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1. Vector Spaces

• The set of polynomials in one variable, of degree at most d is a vector space:
Closed under addition and scalar multiplication:

α(a0+a1x
1+...+adx

d)+(b0+b1x
1+...+bdx

d) = (αa0+b0)+(αa1+b1)x1+...+(αad+bd)xd

Zero vector: 0 is a polynomial of degree less than d.
Other properties follow naturally.

• Ŝ = the set of continuous functions mapping [0, 1] to [0, 1], such that f(0) = 0 is not a
vector space: Consider f1(x) = f2(x) = x. f1(1)+f2(1) = x+x = 2x, so f1(1)+f2(1) �∈ Ŝ
because it maps [0, 1] onto [0, 2].

• Ŝ = the set of continuous functions mapping [0, 1] to [0, 1], such that f(1) = 1 is not a
vector space: Consider f1(x) = f2(x) = 1. f1(1)+f2(1) = 1+1 = 2, so f1(1)+f2(1) �∈ Ŝ.

2. Show which of the following maps are linear operators:

• T : V → V given by the identity map: v �→ v.
For every v1,v2 ∈ V ,

T (av1 + bv2) = av1 + bv2 = aTv1 + bTv2.

Linear.

• T : V → W given by the constant map: v �→ w0 for every v ∈ V . If w0 = 0, then for
every v1,v2 ∈ V ,

T (av1 + bv2) = 0 = aTv1 + bTv2.

Linear.
If w0 �= 0, then for any v1 ∈ V ,

T (v1 + v1) = w0 �= w0 + w0 = Tv1 + Tv1.

Not Linear.
1Many of the solutions are in whole or in part written by Johnson Carroll.
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• Let V be the vector space of polynomials of degree at most d. Let T : V → V be the
map defined by the derivative: p(x) �→ p′(x).

T (α(a0 + a1x + ... + adx
d) + β(b0 + b1x + ... + bdx

d))

= α(0 + a1 + ... + adx
d−1) + β(0 + b1 + ... + bdx

d−1)

= αT (a0 + a1x + ... + adx
d) + βT (b0 + b1x + ... + bdx

d)

Linear.

• For V as above, let T be given by:

T (p) =
∫ 1

0
p(x) dx.

T (α(a0 + a1x + ... + adx
d) + β(b0 + b1x + ... + bdx

d))

= αa0x + αa1x
2/2 + ... + αadx

d+1/(d + 1) + βb0x + βb1x
2/2 + ... + βbdx

d+1/(d + 1)|10
= αa0 + αa1/2 + ... + αad/(d + 1) + βb0 + βb1/2 + ... + βbd/(d + 1)

= α(a0x + a1x
2/2 + ... + adx

d+1/(d + 1)) + β(b0x + b1x
2/2 + ... + bdx

d+1/(d + 1))|10
= αT (a0 + a1x + ... + adx

d) + βT (b0 + b1x + ... + bdx
d)

Linear.

• What about

T (p) =
∫ 1

0
p(x)x3 dx.

T (α(a0 + a1x + ... + adx
d) + β(b0 + b1x + ... + bdx

d))

= αa0x
4/4 + αa1x

5/5 + ... + αadx
d+4/(d + 4) + βb0x

4/4 + βb1x
5/5 + ... + βbdx

d+4/(d + 4)|10
= αa0/4 + αa1/5 + ... + αad/(d + 4) + βb0/4 + βb1/5 + ... + βbd/(d + 4)

= α(a0x
4/4 + a1x

5/5 + ... + adx
d+4/(d + 4)) + β(b0x

4/4 + b1x
5/5 + ... + bdx

d+4/(d + 4))|10
= αT (a0 + a1x + ... + adx

d) + βT (b0 + b1x + ... + bdx
d)

Linear.

• Note that, in general, integration against any function is a linear map. If the operator
T is defined as T (f) =

∫
fg, then if f = αf1 + βf2, we have:

T (f) =
∫

f(x)g(x) dx

=
∫

(αf1(x) + βf2(x))g(x) dx

= α

∫
f1(x)g(x) dx + β

∫
f2(x)g(x) dx

= αT (f1) + βT (f2).
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3. Independence:

• Tv = 0 is a linear map, but any pair of independent vectors v1,v2 are both mapped to
0, meaning that Tv1, Tv2 are dependent.

• Suppose (without loss of generality) that vm =
∑m−1

i=1 aivi. Tvm = T (
∑m−1

i=1 aivi) =∑m−1
i=1 aiTvi, so {Tvi} are dependent.

4. False. Consider
[

1
0

]
,
[

0
1

]
, and

[
1
1

]
.

5. Range and Nullspace of Matrices:

• 0 ≤ rank(AB) ≤ 5.

• rank(AB) ≤ 7.

6. Riesz Representation Theorem: Let f : R
n → R be a linear map, and let w be an arbitrary

element of R
n.

f(w) = f(
n∑

i=1

wiei) =
n∑

i=1

f(wiei) =
n∑

i=1

f(ei)wi = 〈f(ei),w〉.

f(ei) is the vector we sought, and therefore the theorem is proved.

7. Let V be the vector space of (univariate) polynomials of degree at most d. Consider the
mapping T : V → V given by:

Tp = a0p(t) + a1tp
(1)(t) + a2t

2p(2)(t) + · · · + adt
dp(d)(t),

where p(r)(t) denotes the rth derivative of the polynomial p.

• True or False: if Tp = 2p(t) − tp′(t), then for every polynomial q ∈ V , there exists a
polynomial p ∈ V , with Tp = q.
(Added Note: V still consists of polynomials of degree at most d, where d is some fixed
but arbitrary number, i.e., d need not be equal to 1)
False. x2 ∈ NullT . That is, for any choice of p, the t2 term of Tp has a coefficient 0.

• What about for T given by Tp = 2p(t)−3tp′(t) ? True. Note that the basis (1, t, t2, ..., td)
is mapped to (2,−t,−4t2, ..., (2 − 3k)tk, ..., (2 − 3d)td) which is independent, and hence
it is surjective.

• Provide a characterization of the set of coefficients (a0, a1, . . . , ad), such that the operator
T they define has the property that for every polynomial q ∈ V , there exists a polynomial
p ∈ V , with Tp = q.
Let the ith coefficient of p be called pi.

qi = (
i∑

j=0

ai
j!

(j − i)!
) · pi.

So if
i∑

j=0

ai
j!

(j − i)!
�= 0,

for all i = 0, 1, 2, ..., d, then the property is satisfied.
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8. • Consider (as the hint suggests) the space of polynomials of arbitrary degree, and the
derivative map examined earlier. Any constant maps to 0, so nullT �= {0}, but the map
is surjective.

• Consider polynomials of arbitrary degree, and let Tp(t) = t · p(t). T is linear:

T (αp(t) + βq(t)) = αtp(t) + βtq(t) = αT (p(t)) + βT (q(t)),

and nullT = {0}. However, there is no v ∈ V such that Tv is constant non-zero, so T is
not surjective.
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