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We consider the problem of partilioning the nodes of a graph with costs
on 1ls edges 1nio subsels of given sizes 2o as lo minimize the sum of the costs
on all edges cul. This problem arises in several physical situations—for

example, in asmgning the components of electronic circuils o circuil

boards lo minimize the number of conneclions between boards.

This paper presents o heuristic method for partitioning arbitrary graphs
which 12 both effective 1n finding optimal partitions, and fast enough to be
proctical in solving large problems.

1. INTRODUCTION

1.1 Definition of the Problem

This paper deals with the following combinatorial problem: given a
graph G with costs on its edges, partition the nodes of G into gubsets no
larger than & gwen maztmum 21ze, 50 &8 L0 minimize the total cost of
the edges cut.

One important practical example of this problem is placing the com-
ponents of an electronic circuit onto printed circuit cards or substrates,
80 a3 to minimize the number of connections between cards. The com-
ponents are the nodes of the graph, and the circuit connections are the
edges. There is some maximum number of components which mey be
placed on any card. Since connections between cards have high cost
compared to connections within & board, the object is to minimize the
number of interconnections between cards.

This partitioning problem also arises naturally in an sttempt to
improve the paging properties of programs for use in computers with
paged memory organization. A program (at least statically) can be
thought of as a set of connected entities. The entities might be sub-
routines, or procedure blocks, or single instruction and data items,
depending on viewpoint and the level of detail required. The connections
between the entities might represent possible flow or transfler of control,
or references from one entity Lo another. The problem is to assign the
objects to “pages” of u given size 50 a8 Lo minimize the number of
references between objects which lie on different pages.

To pose the partitioning problem mathematically, we shall need the
following definitions. Let G be & graph of n nodes, of sizes (weights)
w, > 0,1 =1, -+, n Let p be a positive number, such that 0 < w, 5 »
foralli. Let C = (c,,),1,7 = 1, --- , n be a weighted connectivity matrix
describing the edges of G.

Let k be » positive integer. A k-way partition of G is o set of nonempty,
pairwise disjoint subsets of G, v, , --- , v, such that \Ji_ v, = G. A
partition is admrasible il

|e,| & p forall 1,

where thic symbol | z | stands for the size of a set z, and equals the sum
of the sizes of all the elements of z. The cos! of & partition is the summu-
tion of ¢,; over all 7 and j such that 1 and j are in different subsets. The
cost is thus the sum of all external costs in the partition.

The partitioning problem we consider here i to find 8 minimal-cost
admissible partition of G.

There are three other problems which are equivalent to this one.
First, minimizing external cost is equivalent to maximizing internal
cost because the total cost of all edges is constant. Further, by changing
the signs of all c,,'s, we can maximize external cost, or minimize internal
cost.

1.2 Ezact Solutions

A strictly exhaustive procedure for finding the minimal cost partition
is often out of the question. To see this suppose that G has n nodes of
size 1 Lo be partitioned into k subsets of size p, where kp = n. Then there
are (}) ways of choosing the first subset, (*3") ways for the second,
and so on. Since the ordering of the subsets ie immnterigl, the number
of cases is

560357 - (3)6):

kI P p/\p
For most values of n, k, and p, this expression yields & very large num-
ber; for example, forn = 40 and p = 10 (k = 4), it is greater than 10,

Formally the problem could also be solved as an integer linear pro-
gramming problem, with a large number of constraint equations neces-
sary 1o express the uniformity of the partition.

Because it seems likely that any direct approach to finding an optimal
solution will require an inordinate amount of computation, we turn Lo
un examination of heuristics. Heuristic methods can produce good
solutions (possibly even an optimal solution) quickly. Often in practical
applications, several good solutions are of more value than one optimal
one.

The first and foremost consideration in developing heuristics for
combinatorial problems of this type is finding & procedure that is power-
ful and yet sufficiently fast to be practical. A process whose running
time grows exponentially or factorially with the number of vertices of
the graph is not likely to be practical. In most cases, & growth rate of
more than the square of the number of vertices is still not too practical.
(If the running time of & procedure grows as f(n), where n is the number
of vertices involved, we shall refer to it as an f(n)-procedure.)

1.3 False Slarls

To point out a few pitfalls, we mention some unsuccessful attempts at
heuristic solutions to the partitioning problem.

1.3.1 Random Solutions

One tactic is simply to generate random solutions, keeping the best
seen to date, and terminating after some predetermined time or value
is reached. This is quite fast, although actually an n’-procedure. Un-
fortunately, this approach is unsatisfactory for problems of even
moderate size, since there are generally few optimal or near-optimal
solutions, which thus appear randomly with very low probabilities.

+Experience with 2-way partitions for s class of 0-1 matrices of size

32 X 32, for example, has indicated that there are typically 3 to 5
optimal partitions, out of & total of § (}}) partitions, giving & probability
of success on any trial of less than 107",

1.3.2 Max Flow-Min Cut

Another partitioning method is the Ford and Fulkerson max flow-min
cut algorithm'. The graph is treated as & network in which edge costs
correspond to maximum flow capacities between pairs of nodes. A cut
is a separation of the nodes into two disjoint subsets. The max flow-min
cut theorem states that the maximal flow values between any pair of
nodes is equal to the minimsal cut eapacity of all cuts which separute
the two nodes. In our terminology, & cut is & 2-way partition, and the
cut capacity is the cost of the partition. The Ford and Fulkerson slgo-
rithm finds & cut with maximal fiow, which is thus 8 minimal cost cut;
this represents & minimum cost partition of the graph into two subsets
of unspecified sizes.

There are several difficulties involved in using the Ford and Fulkerson
algorithm for our partitioning problem. The most severe of these is the
fact that the algorithm has no provision for constraining the sizes of the
resultant subsets, and there seems to be no obvious way to extend it
to include this. Thus if low methods are used to perform & split, then
further processing is necessary to make the resulting subsets the correct
size. I the subsets are greatly different in size, then use of this algorithm
will huve produced essentially no benefit. Hence in spite of its theoretical
elegance, the Ford and Fulkerson algorithm is not suitable for this
application. (Note however, that since it does find the minimal cost
unconstrained 2-way partition, the value it produces is a lower bound
for solutions produced by any method.)
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