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State Estimator Condition Number Analysis

Reza Ebrahimian and Ross Baldick

Abstract—This paper develops formulas for the condition II. CONDITION NUMBER ANALYSIS

number of the state estimation problem as a function of the dif- . . .
ferent types and number of measurements. We present empirical 1 h€ condition number of a nonsingular square mattiis

results using the IEEE RTS-96 and IEEE 118 bus systems that defined as [6]:

validate the formulas. .
Cond4) = [|Af| x [|[A™], 1)

|. INTRODUCTION where any matrix norm can be used. It quantifies the sensitivity
TATE estimation in its original form is a least-square§f a system to changes in the data. A large condition number
roblem. In a practical implementation, such a probleif (1) is indicative of an ill-conditioned matrix. The largeness
often may pose convergence problems. That is, it may convefféhe condition number is related to available finite precision
slowly, produce inaccurate solutions, or be ill-conditioned@rithmetic. The more precision in the calculations, the higher
to the point that it may never converge with finite precisiofhe level of ill-conditioning that can be tolerated. For example
arithmetic. Furthermore, as the number of buses in a systér double precision arithmetic, a condition number16t is
increases, the ill-conditioning of the state estimation probleifdicative of a highly ill-conditioned matrix [10]. In other words
becomes worse. Solution methods, such as orthogonal decdh-an observable system using double precision arithmetic, the
position utilizing Givens rotations [1], [2], [9], [13], have beerfondition number of the information matrix should be much less
introduced to overcome this ill-conditioning without loss othan10' to guarantee convergence. The condition number can
sparsity. also affect other functions, such as bad data detection.

A condition number analysis of the state estimation problemIn this analysis, to make the problem manageable, we use
by Gu,et al.[5] has shown that the type of measurements, féie 1-norm to calculate the condition number for the informa-
example branch flow or bus injection measurements, will affed@n matrix of the state estimation problem. Other norms such
the numerical conditioning of the problem. That paper show@§ 2-norm would yield qualitatively similar results, however it
that branch flow measurements are better than injection ma¢uld make the theoretical analysis formidable.
surements for the numerical conditioning of the problem. Since
in practical systems a mixture of voltage, flow, and injection  Ill. A SSUMPTIONSUSED TOCLARIFY THE ANALYSIS

measure'ments is used (and in the future, voltage angle measurey, clarify our analysis we use the fast decoupled load flow
ments will become available [7], [8]), we extend the results (?.icssumptions [4], [12]. These assumptions give a good approxi-

[5] by developing formulas to describe the dependence of thetion to the power flow problem. To present a simplified anal-
condition number on the mixtures of voltage, flow, and Injectiofsis of the affect of different measurements, we:

measurements. These formulas are approximations that provid
good qualitative correspondence with the actual condition num-
bers produced by state estimation software.

In Section Il we give a description of condition humber; in
Section Ill we present the assumptions and their effects on our.
analysis; in Section IV we develop analytical formulas for con-
dition numbers when there are mixtures of different types and
number of measurements; in Section V we extend our analyze
to qualitative descriptions of the condition numbers after orthog-
onal transformation; in Section VI we compare these analytical
approximations with actual condition numbers for two IEEE test
cases, using a state estimation software developed in MATLAB.
We conclude in Section VII.

?L) approximate our information matrix utilizing the decou-
pled load flow assumption, which assumes that reactive
power( does not vary with voltage angle and real power
P does not vary with voltage magnitude [4], [12],

2) assume thatin(6; — 6;) is approximately equal t(?; —

6,) wheref, andd; are voltage angles of nodéand; at
two ends of a branch joining nodésindj,

S3) assume that the reactance to resistance ratios of the
branches are very large,

4) consider radial networks,

5) assume all branch admittance magnitudes are equal to
all voltage error variances are equalft, and all flow
and injection measurement error variances are equal to
R,.

Except for our assumptions on voltage and power measure-
ment error variance values, these assumptions follow [5]. The
assumptions on voltage and power measurements error vari-
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bz 34 m2owlononl corresponding voltage angle measurement, with equal mea-
surement error variance then the information maftvix; is
approximately the same as the information mattik. and
(n-k) flow  voliage their condition numbers using 1-norm are both equal to the
measurements measurements .
condition number ofM’. We haveM;; = M, and for
Fig. 1. Radial system with — % flow andk voltage measurements. convenience we defind/ = M.

In Section IV we develop equations for the condition number
Consider the maximum likelihood weighted least-squar&s the information matrix}/” using the information matrid/.
C o ) Hence, the condition numbers calculated in Section IV include
state estimation problem: 3 >
)  as 111 meas the real and reactive flow and injection, as well as voltage mag-
in J(x) = min[z — J@I'"R[= —f(@): (2)  nitude and angle measurements.

where, We should emphasize that approximating the condition
J(x) is the objective function, number of the information matri&{’ utilizing the matrixa{ is
R = diago?], based on the assumptions listed earlier in this section. In partic-
o2 is a vector of variances of the measurementiar the assumption concerning radial networks which makes
errors, these developments possible is a very rough approximation of
f is a vector of functions describing thelooped networks presently in place.
measurements, In the calculation of the condition number HfflRl_llHll,
ymeas is a vector of the measurements, since branch admittance magnitugleis assumed equal for all
h is a vector of the voltage magnitudes an#ranchesy? can be factored out of the matrHLRfllHn and
angles, and canceled out in the computation of its condition number. There-
the superscript denotes transpose. fore to clarify our presentation we sgt equal to one.

If the system is observable, then the Gauss—Newton update
equations [14] for this nonlinear optimization problem are: V. EFFECTS OFCOMBINATION OF DIFFERENTMEASUREMENTS
A|E|<’“> ON THE CONDITION NUMBER
Ax®) — [ }

AGK) In this section we develop formulas to describe the depen-
B . N dence of the condition number on the mixtures of voltage, flow,
= [H'R'H| H'R~ [zmm -f (x( ))} ; (3) and injection measurements. We place a minimum number of

measurements on radial networks, such that the system is ob-

e =2+ Az®), (4)  servable. Thus, all of the measurements are critical, and removal
where: of any measurement would render the system unobservable.
H is the Jacobian of vectgf(x), The results of [5] show the effects of flow-only measurements
R is a diagonal matrix formed by the mea-and injection-only measurements on the condition of the state
surement error variances, estimation problem. Reference [5] demonstrates that flow mea-
|E| andé are vectors of voltage magnitude andurements provided to the state estimator program yields much
angles better condition number of the information matrix than injection

superscriptin  indicates the iteration count, so thét) is  measurements.

parenthesis the value of iterate at theth iteration.

Now consider a radial system such as the one in Fig. 1. With Effects of Flow Measurements in the Presence of Voltage
fast decoupled load flow assumptions, the state estimator’s 88d Absence of Injection Measurements

cobianH can be approximated as: To assess the effect on the condition number of flow measure-
H ~ Hy; O ®) ments in the presence of voltage and absence of injection mea-
Tl 0 Hypl’ surements, we consider the system given in Fig. 1, for the case

where:H;; corresponds to voltage angle, real flow, and real iwhere there aré voltage measurements on buses k +2to
jection measurements, atfh, corresponds to voltage magni-Pusn +1 andn — k flow measurements on the branches starting
tude, reactive flow and reactive injection measurements.  fromthe branch after bus one to the branch beforedus +-1.

With the above assumptions, we can write the state estimatofor the system shown in Fig. 1 we calculate the Jacobian ma-

information matrix as follows: trix H, given the Section Il assumptions. Then the information
- [Mn 0 } matrix M is:
0 M v [F/R 0 6
where, = o wnr,| (6)
M = H'R'H,
My = HTIRl_llHll and where:F is the information matrix given in [5] for the case of
My, = H),Ry, Hoo. flow-only measurements, arld is an identity matrix of sizé.

If for every real power measurement there is a corrdhe inverse of the matrix in (6) is:
sponding reactive power measurement with equal measurement ML= R, F! 0
error variance, and for every voltage magnitude there is a - 0 R,V
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+1 42 [+3 n-1 n n+l
! flow measurements k voltage measurements n - k - linjection
measurements
Fig. 2. Radial system withflow, k& voltage and» — k& — [ injection measurements.
We can show that if: and
A R, + R, f
4 1 pﬂ:[L 210 - 0}.
R "R, Ry
b v The inverse of the information matridd is:
then: N 0 0
. M1t= 0 R,V 0 . (9)
1Ml = % 0 0 RP!
’ The 1-norm ofA/ can be calculated fror®. If:
and if: R, +4R,
—5 > 16
R,in—Kk(n—-k+1 v
R, < it ); ), then we can show that;
Ml — R, +4R,
then we can show that: 1Ml = R,R,
MY, = By(n —k)(n — k+ 1). This assumption o, and R, is reasonable. If we lef =
2 n—k—1,then the 1-norm ol —! can be calculated fro/?—1,

The assumptions oft,,, and R, are reasonable. In summary, if3 4 we can show that:

4/R, < 1/R,,and ifR, < (R,(n — k)(n — k+ 1))/2, then i+ DI532 4+ 57 + 212
b P ||M 1”1_ {J(J‘i‘ )[OJ +97+ ] +1+1}

the condition number is: 24
R, (n—K)(n—-Fk+1 :
oy =Ttk l) (7) G4 1)(R, - Ry).

for n — k > 2. It is obvious from (7) that for a given, as Insummary, i R,+4R.)/R, > 16,and ifwe letj = n—k—1,
the number of voltage measuremehtscreases, the condition then the condition number is: ,

number decreases. Reference [5] arrives at the conclusion that _ fip + 45 {RpJ G+ D55 + 55 + 2] LR+ 1)

the flow-only measurements will result in a condition number on KA RyR, 24

the order ofn2. Here, we have shown that with— & flow and i 1ME — R 10

k voltage measurements the condition number is on the order of ~U+ D~ R (10)

(n — k)2 for: j > 4,andk > 1. The condition number is now on the order

of (n—k—1)*. We can conclude that the lower the proportion of
injection measurements the better the condition of the informa-
tion matrix, in the presence of voltage and flow measurements.
We place injection measurements on bused +2ton +1, Now consider the same analysis in the absence of flow mea-
flow measurements on branches starting from the branch aerements; then we would have injection and voltage measure-
bus one to the branch before liusl, and we place voltage mea-ments. The information matrix in the absence of flow measure-
surements on busést 2 to k£ + I + 1 as shown in Fig. 2. The ments using similar placements of measurements as given in
resulting information matrix assuming equal error variances féig. 2 would be the same as of (8) except that the partition of
all the measurements leads to a condition number which is the matrix corresponding to the flow measurements is removed.
dependent of error variances [3]. However, with different valud$e inverse of the information matrix would be similar to (9) ex-
of error variances for power and voltage measurements the @ept that the first partition of the matrix (upper left hand) will be

B. Effects of Injection in the Presence of Voltage and Flow
Measurements

formation matrix is: different. However the last partition (lower right hand), which
F/R, 0 0 is the partition used in the calculation of the condition number
M= 0 V/R, A (8) using the 1-norm, remains the same. The condition nu@tjér
0 0 P/R, for this case therefore is the same as (10) whéseset equal to

zero, sothay = n — k.

This equation is written in terms gf = n — k in order to
demonstrate that the condition number is on the ordérnof
§1)4. In [5] the condition number for a case with injection-only

easurements at all buse<ig(n + 1)(5n22 + 5n + 2)/3. No-

. R, +R, tice that the condition number for the case of injection-only
P = [Tb -2 10 0} ’ measurements increasessaiswhereas the condition number

where, the matri¥ is an identity matrix of sizé& — 1 and the
matrix P is similar to the information matrix” given in [5]
for the case of injection-only measurements, except mtiis
augmented with an additional row and column of the followin
forms:
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with k voltage measurements and- k injection measurements 108
increases aé» — k)*.
10%
V. ORTHOGONAL TRANSFORMATION AND THE CONDITION
NUMBER Elo“.
Since, in practice, orthogonal transformation is used to %03_
improve the condition number of the matrices involved in the §
state estimation problem, we also present results for condition ng
number analysis of these matrices. We can write the informa-
tion matrix described in Section Il as follows: ol
H'R'H = [HTR*/?R*UQH} — H'H,
10°—;5 20 30 303 % 70
where:H = R~Y/2H. Applying orthogonal factorization tél, Number of Volt. Meas. k
yields H = QU. The update (3) is transformed to: Fig. 3. The solid curves are condition numbers [6ffor IEEE RTS-96
system withn — k flow measurements anél voltage measurements for
Azr = U_lAi, 20 random placements of the measurements. The dot-dashed curve represents

an ordered placement of the measurements. The dashed curve is the plot of the
where:Az = QFTR~1/2[z™*** — f(z)]. Therefore the condi- approximation in (12).
tion number of the transformed linear system is the condition
number of matrix/, which is an upper triangular matrix. If in measurements, we present two case studies in Sections VI-A

(1) we use the 2-norm [6]: and VI-B. These cases are: the IEEE RTS-96 [11] and the
o ~ IEEE 118 bus systems. These IEEE systems differ from our
Cond(HTH) =[Cond H)J?, assumptions given in Section IIl in that they contain loops
CondU) = Cond ). apd have djfferent adm.ittances on d_ifferent branches. Further,
since practical state estimators consider a reference bus voltage
Therefore: angle, these cases contain a reference voltage angle. We assume

, . a standard deviation of 0.02 for all branch power flow and bus
CondM’) =[Cond H)], injection measurement errors, and a standard deviation of 0.002
or, for all bus voltage magnitude measurement errors.
CondU) = [Cond M")]*/2. (11) For most cases, we evaluated condition numbers for 21 dif-
ferent placements of measurements. The first, ordered place-
In Section Ill, we described that using 1-norm, CGht) ~ ment, used the numbering of the buses and branches as pro-
CondM"). Although (11) is developed using the 2-normyjded in the data file to place the various measurements. Twenty
from that we camjualitativelyapproximate Cond(), using the others, random placements, were based on random permutations
1-norm as: of bus and branch numbers. All condition numbers were calcu-

Cond ) ~ [Cond M)]"/? lated using the 1-norm.

Therefore we can write: A. The IEEE RTS-96 System

In this section we place measurements on the IEEE RTS-96
U M71/2 . .
Cr, = [Crp] 7, (12) system [11] and calculate condition numbers for the mdifix
ol A [GM ]1/2 (13) For the ordered placement, we place the flow measurements
v i 12 ’ on the lowest numbered branches, voltage measurements on
CY ~ [Cy] , (14) the buses following the last flow measurement, and injection

where, superscrigt’ denotes the equivalent condition number?easurements on the last series of buses following the last
 SUP 4 q VPItage measurement. Because of the nonradial configuration

for U. The estimates in (12)—(14), provide a better indication % the IEEE RTS-96 system, the placements of measurements
the condition number of the linear systems solved in practicgi '

implementations compared to using the condition numbers((’;) cording to the bus numbers affects the Jacobian métrix
. . ) ; ifferently compared to the radial case. For the random place-
the information matrices evaluated in (7) and (10). y P P

ments, we use random permutations of the buses and branches.
Fig. 3 shows a plot of the condition number©@fusing or-
dered and random placements of the measurements together
To make the development of the formulas described with a plot of (12) fork voltage measurements and- k flow
Section IV possible, we have only considered radial networkmeasurements. These curves are all qualitatively similar. The
In practice networks are always looped. In this section wendition number decreases as the number of voltage measure-
calculate the condition number of the information matrix ofents increases and itincreases as the number of flow measure-
looped networks and compare the results with our developmentsnts increases. When the number of voltage measurements is
using radial networks. To qualify our theoretical developmegtreater than about 40, all of the curves are qualitatively similar.
describing the relative effects of different types and number ¥fhen there are less than 40 measurements, the curve with the

VI. RESULTS
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Condition Number
Condition Number

30 20 60 100
n Number of Volt. Meas. k

P
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0|
1075 30 )
Number of Volt. Meas. k
) ) i Fig. 6. The solid curves are condition numberg&’ofor IEEE 118 bus system
Fig. 4. The solid curves are condition numberg/ofor IEEE RTS-96 system yith », — % flow measurements anid voltage measurements for 20 random
with n — & injection measurements akd/oltage measurements for 20 "andomplacements of the measurements and the dot-dashed curve represents an
placements of the measurements. The dot-dashed curve represents an orde#efled placement of the measurements. The dashed curve is the plot of the
placement of the measurements. The dashed curve is the approximation in @@proximation in (12).

and!/ flow measurements, giveh voltage measurements for
ordered placement of measurements. The surface describing
the condition number of/ is the unshaded one, and cuts
the plane of the approximation (13) in several locations.
Overall (13) gives a good approximation to the magnitude of
the condition number of/. The actual condition number is
mostly higher than the approximation as the number of flow
measurements increases and slightly lower as the number of
injection measurements increases. When both the number of
injections and flow measurements decrease, approximation
; ] - (13) is slightly higher than the actual condition number of
T gy e / ~ I The variations and differences are predominantly attributed to

the nonradial topology of the IEEE RTS-96 system, and the
placement of the measurements.

Fig. 5. The unshaded surface is condition numbet/ofor IEEE RTS-96
with n — k — [ injection measurements, voltage measurements, ahdow
measurements. The shaded plane is the plot of the approximation in (13).

B. The IEEE 118-Bus System

ordered placement of measurements describing the conditioffo further demonstrate the closeness of our formulas to the
number ofU follows the approximation in (12) more closelyactual condition numbers as a function of the relative mixture of
than the curves with the random placement of the measutgpes and number of measurements, we apply similar measure-
ments. Reference [5] shows that the effect of the branch reawents to the IEEE 118 bus system and calculate the condition
tance to resistance ratio on the condition number is very smalumbers ofl/ and the corresponding approximations. Again,
Thus we attribute the differences in magnitudes primarily to thee place the flow measurements on the first series of branches,
nonradial topology of the IEEE RTS-96 system and the detailedltage measurements on the buses following the last flow mea-
placement of the measurements. surement, and injection measurements on the last series of buses
Fig. 4 shows a plot of the condition numberiéfor the IEEE  following the last voltage measurement.
RTS-96 versus the numbérof voltage measurements, given Fig. 6 shows a plot of the condition numberéfor the IEEE
n — k injection measurements for ordered and random plackL8 bus system versus the numbesf voltage measurements,
ments of the measurements, and also shows the approximagenn — & flow measurements for ordered and random place-
(14). Although the curve of the condition number Gfwith ment of measurements. Although the plot of (12) and the con-
ordered measurements contains some variations, it essentidition number ofl/ match qualitatively, the condition number
matches the curve describing (14) to a large extent. The curedd/ is mostly at a higher magnitude for a nonradial topology.
representing the random placements of the measurementsHowever, the condition number df for the IEEE 118 bus
at lower magnitudes. The curve with the ordered placementsyfstem follows the approximation (12) more closely for the or-
the measurements is closer to the approximation in (14). Nelered placement of the measurements. This may suggest that the
ertheless, the approximation in (14) is a reasonable guide to theseness of the approximation to the actual condition number
gualitative dependence of condition number for all placemerissa function of topology of the system.
considered. Fig. 7 shows a plot of the condition numberofor the IEEE
Fig. 5 shows a plot of the condition numberéfor the IEEE 118 bus system versus the numbkesf voltage measurements,
RTS-96 versus the numbets— &£ — [ injection measurements, givenn — k& injection measurements for ordered and random
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Furthermore, it slightly generalizes the assumptions by intro-
ducing different measurement error variances for voltage and
power measurements.

Besides the size of the system and variation of measurement
error's standard deviations, the condition number of the state
estimation information matrix and/ are predominantly a
function of the placement, type, and number of measurements
and network topology. In this paper we have investigated
the relative effects of flow measurements in the presence of
voltage and absence of injection measurements; injection
measurements in the presence of voltage and absence of flow
measurements, and injection measurements in the presence of
flow and voltage measurements. We show that the presence of
Fig. 7. The solid curves are condition numbergofor IEEE 118 bus system VOItage measureme-nt-s improves the condition number in the
WitH n'— k injection measurements akd/oltage measurements for 20 randompresem_:e of flow OT !”le?t'on measuremems_’ and the lower the
placements of the measurements and the dot-dashed curve representpr@portion of the injection measurements in the presence of
ordered placement of the measurements. The dashed curve is the plot Of\ibﬁage and flow measurements the better the condition number
approximation in (14). of the information matrix. Since the state estimator solves for
the voltage magnitudes and angles, increasing the proportion
of these measurements always improves the condition number.
Furthermore, the smaller the measurement error variances of
the voltage and angle measurements the smaller the condition
number of the information matrix.

The results of the examples presented in Section VI
corroborate the formulas developed in Section IV, and demon-
strate that the trends identified under restrictive assumptions,
also qualitatively predict the trends for realistic systems. We
suggest that the differences are predominantly the result of the
o il system topologies and placement of the measurements. The

! approximation for the condition number &f are generally
closer for the ordered placements than the random placements
of the measurements.

Fig. 8. The unshaded surface is condition numbet/ofor IEEE 118 bus Comparing the .“.EEE RTS-96 system and the IEEE 118 bus
system withe — k — [ injection measurementh voltage measurements, ahd System, the condition numbers for the IEEE RTS-96 system
flow measurements. The shaded plane is the plot of the approximation in (18)atch more closely with the developed formulas of Section IV
forthe ordered placement of the measurements. We attribute this
placement of the measurements. The plot of (14) and the cont8|—the systems’ topologies. Comparing the random plgcements
tion number ofU are close particularly for the ordered place\—’vIth the ordered placements Of.the measurements, it appears
ment of the measurements and intersect close to the smatﬁbart for the case of presence of injection and voI_tage measure-
number of flow measurements, with the plot of the conditiof'€"ts and absence of flow measurements, deplcteq N Flgs_. 4
number ofU being mostly at a lower magnitude than the pIngd 7, the ran'dom placement of the measuremgnts. yields a sim-
r trend that is always less than the approximation in (14). This

of (14). It can be seen that as the number of voltage measu tthat the order of ol ¢ loved for the devel
ments increase the condition number rapidly decreases, an Zy suggestinatthe order of placement employed forthe devel-

the number of injection measurements increases the conditfnent of (14) yields a maximum for condition number in the
number increases. presence of voltage and injection measurements and absence of

Fig. 8 shows a plot of the condition numberéfand (13) for flow measurements. A future subject of research would be to

the IEEE 118 bus system versus the number# — [ of injec- describe the kind of variations in the topology and placement of
tion measurements aridlow measurements, giveh voltage measurements that would have significant effects on the condi-

measurements for ordered placement of the measurements.q(?{énumber of the information matrix arid.
magnitudes of the condition number &f matches the magni-
tudes described by the plane of the approximation (13). They

are roughly at the same magnitude in most places. [1] A. J. A. Simoes Costa and V. H. Quintana, “An orthogonal row pro-
cessing algorithm for power sequential state estimatitt BE Trans.
on Power Apparatus and Systemasl. 100, pp. 3791-3800, Aug. 1981.

VII. CONCLUSIONS AND FURTHER STUDIES [2] ——, “Robust numerical technique for power system state estimation,”

IEEE Trans. on Power Apparatus and Systemd. 100, no. 2, pp.

This paper extends the results presented in [5] by developing_ 69-698, Feb. 1981. _ o
f las to describe the dependence of the condition numbe 3] R. Ebrahimian, “Power system operations: State estimation distributed
ormulas p processing,” Ph.D. dissertation, University of Texas at Austin, Austin,

on the mixture of voltage, flow, and injection measurements.  1999.
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