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5.1 Modeling market power, revisited
e Market power assessment approaches:

(i) Ad hocapproaches based on indices such as HHI:
e have also been extended to include transmission constr&imt
e since foundation iad hoc,results are unreliable,
e Will use example from ERCOT Nodal Protocols to illustrate.
(i) Empirical analyses to test if offers are above margoasts or
assess the change in prices due to deviation from comgetitiers:

e Joskow—Kahn paper,

e IMM report,

e transmission can be included,

o effect of market power can be assessed in presence of

transmission constraints, but
e difficult to obtain insights into effect of transmission on

competition.



Modeling market power, revisited, continued
(i) Analysis of incentives to deviate from competitiveiges:

e given hypothesis of profit maximizer,

e what would have been the best response or the mark-up,

e Hortacsu and Puller paper,

e basic insight is that derivative of residual demand witlpees to
price (or derivative of inverse residual demand with respec
guantity) determines the incentives to mark-up above caithyee

— if demand is very elastic (derivative of residual demandwit
respect to price is large) then profit maximizer will offeosé to
marginal, while

— if demand is inelastic (derivative of residual demand with
respect to price is small) then profit maximizer will offerosie
marginal.

e So far have not included transmission in this assessment.



Modeling market power, revisited, continued
e We will consider transmission constraints in assessmeincehtives by
generalizing the notion of residual demand to the
transmission-constrained case:
— we will first review the situation in the absence of transmoiss
constraints,
— then see how to generalize to case of transmission cortstrain



5.1.1 Incentives in the absence of transmission constraint
5.1.2 Residual demand
e As previously, we consider the residual demand faced by &ehar
participant:
— the actual demand minus the supply of all the other partitga
e Suppose that the demand in a particular pricing interval is

— we ignore price-responsiveness of demand, but it can begocated
into the analysis.
e Consider a particular market participant
e Suppose that the total offered generation of alldtieer market
participants besiddsis specified by the functiog_i : R — R:
— At price P, the total offered generation of all the other market
participants i} (P).
— Theresidual demandiaced by market participathtis (D — g_k(P)).
e The inverse of the functiofD — g_y) is the inverse residual demand
function faced by participark, which we will denotep‘ik 'R — R,



5.1.3 Profits

e Consider operating profitf : R — R, for participantk, which is revenue
minus costs:

— Revenue equals the product of:

o quantity,Qx, multiplied by
o the resulting pricep?, (Qu),

— Total variable operating costs for particip&drecy : R — R.
e Operating profit for market participaktis:

VQk € R, Th(Qk) = Qup? 1 (Qk) — ck(Qu)-



Profits, continued
e Assuming that:

— sufficient conditions for maximization are satisfied,

— functionsp‘ik andcy are differentiable, and

— generation capacity constraints are not binding at thetpr@akimizing
condition,

e then we can find the maximum of profit by setting its derivatwveero:
LS
O - an (Qk))

d
= p(Qu+ Qk% (Qx) — C(Qn),

e Wherec, = Is the marginal costs.

o
0Qk



5.1.4 Mark-up and market power index
e Re-arranging, we obtain the price-cost mark-up of pricevabmarginal

cost under the hypothesis that the generator was maximiapgofits:

0% (Q) — Q) = ~QIP=K(Qu). (5.1)

e \We have seen this basic result previously:

— incentive for generatdt to mark-up price above marginal cost depends
on the derivative of the inverse residual demand faced bgrgdork.

e The right-hand side of5(1) is a market power index:

—ifitis “large” according to some standard then a profit-nmaizing
generator has incentives to drive up prices “significanbly”
withholding,

— ignoring forward contracts.

e Any generator that is not at full production but such thatright-hand
side of 6.1) is above a threshold would be flagged as of concern.

¢ In the context of “market power mitigation,” such generatonght then
be subject to limits on offer prices.



5.1.5 Excess transfers above competitive

¢ If marginal costs roughly represent the level of compedipvices then
the mark-up approximates the excess transfer of wealth,anegabove
competitive levels, from consumers to producers per MW oftlpction.

e Multiplying by productionQk, we obtain arapproximatendex of excess
wealth transfer to participarht

20|O‘1k
(Qu) W(Qk) (5.2)
e Since the marginal cosf(Q) of participantk at its production level may
be below the competitive price, the excess wealth transésrime less
than implied by §.2).
e It is profit maximizing for a firm to offer at (close to) margireost if the
firm is “small:”

— “small” means that its effect on price is small.



5.1.6 Calculation of index

e The right-hand side of5(1) (or of (5.2)) can be evaluated using
knowledge of the offers and the quantities and prices atkiaran
offer-based electricity market.

e Example contexts:

(i) ex antesimulation of market operation over pricing intervals in a
time horizon using a production cost simulator,
(i) alongside the clearing of the actual market based onedciffers,
or
(i) based on historical information.



5.1.7 Forward contracts

e If the generator has a forward contract for quan@yat priceP{ then the
profit function becomes:

VQi, Th(Qk) = (Qk— Qi) PLi( Q) + QkPk— k()
e Again setting the derivative of profit to zero:

_ Mg
O_an

= P4(Q0+ Q- QDIEH(Q) ~ Q0.

e Price-cost mark-up with a forward contract under the hypsiththat the
generator was maximizing its profits:

®(Q) — Ch(Q) = —(Qu— Q) ag (Qy). (5.3)

e Incentives for mark-up are reduced with forward contracts:
— as observed previously.



Forward contracts, continued

e The right-hand side oy 3) provides an index for assessing the incentives
to exercise market power:

— relies on knowledge of forward market positions.
¢ In real-time market, the day-ahead positions are forwawhfral
positions:

(Qreal—tlme Qday—aheacjap k Qreal—tlme)

e It is profit maximizing for a firm to offer at (close to) margir@ost if:

— the firm is “small,” or
— the firm’s net position is small.

e No explicit representation so far of transmission constsai



5.2 Transmission constraints and geographical market powe
5.2.1 Non-thermal constraints and “reliability must run”

e In some cases, a generator may be in a unique position whenirssion
constraints are limiting:

— no other generator available to compete to supply.

e This is particularly the case with respect to non-thermalst@ints, such
as voltage constraints, since reactive power must prignaelsupplied
locally:

— geographically limited competition of reactive power slypp

— no explicit market prices for provision of reactive poweoi(ineactive
power reserves) in any electricity markets,

— S0 reactive power and voltage issues dealt with “out-ofkeigr



Non-thermal constraints and “reliability must run,” conthued

e There may be well-defined situations when a particular ggoemust
run in order that demand be met:

— when demand in an importing level is high,
— a local generator providing reactive power may be “pivoialthe sense
that if it was not in-service, demand would have to be cwethil

¢ “Reliability must run” contracts are a typical mechanisnuéal with this
type of market power:

— essentially a forward contract at negotiated or regulatedg.



5.2.2 Thermal constraints

e In other cases, thermal constraints (or proxy thermal caim$) may be
the limiting issue.

e These constraints may limit competition, but we may wanwtmdc
regulated prices if (or whenever) possible:

— must then analyze competitive conditions explicitly to seentives for
mark-up of price above marginal cost.

e Analysis will primarily focus on thermal constraints (anghstraints that
can be well approximated by proxy thermal constraints).

e When constraints are binding, it is common to say that “cetige” is
occurring:

— notlike traffic congestion!

— transmission congestion means that one or more transmissio
constraints are binding,

— so limiting elementannotbe operated at a higher level without risking
cascading outages and blackout.



5.2.3 Radial system

e Consider a system with a single radial transmission cons$f@ning two
zones.

e Whenever there is transmission congestion between thes zthreetwo
zones are separated into two markets.

Zone 1 Zone Fig. 5.1. Two zone net-
Single radial constraine work joined by radial
transmission line transmission.
Demand Demand



Transmission-constrained residual demand for a radial $s1, continued
e Suppose that the flow on the radial line is at its limit:

— If there is only one generator in Zone 2 then the derivativihefinverse

residual demand faced by that generator is given by theatemvof the

inverse demand in Zone 2.
— If demand in Zone 2 is inelastic then the the derivative ofitlverse

demand is large.
— The incentive to mark-up price above marginal cost is large.

— There is “geographical market power.”
e Suppose that the flow on the radial line is not at its limit:
— The derivative of the inverse residual demand faced by therggor in
Zone 2 is due to:

o the supply in Zone 1,
o the demand in Zone 1, and
o the demand in Zone 2.
— Residual demand is more elastic in this case,
— Smaller incentive to mark-up price above marginal cost.



5.2.4 Transmission-constrained residual demand for a raldsystem

e Whenever the transmission limit is binding, small changgrice in one
zone cannot affect the flow to or from the other zone:

— Analysis of residual demand involves considering each zeparately.

— Participants in one zone can be considered separately filoen pone.

— Residual demand in each zone is due to offers and bids indinatanly.

— Residual demand elasticity is lower than when transmissimistraint
does not bind.

e Analysis is valid in radial systems because of a particidature of the
“shift factors:”

— the fraction of power flowing on a line due to injection at olo@e and
withdrawal at a zone.

e For aradial line, the shift factors are always either zerora.
e Given that the constraint is binding, the two zone systenvedidly be
analyzed as two separate markets.



Transmission-constrained residual demand for a radial $s1, continued
e Borenstein, Bushnell, and Stoft analyze a radial system.
e Central insights of Borenstein, Bushnell, and Stoft:

— when transmission constraints are binding, residual ddmalhbe less

elastic,
— increasing capacity of transmission links between marta@tsmprove

competitiveness in both markets by making residual deménd o
combined market more elastic than residual demand of ichdali
markets.
e Also investigate more subtle issues regarding existenpeiref strategy
equilibrium when constraints bind.



5.2.5 More realistic systems
e Realistic systems are meshed.

Q, = 100 MW

Q, =16 MW Q, =50 MW
2 Fig. 5.2. Four bus,
five line network based
on an example from
Berry, Hobbs, Meroney,
e=1 4 O'Neill, and Stewart

Capacityf,;; = 30 MW $3d in Lin Xu and Yixin

Ds = 100 MW @ O, — 40 MW



More realistic systems, continued

e Shift factors in a meshed system are almost always betweerané one.

e Market participantgannotbe validly divided into being in one zone or
the other.

e Residual demand at each bus can be affected by offers thwatigiistem,
even when transmission constraints bind.

e Nevertheless, central insight of Borenstein, Bushnetl, &toft is
relevant:

— when transmission constraints bind, residual demand wilebs elastic.

e Transmission constraints can exacerbate market poweidogirey
geographical extent of market:

— as discussed qualitatively in IMM report.

e How to quantitatively analyze this issue in meshed systems?
e Need to analyze shift factors.



5.3 Shift factors and the DC power flow
5.3.1 Definition of shift factor
e For a given amount of power:
— injected at a specified point of injection, bkis
— withdrawn at a specified point of withdrawal, bjs

e What is the fractiongy,, of the amount power that flows on a particular
line.

e Shift factors will vary with:
— point of injection,
— point of withdrawal, and
— line.

e Values of shift factors calculated from Kirchhoff’s lawschtie
transmission network parameters:

— see derivation in EE394V: “Locational Marginal Pricing V#ilable
from http://users.ece.utexas.edu/"baldick/classd¥/A9nearized.pdf



5.3.2 DC power flow as commercial network model

e The commercial network model for both the ERCOT zonal maaket
the ERCOT nodal market uses the DC power flow approximation:

— for a given network configuration, the shift factors are ¢ans
independent of the levels of flows.

e Enables flows on lines to be expressed as a linear functionetf *
Injections” at buses.

e Net injectiongy at a bus is the difference between generafprand
demandDy at each bus:

— positive for a net generator,
— negative for a net demand.



5.3.3 Example

e Consider the three bus three line network with all lines hgwqual
admittance.

e Power injected at one bus and withdrawn at another is spiliden
“long” and “short” paths in proportion to path admittance.

Shift factors
to line A

012 | O13| O23
1/3|2/3| 1/3

Fig. 5.3. Three bus,
three line network and
shift factors to line A.




Example, continued
e Let gy be the netinjection at bus
— power balance requires that:

Q1+ gx+0d3=0.

— we can pick out any one of the injections and express it inseyhthe
others:
03 = —01— 02,
— we callqgs the “reference” bus.
o If we:

—injectq at bus 1, and
— injectqp at bus 2,

e then we must withdraw—qz) = q1 + g at bus 3.



Example, continued

e Therefore, using the definition of shift factors, the resglflow on line A
will be:

01013+ Q2023.
e Define:
~ |01
C = [013 023],
= [2/3 1/3],

and letd equal the capacity of line A.
e Then we can write the transmission capacity constraint as:

cq<d.
e We could pick any of the three buses to be the reference bus:

— different choices will result in different representasanf the
transmission capacity constraints.



5.3.4 Multiple constraints

¢ In a typical network there may be many constraints that atenpially
binding (including many contingency constraints):

— that is, there are many limiting transmission elements.

e WWe can pick a reference bus and then calculate the shiftriatd@ach
limiting transmission element:
— for injection at each bus, and
— withdrawal at the reference bus.

e If we haver limiting transmission elements in a system witbuses then
we can again express the constraints as:

Cg<d, (5.4)

with:

— the matrixC € R"*("~1) has rows that consist of shift factors to the
limiting elements, with withdrawal at the reference bus,

— the vectorge R"1 are the net injections at all buses except the
reference bus, and

— the vectord € R consists of transmission element limits.



5.4 Offer-based transmission-constrained economic dispeh

e Also called “security-constrained economic dispatch” affér-based
optimal power flow.”

5.4.1 Formulation
e Recall formulation of offer-based economic dispatch:

— maximize the (revealed) surplus (or revealed benbfitainus revealed
costscy),

— subject to the upper and lower bound constraints and to tivempo
balance constraint.

e To simplify notation, consider all demands as “negativeegation,”
represent benefits as “negative costs,” and assume thao#achr bid is
at a different bus:

— derivative of a revealed cost at a bus is the offerpy at that bus,
— we will consider the case of both offer and demand at a singgdrb
examples.

e Formulation then equivalent to minimizing revealed costgect to
constraints.



Formulation, continued

e Collect net generationg (including negative demands) together into
vectorg € R" of net injections, where we assume that therenaowéfers
and bids.
e Let§ e R be vector of net injections at buses other than reference bus
e Using shift factors, flow on line can be expressed as a line@boation
of entries ofg'as in 6.4).
e Upper and lower bound constraints on generation can alsggressed in
this form:

— upper and lower bound constraints on generation at thearaterbus
require constraints of forleq < d,

— for simplicity, we will assume that upper and lower boundstogints
on generation at the reference bus are not binding and cajnbeed.

e Offer-based transmission-constrained economic disgatatulation:

~ ~

n
min{$ & 1'qg=0,Cg<d},
qeRn{k; k(a]1'g q<d}

e wherel is a vector of all ones antiq = 0 enforces power balance.



5.4.2 Solution

e Software, such at the MLAB functionquadpr og, can be used to find
the minimizerg* € R" of this problem.

e Recall that, under suitable conditions, a set of “first-omkcessary
conditions” characterize the minimizer:

— software to solve the problem typically seeks a solutiorhefftrst-order
necessary conditions.

e The first-order necessary conditions involve the “Lagramgdtipliers”
on the equality and inequality constraints:

— see derivation in EE394V: “Locational Marginal Pricing V#lable
from http://users.ece.utexas.edu/ baldick/classés@Dcational.pdf

— the scalan* € R is the Lagrange multiplier on the equality constraint
1'q = 0 and represents the marginal value, in $/MWh, of additional
generation at the reference bus,

— the vecton® € R!, is the vector of Lagrange multipliers on the
inequality constraints and represents the sensitivithefdost of
dispatch to a reduction in a corresponding limitin



Solution, continued

e First-order necessary conditions (ignoring upper and tdvoeind

constraints on generation at reference bus):
I e R, I € R, such that;
vk not the reference bupy(qf) — A" + [ék]Tﬂ*
For the reference bupk(dy) — A*
V¢, either thel-th constraint is binding, q”
1T
Co*

Fan

[

IV IA
o Q

cCLe o

, or both;

» 9

- and

9

e whereCy is thek-th column ofC, consisting of the shift factors associated

with injection at busk.

e “Complementary slackness constraints:” for each condtfaeither:

(i) constraint/ is binding, or

(i) the corresponding entry qf;"is equal to zero, or

(iii) both.



5.4.3 Locational marginal prices
e The locational marginal prices (LMPs) at the buses are dgwen

LMP (3\* — [ék]Tﬁ*) , If kis not the price reference bus,
k= -
A”, if kis the price reference bus.

e whereCy is thek-th column ofC, consisting of the shift factors associated
with injection at busk.
e The LMPs or “nodal prices” are the market clearing pricesaahebus:

— all energy bought and sold at a bus is priced at the LMP in dalelear
the market,
— LMPs are equal to:

o the price at the reference bus, minus
o a shift factor-weighted combination of the entrieguof ~



Locational marginal prices, continued
e The values oA* andi* will vary with the choice of reference bus:

— different representations of constraints result in ddférvalues of
Lagrange multipliers.

e However, the resulting LMPs are independent of the choigefefence
bus:

— market clearing prices are independent of arbitrary choiceference
bus.



5.4.4 Example

e If bus 3 is the reference bus and if the capacity of Line A is MV Khen
the inequality constraint I8¢ < d,

e Where:q= [gﬂ ,C =013 023] =[2/3 1/3], andd = [10].

Shift factors
to line A

012 | O13| 023
1/3| 2/3| 1/3

Fig. 5.4. Three bus,
three line network and
shift factors to line A.




Example, continued

e Suppose that there are inelastic demadgat each bus.

e Since we have both demand and generation at eack, bves will
explicitly useQ for the generation at bus

e Suppose that the offers at each bus are:

VQ1, p1(Q1) = Q1 x 1$/(MW)*h,
VQ2, p2(Q2) = Q2 x 2 $/(MW)?h,
VQs, p3(Q3) = Qzx 3 $/(MW)*h.

e \We consider two demand conditions:

(i) D1=D>= O, D3 =11 MW, and
(i) D1 = Dy = 0,D3 = 30 MW.



Example, continued
e The first-order necessary conditions €F, Q3, andQj3 to be optimal

generations are:
I\ € R,I* € R, such that:
P1(Q]) A" +(2/3)p" = 0
p2(Q3) — A"+ (1/3)fr = O;
p3(Q3) —A" = 0
: Q?f__Dl o o Ak
either[2/3 1/3] [QE—DZI [10)=0,0or* = O
: Q1 — D17
1" Q5 —D2
| Q3 — D3|
Dy
2/3 3] | &l "o

Nk

[

, or both;

I
<

(VAN

=

O,
QD
>
o

vV
o



Example, continued
DemandD; =Dy =0,D3 =11 MW
e Offers at each bus are:

VQ1, p1(Q1) = Qux 1 $/(MW)*h,
VQ2, p2(Q2) = Q2 x 2 $/(MW)?h,
VQs, p3(Q3) = Qs x 3 $/(MW)*h.

e \We claim that:

Q; = 6MW,
Q5 = 3MW,
Q5 = 2MW,
A = 6 $/MWh,
[ = 0$/MWh,

e satisfy the first-order necessary conditions.
e The LMPs at all buses are equal to $6/MWh.



Example, continued

e TO see this, note that:

PL(Q}) — A"+ (2/3)) = (6x1)—6+((2/3)x0),

= 0
P2(Q3) — A+ (1/3)) = (3x2)—6+((1/3) x 0),
= 0;
pa(Q5) —A* = (2x3)—6,

= 0;
= 0;



Example, continued

Q1 ]
1t [Q*Dz — (6—0)+(3—0)+(2—11),
Q3

0;
273 1/3) | S0 = 1273 1731|570

5|
10); and

—

~

AV B VAN
\vo'_|

o

e Note that the transmission constraint is not binding fos ttemand
condition. A
e Sincel* = 0, the LMPs are all equal tv" =6 $/MWh.



Example, continued
DemandDq, = Dy =0,D3 = 30 MW
e Offers at each bus are:

VQ1, p1(Q1) = Qux 1 $/(MW)*h,
VQ2, p2(Q2) = Q2 x 2 $/(MW)?h,
VQs, p3(Q3) = Qs x 3 $/(MW)*h.



Example, continued
DemandD; = Dy =0,D3 = 30 MW
e \We claim that:

Q; = 10 MW,
Q5 = 10 MW,
Q5 = 10 MW,

A = 30 $/MWh
[ = 30 $/MWh
e satisfy the first-order necessary conditions.
e The LMPs at the buses are:
Bus 1A — [C1] ' = 30— (2/3)30 = $10/MWh,
Bus 2\ — [Co] ' = 30— (1/3)30 = $20/MWh,
Bus 3A* = $30/MWh,



Example, continued

e TO see this, note that:

p1(Q}) — A"+ (2/3)f = (10x 1) —30+ ((2/3) x 30),

= 0;
p2(Q5) — A"+ (1/3)f = (10x 2) — 30+ ((1/3) x 30),
= 0;
ps(Q3) —A* = (10x3)—30,
= 0;
273 3] | F Bt | -0 - (272 173 |39] - o
— 0



Example, continued

Q1 |
17 [Q*—Dz = (10-0)+ (10— 0)+ (10— 30),
Q3
10-0
273 1/3) | SR = 1213 1731|3575,
= 10,
< [10]; and
= 30,
> 0.
e Note that the transmission constraint is binding for thishdad

condition.



5.4.5 Dependence of LMPs on offers
e As demand varies, it is typical for the binding constraiotsdry:
— at low demand, perhaps no line constraints are bindingewhil
— at high demand, several transmission and generator cagacistraints
may be binding.
e As demand and offers vary, the binding constraints will vary

e For any given offers and demand, the offer-based
transmission-constrained economic dispatch will resutame particular

subset of the constraints being binding:
— suppose thatg constraints (out of the totalconstraints) are binding,
— letCg € R"®*("~1) pe the rows of corresponding to the binding

constraints, )
— letdg € R"8 be the entries afl corresponding to the binding constraints,

and
— let {i5 be the entries afi corresponding to the binding constraints.



Dependence of LMPs on offers, continued

e If, among other things, the solutionmet at a “corner” then for small
changes in the demand and/or the offers the set of bindingti@nts will
stay the same:

— constraints that are binding remain binding for small clesngvhile
— constraints that are not binding remain not binding for $ictzdnges.

e The first-order necessary conditions for the changed deraadbr offers
are then (again ignoring upper and lower bound constramtgeneration
at reference bus):

IR, J{§ € R, such that:
vk not the reference bUBk(qrz)—')\\*—l—[éBk]TﬂE = 0;
For the reference bupk(dy) N = 0;
1'q" = 0;
Ce§* = ds,

e whereCgy is thek-th column ofCg, consisting of the shift factors
associated with injection at blks



Dependence of LMPs on offers, continued

e These are a set of equations and can be solved for valugsof, and|i.

e Note that the entries qf*"corresponding to non-binding constraints are
zero, so we can obtain the values of all the entries in theov§ct

e DefineCg to be the matrix obtained frodg by adding a column of zeros
corresponding to the reference bus.

e Definep: R" — R" to be the vector consisting of the offgugat all buses.

e Then the first-order necessary conditions are:

p(q") — N+ [Ce] P = O,
Cef* = dp,
e where0 € R" is the vector of all zeros.

e Focusing on the first set of constraints, supposeréhatn— 1 and that
the rows ofCg are linearly independent:

— otherwise, Lagrange multipliers are not unique.
e We consider relationship betwe@(q®), A*, andji.



Dependence of LMPs on offers, continued
e On re-arranging the first set of equations, we have:

5T

(1 —(Co"] | g | = P(@);
1T _5\*_ B I 11- X
e [X] = [L&]we
on multiplying on the left,
(A~ ] Toqt 1 ;
ﬁs B _[_éB] 1 ‘[CB]T]] [_éB] p(ar),

(5.5)
on multiplying through by the inverse.



Dependence of LMPs on offers, continued
e Repeating}.5):

[ﬁ;] - ”—é;] 1 [CB]T}]_l [_é;] p(q").

e That is, the Lagrange multipliers, and hence the LMPs, dépearthe
offer prices at the solutiomy, to the offer-based transmission-constrained
economic dispatch with changed demand and/or offers:

— effect of offer prices on LMPs is weighted by terms that depen the
shift factors,

— note that the solutiorg*, to offer-based transmission-constrained
economic dispatch, and hence the offer prip&s’), will generally
change with changes in demand and/or offers.



Dependence of LMPs on offers, continued

e If a shift factor for injection at a generator is non-zero #melgenerator is
not at maximum or minimum generation then its offer pricd wil
contribute to determining the LMPs at every bus:

— when shift factors are between zero and one, situation iktaixely
differentfrom the two zone model where shift factors were either zero
or one,

— in the two zone model, when the transmission constraintdyind
generation offers in one zone do not contribute (directydetermining
the LMPs in the other zone,

— offers indirectly contribute to determining the LMPs thgbu
determining whether or not constraint is binding,

— intuition from two zone model must be used with caution!



5.4.6 Example
e Again consider the three bus example.

Shift factors
to line A

O12 | O13 | O23
1/3| 2/3| 1/3

Fig. 5.5. Three bus,
three line network and
shift factors to line A.




Example, continued
DemandD; =Dy =0,D3 =11 MW
e Offers at each bus are:

VQ1, p1(Q1) = Qux 1 $/(MW)*h,

VQz, P2(Q2) = Q2 x 2 $/(MW)?h,
VQs, p3(Q3) = Q3 x 3 $/(MW)?h.
e Recall that:

Q’l‘ = 6 MW,

Q; = 3MW,

Q5 = 2 MW,

A = 6 $/MWh,

[ = 0$/MWh,

e satisfy the first-order necessary conditions.
e The LMPs at all buses are equal to $6/MWh.



Example, continued
e Consider relationship between offers and prices.
¢ Note thatuz has no entries since no constraints are binding for
demand oD3 =11 MW.
e Specializing §.5) to this case, we obtain:

o= [11] 1@,
1

_ —qf *
= 31'P(Q),

e S0,\*%, the price at each bus, is a linear combination of the (equal)
offer prices at each bus.



Example, continued
e Suppose that the offer at bus 1 increases in price to:

VQ1, p1(Q1) = Q1 x 2 $/(MW)?h.
e We claim that:

Q1 = 4.125 MW,
Q; = 4.125 MW,
9;; = 2.75 MW,
A* = 8.25 $/MWh, which is higher than befare
[ = 0 $/MWh, which is the same as before
e satisfy the first-order necessary conditions.
e The LMPs at the buses are now all equal to $8.25/MWh:

— higher than before since offer at bus 1 has increased, but
— dispatch is still such that offer prices at all buses are kqua
— offer prices all equal to $8.25/MWh.



Example, continued

e Increase in offer at bus 1 results in higher LMPs at all buses.
e The transmission constraint is still not binding.
e Moreover, we still have that:

M =1[(1/3) (1/3) (1/3)]p(Q").



Example, continued
DemandD; = Dy =0,D3 = 30 MW
e Offers at each bus are:

VQ1, p1(Q1) = Qux 1 $/(MW)*h,

VQz, P2(Q2) = Q2 x 2 $/(MW)?h,
VQs, p3(Q3) = Q3 x 3 $/(MW)?h.
e Recall that:
Qi = 10 MW,
Q5 = 10 MW,
Q5 = 10 MW,
A* = 30 $/MWh,

[ = 30 $/MWh
e satisfy the first-order necessary conditions.



Example, continued

e Consider relationship between offers and prices.
e In this case}y is the same agg'since the one constraint is binding.
e By (5.5), we have that:

HE [ &) [t s ]]1[ & lp@)

B 1 5/%3)] [ 2/3 11/3) 1] pP(QY),
N Eiﬁ% Egg)” (2/3) (11/3) ] p(Q"),
- [0 0 P

o Note that the coefficients of the offer at bus 1 aegative so that
increasesn offer prices at bus teducethe values oh* and|is.




Example, continued

e Suppose that the offer at bus 1 increases in price to:

VQ1, p1(Q1) = Q1 x 2 $/(MW)?h.

e \We claim that:

Q1
Q
Q3
')‘\*

Nk

[

9.23 MW,
1153 MW,
9.23 MW,

27.69 $/MWh, which is lower than before
13.85 $/MWh, which is also lower than before

e satisfy the first-order necessary conditions, with LMPs:

Bus 1 \* — [él]Tﬁ* = 27.69— (2/3)13.85 = $18.46/MWh, which is
higher than before,

Bus 2 A\* — [Cz]Tﬁ* = 27.69— (1/3)13.85 = $23.08/MWh, which is
higher than before,

Bus 3A* = $27.69/MWh, which is lower than before.



Example, continued

e Increase in offer at bus 1 results in lower LMP at bus 3!

e The transmission constraint is still binding.

e Note that the offer at bus 1 on the “export” side of the comsti@an
affect the LMP at the demand at bus 3 on the “import” side of the
constraint:

— the system is nadividedinto independent “zones” by the
transmission constraint!

— offers in one ERCOT zone affect prices in other zones evemwhe
transmission constraints are binding,

— we will return to this issue in the context of ad hoc analydes o
market power.

e Moreover, at the new solution of offer-based
transmission-constrained economic dispatch, we stikhbst:

A* —(1/6) (1/3) (5/6 .
[é}é]— (_{)(éH/l)p(Q)-




5.4.7 Sensitivity analysis

e In the last section, we considered the relationship betvpéen, 5\*, and
b5 when demand and/or offers changed:

— focused on changes in the valuesof*) rather than on changes in the
values ofg*, but
— enabled qualitative analysis of the dependence of pricedfers.

e To apply the results quantitatively, we must calculate thenged value of
g* due to change in demand and/or offers:

— as in previous example.
e In this section, we will apply sensitivity analysis to unskand the
relationship betweeq*, A*, and}is:

— will focus on injection at reference bus since that makes$yarsa
simpler, but
— can apply to any bus through change of reference bus.



Sensitivity analysis, continued

e We will calculate the derivative of the residual demand ¢blog a
generator that is located at the reference bus:

— the transmission-constrained residual demand derivative
— this will be the key to deriving an index of transmission-stvained
market power that is analogous @ J).



Sensitivity analysis, continued

e Recall first-order necessary conditions, again focusinginding
constraints:

I R, J{§ € R, such that:
vk not the reference bup(cf) — A* + [éBk]Tﬂ*B = 0;
For the reference bupk(qﬁ)—f\* = 0;
1'q" = 0;
éBq* — dB.
e Now suppose that the generator at the reference bus welghdysiary
its offer, resulting in a different set of quantities andcps.

e As the offer from the generator at the reference bus chatigas would
be changes in:

— the injection at the reference bus,

— the priceA* at the reference bus,
— the injections elsewhere, and
— the Lagrange multipliergs.



Sensitivity analysis, continued
e Equivalently, if the generator at the reference bus comtaoiteeet the
residual demand then, as the prfde/aries, the residual demand faced at
the reference bus; 17§, will vary:
— we ignore theoffer at the reference bus and just consider the

relationship between the injection at the reference busoémer
injections and prices.

e We can think of\* as an independent variable and thinlgopfandl* as
dependent variables:

— as the price at the reference bus varies, the residual demahg,
faced at the reference bus varies.

e Given, among other things, that we are not at a “corner” gmiuhen
“the implicit function theorem” enables us to evaluate teasitivity of
the dependence of andl* on A*:

— see derivation in EE380N “Applied Optimization: Formudatiand
Algorithms for Engineering Systems Slides.” Availablerfro
http://users.ece.utexas.edu/ baldick/classes/3&eNuality%20I1.pdf



Sensitivity analysis, continued

e \We begin with the first-order necessary conditions, foaysim binding
constraints, but:

— ignoring the offer at the reference bus, since we are consgléhe
dependence of the injection at the reference bus on the aribe
reference bus, and

— (temporarily) ignoring power balance, but will later usevyeo balance
to evaluate the derivative of residual demand.

e Thatis:
~ Ak 3 * A 1tk )
pO) - +[Cel 5 = O
Ce§" = dg.

e wherep: R"1 — R"1is the vector consisting of the offepg at all
buses except the reference bus, and

e where0 € R"1is the vector of all zeros.



Sensitivity analysis, continued

e Viewing g and* as functions oh*, we can totally differentiate with
respect to\*:

e 0 0] d
0 (O : q ~ o tdfiE _
A s
| 0 0 plan)
~ dq*
Cogr = O

e wherep, is the derivative of the offepy, and

e all matrices and vectors omit the reference bus.



Sensitivity analysis, continued

o Let:
() 0 - 0 ]
A_| O @) - i
5 0
| 0 0 pr(an)
e Then, re-arranging the first equality, we obtain:
dq~ +dpg
dv T < [CB] d)\*>
: : ~ dg*
Using the second equalit§, = CBd)\*’
A dii
— GaA (1 [CB]Td;\lE),

+df
— CaAl—CaA[CH) d;‘E.




Sensitivity analysis, continued

. dig A o~ 47714
Re-arranglng.d)\* = [CB/\[CB]} Cg/\1l.

oo dgt ~ o1l
Finally: i /\<1—[CB] dA*)’

— A (1 Al [CB/\ Cal T} 1(“25/\1) .

e Now note that residual demand faced at the reference bug defimition,
—17g*.

e The derivative of the transmission-constrained residaalahd faced at
the reference bus is:

dg*

_qf
L

= —1T/\ (1 — [éB]T [CB/\ [CB] T} 1éBA1) . (5.6)



5.4.8 Example
e Again consider the three bus example.

Shift factors
to line A

O12 | O13 | O23
1/3| 2/3| 1/3

Fig. 5.6. Three bus,
three line network and
shift factors to line A.




Example, continued
DemandD; =Dy =0,D3 =11 MW
e Offers at each bus are:

VQ1, p1(Q1) = Qux 1 $/(MW)*h,

VQz, P2(Q2) = Q2 x 2 $/(MW)?h,
VQs, p3(Q3) = Q3 x 3 $/(MW)?h.
e Recall that:

Q’l‘ = 6 MW,

Q; = 3MW,

Q5 = 2 MW,

A = 6 $/MWh,

[ = 0$/MWh,

e satisfy the first-order necessary conditions.
e The LMPs at all buses are equal to $6/MWh.



Example, continued

e \We calculate the residual demand derivative.
e \We have that:

VQ1, p1(Q1) = Q1 x 1$/(MW)*h,
VQ1, p1(Q1) = 1$/(MW)?h,
VQ2, P2(Q2) = Q2 x 2 $/(MW)*h,
VQz, Po(Q2) = 2 $/(MW)?h,
A _ [Pi@) O ] '
0 pya3) |
1 o0
10 (1/2)




Example, continued

e In this case, there are no binding transmission constraints
e ThereforeCg has no rows and s&(6) becomes:

—1= = 1Al
= -4 [é (1?2)] H
= —(3/2).

e Note that the residual demand derivative is negative smo@asing
price reduces the residual demand.



Example, continued
DemandD; = Dy =0,D3 = 30 MW
e Offers at each bus are:

VQ1, p1(Q1) = Qux 1 $/(MW)*h,

VQz, P2(Q2) = Q2 x 2 $/(MW)?h,
VQs, p3(Q3) = Q3 x 3 $/(MW)?h.
e Recall that:
Qi = 10 MW,
Q5 = 10 MW,
Q5 = 10 MW,
A* = 30 $/MWh,

[ = 30 $/MWh
e satisfy the first-order necessary conditions.



Example, continued

e \We calculate the transmission-constrained residual ddman

derivative.
e \We have that:

(2/3) (1/3)],

(2/3) (1/3)] [0 (1/2)] [E1?3§]
(1/2)],

2]7

B]T}_lés/\l

(2/3 1 0 |[1
(173 | [@1@/3) (1/3) [o <1/2>] H
'(10/9)]

(59




Example, continued

_ 1T9,‘q_*

At A ~ 1114
== 1A (1[03] [CB/\[CB]} CB/\1>,

B 1 O 1 (10/9)
- - 15 afy | (|3)-[99))
= —(1/9).

e Note that this derivative is smaller in magnitude than indhse

where transmission constraints were not binding:

— illustrates general observation that residual demandrbesdess
elastic when transmission constraints bind, even if aivdéwves
of offers are constant.



5.4.9 Summary

e \We have considered the optimality conditions for offerduhs
transmission-constrained economic dispatch.

e Showed that offers at buses on both “sides” of a transmisostraint
can affect LMPs everywhere through.9):

[é*;] B ”—(::L;] 1 —[CB]T]]_l [_é;] p(q).

e Derived the transmission-constrained residual demarg:
dg*
dA\*

~ ~ ~ 1.
8L gt (1 Cal' [CB/\[CB] T} CB/\l) .



Homework exercise, part a

e Suppose that all baseload generators (each 500 MW capaeitg)
located at bus 1; all intermediate generators (each 300 Myalaity)
were located at bus 2; and all peaking generators (each 10@apAcity)
were located at bus 3.

e Line A has capacity 1800 MW.

Shift factors
to line A

012 | O13| 023
1/3| 2/3| 1/3

Fig. 5.7. Three bus,
three line network and
shift factors to line A.




Homework exercise, part a, continued

e Suppose that the costs for the last homework exercise stxygatly the
same.

e Again assume that offers are required to be the same for ataival.

e Offers will be dispatched subject to transmission constrihiat flow on
line A is less than 1800 MW.

e Alldemand is at bus 3.

e Inverse demand at bus 3:

Interval 1 VQ, p%(Q) = max{50— (Q —2800)/2,0},
Interval 2 VQ, p%(Q) = max{75— (Q—3500/2,0},
Interval 3 VQ, pY(Q) = max{500— (Q —4200/2,0},

e whereQ s in MW andp?(Q) is in $/MWh.
e Update your offers to maximize your profits.



Homework exercise, part b

e Consider the example four-line four-bus system shown.
e Bus 0 is the reference bus and location of demand:

— injection at bus 3 and withdrawal at bus 0 causes “countefftowthe
300 MW capacity line.

@ @ Shift factors
to 300 MW line
1 ‘\2 O10| O20| O30
0.2/ 0.4| -0.2
' Capacity 300 MW

@ 0 3 Fig. 5.8. Four-line
four-bus network for

Do @ homework exercise.




Homework exercise, part b
e Line limit constraint is:

cg<d
e Where:
A of]
q = |02},
03
C = [010 020 O30],
— (0.2 04 —0.2],
d = [300,

e (k IS the net injection (equal to the generatiQg at busek = 1,2, 3.
e Net injection at bu&k =0 is:

0o = Qo — Do.



Homework exercise, part b
e Suppose that the offers at the four buses are:

VQo, Po(Qo) = Qo x 0.045 $/(MW)h,

VQ1, p1(Q1) = Q1 x 0.04 $/(MWYh+10 $/MWh
YQ2, P2(Q2) = Q2 x 0.035 $/(MW)h,

VQs, p3(Q3) = Qszx 0.04 $/(MWY)h.

e \We consider two demand conditions:
(i) Do =1000 MW, and
(i) Do =4000 MW.
e Use the excel solver or the MLAB functionquadpr og to solve for
offer-based transmission-constrained economic disgatatach demand

level.
e For each demand condition:

— Show the dispatch, Lagrange multipliers, and LMPs.
— Calculate the transmission-constrained residual demandadive faced
by the generator at the reference bus.



5.5 Ad hoc analyses of market power with transmission consaints
5.5.1 ERCOT market context

¢ In the upcoming ERCOT nodal market there are sewatdilocmethods
to assess market power.

e The “Element Competitiveness Index” (ECI) is styled agamntetest of
competitiveness in the face of transmission constraints.

e Consider the system in figute9, which is based on an example from
Berry, Hobbs, Meroney, O’Neill, and Stewart and in Lin Xu &igin Yu:

— four buses, 1..,4, each with generators,

— buses 3 and 4 have demand,

— all lines have equal impedance,

— the line joining buses = 1 andi = 3, has capacity ;3 = 30 MW, while
— other lines have much larger capacity.



ERCOT market context, continued
e Example system for ECI.

Q, = 100 MW

Q, =16 MW Q, =50 MW
2 Fig. 5.9. Four bus,
five line network based
on an example from
Berry, Hobbs, Meroney,
e=1 4 O'Neill, and Stewart

Capacityf,;; = 30 MW $3d in Lin Xu and Yixin

Ds = 100 MW @ O, — 40 MW



5.5.2 Shift factors for ECI test for example system
e The ECI test considers the DC shift factors for the variousebu
— test consists of two parts,
— we will perform the first part of the ECI test for the examplstgyn.

e For thef,3 =30 MW capacity line, the required shift factors involve the
“export” terminal of the line, bug = 1, and the “import” terminal of the

line, busi = 3.

e Generation capacitie§, and forecast demanddy are also needed for

the ECI calculation.

Bus Oki |0'ke| Qk Dk
1 |5/8 O 16| O
2 |1/4] 3/8/100| O
3 0| 5/8| 40|100
4 |1/8| 1/2| 50| 40

Table 5.1. Data for
ECI calculation for
example system.



5.5.3 First part of ECI test

(i) Determine the “effective load on the export sidB,’by multiplying
all load Dy at Electrical Busek by the corresponding “import” shift
factorsoy, so that:

D = Z DkOki,

= 0x(5/8)+0x(1/4)+100x 0+40x (1/8),
= SMW.



First part of ECI test, continued

(i) Determine the “effective capacity needed to meet load @ supply
power over the constraint on the export side” by:

(A) multiplying the generation capaci€y, at each bus by the

corresponding “import” shift factorsy; to find the effective
—effectivee

capacityQy , SO that:
QM =16 (5/8) = 10 MW,
QSTeCVe _ 100 (1/4) = 25 MW,
Ggffectlvee: 40x0 = 0MW,
Qe _ 50 (1/8) = 6.25 MW,

(B) stacking the effective capacity in decreasing shift factoler
(that is, bus 1, then bus 2, then bus 4, then bus 3); and then



First part of ECI test, continued

(C) selecting sufficient effective capacity from the stack teetribe
effective load on the export side plus the flow limit on the
constraint, which is:

D+ fi3 = 5+30,
= 35 MW.

Since the sum of the effective capacities at bus 1 and bus 2 is:

—effectivee —=effectivee

Q; +Q, — 10+25,
— 35 MW,

all of bus 1 and bus 2 effective capacity is necessary to meet
the effective load plus the flow limit.

The generators at buses 1 and 2 are therefore not considered |
determining the effective generation capacity available t
resolve the constraint on the import side, leaving the
generation at buses 3 and 4 available to resolve the camstrai
on the import side.



First part of ECI test, continued

(iif) Determine the “effective generation capacities teakwe the

constraint on the import side@ﬁﬁecwe, by multiplying, for each

Resource not excluded in the previous step and having sletibifs
greater than one-third of the highest Resource shift factor

(A) the maximum capacit®,, times
(B) the absolute value of shift factor of the bus to the export

terminal|Oyg|,
so that:
QST _ 40% (5/8) = 25 MW,
Giﬁectlve _ 50x (1/2) _ 25 MW,
with total effective capacity:
Geffectivei _ Ggffectivei +szfectivei7
= 50 MW.



First part of ECI test, continued

(iv) The ECI on the import side is equal to the sum of the sqoétke
percentages of the effective capacities owned by eaclyentit
Assuming that the generators at buses 3 and 4 are owned by

different entities,
25\2 /25\°
el = <a>) *(%) ’
— 50009%.

(v) If the ECl is greater than 2,000%6n the import side then the
constraint fails the competitive test for the month.
Since the ECI is 5000 %dn this case, the constraint fails the
competitive test.



5.5.4 The ECI test
(i) The “effective load on the export siddy, is the demand weighted

by the shift factors:
e no first-principles justification of any relevance to mangetver

assessment.
(i) The “effective capacity needed to meet load and to sypplver
over the constraint on the export side” arbitrarily assityes
capacity of certain generators to meet the demand and tafill

the transmission capacity:
e ignores physical reality that generation collectively tsetemand,
¢ no first-principles justification of any relevance to mangetver

assessment,
e these generators are arbitrarily removed from furthenesmabf

competitiveness with regard to offers.



ECI test, continued

(iii) The “effective generation capacities to resolve tloastraint on the

import side,”@ﬁﬁemva, Is the generation capacity weighted by shift

factors:
¢ no first-principles justification of any relevance to mangetver
assessment.

(iv) The ECI test is an HHI test based on capacity aimed adilegif
there is “enough” competition in the transmission-consed case:

e As discussed previously, there is no theoretical justifocafior
capacity-based HHIs as a measure of market power:

— when HHIs are based on market shares instead of capacities,
thereis a connection to the Cournot model,

— but need to include residual demand elasticity and forward
contract positions to assess market power.

(v) The HHI threshold is arbitrary.
e The second part of the ECI test is similar to the first part.



ECI test, continued
e The ECI test incorporates, through the shift factors, aypfoxthe
geographical extent of the market.
e However, the ECI tesimitsthe fundamental drivers of market power:
— the residual demand faced by market participants, and
— the forward contract positions.
e For example, in stefii) (C), the generators at buses 1 and 2 are arbitrarily
removed from consideration in the final calculation of thd:EC
— buses 3 and 4 are then essentially evaluated as being a gunaktet
by the ECI test,
— this ignores the fact that in this meshed system the offdrssd#s 1
and 2 also contribute to setting the LMP and also contributle
residual demand at buses 3 and 4:

o as discussed in the previous three bus example.



ECI test, continued

e The ECI test focuses on each line separately.

e Does not consider the effect miteractionsbetween constraints on
market power.

e In fact, the key economic issue is the incentives to marketiqgi@ants at
particularbusesdue to potentially multiple interacting constraints:

— The ECI test obscures the locus of the fundamental econommentives.



5.6 Consideration of incentives when transmission constmats bind

e To model market power in the presence of transmission cnsty we
focus on incentives.

e To do this we will use the derivative of the residual demarudfaby
market participants at an actual or estimated market clgaondition of
offer-based transmission-constrained economic dispatch

¢ We will need to consider offer information.

e We will also consider forward contract positions.



5.6.1 Transmission-constrained residual demand

e Section5.4.7showed how to calculate the derivative of the
transmission-constrained residual demand.

e The analysis focused on the residual demand at the refebais¢cdut can
be applied to any bus

o Write pd, for theinversetransmission-constrained residual demand faced
by a generator at bus

e The derivative ofp‘ik is the reciprocal of the derivative of the
transmission-constrained residual demand.



5.6.2 Profits
e Suppose that the generator at Busas a forward contract for quanti@{(
at pricepy.
e In this case, the profit function becomes:

VQx € R, T (Qk) = (Qk— Q) P (Q) + Qicpic — c(Qi)-
e Assuming that:

— sufficient conditions for maximization are satisfied,

— functionspd, andc are differentiable, and

— generation capacity constraints are not binding at thetpr@akimizing
condition,

e then we can find the maximum of profit by setting its derivatwveero.



5.6.3 Mark-up and market power index

e Re-arranging the maximum profit condition, we can obtain the
transmission-constrained price-cost mark-up with a fodxantract
under the hypothesis that the generator was maximizingafs$

d / _ £ 0pd,
P2 (Qi) — C(Q) = —(Qk— Qk)ﬁ (Q)- (5.7)
e The right-hand side ofy(7) is a transmission-constrained market power
index:

—ifitis “large” according to some standard then a profit-nmaizing
generator has incentives to drive up prices “significanbly”
withholding,

— ignoring forward contracts.

e Again, any generator that is not at full production but sueit the
right-hand side of.7) is above a threshold would be flagged as of
concern.



Mark-up and market power index, continued

¢ In the context of “market power mitigation,” generators ingva large
value of the index%.7) might be subject to limits on offer prices when
transmission constraints are binding.

¢ In contrast to ECI, the indeX6(7) has a concrete interpretation in terms of
market power:

— it represents the mark-up of price above marginal cost fopathetical
profit maximizing generator.

e If forward contract information was not available themk aQ K(Qx)

could be used as an index instead:

— however, any market power mitigation should be sensitivaeo
implications of forward contracting on market power.

e Excess wealth transfer can be estimated ushi?).(



5.6.4 Example
e Again consider the three bus example.

Shift factors
to line A

O12 | O13 | O23
1/3| 2/3| 1/3

Fig. 5.10. Three bus,
three line network and
shift factors to line A.




Example, continued
DemandD; =Dy =0,D3 =11 MW
e Offers at each bus are:

VQ1, p1(Q1) = Qux 1 $/(MW)*h,

VQz, P2(Q2) = Q2 x 2 $/(MW)?h,
VQs, p3(Q3) = Q3 x 3 $/(MW)?h.
e Recall that:

Q{ = 6 MW,

Q; = 3MW,

Q5 = 2 MW,

A = 6 $/MWh,

[ = 0$/MWh,

e satisfy the first-order necessary conditions.
e The LMPs at all buses are equal to $6/MWh.



Example, continued

e From previous analysis, the derivative of the residual dehfaced
at the reference bus, bus 3-4$2/3).

e Therefore, at the market clearing conditions, the dexeati the
inverse residual demand at bus 3 is:

0p%5
= —(3/2).
¢ Ignoring forward contracts, the indeX.{) is:

Q) = 2x-(3/2)
= 3 $/MWh.



Example, continued
DemandD; = Dy =0,D3 = 30 MW
e Offers at each bus are:

VQ1, p1(Q1) = Qux 1 $/(MW)*h,

VQz, P2(Q2) = Q2 x 2 $/(MW)?h,
VQs, p3(Q3) = Q3 x 3 $/(MW)?h.
e Recall that:
Qi = 10 MW,
Q5 = 10 MW,
Q5 = 10 MW,
A* = 30 $/MWh,

[ = 30 $/MWh
e satisfy the first-order necessary conditions.



Example, continued

e From previous analysis, the derivative of the residual dehfaced
at the reference bus, bus 3-4$1/9).

e Therefore, at the market clearing conditions the derieatifthe
inverse residual demand at bus 3 is:

0P

=—(9).
an (Qk) ( )
¢ Ignoring forward contracts, the indeX.{) is:

Q% (qp) = ~10x (9)
~ 90 $/MWh

e Even with the slopes of the offers the same, when transmissio
constraints bind, market power increases significanthuatd
because:

— the residual demand faced at bus 3 is less elastic, and
— the generator at bus 3 is selling a greater quantity.



5.6.5 Second example

e As a second example of applying the indé&x7j, consider the example
that was used to illustrate the ECI.

Q, = 100 MW

Q, =16 MW Q, =50 MW

Fig. 5.11. Four  bus,
@ five line network based
on an example from
Berry, Hobbs, Meroney,
e=1 4 O'Neill, and Stewart

Capacityf,; = 30 MW $3d in Lin Xu and Yixin

Ds = 100 MW @ O, — 40 MW



Second example, continued
e Xu and Baldick report residual demand derivatives at the
transmission-constrained affine supply function equilifor market
clearing conditions as:

6p_1(Q1) ~ —8 ($/MWh)/MW7

00Q1

5p‘12(Q2) ~ —0.9 ($/MWh)/MW
0Q> )
%30, ~ 15 ($/MWh)MW
30 (Qs) ($ ) :
6p‘14(Q4) ~ —3.7 ($/MWh)/MW.
0Q4

¢ In this example, and in contrast to the arbitrary assumptidhe ECI
calculation, all four generators are marginal and all abate to
determining the residual demand at all buses.



Second example, continued
e Market clearing quantities at these buses are:

Q1 ~ 13 MW,
Q2 ~ 93 MW,
Q3 =~ 4 MW,
Qs ~ 30 MW.



Second example, continued
e The index b.7) for these four buses, ignoring forward contracts, is:

—Q13~-21(Q1) ~ 96 $/IMWh

d
~Q:2P=2(Q,) ~ 85 $MWh

d
~Qs2P=3(Qq) ~ 6$/MWh,

opt
—Q4 4(Q4) ~ 112 $/MWh

e With a $10/MWh mark-up threshold, generators 1, 2, and 4 d/bel
flagged for market power mitigation, whereas generator 3avoot.

e Although there is considerable market power in this smalikeia
consistent with the ECI test, the diagnosis of market powec#ically at
buses 1, 2, and 4 contrasts with the ECI result that flaggeest®iand 4
as a duopoly.



5.7 Ownership of generation at multiple buses

e So far assumed that any particular firm owns a generator @argens at
only one bus, buk.

e In reality, in LMP markets, assets will be owned at multiplesés and the
LMPs at these different buses are related.

e For convenience, suppose that a firm owns generators at buses
k=1,...,s,withs<n.

e Collect the production quantitieg, k= 1,...,sinto a vectorge R>.

e The inverse residual demand faced by a generator dt bow depends
on the whole vectog, so thatp‘ik : RS — R,

e The prices at each of the budes- 1,...,s, depend on the vectay ~



5.7.1 Jacobian
e Collecting the inverse residual demarpﬂ}qo k=1,...,s together into a

vector functionp? : RS — RS, we can consider the dependence of the
vector of inverse residual demands at busesl, ... ,son the generation

of
e Paralleling the earlier development, the incentives fdmethe firm at the
d
market clearing condition will involve thdacobianof p%; that is,ng.

e Calculation of the Jacobian is an extension of the sengitanalysis in
section5.4.7to the vector case, involvingcalculations, one for each bus.



5.7.2 Index for ownership at multiple buses

e \We consider how to extend the market power inde8)(to the case of a
firm owning generators at busks-1,...,susing the Jacobian.

e The production cost function of the firm is specified by thet éosctions
:R—Rk=1...,s

e Profit for the market participant is now specified by:

Ve RS m(d) = S akpi () — ck(ak)-



Index for ownership at multiple buses, continued
e As previously, assuming that:

— sufficient conditions for maximization are satisfied,

— pdandc, k= 1,...,s, are differentiable, and

— generation capacity constraints are not binding at thetpr@akimizing
condition,

e we can find the maximum of profit by setting the vector of itsiphr
derivatives equal to zero:

o, .
O:ﬁ(q).



Index for ownership at multiple buses, continued
e Focusing on the partial derivative with respecttpwe obtain:
o aT[ ~ ap k(e /
0= g, (& =P, —%Zq@ (@) — Co(p),

e wherec, = g—gj is the marginal cost of the generator owned by the firm at

bus/.
e Re-arranging, we obtain the price-cost mark-up atdusder the
hypothesis that the generator was maximizing its profits:

P () - anpk (5.8)

e There is a value of the inde% @) for each of the generators owned by the
firm.



Index for ownership at multiple buses, continued

d
e Since cross-derivative% for k £ ¢ will typically be positive, it can be
ls

the case that, at some buses, profit maximization corresporal
mark-downrather than a mark-up:

— That is, for some busés the index 6.8) may be negative.

— For example, Hogan and Cardetlal. describe a case where a firm
owning a generator at a beon the export side of a constraint offers at
below marginal cost in order to congest the line and be abddf¢o well
above marginal cost at a busn the import side.

d
— That is,( =K q)> IS negative, Whlle< aq )) IS
|

significantly positive.
— The mark-up at each bus does not, in this case, give a fulli@af the
excess transfer of wealth from consumers to the firm.




Index for ownership at multiple buses, continued
e As a measure of market power for this case, consil&y,(which
estimated the excess transfer from consumers to a singégagen
e Generalizing %.2), the net excess transfer from consumers to the firm,
over and above competitive levels, is approximated by:
: - ap‘ik N vTapd N\ o
/;% kaIkaqg (@) = —1d 55— (94
e As with (5.2), this must be viewed as only an approximate estimate of
excess wealth transfer above competitive levels since ettive prices
at each bug may deviate from the marginal costs



Index for ownership at multiple buses, continued

e Exercising market power by strategically congesting amdifg price on
the importing side very high is not evident in the two zone eidbat
assumeseparateconsideration of each market when constraints bind.

e That is, this mode of exercising market power representsa iteat
cannot easily be qualitatively analyzed in a two zone model.

e Moreover, in the context of aad hocindex such as described in
Section5.5, the arbitrary removal of particular generators based dh sh
factors means that the significance of generator offers @export side
interactingwith offers on the import side might be overlooked.



5.8 Pivotal offers

e The analysis so far considers the “small signal” issue ofthdrethe slope
of the residual demand is such that the first-order necessaditions for
profit maximization imply “economic” withholding that wadll
significantly increase price over marginal costs.

e As discussed in the IMM report, there is also a concern treatldrge
signal” action of “physically” withholding capacity wouldad to
infeasibility.

¢ In the four bus system in Figuke 1], for example, the 100 MW generator
at bus 2 is pivotal since removing it from the system wouldéeanly 106
MW of generation capacity but 140 MW of demand.

e Transmission constraints can make firms pivotal that wothémvise not
be pivotal.

e Analysis of this case requires some sort of explicit consitien of
withholding of capacity from market:

— for example, check whether offer-based transmissionicained
dispatch is feasible if offer of a firm is removed from market.



5.9 Transmission and equilibrium analysis

¢ In the discussion of Nash equilibrium, we only briefly diseed the effect
of transmission constraints.

e Borenstein, Bushnell, and Stoft (BBS) consider a Nash sajitim
analysis of a radial system:

— we will follow their analysis, but recognize that non-rddigstems can
behave somewhat differently from radial systems,

— as in example of strategically congesting to force priceyg taggh on
import side of constraint.

e Key observation in BBS is that transmission capacity bebwe® zones
can have “value” in mitigating market power even if no powew
between the zones:

— the presence of the line causes prices to decline compatkd tase of
separated markets;

— therefore, the societal benefit may not be linked to the leyakage of
the line.



5.9.1 Symmetric two-firm model

e We will follow the notation of BBS, although it differs someat from
the notation we have previously used.

e Assume two identical markeths, andS.

e Inverse-demand in each market is givenR§>) andP(QN),
respectively, wher®® andQN are the quantities consumedS$andN,
respectively.

e Firmsn ands, located inN andSrespectively, have identical cost$q")
andC(qg®), whereq" andg?® are the generations by the firms&nds.

e Assume generation quantitig¥ andg® are the strategic variables, so that
the model is Cournot.



Symmetric two-firm model, continued

e If there were no transmission capacity between the two ztheeseach
firm would act as a monopolist in its own market:
— nwould maximizeP(q")g" —C(q"),
— swould maximizeP(q®)g®>— C(g°),
— because of symmetry, each firm would produce the same,
— the price would be the same in both markets and demand woultebe
same in both markets.



Symmetric two-firm model, continued

e If there were infinite (or large) transmission capacity begw the two
zones the market would meergedand there would be a Cournot duopoly:

— because of symmetry, each firm would produce the same,

— the price would be the same in both markets and demand woultebe
same in both markets,

— so the flow on the line would be zero!

— the “merged-market Cournot duopoly.”

e Prices in the merged-market Cournot duopoly are lower thanapoly
prices in each separate market:

— the “separated-market monopoly prices,”

— presence of the line decreases prices (and increasestosnti
compared to separated-market monopoly prices despitetrilmweon
the line.



Symmetric two-firm model, continued

e \We consider capacitids that are neither zero nor very large.
e First suppose that generation is equal in each zone sqofthag®:

— because of demand symmetry, there would be equal demandhn ea
zone and zero flow on the line.

e More generally, ifg" ~ g° then the the flow on the line would be less than
K.

— demand and prices would still be equal in each zone.



Symmetric two-firm model, continued

e However, ifq" < g°— 2K we claim that the demand cannot be equal in
each zone:

— suppose demand in each zone \@is= Q%= (q"+¢°) /2,
— so flow fromSto N would be:

QN-q" = ["+q°)/2—",
— (qs_qn)/27
> K,

— which exceeds transmission capacity.
— So demand cannot be equal, flow fr@to N must equak.
— Inverse demand faced lmyhas slope of inverse demand in zdsalone.



Symmetric two-firm model, continued
e Similarly, if " > ¢+ 2K then:
— flow from N to SequalsKk.
— Inverse demand faced loyhas slope of inverse demand in zdvalone.
e Figure 1 of BBS shows the variation in the slope of the invelsmand
faced byn asq" varies:
—forg®— 2K < " < ¢g°+ 2K, flow is not at limit, inverse demand faced
by nis due to demand response of merged markets,
— for 9" < g°— 2K, flow is at limit from Sto N, inverse demand faced loy
is due to demand responseNralone,
—forq" > g°+ 2K, flow is at limit fromN to S, inverse demand faced loy
is due to demand responseNralone.

e Symmetric observations apply to inverse demand facesldsy® varies.



5.9.2 Best response
e Recall the best response calculation in Hortagsu andrPulle

— calculated the supply function that was the best responaeaaticular
choice of supply functions of other market participants.

e Could also calculate the best quantity response of fitmthe generation
of firm s

— the “best response curve” faris the graph of the best quantity response
versus various values of,

e Similarly, can calculate the best quantity response of §itmthe
generation of firm:

— the “best response curve” fer



5.9.3 Equilibrium

e The intersection of the best response curves, if there isistlee Nash
equilibrium.
e In the case of a small value &t
— for low values ofgf®, best response afis to generate enough to cause
flow on line to equal capacity and to be monopoly supplier talo
demand in\,
— for intermediate values af®, the best response ofis to increase
production agf® increases,
— above a threshold value gf, the best response nfinvolves a drop in
production.

e Situation is illustrated in figure 2 of BBS:

— best response ofto ¢° is shown aB8R(¢°),
— best response afto g" is shown aBR(qQ").

e There is no intersection and therefore no pure strategyilequm.



Equilibrium, continued
¢ In the case of a intermediate values<af
— the sloping section of best response may intersect the chengeket
Cournot duopoly best response before the threshold is eddc a
discontinuous drop in production.
e Shown in figure 3 of BBS.
¢ Still may be no intersection of best responses and therefmpmire
strategy equilibrium.
e For larger values ok, above a threshold™, there is a pure strategy Nash
equilibrium:
— the Nash equilibrium is equal to the merged-market Couraopdly
equilibrium as shown in figure 4 of BBS.

e BBS characterizes threshadtd.



5.9.4 Example

e Suppose that demand in each markdR(Q) = 10— Q.
e Suppose marginal costs are are zero.
e Separated-market monopoly:

— with no line joining the markets, profit would be:

P(@"q" = 109" — (q")?, for firm n, and
P(q®)g® = 109°— (of)?, for firm s.

— Profit maximizing conditions yield" = ¢°* = 5 and prices 5 in both
markets.



Example, continued
e Merged-market Cournot duopoly:

— with a large capacity line joining the markets, each gewesupplies
half of demand in each market, profit would be:

P((q"+¢®)/2)d", for firm n, and
P((q"+ ) /2)cf, for firm s.

— Profit maximizing conditions yield" = g¢° = 6.67 and prices 3.33 in
both markets.

— Threshold capacity iK* = 0.57.

— Note that the increase in production of the merged-market @
duopoly over the separated-market monopoly is 1.67, whickedK™.



5.9.5 Summary

e For large enouglK, above a thresholg*, there is a pure strategy
equilibrium corresponding to the merged-market Cournafpdly:

— increase in production over the separated-market monggobuction
IS greater thark™.

e For values oK less tharK™ there is no pure strategy equilibrium:

— simulation of mixed strategy equilibrium indicates thatrgase in
production over the separated-market monopoly produatioreases
with K and exceedK.



5.9.6 Extensions
e More realistic systems have asymmetric markets:

— Separated-market monopoly prices diffeNrandS.

— In this case, a pure strategy equilibrium can exist for swadlies of
capacityK.

— At small values of capacity, the pure strategy will involengr flowing
from lower-price to higher-price market.

— At high values of capacity, the merged-market Cournot diyopo
equilibrium will occur.

— At intermediate values of capacity then, depending on @a#rs of
market and value of:

o there may be an asymmetric pure-strategy equilibrium widndgjties
lower than the merged-market Cournot duopoly, the
“passive/aggressive equilibrium, as shown in figure 5 of BBS

o there may be no pure-strategy equilibrium, as shown in figwt
BBS, or

o there may be both the merged-market Cournot duopoly and the
passive/aggressive equilibrium, as shown in figure 7 of BBS.



5.9.7 Application to California market

e Represent California as two zones, North and South, (reptesnost
significant transmission constraints in California).

e Consider demand in September and December.

e Analysis suggests that at lowest demand levels in Decerhbeg ts no
pure strategy Cournot equilibrium.

e At other demand levels in September and December there igea pu
strategy Cournot equilibrium with flow at limit in South to N
direction.



Homework exercise, part a: Due Tuesday, December 4, by 5pm

e Continue to suppose that all baseload generators are ¢tbatkeis 1; all
intermediate generators are located at bus 2; and all pgpgkinerators
are located at bus 3.

e Update your offers to maximize your profits.

Shift factors
to line A
bus 1 55012 on
1/3| 2/3| 1/3
bus 2 Line A, Capacity 1800 MW
bus 3
Fig. 5.12. Three bus,
@ three line network and

shift factors to line A.



Homework exercise, part b: Solution

e Consider the example four-line four-bus system shown.
e Bus 0 is the reference bus and location of demand:

— injection at bus 3 and withdrawal at bus 0 causes “countefftowthe
300 MW capacity line.

@ @ Shift factors
to 300 MW line
1 ‘\2 O10| O20| O30
0.2/ 0.4| -0.2
' Capacity 300 MW

@ 0 3 Fig. 5.13. Four-line
four-bus network for

Do @ homework exercise.




Homework exercise, part b: Solution, continued
e Line limit constraint is:

cg<d
e Where:
A of]
q = |02},
03
C = [010 020 O30],
— (0.2 04 —0.2],
d = [300,

e (k IS the net injection (equal to the generatiQg at busek = 1,2, 3.
e Net injection at bu&k =0 is:

0o = Qo — Do.



Homework exercise, part b: Solution, continued
e Suppose that the offers at the four buses are:

vQo, Po(Qo) = Qo x 0.045 $/(MWYh,
VQ1, p1(Q1) = Q1 x0.04 $/(MWYh+ 10 $/MWh,
¥Qz, P2(Q2) = Q2% 0.035 $/(MWFh,
vQs, p3(Q3) = Qs x 0.04 $/(MWYyh.
e We consider two demand conditions:
(i) Do =1000 MW, and
(i) Do =4000 MW.
e For each demand condition, we calculate:

— the dispatch, Lagrange multipliers, and LMPs.
— the transmission-constrained residual demand deriviteed by the
generator at the reference bus.



Homework exercise, part b: Solution, continued
(i) Do = 1000 MW.

e We can use MTLAB or, alternatively, directly seek a solution of
the first-order necessary conditions.

e For this demand, let us guess that the transmission caomsisai
not binding.

e Under this assumption, the LMPs are the same at all buses.

e Solving the first-order necessary conditions results in:

A\ = 124016
Q; = 27559,
Q) = 60.04,

Q; = 35433
Q5 = 31004

e Given these generations, the flow on the constrained lin&.i& 9
MW, which is consistent with the guess.

e Therefore, we have found the solution and the LMPs are
$12.40/MWh at each bus.



Homework exercise, part b: Solution, continued
e In this case, there are no binding transmission constraints
e ThereforeCg has no rows and s&(6) becomes:

d"*
L N

dA*
— 7857 MWI/($/MWh).

e Note that the residual demand derivative is negative since
increasing price reduces the residual demand.




Homework exercise, part b: Solution, continued

(i) Do = 4000 MW.

e For this demand, let us guess that the transmission camsisai

binding.

e Solving the first-order necessary conditions results in:

5\*
o
o)
Q1
Q5
Q3

45,
25,
100Q
750,
100Q
1250

e Given these generations, the flow on the constrained lin@Qds 3
MW, which is consistent with the guess.



Homework exercise, part b: Solution, continued
e Therefore, we have found the solution and the LMPs are:
LMP; = A* =45
LMPY = A*—(0.2) x [I* = 40,
LMP; = A —(0.4) x it = 35,
LMP3 = A —(-0.2) x I =50,
e In this case€Cg = C and by 6.6),

ol ~ ~ ~ -1 .
_qt 3;\’* — _1'A (1[(:8]*[08/\[08]1 CB/\1>,
— 5869 MW/($/MWh)

e Note that this derivative is smaller in magnitude than indase
where transmission constraints were not binding:

— again illustrates general observation that residual dedman
becomes less elastic when transmission constraints biad,ie
all derivatives of offers are constant.




Homework exercise, part b: Due Wednesday, December 5
e Again consider the example four-line four-bus system:

(i) Do =1000 MW, and
(i) Do =4000 MW.

e For each demand condition calculate the index)(for the generator at

the reference bus.

Q1

N

e

@0

Do

4

Shift factors
to 300 MW line

O10| O20| O30
0.2/04| -0.2

' Capacity 300 MW

Fig. 5.14. Four-line
four-bus network for
homework exercise.



5.10 Transmission, equilibrium, and transmission rights
5.10.1 Congestion rent

e When transmission constraints bind, the total payment Inyaahel based
on LMPs is greater than the total payment to generators laseMPs.
e This difference is called the “congestion rent:”

— as discussed in the transmission-constrained homeworkisgepart a,
— the difference is sometimes called the “merchandisinglsst@and
sometimes (erroneously) called the “congestion cost.”

e Since demand pays the ISO and the ISO pays the generators, the
congestion rent accrues to the 1SO:

— we will see that the ISO pays out the congestion rent to trégsssaom
rights holders.



5.10.2 Example
e Again consider the three bus example.

e We have:q= [g;] ,C =013 023]=[2/3 1/3], andd = [10.

Shift factors
to line A

012 | O13| O23
1/3|2/3| 1/3

Fig. 5.15. Three bus,
three line network and
shift factors to line A.




Example, continued

e There are inelastic demanbg at each bus.
e The offers at each bus are:

VQ1, p1(Q1) = Q1 x 1 $/(MW)?h,
VQ2, p2(Q2) = Q2 x 2 $/(MW)?h,
VQs, p3(Qs) = Qs x 3 $/(MW)?h.

e Consider the two demand conditions:

(i) D1 =D, =0,D3= 11 MW, and
(i) D1 =D, =0,D3 =30 MW,



Example, continued
DemandD; =Dy =0,D3 =11 MW

e The solution is:
Q1
Q>
Q3
')‘\*
l'l*

6 MW,
3 MW,
2 MW,

6 $/IMWh,
0 $/MWh.

e The LMPs at all buses are equal to $6/MWh.
¢ Since total demand equals total generation, the demandegragrof
11 MW x $6/MWh = 66 $/h are equal to the payments to

generation of:

(6+3+2) MW x $6/MWh = 66 $/h
e Congestion rent is zero when there is no congestion.



Example, continued
DemandD; = Dy =0,D3 = 30 MW
e The solution is:

Q; = 10 MW,
Q5 = 10 MW,
Q5 = 10 MW,

A" = 30 $/MWh
[ = 30 $/MWh
e The LMPs at the buses are:
Bus 1 A* — [C1] pr = 30— (2/3)30 = $10/MWh,
Bus 2 — [Co] 't = 30— (1/3)30 = $20/MWh,
Bus 3 A* = $30/MWh.
e The congestion rent is:

30x 30 $/h— [(10x 10) + (10x 20) + (10x 30) $/h| = 900— 600 $/h
— 300 $/h



5.10.3 Financial transmission rights

e Consider a generator with a forward contract for sale of ggney
demand.

¢ In the discussion of forward contracts, we ignored transimsand
showed that the forward contract hedged the position of @metor and
the demand for the contract quantity:

— implicitly predicated on both the generator and demanddoexposed
to the same LMP.
e Unless the generator and demand are at the same bus, thég will
exposed to different LMPs whenever transmission congfaire binding:

—in ERCQOT nodal, even generator and demand at the same bustare n
exposed to the same prices, since generators are paid thebluP
demand is paid a demand-weighted average of demand LMPs in it
zone.

e The forwardenergycontract holders are exposed to the difference in
LMPs between their buses:

— forward energy contract does not hedge against transmipsice risk.



Financial transmission rights, continued

e For example, suppose that a generator and demand agreertoeado
contract for 10 MW at $50/MWh:

— that is, the generator commits to providing 10 MW to demar raet
price paid by demand of $50/MWh.

e If the LMP at the demand is LMPhen the demand will pay to the ISO:
10 MW x LMPy.

— To make thenetpayment by the demand (sum of demand payments to
the ISO and to the generator) equal to 10 MW$50/MWh, the demand
should pay to the generator:

10 MW x (50 $/MWh— LMPy).

— the forward contract is implemented as an agreement by tineuole to
pay this amount, called a “contract for differences.”



Financial transmission rights, continued

e |f the LMP at the generator is LMfthen the net payment to the generator
will be due to the energy payment by the ISO and the contract fo
differences payment by the demand:

10 MW x LMPg+ 10 MW x (50 $/MWh— LMPy)
— 10 MW x [50 $/MWh— (LMPg4— LMPy)].

e |f there is no congestion then LMP= LMPg4 and the net payment to the
generator is 10 MWk 50 $/MWh.

e If transmission limits are binding then LMP% LMPg4 and the net
payment to the generator is different to 10 MM\S50/MWh:

— for most generators most of the time, when transmissiortdiame
binding, LMPy > LMP4 and the net payment to the generator will be
lessthan 10 MW x $50/MWh,

— the generator is exposed to the contract quantity multgdethe
difference in LMPs,

— the generator is exposed to “transmission price risk,” whee
transmission price is defined by the difference in LMPs.



Financial transmission rights, continued
e To hedge this transmission price risk, “financial transmoissights”
(FTRs) were invented:

— forward financial contract for transmission prices,
— FTRs pay out based on differences in LMPs to hedge the trassmi
rices,
— Eey insight is to use the congestion rent to fund the FTRs.
e Called “congestion revenue rights” (CRRs) in ERCOT:

— see details in “Course notes for EE394V Restructured Eb#gtr
Markets: Transmission pricing and hedging,” Fall 2006. ikalae from
http://users.ece.utexas.edu/ baldick/classes/3F&¥ismission.pdf



5.10.4 Effect on incentives

e Recall that forward financial energy contracts affect migpksver.

e Similarly, FTRs affect market power.

e Discussed in Manho Joung and Ross Baldick, “The Competifiects
of Ownership of Financial Transmission Rights in a Deretpda
Electricity Industry.”



5.11 Summary

() Modeling market power, revisited,

(i) Transmission constraints and geographical marketgrpw

(i) Shift factors and the DC power flow,

(iv) Offer-based transmission-constrained economicatsn

(v) Ad hoc analyses of market power with transmission c@rsts,

(vi) Consideration of incentives when transmission casts bind,
(vii) Ownership of generation at multiple buses,
(viii) Pivotal offers,

(ix) Transmission and equilibrium analysis,

(x) Transmission, equilibrium, and transmission rights.
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