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Abstract— Multiuser orthogonal frequency division multiplex-
ing (MU-OFDM) is a promising technique for achieving high
downlink capacities in future cellular systems. A key issue in
MU-OFDM is the allocation of the OFDM subcarriers and
power among users sharing the channel. Previous allocation
algorithms cannot ensure fairness in advance. In this paper, a
proportional rate adaptive resource allocation method for MU-
OFDM is proposed. Subcarrier and power allocation are carried
out sequentially to reduce the complexity, and an optimal power
allocation procedure is derived, through which proportional
fairness is achieved. Simulation results show that this low-
complexity MU-OFDM system achieves double the capacity of a
fixed time division approach to OFDM multiple access, and also
has higher capacity than previously derived suboptimal power
distribution schemes.

I. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM) is
a promising technique for the next generation of wireless
communication systems [1] [2]. OFDM divides the entire
transmission bandwidth into N orthogonal subchannels. By
adding a cyclic prefix (CP) to each OFDM symbol, the
channel appears to be circular if the CP length is longer
than the channel length, in which case both intersymbol and
intercarrier interference can be removed. Each subchannel
thus can be modeled as a gain plus additive white Gaussian
noise (AWGN). Besides the improved immunity to fast fading
[3] brought by the multicarrier property of OFDM systems,
multiple access is also possible because the subchannels are
independent of each other.

Multiuser OFDM adds multiple access to OFDM by allow-
ing a number of users to share an OFDM symbol. Two classes
of resource allocation schemes exist: fixed resource allocation
[4] and dynamic resource allocation [5] [7] [8]. Fixed resource
allocation schemes, such as time division multiple access
(TDMA) and frequency division multiple access (FDMA),
assign an independent dimension, e.g. time slot or subchannel,
to each user. A fixed resource allocation scheme is not optimal
because the scheme is fixed regardless of the current channel
condition. On the other hand, dynamic resource allocation
allocates a dimension adaptively to the users based on their
channel gains. Due to the time-varying nature of the wireless
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channel, dynamic resource allocation makes full use of the
multiuser diversity to achieve higher performance.

Two classes of optimization techniques have been proposed
in the dynamic multiuser OFDM literature: margin adaptive
(MA) [5] and rate adaptive (RA) [6], [7]. The margin adaptive
objective is to achieve the minimum overall transmit power
given the constraints on the users’ data rate or bit error rate
(BER). The rate adaptive objective is to maximize each user’s
error-free capacity with a total transmit power constraint.
These optimization problems are nonlinear and hence compu-
tationally intensive to solve. In [8], the nonlinear optimization
problems were transformed into a linear optimization problem
with integer variables. The optimal solution can be achieved
by integer programming. However, even with integer program-
ming, the complexity increases exponentially with the number
of constraints and variables.

In this paper, a proportional rate adaptive optimization
is proposed. Instead of trying to maximize the minimum
user’s capacity as in [7], the proposed RA optimization tries
to maximize the overall user’s capacity while maintaining
proportional fairness among users. Furthermore, since it is
typically very hard to optimize the subcarriers and power
jointly, these two procedures are carried out separately to lower
the complexity.

This paper is organized as follows. Section II introduces
the multiuser OFDM system model and presents the optimiza-
tion objective function. In Section III, the optimal multiuser
power allocation scheme is developed. Simulation results are
presented in Section IV. Conclusions are drawn in Section V.

II. SYSTEM MODEL

Fig. 1 depicts a multiuser OFDM system. In the base station,
all channel information is sent to the subcarrier and power al-
location algorithm through feedback channels from all mobile
users. The resource allocation scheme made by the algorithm
is forwarded to the OFDM transmitter. The transmitter then
selects different numbers of bits from different users to form
an OFDM symbol. The resource allocation scheme is updated
as fast as the channel information is collected. In this paper,
perfect instantaneous channel information is assumed to be
available at the base station and only the broadcast scenario
is studied. It is also assumed that the subchannel and bit
allocation information are sent to each user by a separate
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Fig. 1. Multiuser OFDM System Block Diagram

channel. The above two assumptions are not practical in
real wireless environments. Effective methods to relax these
assumptions are under investigation.

Ideally, subcarriers and power should be allocated jointly to
achieve the optimal solution. However, this poses an extremely
heavy computational burden at the base station in order to
reach an optimal allocation. Furthermore, the base station
has to rapidly compute the optimal subcarrier and power
allocation if the wireless channel changes quickly. Hence
suboptimal algorithms with lower complexity are preferred for
cost-effective implementations. Separating the subcarrier and
power allocation is a way to reduce the complexity since the
number of variables in the objective function is almost reduced
by half. In this paper, subcarrier allocation is assumed to be
performed by the algorithm in [7].

Since the subcarrier allocation is performed before the
power allocation, the optimization problem considered in this
paper is formulated as

max
pk,n
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n∈Ωk

1
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(
1 +

pk,nh2
k,n
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)
(1)

subject to:
K∑

k=1

∑
n∈Ωk

pk,n ≤ Ptotal

pk,n ≥ 0 for all k, n
Ωk are disjoint for all k
Ω1 ∪ Ω2 ∪ ... ∪ ΩK ⊆ {1, 2, ..., N}
R1 : R2 : ... : RK = γ1 : γ2 : ... : γK

where K is the total number of users; N is the total number
of subcarriers; N0 is the power spectrum density of additive
white Gaussian noise; B and Ptotal are the overall available
bandwidth and power, respectively; pk,n is the power alloca-
tion for user k in the subcarrier n; hk,n is the channel gain for
user k in subcarrier n; Ωk is the set of subcarriers for user k and

they are mutually exclusive; Nk is the number of subcarriers
in Ωk; Rk is the channel capacity for user k defined as
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and {γi}K
i=1 is a set of predetermined values that are used

to ensure proportional fairness among users. When all γi’s
are the same value, the objective function in (1) is similar
to the objective function for the rate adaptive method [7],
because maximizing the overall capacity while making all
Rk’s equal is equivalent to maximizing the minimum user’s
capacity. Furthermore, the last constraint in (1) also prevents
the situation that no resource allocation scheme exists because
of impractical capacity requirements from some of the users.

III. OPTIMAL POWER ALLOCATION

We define Hk,n =
h2

k,n

N0
B
N

as the channel-to-noise gain for
user k in subcarrier n. The optimization problem in (1) is
equivalent to finding the maximum of the following cost
function:
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We differentiate (3) with respect to pk,n and set each derivative
to 0 to obtain

∂L
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∂L

∂pk,n
=

1
N ln 2

Hk,n

1 + Hk,npk,n

+λ1 − λk
γ1

γk

1
N ln 2

Hk,n

1 + Hk,npk,n
= 0 (5)

for k = 2, 3, ...,K and n ∈ Ωk.

A. Power Distribution for a Single User

In this section, the optimal power distribution strategy for
a single user is derived.

From either (4) or (5), we may obtain

Hk,m

1 + Hk,mpk,m
=

Hk,n

1 + Hk,npk,n
(6)

for m,n ∈ Ωk and k = 1, 2, ...,K. Without loss of generality,
it could be assumed that Hk,1 ≤ Hk,2 ≤ ... ≤ Hk,Nk

for
k = 1, 2, ...,K and Nk is number of subcarriers in Ωk. Thus,
(6) can be rewritten as

pk,n = pk,1 +
Hk,n − Hk,1

Hk,nHk,1
(7)

for n = 1, 2, ..., Nk and k = 1, 2, ...,K.
Equation (6) shows the optimal power distribution for a

single user. More power will be put into the subcarriers
with high channel-to-noise gain. This is water-filling in the
frequency domain.

By defining Pk,tot as the total power allocated for user k,
with (7) Pk,tot can be expressed as

Pk,tot =
Nk∑
n=1

pk,n = Nkpk,1 +
Nk∑
n=2

Hk,n − Hk,1

Hk,nHk,1
(8)

for k = 1, 2, ...,K.

B. Power Distribution among Users

Once the set {Pk,tot}K
k=1 is known, the power allocation

scheme can be determined by (7) and (8). In this section,
power allocation among users will be discussed in order to
compute the set {Pk,tot}K

k=1.
Specifically, the total power constraint and capacity ratio

constraints in (1) are used to obtain {Pk,tot}K
k=1. With (6)

and (8), the capacity ratio constraints can be expressed as

1
γ1

· N1

N

(
log2

(
1 + H1,1

P1,tot − V1

N1

)
+ log2 W1

)

=
1
γk

· Nk

N

(
log2

(
1 + Hk,1

Pk,tot − Vk

Nk

)
+ log2 Wk

)
(9)

for k = 2, 3, ...,K and Vk, Wk are defined as

Vk =
Nk∑
n=2

Hk,n − Hk,1

Hk,nHk,1
(10)

and

Wk =

(
Nk∏
n=2

Hk,n

Hk,1

) 1
Nk

(11)

for k = 1, 2, ...,K
Adding the total power constraints

K∑
k=1

Pk,tot = Ptotal (12)

there are K variables {Pk,tot}K
k=1 in the set of K equations

in (9) and (12). Solving the set of functions will provide the
optimal power allocation scheme. The set of equations is, in
general, nonlinear. Iterative methods, such as Newton-Raphson
method [14] or Quasi-Newton method [14], can be used to
obtain the solution, with a certain amount of computational
effort. In the Newton-Raphson method, the computational
complexity primarily comes from finding the update direction.
The Jacobian matrix of the functions has nonzero elements
only on the first row, the first column and the main diagonal.
Thus the computational complexity of each iteration can be
shown to be O(K). However, under certain conditions, lower
computationally complex algorithms can be applied to find
the optimal or near-optimal solution. Two special cases are
analyzed below.

1) Linear Case: If N1 : N2 : ... : NK = γ1 : γ2 : ... : γK ,
then the set of equations can be transformed into a set of linear
equations with the following expression


1 1 . . . 1
1 a2,2 . . . 0
...

...
. . .

...
1 0 . . . aK,K
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where

ak,k = −N1

Nk

Hk,1Wk

H1,1W1
(14)

and

bk =
N1

H1,1W1

(
Wk − W1 +

H1,1V1W1

N1
− Hk,1VkWk

Nk

)
(15)

for k = 2, 3, ...,K. By substitution, the solution to (13) can
be obtained with a computational complexity of O(K).

2) High Channel-to-Noise Ratio: In adaptive modulation,
the linear condition rarely happens and the set of equations
remains nonlinear, which requires considerably more compu-
tation to solve. However, if the channel-to-noise ratio is high,
approximations can be made to simplify the problem.

First consider (10), in which Vk could be relatively small
compared to Pk,tot if the channel-to-noise ratios are high.
Furthermore, if adaptive subcarrier allocation is used, the best



subcarriers will be chosen and they have relatively small chan-
nel gain differences among them. Thus, the first approximation
is Vk = 0.

Second, assuming that the base station can provide a large
amount of power and the high channel-to-noise ratio assump-
tion holds, the term Hk,1Pk,tot/Nk is much larger than 1.

With the above two approximations, (9) can be simplified
as (

H1,1W1

N1

)N1
γ1

(P1,tot)
N1
γ1 =

(
Hk,1Wk

Nk

)Nk
γk

(Pk,tot)
Nk
γk

(16)
where k = 2, 3, ...,K.

Substituting (16) into (12), a single equation in the variable
P1,tot could be derived as

F (P1,tot) =
K∑

k=1

ck (P1,tot)
dk − Ptotal = 0 (17)

where

ck =




1 if k = 1

Nk

Hk,1Wk
·
(

H1,1W1
N1

)N1γk
Nkγ1 if k = 2, 3, ...,K

(18)

and

dk =
{

1 if k = 1
N1γk

Nkγ1
if k = 2, 3, ...,K

(19)

Numerical algorithms, such as Newton’s root-finding method
[13] or the false position method [13], could be used to
find the zero of (17). For each iteration of these numerical
algorithms, Newton’s method requires 2K multiplications, 2K
power operations, and 1 division to find an update, while the
false position method needs K + 1 multiplications, K power
operations, and 1 division. In both cases, the operations of
addition are not taken into account.

C. Existence of Solutions

1) Solution to Single User Power Allocation: For a certain
user k, there is no power allocation if Vk > Pk,tot. This
situation could happen when a subcarrier is allocated to a
user who does not have a high channel gain in that subcarrier.
The greedy water-filling algorithm would rather stop using this
subcarrier. In case this situation happens, the set of Ωk, as well
as the corresponding values of Nk, Vk and Wk, would need
to be updated and the power allocation algorithm presented in
this paper should be executed again.

2) Solution to Multiuser Power Allocation: In case that
the channel-to-noise ratio is high, there is one and only one
solution to (17) since every term in the summation monoton-
ically increases and (17) has different signs at P1,tot = 0 and
P1,tot = Ptotal. A numerical algorithm can be used to find
the solution to (17). The complexity of finding the solution
will primarily rely on the choice of the numerical algorithm
and the precision required in the results. After P1,tot is found,
{Pk,tot}K

k=2 can be calculated using (16). Then the overall
power allocation scheme can be determined with (7) and (8).

In general, it can be proved that there must be an optimal
subcarrier and power allocation scheme that satisfies the
proportional fairness constraints and the total power constraint.
Furthermore, the optimal scheme must utilize all available
power. Several facts lead to the above conclusion. First, to
a certain user, that capacity of the user is maximized if water-
filling algorithm is adopted. Furthermore, the capacity function
is continuous with respect to the total available power to that
user. In other words, Rk(Pk,tot) is continuous with Pk,tot.
Second, if the optimal allocation scheme does not use all
the available power, there is always a way to redistribute the
unused power among users while maintaining the capacity
ratio constraints, since Rk(Pk,tot) is continuous with Pk,tot

for all k. Thus, the overall capacity is further increased.

IV. SIMULATION RESULTS

In this section, simulation results are presented. Let γ1 :
γ2 : ... : γK = 1 : 1 : ... : 1 and the objective of the
optimization problem (1) turns out to maximize the minimum
user’s capacity as in [7], since the minimum user’s capacity
is maximized when all the users have the same capacity and
the overall capacity is maximized. Thus in the simulations
presented here, the minimum user’s capacity is compared. In
[7], a suboptimal algorithm is proposed to achieve near optimal
capacity using adaptive subcarrier allocation. However, the
suboptimal algorithm in [7] assumes that equal power is
distributed into every subcarrier. When the number of users
increases, equal power distribution does not equalize every
user’s capacity. By transferring power from the users with high
capacity to the users with low capacity, the minimum user’s
capacity could be even increased. In the simulations presented
here, we use the suboptimal algorithm in [7] to allocate
the subcarriers and then apply the optimal power allocation
scheme proposed in this paper. Both of these adaptive schemes
are compared with the fixed time division multiple access
(TDMA) resource allocation scheme. Here, we represent the
suboptimal algorithm in [7] as follows:

1) Initialization
set Rk = 0, Ωk = ø for k = 1, 2, ...,K and A =
{1, 2, ..., N}

2) for k = 1 to K

a) find n satisfying | Hk,n |≥| Hk,j | for all j ∈ A
b) let Ωk = Ωk ∪ {n}, A = A − {n} and update Rk

according to (2)

3) while A �= ø
a) find k satisfying Rk ≤ Ri for all i, 0 ≤ i ≤ K
b) for the found k, find n satisfying | Hk,n |≥| Hk,j |

for all j ∈ A
c) for the found k and n, let Ωk = Ωk ∪ {n}, A =

A − {n} and update Rk according to (2)

In all the simulations, the wireless channel is modeled as a
frequency-selective multipath channel consisting of six inde-
pendent Rayleigh multipaths, with an exponentially decaying
profile. The maximum delay spread is 5 µs. The maximum
Doppler frequency spread is 30 Hz. Channel information is
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Fig. 2. Capacity in multiuser OFDM vs. user number.

sampled every 0.5 ms to update the subchannel and power
allocation. The total power available at the base station is 64
W. The power spectrum density of additive white Gaussian
noise is −80 dBW/Hz. The overall bandwidth is 1 MHz and
it is divided into 64 subcarriers. The maximum path loss
difference is 40 dB. The user locations are assumed to be
equally distributed.

Fig. 2 shows the capacity vs. the user number in the
OFDM system. We can see from Fig. 2 that adaptive resource
allocations can achieve significant capacity gain over non-
adaptive TDMA. Also the adaptive allocation scheme with
optimal power allocation will achieve even higher capacity
than the scheme with power equally distributed.

Fig. 3 shows the capacity gain vs. the user number. From
Fig. 3, we can see the more users in the system, the higher
the capacity gain adaptive schemes can achieve. This could be
explained by multiuser diversity. The more users in the system,
the lower the probability that a subcarrier is in deep fading to
all the users. Also we can see that in a system of 16 users, the
adaptive scheme with the proposed power allocation achieves
17% more capacity gain than the scheme with equal power,
when compared to fixed TDMA.

V. CONCLUSION

In this paper, a proportional rate adaptive optimization in
MU-OFDM is analyzed. Subcarrier and power allocation are
carried out separately. The optimal power allocation to a
determined subcarrier scheme is developed. Arbitrary pro-
portional fairness can be achieved with the proposed algo-
rithm. Simulation results shows that the proposed optimal
power allocation improves the capacity significantly over fixed
TDMA, and outperforms previously derived suboptimal power
distribution schemes. In general, a set of nonlinear equations
has to be solved to find the optimal power allocation. However,
by taking advantage of the structure of the equations, the
complexity of the proposed method is shown to be O(K).
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Two special cases with even lower computational complexity
are also discussed.
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