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Abstract

In 1963 Atiyah and Singer proved the famous Atiyah-Singer Index
Theorem, which states, among other things, that the space of elliptic
pseudodifferential operators is such that the collection of operators with
any given index forms a connected subset. Contained in this statement is
the somewhat more specialized claim that the index of an elliptic operator
must be invariant under sufficiently small perturbations. By developing
the machinery of distributions and in particular Sobolev spaces, this paper
addresses this more specific part of the famous Theorem from a completely
analytic approach. We first prove the regularity of elliptic operators,
then the finite dimensionality of the kernel and cokernel, and finally the
invariance of the index under small perturbations.
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1 Introduction

This paper defines, and then examines some properties of a certain class of linear
differential operators known as elliptic operators. We investigate the behavior
of this class of maps operating on the space of sections of a vector bundle over a
compact manifold. The ultimate goal of the paper is to show that if an operator
L is elliptic, then the index of the operator, given by

Index(L) := dimKernel(L) — dimCokernel(L),

is invariant under sufficiently small perturbations of the operator L. This is one
of the claims of the Atiyah-Singer Index Theorem, which in addition to the in-
variance of the index of elliptic operators under sufficiently small perturbation,
asserts that in the space of elliptic pseudodifferential operators, operators with
a given index form connected components. As this second part of the Theorem
is beyond the scope of this paper, we restrict our attention to proving the in-
variance of the index.

Section 2 contains a discussion of the constructions on flat space, i.e. Euclidean
space, that we use to prove the main Theorem. Section 2.1 develops the neces-
sary theory of Sobolev spaces. These function spaces, as we will make precise,
provide a convenient mechanism for measuring the “amount of derivative” a
function or function-like object (a distribution) has. In addition, they help
classify these functions and distributions in a very useful way, in regards to
the proof of the Theorem. Finally, Sobolev spaces and Sobolev norms capture
the essential properties of elliptic operators that ensure invariance of the in-
dex. Section 2.1.1 discusses a number of properties of these so-called Sobolev
spaces. Section 2.1.2 states and proves the Rellich Lemma—a statement about
compact imbeddings of one Sobolev space into another. Section 2.1.3 relates
these Sobolev spaces to elliptic operators by proving the basic elliptic estimate,
one of the keys to the proof of the invariance of the index. Section 2.2 applies
the machinery developed in 2.1 to conclude that elements of the kernel of an
elliptic operator are smooth (in fact we conclude the local regularity of elliptic
operators), and that the kernel is finite dimensional. This finite dimensionality
is especially important, as it ensures that the “index” makes sense as a quantity.

The discussion in section 2 deals only with bounded open sets 2 C R™. Section
3 generalizes the results of section 2 to compact Riemannian manifolds. Section
3.1 patches up the local constructions using partitions of unity. Section 3.2 deals
with the primary differences and complications introduced by the local nature
of compact manifolds and sections of vector bundles: section 3.2.1 discusses con-
nections and covariant derivatives, and section 3.2.2 discusses the Riemannian
metric and inner products. Finally section 3.3 combines the results of sections 2
and 3 to conclude the proof of the invariance of the index of an elliptic operator.
The paper concludes with section 4 which discusses a concrete example of an
elliptic differential operator on a compact manifold. A short Appendix includes
the connection between the Index Theorem and the Riemann-Roch Theorem,



and gives an alternative proof of Elliptic Regularity.

Example 1 As an illustration of the index of a linear operator, consider any
linear map 7' : R® — R™. By the Rank-Nullity Theorem, we know that
index(T) = n —m. This is a rather trivial example, as the index of T' depends
only on the dimension of the range and domain, both of which are finite.

However when we consider infinite dimensional function spaces, Rank-Nullity no
longer applies, and we have to rely on particular properties of elliptic operators,
to which we now turn.

The general form of a linear differential operator L of order k is

L= Z aq(z)0%,

lo| <k

where a = (o,...,a,) is a multi-index, and o] = >, ;. In this paper we
consider elliptic operators with smooth coefficients, i.e. with a, € €.

Definition 1 A linear differential operator L of degree K is elliptic at a point
xg if the polynomial

Pry(§) = > aa(w0)®,

|a|=k

is invertible except when & = 0.

This polynomial is known as the principal symbol of the elliptic operator. When
we consider scalar valued functions, the polynomial is scalar valued, and hence
the criterion for ellipticity is that the homogeneous polynomial P, (&) be non-
vanishing at £ # 0. There are very many often encountered elliptic operators,
such as the following:

(i) 9 = 3(dy + i0y), the Dirac operator on C, also known as the Cauchy-
Riemann operator. This operator is elliptic on all of C since the associated
polynomial is P5(&1,&2) = &1 — i€ which of course is nonzero for £ # 0.

(ii) The Cauchy-Riemann operator is an example of a Dirac operator. Dirac
operators in general are elliptic.

(i) N = 88—:2 + %22, the Laplace operator, is also elliptic, since the associated

polynomial Pa(£1,&) = €2 + €2 is nonzero for € # 0 (recall that £ € R?
here).

It is a consequence of the basic theory of complex analysis that both operators
described above have smooth kernel elements. As this paper shows, this holds in
general for all elliptic operators. The Index Theorem asserts that when applied
to spaces of sections of vector bundles over compact manifolds, these operators
have a finite dimensional kernel and cokernel, and furthermore the difference of



these two quantities, their index, is invariant under sufficiently small perturba-
tions.

We now move to a development of the tools we use to prove the main The-
orem.

2 Euclidean Space

Much of the analysis of manifolds and associated objects occurs locally, i.e.
open sets of the manifold are viewed locally as bounded open sets in R" via
the appropriate local homeomorphisms, or charts. Because of this fact, many
of the tools and methods we use for the main Theorem are essentially local
constructions. For this reason in this section we develop various tools, and also
properties of elliptic operators on bounded open sets of Euclidean space. At the
beginning of section 3 we show that in fact these constructions and tools make
sense, and are useful when viewed on a compact manifold.

2.1 Sobolev Spaces

A preliminary goal of this paper is to show that elliptic operators have smooth
kernel elements, that is, if L is an elliptic operator, then the solutions to

Lu=0,

are C* functions. In fact, something stronger is true: elliptic operators can be
thought of as “smoothness preserving” operators because, as we will soon make
precise, if u satisfies Lu = f then u turns out to be smoother then a priori
necessary.

Example 2 A famous example of this is the Laplacian operator introduced
above;

0? 0?
N=—+—.
Ox? + Oy?
While f need only have its first two derivatives for Af to make sense, if f is in
the kernel of the operator, it is harmonic, and hence in C*°.

Example 3 Consider the wave operator,

2
T oy

The principal symbol of the wave operator is Po(¢) = €2 — €2 which vanishes
for &1 = &. Hence the wave operator, [, is not elliptic. Consider solutions to

Of = 0.



If f(z,y) is such that f(z,y) = g(z + y) for some g, then f satisfies the wave
equation, however it need not be smooth.

There are then two immediate issues to consider: first, what if f above does not
happen to have two continuous derivatives? That is to say, in general, if L has
order k, but u ¢ C*. then viewing u as a distribution, u € €~>° we can under-
stand the equation Lu = f in this distributional sense. However given Lu = f
understood in this sense, what can we conclude about u? Secondly, we need
some more convenient way to detect, or measure, the presence of higher deriva-
tives. Fortunately, both of these issues are answered by the same construction:
that of Sobolev spaces.

2.1.1 Definition of Sobolev Spaces

The main idea behind these function spaces is the fact that the Fourier transform
is a unitary isomorphism on L? and it carries differentiation into multiplication
by polynomials. We first define the family of function spaces Hy, for k € Z>o—
Sobolev spaces of nonnegative integer order—and then we discuss Sobolev spaces
of arbitrary order—the so-called distribution spaces.

Nonnegative integer order Sobolev spaces are proper subspaces of L2, and are
defined by:

Hy, = {f € L?|9“f € L?, where by 0° f we mean

the distributional derivative of f}.

We now use the duality of differentiation and multiplication by a polynomial,
under the Fourier transform, to arrive at a more convenient characterization of
these spaces.

Theorem 1 A function f € L2 is in H, C L2 iff (1 + [[2)*/2f(&) € L2
Furthermore, the two norms:

1/2

N T f—>[/ FEOPA+ |e2)F de

|| <k

1/2

are equivalent.

PrOOF. This Theorem follows from two inequalities. We have:

1+ P < 2Pmax(1, [¢%)

€] cyolg?
j=1

IN



where C'is the reciprocal of the minimum value of 37, €¥]% on [¢] = 1. Putting
this all together we find:

L+ < 28max(L, [¢[**) < 281+ [¢[*)

< 2kC |1+ Z | <2k )l
|| <k
This, together with the fact that
h(¢]) = M
Y
2laj<k 1€

is continuous away from zero, and tends to a constant as |£| — oo concludes the
proof. O

Under this second equivalent definition, the integer constraint naturally im-
posed by the first definition disappears. This allows us to define Sobolev spaces
Hg where s € R, and whose elements satisfy:

we Hy < (1+[¢?)*2a(¢) e L2

The elements of H, are not necessarily proper functions, unless s > 0. However,
note that for an object u as above, we know that for any Schwartz-class function
¢ € 8, we have ¢pu € L'. This follows, since

Jlou = [1oa+ 16721 juta + g7

< e+ EP) 2 e -l ulls < oo
By defining the linear functional T, : € — C by T\,(¢) = [u¢ we can view u
as an element of 8’, the space of tempered distributions, the dual space of 8,
the Schwartz-class functions. Recall that a primary motivation for tempered
distributions is to have a subspace of (C5°)* = €~°° on which we can apply the
Fourier transform. Indeed, F : 8’ — §8’, and we can define the general space H,
as a subset of 8’ as follows:

{fes’

From this definition we immediately have: ¢t < ¢/ = Hy C H; since we know
Il - l:<]l - |l+r- Note also that Hs can be easily made into a Hilbert space by
defining the inner product:

| F 1= /|f 21 1 |¢[2)° d§<oo}.

(Flg)s /f (1 + |¢?)° d

Sobolev spaces can be especially useful because they are precisely related to the
spaces C¥. This is the content of the so-called Sobolev Embedding Theorem,
whose proof we omit (see, e.g. Rudin [9] or Adams [1]):



Theorem 2 (Sobolev Embedding Theorem) If s > k+ $n, where n is the
dimension of the underlying space R™, then Hy C C* and we can find a constant
Cs 1 such that

I f(w)] < Co |l fls -

Corollary 1 Ifu € Hy for every s € R, then it must be that u € C*°.

sup|a|§k SuszR"

The Sobolev Embedding Theorem also gives us the following chain of inclusions:
S/D "'DH—\S| BEEE DH0:L2 D"'DH|S\ DEEEED N Cha

We have the following generalization of Theorem 1 above, which will prove very
useful in helping us measure the “amount of derivative” a particular function
has:

Theorem 3 For k € N, s € R, and f € §8', we have f € Hy iff 0°f € Hs_y
when |a| < k. Furthermore,

1/2

[ flls and | > 10°F 24

lal<k

are equivalent norms, and |a| < k implies that 0% : Hy — Hs_, is a bounded
operator.

Hence we can consider elliptic operators as continuous mappings, with L : 8’ —
8’ in general, and L : H;, — H,_j, in particular.

Corollary 2 If u € €= and has compact support, then u € 8', and moreover
u € Hy for some s.

Proor. If a distribution u has compact support, it must have finite order,
that is, 3C, N such that

Tud| <Cl ¢ llev, Vo €CF.

Then we can write (as in, e.g. Rudin [9])
u=> D’fs,
B

where ( is a multi-index, and the {f3} are continuous functions with compact
support. But then fz € €. and thus fz € L? = Hy. Therefore by Theorem 3, u
is at least in H_ . O

We now list some more technical Lemmas which we use:

Lemma 1 In the negative order Sobolev spaces (the result is obvious for s > 0)
convergence in || - ||s implies the usual weak”™ distributional convergence.



PROOF. We show, equivalently, that convergence with respect to || - ||s implies
so-called strong distributional convergence, i.e. uniform convergence on compact
sets. For u,,u € Hy and || up, —u ||[s— 0, and ¥ f € §,

| Jw-wt] = | [ -0
< [l -l

by Plancherel, and then by Young. This yields

/mn—anﬂ - /| L [€12)° (i — )] - [F(1 4 [€2)°)

< Q1P (@ =) [z - LSO+ 1EPD) 7 N2
= Nun—wlls -1 fllsg<lhun —wlls - £k (k= 1s])
= lun—ulls Ol fllex<en [l fller,

where the last equality follows from Theorem 3, and e, — 0. That strong
convergence implies weak™ convergence is straightforward. O

Lemma 2 For s € R and o > %n, we can find a constant C' that depends only
on o and s such that if € 8 and f € Hg, then

| 6f 1< [sup, 6(2)

JIHF 1l +€ 16 Warpsnsoll £l -

The following Lemma says that the notion of a localized Sobolev space makes
sense. This is important, as we use such local Sobolev spaces in the proof of the
local regularity of elliptic operators in section 2.2.

Lemma 3 Multiplication by a smooth, rapidly decreasing function, is bounded
on every Hg, i.e. for ¢ € §, the map f +— ¢f is bounded on Hy for all s € R.

Let @ C R™ be any domain with boundary. The localized Sobolev spaces con-
tain the proper Sobolev spaces. We say that u € H;OC if and only if pu € H, ()
for all ¢ € € (£2), which is to say that the restriction of u to any open ball
B C Q with closure B in the interior of Q, is in H,(B).

The proofs of both of these Lemmas are rather technical. The idea is to use
powers of the operator

A® = [1 = (2m) 2L 2 (8),
and the fact that under the Fourier transform, the above becomes

(A°F)(&) = L+ )2 f(&).

10



2.1.2 The Rellich Lemma

As we saw above, from the definition of the Sobolev spaces we have the auto-
matic inclusion Hy C Hy whenever ¢ < t’. In fact, a much stronger result holds.
Recall that if ¢ < ¢, the norm || - ||¢ is weaker, and hence admits more compact
sets. The Rellich Lemma makes this precise.

Theorem 4 (Rellich Lemma) Let Q C R™ be a bounded open set with smooth
boundary 1. Ift' >t then the embedding by the inclusion map Hy (Q) — Hy(Q)
is compact, i.e. every bounded sequence in Hy () has a convergent subsequence
when viewed as a sequence in Hy ().

An operator is called compact if it sends bounded sets to precompact sets. This
is precisely the content of the second part of the theorem.

PrOOF.  Take any bounded sequence {f,} in Hy. We want to show that
there is a convergent subsequence that converges to f € H; for any t < t’. In
fact, since the Sobolev spaces are Banach spaces, we need only show the exis-
tence of a Cauchy subsequence. Again we exploit the properties of the Fourier
transform. By assumption, our domain 2 C R” is bounded. Then we can find
a function ¢ € €°(R") with ¢ = 1 on a neighborhood of Q. Since the f,, are
all supported on 2, we can write f, = ¢f, and therefore

Fa(€) = (02)(€) = fn = * fn.

But since the Fourier transform takes Schwartz-class functions to Schwartz-class
functions, i.e. F: 8§ — 8, ¢ € S and therefore ¢ * f,, must be in €*. Then by
the Cauchy-Schwarz inequality and some algebra, we find

L+ P21 @1 < 2"V & e[| Fon Nl -

But since ¢(¢) € S so is P(€) - ¢(£) for any polynomial P(¢). In particular,
similarly to the above inequality we easily find that for j =1,...,n,

(1+[€12)" 210, fu(©)] < 2V || 2i ;b |1/ f llir -

Now by our boundedness assumption, we must have || f,, ||+ < Cy for all f,.
But then by the two equations above, the family {f,} is equicontinuous. Since
we are on a complete metric space, we can apply the Arzela-Ascoli Theorem,
which asserts the existence of a convergent subsequence fkn which we rename
to fn By the Theorem, this subsequence converges uniformly on compact sets.
In fact, more is true: f, converges in H;(Q) for ¢ < ¢’. To see this, take any

n fact this Theorem holds for more general conditions. In particular, Q need only have
the so-called segment property. See Adams [1] for a full discussion.

11



M > 0. Then,
nn—nm%:‘/ (14 121 f — Fn 2(6) de
€|<Mm

+/ (L4 ER) (Lt €)1 Fo — Fonl2(€) e
[&|>M

< [Sup\EISM \fu — fm|2(€)} /|£|<M(1 + 1€ d¢
+u+MW4/' (U4 €2 o — FuP(6) de
|£]>M
< [supgen o= FuP©] [ (1 iy

lgl<M
+(L M| fo = fon [I7
Now ¢’ > ¢ strictly, implies that ¢ — ¢’ < 0. Therefore since || fn, — fm & is
bounded by 2C}/, the second term in the final expression becomes arbitrarily
small as we let M get very large. Now the first term may also be made arbitrarily

small by choosing m,n sufficiently large, for we know from Arzela-Ascoli that
since {|¢] < M} is compact,

SUP|¢|< M |fn — fnl2(€) — 0 as m,n — oo.

Since the expression fl €< A (L+[€])F d€ is finite and moreover independent of

m,n, that f, is a Cauchy sequence in Hy(Q2) follows, concluding the Rellich
Lemma. (|

2.1.3 Basic Sobolev Elliptic Estimate

In this section we discuss the main inequality that elliptic differential operators
satisfy, and which we use to prove the local regularity of elliptic operators in
section 2.2.1, and then to prove key steps in the main Theorem in section 3.3.

Recall the definition of an elliptic operator: A differential operator

L= Z aq ()0,

|l <k

where a,, € C%°, is elliptic at a point z( if the polynomial

Pry(§) = > aa(w)s”,

lee|=F

is invertible except where £ = 0. Note that the polynomial P, () is homoge-

neous of degree k and therefore letting Ay, = minjg=1 |>2), <y @a(20)|, we

12



have the inequality
D aa(o)e®| > Ay l¢)*.
loe| <k

We say that L is elliptic on 2 C R™ if it is elliptic at every point there. Note
further that since we have a,, € C*, if L is elliptic on a compact set, then there
is a constant A satisfying the above inequality for all points zg. We are now
ready to prove the main estimate.

Theorem 5 If L is a differential operator of degree k, with coefficients aq €
>, and is elliptic on a neighborhood of the closure of an open bounded set that
has smooth boundary, Q C R™, then for all s € R there exists a constant C' > 0
such that for any element u € Hy(Q2) with compact support, u satisfies:

[ulls< CU L sk + || w lls—1)-

Proor.  Following Folland’s development, we prove this Theorem in three
steps:

(i) We assume that a, are constant, and zero for |a| < k;
(ii) We drop the assumption on the constant coefficients a;
(i4i) Finally we prove the general case.

Thus first assume we have

Lu= Z aq,0%u.

la|=k

Taking the Fourier transform and using the duality of differentiation and mul-
tiplication by polynomials we have:

(Lu)(€) = 2r)* Y aqt™a(é).

|a|=k
Then with some algebraic manipulation we have:
(1 + 1€l la(e)l? L+ €A+ ¢ laE)®
< 2+ ) MA@ + 25 (1 + ) Flace)
< (14 € MO + 28 A2 (1 + |2 F Lu(e) >

The second inequality follows because if the a, are constant, surely we can
choose some A independent of xg such that ’ZIGKk aa(20)E%| > Ay l€]F, ie.
such that the above holds. Now integrating both sides yields:

28 || w |2 , +25A72 || Lu |2,
(A2 || Lu |2y + [ w |1220),

Il 13

IA A

13



and finally for a proper choice of constant, Cy = 2¥/2 max(A~',1), we have the
desired inequality:

[l lls < Coll Lu fls—k + [ w l[s—1)-

For the second step, we still assume that the lower order coefficients of the
operator are zero, but the highest order terms are not restricted to be constants.
The idea behind the proof is to first look at distributions u supported locally in
a small §-neighborhood of a point zy, and to show that the desired inequality
holds by comparing the operator L with the constant coefficient operators L, :=
Z|a\:k aq(x9)0%, i.e. operators which satisfy the inequality of the Theorem
by step 1 above. After this, we use the fact that closed and bounded implies
compact in R™ (Heine-Borel) to choose a finite number of these J-neighborhoods
around points {z1,...,zy} to cover . Finally, we use a partition of unity
subordinate to this covering to show that in fact the inequality holds for a
general u € H (). Now for the details. By step 1 above we have the inequality:

[ lls < Colll Lagu [ls—x + [l w lls-1);

for Ly, as above. Since the coeflicients are smooth, we expect that in a small
neighborhood of any point xg, the constant coeflicient operator L,, does not
differ much from the original operator L. If we write any distribution u as
u = Zil Ciu for {¢;} a partition of unity subordinate to some finite open
cover, we will be able to take advantage of this local “closeness” of L and L.
We must first estimate this “closeness”:

| Lu = Loyt as= | 3 [aa() = aa(wo))ou

|a|=k

s—k.

Note that since €) is a bounded set, we can assume without loss of generality
that the coeflicient functions a, (z) actually have compact support. Then there
exists a constant C; > 0 such that

lao(x) — an(z0)] < Cilz —x0] (loof =k, z € R", 29 € Q).

Choose 0 = (4(2mn)*CyCy1)71, for Cp, C; as defined above. Also choose some
@ € C2°(B2s(0)) such that 0 < ¢ <1 and ¢ =1 on Bs(0), and some ¢ supported
on Bjs(xg) for some zg € Q. Using this, and the well chosen constant J above,
we have:

1

SuP, [6(@ — 20)[aa (@) — aa(@0)l| < C1(20) = Zo e

and hence using Lemma 2 and Theorem 3 above, we have for any =,

I {aa(2) = aa(20)]0%(Cu) sk = | ¢z = z0)[aa(z) — aa(20)]0%(Cur) [|s—k

1 N .
< sy 10°(60) o +Ca 0760 ey
1 k
G
= 2k, | u s +(2m)"Ca || Cu ||s—1,

14



where Cy depends only on || ¢(z — zo)[aa(z) — aa(20)] [[|s—k—1]4n+1 and in
particular, does not depend on zy. Now since we are working in R", and |a| = &
there are at most n* multi-indices a, and therefore we have,

I L(Cu) = Ly (Cu) s < Y Il aa(@) = aa(z0)]0*(Cu) [ls—s

lo| <k

1
2Co G fls +2an)*Ca | Cu [ls—1 -

Then by the good old triangle inequality and also step 1, we have:
[ Culls < Colll L(Cu) [ls—k + [| L(Cu) = Lay (Cuu) ls—r + || Cu [[s—1)
1
< Goll L(Cw) lls—k +5 Il Culls +[(2mn)*C2 +1]Co || Cu ls-1,

and then taking C3 = 2[(2mn)¥Cy + 1]Cy (which thanks to the above develop-
ment is independent of zy) we have

I Cufls< Ca([] L(Su) lls—x + | Cu fls—1)-

But now we are almost done. For since 2 C R is compact, it is totally bounded,
and hence can be covered by a finite number of é-balls Bs(x1), ..., Bs(xn) with
z; € Q. Then if we take a partition of unity {(;} subordinate to this cover, we
have for any u € Hs(Q)

N N
halle = g <> 16l
1 !
N
< O ) (I L) llsmn + Il Giu [l s—1)
1
N
= G Z(H GLu |ls—x + || [L, Glu [[s—k + [ Gu fls—1)
1
< Cu(ll Lu Jls—k + [l w [ls=1),
as desired. Note that in the third line above [-, -] denotes the usual commutator

operator, defined by [A, B] = AB — BA. The final inequality follows from the
fact that if L is a differential operator of order k, {; a smooth function, then
[L, ;] is an operator of degree k — 1.

We are now finally ready to prove the general case. Then suppose L is an elliptic
operator of degree k. We can write L = Lg 4+ L; where we have

Ly = Z ao ()0, Ly = Z aq(z)0%.
la|=k la| <k

Note that L;, while it need not be elliptic, is an operator of degree at most
k — 1. Then by assuming again that its coefficients have compact support, we
can apply Lemma 3 and Theorem 3 from above, to get:

| Lyt s < Cs || w [[s—1 -

15



Since step 2 applies to Ly, we have:

[ulls < Calll Lou+ Liu— Lyu |ls—k + [l u [[s-1)
< Culll (Lo + La)u [ls—x + [| Law fls—k + [l [ls-1)
< Ca(Cs+ 1) Lu [[s—k + [ w [ls-1),
which completes the proof. (I

2.2 Elliptic Operators

Armed with the above inequality, we are ready to prove some of the mapping
properties of elliptic operators. In particular, we prove the local regularity of
elliptic operators, and the the finite dimensionality of the kernel and cokernel
of elliptic operators. First we prove local regularity.

2.2.1 Local Regularity of Elliptic Operators

The goal is to show that elliptic operators in general possess some “smoothness
preserving” properties, as do the Laplace and Cauchy-Riemann operators which
are elliptic. In this section we take a pointwise approach. For an alternative
proof emphasizing the “smoothing” properties of elliptic operators, see section
B in the Appendix. We prove this in two steps, proving first a Lemma and
then the Theorem. This is where the Sobolev machinery is especially helpful,
as we are exactly trying to “measure” the amount of derivative a function has.
Before we go on to prove the regularity of elliptic operators, we need to define
one more “derivative measuring” tool to go along with the Sobolev spaces:
Difference Quotients (a method due to Nirenberg [7]). Difference quotients are
essentially approximations to a function’s partial derivatives, and they provide
a mechanism for determining when df € Hg when all we know a priori is that
f e H,.

Definition 2 If f is a distribution, we define the family of distributions Al f
by
i 1
Ahf = E(fhei - f)a

where fp., is defined as the translation of f by he; (and of course the translation
is defined in the distributional sense: ( fy, ¢) = (fo, ¢—» )) where e; denotes an
element of the standard basis for R™. The following Theorem gives a necessary
and sufficient condition for f € H;.

Theorem 6 Suppose f € Hg for some s € R. Then

1 0:f s = Timsupy, o | ALF [ls -

In particular, 0;f € Hy iff ALf remains bounded as h — 0.
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PrROOF.  Recall that multiplication by a rotation is the dual of translation
under Fourier transform. Therefore we have

(BINE = 3 (Free— 1)
S GO RS
o mihe, SINTAE; -
= i IS .

Now recall that || u||2= [ |a|*(1 + |£|?)® d¢, and therefore we have

I AL s

/ (1+ [€)° (1A ()[2) de
< / (14 |€[2)° 2nE £ (6) 2 de

= larli.

The last inequality comes from the fact that |sinz| < |z|. Note that if || 0;f ||
is finite, then we can apply Lebesgue’s Dominated Convergence Theorem (using
sinazx/a — ) to get equality in the last inequality above, therefore yielding

limsupy, o || A 12 <11 0:f 2,

with equality if || 8; f ||2< oo.
Conversely, suppose || 9;f ||2>= oo. Then for any N, we can find some M such
that the truncated integral over [—M, M] is greater than 2N. But since

sin ax
—sx asa—0

a

we can find some h sufficiently small such that b’ < h implies that || A%Lf [|2> N,
and is hence unbounded as h goes to zero, completing the proof. O

This is the main Theorem about difference quotients, which explains why they
are useful for our present needs. We state without proof two other results about
these difference quotients:

Lemma 4 If s € R and ¢ € 8, then the operator [}, ¢, defined by the usual
commutator operation [A, B] := AB — BA, is bounded from Hs — H, with
bound independent of h.

Corollary 3 If L is a linear differential operator of order k, then [A}, L] is a
bounded operator from Hy — H,_, with bound independent of h.

Now we are ready to prove the regularity of elliptic operators.

Theorem 7 IfQ) C R"™ is an open bounded set, L is an elliptic differential oper-
ator of order k with C® coefficients, and if u € HYC(Q) and Lu € HI¢ (),

s—k+1
then u € Hslg_cl(Q)
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PROOF. From our definition of the spaces H1°¢(2), we know that u € Hl?rcl (Q)
iff pu € H,yy for all ¢ € CX(Q). By assumption, u € HI°¢(Q) and Lu €
Hi?% +1(9), and therefore we must have

L(¢u) = pLu+ [L,plu € Hg_41,

because as we have already seen, [L, ¢] is an operator of degree at most k — 1,
and hence we can apply Theorem 1 and Lemma 3 above. Then by Corollary 3
above, and the basic Sobolev elliptic estimate (Theorem 5), we have:

| &3(u) s < Ol LAKGU) 5=k + || Ajdu) [ls—1)
< Ol AIL(9u) [ls—k + || [L, A3)(0u) sk + | A4(¢u) [ls-1)
< Ol ARL(Gu) lls—r +C" || dulls + || A4(eu) [ls-1),

where the second inequality above follows by the triangle inequality, and the
third by Corollary 3. Now note that since we already established L(¢u) €
H,_j+1, and ¢u € H, by assumption, their respective Sobolev norms are finite.
Then by Theorem 3, || 9;L(¢u) ||s—r< oo and || 9;(¢u) ||s—1< oo. But then by
Theorem 6, the right hand side of the last inequality above must be bounded
independently of h as h — 0, and therefore the lefthand side is bounded as
h — 0. Applying Theorem 6 again, we find that || 0;(¢u) ||s must be bounded,

and hence ¢u € Hz 1. Since ¢ was arbitrary, we have u € Hﬁ‘{ as required. [

Theorem 8 Suppose 2, L are as above, and u, f are distributions such that
Lu=f. If f € HYY(Q) for some s € R, then u € Hslf_ck(Q)

ProoF. This proof is essentially a repeated application of the previous Theo-
rem. Again, to conclude that u € Hljg’_%(Q) we must show that V¢ € C°, we have
¢u € Hsy. Then choose some ¢ € C2°. Now choose a function ¢g € C2° such
that ¢g = 1 on a neighorhood of supp(¢). As a Corollary to the Sobolev Embed-
ding Theorem (Theorem 2) and Theorem 3, we know that any distribution with
compact support is an element of Hy for some ¢’ € R. Then ¢qu € Hy for some
t'. Since H; D Hy for every t < ', we can find some t < ' such that ¢ou € H,;
and N = s+ k —t € N. We have chosen ¢y. We now choose ¢1,...,¢x. Note
that supp(¢) S supp(¢o). Then, we set ¢y = . We define the other functions
as follows: take ¢ € C° such that ¢1 = 1 on a neighborhood of supp(¢), and
such that ¢, is supported in the set where ¢y = 1. Similarly, take ¢; € C2° such
that ¢; = 1 on a neighborhood of supp(¢), and supp(¢;) C {z|¢;—1(x) = 1}.
We will show that ¢;u € H;;, and hence that ¢u = ¢pyu € Hypny = Hypy, as
required.

The proof of this is by induction. The base case is trivial since ¢pou € Hy
by assumption. Then assume that ¢ u € Hy4;. Consider ¢;u. Since ¢; =1

on the support of ¢;41, we have

Gjr1u = Qj1105u,
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and since ¢;u € H;y; by inductive assumption, we must also have ¢; 1u € Hyy ;.
Furthermore, we must also have

L(¢ju) = Lu= f on the support of ¢; 1.
This yields:

L(¢jriu) = L(pjr10u)
bir1L(pju) +[L, ¢j11](Pju)
djr1f +[L, dj41](dju).

Now, [L,¢j+1](¢p;u) € Hiyj_k41 because [L,¢p;41] is an operator of order at
most k — 1. Meanwhile, ¢;,1f € Hs by assumption. But then we have

L(¢jr1u) € Hyyjpy1, and ¢jpiu € Heyy.

But now we can apply the previous Theorem to conclude that in fact we must
have:

loc
qu_Hu S Ht+j+1 = pnu = ¢u S Hs+k =uc Hs-',—k?

concluding the proof. O

We have proved something considerably stronger than the fact that the elements
of the kernel of an elliptic operator are smooth. In fact, our result quickly im-
plies the smoothness of the elements of the kernel. For if u is in the kernel, it
satisfies Lu = 0. Since 0 € @* for any k, then we also have v € H, for all s,
which implies that u € €, as claimed.

2.2.2 Kernel and Cokernel of Elliptic Operators

In this section we show that essentially as a consequence of the basic Sobolev
elliptic estimate, elliptic operators on compact spaces must have finite dimen-
sional kernel and cokernel, and also have closed range, i.e. they are Fredholm.
While we have not yet discussed compact manifolds, we see in section 3 that
while the work done in section 2 carries over easily, the global versus local nature
of the manifold and the individual choices of coordinate neighborhood introduce
various complications. We postpone the discussion to section 3, and we prove
the above statements for compact sets in R™.

As a preliminary step, we verify that the notion of kernel makes sense inde-
pendently of the Sobolev norm being used.

Proposition 1 If f € Hy and || f ||2= 0, then || f ||s=0.
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This is an immediate consequence of the definition of || - ||:
I7le=0 = [IF=0= [If1=0
= 1f(©1=| [ feeas] < [1f)de =0
= 1 F 1= [ ERyIFQR b = o

Theorem 9 If L is an elliptic operator on a compact set Q C R™, then the
dimension of the space of distributions in the kernel of L is finite.

PROOF. Recall the basic Sobolev elliptic estimate of section 2.1.3:
[ulls< CUl Lu l[s—k + [ w lls—1)-

Note that by the Regularity Theorem, we are considering positive order Sobolev
spaces, which are subsets of L?. Since L? is a Hilbert space, if kernel(L) is
infinite dimensional, we can take an infinite family of orthonormal functions in
the kernel, say

S = {ul,u2,. }

For u € Span(S) we have Lu = 0 and hence the elliptic inequality above becomes
fulls< Cllufls-

But this means that if the {u,} are normalized in L? = H,, then they are
bounded in Hj for any k € N, and in particular they are bounded in H; for
some s > (. But then by the Rellich Lemma, the infinite sequence is compact in
L2, and therefore contains a convergent subsequence, contradicting the assumed
orthonormality of the sequence. Alternatively, by the basic Sobolev elliptic
estimate and the Rellich Lemma, the kernel of L is locally compact, and hence
finite dimensional. But in fact we do not have to rely on something as powerful
as the Rellich Lemma. For the inequality || u ||s< C || u ||s—1 combined with
Theorem 3 asserts that
|| Vu,; ||L2S M7 VTL,

for some M, hence the family is equicontinuous and we can apply the Ascoli-
Arzela Theorem to conclude the same contradiction. In either case the contra-
diction proves that the kernel of the elliptic operator is finite dimensional. [

We now would like to prove a similar fact about the cokernel of any elliptic
operator L. The first result proved below gives a convenient representation of
the cokernel of L in terms of the kernel of the adjoint. Implicit in any discussion
about cokernel and adjoint, lies the issue of which inner product to choose. For
a general elliptic operator L of degree N, we have L : Hyyny — Hg, while its
adjoint maps L* : H; — Hgyn. Then the adjoint operator would be defined by
the relation:

<Lf7 g>Hs = <f7 L*9>H3+N'
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We denote this adjoint by L*, and the adjoint defined by the usual L? inner
product by L. Since we care only about the kernel of the adjoint, we can
avoid such formalism and use the L? inner-product and hence the L? adjoint
LT, throughout, because by the Elliptic Regularity Theorem (Theorem 8) the
elements of the kernel are smooth, and they have compact support. This is the
content of the following Proposition.

Proposition 2 If n € L? and L*n = 0 then n € C® and L'y = 0, and con-
versely.

PROOF. The adjoints L* and L' are both defined distributionally. Therefore
it does not make sense, a priori to use the L? adjoint LT on the entire domain
of L*. However, if L is an operator of degree k, the two adjoints are related by

1
L= ———1If.
(1—A)
Therefore L* is elliptic iff LT is. Therefore by elliptic regularity the L? adjoint is
defined on any element of the kernel of L*. Moreover, taking Fourier transforms
we have

L*n=0 — I'p=o0
n = (1—A)k n
1 N
-~ —_Ith=0
T+
= LJ'77:07

and therefore 7 is in the kernel of LT if it is in the kernel of L*. The converse
holds similarly. O

Therefore we are justified in using the L? adjoint throughout. From now on
we use * to denote an operator’s adjoint. This having been said, however, we
prove the next result in the most general context of a linear operator mapping
between Hilbert spaces D and R.

Proposition 3 If L : D — R is a linear differential operator with closed
range, then cokernel(L) = kernel(L*).

Proor. We will show that
kernel(L*) = L(D)* =2 R/L(D) = cokernel(L).
We know that if S C R then
Sti={veR|(s,v)=0, Vse S},
is a closed linear manifold. Furthermore, (SJ-)J' is the smallest closed linear
manifold containing S. Then since L(D) is closed by assumption, (L(D)J-)J' =

L(D). In particular, we have

R = L(D) & L(D)*.
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This implies that the projection
7: L(D)t — R/L(D),

is surjective. Since L(D) N L(D)+ = {0}, the projection is also injective, and
therefore it is an isomorphism. To show kernel(L*) = L(D)*, take v € L(D)*.
Then by definition of perpendicular space, ( Lu, v) = 0 for all u € D, in other
words (u, L*v) =0 for allu € D. But L*v € D, and the only element of D that
is orthogonal to everything is 0. On the other hand, if we have v € kernel(L*),
then L*v = 0, and hence

(u, L*v) =(Lu,v) =0, VYu €D,
which implies v € L(D)*, concluding the proof. O

We now prove the missing link to the Proposition above.

Lemma 5 If L is an elliptic operator, L : H; — H,_y, then it has closed
range.

We specify the Sobolev spaces in order to fix the norms, and hence the notion
of convergence and closure.

PrROOF. We want to show that if {g; = Lu;} is a convergent sequence, then it
converges to some g = Lu. Since the kernel is a closed linear manifold, we can
write

D = kernel(L)* @ kernel(L) =V @ V.

Then for any element u € D we can write u = my 14 + myu uniquely. Therefore
Lu = L(my1u+ myu). We need to show that if Lu, is a convergent sequence,
then L(my1uy,) and L(myuy,) both converge to some L(myru) and L(myu) re-
spectively. The second is clear, for L(myu,) converges to L(myu) = 0 since for
any u € D, we have L(myu) = 0. Showing the first is somewhat more tricky.
Since Hy is a Hilbert space, it is in particular, a Banach space, and thus it is
enough to show that if {Lu;} is Cauchy, then so is {u;}. This will follow if we
can show that
I L fls k> K[ ls -

Suppose the inequality does not hold for any constant K. Then we can find a
sequence {u,} € Hy such that

1
| Lun [|s—k< = [l un |Is
n
- 1
& || Ly [[s—x< —,
n

where
Unp

(K

Up =

eS={ue H| ||uls=1}
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Thus we can find a sequence {u,} in S with || Lu, ||s—x— 0. Now S C H, is
bounded, and therefore by the Rellich Theorem (Theorem 4) S C Hs_; must
be compact. Then we can find some subsequence u,; that converges to some
w € Hy_1. Then by the basic elliptic estimate we have

1= Un; s < C(] Lunj lls—r + |l Un; lls—1)-

But the right hand side converges to || u ||s—1 and therefore || u [|s—1> C~*
and therefore u # 0, contradicting the assumption that the kernel is trivial.
Therefore there must indeed be some constant K for which the inequality

| Luf[s—k = K || u s,
holds, completing the proof. ([l

This concludes the proof of finite dimensionality of the cokernel as well as the
kernel. For while we have not discussed in detail the adjoint operator, the next
section shows that if L is elliptic, then so is L*. The idea is that ellipticity is
only a condition on the highest order terms of the operator, and the adjoint of
these highest order terms is a nonvanishing multiple of them, and hence L* is
elliptic iff L is. This all depends upon the analogue of the above Theorems and
Definitions to compact manifolds with coordinate charts. To this we now turn.

3 Compact Manifolds

We remark that already there appears a deficiency in the discussion up to this
point. For the compactness of the space where the functions are defined is cru-
cial for the proof to work—indeed consider the harmonic functions on C. They
are the kernel of an elliptic operator, and are certainly not finite dimensional.
However, the majority of our discussion has been about bounded open sets in
R™. The point is that we want to apply the above theorems to compact mani-
folds, not just to bounded sets in Euclidean space.

Then in this section, we discuss the application of the above techniques to
spaces of sections of vector bundles over compact manifolds. In addition, we
must discuss the analogues of various concepts from Euclidean space, in the
context of compact manifolds. These are, in particular, differentiation, which
gives the appropriate form of the differential operator, and integration, which
provides a norm, an inner product, and hence an operator’s adjoint.

3.1 Patching Up the Local Constructions

Our definition of elliptic operators is pointwise, and thus immediately carries
over to compact manifolds. Our definition of Sobolev spaces depends upon the
definition of integration and differentiation, however as soon as these are de-
fined, there is nothing local about the definition of Sobolev spaces. Then we
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need only show that the two tools we developed in section 2, namely the Rel-
lich Lemma and the basic Sobolev elliptic estimate, hold for compact manifolds.

The Rellich Lemma is the easier of the two to adapt. The Rellich Lemma
is a theorem about the compactness of the embedding operator: Hy — H; for
t’ > t. Consider any sequence of functions {f,} € Hy, and any partition of
unity {¢;}7*, subordinate to a finite cover of bounded sets {U;} of the manifold
M™. Then the Rellich Lemma as proved in section 2.1.2 above holds for (; f,
for each 7. Therefore by passing to a subsequence once for each i we conclude

that it holds for compact manifolds.
We now prove that the basic Sobolev elliptic estimate holds for functions f €

Hy(M™). Let {U;} and {(;} be as above, and for convenience write f; = (;f.
By the result of section 2.1.3 we have, for L an elliptic operator of degree k,

I fills< Cilll Lfi lls—x + || fi lls—2)-

Then we have,

17 1= 305
=1

A

< S5l
=1

< D Gl Lfi lls—x + 1 fills=)

S

=1
< mCy (| Lfj+ lls— + Il fi= ls—1)
= mC (|| [L, G=]f + G Lf ls—x + || G f Mls=1),

where j* indicates the index of the largest term in the sum. Now using the fact
that 0 < ¢; < 1 and that [L,(;+] is a differential operator of degree at most
k — 1, we have:

1 f s < mC (|l [L, G ]S + G Lf Nls—ie + 1 G f Hls—1)
< mCy= (L, Gl f Mls—k + | GoLf o=k + 11 G f lls—1)
< K([Lf ls—k + 11 £ ls=1),

and therefore this estimate holds for functions defined over the entire manifold.

3.2 Differences from Euclidean Space

We are now interested in applying our linear differential operators to spaces
of sections—continuous maps from a compact manifold to a vector bundle 7 :
V — M™ such that when composed with 7 equal the identity. We understand
and manipulate sections by examining them locally via the vector bundle’s local
trivializations, regarding the sections as functions, i.e. by studying a section’s
representations with respect to a local trivialization. Suppose that {U;} is a
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covering of our manifold M™ by local coordinate neighborhoods, and {h;} are
local trivializations of the bundle, i.e.

hi(n 1 (U)) 2 U; x C™.

Recall then, that the so-called transition functions of the atlas (h;) are a set of
functions
Gij : U; N Uj — GL(TL, C),

given by
h‘] Oh’i_l(xay) = (m,g”(x)y),

that satisfy a cocycle relation: g;;g;1r = gir on U; NU; N Uy. It is through these
cocycles that the local representations of sections are related. For f a section,
the local representation on U; is defined as the function f; : M™ NU; — C"
that satisfies

hio f(z) = (z, fi(x)) € U; x C™.

These local representations are related by the cocycles as follows:
fi=gi;f; mU;NU;j,

where recall that by f; we really mean the n-tuple of functions { fik}’,::l. Now
the trouble (or some might say the fun) begins.

3.2.1 Connections and the Covariant Derivative

We would like differential operators, in particular the single derivative D; to be-
have in a similar fashion as it behaves in Euclidean space—by sending functions
to functions, and section representations to section representations. However,
under the usual definition of derivation, if we let superscripts denote the partic-
ular coordinates of a function, and subscripts denote coordinate neighborhood,
we have:
off i (g2 £
e = )
= ag” fﬁ 8fﬁ
2] ozl

o (01 o) L 095,
- gijﬁ (8;1+<(91jﬁ) Y95 >fﬁ>
[3

for A some nonzero term, demonstrating that a section’s derivatives do not trans-
form via the cocycles {g;;}. Therefore if we understand derivatives in the same
sense as on Euclidean space, the derivative of a section’s local representation no
longer transforms like a local representation. The solution to this problem is to
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adopt a slightly different notion of a derivative that behaves sufficiently like the
derivative on Euclidean space, e.g. satisfies Liebnitz’s product differentiation
rule etc. If we consider the tangent bundle over a manifold, then we can think
of sections as vector fields. Then asking for a “derivative” that sends sections
to sections is like asking for a relation between the tangent spaces at different
points of the manifold. For this reason, even on arbitrary vector bundles this
new “derivative”, called a covariant derivative, which is compatible with the
cocycle relation, is defined by a local tensor on the manifold, called a linear
connection. Suppose that for each of the local neighborhoods of the manifold
we have a matrix of 1-forms with elements:

a®? .= a5P (2)da' + a3’ (x)dx? + - - - a2P (2)da™,

where «, 3 range over 1,...,m for m the dimension of the fibres of the bundle
over M™. Suppose further that these matrices transform on the intersection of
two local coordinate neighborhoods U, U according to the rule:

&aﬁ _ gaa(aaﬁy + (971)05 dgé’y) (971)"/5 )

Straight computation verifies that the covariant derivative, defined by the rules:

« 6 @ «
Vi = S et
« 6 e «
(Var) = 9 et
(Vo) = S5+ aP @),

transforms by the transition functions g*%:
v « af B
(Vif) =g ;1)

(Note that in the above to simplify notation and make the result more trans-
parent we use the convention of implied summation on repeated indices). Fur-
thermore, it is straightforward to verify that the covariant derivative defined in
this manner, satisfies the rules of calculus which the usual derivative satisfies
(e.g. Liebniz’s product rule). The next Theorem guarantees the existence of
connections.

Theorem 10 If 7 : V. — M is an arbitrary vector bundle over a compact
Riemannian manifold, then there exists a connection on V by which we can
define the covariant derivatives of smooth sections.

PrROOF.  We prove this by a naive approach. Since M is compact, we can
choose a finite subcover Uy,..., Uy of coordinate neighborhoods for M. The
idea is to fix a well behaved connection on one of the neighborhoods, and then
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use the transformation laws above to find the connection in the other neigh-
borhoods, multiplying by bump functions whenever necessary, to remove sin-
gularities. Such a procedure is justified by the fact that differentiation is a
pointwise operation. Then consider U;. On this neighborhood, define the co-
variant derivative in the direction of the i** basis vector to be the same form as
the usual derivative for all 4, that is, let the connection matrix be zero in this
neighborhood. Now consider any other coordinate neighborhood U; such that
Uy NU; # (. Choose a bump function f; that is supported on a neighborhood
of M — Uj, and identically 1 on M — U;. Then multiplying the transformation
of the connection by this bump function, we obtain a well behaved connection
on Uj that transforms consistently with the transformation laws with the con-
nection on U;. We can continue this process as long as we do not encounter
any singularities that happen to lie on the boundaries of the coordinate neigh-
borhoods. We can avoid this case by slightly deforming the boundaries of the
coordinate neighborhoods. Then continuing this process of transforming and
then bumping, we obtain a connection in a finite number of steps, thus proving
the Theorem. (]

3.2.2 The Riemannian Metric and Inner Products

Having understood the derivative in a manner consistent with the transition
functions of a particular vector bundle, we have a reasonable notion of the
meaning of a differential operator that operates on a section space. The natural
question then is how can we understand the adjoint operator in this context.
There are several other notions from analysis on Euclidean space that must be
generalized and made sense of globally on a compact manifold before we can
continue our analysis. In particular, in R” we have a well defined, that is, a
globally defined, definition of distance—we have the usual Euclidean metric. In
addition, we have the usual inner product on R™ (which of course yields the
metric). This inner product on R™ gives us the inner product on spaces of
functions mapping to R™. Indeed for f, g square integrable functions, we have

<f79>?=/<f,g>Rndac.

And it is in this context that we can define the adjoint operator. Then we have
two tasks: to find a suitable notion of a metric on a manifold, and also of an inner
product for sections of an arbitrary vector bundle. It turns out that both these
problems are related; in fact, finding a suitable metric on a manifold reduces to
the more general problem of defining an inner product on some vector bundle,
even when the manifold does not naturally have the structure of a vector space.
Consider the problem of computing the arclength of a curve on a manifold M™.
Certainly if we can do this, we have a metric. In R™ if we are given the curve
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a(t), and say t € [0, 1] we can define,

arclength(a)

/ (a'(t),a/(1))"/?
0
1/2

[fEe)

0 Li=1 dt ’
where o/(t) is the velocity vector. But on any manifold (including R™) these
velocity vectors are elements of the tangent bundle. In Euclidean space, the
fact that we are integrating sections is obscured because the tangent bundle
is trivial and isomorphic to the manifold itself, R™. Nevertheless, we see that
as soon as we know how to define a suitable inner product on a vector bundle
w:V — M, we also have a metric on M. Significantly, it is this metric, called
the Riemannian metric, that yields the volume form and therefore allows us
to integrate functions over the manifold, and hence determine membership in
the various spaces, LP(M) and H¢(M).

If f,g are sections of V, then for x € M™, f(z),g(x) are vectors in the fibre
V. above {x}, which we realize as elements of R via the local trivializations
hy, (x € U;). While the hy, locally are isomorphisms, there is nothing in-
herent in their definition that ensures that transformation between the local
trivializations hy, and hy, respects the inner product. Therefore the expression
(f(x), g(x) )rn really makes no sense unless a particular coordinate neighbor-
hood and associated local trivialization are specified.

The usual inner product on R™ is defined as a symmetric bilinear form; with
respect to the standard basis, this takes the form of the identity matrix. There-
fore we need to define another such symmetric, positive definite, bilinear form
for vectors in the vector bundle V', that is independent of the choice of local
coordinate patch. Recall that a tensor b(-,-) of second order is a bilinear form,
and we write

b(’U,’LU) = b(z Vi €4 ij(ij) = Zbijviwj,
1 1 .7

where the {e;} denote the basis vectors of the fibre containing v, w. Further
recall that if {é;} forms another basis, and the two bases are related by é; =
>, Gijei, then

bij = b(éz, éj) = Zaikaﬂbkl.
k,l

Then, if we let the a;; be the transition relations on the vector bundle, the
expression b(v, w) is independent of local representation for v,w € V. Therefore
in the intersection of two neighborhoods U, U we have Gij W = gijvw. If the
tensor is also symmetric and positive definite, this gives a globally defined “inner
product” on the fibres of the bundle V. If the bundle V is the tangent bundle,
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the tensor, suggestively denoted (-, - ), for p € M, yields the Riemannian metric,
as discussed above. For a general bundle V', we have defined an inner product
on the space of square integrable sections, for the expression

(f.9)s = / b(f(x), g(x))d(vol),

is a positive definite symmetric, bilinear form on the sections of the vector
bundle 7 : V. — M™, that is independent of the local representations chosen.
With this inner product, we can find the adjoint of any linear operator, as it is
defined by the equation:

(Tv, w)sy = (v, T"w) 7.

To appreciate the differences between general compact manifolds and Euclidean
space, consider the adjoint operator of D;, a simple directional derivative. On
Euclidean space, the adjoint operator would be — Dy, as given by integration by
parts. On a general compact manifold, we also need to consider the tensor and
the volume form. Therefore we have

(Dif,g)s = /<g—£>gbd(vol)
- -/ f<ai(gbd(vol))>

= /f ) [bd(vol) 88 (;il d(uol)) ]gd(vol)
= (/. (D)* 9):;

Therefore the adjoint operator can be rather more complicated than the usual
adjoint operator on Euclidean space. However note that the degree of the op-
erator remains the same. Moreover, a general elliptic operator’s highest order
terms agree with its adjoint’s highest order terms up to multiplication by the
same nonvanishing factor. Therefore an operator is elliptic if and only if its
adjoint operator is as well.

Example 4 To fix ideas, we consider the particular example of the cotan-
gent bundle over a Riemann surface X. The sections are the 1-forms. Locally,
these look like g—i dz; where z; is the local coordinate on the neighborhood
U; C X. The cocycles of this line bundle are of the form

- ’
82]'

Then a tensor transforms like

bij = b(éi é;) = Zaz’ka]‘lbkl

_ Z 821 3,2]
o 8zk 8zl
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So in particular, the expression
> et
0z; 0
is invariant under change of local representation, and hence the inner product

8 8
7 i

is well defined, with the required properties.

The following Theorem guarantees that any vector bundle 7w : V. — M™", for
M™ a compact Riemannian manifold, admits such positive definite symmetric
tensors. In particular then, the Theorem states that any compact Riemannian
manifold admits a Riemannian metric.

Theorem 11 If M™ is a compact Riemannian manifold, and 7 :V — M™ is
any vector bundle over M™, we can find a positive definite, symmetric, bilinear
tensor of order two on V. In other words, any compact Riemannian manifold
admits a Riemannian metric.

PrROOF. Let {U,} be any covering of our manifold M™ by coordinate neigh-
borhoods, and V' as in the statement of the Theorem. By the compactness of
M™, we can choose a finite subcover, call it Uy,...,Uy. Denoting by Vi, the
preimage of U; under the projection map 7, we note that by definition, we have
local trivializations {h;} such that

VU,; = U; x (Cm,

where m is the dimension of the individual fibres V,, of V. Certainly then, there
are functions b; : V x V. — C such that b; looks like a symmetric, bilinear,
positive definite tensor on Vy,. Let {b;} be such a family, and denote by b] the
representation of b; in the neighborhood U; of M™. Now take {f;} to be smooth
functions on M™, such that f; > 0 on U; and f; = 0 on M™ — U;. Then consider
the tensor:

b= fibi+ -+ fnbn.

fibi + Z fjbé'-

J#i

On U; this looks like

Consider b; on U; NU;. By definition of the transformations defined above,
b is positive definite, symmetric, and above all, well defined, because b; is.
However, b} may go to infinity, or to zero, or may not be defined, at some point
p € U; — U;. Thanks to the bump functions {f;}, fibi + >, fjbé can neither
explode, nor vanish, and is everywhere well defined. We have left to show
that any convex combination of positive definite symmetric tensors is again a
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positive definite symmetric tensor. But this is clear from the linearity of the
tensor. Therefore finding a positive definite symmetric tensor on M"™ amounts
to finding the family of tensors {b;}, and the family of smooth bump functions

{fi}. O

Corollary 4 Any vector bundle w : V — M over a compact manifold admits a
Riemannian metric.

PROOF. Any vector bundle is a manifold in its own right. However we cannot
quite apply the Theorem directly as V' need not be compact. However, by the
compactness of M, we can write V' as the union of a finite number of locally
trivial sets:

N
v=Jv.,
1

where the U; are a finite subcover of M by coordinate neighborhoods, and
Vy, = 7~ 1(U;). Since Vi, = U; x C™ its tangent bundle is itself, and from here
the Corollary follows from the proof of the Theorem above. O

So far we have seen that the differential operator itself depends upon the cho-
sen connection, and its adjoint depends on the choice of inner product on the
vector bundle. The next standard Theorem of Levi-Civita states that if the vec-
tor bundle is the tangent bundle, then for any metric tensor (b;), there exists
exactly one linear connection that is compatible with the metric and satisfies
[Veir Ve, 1= Vie, e, = 0, i.e. is torsion free. By compatible with the metric given
by a tensor b, we mean, as usual,

A(b(X,Y)) = b(VX,Y) + b(X,VY).

The proof involves pushing through the algebra from the definitions, and can
be found in, e.g. Laugwitz [5] or do Carmo [2].

Theorem 12 If the inner product on the tangent bundle w: TM"™ — M™ is
given by the positive definite symmetric metric tensor (b;k), there exists exactly
one torsion free connection that is compatible with the metric, and it is given by

o1, (abrj L b abjk>
= i :
T

s —

¢ oxy, Oz oz,

The converse of this Theorem does not hold, that is, not every torsion free con-
nection is derived from a particular Riemannian metric.

While a Riemannian metric automatically specifies the connection on the tan-
gent bundle, the metric itself is not uniquely determined a prior: by properties
of the manifold. Therefore specifying the metric, and the inner products to be
used on the particular vector bundles must be part of the given information in
the problem of computing the index of an elliptic operator. As the next section
shows, a choice of a different metric is equivalent to some perturbation of the
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operator. If the perturbation is sufficiently small therefore, i.e. if the new metric
is sufficiently close to the old, then the index of any given elliptic operator is
preserved.

3.3 Proof of the Invariance of the Index
We have finally developed the machinery necessary to prove the main Theorem.

Theorem 13 If M™ is a compact Riemannian manifold, = : V. — M™ is a
vector bundle over M™, and L is an elliptic operator on the space of sections of
V', then 3e > 0 such that if v is any operator that satisfies

Irf =< e(l Vf N7 + 11 £ ll22)'2, VF € Hy,
then the perturbed operator L' := L + r has the same indez as L:
Index(L) = Index(L').

This Theorem also addresses the issue of choosing different Riemannian metrics.
For two distinct metrics coming from metric tensors b, b’, we say that b, b’ are
close if the resulting changes in the connection and the volume form are small.
For this we need |b — V' 4 |Oxb — Ob'| < €.

We prove this Theorem in three steps:

(i) We show that the dimension of the kernel of an elliptic operator, locally,
can only decrease.

(1) We then show that the dimension of the cokernel must also decrease.

(i) Finally we prove that the difference of these dimensions remains the same
for sufficiently small perturbations.

Lemma 6 The dimension of the kernel of an elliptic operator L can only de-
crease under perturbation.

Proor. For notational simplicity, we assume L has order 1. This assumption
is made without loss of generality and the proof below goes through without
change in the general case. First, recall the basic Sobolev elliptic estimate, and
observe its equivalent expression:

lullf, < OOl Lu |72 + [ wllZ2) <= [ Lu |7 > | Vu[l7: —C [ w|Z- -

Suppose first that L has trivial kernel. We show that L’ = L +r must also have
trivial kernel. Now, if kernel(L) = {0} then I\ > 0 that satisfies

I Lu (|72 > X(| Vu [I72 + [l u ]172), Yu € Hy.
For if this is not the case, then for any A > 0 we can find some u such that

I Lu |72 < X2(| Vu [[22 + [ w [1Z2)-
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But then by the homogeneity of L, V, and || - || 2 we can rescale u so that the
right hand side above equals A\2. Therefore we can find a sequence u,, such that

| Vug |32 + |un 3. = 1V¥neN

| Luy, |22 — 0 asn — oo.

By the Rellich Lemma, since the sequence {u,} is bounded in Hj, it is compact
in Hy = L?, and therefore contains a convergent subsequence. By reindexing if
necessary, again call this sequence {u,}. Then by the basic estimate, we have:

ln = wm 1, < O Lun = um) 72 + [l un = um [172),

which goes to zero by the above. But then wu, converges strongly in Hi,
which violates our assumption that L has a trivial kernel since the H; norm
of v = lim,, u,, is 1, hence u # 0.

Then choose such a A > 0, and let € < % We have

I L'ulle = || Lu gz = | rullze
2

AMrwlle, =l w

A
A=e) fulm =5 ulm>0,

as long as u # 0. Therefore L’ must also have a trivial kernel. Now suppose L
has a nontrivial kernel W. Since W is closed, we can decompose Hy as W@ W .
By the above, there exists some A > 0 such that if u € W,

I L (|72 = N2(1 Ve ([ + [ w []72)-

Take some u € kernel(L’). By the decomposition above we can write u =
ug + uq, for ug € W, u; € W+, This yields

| Lua {22 < rus 22 + [ ruo |22
= A Vur 122 + [ (7)1 < el Vua 72 + (1w [[22)'24 [ ruo |l re

4
= I Vu 7z + w7 < 53 lruo 172,

where € < % as before. We have proved that the projection
IT : kernel(L') — kernel(L),
is injective. (]

Therefore we see that the dimension of the kernel can only decrease under small
perturbation, and that in fact we must have kernel(L’) C kernel(L). This fact
seems less peculiar, perhaps, when we observe that A which essentially deter-
mines an upper bound on &, the size of the permissible perturbation, depends
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entirely on the operator in question. It does not follow, therefore, that subtract-
ing the perturbation r from the operator L’ would be a “legal”, i.e. sufficiently
small, perturbation.

For the next step of the proof, we construct a map u; : W — W+ such that for
any ug € W, we have ug + u1 (ug) € kernel(L’). Choose some uy € W. We seek
some u; € W+ such that

L'(u1 + UO) =0
< Luy +r(up +ug) =0
< Luy = —r(u1 + up).
Let II; denote the projection map from the range of L onto the perpendicular
of the cokernal space. Note that we can view the cokernel and its perpendicular
as subspaces, since we showed in Lemma 5 that the image of an elliptic operator
must be closed in the range. Then, since L is invertible on the space cokernel(L)

we can write:
Uy = L71 o Hl(—T(Ul =+ U())) = Tuo (ul)

where we have defined the map T, by:
Tuo () := =L o TIy (rax + 7ug).

If we can show that T),, is a contraction mapping, we will have shown that it
has a fixed point, and hence that the equation above is satisfied by some u;. To
this end, we have:

Lemma 7 The map T,, as defined above is a contraction mapping, and in
particular, it has a fized point.

PrOOF. We verify this directly.

I L(Tuy(2) = Tuo () 17> = I Thr(@ +uo) — Mr(y + uo) |72
I '7(z + o) = r(y +uo) ||
vz —y) II7-

IN

< el V@ —y) I + o -y 3
3

< SlLe-y) I3
1

< S I L=y I

for e < %, as usual. Now if we regard L™! as a map from image(L) to W+,
then || L |=|| L= |7, and therefore T, is indeed a contraction mapping, and
hence has a unique fixed point uy. O

Therefore given any ug € W we have a map to a unique element u;(ug) € W+
that satisfies
Lu1 —|— Hl(r(ul (UO) —|— ’LLO) = O7
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whence
uy(uo) +up € kernel(L') <= TI1(r(u1(ug) + uo)) = r(u1(uo) + uo).
Now define the map

F :kernel(L) — cokernel(L) by
ug +—— (I —1I1)(r(ui(ug) + up)) € cokernel(L).
This immediately yields the following.
Lemma 8 kernel(L') = kernel(F').
A similar statement holds for the cokernel of L’ and F.

Lemma 9 For the map F defined as above, we have:
cokernel(L') = cokernel(F).

PROOF. By Lemma 5, L has closed range, and hence we can decompose
its range as V @ V+ where V = cokernel(L). Then for any v we can write
v =1wo+w; for wyg €V, w; € V. We show that

v € cokernel(L') & wy € cokernel(F).

From Proposition 3 and Lemma 6 we have that cokernel(L’) < cokernel(L) is
an injection. Therefore if v = wy + w; € cokernel(L’) we must have w; = 0.
Therefore

v € cokernel(L') = wq € cokernel(L’).

But again using the decomposition into (kernel(L)) and (kernel(L))* we have
L'(u) := L'(up+u1)= L(uy)+T1(r(us +uo)) + F(uo)

= F(up) L wo Yup € kernel(L)
= wp € cokernel(F),

where the first implication follows because the first two terms, L(u1) and Iy (r(u1+
ug)), are by definition in V*.

Conversely, suppose wy € cokernel(F'). Then wy € cokernel(L) since cokernel(F') C
cokernel(L). Now, w; € (cokernel(L))*. By Proposition 3, and again by Lemma
6 we have that the projection cokernel(L’) — cokernel(L) is injective, and there-
fore v = wqy + w; must be in the cokernel of L’ if wyq is in the cokernel of F'. O

Finally, we observe that we established in section 2.2.2 that the kernel and
cokernel are finite dimensional subspaces. Therefore

F : kernel(L) — cokernel(L),
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is a linear transformation between finite dimensional vector subspaces. There-
fore by the Rank-Nullity Theorem, its index must be the difference in dimension
between its domain and range spaces:

Index(F') = dimKernel(L) — dimCokernel(L) = Index(L).
By Lemma 8 and Lemma 9 we conclude the Theorem:

Index(L) = Index(L’).

4 Example: The Torus

Consider the torus T = R?/Z?; that is, the torus with transition functions
y+—y+1,and x — 2z + 1. Consider the connection A = i(adz + Bdy) =i -a
where «, 5 € R. We then define the covariant derivative

Vg=0+i-a.

This operator is elliptic because 9 is, and ellipticity depends only on the highest
order terms. First note that since the transformation functions for the tensors
are the identity, then the naive choice for an inner product, namely the iden-
tity, indeed provides us with a positive definite symmetric form independent
of coordinate chart. But viewing R?2 = C we see that this 2 x 2 tensor that
looks like the identity corresponds to the convenient metric | - |. Then to check
compatibility with this metric we have:

A f.g)=0(fg) = gdof+[fog
= g0+i-a)f+f0g—i-afg

= gVaf+ f(Vag),

which is what we needed to show.

Now consider any (smooth) section 1(x,y) on T. Since this is periodic in both
z and y we can expand it in a Fourier series in both variables to get:

U(z,y) = Z e el
k,l
Since 0 = %(893 +1idy), we can easily compute its covariant derivative

ik —1 e
V) = Z (Z 5 + ia) cre*rely,

k.l

Now, since k,l € Z, the operator V5 will have a nontrivial kernel (in particular
a 1 dimensional kernel) if and only if o, € Z. Now from the given metric
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on the bundle, it is clear that its adjoint behaves similarly with respect to its
kernel, as the adjoint is nothing more than a constant multiple of the original
operator, due to the fact that the transition functions of tensors are the identity.
Therefore while «, 8 ¢ Z we have a trivial kernel and cokernel, thus the index is
0. However as soon as we have «, 8 € Z, the kernel and cokernel both become
1 complex dimensional. Again, the index is 0, as expected.
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A Elliptic Operators and Riemann-Roch

The Riemann-Roch Theorem states that if M is a compact Riemannian manifold
of genus g, the alternating sum of the dimensions of the cohomology groups H*
is related to the genus in a very simple way:

dim H® —dim H' + dim H?> —--- 4+ (=1)"H" =1 — g,

where n is the dimension of the manifold. We show that this alternating sum
is the index of an elliptic operator.

To fix ideas we consider the case n = 2. Consider the complex

0— -2 g0t %2, 002 %,

b

where €% are the (0, k)-forms on the manifold. Since 9% = 0, the sequence is
indeed a copmlex. We also have the mapping 95 : €%2 — €%!. Now extend
01 by defining it as identically zero on %!, and similarly for 0. Now consider
the operator D = 0; + d5. We have

D:0@e’? — 80’1,
and D is elliptic because 9, and 03 are. Furthermore, we have

kernel(D) = kernel(d;) U kernel(d) = kernel(0; ) U cokernel(ds),
cokernel(D) = cokernel(d;) N cokernel (05 )
>~  kernel(dy) N cokernel(d; ).

Meanwhile we have:

Hy = kernel(d;)/Image(0) = kernel(d,),
H, = kernel(dy)/Image(d;) = kernel(ds) N cokernel (0 ),
Hy = kernel(ds)/Image(d2) = cokernel(0s).

Putting the above together we find:

dimkernel(D) = dim kernel(9;) + dim cokernel(ds)
dim H + dim H?;

dim cokernel(9; ) N cokernel(d3)

= dimH',

dim cokernel(D)

and therefore we conclude

Index(D) = dim H® — dim H' + dim H> =1 — g.

38



B An Alternate Proof of Elliptic Regularity

The proof of elliptic regularity given in section 2.2.1 relies on Nirenberg’s dif-
ference quotients, which are essentially pointwise approximations to the partial
derivatives of a distribution. In this section we present a proof which more
clearly illustrates the smoothing nature of elliptic operators.

Theorem 14 If L is an elliptic operator with constant coefficients and of the
form
Py(D)= Y anD*
lee|=N
and if Pn(D)u = v for u,v € C;°(Q), i.e. u,v are distributions with compact
support, then v € Hy implies that u € Hgy .

PROOF. Since u, v both have compact support, in particular they are tempered,
and hence their Fourier transform exists (distributionally defined). Taking the
Fourier transform of the equation Py(D)u = v we get m)ﬁ = 9. Consider
now the function Q(t) = Py - |]5N|_1. Now Q always has modulus 1, arg Q =
arg PN, and Q, Q‘l are both isometries on L2. Therefore the operator defined
by Q, given by u — Qu, and 4 — Qﬁ is of order 0. This yields

Pyvu=v = (Q+Py)u=Qu+v
= u=(Q+ Py) " (Qu+v)

U
>
Il

Now by the ellipticity of Py, and by the fact that it has no lower order terms and
that its highest order terms have constant coefficients, we can find a constant
A such that the symbol of Py satisfies

[Pn(z, ) =| D aat®| > AlgN.

lee|=N

Therefore )
[P | 1

Py(1+|Py)  (+[EDY

and hence (Q + Px)~! is a smoothing operator of degree N, i.e. an operator of
degree —N. Now, since u has compact support, it must lie in Hy for some t. @Q is
an order 0 operator, and hence Qu is also in H;. Then Qu +v € H (s, But
then since u = (Q 4+ Py) ' (Qu+v), we must have that u € Hpin(s+n,¢+n) and
thus ¢ = min(s + N, ¢ + N) hence implying that t = s + N and thus v € Hey
as claimed. O

The next Theorem generalizes the above to operators with lower order terms,
and distributions whose support is not necessarily compact.
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Theorem 15 Suppose P is a differential operator of degree N, of the form
P(D) = Py(D)+ R(D) where Py is an operator of the above form, and R is any
differential operator of order at most N — 1. If P(D)u = v for u,v € €~°(),

then v € HYC implies u € Hslch
PRrROOF. The main idea behind the proof is to use the fact that if ¢ € C°(£2)

then [P(D), ¢] is an operator of degree N — 1, as we have seen before. Using
this fact we can apply the previous Theorem. Recall that u € Hloc iff for any
f € CX(Q), fu € Hy. Now, by slightly shrinking Q, taking Q' CC 2, we can
assume without loss of generality that u € Ht10C for some t. Then pick any
f € C*(Q). By definition, we have fu € H,. Writing Py = P — R we have

Py(D)(fu) = (P(D)—R(D))(fu)
= [fP(D)u+[P(D), flu— R(D)(fu)
— fP(D)u+ L(D)u,

where L is an operator of degree N — 1 with compact support. That L has
compact support follows from the fact that P(D)f and fP(D) both have com-
pact support. Therefore we conclude that L(D)u € Hy_n41. Since v € Hg by
assumption, this yields

PN(D)(fU) = f’U + L(D)U € Hmin(s,t—N+1)~

But then from Theorem 14 above we have fu € Hpins4n,4+1) and hence
u € Hl%v, as desired. O

Note that we maintain the condition that the highest order terms have constant
coefficients. To remove this condition we use the fact that a general elliptic op-
erator L is locally “close” to an elliptic operator whose highest order coefficients
are constant, and argue as in Theorem 5 in section 2.1.3.
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