45$/MWh= 135,000$/h,
Thegeneratoratbus1 is paid

P?1 � l ?1 = 750MW� 40$/MWh= 30,000$/h,
Thegeneratoratbus2 is paid

P?2 � l ?2 = 1000MW� 35$/MWh= 35,000$/h,
Thegeneratoratbus3 is paid

P?3 � l ?3 = 1250MW� 50$/MWh= 62,500$/h,
� Total paymentto thegeneratorsis 127,500$/h,which is lessthanthe

paymentby demandof 135,000$/h.
� Thedifferencebetweenthepaymentby demandminusthepaymentto

generatorsis calledthecongestion rent.
� Thecongestionrentis 7,500$/hfor thisexample.
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Congestion rent, continued
� Congestionrentis a revenuestreamthataccruesto theISO.
� It is disbursedbackto marketparticipantsthroughfinancial transmission

rights (known in ERCOT ascongestion revenue rights).
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6.6.1.2 Congestion cost
� A related,but different,conceptis the(revealed)congestion cost, which

is de�ned asdifferencebetween:
costof dispatchunderoffer-basedoptimalpower �o w (112,500$/h),
minus
costof dispatchunderoffer-basedeconomicdispatchignoring

transmissionconstraints(105,000$/h).
� Congestioncostrepresentstheincreasedcostof fuel neededdueto the

�nite capabilityof thetransmissionnetwork.
� Thecongestioncostis 7,500$/hin thiscase.
� Thecongestionrentis not generallyequalto thecongestioncost.
� In thisparticularexample,thecongestionrentandcongestioncosthappen

to bethesame!
� More typically, thecongestionrentis largerthanthecongestioncost.
� Congestionrentandcongestioncostareoftenconfused:

– althoughthey areeitherbothzeroor bothnon-zero,thereis nodirect
relationshipbetweenthem.
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6.6.1.3 Properties of congestion rent
Non-negativity

Theorem 6.2 Congestion rent is always non-negative.

Proof
� By de�nition, congestionrentis:

paymentby demand� paymentto generators= [l ?]†(D � P?),

� wherel ? is thevectorof LMPs.
� From(6.1), wehave that,for somechoicesof Lagrangemultipliers l̂ ?

andµ̂? in theangleseliminatedformulation:

8k = 1, . . . ,n, l ?k = l̂ ? � [Ĉk]
†
µ̂?,

� wherewenotethatthecolumnof Ĉ correspondingto theprice
referencebuswasde�ned to bethezerovector.

� Collecttheseexpressionstogetherinto asinglevectorequation:

l ? = 1l̂ ? � [Ĉ]
†
µ̂?. (6.3)
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Non-negativity, continued
� Therefore:

congestionrent = [l ?]†(D � P?),

=
h
1l̂ ? � [Ĉ]

†
µ̂?

i †
(D � P?), usingtheexpressionfor l ?,

= [l̂ ?]
†
(1†D � 1†P?) � [µ̂?]†Ĉ(D � P?),

= � [µ̂?]†Ĉ(D � P?),

� since1†D � 1†P? = 0; thatis, D andP? satisfythesystemequality
constraint.

� Let Ĉ(`k) betherow of Ĉ correspondingto theline joining buses̀ and
k, let p(`k) bethecorrespondingline limit, andlet µ̂?(`k) bethe
correspondingLagrangemultiplier on theline limit constraint
Ĉ(P � D) � d.
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Non-negativity, continued
� Then:

[l ?]†(D � P?) = � [µ̂?]†Ĉ(D � P?), from thepreviouspage,

= [µ̂?]†Ĉ(P? � D),

= å
µ̂?

(`k)
= 0

µ̂?(`k)Ĉ(`k)(P? � D)+ å
µ̂?

(`k)
6= 0

µ̂?(`k)Ĉ(`k)(P? � D),

= å
µ̂?

(`k)
6= 0

µ̂?(`k)Ĉ(`k)(P? � D),

= å
µ̂?

(`k)
6= 0

µ̂?(`k) p(`k), by complementaryslackness,

sinceĈ(`k)(P? � D) is the�o w on theline
joining bus` to k,

� 0,

� assumingthat8`,k, p(`k) � 0, andnotingthat µ̂?(`k) � 0,8`,k.
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Non-negativity, continued
� Thatis:

paymentby demand� paymentto generators= å
µ̂?

(`k)
6= 0

µ̂?(`k) p(`k),

� 0.

� Wehaveprovedthatthecongestionrentis non-negative.
2

� Notethatthecongestionrentis equalto thesumover thebindingline
constraintsof theproductof thecorrespondingLagrangemultiplier and
the�o w limit.

� In theflowgate transmissionrightsmechanismweassociatecongestion
rentindividually to eachbindingline constraint.
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Changing the dispatch
� Now wewill considera relatedpropertythatis usefulin thediscussionof

financial transmission rights.
� Weconsidervectorsof demandandgeneration,D′ andP′, thatmaydiffer

from thedemandD andgenerationP? in offer-basedoptimalpower �o w.
� However, we requirethatD′ andP′ satisfythesystemconstraints.
� Weconsiderthecongestionrentunderthefollowing circumstances:

thepricesl ? weredeterminedfrom theoffer-basedoptimalpower �o w
solution,correspondingto thedemandD andgenerationP?, but

thedemandandgenerationquantitiesaregivenby D′ andP′.
� Thatis, weconsider[l ?]†(D′ � P′).
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Changing the dispatch, continued

Corollary 6.3
� Suppose locational marginal prices l ? were determined from the

offer-based optimal power flow solution, corresponding to the demand
D and generation P?.

� Let D′ and P′ be any vectors of demand and generation, respectively,
that satisfy the system constraints, so that:

1†D′ � 1†P′ = 0,
Ĉ(P′ � D′) � d.

� The values D′ and P′ may differ from the demand D and generation P?
in offer-based optimal power flow.

� Then:
[l ?]†(D′ � P′) � [l ?]†(D � P?). (6.4)
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Changing the dispatch, continued

Proof Wehave:

[l ?]†(D′ � P′) =
h
1l̂ ? � [Ĉ]

†
µ̂?

i †
(D′ � P′), by (6.3),

= [l̂ ?]
†
(1†D′ � 1†P′) � [µ̂?]†Ĉ(D′ � P′),

= � [µ̂?]†Ĉ(D′ � P′), since1†D′ � 1†P′ = 0,

= [µ̂?]†Ĉ(P′ � D′),
= å

µ̂?
(`k)

= 0
µ̂?(`k)Ĉ(`k)(P′ � D′)+ å

µ̂?
(`k)
6= 0

µ̂?(`k)Ĉ(`k)(P′ � D′),

= å
µ̂?

(`k)
6= 0

µ̂?(`k)Ĉ(`k)(P′ � D′),

� å
µ̂?

(`k)
6= 0

µ̂?(`k) p(`k), sinceĈ(P′ � D′) � d andµ̂?(`k) � 0,8`,k,

= [l ?]†(D � P?), from theproofof Theorem6.2.

2
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6.6.2 Contingency constraints
6.6.2.1 Pre-contingency versus post-contingency flow

� In theformulationof transmissionlimits, wehave implicitly been
consideringlimits on pre-contingency flow.

� However, mosttransmissionsystemsarecontingency limited.
� Thatis, thebindingconstraintis ona limiting post-contingency �o w that

wouldoccuroncontingency of anotherline:
– �o ws in thepost-contingency caseresultfrom thegenerationinjections

andthepost-contingency network.
� Thesecontingency constraintscanalsobeconsideredin our formulation,

but requireoutage shift factors:
– fractionof post-contingency �o w ona line dueto injectionatgenerator

andwithdrawal atpricereferencebus.
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6.6.2.2 Example
� Considerthefollowing eight-linefour-bussystem.
� To besecureagainstall singlecontingencies,wemustoperatethesystem

sothatfor any outagedelement,the�o wson theremainingsystemare
within limits.

� Thereareeightpossiblesingleelementoutages.
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Fig. 6.6. Eight-line
four-busnetwork.
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Example, continued
� For example,consideranoutageof oneof thelinesjoining bus2 to bus3.
� Thiswouldyield thesystemshown.
� Wecananalyzethecontingency constraintsby calculatingtheshift

factorsfor theoutagesystem.
� For example,wewouldconsidertheshift factorsto theremainingline

joining bus2 to bus3.
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Fig. 6.7. Contingency
on eight-line four-bus
network.
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Example, continued
� For thisexample,acontingency ononeof thelinesjoining bus2 and3 is

themostbindingcontingency:
– thecorrespondingpost-contingency systemhappensto have thesame

admittancesandtotal capacitiesoneachcorridorasweconsidered
previously in thepre-contingency limited case.

� To besecurewith respectto acontingency ononeof thelinesjoining bus
2 and3, wemustoperatesothatthiscontingency wouldnot resultin
overloadof theremaininglinespost-contingency.

� Assumingthesameoffersaspreviously, theresultinggenerationdispatch
andLMPsarethesameasthesolutionwe foundfor thepre-contingency
limited case.
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Example, continued
� However, thepre-contingency �o ws resultingfrom thisdispatchare

differentto thesolutionwe foundpreviously:
– wemustdispatchsothatpost-contingency �o wsarewithin constraints

onpost-contingency system,
– but unlessthecontingency actuallyoccurs,�o wswill bedueto

generationinjectionsandthepre-contingency network,
– pre-contingency �o wsaretypically well below capacities.
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Example, continued
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Fig. 6.8. Pre-
contingency �o ws
on eight-line
four-busnetwork.
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6.6.2.3 Representation of contingency constraints
� Notethatthepost-contingency �o ws in thesystemmustberepresentedin

termsof thegenerationlevelspre-contingency in theeconomicdispatch
problem:
– therelevantsystemconstraintis on post-contingency �o w asa function

of generation.
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Representation of contingency constraints, continued
� In thecurrentERCOT zonalsystem,theCSCconstraintsarerepresented

by theeffecton pre-contingency �o w on theCSCsasa functionof
generation:
– however, pre-andpost-contingency shift factorsaredifferent,
– sotheapproximationusedin thecurrentERCOT zonalsystemusesthe

incorrect derivativeof thefunctionrepresentingthepost-contingency
�o ws thatappearin thesystemconstraints.

– As discussedpreviously, thisdistortstheincentivesaway from inducing
thebehavior thatwouldbeconsistentwith contingency-constrained
economicdispatch.

– Whengeneratorsthenbehaveconsistentlywith their incentives,but
inconsistentwith actualconstraints,ERCOT mustadjusttheconstraints
or takeout-of-marketactionsto maintainfeasibility.
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Representation of contingency constraints, continued
� In theERCOT nodalsystem,contingency constraintswill berepresented

in termsof post-contingency �o ws.
� Incentivesfor generatorswill bebetteralignedwith theactual

transmissionconstraints:
– becausemoreof theconstraintswill berepresented,and
– becausetheconstraintswill berepresentedcorrectly.
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6.6.3 Reactive power prices
6.6.3.1 Offer-based economic dispatch formulation

� RecalltheAC formulation:

min
x∈RN

(
n

å
k= 1

fk(xk)

�
�
�
� p̃

��
q
u

� �
� P = � D, q̃

� �
q
u

� �
� Q = � E,h(x) � h,P � P � P

)

,

� wherewenow explicitly allow thecost(andtheoffer) for generatork to

bea functionof bothrealandreactivepower, sothatxk =

�
Pk
Qk

�
.

� Weneglectotherancillaryservicesfor simplicity.
� In thiscase,thesystemequalityconstraintsincludebothtermsfor real

powerandfor reactivepower.
� Let theminimizerbeP?,Q?, q?, andu?.
� Let l ?Pk andl ?Qk betheLagrangemultiplierson realandreactivepower

balanceatgeneratork.
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6.6.3.2 Pricing rule, angles explicit
� As previously, wecanwrite down thepricing rule for generatork:

pxk =

�
l ?Pk
l ?Qk

�
,

� sothattherearepricesfor bothrealandreactivepower.
� Thatis, thepaymentto generatork is:

[pxk]
†xk = l ?PkPk + l ?QkQk,

� on thebasisof bothits realandreactivepowerproduction.
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6.6.3.3 Discussion
� Althoughthetheoreticaldevelopmentof pricesfor reactivepower is

straightforward,adif�culty with settingupamarket for reactivepower is
thatreactivepowerdoesnot “travel” far, sothatthereareseriousissuesof
geographicalmarketpower.

� Furthermore,althoughrealpower reservesaretypically lessvaluablethan
energy, reactive reservesmaybemorevaluablethansteady-statereactive
power:
– socontingency constraintsshouldbeexplicitly represented.
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6.6.4 Loss prices
6.6.4.1 Offer-based economic dispatch formulation

� Again recalltheAC formulation:

min
x∈RN

(
n

å
k= 1

fk(Pk)

�
�
�
� p̃

� �
q
u

� �
� P = � D, q̃

��
q
u

� �
� Q = � E,h(x) � h,P � P � P

)

.

� In thiscase,wewill simplify theoptimalpower �o w formulationby:
– omitting thereactivepower �o w equations,
– omittingotherancillaryservices,
– deletingthereactivepowerandvoltagemagnitudevariablesfrom the

decisionvector, and
– �xing thevoltagemagnitudescheduleat u(0).
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Offer-based economic dispatch formulation, continued
� However, wewill keepthenon-linearrealpower �o w equationsexplicit

andourdecisionvectorwill bex =

�
P
q

�
, to yield:

min
P,θ

(
n

å
k= 1

fk(Pk)

�
�
�
� p̃

� �
q

u(0)

� �
� P = � D,h

� �
q

u(0)

� �
� h,P � P � P

)

.

� Let theminimizerbeP? andq?.
� Weassumeanappropriateconstraintquali�cation holdssothatwecan

�nd Lagrangemultipliersl ? andµ? on thesystemequalityandinequality
constraints.
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6.6.4.2 Pricing rule, angles explicit
� As previously, wecanwrite down thepricing rule:

pPk = l ?k.
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6.6.4.3 Formulation to remove angles
Transformation
� Weconsiderasimilar transformationof theequalityconstraintsto theone

weusedwhenwe invertedtheDC power �o w equations.

� De�ne theinvertiblematrixM =

�
1 1†

0 I

�
andnoticethat:

�
p̃

��
q

u(0)

� �
� P = � D

�

,
�

M p̃
� �

q
u(0)

� �
� M P = � M D

�
,

,
�

1† p̃
��

q
u(0)

� �
� 1†P = � 1†D, ˆ̃p

� �
q

u(0)

� �
� P̂ = � D̂

�
,

� where ˆ̃p
� �

q
u(0)

� �
, P̂, andD̂ arethesub-vectorsof p̃

��
q

u(0)

� �
,P, and

D, respectively, with thepricereferencebusdeleted.
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Transformation, continued
� Thatis, theAC power �o w is equivalentto satisfying:

1† p̃
��

q
u(0)

� �
� 1†P = � 1†D,

ˆ̃p
� �

q
u(0)

� �
� P̂ = � D̂.

Losses
� Theequality:

1† p̃
��

q
u(0)

� �
� 1†P = � 1†D,

� requiresthatgenerationequaldemandpluslosses.

� Thatis, lossesare1† p̃
��

q
u(0)

� �
.
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Inverting the power flow equations
� Whatdoespower �o w softwarecalculate?
� GivenP̂ andD̂, it calculatesq (andu).
� Thatis, it invertstheequations:

ˆ̃p
� �

q
u(0)

� �
� P̂ = � D̂,

� to solve for theangleq asa functionof P̂.
� Thatis, power �o w softwareimplicitly de�nesaninversefunctionq̂ to ˆ̃p

thatsatis�es:

8P̂, ˆ̃p
� �

q̂(P̂)

u(0)

� �
� P̂ = � D̂.

� In otherwords,canuseq̂ to substitutefor anglesaccordingto:

q = q̂(P̂).
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Loss function
� De�ne thelossfunctionL :Rn−1 ! R by:

8P̂,L(P̂) = 1† p̃
� �

q̂(P̂)

u(0)

� �
.

� De�ne thefunction ĝ :Rn ! R by:

8P, ĝ(P) = 1† p̃
� �

q̂(P̂)

u(0)

� �
� 1†P + 1†D,

= L(P̂) � 1†P + 1†D.

� If we requireĝ(P) = 0 thenwerequirethatgenerationequaldemandplus
losses.

� Notethat:

¶ĝ
¶Pk

(P) =

( � 1, if k is thepricereferencebus,
¶L
¶Pk

(P̂) � 1, if k is not thepricereferencebus.
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Line flows
� Similarly, de�ne thefunction ĥ by:

8P, ĥ(P) = h
� �

q̂(P̂)

u(0)

� �
.

� Thenif we requirethat ĥ(P) � h, wehavehavesatis�edthesystem
inequalityconstraints.
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Formulation
� Wecanformulatetheoffer-basedeconomicdispatchproblemas:

min
P

(
n

å
k= 1

fk(Pk)
�
� ĝ(P) = 0, ĥ(P) � h,P � P � P

)

,

� wherethefunctionsĝ andĥ areprovidedby power �o w software.
� Let theminimizerbeP?.
� Let P̂? bethesub-vectorof P? with theentryfor thepricereferencebus

deleted.
� Weassumeanappropriateconstraintquali�cation holdssothatwecan

�nd Lagrangemultipliers l̂ ? andµ̂? on thesystemequalityandinequality
constraints.
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6.6.4.4 Pricing rule, angles eliminated
� As previously, wecanwrite thepricing ruleas:

pPk = �
�

¶ĝ
¶xk

(P?)
� †

l̂ ? �
�

¶ĥ
¶xk

(P?)
� †

µ̂?,

=

8
>>>><

>>>>:

l̂ ?, if k is theprice
referencebus,

�
1�

¶L
¶Pk

(P̂?)
�

l̂ ? �
�

¶ĥ
¶xk

(P?)
� †

µ̂?, if k is not theprice

referencebus,
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Pricing rule, angles eliminated, continued
� As previously, thesepricesmustmatchthecorrespondingpricesfrom the

formulationwith anglesexplicitly represented,sothat:

l ?k =

8
><

>:

l̂ ?, if k is thepricereferencebus,
�

1�
¶L
¶Pk

(P̂?)
�

l̂ ? �
�

¶ĥ
¶xk

(P?)
� †

µ̂?, if k is not thepricereferencebus,

� TheLMP atbusk, l ?k, is equalto:
theLMP at thepricereferencebus,
minusthelosspenaltyfor theeffectonmarginal losses,
minusaweightedsumof theLagrangemultiplierson theline �o w limit

constraints.
� Theweightsarethe“incrementalshift factors”to theconstraints.
� TheLMP at thepricereferencebus,themarginal losses,andthe

Lagrangemultiplierson theline �o w limit constraintswill eachdepend
on thelocationof thepricereferencebus.

� However, theLMP ateachbusis independentof thechoiceof the
locationof thepricereferencebus.
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6.6.4.5 Example
� Wemodify theone-linetwo-bussystemfrom Section6.3to include

losses.
� Bus1 is theanglereferencebus,sotheunknown angleis q2.
� Bus2 is thepricereferencebus.
� Therearegeneratorsatbothbuses1 and2.
� Thereis D2 MW of demandatbus2.
� Theoffersarespeci�edby:

8P1 2 [0,200],Ñf1(P1) = 25$/MWh,
8P2 2 [0,50],Ñf2(P2) = 35$/MWh.

P1

P2
1 2

D2 MW
demand

100MW
-

�

-��
�� ��

��
-

Fig. 6.9. One-line two-
busnetwork.

Title Page JJ II J I 101 of 118 Go Back Full Screen Close Quit



Admittance matrix
� Wemodify theline admittanceto includelosses:

Y12 = 100� 1000
p

� 1.

� Thebusadmittancematrix is:
�

Y12 � Y12
� Y12 Y12

�
=

�
100� 1000

p
� 1 � 100+1000

p
� 1

� 100+1000
p

� 1 100� 1000
p

� 1

�
,

=

�
G11 + B11

p
� 1 G12 + B12

p
� 1

G21 + B21
p

� 1 G22 + B22
p

� 1

�
.

� Weassumethatthevoltagemagnitudesaremaintainedequalto oneper

unit, sothatu(0) = 1 =

�
1
1

�
.
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Capacity constraint
� Wealsoassumethatthethermalcapacityconstraintsareexpressedin

termsof maximumcurrent magnitude:
– for voltagesequalto oneperunit, theprevious100MW constraint

becomesa100perunit currentconstraint,
– thereis aconstrainton �o w ateachendof theline.

� Sincepower �o ws from bus1 towardsbus2:
– thepower �o wing from bus1 into theline is greaterthanthepower

�o wing outof theline into bus2,
– sothe�o w from bus1 will bethebindingconstraintwhentheline is at

capacity.
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Capacity constraint, continued
� ThecurrentI1 �o wing from bus1 into theline is:

I1 = A11V1 + A12V2,

whereA is thebusadmittancematrix,
andVk is thevoltagephasoratbusk = 1,2,

= (100� 1000
p

� 1)(V1 � V2).

jI1j2 =
�
�100� 1000

p
� 1

�
�2

jV1 � V2j2 ,

= [(100)2 +(1000)2]
�
�u1 � u2(cos(q2)+sin(q2)

p
� 1)

�
�2
,

= [(100)2 +(1000)2]
�
�1� (cos(q2)+sin(q2)

p
� 1)

�
�2
,

sincethevoltagemagnitudesareoneperunit,
= [(100)2 +(1000)2][(1� cos(q2))2 +(sin(q2))2],

= [(100)2 +(1000)2][2� 2cos(q2)]

� If we requirethemagnitudeof thecurrentto belessthan100thenthis
requiresq2 � � 0.0995= q2 radian:
– verycloseto thelimit of � 0.1 radianwe foundin thelosslesscase.
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Power flow at capacity
� Usingtheexpressionsfor realpower injection,weobtain:

p1(q2) = � 100cos(q2) � 1000sin(q2)+100,
p1(q2) = � 100cos(q2) � 1000sin(q2)+100,

= 99.87,
p2(q2) = � 100cos(q2)+1000sin(q2)+100,
p2(q2) = � 100cos(q2)+1000sin(q2)+100,

= � 98.88.

� Thatis, when�o w is at capacity, 99.87MW is injectedatbus1 into the
line and98.88MW is deliveredto bus2.

� Notethatlossesarep1(q1)+ p2(q2), whichare0.99MW whentheline
�o w is at capacity.

� Injectedpoweratbus1 is lessthan100MW sincesomereactivepower is
injectedinto theline to maintainvoltageequalto 1 perunit.
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Dispatch and prices for varying demand
� If demandis lessthanor equalto 98.88MW thenonly generator1 is

dispatchedto meetdemand:
– theLagrangemultiplier on theline �o w constraintis µ̂?(12) = 0.
– LMP atbus1 is l ?1 = 25$/MWh,re�ecting offer atbus1,
– generationatbus1 is slightly morethandemand,
– LMP atbus2 is slightly morethan25$/MWh,re�ecting marginal

impactof lossesto transmitfrom bus1 to bus2:

l ?2 = l̂ ?,

=
l ?1�

1�
¶L
¶P1

(P?1 )

� ,

> l ?1, since0<
¶L
¶P1

(P?1 )< 1.
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Dispatch and prices for varying demand, continued
� If demandis greaterthan98.88MW thenbothgenerator1 andgenerator

2 aredispatched:
– theLagrangemultiplier on theline �o w constraintis µ̂?(12) > 0.
– LMP atbus1 is l ?1 = 25$/MWh,re�ecting offer atbus1,
– generationatbus1 is 99.87MW,
– LMP atbus2 is l ?2 = 35$/MWh,re�ecting offer atbus2,
– generationatbus2 is (D2 � 98.88MW),
– lossesare0.99MW.
– DifferencebetweenLMPsatendsof line dueto bothlossesand

congestion:

l ?1 =

�
1�

¶L
¶P1

(P?1 )

�
l ?2 �

�
¶ĥ(12)
¶P1

(P?)
� †

µ̂?(12),

= l ?2 �

"
¶L
¶P1

(P?1 )l ?2 +

�
¶ĥ(12)
¶P1

(P?)
� †

µ̂?(12)

#

,

< l ?2.
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6.6.4.6 Surplus
� Lossesarewell-approximatedby aconvex quadraticfunctionof

injections,sothat ĝ is convex:
– the“marginal losses”areapproximatelydoublethe“averagelosses.”

� Similarly, thermalline �o w limit constraintsin ĥ areconvex for small
enoughangledifferencesacrossthelines.

� Fromthepricinganduplift Theorem5.3for convex non-linearsystem
constraintstherewill beasurplus.

� Thatis, assumingthermalconstraintsaretheonly bindingconstraints,
pricing thatincludesthemarginal losseswill generateasurplusfor the
ISO:
– surpluscanbedisbursedbackto marketparticipants.
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6.6.5 Decomposition approaches
6.6.5.1 Inverting the power flow equations

� In general,wecannotexplicitly invert thepower �o w equationsto
analyticallydeterminethefunctionsĝ andĥ.

� As in thediscussionof losses,however, for agivenchoiceof generations
wecanusepower �o w softwareto calculate:
– thepower �o ws,
– thesensitivity of power �o ws to generation,
– thelosses,and
– thesensitivity of lossesto generation.

� Wecanalsosolve contingency power flows for eachcontingency to
evaluate,for givenpre-contingency generations:
– thecontingency power �o ws,and
– thesensitivity of thecontingency power �o ws to generation.
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6.6.5.2 Successively linearizing constraints
� Usingthepower �o wsandsensitivities,wecanapproximatethelosses

with a �rst-order Taylorapproximationaboutthegivenchoiceof
generations.

� Usingthepower �o wsandsensitivities,wecanalsoapproximateeach
pre-contingency line �o w constraintandeachpost-contingency line �o w
constraintby its �rst-order Taylorapproximationaboutthegivenchoice
of generations.

� Wecanalsolinearizeothertypesof constraintsin additionto realpower
�o w constraints:
– constraintsoncomplex power �o w,
– currentlimits,
– voltageandreactivepowerconstraints,and
– transientanddynamicstability constraints.

� Wecansolve theoffer-basedoptimalpower �o w by iteratingbetween
solvingpower �o w andoptimizingthelinearizedapproximation.

� Wesuccessively re-linearizethepower �o w solutionateachsolutionof
theoptimizedlinearapproximation.
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Linearizing constraints, continued
� Voltageandreactivepowerconstraintsrequiresolutionof AC power �o w

includingreactivepower:
Linearizingvoltageconstraintsin termsof realpoweryieldsaproxy

thermallimit for thevoltageconstraints.
Sincethevoltageto realpower relationshipis highly non-linear, the

linearizationwill changesigni�cantly from iterationto iteration.
This is particularlytruefor voltage-relatedcontingency constraints.
Moreover, voltageconstraintsmayde�ne anon-convex feasibleset.

� Transientanddynamicstability constraintsrequiresolutionof transient
behavior.
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6.6.5.3 Iterative re-linearization
(i) Setinitial list of indicesof bindingconstraints,W, to beempty.
(ii) Setinitial linearizationof lossesto zero.

(iii) Solveoffer-basedoptimalpower �o w for generations,givencurrent
losslinearizationandcurrentsetof linearizedconstraintsas
speci�edby indicesinW.

(iv) Solvepower �o w andcontingency power �o wsgivengenerations
from solutionto step(iii) .

(v) Updatelinearizationof losses.
(vi) For eachbindingor violatedpre-or post-contingency constraint

(andpossiblyalsosomeconstraintsthatarecloseto limits or have
beenbindingatpreviousiterations):
� form the�rst-order Taylorapproximationto theconstraint,and
� includetheindex of theconstraintinW.

(vii) If thereareviolatedconstraintsor thechangefrom theprevious
solutionof offer-basedeconomicdispatchis too largethengo to
step(iii) .

(viii) Otherwise,end.
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Iterative re-linearization, continued
� To guaranteeconvergenceof thisdecompositionalgorithm,weneedto

satisfycertainassumptions,including:
convexity of offer-basedoptimalpower �o w, and
constraintquali�cation.

� Thisdecompositioncanbeusedevenin thecaseof DC power�ow to
avoid explicitly representingall theline �o w constraintsinto the
offer-basedoptimalpower �o w calculation:
Constraintquali�cation is automaticallysatis�edfor DC optimalpower

�o w.
� In a real-timemarket, linearizationof theline �o w constraintsis basedon

theresultsof state estimation.
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6.7 Summary
� In thischapterwehaveconsideredtransmissionconstraints.
� We formulatedtheoptimalpower �o w problemandconsidered

offer-basedoptimalpower �o w.
� Weappliedthepreviouslyderivedpricing rule to obtainthelocational

marginalprices.
� Weconsideredpropertiesof thelocationalmarginalprices.
� Wediscussedseveralothertopics,includingcongestionrent,priceswith

AC power �o w, anddecompositiontechniques.
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Homework exercise: Due Wednesday, November 26
� Weagainconsiderthemodi�ed one-linetwo-bussystemfrom Section6.3

thatincludeslosses.
� Bus1 is theanglereferencebus,sotheunknown angleis q2.
� Thepower �o w injectionsare:

p1(q2) = � 100cos(q2) � 1000sin(q2)+100,
p2(q2) = � 100cos(q2)+1000sin(q2)+100.

P1

P2
1 2

D2 MW
demand

100MW
-

�

-��
�� ��

��
-

Fig. 6.10. One-line
two-busnetwork.
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Homework exercise: Due Wednesday, November 26
� Addingandsubtractingtheseequations,weobtain:

p1(q2)+ p2(q2) = 200� 200cos(q2),

p2(q2) � p1(q2) = p1(q2)+ p2(q2) � 2p1(q2),

= 2000sin(q2).

Noting thattheinjectionatbus1 is P1 = p1(q2) andthatthelossesare
L(P1) = p1(q2)+ p2(q2), weobtain:

L(P1) = 200� 200cos(q2),

L(P1) � 2P1 = 2000sin(q2).

(i) Eliminateq2 from thelasttwo equations.
(ii) Usethequadraticequationto expressthelossesasa functionof P1.

(Therearetwo solutions.Whichoperatingconditionwouldyou
prefer:theloweror thehigherlosses?Usethatone.)

(iii) GraphthelossesversusP1.
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Homework exercise: Due Wednesday, November 26
(iv) Differentiatetheexpressionfor losseswith respectto P1.
(v) Find theLMPsanddispatchwhendemandis D2 = 98.88MW, so

thatline is justat limit.
(vi) Bonusquestion:performseveraliterationsof theiterative

linearizationalgorithmdescribedin Section6.6.5.3to solve for the
LMPsanddispatchfor thethreecasesof demand:

(a) D2 = 90MW,
(b) D2 = 100MW, and
(c) D2 = 110MW.
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