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1. Left to the students.

2. The Taylor expansions of cos (αt), sin (αt), eiαt and e−iαt are:

cos (αt) = 1− α2t2

2!
+
α4t4

4!
− . . .

sin (αt) = αt− α3t3

3!
+
α5t5

5!
− . . .

eiαt =
(

1− α2t2

2!
+
α4t4

4!
− . . .

)
+ i

(
αt− α3t3

3!
+
α5t5

5!
− . . .

)
e−iαt =

(
1− α2t2

2!
+
α4t4

4!
− . . .

)
− i
(
αt− α3t3

3!
+
α5t5

5!
− . . .

)
,

from which one can see that we have the identities:

cos (αt) =
eiαt + e−iαt

2

sin (αt) =
eiαt − e−iαt

2i
,

and also the desired identity:

eiαt = cos(αt) + i sin(αt).

Now consider some a ∈ C, and write a = β + iα. Then we have:

eat = eβt+iαt = eβt · eiαt = eβt(cos(αt) + i sin(αt)).

It is clear from this expression that the magnitude of eat depends only on β = Re(a).

3. (a) Av1 = 0 and Av2 = 0⇒ Av = A(αv1 + βv2) = α(Av1) + β(Av2) = α× 0 + β × 0 = 0

(b) Let v = [x1 x2 x3]T . Then Av = 0 gives the following set of equations:

x1 + 3x2 + 4x3 = 0
2x1 − x3 = 0

x1 + x2 + 2x3 = 0

Solving gives x1 = x2 = x3 = 0 i.e. the set of vectors satisfying Av = 0 is {[0 0 0]T }.
(c) The determinant of A can be found to be −6.
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(d) Let v = [x1 x2 x3]T . Then Av = 0 gives the following set of equations:

x1 + 3x2 + 4x3 = 0
2x1 − x3 = 0

x1 + x2 + x3 = 0

Solving gives x2 = −3x1, x3 = 2x1. Fixing x1 = λ ⇒ x2 = −3λ, x3 = 2λ, where λ ∈ R.
So, the set of vectors satisfying Av = 0 is {[λ − 3λ 2λ]T : λ ∈ R}

(e) The determinant of the new matrix A can be found to be 0.

Indeed, this exercise is an illustration of something much more general which we will see, and
use extensively later in the class. We will see that the matrix equation Ax = 0 has the unique
solution x = 0 if and only if the determinant of A is different from zero (can be positive or
negative). Moreover, a matrix A is invertible if and only if the equation Ax = 0 has the
unique solution x = 0. Therefore, a matrix A is invertible, i.e., there exists some matrix A−1

such that AA−1 = A−1A = I, if and only if the determinant of A (denoted detA) is different
from zero.

4. We convert the differential equation

q(4) + 3q(3) − 2q̈ + q̇ + 2q = 0.

to standard form as follows. Define new variables: x1 = q(3), x2 = q(2) = q̈, x3 = q̇, and
x4 = q. Then rearranging the terms of the equation above, we find:

ẋ1 = q(4) = −3q(3) + 2q̈ − q̇ − 2q = −3x1 + 2x2 − x3 − 2x4

ẋ2 = x1

ẋ3 = x2

ẋ4 = x3.

Writing this in matrix form, we find:
ẋ1

ẋ2

ẋ3

ẋ4

 =


−3 2 −1 −2

1 0 0 0
0 1 0 0
0 0 1 0




x1

x2

x3

x4

 .

Using Matlab (or Octave, or some other approach) we can compute the eigenvalues of this
matrix.

5. • x1 = x, x2 = y, x3 = θ, x4 = ẋ, x5 = ẏ, x6 = θ̇ give:

ẋ1

ẋ2

ẋ3

ẋ4

ẋ5

ẋ6


︸ ︷︷ ︸

ẋ

=



x4

x5

x6

−g sinx3 − c
mx4 + u1

m cosx3 − u2
m sinx3

g(cosx3 − 1)− c
mx5 + u1

m sinx3 + u2
m cosx3

r
J u1


︸ ︷︷ ︸

f(x,u)

where x = (x1 x2 x3 x4 x5 x6)T ,u = (u1 u2)T .
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• u = (0 0)T = 0 gives:

f(x,0) =



x4

x5

x6

−g sinx3 − c
mx4

g(cosx3 − 1)− c
mx5

0


(x, y, θ) = (0, 0, 0) ⇒ ẋ = ẏ = θ̇ = 0 ⇒ x = 0. By definition, x = xe is an equilibrium
for the system if f(xe,0) = 0. Since f(0,0) = 0, x = 0 and hence (x, y, θ) = (0, 0, 0) is
an equilibrium point for the system.
The Jacobian of f is given by:

Jf(x,0) =



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 −g cosx3 − c

m 0 0
0 0 −g sinx3 0 − c

m 0
0 0 0 0 0 0


(x, y, θ) = (0, 0, 0) i.e. x = 0 gives:

Jf(0,0) =



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 −g − c

m 0 0
0 0 0 0 − c

m 0
0 0 0 0 0 0


6. Left to the students.
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