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Abstract—Restructured energy markets present opportunities
for the exercise of market power, meaning market players can
potentially maintain prices in excess of competitive prices. In this
paper, we investigate Cournot equilibrium in a simple example
network. We analyze three market players in a transmission-con-

strained system and consider nonconstant marginal cost. Several

scenarios are evaluated that show a pure strategy equilibrium

can break down even when a transmission constraint exceeds the

value of the unconstrained Cournot equilibrium line flow.

Index Terms—Game theory, Cournot, transmission constraints,
pricing of power, market models.

|I. INTRODUCTION

strategy or mixed strategy) that companies could use to max-
imize profit. This paper presents an empirical analysis that ex-
amines whether or not a pure strategy equilibrium exists in a
simple transmission-constrained Cournot market.

Il. BRIEF REVIEW AND EXTENSION OF LITERATURE

The current literature has many examples of oligopolistic
models applied to the electric utility industry to model a
restructured market. A common modeling approach is to
assume Cournot behavior, which is when companies choose
guantities as strategies; however, there is a growing body of

S restructuring continues to move forward in the U.Swork on supply function behavior where companies choose
state legislators as well as customers are interested in §#ply functions as strategies.

impact of electricity industry restructuring. The concept under- «
pinning restructuring is that open competition will replace the
regulatory framework as the major factor in determining the
market price for energy.

States currently restructuring, such as Texas, have the advan-
tage of reviewing the “lessons learned” from other states and «
countries that preceded them. The U.K. experience that resulted
initially in a duopoly shows that market power can be present
in a restructured electricity market. More recently, high prices
in the California market have prompted the imposition of price
caps.

Much research has focused on the characteristics of market
“equilibrium” [1]. Questions that are of interest include the fol-
lowing.

1) Is there a pure strategy equilibrium? .

2) How do transmission constraints affect the equilibrium?

3) Are there multiple equilibria?

The existence of an equilibrium is an important concept in
game theory. If a unique equilibrium exists, then it is reasonable
that market savvy players might eventually reach this point to
maximize profit. A pure strategy is when market players choose
their actions deterministically [2]. Thus, a pure strategy equilib-
rium is when market players reach an equilibrium through a con-
sistent set of deterministic actions. In contrast, a mixed strategy
equilibrium exists when firms choose their actions probabilisti-
cally in equilibrium. Multiple equilibria are present when there
exist several such mutually consistent actions (whether pure
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Green and Newbery [3] examined generation restruc-
turing in the U.K with a supply function model. Because
of market ownership in the generation market, the U.K.
was effectively served by a duopoly. Market competition
did not produce prices that resembled marginal cost.
Ocana and Romero [4] considered market structure, price
levels, and price variability and how these additional fac-
tors impact hydro generation strategies.

Traditional economic oligopoly models do not consider
transmission constraints. In an actual electricity system,
however, market prices are a function of Kirchoff’s laws,
as well as economic principles. The following studies
focused on electrical characteristics combined with
economic models:

Borensteinet al. [5] studied the competitive effects of

a transmission line that connected a two utility system.
Their work not only included Cournot behavior for a du-
opoly but also included a mixed strategy analysis. Addi-
tionally their work included an empirical analysis of the
California electricity market modeled as a duopoly. They
showed that transmission constraints can disrupt a pure
strategy Cournot equilibrium even when the flow in the
unconstrained Cournot equilibrium is feasible with respect
to the transmission constraint.

Younes and llic [6] studied oligopolistic competition using
Cournot, Bertrand, and supply functions in a three-bus,
two-generator system. They concluded that transmission
line congestion potentially creates submarkets that could
encourage strategic behavior by participants to increase
profits.

Stoft [7] considered market power issues when generators
faced a demand curve that is limited by transmission con-
straints. This study utilized a two-bus system connected
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by one line and a three-bus system. The typical econonfic Model

profit function was expanded to include transmission CoN- There are three hypothetical utilities used in this study. They
gestion contracts (TCCs). are designated as Utilitied, B, andC and are interconnected
Berry et al,[8] model & two- and four-bus system. Th&yit, three transmission lines as shown in Fig. 1. THangular
four bus system is defined by two generation buses apgnnection is the simplest electrical connection that demon-
two load buses. The system has five transmission CoNN@grates the physical characteristics of Kirchoff's voltage law.
tions. Their paper analyzed competitive and imperfeCtiyhg jine flows are approximated using a dc line flow solution.

competitive markets with a focus on price and profit imypg transmission lines are characterized by the following pa-
pacts to the holders of transmission congestion rights. 4 meters.

This paper builds upon the current literature by doing the fol- , The transmission lines have equal impedance.
lowing. o _ ~* The lines are considered lossless.
1) Considering three market players in a looped transmisisgly it is assumed that the utilities compete in a power pool

2)

3)

4

5

)

~—~

sion-constrained system. This builds one step closer g of arrangement that requires each utility to bid into a central
realism. Borensteiret al. [S] considered a two player gnerator that determines the market clearing price for energy.
market. Younes and llic [6] considered a three-bus systemgch yiility has a marginal cost function and each consumer
with two generators and one load. Beetyal [8] analyzed o has a demand function. The demand is simply the deriva-
afour bus system with two generators and two 10ads. St9fe of the benefit function with respect to quantity. The mar-
[9] considered both two buses with two generators angh | cost is the derivative of the total cost function with respect
three buses with two generators and one load. Bore”St?drhuantity.

and Bushnell [10] considered multiple players in the Cal- The jnverse demand curve of each consumer group has the
ifornia model but did not model loop flow. The best r€telationship

sponse function of a two player market can be displayed

two-dimensionally. When there are three market players, Pi=f —a;d; i=ADB,C 1)
the best response functions are surfaces in three-dimen-
sional (3-D) space. whered, is the demand in regiahandP; is the price in region.

Considering nonconstant marginal cost. The use of cofr-the absence of transmission constraints, the price is uniform
stant marginal cost can potentially lead to results that aggross the regions and the individual inverse demand curves can
not realistic. References [5] and [7] used constant mase combined to produce an equivalent industry demand curve
ginal cost in their analysis.

Considering nonsymmetric market players. It is doubtful P=0—pd 2

that an actual market would have a high degree of sym-

metry. Using symmetric players can lead to results thathered is the total demand anB the uniform price. The mar-

are not realized in actual markets due to the fact thginal cost of each utility supplier has the relationship

market players will most likely have differing marginal

cost curves. MC; =vi+ ¢iqi i=A,B,C. 3)
Modeling both load and generation at each bus in the

system. Most current literature uses examples whelfg0 generation capacity constraints and no transmission con-
load and generators are separated. This approach wosfi@ints are binding then for the competitive solutidhwill

best fit a “micro” view of an electrical system. ModelingequalMC;. The priceP’ will be uniform throughout the system.
both load and generation at each aggregated bus withinhe role of the central operator is to maximize total welfare
the electrical system is more appropriate to represenstbject to the constraints on the system

market of several interconnected utilities or geographic
regions. This is more of a regional view utilizing an
equivalenced system.

Empirically analyzing the existence of a pure strategy
equilibrium as transmission limits change. We will show
an example where a pure strategy equilibrium fails to exist

C
max Z Benefit — Cost,
1=A
ST Transmission thermal limits

Total supply= total demand

even when transmission constraints exceed the line flow Kirchoff's laws (4)
that would result from the unconstrained equilibrium con-
dition. The benefit function is given by

Il CASE STUDY Benefit = 3;q; — 1/2cv;d?. (5)

In the following sections, we present the model, the perfeThe total cost function is given by
competition benchmark, and the Cournot solution.

Cost; = 1/2¢:q7 + ~viqi + ;- (6)

ITransmission congestion contracts are financial instruments that represent
tradable transmission rights and pay the owner the difference between two nod&T his connection was popularized by William Hogan and has been reused by
prices. many authors in current literature.
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MC TABLE |
1485 2438 ‘ BENEFIT AND COST DATA
genouteut 1514 MW load UtilityA  UtilityB UtilityC -
n - Inverse Demand B,=| 1084006 | 1038238 | 1056700
9~V N’” P,=B -7 aq, =] o0ss5 | o0se900 | 0.063703
[ 2438 | Total Cost o,=| oot1s718 | 0021052 | 0012956
M MC
24.38 2438 Ci=126,9°+ v g+ v =| 1.360576 | -2.07807 | 8.1053%4
1256 (©) n,=| 9490366 | 1112895 | 6821482
gen out Industry Demand 0= 106.1176
1,276 1,187 1,257
MW load MW load gen output P=6-pQ p= 0.0206

Fig. 1. Perfect competition load flow solution.
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1) Utility Data: The benefit and cost data for each utility -10%
are given in Table I. There is a fixed cost component of the  -15% {--
total cost for each utility. The total cost equation is intended  -20%
to represent a portfolio of generation. Although Fig. 1 shows  -25%

The profit equation for each utility is given by v ,Pﬁ?ﬁf,

m; = Pq —Cost t=A,B,C. (7)

=
10 %ehgUtliyC 20

% change

% chg Utiiity B

only one generator at each bus, this should be interpreted as th _ Line flow capacity (MW)
injection of the entire generating portfolio at the bus. Fig. 2. Percent change in profit varying line T2.
B. Perfect Competition Benchmark 4%

The purpose of this section is to determine the resulting price 3%
for energy and transmission line flows for the perfectly com- 2%
petitive market. This price is used for comparisons to the prices 1% -
that result from the imperfectly competitive Cournot model to
be presented in Section 1lI-C. The competitive solution is equiv-
alent to a transmission-constrained economic dispatch based o
true costs and benefits.

1) Transmission Unconstrainedsig. 1 summarizes the re-
sulting price, generation (production), demand (load), and trans-
mission line flows. Marginal costs are measured in $/MWh. o S
Transmission line flow, generation, and demand are measuféy3- Percent change in price varying line T2.
in MW. The results in Fig. 1 are computed when there are no
transmission constraints present. C. Cournot

2) Transmission Constrained Resulté’hen the transmis-  |n the Cournot model, each firm chooses its output assuming
sion line capacities are reduced from the unconstrained flowat it affects the price through the inverse demand relationship
locational price differences occur. Figs. 2 and 3 show profig), but assuming that the other firms keep their outputs constant
and price, respectively, as the capacity of T2 is varied from jusidependent of price [2]. This paper considers the equilibrium
above 0 MW to 39.7 MW. The unconstrained solution has a flogf a single round bid game.
of 39.7 MW on T2, as shown in Fig. 1. The interesting result &for Utility A, the profit function is given by
these figures is that there can be significant effects on profit for
relatively small changes in transmission capacity. The effectofi = (6 — p(ga + a5 + qc))ga
varying the capacities of transmission lines T1 and T3 are both —(1/2¢4q42 +vaqa+14). (8)
qualitatively similar to the case of varying the capacity of line
T2; however, varying these capacities has less impact on pridete that for the price’; in (7), the uniform price?” from (2)
and profit than varying the capacity of line T2. has been substituted as a function of all market participant’s bid

Varying the capacity of line T2 shows the most dramatic refuantities. Since the profit function, of Utility A in (8)is con-
sult. The maximum change in price is 3.7%, ($24.38/MWh reave and quadratic, the profit maximizing condition is given by
duced to $23.48/MWHh.) The change in profit, however, is muctetting the partial derivative equal to zero. The partial derivative
greater. Utility B’s profit is reduced 20%, ($5 482 to $4 381.) of 7.4 with respect to the quantity, is

Up to this point variations in price and profit were solely due
to transmission constraints. Market players have been assurfléd /924 = (¢ — paa — pgr — pac)
to bid their true marginal cost to the central operator. —pga — daga —va. (9)

% chg Utility A PRICE

% chg Utiity C
0% & e

LF -

10 20

% change

1% 1
2% | % chg Utiity B

8% o o

-4%

Line flow (capacity)
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Likewise the partial derivatives for utilitie® andC can be
can also be computed. The simultaneous set of equations for th
three utilities is given by

20+ ¢a P P gA 0 —va
P 2p+¢B P gB|=|0-v8|. 1500
P P 20+ ¢c | [ qC 0 —c
(10)

In (10), note that all the off diagonal terms in the coefficient 1000
matrix arep. The diagonal terms aty + ¢; where0 < p < 1
and0 < ¢; < 1, therefore the diagonal terms are larger than the
sum of the off-diagonal terms and consequently the coefficient 300
matrix is positive definite. Therefore, (10) has a unique solution. 3
A more complete theoretical treatment is given in [6]. 50

The three simultaneous equations that define the Cournot be
responses are also the equations that define the three best r
sponse planes in space. Utilitys best response to UtilitieB’s
andC’s quantities is given by

o

BRa(gn,ac) = (0 —v4)/(20 + ¢a) — pas — pac.  (11)
Fig. 4. Unconstrained Cournot best response planes.

This function is called UtilityA’s best response function. Given

choicesgg andgc by Utilities B andC, Utility A maximizes TABLE I
profit by setting UNCONSTRAINED COURNOT SOLUTION
g4 = BRa(gn, qc). (12) Utility A | UtilityB | UtilityC
Output (MW) 1,105 1,046 995
Cournot market price ($MWh) 41.45 41.45 41.45

1) Transmission UnconstrainedThe  unconstrained
Cournot best response planes can be seen in Fig. 4 and are de-
noted as BR 4" for example. The transmission unconstrained TABLE Il
A . . TRANSMISSIONLINE FLOW COMPARISON
Cournot—Nash pure strategy equilibrium is the solution of (10),

which is the intersection of all three planes in Fig. 4. Table Il Full Competition Cournot

shows the numerical solution. _ Line |MW flow |direction |MW fiow |direction
The transmission line flows that result from the unconstrained T 9.85 CtoA | 294 CtoA

pure strategy equilibrium are summarized in Table Il1. T2 39.65 | BtoA 71.7 BtoA
An important observation that can be made at this point is that T3 2980 | BtoC 42.3 BtoC

by behaving in a Cournot manner, the utilities can significantly
alter the transmission line flows compared to the competitive
case. For example, the flow on line T2 is nearly double the floof the page. In (13), player maximizes its profit given that
compared to the competitive case. the price P; will be determined by the solution of the inner
2) Transmission Constrained Resultg/hen transmission transmission-constrained benefit maximization problem.
constraints are present in the imperfectly competitive market, To simplify the analysis and figures, we consider an upper
Cournot behavior will produce locational price differencebound constraint on line T1 in one direction only. Later, we
similar to a competitive market with constraints present. Thigill briefly discuss what happens if the flow constraint is the
increases the difficulty of computing the profit maximizingnore usual bi-directional constraint. The direction of flow that
condition of the utilities. The profit maximizing function of we constrain is from bu€’ to bus A. The opposite direction,
each utility now has an imbedded transmission-constrainbds A to busC will remain unconstrained. Suppose that the “al-
welfare maximization problem within the profit maximizinglowable” flow on line T1 is reduced from infinite capacity to
function. The generation and transmission line constraints &@0 MW. For clarity, only Utility A’s best response is shown
included in the welfare maximization subproblem. The profih Fig. 5. The prices and quantities are the same as for the un-
function of each utility is given in (13), shown at the bottontonstrained Cournot solution, which are shown in Table Il. Note

j=C
P.a. — Cost; max benefit T‘ransxnigsion )
max { 11 | max > J | ‘Constraints fori = A, B,C (13)
i j=A

i, min S qi S i, max
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Unconstrained TABLE IV

m*ﬁ@%g Cournot point REGION 1 AND 2 COMPARISON OFPRICES AND QUANTITIES
£opts §gi§ Region 1, uniform price Utility A_|_Utility B_|_Utility C
150 : g Output (MW) 1,105 1,046 995
o Cournot market price (MWh) 41.45 41.45 41.45
Region 2, locational price Utility A Utility B Utility C
; J Qutput (MW) 844 893 1,425
160 B 5 ot e, Cournot market price ($/MWh) 54.74 40.45 26.16
Flow 3

reversal

50 BRg

dc

unconstrained
Cournot
equilibrium

150

qa
Fig. 5. Utility A best response for T1 constrained at 100 MW.

100
that the best response surface is no longer a “well behaved” flat
plane as shown in Fig. 4. Fig.5 shows thigg best response can
be described by two regions.

Region one is identical to the unconstrained best response 508
plane up to the level that there is a discrete jump to region two.
The lower tip of region one is formed by Utility supplying a
large amount of generation while UtilitieB and C supply at
minimum or near minimum levels of output.

Utility A’s profit maximizing response t&’s and C’s in-
crease in generation is to reduce its output. For generatidh b)}:ig- 6. Utilities A, B, andC' best responses for T1 constrained to 100 MW.
and C near to the lower tipA’s best response results in line
flows on line T1 from the busA to busC direction. Recall BR,
that this direction is unconstrained. In the vicinity of the uncon- unconstrained
strained equilibrium pointA’s best response is to reverse the e 7 Cournot

BRc

line flow on line T1, thus it is now in the bus to busA direc- equilibrium
tion. Region two is formed because of the 100 MW constraint
in that direction.

In region two of Fig. 5, UtilitiesB andC' have increased gen-
eration and Utility A’s profit maximizing response is to with-
hold generation and let the line constrain, thereby maximizing
profit with the constrained line. In region two, the prices are no
longer uniform across the system. There is locational price sepa- 500-
ration, shown in Table 1V, just as in the competitive market with
transmission constraints. Note the discrete step between regions so
one and two. It is because of this “step” that we will show that
a pure strategy Cournot equilibrium fails to exist in some sce-
narios. Fig. 7. Utilities A andC best responses for T1 constrained to 66 MW.

The best responses of all three utilities can be seen in Fig. 6.

Note that all three best response surfaces still intersect and thigvhen transmission line T1 is limited to 66 MW, there is
defines the pure strategy Cournot—Nash equilibrium. no longer a pure strategy equilibrium. Utilitigs and C still

The transmission-constrained equilibrium solution point doésve best response surfaces that pass through the unconstrained
not change compared to the unconstrained case due to the Qaurnot equilibrium point but Utilityd’s best response “jumps”
directional 100 MW constraint. from region one to region two before it passes through the un-

Utility C’s best response has three separate regions andasstrained point. The size of region one of Utilitys best
not shaped liked’s. This is due to the fact that Utilitg"’s profit response has reduced, while region two has increased. This is
maximizing behavior is altered due to the constraint in the bdsie to the tightened unidirectional transmission constraint. Both
C to busA direction. For generation levels byand B that are Ultilities A andC increase profit by withholding supply thus al-
low, C’s best response is to also limit output. In Fig. 7, line Tlowing transmission line T1 to “load up” to full capacity. The
is further constrained to 66 MW in the basto busA direction. existence of a transmission constraint that exceeds the value of
Only the best response surfaces for UtilitkandC are shown. the unconstrained line flow has disrupted the pure strategy equi-
Utility B has been omitted for clarity. librium.

150

100

5 “€— BR¢

qa
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agement protocols, such as in ERCOT, that rely on identifying
a priori which lines are likely to be constrained.

Figs. 7 and 8 show that the problem could be further com-
plicated due to the fact that a transmission line constraint could
induce a behavioral change even if the equilibrium flow in the
absence of the constraint is significantly less than the transmis-
sion limit. That is to say that one could expect that Utility
might change its profit maximizing behavior with a limit on T1
at or near 29.4 MW. But Utilityd will change its behavior with
a constraint of 66 MW, which is roughly twice the flow on line
T1 in the unconstrained case. This phenomenon was analyzed
for the case of two players and a single line in [5].

It was shown in this simple network that varying the line
capacities in the competitive market resulted in prices on the
order of $24/MWh. In the unconstrained Cournot example, uti-
lizing strategic behavior, the resulting prices were on the order
of $42/MWh, which is about 75% higher. Transmission-con-
strained Cournot equilibria were also investigated. The equi-
libria were disrupted when a unidirectional constraint was im-
posed that had a limit that was much higher than the uncon-

If the constraint is further tightened, the best response poigtsained Cournot flow. In the case of a transmission constraint
that occurred in region one are moved to region two, thus cafat disrupts the pure strategy equilibrium, the outcome of the

tinuing to reduce the size of region one. Continuing to tightefarket is much less certain and will depend upon a host of other
the constraint will move more of the best responses from regigigyes.

one to region two. Fig. 8 shows the best response surfaces for
all three utilities when the constraint on line T1 is reduced to 20
MW.

Utility A’s best response “jumps” from region one to region [1]
two before it passes through the unconstrained equilibrium aan]
Utility C’s best response no longer passes through the uncon-
strained equilibrium. A new equilibrium would exist if there [3]
were a simultaneous intersection of all three surfaces, but there

unconstrained
Cournot
equilibrium

BRg

Fig. 8. Utilities A, B, andC' best responses for T1 constrained to 20 MW.
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