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Abstract

We consider linear optimization problems with deterministic parameter uncer-
tainty. We consider a departure from the robust optimization paradigm, allowing
the decision-maker some limited, finite adaptability. Equivalently, we can view this as
though the decision-maker can obtain some additional information about the uncer-
tainty before committing to a decision. The central problem we address is optimally
structuring finite adaptability, and understanding the marginal value of adaptability.
We propose a hierarchy of increasing adaptability that bridges the gap between the ro-
bust formulation, and the re-optimization (or fully adjustable) formulation. We show
some negative complexity results; then we provide an efficient (heuristic) algorithm for
adaptability, and provide some computational evidence of its efficacy. The framework
we propose is also appropriate for problems with discrete variables. To the best of our
knowledge, this is the first proposal for adaptability that can accommodate discrete
variables. We also compare our proposal to the model of affine adaptability proposed
in [2].

1 Introduction

Recently, much work has been done in robust optimization, in the case of linear, semidefinite,
and general conic programming, and also for discrete combinatorial robust optimization; see,
e.g., [3],[4], [6], [7], [11]. The landscape of solution concepts has two extreme cases. On the
one side, we have the robust formulation where the decision maker has no adaptability
to, or information about, the realization of the uncertainty. In some settings this may
be overly conservative, particularly when uncertainty affecting different constraints is not
independent. On the other extreme is the re-optimization formulation where the decision-
maker has advance knowledge of the exact realization of the uncertainty (or equivalently,
complete adaptability) and then selects an optimal solution accordingly. This set-up is
overly optimistic. Full information is rarely available, and exact observations rarely possible.
Moreover, even if in principle feasible, implementing complete adaptability may be too
expensive, and hence in itself undesirable. This motivates us to consider the middle ground.

Consider the case where the decision-maker has the ability (at some cost) to obtain some
coarse information about the realization of the uncertainty, or (again at some cost) is able to
select some finite number, k, of contingency plans (as opposed to a single robust solution).
The central topic of this paper is the value of this adaptability.

Contributions and Paper Outline
In Section 2 we provide the basic setup of our adaptability proposal. Because of its inherent
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discrete nature, this adaptability proposal can accommodate discrete variables. To the best
of our knowledge, this is the first proposal for adaptability that can reasonably deal with
discrete variables. In Section 3 we give a geometric interpretation of the conservativeness of
the robust formulation. We provide a geometric characterization of when finite adaptability
can improve the robust solution by η, for any (possibly large) chosen η ≥ 0. We obtain
(collectively sufficient) necessary conditions that any k-adaptability scheme must satisfy in
order to improve the robust solution by at least η.

In Section 4 we also consider affine adaptability. Following the work of Ben-Tal et al. in
[2], there has been renewed interest in adaptability (e.g., [1],[9],[14]). Our work differs from
affine adaptability proposals in several important ways. First, the model offers a natural
hierarchy of increasing adaptability. Second, the intrinsic discrete aspect of the adaptability
proposal makes this suitable for any situation where it may not make sense to be sensitive
to infinitesimal changes in the data. Indeed, only coarse observations may be available. In
addition, especially from a control viewpoint, infinite (and thus infinitesimal) adjustability
as required by the affine adaptability framework, may not be feasible, or even desirable. We
provide an example where affine adaptability is no better than the robust solution, while
finite adaptability with 3 contingency plans significantly improves the solution.

In Section 5 we consider the special case of right hand side uncertainty. We provide an IP
formulation for the k = 2 contingency plan problem. We also show here that structuring k =
2 adaptability optimally, is NP-hard. In Section 6 we provide an approximation algorithm
based on the qualitative prescriptions of Section 3. Section 7 provides several computational
examples.

2 The Basic Setup

We consider linear programming problems with deterministic uncertainty in the coefficients,
where the uncertainty set is polyhedral. Uncertainty in the right hand side or in the objective
function can be modeled by uncertainty in the matrix (see, e.g., [6]). Thus the general
problem we consider is

Robust(P)
4
=

[

min : c′x
s.t. : Ax ≥ b, ∀A ∈ P

]

, (2.1)

where there are m constraints, n variables, and P is a polytope. We consider both the
case where P is given as a convex hull of its extreme points, and where it is given as
the intersection of half-spaces. Some results apply only to the case of the convex hull
representation; we make this clear when it is the case. The re-optimization formulation is

ReOpt(P)
4
= max

A∈P

[

min : c′x
s.t. : Ax ≥ b

]

.

In the k-adaptability problem, the decision-maker chooses k solutions, {x1, . . . ,xk}, and
then commits to one of them only after seeing the realization of the uncertainty set. Fol-
lowing an algebraic formulation, k-adaptability is given by:

Adaptk(P)
4
=

[

min : max{c′x1, . . . , c
′xk}

s.t. : [Ax1 ≥ b or Ax2 ≥ b or · · · or Axk ≥ b] ∀A ∈ P

]

.

This is a disjunctive optimization problem with infinitely many constraints. We formulate
this as a (finite) bilinear optimization problem. For notational convenience, we consider the
case k = 2, but the extension to the general case is straightforward. For this reformulation,
we focus on the case where the uncertainty set P is given as a convex hull of its extreme
points: P = conv{A1, . . . ,AK}.



Proposition 1 The optimal 2-adaptability value, and the optimal two contingency plans
are given by the solution to the bilinear optimization:

min : c′x1 ∨ c′x2

s.t. : µij

[

(Alx1)i − bi

]

+ (1 − µij)
[

(Alx2)j − bj

]

≥ 0, ∀ 1 ≤ i, j ≤ m, ∀1 ≤ l ≤ K
0 ≤ µij ≤ 1, ∀ 1 ≤ i, j ≤ m.

The proof is in the full version, [5]. Bilinear optimization is typically hard, but there has
been much work towards algorithmic solutions (see, e.g., [10],[13], and references therein).
Equivalently we can follow a geometric formulation. Consider, rather than having some
limited adaptability, that the decision-maker receives some advance side-information about
the realization of the uncertainty. The decision-maker selects a partition of the uncertainty
set P into k (possibly non-disjoint) regions: P = P1∪· · ·∪Pk. Then before committing to a
single solution, the decision-maker receives information about which of the k regions of the
partition contains the realization of the uncertainty. The optimal k-adaptability problem
becomes

Adaptk(P)
4
= min

P=P1∪···∪Pk









min : max{c′x1, . . . , c
′xk}

s.t. : Ax1 ≥ b, ∀A ∈ P1
...

Axk ≥ b, ∀A ∈ Pk.









.

Throughout this paper we refer equivalently to either k contingency plans, or k-partitions,
for the k-adaptability problem. The inequalities Robust(P) ≥ Adaptk(P) ≥ ReOpt(P)
hold in general.

3 A Geometric View and Necessary Conditions

In this section we provide a geometric view of the gap between the re-optimization and robust
formulations, and also of the way in which finite adaptability bridges this gap. Then, we
use this geometric interpretation to obtain necessary conditions that any k-partition must
satisfy in order to improve the robust solution value by at least η, for any chosen value η.

3.1 The Geometric Gap

Given any uncertainty region P , let πl(P) denote the projection of P onto the components
corresponding to the lth constraint of (2.1), 1 ≤ l ≤ m. Then, define:

(P)R
4
= conv(π1P) × conv(π2P) × · · · × conv(πmP). (3.2)

The set (P)R is the smallest hypercube (in the above sense) that contains the set P .

Lemma 1 For P, and (P)R defined as above, we have:
(1) Robust(P) = Robust((P)R) and Robust(P) = ReOpt((P)R).
(2) For P = P1 ∪ · · · ∪ Pk the optimal k-partition of the uncertainty set,

Adaptk(P) = ReOpt((P1)R ∪ · · · ∪ (Pk)R).

(3) There is a sequence of partitions {Pk1 ∪ Pk2 ∪ · · · ∪ Pkk} so that

(Pk1)R ∪ · · · ∪ (Pkk)R −→ P , k → ∞.



The first part of the lemma says that the robust formulation cannot model nonconvexity,
or correlation across different constraints, and this accounts for the gap between the robust
and the re-optimization formulations. The second and third parts of the lemma explain
from a geometric perspective why, and how, the adaptive solution improves the robust cost.
Proof. Assertions (1) and (2) follow from LP duality ([4]). For (3), consider any sequence
of partitions where the maximum diameter of any region goes to zero as k → ∞. The full
details are in [5]. �

We would like to conclude that k-adaptability bridges the gap between the robust and
re-optimization values, i.e., Adaptk(P) → ReOpt(P) as k increases. With an additional
continuity assumption, the proposition below asserts that this is in fact the case.
Continuity Assumption: For any ε > 0, for any A ∈ P, there exists δ > 0 and a point
x, feasible for A and within ε of optimality, such that ∀ A′ ∈ P with d(A,A′) ≤ δ, x is
also feasible for A′.

The Continuity Assumption is fairly mild. It asks that the set of points feasible for two
infinitesimally close matrices A,A′, (here d(·, ·) is the usual metric) be relatively large.

Proposition 2 If our problem satisfies the Continuity Assumption, then given any sequence
of partitions {((Pk1)R ∪ · · · ∪ (Pkk)R)}∞k=1 with the diameter of the largest set going to zero,

lim
k→∞

Adaptk(P) = ReOpt(P).

Proof. Given any ε > 0, for every A ∈ P , consider the δ(A)-neighborhood around A as
given by the Continuity Assumption. These neighborhoods form an open cover of P . Since P
is compact, we can select a finite subcover. Let the partition P = P1∪· · ·∪Pk be (the closure
of) such a subcover. Then, by the Continuity Assumption, Robust(Pi) ≤ ReOpt(Pi) + ε.
By definition, ReOpt(Pi) ≤ maxj ReOpt(Pj) = ReOpt(P). From here the result follows. In
[5] we show that the Continuity Assumption cannot be removed. �

3.2 Necessary Conditions for η-Improvement

Lemma 1 says that Robust(P) = ReOpt((P)R). Therefore, there must exist some Â ∈ (P)R

for which the nominal LP has value equal to the robust optimal value. Let A denote all
such matrices. In fact, we show that for any η > 0, there exists a set Aη ⊆ (P)R such that
if c′x ≤ Robust(P) − η, then x does not satisfy Ax ≥ b, for any A ∈ Aη.

Proposition 3 (1) The sets A and Aη are the images under a computable map, of a poly-
tope associated with the LP dual of the robust problem.

(2) Adaptability with k contingency plans corresponding to the partition P = P1∪· · ·∪Pk

improves the cost by at least η if and only if ((P1)R ∪ · · · ∪ (Pk)R) ∩ Āη = ∅.
(3) There is some k for which optimally chosen contingency plans can improve the cost

by at least η if and only if Āη ∩ P = ∅.

The proof depends on Lemma 2 below. The details are postponed to [5],[5]. For the
remainder of this section, we consider the case where the uncertainty is given as the convex
hull of a given set of extreme points: P = conv{A1, . . . ,AK}. For any η > 0, we consider
the infeasible problem

min : 0

s.t. : Aix ≥ b, 1 ≤ i ≤ K
c′x ≤ Robust(P) − η.

The dual is feasible, and hence unbounded. Let Cη be the set of directions of dual unbound-
edness, and C0 the set of dual optimal solutions:

Cη
4
=







(p1, . . . ,pK) :
(p1 + · · · + pK)′b ≥ Robust(P) − η
p′

1A
1 + · · · + p′

KAK = c
p1, . . . ,pK ≥ 0.









For (p1, . . . ,pK) ∈ Cη let pij denote the jth component of pi. Let (Ai)j denote the jth row

of the matrix Ai. Construct a matrix Ã whose jth row is given by

(Ã)j =

{

0 if
∑

i pij = 0.
p1j(A

1)j+···+pKj(A
K)j

∑

i pij
otherwise.

Thus each nonzero row of Ã is a convex combination of the corresponding rows of the Ai

matrices. Let Â consist of any matrix in (P)R that coincides with Ã on all its non-zero
rows. The proof of the next lemma follows by a straightforward duality argument.

Lemma 2 For Â defined as above, the value of the optimal solution to the nominal LP
is no less than Robust(P) − η. If η = 0, and if xR is an optimal solution for the robust

problem, then xR is also an optimal solution for the nominal problem with the matrix Â.

The collection of such Â make up A and Aη. Thus A and Aη are images of C0 and Cη,
respectively, under the mapping given above. This concludes the proof of Proposition 3.
More details about the sets A, Aη, and the mapping from Cη are contained in [5].

We now use the characterization of Proposition 3 to obtain necessary conditions that
any η-improving partition must satisfy.

Proposition 4 (1) Consider any element Ã obtained from a point of Cη. Let us assume

that the first r rows of the matrix Ã are nonzero. Let Qj = π−1
j (Ãj) denote the set of

matrices in P whose jth row equals the jth row of Ã. Then a partition P = P1 ∪ · · · ∪ Pk

can achieve an improvement of at least η only if for any region Pd, 1 ≤ d ≤ k, there exists
some 1 ≤ i ≤ r, such that

Pd ∩Qi = ∅.

(2) Collectively, these necessary conditions are also sufficient.

Proof. If there exists a region Pd such that Pd ∩ Qi 6= ∅ for 1 ≤ i ≤ r, then we can
find matrices Q1, . . . ,Qr, such that Qi ∈ Pd ∩ Qi. By definition, the ith row of matrix Qi

coincides with the ith row of Ã. Therefore Â ∈ (Pd)R. Now the proof of necessity follows
from Proposition 3.

For sufficiency, failure to achieve the guaranteed improvement corresponds to a direction
of dual unboundedness in one of the restricted problems, which in turn translates into a
necessary condition for the original problem. The full details are in [5]. �

Therefore we can map any point of Cη to a necessary condition that any η-improving
partition must satisfy. In Section 5 we show that computing the optimal partition is NP-
hard. Nevertheless, necessary conditions allow the possibility of providing a short certificate
that there does not exist a partition with k ≤ k′, that achieves η-improvement. We provide a
simple example of this phenomenon in the next section. Indeed, in this example, a finite (and
small) set of necessary conditions reveals the limits, and structure of 2,3,4,5-adaptability.

4 An Extended Example

This section serves a dual purpose. We present a small example, illustrating the use of
necessary conditions. We also illustrate that affine adaptability, even though it requires
infinite adjustability, may do poorly even where 3-adaptability does quite well. We consider
an example with one-dimensional uncertainty set.

min : x1 + x2 + x3

s.t. : Ax ≥

(

1
1
1

)

∀ A ∈ conv{A1,A2} = conv











0 0 1
1 1 1
1
2

1
5

0



 ,





1 1 1
0 0 1
1
5

1
2

0











x1, x2, x3 ≥ 0.



The unique optimal solution is xR = (10/7, 10/7, 1), with corresponding value Robust(P) =
27/7. The re-optimization value is ReOpt(P) = 3. We generate the necessary conditions
corresponding to extreme points of the polytope C0, and also Cη1

, Cη2
, for η1 = (27/7)− 3.2,

and η2 = (27/7) − 2.9. Following Proposition 4 we find points of P that any η-improving
partition must separate. The two extreme points of C0 imply the two necessary conditions:
N1 = {A2, 1

2
A1+ 1

2
A2}, and N2 = {A1, 1

2
A1+ 1

2
A2}. Evidently, no partition into 2 (convex)

regions exists that satisfies both N1 and N2. Therefore 2-adaptability (in this example) is
no better than the robust solution. The polytope Cη1

has 12 extreme points1 which yield
four non-redundant necessary conditions:

N1 = {A1, 28
33

A1 + 5
33

A2}; N2 = {A2, 28
33

A2 + 5
33

A1}
N3 = { 77

100
A1 + 23

100
A2, 1

2
A1 + 1

2
A2}; N4 = { 23

100
A1 + 77

100
A2, 1

2
A1 + 1

2
A2}.

It is easy to check that these four necessary conditions are not simultaneously satisfiable
by any partition with only three (convex) regions. Indeed, at least 5 are required. The
η at which the necessary conditions corresponding to the extreme points of Cη provide a
certificate that at least 5 regions are required for any partition to achieve a η-improvement
or greater, is η̂ ≈ 27/7−3.2770 ≈ 0.5801. The corresponding value of λ is λ̂ ≈ 0.797. Thus,
examining values of η ∈ [0, η̂], the necessary conditions implied by the extreme points of
Cη are sufficient to reveal that two-adaptability is no better than the robust solution, and
in addition, they reveal the limit of 3-adaptability. Furthermore, they reveal the optimal
3-partition to be: [0, 1] = [0, λ̂] ∪ [λ̂, 1 − λ̂] ∪ [1 − λ̂, 1], for λ̂ ≈ 0.797. Thus the value of
3-adaptability is 0.5801.

Finally, let us consider η2 = (27/7) − 2.9. In this case, we are asking for more im-
provement than even the re-optimization formulation could provide (recall ReOpt(P) = 3).
In short, such improvement is not possible within our framework of a deterministic ad-
versary. Proposition 3 tells us how the polytope Cη2

and the set Aη2
witness this impos-

sibility. The polytope Cη2
has 31 vertices. It is enough to consider one of these vertices

in particular: v = ((9/10, 1/10, 9/5), (0, 0, 0)). The corresponding necessary condition is:
N = {A1,A1,A1}. Evidently, no number of partitions can ever satisfy this necessary con-
dition. Indeed, this is precisely what Proposition 3 says: if progress η is not possible, it
must be because Āη ∩ P 6= ∅.

Consider now the affine adaptability proposal of Ben-Tal et al. ([2]), and denote the op-
timal affine adaptability function by xL(λ). The third component, xL

3 (λ) must satisfy:
xL

3 (0), xL
3 (1) ≥ 1. Therefore by linearity, we must have xL

3 (λ) ≥ 1 for all λ ∈ [0, 1]. Further-
more, for λ = 1/2, we must also have

1

2

(

1

2
xaff

1 (1/2) +
1

5
xaff

2 (1/2)

)

+
1

2

(

1

5
xaff

1 (1/2) +
1

2
xaff

2 (1/2)

)

≥ 1,

which implies, in particular, that xaff
1 (1/2) + xaff

2 (1/2) ≥ 20
7
. The cost obtained by affine

adaptability is
Affine(P) = max : xaff

1 (λ) + xaff
2 (λ) + xaff

3 (λ)
s.t. : λ ∈ [0, 1].

This is at least the value at λ = 1/2. But this is: xaff
1 (1/2)+xaff

2 (1/2)+xaff
3 (1/2) ≥ 20/7+1 =

27/7, which is the robust value. Therefore in this case, affine adaptability is no better than
the robust value.

1These computations were done using the software CDD by Komei Fukuda. This is an implementation
of the double description method. See also http://www.cs.mcgill.ca/ fukuda/soft/cddman/node2.html for
further details.



5 Right Hand Side Uncertainty and Complexity

While matrix uncertainty subsumes right hand side (RHS) uncertainty, we can say more for
the special case of RHS-uncertainty. We note that demand uncertainty, capacity uncertainty,
and supply uncertainty, are all modeled through RHS-robustness. We show that finding the
best partition of the uncertainty set into two, can be cast as a combinatorial optimization
problem. For the case where P has the structure of a simplex, we obtain a mixed integer LP
with {0, 1}-variables. We further show that optimally computing k-adaptability is NP-hard.
The robust problem and LP formulation are given by:

[

min : c′x
s.t. : Ax ≥ b, ∀b ∈ P

Dx ≥ d

]

=

[

min : c′x
s.t. : Ax ≥ bR

Dx ≥ d

]

where bR is the point whose ith coordinate is the maximization over P in the ith coordinate
direction. The smallest hypercube containing P corresponds to the single point bR: (P)R =
{b : b ≤ bR} (lower bounds do not affect the optimization). As we did for the general
robust problem, we consider pairs of hypercubes containing P , rather than just a single
hypercube. We formalize this in the following.

Definition 1 We say that a pair of points (b1, b2) covers the set P if for any b ∈ P we
have b ≤ b1 or b ≤ b2. We denote by C(P) the set of all pairs (b1, b2) that cover the set P:

C(P)
4
= {(b1, b2) : ∀ b ∈ P we have b ≤ b1, or b ≤ b2}.

Next, we define the problem:

z2(b1, b2) = min : c′x1 ∨ c′x2

s.t. : Ax1 ≥ b1

Ax2 ≥ b2

Dxl ≥ d, l = 1, 2.

Thus, we can rewrite the problem of obtaining the best partition as the optimization of the
convex function z2(b1, b2) over the set C(P): min : {z2(b1, b2) | (b1, b2) ∈ C(P)}.

Proposition 5 The set C(P) can be written as a finite union of polyhedral sets.

Consider the set

C(P , S)
4
= {(b1, b2) ∈ C(P) : (b1)i = (bR)i,∀i ∈ S, (b2)j = (bR)j,∀j ∈ Sc}.

The union of the sets C(P , S) for all S, gives us back the subset of C(P) that always contains
the optimal solution. We can characterize the sets C(P , S) using a linear optimization
approach.

Lemma 3 For any fixed set S ⊆ {1, . . . ,m}, the set C(P , S) is given as the set of all pairs
(b1, b2) with

(b1)i =

{

(bR)i if i ∈ S,
µi, otherwise,

and (b2)j =

{

(bR)j if j ∈ Sc,
λj, otherwise.

The values {µi} must satisfy 0 ≤ µi ≤ (bR)i. The values {λj} must be such that:

λi ≥ max
j∈Sc

[

max : e′
ib

s.t. : (b)j ≥ µj

b ∈ P

]

.



In an important special case, the lemma above says that the sets C(P , S) are polyhedral.
Therefore if we can compute the optimal set S∗, then computing the optimal pair (b1, b2) ∈
C(P , S∗) amounts to solving an LP.

Proposition 6 (1) Let P be a generalized simplex, that is, P = conv{ζ1e1, ζ2e2, . . . , ζmem},
where ei is the standard ith unit basis vector, and the ζi are positive scalars. Then, for any
S ⊆ {1, . . . ,m} the set C(P , S) is convex, and polyhedral, given by:

C(P , S) =







(b1, b2) :

(b1)i = (bR)i = ζi ∀i ∈ S
(b2)j = (bR)j = ζj ∀j ∈ Sc

(b2)i ≥ ζi −
(

ζi

ζj

)

(b1)j ∀i ∈ S, j ∈ Sc







.

(2) For P as above, the optimal split and corresponding contingency plans, may be computed
as the solution to a {0, 1} mixed integer linear program.

Proposition 7 Obtaining the optimal partition P = P1 ∪ P2 is in general NP-hard.

In particular, computing 2-adaptability is NP-hard. We obtain our hardness result using a
reduction from Partition, which is NP-complete ([12]).
Proof. The data for the Partition problem are the positive numbers v1, . . . , vm. The
problem is to minimize |

∑

i∈S vi −
∑

j∈Sc vj| over subsets S. Given any such collection

of numbers, consider the polytope P = conv{e1v1, . . . , emvm}. Thus, P is the simplex
in R

m, but with general intercepts vi. Consider the robust optimization problem: min :
{
∑

i xi | Ix ≥ b, ∀b ∈ P}. Suppose the optimal partition is P = P1 ∪ P2. Then we can
show (see [5]) that the corresponding optimal value is

((v1 + · · · vk) + (vk+1 + · · · + vm))2 − (v1 + · · · + vk)(vk+1 + · · · + vm)

(v1 + · · · + vm)
.

The first term in the numerator, and also the denominator, are invariant under choice of
partition. Thus the second term in the numerator must be maximized. This is equivalent

to maximizing the product
(
∑

i∈S vi

)

(

∑

j∈Sc vj

)

over S ⊆ {1, . . . ,m}, which is equivalent

to the Partition problem. �

6 Efficient Algorithms

In Section 5 we establish that even 2-adaptability is NP-hard. In this section we propose a
heuristic tractable algorithm. The algorithm is based on the following (see [5]):

Lemma 4 Consider the set of partitions P = P1 ∪ P2 given by a hyperplane division of
P. If the orientation (i.e., the normal vector) of the hyperplane is given, then selecting the
optimal partitioning hyperplane with this normal can be done efficiently.

Algorithm 1: Let the uncertainty region be given as a convex hull of extreme points:
P = conv{A1, . . . ,AK}.

(1) For every pair (i, j), 1 ≤ i 6= j ≤ K, let vij = Aj − Ai.
(2) Consider the family of hyperplanes with normal vij.
(3) Solve the quasi-convex problem, and let H ij be the hyperplane that defines the

optimal hyperplane partition of P within this family.
(4) Select the optimal (i, j) and the corresponding optimal hyperplane partition of P .

This algorithm can be applied iteratively, as a heuristic approach to computing 2d-
adaptability. In [5] we show that Section 3.2 gives a structured approach to increasing the
size of the family of partitions considered by introducing interior points of P that allow us
to consider a larger collection of normal directions. We also give a counterpart algorithm
for the case where P is given by inequalities.



7 Computational Examples

We illustrate the k-adaptability proposal and the above algorithm by some small examples.

Network Flow with Uncertain Capacity Constraints
We consider a network flow problem subject to capacity uncertainty. This highly sim-

plified problem comes from a model of air-traffic control where capacity is affected by an
arriving storm front (see [8] for a full model). The exact time and location where a storm
front affects an air traffic corridor are subject to some uncertainty. In Figure 1 we show a
simple network. All edges have capacity 20. Edges 1,4,8 and 2,5,9 represent direct routes
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Figure 1: A small network illustrating a potential application of k-adaptability to network flows.

with cost 1. Edges 3,5,7 represent longer routes entering neighboring air space, and their
cost is 6. The decision-maker must schedule 30 units of flow (airplanes) from s to t. Sup-
pose the capacity of the central corridor marked with a solid line remains unaffected (due
to geographic distance) while other capacities are affected by the storm. We consider an
uncertainty region described by four extreme points, each representing some capacity degra-
dation. The first extreme point represents loss of 24% of capacity in edge 1 and 28% in edge
8, the next 6% in edge 1 and 22% in 4, the third 36% in edge 2 and 44% in 5, and the fourth
11% in edge 5 and 12% in 9. With exact information, the flight controller can reroute flights,
completely avoiding any additional cost due to the storm. Under the robust formulation,
the threatening storm increases the cost by over 49%. The 2-adaptability computed by our
heuristic algorithm outperforms the robust cost by over 36%. Thus, under 2-adaptability,
the cost of the storm is at most 13% above the clear-weather cost, down from 49%.
Robust Parallel Scheduling

We consider a parallel scheduling problem. Let A be the rate matrix, with aij the rate
of completion of product i at station j. Let cj be the cost per hour of running station j, and
let xj be the decision variable of how long to operate station j. To minimize the operating
cost subject to completing all the work, we solve min : {c′x |Ax ≥ 1, x ≥ 0}. In the
robust version of the problem, the rate matrix A is only known to lie in some set P . How
much can we reduce our cost if we can formulate 2 (in general k) schedules rather than just
one? Particularly in the case of binary decisions about which stations to use, preparing k
contingency plans as opposed to just one, may be costly. It is therefore natural to seek to
understand the value of k-adaptability, so the optimal trade-off may be selected.

We generate a large ensemble of these problems, and we report average results. The
intention is to obtain some understanding for the value of adaptability, and the performance
of our heuristic algorithm, in the generic case. We consider the gap between the robust
problem and the re-optimization. The re-optimization is typically difficult to compute
exactly ([2]). Therefore we compute upper bounds on the gap between the robust and the
re-optimization values. Thus we present lower bounds on the benefit of adaptability and the
performance of our algorithm. We obtain upper bounds on the gap by approximating the
re-optimization value by sampling. Next, we compute the extent to which 2-adaptability,
and 4-adaptability, as computed by the algorithm of Section 6, close this gap.

Table 1 reports the average gap between the robust and re-optimization values, as a
fraction of the robust value: GAP = (Robust(P)−ReOpt(P))/ Robust(P). Then we report
the average percentage of this gap covered by 2-adaptability and 4-adaptability, as computed
by the heuristic algorithm.



Matrix Size Size of P Avg Gap % Avg 2-Adapt % Avg 4-Adapt %

6 × 6 K = 3 10.10 63.22 70.70
6 × 6 K = 6 14.75 42.72 52.33
6 × 6 K = 8 18.45 39.15 47.42

10 × 10 K = 3 10.12 50.67 63.29
10 × 10 K = 5 14.22 38.58 49.36
10 × 10 K = 10 18.27 31.17 40.18
15 × 25 K = 3 8.06 39.27 54.53
15 × 25 K = 5 10.73 25.12 35.52
15 × 25 K = 7 13.15 18.21 26.84

Table 1: The matrices in these instances were generated independently. The first group of two columns
identifies the size of the problem, where by Matrix size we mean the “number of products by number of
stations,” and by size of P we indicate the number of extreme points. All averages are over 50 independently
generated problems.

In [5] we also consider adding integrality constraints. The heuristic algorithm proposed
in Section 6 is tractable because of the quasi-convexity of the search for the optimal dividing
hyperplane and by the limited set of normal directions considered. Both these factors are
independent of the continuous or discrete nature of the underlying problem. Indeed, all that
is required for the algorithms is a method to solve the robust problem.
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