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Abstract— OFDM channel prediction algorithms have been (CRB) is then used to derive a lower bound on this MSE,
proposed to combat feedback delay in adaptive OFDM systems. and a simple approximate expression when the prediction
However, no simple %‘ggf@?t%mtﬁgﬂng'g” ?rztr;‘zltaetgsiﬁ‘gcgg?w length is large was derived. The effect of the number of time-
mean-square error . . . . .
channelq prediction (has been reportedg inp the literature. Thg domain _p'IOt blocks on the MSE was |nv§st|gated us.lng .these
paper attempts to fill that gap by deriving simple closed- €Xpressions. However, the effect of the pilot subcarriethe
form asymptotic lower bounds of the MSE for OFDM channel frequency domain, and the pilot spacings in both time and
Eredrigtsiorglg g?ﬁiffglg;itsggh(?gy:g}lfés&lggi\ﬁt;ag:gg rcg(;gce)lrsag hr? frequency dimensions, is not apparent in their expressions
pgrameters in a simple manner, thus providing imi))ortant insig%t In this paper, _We extend th_e yvork of [7] by ConSId.ermg .the
into the design of OFDM channel predictors. We compare the Channel estimation and prediction problem as a 2-dimeasion
bounds to the deterministic Cramer-Rao bound for parametes frequency estimation problem. This approach is attradtive
consistent with IEEE 802.16e, and show that the asymptotic OFDM systems where pilot subcarriers in both the time and
bounds are reasonably tight for practical scenarios. frequency domains are used. By using a two-dimensional
parameterization, we are able to assess the prediction per-
formance for a particular subcarrier and prediction lenmth

Adaptive OFDM systems overcome the limitation of con4 parameters — the number of pilots in the time/frequency
ventional OFDM by allowing the transmitter to vary the powedomains (V; and N;), and their corresponding pilot spacings
modulation, and code rate on each subcarrier dependinggony, and Dy). Also in contrast to [7], we use the invariance
current channel state information (CSI) [1]. This requittes property of the maximum likelihood estimator (MLE}Yo
transmitter to have knowledge of the CSI, which can be oBerive a simple expression for the CRB on the predictionrgrro
tained through feedback from the receiver’s channel eséisa without explicitly resorting to first-order Taylor approwa-
or through its own estimates in a time division duplex (TDDjions to the MSE. Interestingly, the resulting expressisimg
reciprocal channel. In high mobility environments, in whic either method is identical, thus confirming the result of the
the Doppler frequency is high and the channel changes sapi@revious work in a more rigorous manner.
the CSI used by the transmitter would be outdated due to th%lthough useful in its own right, conventional CRB analysis
processing and feedback delays, thereby causing sigriificatyuires Monte-Carlo generation of channel realizatiams t
performance degradation [2]. obtain results independent of a particular channel. Andh wit

One possible solution to the feedback delay problem is thgs opjective of investigating the effect of various chadnne
concept ofchannel prediction, whereby previous estimates ofprediction parameter configurations, this requires periog
the time-varying channelis used to predict the fading vallee 5 Monte-carlo simulation for each parameter configuration.
future time instant. In recent years, OFDM channel prediitti This js a heavy computational burden even for the case of
algorithms [3][4][5][6] have been proposed to combat thefe offline analysis, especially whei, and N; are large. This
back delay problem for closed-loop link adaptation in OFDNhotivated us to derive a simple closed-form expression for
systems. In the design of these channel prediction algosith the Jower bound on prediction MSE in the asymptotic case of
the ability to compute upper bounds on the performance (Rkge N, andN;. This expression relates the lowest-achievable
lower bounds on the error) of channel prediction as a functigQSg for an unbiased estimator with the predictor design
of these parameters is a very useful tool for the systerggrameters in a simple manner, which is independent of any
engineer to make appropriate design decisions. Furth@marticular channel realization. This provides importarsight
these bounds can also be used as a benchmark for all i@ the design of OFDM channel predictors, without the

different algorithms that have been proposed in the litegat need for expensive Monte-Carlo numerical calculationss It
In [7], approximate mean-square error (MSE) bounds have

heen denved. u.SIng a ﬂrSt_order. Taylor apprommqﬂqn of thelThe invariance property for ML allows us to construct the MEdE a
channel pl’edICtan MSE expression for a parametric time- afynction of parameterd, ie. £ — F(8), by computing the MLE of the
frequency-selective channel model. The Cramer-Rao bougtmeters and using it in the function, ife= F() [8, Ch. 6.3].

I. INTRODUCTION



also shown through numerical examples that the asymptatésponse at théth tone of thenth OFDM block can be
expression is reasonably tight for typical channel paramsetexpressed as a linear combination of 2-dimensional complex
with moderate values foN; and Ny, further motivating the sinusoidal rays

use of these simple expressions. H(n, k) 2 Ho(nTuym, kAS)
Il. SYSTEM MODEL M-1 (4)
. - Z . eIViei2m(fin—Tik)
A. Time- and Frequency-Selective Wireless Channel i

1=0

The continuous-time impulse response of a time- andherefz _ T is the normalized Doppler frequency in
frequency-selective wireless channel can be modeled as W v ey

superposition of a discrete number of resolvable paths [9] :géﬁ:ii,rﬁgz;;yniﬁf 's the normalized frequency shift due

L—-1
he(t,n) = Z Yp(£)8(n — np(t)) (1) B. OFDM Baseband Model | N
p=0 We assume an OFDM system where the cyclic-prefix time

wheren, (#) and~, (t) are the time-varying delay and complegcl’ is greater than the maximum delay spread of the channel

. ! . Tmaz, the timing and carrier synchronization is perfect, and
g?&g;gg;&?g;ﬁ:gg to theth path, andL is the number of the used subcarriers are within the flat region of the frequen

We assume that the wireless propagation environment HggPonse of both Fransnjit and receiver puls_e-shapingstilter
reflectors and scatterers that are far enough from the mceh?lmh that the recglved signal at théh subcarrier of theth
such that the waves incident on the receiving antennglane symbol can be written as
waves having a common angle of incidence. We also assume Y (n,k) = H(n, k)X (n, k) + W(n, k) 5
that the receiver travels in a linear motion and with cortstan — Nused/2 <k < Nysea/2, k#0 ©)
velocity, such that the Doppler frequency is time independe
These assumptions allow us to expresé&) to be fitted by a
linear combination of complex sinusoidal rays

whereW (n, k) is a circular-symmetric complex additive white
Gaussian noise (AWGN) with varianeé.
Furthermore, we assume that there afe equally spaced

Mp—1 ) H pilot subcarriers in every OFDM symbol inserted within the
Yp(t) = Z oy pedVrr el pt (2)  Nysea used subcarriers. LeD; = |N,sa/Ny| denote the
r=0 frequency spacing in terms of the number of subcarriers

where M, is the number of rays contributing to theh between two adjacent pilot subcarriers, where

path, «,., is the amplitude,, , is the phase, and,, is Ds < 1/(A 6
the Doppler frequency, respectively, for thea ray in thepth 5 S 1/(AfTmaz) ©)
path. A similar model has been used by various researchtsrsavoid aliasing in the frequency domain. We also Aet:

for wireless channel characterization and prediction [@][ {ko,--..kn,—1} denote the set of pilot subcarrier indices,
[11]. where

Substituting (2) into (1), combining indices, and taking it b Ny D _o N1 7
Fourier transform, we get the frequency response of the-time e~ ~9)FH 4= T )

varying channel as We also assume that a block of, current and previous

M o OFDM symbols (which we call pilot symbols) equally spaced
Hc(t, f) = Z azelviel?m(Eit=nil) (3) in time are available for the channel prediction algorithuat
i=1 D, denote the time spacing in terms of the number of OFDM
L-1 symbols between pilot symbols, and where
where M = > M, is the total number of complex sinu-
p=0 Dt S 1/(2Tsymfmaz> (8)

soidal rays, and each ray is characterized by the quadruplet ) L ) ,

(i, vi, €,7m;). We assume that no two rays share the sa (Zrder to avoid aliasing in the time d_omaln. We_al;o let
pair of time-delay and Doppler frequency valugs, 7;} (oth- £ {no,...,nn,—1} denote the set of pilot symbol indices,
erwise they can be combined to form one ray), but differe?’}‘lhere

rays may share the same delay or Doppler frequency. Since m=1Dy, 1=0,...,Ne—1 ©)
practical values of; andn; are bounded, i.6) < &; < &max Using theseN; x Ny pilot subcarriers, we can perform a
and0 < n; < Nmaa, (3) has finite support in both Doppler andeast-squares estimate of the channel at the pilot locgtion
delay domains. Assuming that the OFDM system with symbaoking the received signal (n;,k,) and the known pilot
period T,,, and subcarrier spacing\f has proper cyclic symbolsX (n;, k,), given as

extension and sample timing, the sampled channel frequency M1

] — i pi(wildia) | TI7
2These assumptions are valid in outdoor propagation saenagig mobile HLS(la Q) Z Qieme + W(l’ q), (10)
cellular environments; and in considering small time wind®f interest, i.e. =0
a few wavelengths. 1=0,...,N¢y—1 ¢g=0,...,Nf—1



where where

N OH1(n,k,01)
-1 96
o = vi—2mnDi~l OH(n,k,0) _ ; (16)
wi = 2nfiDy 06 8H1\/17$0(7;7k791\471)
i = 2’/TTZ'D Mot
v / with
The basic premise in OFDM channel prediction is to simply 1
use the least squares estimates of the channel (10) to in turn OH;(n, k, 6;) ‘;
estimate the parameters in the channel modelpi;e¢;, w;, % = H;(n,k, ;) o (17)
and ;. Channel prediction is then performed through simply ¢ B ,lﬁ
extrapolating this model. Note that this idea has been uged b J°Dy

several researchers [12] [11], albeit for narrowband féding where 2 = (Y= D, and I;1(6) is the well-known
channels. In the following section, we derive bounds on tl}?ramér—Rao bo 2 y b

) . - und matrix for 2-dimensional sinusoidal pa-
MSE using this approach to OFDM channel prediction. rameter estimation, which can be found in [14, Appendix A].

I1l. PREDICTION MEAN-SQUARE ERRORBOUNDS An interesting pOint to note is that [7] and [11] came up with a

L similar MSE bound as (15), using a different and more tedious
Observe that (10) is in the standard form of a two- ot . .
dimensional complex sum-of-sinusoids in additive whitei&a approach (first-order Taylor expansion for the MSE fungtion

. ) S . - Thus, using the invariance principle, we were able to veri
sian noise. Estimating the parameters of this model is 9 P P fy

. : C o tfeir result using a simpler approach.
classical problem, and is very well studied in the radarason g P PP

imaging, and other array signal processing literature .[13}. Asymptotic CRB
Hence, we can use classical results on the CRB for 2-DAlthough the bound (15) can be used to study the effects of
sinusoidal estimation to derive the CRB for OFDM channghrious parameters on the prediction MSE, its expressioatis
prediction. readily interpretable. Furthermore, since the bound deépen
- on the actual parameter vect@f Monte-Carlo simulations
A. OFDM Channdl Prediction CRB that generate realizations of this parameter vector asgumi
Let a certain probability distribution is required to assess th
performance. And with the objective of investigating thizef
of various channel prediction parameter configurations th
requires performing a Monte-carlo simulation for each pa-
rameter configuration. Note that approximat8iy/2N; N +
0; = v, bs,wi, o] " (12) O((4M)?3) operations are required to compute the CRB for
each channel realization. This is a heavy computationadur
denote thetM-length vector of channel parameters which weven for the case of offline analysis, specially whih N;,

0 = [0(1;;”-705[71]71 (11)

with

estimate from (10). andN; are large. This motivated us to derive a simple closed-

Let us rewrite the physical channel model (4) in terms dérm expression for the lower bound on prediction MSE in the
the parameters we estimate, i.e. asymptotic case of largd; and Ny.

M1 Thus, we consider the asymptotic MSE given as
= i i 1 € > i
H(n,k,0) ; H;(n,k,0,) (13) é(n, k) > minw&r}{}f)éooe(n,k)
with _Hm k0" 0Hm ke P
00 2p 00
Hi(n,k,0;) = a,ej(@wiﬁ)ej(%i"*%}’c) (14) where
2 y vy U 2 K1 0 0

Note that the dependence of the channel response on the - 0 K, --- 0
parameter vectors (11) is made explicit in our notation. 2= | .. : (19)

Since our channel model is a continuous function of the (') (‘) K.I\/I

unknown parameters, by the invariance principle of the maxi _ . .
mum likelihood estimate, we can bound the prediction meal-the block diagonal asymptotic CRB for 2-D superimposed
square error using the Cramér-Rao lower bound for functiéponential signals, with diagonal elements given by [15]

of parameters [8, Ch. 6.4], i.e. o? 0 0 0
2NN
~ 12 0 702 — 302 —302
e(n, k) = E { ‘H(n, k,8) — H(n, k, 0)‘ } _ 2INN;  o2NZN;  a?N.N? (20)
(15) ' 0 7 % 0

dH(n,k,0)" 9H(n, k. 0) . oTNZN a%NO?Nf o

—1
=50 055 — RN RN




After further simplification, we have Using the above channel parameters, the downsampling
4 6 9 factors should be chosen d%; < 35 (6) andD; < 29 (8)
- == + == 5 to avoid aliasing in both domains. We also require the pilot
NNy NiNgDy — NPNgD; (21) subcarriers in the frequency domain to be within the used
6(k—k) 6(k- I?:)2 subcarriersNy D < Nyseqa = 426. The restriction onV, D,
+ NtNJ%Df + NtN?DJ% however, requires more knowledge on the exact scattering
environment, since this value should be confined to thevater
Note that this bound is tightest whe¥; and Ny are large, over which the linear approximation (2) is valid. In [20], a
or equivalently the spacing of the frequencies are muctetargough approximation to this interval based on the accuradlat

than the resolution limit, i.¢; —7;| > 1/Ny and|f; — f;| > phase error in the sinusoidal model is given as

1/N;. Note also that this bound is actually achievable by the
maximum likelihood method [15] and nonlinear-least sgaare T Ar 22)

method [16] in the large sample limit. V302

Using this simple expression for the lower bound on MSkyhere ) is the wavelengthy is the distance of the mobile to
we could easily deduce the impact of the various paramet@ig closest scatterer, amds the mobile velocity. We estimate
on the MSE, e.g. the distance of the scatter @s= 7,,,,c Wherer,,, is the

« The bound increases linearly with increasing noise varieot-mean-square delay spread [9], ane= 3 x 102 m/s is
ancec? and number of 2-D sinusoidal raye. This is the speed of light. Using these approximations, the interva
intuitively satisfying, and agrees with previous resuligtt over which the channel model is valid is approximat&Ri
dense multipath channel environments, ié.large, are or 1024 OFDM symbols. Thus, we requitg D; +n < 1024,
the hardest to predict [11]. wheren is the prediction length.

« The contribution to the overall MSE from the error Figure 1 shows the MSE bounds for subcarkier Ny seq/2
variances corresponding to the estimate of frequengiesand prediction length = D, versus the number of pilots used
and ¢; grow quadratically withn and |k|, emphasizing in time (V;) and frequencyX ;) domains. The upper surface
the importance of estimating these accurately. is the CRB, and the lower surface is the Asymptotic CRB.

« In general,N; and Ny and the downsampling factof3; We setN,D, = 1024 and N;D; = 426 to satisfy parameter
andD; should be chosen as large as possible to decreasstrictions, relaxing the integer requirement bp and Dy.
the MSE bound, but are of course subject to limitatioriBhe MSE clearly decreases as we increase Bgttand Ny.
imposed by other system consideration like complexitfor values ofN; < 40 and for values ofV; < 10, the surface
training overhead, validity of the linear model, etc. is not plotted since the Fisher information matrix in thisea

is singular. This is because we hav®l =4 x 6 x 16 = 384
IV. NUMERICAL RESULTS parameters to estimate, requiring/N; > 384 in order for the

The purpose of this section is to study the effect of theroblem to be statistically well-posed. Furthermore, rtbtt
various parameters on the OFDM prediction MSE boundsr reasonable values df; and Ny, the asymptotic Cramer-
using numerical evaluation on a computer. In order to be R&o bound is close to the CRB, and the two bounds become
concrete and as realistic as possible, we provide numericiiser as we increas¥; and Ny as expected.
results for an outdoor mobile OFDM system based on theFigure 2 shows the MSE bounds for all the used subcarriers
IEEE 802.16e mobile broadband wireless access standdyd [1/érsus theD,, where the prediction length = 60 (~ 1)), and
whose parameters are given in Table I. Ny =50, Ny =42, Dy = 10. Once again, the upper surface is

We consider a wireless channel based on the ITU Vehicullwe CRB, and the lower surface is the asymptotic CRB. Note
A [18] power delay profile, which is a sparse multipath modehat increasingD, while holding IV, fixed decreases the MSE
with 6 taps, each tap having Clarke’s classical U-shaped expected. This is an important concept since incredsing
spectrum [9]. We assume that each path is composed of dées not cost extra in terms of computations, and is thus a
complex sinusoidal rays, whose amplitude, phase, and Bopgjood tool to improve MSE performance without increasing
frequency parameters are generated using the modifiedsJakemplexity. The asymptotic CRB is also tight in this case.
simulation model [19]. Figure 3 shows the MSE bounds for all subcarriers versus
prediction length expressed in wavelengths, where the ruppe
and lower surfaces correspond to the CRB and asymptotic
CRB respectively. We seV, = 100, D; = 19, Ny = 141, and

é(n, k) > o®M (

TABLE |
SIMULATION PARAMETERS

Parameter [ Value Dy = 3. These parameters coincide with the 2 ms frame size
Bandwidth (B) 5 MHz for IEEE 802.16e, and assuming that we perform an estimate
Sampling Frequency,ft) 5.712 Msls in every preamble of the frame which has 141 pilots spaced
Cm‘;je’:\rgfggtr;c)(’g) 7254k(r3n7hzr 3 subcarriers apart. Note the quadratic nature of the MSE
Maximum Doppler Frequency/f.as) | 166.67 Hz versus subcarrier index, showing that the edge subcalréees
Nt 512 the highest prediction MSE. This can be thought of as an
Nused 426 alternative explanation for the so calledge effect in OFDM
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MSE bounds for all subcarriers for variod3, for a prediction
lengthn = 60 (= 1A) and N; = 100, Ny = 42, Dy = 10. The upper
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MSE bounds for subcarrigt = N,s.q/2 and prediction length Fig. 3.
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