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1. Vector Spaces

e The set of polynomials in one variable, of degree at most d is a vector space:
Closed under addition and scalar multiplication:

alagtarz +...+agz?)+(bo+brat +...+bgx?) = (aag+bo)+(aar+b1)z' +...4 (aag+bg)z?

Zero vector: 0 is a polynomial of degree less than d.
Other properties follow naturally.

e S = the set of continuous functions mapping [0, 1] to [0,1], such that f(0) = 0 is not a
vector space: Consider fi(z) = fo(x) = . fi(1)+f2(1) = z+x = 22,50 fi(1)+f2(1) € S
because it maps [0, 1] onto [0, 2].

e S = the set of continuous functions mapping [0, 1] to [0,1], such that f(1) =1 is not a
vector space: Consider fi(z) = fao(z) = 1. fi(1)+f2(1) =14+1=2,s50 f1(1)+ f2(1) € S.

2. Show which of the following maps are linear operators:

e T :V — V given by the identity map: v — v.
For every vy,v9 €V,

T(avy + bve) = avy + bvy = aTv + bTvs.

Linear.

e T':V — W given by the constant map: v — wq for every v € V. If wy = 0, then for
every vi,v9 €V,
T(avy + bvy) = 0 = aTvy + bTv,.

Linear.
If wqg # 0, then for any vy € V,

T(Ul +U1) = wy # wo + wog = Tvy + Tv;.

Not Linear.

"Many of the solutions are in whole or in part written by Johnson Carroll.



e Let V be the vector space of polynomials of degree at most d. Let T': V' — V be the
map defined by the derivative: p(x) — p/(z).

T(a(ag + a1z + ... + agz®) + B(by + bz + ... + bgz?))
=a(0+a +...4+agz® ) + B0+ by + ... + bgad™)
= aT(ag + a1z + ... + agz?) + BT (b + brz + ... + bgz?)

Linear.

e For V as above, let T' be given by:

T(a(ag + a1z + ... + agz?) + B(by + byx + ... + bgz?))

= aapz + a1z’ /2 + ... + aagr®™/(d + 1) + Bbox + Bbix? /2 + ... + Bbgx®L/(d + 1)|}
=aayg+ aar1 /24 ...+ aag/(d+ 1)+ Bby + Bb1 /2 + ... + Bbg/(d + 1)

= afapz + 12?2 + ... + agz® /(d + 1)) + B(box + biz?/2 4 ... + bgz T/ (d + 1))}
= aT(ag + a1z + ... + agz?) + BT (bg + bz + ... + bgz?)

Linear.

e What about .
1) = | pla)s? da.
0

T(a(ag + a1z + ... + agz?) + B(by + byx + ... + bgz?))

= aapr® /4 + aa 2 )5 + ... + aagxr®/(d + 4) + Bboxt /4 + Bb12® /5 + ... 4 BbgzTh/(d 4+ 4)}
=aap/4+ a1 /5+ ...+ aaq/(d+4) + Bbo/4 + Bb1 /5 + ... + Bba/(d + 4)

= afagzt /4 + a1x® /5 + ... + agz?/(d + 4)) + Bzt /4 + bia® /5 + ... + bgr®T/(d + 1))
= aT(ag + a1x + ... + agz®) + BT (bo + by + ... + bgx?)

Linear.

e Note that, in general, integration against any function is a linear map. If the operator
T is defined as T'(f) = [ fg, then if f = af; + Bf2, we have:

T(f) = / f(@)g(x) da

_ / (afi(z) + Bfa(x))g(x) dz

= o [ B e+ 5 [ Bt de

= oI (f1) +5T(f2)



. Independence:
e Tv =0 is a linear map, but any pair of independent vectors v, vy are both mapped to
0, meaning that Tv{,Tvs are dependent.

e Suppose (without loss of generality) that v, = >.r ' aw;. Tv, = T(X 0 aw;) =
St aiTv;, so {Tv;} are dependent.

. 1 0 1
. False. Consider [0 ], [ 1 ],and [ 1 ]

. Range and Nullspace of Matrices:

e 0 <rank(AB) <5.
e rank(AB) <T.

. Riesz Representation Theorem: Let f : R™ — R be a linear map, and let w be an arbitrary
element of R™.

i=1 i=1 i=1
f(e;) is the vector we sought, and therefore the theorem is proved.

. Let V be the vector space of (univariate) polynomials of degree at most d. Consider the
mapping 17" : V — V given by:

Tp = aop(t) + artp™ (t) + agt’p® (1) + - - - + agtp'V (1),
where p(")(t) denotes the r** derivative of the polynomial p.

e True or False: if Tp = 2p(t) — tp/(t), then for every polynomial ¢ € V, there exists a
polynomial p € V', with T'p = q.
(Added Note: V still consists of polynomials of degree at most d, where d is some fized
but arbitrary number, i.e., d need not be equal to 1)
False. 22 € NullT. That is, for any choice of p, the t? term of Tp has a coefficient 0.

e What about for T given by T'p = 2p(t)—3tp'(t) ? True. Note that the basis (1,¢,#2, ...,t%)
is mapped to (2, —t, —4t%, ..., (2 — 3k)t*, ..., (2 — 3d)t?) which is independent, and hence
it is surjective.

e Provide a characterization of the set of coefficients (ag, a1, ..., aq), such that the operator
T they define has the property that for every polynomial ¢ € V, there exists a polynomial
p €V, with Tp = q.

Let the ith coefficient of p be called p;.

So if

for all  =0,1,2,...,d, then the property is satisfied.



8.

e Consider (as the hint suggests) the space of polynomials of arbitrary degree, and the
derivative map examined earlier. Any constant maps to 0, so nullT” # {0}, but the map
is surjective.

e Consider polynomials of arbitrary degree, and let Tp(t) =t - p(t). T is linear:

T(ap(t) + Bq(t)) = atp(t) + Bte(t) = oT'(p(t)) + BT (q(t)),

and nullT” = {0}. However, there is no v € V such that T'v is constant non-zero, so 1" is
not surjective.



