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Abstract

Earlierwork on predicatedetectionhasassumedhatthe given computatioris finite. Detectingviolation of
alivenespredicateequiresthatthe predicatebe evaluatedon aninfinite computationIn this work we develop
theoryandassociate@lgorithmsfor predicatedetectionin infinite runs.We introducethe concepif d-diagram
whichis afinite representationf infinite directedgraphs.We extendthetechnique®f computatiorslicing to d-
diagramswhich allows usto efficiently detectpredicatesn asubclas®f CTL, calledRCTL. RCTL is suficient
to represenpropertiesuchasviolation of liveness.

1 Intr oduction

Writing correctdistributedprogramss a difficult task. Concurreng betweerprocessemakesthe programshard
to reasoraboutleadingto errors. Testingandverificationaretwo prominentechniquesisedto avoid sucherrors.
For bothtestingandverification,theuserprovidesaspecificatiorwhich the programshouldalwaysmeet. Testing
techniguesxecutemultiple runsof the program possiblyguidingthe executionandchecktherunsfor adherence
to the specification.Verificationtechnique§EC99 build a modelof the programandcheckthe programfor the
specification.

Testingtechniquedor distributed programsgenerallymodela finite traceas a partial order modelbetween
events,usingfor example Lamport’s happened-befarelation[Lam78. The problemof testingthenreduces
to doing predicatedetectionon thesepartial ordertraces. The main problemin predicatedetectionin the par
tial order modelis that of state explosiorn—the set of possibleglobal statesof a distributed programwith N
sequentiaprocessesanbe of sizeexponentialin N. Sincethe problemof detectingary generapredicates NP-
completdN. 01], theideais to identify classe®f predicatesvhich candetectedefficiently [Gar02 SG03 GMO01,
MGO1]. Testingtechniquediave theadwantagethatthey scalewell but maynotcoverall possiblescenariosAs a
result,a programmayhave bugsevenaftersuccessfullypassinghetests.

On the otherhand.,if a programsuccessfullypasseghrougha verification procedurejt is guaranteedo be
correctwith respecto thepropertieghatareverified. However, in spiteof therecentadvancesn theformal meth-
ods,verificationvery quickly becomesntractable. Thisis especiallytrue for verificationof distributedprograms
althoughavariety of strategjiesfor amelioratingthe stateexplosionproblem,includingsymbolicrepresentatioof
statesandpartial orderreductionhave beenexplored[McM93, GW91, Val90, Pel93 Esp94.

In this work, we take a middle path;we capturea subsebdf infinite behaviors of a distributedprogramusinga
compactepresentatioandextendthetechniquesisedfor testingfinite traceso our representationin particular
we draw onthework relatedto computatiorslicing[GM01, MG01, SGO03 to performefficientpredicataletection
for infinite computationsA computatiorslice,definedwith respecto aglobalpredicatejs the computatiorwith
theleastnumberof globalstateshatcontainsall globalstatesof the original computatiorfor whichthe predicate
evaluatesto true. Computationslicing canbe usedto throw away the extraneousglobal statesof the original
computatiorin anefficientmannerandfocuson only thosethatarecurrentlyrelevantfor our purpose.

In this paper we introducethe conceptof d-diagrams(directedgraphdiagrams). The d-diagramsare es-
sentiallyfinite representationsf a classof infinite directedgraphs. To our knowledge,this is the first attempt
to develop a finite representatioffior infinite directedgraphs. Althoughin somewaysd-diagramsare similar to
otherwell known representationsuchaspetri-net§Pet63 andmessagsequenceharts[ITS96], therearesome



Figurel: A posetwhich cannotbe capturedusingMSC graphsor HMSC

importantdistinctions.Discussiorof thesedifferencess deferredto Section2. Along with beingof independent
interestmathematicallyd-diagramsanbe usedto represena subsebf possiblyinfinite behaiors of adistributed
program.

We alsoshaow thatit is possibleto computethe slice of a d-diagramwith respecto a predicate. The class
of predicatesonsideredn this work is a subsetof CTL [CE81], calledRCTL [SG0J. In RCTL, the temporal
operatorsare EF, EG, and AG and the booleanoperatoris conjunction. Moreover, atomic propositionsare
regularpredicate§GMO1]. Theclassof regularpredicatediasthe propertythattheslice with respecto aregular
predicatecontaingoreciselfthoseglobalstatefor whichthepredicateevaluatego true. Someexamplesof regular
predicatesreconjunctionof local predicate§Gar0Z suchas"all processearein red state”andsomerelational
predicategGar03.

As anexample,the RCTL logic canbe usedto represent/iolation of progresgroperties. Theseproperties
areof theform EF(pAEG(q)). Intuitively, this propertysaysthat thereexists a global stateof the systemon
which p is true andthereis a pathfrom that stateon which g alwaysremainstrue. As a concreteexample,in
the caseof dining philosophersp canbe the predicatethat “philosopheris hungry” andq canbe the predicate
“philosopherdoesnot getto eat”. Thenthe above propertyrepresentshe violation of the progresgropertythat
“If aphilosopheiis hungry hewould eventuallygetto eat”. In additionslicing canbe usedin conjunctionwith
othergeneratechniquedgo efficiently detectpropertieof theform p A qwherep is aformulain the RCTL logic
andq is ary arbitraryformula.

Ourslicingalgorithmsexploit thestructureof thepredicateandaremoreefficientthancurrentlyusedechiques
in modelcheckingprograms.Recently a modelcheckingalgorithmwas proposedKGO05] which representa
distributedprogramasa collectionof infinite posetsandchecksfor reachabilitypropertiesn thatrepresentation.
The resultsthereshav that exploiting the predicatestructurecan drasticallyimprove the performanceof the
modelcheckingalgorithms.Ourwork opensup theavenuedor representing distributedprogramasa collection
of d-diagramsandbe ableto checka largersetof propertieson them.

In summarythis papemakesthefollowing contrikutions:

» We introducea finite representatiomf infinite directedgraph, called d-diagramswhich canbe usedto
modelinfinite distributedcomputation®r a subsebf behaviors of adistributedprograms.

» We shaw thatit is possibleto performslicing on d-diagramsfor both temporaland non-temporategular
predicatesln particular we developtechniquedo computetheslice of apredicatewith respecto a classof
predicatesalledRCTL. This classis powerful enoughto represenpropertiessuchasviolation of liveness.

2 RelatedWork

A lot of work hasbeendonein identifying the classesf predicatesvhich canbe efficiently detected. Some
examplesof the predicatedor which the predicatedetectioncan be solved efficiently are: conjunctive[Gar02
HMRS94, disjunctivelGar03, observerindependenfCBDGF95 Gar03, linear [Gar02 SG02§, non-tempoal
regular [GMO01, MGO1] predicatesandtempoal regular [SG03 SG02K. As mentioneckarlier thepreviouswork
in this areais mainly restrictedto finite traces.Computationaklicing hasalsobeenappliedto only finite traces.
In this paperwe addresshe problemof predicatedetectionandslicing oninfinite traces.
Somerepresentationssedin verification explicitly model concurreng in the systemusing a partial order
semantics. Two suchprominentmodelsare messagesequenceharts(MSCs) [ITS96] and petri nets[Pet63.
MSCsandrelatedformalismssuchastime sequencaliagrams messagédlow diagrams,and objectinteraction
diagramsare often usedto specifydesignrequirementgor concurrensystems.An MSC represent®ne (finite)



executionscenarioof a protocol; multiple MSCs canbe composedo depictmore complex scenariosn repre-
sentationsuchasMSC graphsandhigh-level MSCs(HMSC). Theserepresentationsapturemultiple posetsbut
they cannotbe usedto modelall the posetshatbe representethy d-diagrams.n particular a messageentin a
MSC nodemustbe recevedin the samenodein MSC graphor HMSC. Thereforean infinite posetsuchasthe
oneshown in Figurel is not possibleto representhroughMSCs. Furthermorethe problemof modelchecking
MSCs[AY99, BAL97] is in generaintractable.In this paperwe considerawealer modelbut we give a provably
efficientalgorithmfor predicatedetectionandslicing.

Petrinets[Pet6] arealsousedto modelconcurrentsystems.Partial order semanticsn petri netsare cap-
turedthroughnetunfoldings[MNW80]. Unfortunately unfoldingsareusuallyinfinite setsandcannotbe stored
directly. Insteadafinite initial partof the unfolding, calledthefinite completeprefix[McM93] is generallyused
to representhe unfolding. McMillan shavedthatreachabilitycanbe checledusingthefinite prefixitself. Later
EsparzgdEsp94 extendedthis work to useunfoldingsto efficiently detectpredicatesrom alogic involving the
possibility operator Again petri netscanusedto modelthe behaior of a completesystemwhereasd-diagrams
cannotmodel“choice”. However, alongwith beingsimpler d-diagramshave someotheradwantagesver petri
nets. They allow someunsafepetri netsto be model-checkdwhich wasnot possibleto do efficiently usingear
lier techniquedor petrinets. It is alsopossibleto detect(andcomputeslice for) EG(p) with our methods.This
facilitatescheckingviolation of progresgropertiesyiolation of progresgpropertiescouldnotbeexpressedising
Esparzaslogic.

3 Infinite Posetsand Infinite DirectedGraphs

In this sectionwe first introducea finite representatiofor a classof (countably)infinite posetsvhichis aspecial
caseof aninfinite directedgraph.Therepresentatiofor infinite posetss calledp-diagram (posetdiagram).

Definition 1 (p-diagram) We definea p-diagram (posetdiagram)Q = (V,F,R,B) whee
* V is a setof verticesor nodes,
e F (forward edges)is a subsebfV x V
» R(recurrentvertices)is a subsebfV
» B (shiftedges)is a subsebf Rx R
with thefollowing constaints.
* (PO)F isacyclic,i.e., (V,F) is adirectedacyclicgraph
* (P1)If uisarecurrentvertex and (u,v) € F or (u,v) € B, thenvis alsorecurrent.

Thus,a p-diagramis a finite directedagyclic graph(V, F) togethemwith a setof shift-edgsgivenby B anda
subseR denotingthe verticesthatappeamaninfinite numberof times.
Eachp-diagranrepresents possiblyinfinite posetwhichis definedasfollows.

Definition 2 (posetfor a p-diagram) Theposet(X, <) for a p-diagramQ is definedasfollows:
o X={uueV}u{uli>2AueR}

* Therelation< is thesmallestreflexivetransitiverelationthat satisfies:
(1)if (u,v) € F andu € R,thenvi : u' <V, and(2)if (u,v) € F andu¢ R,thenu® <v*, and(3)if (v,u) € B,
thenVi: v <u*l.

In otherwords, X consistsof two typesof elements.First, for all verticesu € V we have elementau® in X.
Further for all verticesu € R, we addaninfinite numberof elements{ u'|i > 2}. It is clearthatwhenR is empty
we getalfinite posetandwhenR is nonemptywe getaninfinite poset.For anelemente € X, we referto i asthe
index or iteration of theelementandwe call € aninstanceof e.

We now have thefollowing theorem.



Figure2: (a) A p-diagramand(b) its correspondingnfinite poset

Theorem1 (X, <) asdefinedaboveis a reflexive poset.

Proof: Weshaw that< isreflexive,transitve andantisymmetriclt is reflexive andtransitive by construction We
now shaw that< asdefinedabove doesnot createary nontrivial cycle (cycle of sizegreatetthanone).Any cycle
in elementswith thesamendex, say€e andf', wouldimply cyclein (V,F). Thus,ary cycle would have elements
with atleasttwo indices.However, < nevermalkesahigherindexedelemensmallerthanalowerindexedelement.

Let usnow considersomeexamples.

1.

Thesetof naturalnumberswith the usualordercanbe modeledusingthefollowing p-diagram:
v ={u}

F={}

B={(uu)}

R= {u}

Notethatthis posethasinfinite heightandwidth equalto 1.

. Thesetof naturalnumberswith no ordercanbe modeledas:
Vv ={u}
F={}
B={}
R={u}
. Figure 2 shaws an example of a p-diagramalong with the correspondingnfinite poset. The recurrent

verticesin the p-diagramare representedby hollow circles andthe non-recurrenverticesthroughfilled
circles. Theforward edgesarerepresentedtby solid arrovs andthe shift-edgesy dashedarrows. We use
thesamecornventionthroughouthe paperfor thefigures.

We now give someexamplesof posetshatcannotberepresentedsingp-diagrams.

1.

The setof all integers(including negative integers)underthe usualorderrelation cannotbe represented
usingp-diagram.Thesetof integersdoesnothave ary minimal elementary posetdefinedusingp-diagram
is well-founded.

. Considethesetof all naturalnumberswith theorderthatall evennumbersarelessthanall theoddnumbers.

This posetcannotbe representedising p-diagram. In this poset,the uppercovers[DP9(Q of an element
may beinfinite. For example,the number2 is coveredby infinite numberof elementsin a p-diagraman
elementanhave only boundechumberof lower (anduppercovers).

. Considerthe posetof two-dimensionaVectorswith naturalcoordinatesDefine(x1,y1) < (Xo,y2) iff (x1 <

x2) A (y1 < y2). Thisposetcanbevisualizedasthegrid. It canbeshawvn thatthis posetcannotberepresented
usingap-diagram.

Thefollowing propertiesof the posetgyeneratedby p-diagramsareeasyto show.

Lemma 2 A posetP definedby a p-diagramhasthefollowing properties.



Figure3: (a) A d-diagramand(b) its correspondingnfinite directedgraph

1. Pis well-founded.

2. Thee existsa constank sud thateveryelemenhasthesizeof thesetof its uppercovers andlower covers
boundedy k.

3. Everyprincipal orderideal of P is finite.

From distributed computingperspectie, our intentionis to provide a modelfor an infinite computationof
a distributed systemwhich is eventually periodic. Although a distributed computationin the happened-before
model[Lam7§ is alwaysrepresentedisinga poset,it is usefulto have a modelof infinite directedgraphsfor
the purposeof slicing [GMO01, MGO1]. The directedgraphdoesnot capturethe order betweeneventsin the
computationbut it canbe usedto capturethe setof possibleconsistentutsor global statesof the system. To
this endwe introducea generalizatiorof p-diagramcalledd-diagram (directedgraphdiagram).A d-diagramis
simply a p-diagramwithout the constrainP0) of F beingagyclic.

Definition 3 (d-diagram) We definea d-diagramQ = (V,F,R,B) whee
* V is a setof verticesor nodes,
* F (forward edges)is a subsebfV x V
» R(recurrentvertices)is a subsebfV
» B (shiftedges)is a subsebf Rx R
with thefollowing constaint.

 (DO) If uis arecurrentvertecand(u,v) € F or (u,v) € B, thenv s alsorecurrent.

The directedgraphgeneratedy a d-diagramis alsodefinedin a mannersimilar to the posetgeneratedy a
p-diagram.

Definition 4 (dir ectedgraph for a d-diagram) ThedirectedgraphG = (E,—) for a d-diagramQ is definedas
follows:

« E={uljucV}IU{Ul]i>2AucR}

* Therelation— is the setof edgesin E givenby:
(1)if (u,v) € F andu € R,thenvi : u — Vv, and(2)if (u,v) € F andu¢ R,thenu! — v, and(3)if (v,u) € B,

thenVi: v — u+1,
Furthermoe, let P(G) bethe setof pairs of vertices(u, v) suc thatthereis a pathfromutovin G.

Figure3 shaws a d-diagramalongwith a partof the infinite directedgraphgeneratedy it. In this case the
vertices{a, b} andvertices{ f,g} form cyclesin F.
Again, somepropertieof thedirectedgraphsgeneratedby d-diagramsareeasyto shaw.

Lemma 3 AdirectedgraphG definedby a d-diagramhasthefollowing properties.



Figure4: (a) A generalizedi-diagramand(b) its equivalentd-diagram

1. Thecyclespresenin G onlyinvolveelementsvith the samendex.

2. Thee existsa constank suc that everyelementasindegreeand outdeggreeboundedoy k.

3. Thewris no pathfroman elemenwith iterationi to an elementwith iteration j whee j <.

4. If thereis a pathfromelement to elementf!, thenthereis a pathfromée X to fi*k for all k > 0.

Sincep-diagramis a specialcaseof d-diagram,we work with d-diagramsfrom now on. Moreover, a dis-
tributedcomputatiorgeneratedy afinite numberof processebasfinite width andhenceve aremainlyinterested
in d-diagramsawvhich generatdinite width directedgraphs.Thefollowing lemmacharacterizethosed-diagrams
for whichthe correspondinglirectedgraphshave finite width. Thewidth of directedgraphis definedasthe max-
imum over the sizesof setsof pairwisedisconnectedertices.Two verticesaresaidto be disconnected thereis
no pathfrom oneto other

Lemma4 A directedgraphG definedby a d-diagramhasfinite width iff for everyrecurrentvertex there existsa
cyclein thegraph (R,F UB) which includesa shift-edg.

One canimaginegeneralizingthe d-diagramsby having k — shift — edges which increasethe iteration of
a vertex by k for ary arbitraryk insteadof a simple shift-edge. We call sucha d-diagramas the genealized
d-diagram

Definition 5 (generalizedd-diagram) A genemlizedd-diagramis a set(V,R,F,B1,By,...,Bn) whee mis the
maximunk sudthata k— shift — edgeis presenin thed-diagramandBy C (V x R) is therelationof k— shift —
edge with the property:

If (e, ) € By, thend — fi+k,

Notethatin the above definition, we allow the shift edgesto be presenbetweemon-recurrenandrecurrent
verticesaswell. Clearlyd-diagramsareaspecialcaseof thegeneralizedl-diagramsvherem=1andB; CRx R.
The following theoremfurther shavs that the generalizedd-diagramare not ary more expressve thanthe d-
diagrams.

Theorem5 Let (V,R,F,B1,By,...,Bm) bea generlizedd-diagramand (E, —) betheinfinite graphgeneiated
by it. Thenther existsa d-diagram (V/,R,F’,B") suc that the graph (E’,~») genertedby the d-diagramis
isomorphicto thegraph (E, —).

Proof: We constructhed-diagramcorrespondingo thegeneralizedl-diagramasfollows.
1. V' ={egleeV}U{alec Rand2<i<m-+1}
2. R={gleeRand1<i<m+1}

3. F'={(er. f)l(e f) €F}
U{(e, fitk)|(e, f) € Brandl <i<m+1—k}

4. B ={(e.fj)|(e f) e Bandm+1—k<i<m+1landj=(i+k) modm+1)}



Now we show thatthe graph (E’,~) generatedby (V',R,F’,B') is isomorphicto the graph (E,—). Let
u: E — E’ betheisomorphisnfunctionbetweerthe elementsn E andE’ definedasfollows:

1. yeh) =elifeeV\R
2. u(€) =€, if ec R Herek =1+ (i— 1) modm+1andl =1+ (i—1)/(m+1).

With this isomorphismfunction, it is easyto shaw that (€, f1) € P((E’,~»)) iff (u(€),u(f))) € P((E,—)).
|

Figure4 shovs anexampleof this corversion. The dottededgedabeledwith a numberk denotethe k-shift-
edgesandtheunlabeleddottededgesdenotethe 1-shift-edgesWe have essentiallycreatednultiple copiesof the
recurrentverticesandredravn thek-shift-edgesn termsof simpleshift-edges.

4 D-diagram for distrib uted computing

We assumea messag@assingasynchronousystemwithout any sharednemaoryor a globalclock. A distributed
programconsistsof N sequentiaprocesseslenotedby P = {P;,P»,...,Py} communicatingvia asynchronous
messages.

A local computatiorof a processs a sequencef events.An eventis eitheraninternalevent,a sendeventor
areceveevent. Let proc(e) denotethe proceson which evente occurs.The predecessandsuccessoeventsof
e on proc(e) aredenotedby pred(e) andsucde).

Generallya distributed computationis modeledas a partial order of a setof events, called the happened-
before relation[Lam7§]. In this paperwe insteadusedirectedgraphsto modeldistributedcomputationasdone
in [MGO01]. Directedgraphsallow usto represenboththe computatiorandits slice with respecto a predicaten
auniform fashion.However, asopposedo the earlierwork, our computationcanbe infinite andasa result,the
directedgraphsusedto modelthe computatiorcanbeinfinite.

GivenadirectedgraphG = (E,—), we definea consistentut or aglobal stateasa setof verticessuchthatif
thesubsetontainsa vertex thenit containsall its incomingneighborsFormally, C is aconsistentut of G, if

YyeE:(Xx—y)A(yeC)= (xeC)

. We saythata stronglyconnecteccomponents non-trivial if it hasmorethanoneelement.We call the empty
set® andthe setof verticesE astrivial consistentcuts. A distributed computationin our model can contain
cycles. This is becausavhereasa computationin the happened-beformodel capturegshe observableorder of
executionof events,a computationin our model capturesthe setof possibleconsistentcuts. Intuitively, each
stronglyconnecteccomponenbf a computationcanbe viewed asa meta-&ent a meta-&entconsistsof oneor
moreevents.

Let C(G) denotethesetof finite consistentutsof thedirectedgraphG. Thefollowing theorenis aslightgen-
eralizationof theresultin latticetheorythatthe setof idealsof a partially orderedsetformsa finitary distributive
lattice [Sta8@. A latticeis finitary if it hasthe bottomelementandis locally finite.

Theorem6 GivenadirectedgraphG, (C(G); C) formsa afinitary distributive lattice.

In this work we focusonly on finite order idealsor finite consistentutsasthey arethe onesof interestfor
distributedcomputing.For aneventx € C, we denoteby J(x), the leastconsistentut which includesx. The cut
J(x) canalsobeinterpretedasprincipalideal of the elementx in thedirectedgraphG.

A frontier of a consistentcut is the setof thoseeventsof the cut whosesuccessorsf they exist, are not
containedn thecut. Formally,

frontier(C) = {x € C|sucqXx) exists = sucgx) ¢ C}

A consistentcut is uniquely characterizedy its frontier and vice versa. Therefore,sometimeswve specify a
consistentutby simply listing the eventsin its frontier insteadof enumeratingll its events.Two eventsaresaid
to beconsistentff they arecontainedn thefrontier of someconsistentut, otherwisethey areinconsistentlt can
beverifiedthateventse and f areconsistentff thereis no pathin the computatiorfrom sucde), if it exists,to f
andfrom sucq f), if it exists,to e. Notethatin our model,aneventcanbeinconsistentvith itself.



Figureb: (a) A d-diagramwith procesandlabelinformation(b) Thecomputatiorcorrespondingo thed-diagram
%

We usea d-diagram(V, R, F, B) to representhe infinite directedgraphof the computation.We assumethat
the procesgelationmapsall theinstancesf a vertex in d-diagramto the sameprocess.e. Ye € V : proc(€) =
proc(el). As aresult,we denotethe processfor an elemente € E simply as proc(e). For ary two elements
X,y on a processgitherthereis a pathfrom x to y or from y to x. To guaranteghis condition, it canbe easily
shavn thatall the recurrentverticesin the d-diagramwith the sameprocessshouldform a cycle with exactly one
shift-edge We referto theseshift-edgesasprocessshift-edgs We furtherassumehatthe d-diagramgivento us
hasa non-emptyrecurrentpart; otherwisethe algorithmsfor the caseof finite computationganbe used.

We augmenthe d-diagramwith the presenceof a fictitious global initial denotedby L. The globalinitial
eventoccursbeforearny othereventon the processeandinitializes the stateof the processesWe do not have a
notionof a globalfinal eventaswe areonly interestedn thefinite idealsof the computation.

Given a consistentcut, a predicateis evaluatedwith respectto the valuesof the variablesresulting after
executingall theeventsin thecut. If a predicatep evaluatego truefor a consistentutC, we saythatC satisfies
p. We further assumehat a predicatedependonly on the labels of the eventsin the computation. This rules
out predicatesdasedon global statesuchas channelpredicates.We define £ : G — L to be an onto mapping
from the setof verticesin d-diagramto a setof labelsL with the constrainthatve c V : £(€) = L(el). In other
words,thelabel of anelementn thedirectedgraphis independentf its index. Thisis in line with modelingthe
recurrenteventsasrepetitionof the samestate.We sometimeseferto this assumptiorastheindex-independence
assumption

Figure5 shavs a computationrepresentedsa d-diagram. Figure 5(a) shavs the d-diagramalongwith the
processnformation. Along with eachprocessthelocal variablesx,y,z on processe®, P, andPs arealsolisted.
For eacheventthevalueof thelocal variableis listed. Thevaluesof local variablescanbe consideredo belabels
in this case.

We now discussanothergeneralaspecbf d-diagramsa directedgraphdoesnot have a uniquerepresentation
in termsof d-diagram.In fact, we shav thatthereare countablyinfinite representationsf a directedgraphasa
d-diagram.We definethe notion of unrolling of ad-diagramQ with respecto a consistentutC. Intuitively, this
operationincreaseshe non-recurrenpart of the d-diagramto includethe cut C andrearrangeshe forward and
shift-edges.

Definition 6 (unrolling ad-diagram) LetQ = (V,R,F,B) bead-diagramandC bea consistentutin thecorre-
spondingdirectedgraph (E, —) thatve' € frontier(C) : e R. Then% (Q,C) = (V/,R,F’,B') is thed-diagram:
« V' ={glecVAecC)
« R ={glec RAk—1=maxild €C}}
s F'={(a,fj)e.fjeV'Ae — {1}
« B'={(e.fj)la.fje RAe — fiT1}

It canbe easily shovn thatthe unrolled d-diagramgenerates directedgraphisomorphicto the original d-
diagram. Let (E,—) be the directedgraphgeneratedy the d-diagramQ and (E’,~») be the directedgraph
generatedy 7 (Q,C). Thenwe denotethe isomorphisnfunction from elementsn E to elementsn E’ by Ic.
If theisomorphismfunction mapsa nodein the original directedgraphto a nodewith the samelabel, thenthe
two directedgraphsareequialentfrom the perspectie of predicatedetection.For this purposewe assumehat
L() = L(Ic(€)). Thefollowing resultis easyto shaw:



Lemma?7 Let (E',~) be the graph geneatedby % (Q,C) = (V/,R,F’,B'). Let € be sud that € € C and
Vj>i:el ¢C. Thenic(€*k) = h*for somen € R.
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Figure6: Thed-diagramin Figure5(a) unrolledwith respecto C = {d?, f g}

As an example, Figure 6 shows the unrolling of the d-diagramin Figure 5(a) with respectto a cut C =
{d? f1,g'}.

5 Background on Slicing and Regular Predicates

In theearlierwork [GMO01, MGO01], the notionof slicingwasusedfor finite directedgraphsandwasbasednthe
Birkhoff’'s Representatioiheoremfor Finite Distributive Lattices[DP9(. Informally, a computatiorslice (or
simply aslice)is aconciserepresentatioof all thoseconsistentutsof the computatiorthatsatisfythe predicate.

In this work, we extend the notion of slicing for infinite directedgraphsby focusingonly on finite order
ideals[DP9(. As mentionecearlieraswell, we dealonly with finite consistentutsandreferto themsimply as
consistentuts. Similar to the the Birkhoff’s representatiotheorem[DP9(], we have the following theoremfor
the caseof finite orderidealsof a poset:

Theorem 8 [ [Sta84, Proposition3.4.3]Let P bea posetsuc that everyprincipal orderidealis finite. Thenthe
posetJ; (P) of finite order idealsof P, ordered by inclusion,is a finitary distributive lattice. Corversely if L is a
finitary distributive lattice and P is its subposebf join-irr educiblestheneveryprincipal orderideal of P is finite
andL = J;(P).

We canusethe abore theoreminsteadof the Birkhoff's theoremandgeneralizeéhe notion of slicefor consis-
tentcutsto thefollowing definition.

Definition 7 (slice) Theslice of a directedgraph G with respectto a predicatep is the directedgraph whose
consistentutsform the smallestsublatticethat containsall the consistentutssatisfyingthe predicatep.

This definitionis equivalentto the definition of slice in the earlierwork for finite directedgraphs.It canbe
easilyshownn thattheslicefor apredicatealwaysexistsandis unique.Sincethe slice of aninfinite directedgraph
canagainbeaninfinite directedgraph,we used-diagramto representheslice of acomputatioraswell. We later
shaw thatif theoriginal computationwasrepresentablasingd-diagramthentheslice of thecomputations also
representablby d-diagram.

We denotethe slice of the computation(E, —) with respecto a predicatep by slice((E,—), p). Notethat
(E,—) = slice((E,—),true). Every slice derivedfrom the computation(E, —) hasthetrivial consistencut 0
amongits setof consistentuts. A sliceis emptyif it hasno non-trivial consistentuts[MGO1]. In therestof the
paper unlessotherwisestateda consistentut refersto a non-trivial consistentut.

In general,a slice containsconsistentutsthat do not satisfy the predicate(besidedrivial consistentut 0).
In casea slice doesnot containary suchcut, it is calledlean Theslicefor the classof predicatesalledregular
predicatess alwayslean. Givena computationthe setof consistentutssatisfyinga regular predicateforms a
sublatticeof the setof consistentutsof the computatiorfGMO01]. Equivalently,

Definition 8 (regular predicate[GMO1]) A predicateis regular if giventwo consistentutsthat satisfythepred-
icate theconsistentutsobtainedbytheir setunionandsetintersectionalsosatisfythepredicate Formally, given
aregular predicatep,

(C satisfiep) A (D satisfiep) = (CN D satisfieg) A (CUD satisfie)



We saythataregularpredicates non-tempoal if it doesnot containtemporaloperatorsuchaskF, AG, and
EG, otherwiseit is atempoal regularpredicate.

Someexamplesof non-temporategularpredicatesireconjunctionof local predicatesuchas* P, andP; arein
critical section”,andrelationalpredicatesuchasx; — x2 < 5, wherex; is amonotonicallynon-decreasinmteger
variableon process?. Fromthe definition of a regular predicatewe deducethata regular predicatehasa least
satisfyingcut asthe lattice of orderidealshasa bottomelement.Furthermorethe classof regular predicatess
closedunderconjunctionflGMO01].

For a regular predicatep andan elementx € G, we defineJ,(x) asthe leastconsistentut which satisfiesp
andincludesx. If thereis no cut thatsatisfiesp andincludesx, Jy(X) is definedto be NULL; otherwiseJy(x) is
well-definedastheregularpredicatesreclosedunderintersection.

6 RCTL syntaxand semantics

We work with theRCTL [SGO03 (RegularCTL) extendedfor infinite computationsWe definesuccessoof a cut
by arelation> C C(G) x C(G) suchthatCr D if andonly if D = CU X, whereX is the setof verticesin some
stronglyconnectedcomponentn (E,—) andX NC = 0. We denotethereflexive closureof this relationby >. A
consistentut sequencaetis a possiblyinfinite sequencef consistentutsCy,Cy, ..., of (C(G), <) suchthatfor
each0 < i, C;>Ci,1. Thesufiix of the consistentut sequencérom the cut C; onwardsis denotedby 1t andthe
it" elementn the sequencés denotedby 1(i). We saythatacut D is reachablefrom acutC if C C D.

Propositionatemporallogics usea finite setof atomicpropositionsAP, eachone of which representsome
propertyof theglobalstate.A labelingfunctionA: C(G) — 2P assigngo eachglobalstatethe setof predicates
from AP thathold in it. In this paperwe assumehat atomic propositionsare non-temporakegular predicates
definedonly in termsof thelabelsof theevents.

Theformal syntaxof RCTL is givenbelow.

e Every predicateap € APis anRCTL formula.

e If pandq areRCTL formulas,thensoarep A q, EF(p), EG(p), andAG(p).

Givenadistributive latticeW = (C(G), C), theformulasof RCTL areinterpretedover the consistentutsin
C(G). Let p beanRCTL formulaandC be a consistentutin C(G). Then,the satishctionrelation,L,C |= p
meansthat predicatep holdsat consistentut C in latticeW = (C(G), C) andis definedinductively belov. We
denoteC |= p asashortform for W, C |= p, whenW is clearfrom the context.

e C |= apiff ap € A(C) for anatomicpropositionap.

e CE pAqiffCl=pandC|=q.

e C = EG(p) iff for someconsistentut sequencet suchthat(0) = C, wehaveVi > 0: 11(i) = p.
e C = AG(p) iff for all consistentut sequences suchthat(0) = C wehaveVi > 0: 1i(i) = p.
e C |= EF(p) iff for someconsistentut sequencet suchthatm(0) = C, wehavedi > 0: 11(i) = p.

We defineW |= pif andonly if W,{L} |= p.

The formulaC = AG(p) (resp. C |= EG(p)) intuitively meansthat for all consistenttut sequencesgresp.
for someconsistentut sequencejtartingat C, p holdsat every cut of the sequenceThe formulaC |= EF(p)
intuitively meanghatfor someconsistentut sequencstartingatC, thereexistsa consistentut thatsatisfiesp.

The predicatedetectionproblemis to decidewhetherthe initial consistentut of a distributed computation
satisfiesa predicate.Notethatfull CTL containsotheroperatorsaswell but we arenot goingto dealwith them.
Thissubsebf CTL definedoverdistributivelatticeshasthenicepropertyof preservingegularityi.e. if weassume
thatthe atomicpropositionsareregular predicatesthenall the formulasin the logic areregular predicatesThis
followsfrom thefactthatconjunctionfGMO01] andtemporaloperatorgresereregularity[SG0J. In otherwords,
if pandg areregularpredicatesthenpAq, EF(p), AG(p) andEG(p) arealsoregularpredicates.

To continuewith our exampleof the computationin Figure5, we areinterestedn computingthe slice of the
computatiorwith respecto thepredicateEF (x =1Ay=1Az=1).

7 Detectingnon-temporal predicates
We first considerthe problemof detectingnon-temporakegular predicatesn d-diagrams.We show thatit is

sufficient to performpredicatedetectionon a finite part of theinfinite directedgraph. This resultis analogougo
theconcepf finite prefix[McM93] in the caseof petri-nets.
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Figure7: (a) A d-diagram(b) The computatiorfor thed-diagramshaving a cut andthe shift of a cut

Beforeproceedingyve clarify somenotationusedin the paper We alwaysidentify a cut by its frontier unless
adistinctionis madebetweerthe cut andits frontier. Every elementx € G hasthe form € for somee € V and
somei > 1. As aresult,we use€ € G asashortcutfor x € G : x = € with thequantificationoperators/ and3. In
otherwords,Ve € G is equivalentto Vx € G and3€ € G is equivalentto Ix € G.

We mainly focuson the recurrentpartof the d-diagramasthatis the piecewhich distinguisheghis problem
from thecaseof finite directedgraph.We identify certainpropertiesof therecurrenpartwhich allows usto apply
thetechniqueslevelopedfor finite directedgraphsto d-diagrams.

We first definethe notion of a shift of a cut. Intuitively, the shift of a cutC producesa new cut by moving the
cutC forwardor backwardby a certainnumberof iterationsalonga setof recurrentventsin C. Formally,

Definition 9 (d-shift of a cut) Givena cutC, a setof recurrenteventsX C Randaninteger d, a d-shiftcutofC
with respecto X C R, §(C, X), is thecut

{dld eCregX}u{ed eCree X Am= max1,i+d)}
We denoteSy(C, R) simplyby &(C).

Notethatin the above definitiond canbenegative. Also, for aconsistentutC, $;(C, X) is notguaranteedo
be consistentor every X.

As an example,considerthe infinite directedgraphfor the d-diagramin Figure2. Let C be a cut given by
thefrontier {e*, f1,g'} andX = {f,g}. ThenS;(C, X) isthe cutgivenby {€', f2,g?}. Figure7 shovs thecutC
andS;(C,X). Similarly for C givenby {at, f,g'}, S(C) = {al, f?,g°}. Notethatin this casea’ remainsn the
frontier of S (C) andthecut S;(C) is not consistent.

We introducesomemoreconceptgelatedto d-diagrams.

Definition 10 For a consistentutC and| > 0, defineC; = {€/|€ € CAi > 1}. In otherwords,C; is the part of
thecutC which hasindicesgreaterthanl.

Definition 11 (indicesof acut) For a consistentutC, defineindicegC) asthe sequencgivenby theset{0} U
{i|é € C} sortedin increasingorder. The j'" elemenbf the sequencéndicegC) is referredto asindicegC)[j].

Definition 12 (gap) For aconsistentutC andi € indicegC), definegap(C,i) = j—i where j € indiceqC), j > i
and?l €indiceqC) :i < | < j. If suc a j doesnotexist, thengap(C,i) = 0.

As an example,considerC = {€°, f1,g*} shawn in Figure8. ThenC; = {€°}, indicegC) = {0,1,3} and
gap(C,0) = 1,gap(C,1) =2 andgap(C,3) = 0.

Theregularity of apredicateallows oneto explorethelattice of idealsin afixedorderof eventssuchthatif the
predicatebecomedruethentheleastidealin which it becomegruewill be explored. For finite directedgraphs,
oncetheexplorationreacheshefinal globalstateit signalsthatthepredicatecouldneverbecomerue. In thecase
of infinite directedgraphs thereis no final global state. So, the key problemhereis to determinethe stopping
rule thatguaranteethatif the predicatesver becomedruethenit would be discoseredbeforethe stoppingpoint.
For this purposewe shav thatfor every cutin the computationa subgraphof the computationcalledthe core
containsa cut with the samelabel. The core of the computationis simply the setof eventsin the computation
with iterationlessthanor equalto N, the numberof processes.

11



e
<'j

1 b f L
c g ~

(a)

Figure8: (a) A d-diagramand(b) its correspondingomputatiorwith acutC

%(C) C

Figure9: Compressiomperatiorbeingappliedon a cut

Definition 13 (core of a computation) For a d-diagramQ, wedefineU (Q), thecoreof Q, asthedirectedgraph
givenby the setof eventsE’ = {ellec RA2 < j < N}U{e'|e€ V} andthe edgesare the restrictionof — to set
E'.

For thed-diagramin Figure7(a),the partof the posetshavn in Figure7(b) is the coreof thed-diagram.

For proving the completenessf the core,we definethe notion of a compessionoperation.Intuitively, com-
pressinga consistentut removesall the gapsbetweeniterationsandresultsin a smallerconsistentut with the
sameabeling.

Definition 14 (compression) Givena cutC andi € indicegC) , define?’(C,i, j) = S_;(C,Ci). In otherwords,
theoperation % shiftsall theeventsin C with iteration greaterthani bad by j iterations.

Weuse?@(C,i) toreferto ¥'(C,i,gap(C,i) — 1). In otherwords, % (C,i) compesseshegapat positioni to 1.

We alsodefinethe cut obtainedafter all possiblecompessionas%(C). Letm= |indicegC)|. Then

% (C)=%(%(...%(C,indiceqC)[m]),indiceC)[m—1]),...).

As anexample considethecutC = {€°, f3,g'} shavnin Figure9. Then®'(C,3,3) = {€?, f3,¢'}, ¥(C,3) =
{¢*. 3,9} and(C)(C) = {€. f2,g'}.

Notethatthe cut resultingfrom the compressiormf a cutC hasthe samelabelingasthecutC. Thefollowing
lemmashaws thatit is safeto apply compressioroperationon a consistentuti.e. compressinghe gapsin a
consistentutresultsin anotherconsistentut.

Lemma9 If Cisa consistentut,thené(C,l) is a consistentutfor anyl € indiceqC).

Proof: LetC' = %(C,I) for somel € indicegC). Considerary two eventse, fl c C. If i <I,j <l ori>1,j>1,
thentheeventscorrespondingo € and f! in C’ arealsoconsistent. .

Now wlog assumeé < | andj > |. Then€ remainsunchangedn C' and f! is mappedo 2 suchthata < j.
Sincei < a, thereis no pathfrom sucd f2) to €. If thereis a pathfrom sucd€) to f2, thenthereis alsoa path
from sucd€) to f asthereis apathfrom f2to f. This contradictehefactthate and f! areconsistentHence,
every pair of verticesin thecutC' is consistent. ]

Repeate@pplicationof theabove lemmato compressll the gapsleadsto thefollowing result.

Corollary 10 If G is a consistentut,then®(G) is alsoa consistentut.

12



Now we canusethe compressioroperationto compressary consistentcut to a cut in the core. Sincethe
resultingcut hasthe samelabelingasthe original cut, it mustsatisfyany non-temporapredicatethatthe original
cut satisfies.Thefollowing theoremestablisheshis result.

Theorem 11 If thereis a cutC € (E,—), thenthere existsa cutC' € U(Q) sucthat L(C) = L(C).

Proof: LetC' =% (C). By Corollary10,C’ is aconsistentutand£(C) = £(C'). Moreover, Vi € indiceC'),i <
|P| asfor ary index j € indiceqC’), gap(G',i) = 1. ThereforeC' € U (Q). [

The above resultshaws thatif a predicateis nottruein U (Q), thenit is not true arywherein the d-diagram.
Hence,to checkif a predicateever becomesrue, it sufiicesto checkthe truthnessof the predicatein the core.
Now thealgorithmsfor predicatedetectionon finite directedgraphscanbe usedfor d-diagramsaswell. Notethat
herewe did notusetheregularity of the predicateandhencethis resultholdsfor ary predicatevhichis basedn
thelabelof the consistentut.

8 Slicing with non-temporal regular predicates

In this sectionwe considetthe problemof slicing ad-diagramwith respecto anon-temporategularpredicate t
wasshovn [GMO01] thatfor computingthe slice of afinite computationwith respecto aregularpredicatep, it is
sufficientto computel,(x) for every elementx in the computation.Theresultcanbe easilyextendedor the case
of infinite computatiorwhenwe aredealingwith finite consistencuts. However, the problemis thatsincethe
computatioris infinite, it is notfeasibleto computel,(x) for every element.Insteadwe shav thatwe candirectly
operateon the d-diagramandcomputethe slice of theinfinite computatiorasanotherd-diagram.In this section,
the exampleswork on thed-diagramin Figure5 andassumehatthepredicatepis (x=1) A (y=1)A(z=1).
We first introducethe conceptf shift-diametemf ad-diagram.

Definition 15 (shift-diameter of d-diagram) For a d-diagramQ, the shift-diameten (Q) is the maximunof the
numberof shift-edgsin the shortesipathbetweeranytwo verticesin thed-diagram. By theshortespathhere we
meanthe pathwith minimumnumberof shift-edgs.WhenQ is clear fromthe context, we simplyusen to denote

n(Q).

For the d-diagramin Figure 7, n = 1. We prove a boundon the shift-diameterin termsof the numberof
processesl in thesystem.

Lemma 12 For ad-diagram,n(Q) < 2N.

Proof: Considetheshortespathbetweenwo verticese, f € V. Clearlythis pathdoesnothaveacycle; otherwise
ashorterpathwhich excludesthe cycle exists. Moreover, all the elementdrom a processoccurconsecutiely in
this path. As aresult,processhift-edgesaretraversedat mostoncein the pathandeachprocesss visitedat most
oncein the path.Moving from oneprocesgo anotherequiresat mostoneshift-edge.Hencen(Q) < 2N. ]
We first shaw thatthecutsJ(€) stabilizeaftersomeiterationsi.e. thecutJ(e’) canbeobtainedrom J(€/) by

asimpleshiftfor j > i. This allows usto predictthe structureof J(€') aftercertainiterations.
Thenext lemmashavsthatthecutJ(f!) doesnot containrecurrenteventswith iterationsvery farfrom j.

Lemma 13 If € € frontier(J(f1)),ec R,then0< j—i<n.

Proof: If € € frontier(J(f1)), then(é, f1) € 2((E,—)) andvk > i : (&, f1) ¢ P((E,—)). Thereforethe path
from € to f) correspondso theshortespathbetweere andf in thed-diagram.Therefore py thedefinitionof n,
j—1<n. _ n

The following theoremprovesthe resultregardingthe stabilizationof the cut J(¢'). Intuitively, aftera first
few iterationstherelationshipbetweerelementf the computatiordepend®nly on the differencebetweertheir

iterations.

Theorem 14 For anodee € R, there exists j sud thatJ(el 1) = S;(J(el)).

13
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Proof: For proving thetheoremwe shav a strongerresult. Let B = n + 1. We show thatfor arecurreninodee,
I = S(I(). | | |

Considerf ) ¢ frontier(Sy(J(eP))). If f €V \R,thenfl ¢ frortier(J(e?)) andhence(f!,e?) andso(f) eP+1)
arein P((E,—)). If f € R thenfi~! existsasj > 1 by Lemmal3. Moreover, fi=1 ¢ frortier(J(€®)) andhence
(fi-1 &%) € P((E,—)). By the propertyof d-diagram,this implies that (f1,e®+1) € P((E,—)). Therefore,
SIJ(eP)) C I(PH).

Now we shaw thatJ(eP+1) C S;(J(€P)). In this casejt is equivalentto shaving S 1(J(e?*1) € J(&®). Con-
siderfl e frontier(S_1(J(ef*1))). If f € R, thenanargumentsimilar to the previouscasesufiices. If f € V\ R,
thenj = landfl € J(éf*1). Sincep > n, thereforef! € J(€?); otherwisethe shortespathfrom f to e hasmore
thann shift-edges.

Henceld(elt1) = 5 (J(e))). n

In caseof ap-diagramthisresultcanbeusedo assigrtimestampso verticesin thep-diagranin away similar
to vectorclocks. Thedifferencehereis thatatimestamgfor arecurrentvertex is aconciseway of representinghe
timestamp®f infinite instance®f thatvertex. We referto thetimestampsssignedo nodesin the p-diagramas
p-timestampsThis resultgivesus analgorithmfor assigningp-timestampo arecurrentevent. The p-timestamp
for arecurrenievente, PV (e) is avectorof theform (V(et),...,V(e");1(e)) wherel (e) = V(&**1) —V(&*) and
V(eJ:) is the timestampassignedy the normalvectorclock algorithmto eventel. Now for ary eventel | j > q,
VEe)=V(E)+(j—a+1)«l(e).

This algorithmrequiresO(nN) spacefor every recurrentvertex. Oncethe p-timestamp$ave beenassigned
to thevertices,any two instance®f recurrentverticescanbe comparedisingthefollowing propertyof thevector
clocks.

Lemma 15 Giventwoeventse and f1,V(€) <V (fl)iffd < fi,

We alsodefineanexpansiorfunctionanalogougo the compressiomperation.Theexpansiorfunctionallows
expansionof a cutwhile maintainingthelabeling.

Definition 16 (expansionof a cut) Givena cut G andi € indiceG) , define&(G,i, j) = Sj(G,G;). In other
words,the operation & shiftsall the eventsin G with iteration greaterthani forward by j iterations.

As opposedo the compressioroperation,expansioncannotbe appliedto ary eventin the frontier of a cut
while maintainingits consisteng. We definethe notion of anexpansionpointin a cut which givesa safeway of
expandingacut.

Definition 17 (expansionpoint) We definep < indice§G) to be an expansionpoint for a consistentcut G if
ve, fl e Gwithi <pandj > p, (€, f¥) ¢ P((E,—)) for anyk > j.

As anexample,let C = {€3, f1,g'} asshavn in Figure 7. Thenp = 1 is an expansionpointas f! || €® and
g || €. Theexpansionoperations (G, p, 1) resultsin thefrontier {&*, f1,g'} whichis alsoconsistent.The next
lemmashows thatthisis truein general;acut alwaysallows expansioraroundthe expansionpoint.

Lemma 16 Let G be a consistentut suc that it hasan expansionpoint p. ThenthecutG' = &(G,p,l) is a
consistentutfor anyl > 0.
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Proof: We shaw thateventsin thefrontier of thecutG' areconsistentAny two eventse’, fl € Gwithi <p,j <p
ori>p,j> p arestill consistentin G’ as the relationshipbetweentheseeventsremainsthe sameasin G.
Wheni < p andj > p, € is mappedo € and f/ is mappedo fi*' in G'. By definition of an expansionpoint,
(¢, 11+ ¢ ((E,—)). Henceall the pairsof eventsin frontier of G’ areconsistent. [

The above result providesa way to expanda cut while maintainingthe consisteng of the cut. Using the
expansionand compressioroperationswe canmove backandforth in the computationwhile maintainingthe
labelingof thecut.

While the compressiomndexpansionoperationsaregenerabperationsvhich areapplicableto any cutin the
posetwe now examinethe structureof the cut_st(ei). For this purposewe definethe notionof helperprocesses
for aneventé€. Intuitively, thereis anevent f!, f € R, in every helperprocessuchthatthereis a pathfrom the
event fl to €. Thereforeasa cutadvancesalongproc(e), it mustadvancealongthe helperprocesseaswell.

Definition 18 (helper processes)or an evente, we definethe helper processedor € asH(€) = {R|3f €
RA 1 e J(e) A proc(f) = P}.

For our exampled-diagramin Figure7, H(f?) = {P,P,}. Somepropertiesof helperprocessesreeasyto
show.

Lemma 17 Thefollowing propertiesrelatingto helperprocessesold:

« Foralli,j >n,H(¢)=H(el). Fori > n, H(¢) is denotedsimplyby H ().
« For evente, f' withi > n and proc(e) = proc(f), H(e) = H(f).

« Let fI bean eventsud that proc(f) ¢ H(e) andg' be an eventsud that proc(g) € H(e) with j <1 and
| > 1. Then(fl,g) ¢ P((E,—)).

Thefirst propertysaysthatthe setof helperprocessebecomesdixedfor differentinstance®f aneventafter
a certainnumberof iterations. This follows from the factthatthe cut J(€) stabilizesafter someiterations. The
secondproperty saysthat after certainnumberof iterations,the setof helperprocessedecomeghe samefor
every eventon a process.This follows from thefirst propertyandthe factthatthereis a pathbetweerevery two
eventsin aprocessThethird propertyestablisheshetransitiity of therelationof helperprocesses.

Now we cangive a characterizatiorof the cut Jp(é) in termsof the helperprocessesin all the following
resultswe assumehatJ,(€) existsfor theevente underconsiderationWe dealwith the casewhenJy(€) does
notexist later The following lemmashaws thatafter certainiterationsonly the eventsfrom helperprocesses

frontier(Jp(€')) have iterations“close” to i andothereventsaways have iterationslessthanN — [H(e)|. This
follows our intuition thathelperprocesseadvancealongwith the event€'.

Lemma18 Fori > N—|H(e)| +n, frortier(Jp(e¢')) canbewrittenasCUD, whee
1. fleC= (proc(f) ¢ H(e)) A(j <N—[H(e)|)
2. fl e D= (proc(f) e H(€))A(j > N—|H(e)|)

Proof Sletch: Let C’ be the projectionof frortier(Jp(€')) onthesetof processe® \ H(e). ThenletC =% (C')
andD be the projectionof frontier(Jy(€')) on the processesi(e). SinceJ(€') C Jp(€), for anevent f! € D,
i —j <n. Thereforejf fi €D, j >N—|H(e)|. Ontheotherhand,C mustbelongto thecoreU (Q) andtherefore,
if fl €C,thenj <N—|H(e)|. Thisfurtherimpliesthatfor all f € C andg' € D, j <|. By Lemmal7, this
impliesthat f1 andg' areconsistentTherefore gvery pair of verticesin thesetCU D is consistenandsoit forms
thefrontier of aconsistentut. Letthecutgivenby CUD beC”. Then,Z(Jy(€)) = £(C") andsoC” alsosatisfies
the predicatep. It includese as€ € D. ThereforeC” is a consistentut which includese andsatisfiesp. By

definitionof Jp(€'), Jp(¢') C C”. However, C” C Jy(€') asC” wasobtainedby applyingcompressioron the cut

Jo(€). Therefore Jo(€) =C". n
Figure 11 shaws the cuts Jp(f2) andJp(f3) wherepis (x=1) A (y = 1) A (z= 1). HereH(f3) = {P, P}

andsowe candecomposdp( f3) into subset€ andD of Lemmal8asC = {c'} andD = {d?, f3}. _

Theaboveresultcanalsobeinterpretedn termsof the presencef anexpansiorpointin thecutJy(€') asthe

eventsin J(€') from thehelperprocessetie afteriterationN andaredisconnecte@rom therestof theverticesin

Jp(€'). Henceforthwe relaxthe conditiononi in Lemmal8toi > N+ 1. This makesthe boundindependenof
e andallows usto dealwith all verticesuniformly.
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Figure1l: ThecutsJy(f2) andJp(f3) wherepis (x=1)A(y=1)A(z=1)

Corollary 19 If i > N+n, thenJp(€) containsan expansiorpointp < N.

Thenext theoremshaws thatthe presencef anexpansionpointin the cut Jp(€') is a sufficient conditionfor

Jp(€') to acquirearepeatingstructure.

Theorem20 Let i be the smallestiteration suc that Jy(€/) has an expansionpoint p. Thenfor all j >,
Jp(e/*1) = &(Jp(€).p,1).

Proof: ConsiderC = &(Jp(€),p,1). By Lemma16 C is consistent. SinceC includese*! and satisfiesB,

Jo(€*1) C C. Moreover, Jo(€) C Jp(€71). As aresult, f) € frontier(Jp(€+1)) canbe characterizeds fol-
lows:

1. If j <p,thenfl € frontier(Jp(€))

2. If j > p, then3gk € frortier(Jy(€)) : g¢ < f) < g1 andproc(g) = proc(f). Thisalsoimpliesthat j = k
orj=k+1.

Now consideD = % (J(¢*2,p, 1). D is aconsistentut, includese andsatisfiesB. Therefore Jp(€') C D.
Basedontheoperatiorts’, anevent f! € frontier(D), satisfieghefollowing:

1. If j <p,thenfl € frontier(Jp(€+1))
2. If j > p,thenfi*1 ¢ frontier(J,(€*1))

From the characterizatiorf Jp(€ 1), it is clearthatfor j < p, fl € frontier(Jp(¢')). For j > p, we have
gf < I < fIF1 < g1 for someg* € frontier(Jp(€)). Thisimpliesthat fi = g€ andso f/ € frontier(Jp(€)).
ThereforeD = Jp(ei) andalso,C = Jp(ei+1). Inductively usingthe above agumentfor j > i, we getthatfor all
j >0, dp(elth) =&(3p(e)),p, 1). |

For the computationn Figure11, it canbeseemhath(fz) hasan expansionpointat p = 1. Thereforewe
canwrite Jp(f3) = &(Jp(12),1,1).

TheaboveresultessentiallyestablishethecorrespondendaetweerthecutsJy(€') andJy(€+1) for somelarge
enoughi. It saysthatthe cutshave the sameiterationof someelementsandfor the others theiterationsdiffer by

exactly one. Hencethe structureof Jp(€') becomesepetitive onceJy(€') hasan expansionpoint. Corollary 19
givesanupperbound(N + n) on the expansionpointfor Jy(€'). Also, notethatthis upperboundis independent
of the predicatep andjust depend®n the d-diagram.For a d-diagram /et y be the maximumover the expansion

pointsof all therecurrentevents.Again,yis boundedoy N + 1.
Lemma21 LetJp(€) C Jp(fl) withi, j >y. Thendy(€+1) C Jp(f1H1).

Proof: By Lemmal8, J,(€') canbewritten asC; UD; suchthatg® € Cy = (proc(g) ¢ H(e)) A (k < N—|H(e)|)
andg* € D1 = (proc(g) € H(e)) A (k> N —[H(e)|). Similarly, Jp(f}) canbe written asC, U D with similar
constraintsSinceJp(€') C Jp(f!), theabove constraintsmply thatC; € C, andD; C Do. Furthermorer(é+1)
and Jp(f”l) canbe decompose@dsCz U D3 andC, U D4 respectiely. By theorem20, C; = C3 andCy = Cy.
Moreover, if gk € D; = g¢*1 € D3 andsimilarly, g € D, = g¢*1 € D4. Therfore,D; C D, = D3 C Da4. Therefore,
Jp(€+1) € Jp(141), .
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Figure12: Theunrolledd-diagramZ (Q, R.(p))

A slice of a computationcanhave multiple representationsThe skeletal representatiorfMGO01] of the slice
hasthe advantageof having at mostN edgesper eventin the graphand providesus a compactrepresentation.
Let Fy(€,k) denotethe earliestevent f* on P; suchthatJy(€)) € Jp(f1). If no sucheventexists, thenFp(€, k)
is consideredo beNU LL. Thenthe skeletalrepresentatioof slice((E,—), p) canbe obtainedby constructinga
graph(E’,~) asfollows: (1) E’ = E \ D whereD is the setof eventse for which Jp(ei) doesnot exist (2) For
anevente € E/, edgesareaddedarefrom € to sucde') andto Fy(€,k) for every processk. Againwe wantto
representlice((E,—), p) in termsof ad-diagramasslice((E, —), p) maybeaninfinite graph.

We now shav the procedureo obtaintheslice of thecomputationE, —) with respecto the predicatep. For
this purposewe definethe notionof resetcut

Definition 19 (resetcut) LetT C R bethe setof recurrentverticese for which Jp(€Y) exists. Thentheresetcut,
R(p), for a predicatep is the consistentut givenby {Uect Jp(€") } U {Uecr 7 I(€") }-

Note thatin the definition of the resetcut we useJ(€") if Jp(€¥) doesnot exist for somee’. Thisis doneto
ensurethat the frontier of the resetcut always containselementscorrespondingo recurrentvertices. The reset
cutis aconsistentutasit is aunionof consistentuts.For our examplecomputationjt canbe shavn thaty = 3.
Thefollowing cutscanalsobe computedeasily:

¢ ‘Jp(dg) = {dga blscl}

* Jp(e?) = {d*bl,c'}
. Jp(f3) = {d® 3,c1}
* Jn(0®) = 0,3(6°) = {&. 13,¢%)
+ Jplat) = {d %t
e Jp(bY) = {d! b, ct}

* ‘]p(cl) = {dlvblacl}

Thentheresetcut R (p) is givenby {d*, f3,g3}.
Thed-diagramobtainedby unrolling Q aboutR® (p), % (Q, R.(p)), hasacrucial property:

Lemma 22 Let(E’,~) bethedirectedgraphgeneatedby % (Q, R (p)). Leté € (E’,~v). Thendp(f)) ¢ Jp(€)
for all f! € (E',~>) with j > i.

Proof: Let thed-diagram? (Q, R (p)) be (V/,R,F’,B'). Considerg’,h' € (E,—) suchthatJy(g¥) C Jp(h'). If
h' € ® (p), thenby definitionof R (p), g* € R (p) andhencelg ) (h') = al and Iy () (g¥) = b' for somea,b e V'
Now considetthecasewhenh! ¢ ® (p). Letm=max{i|h' € % (p)} andn= max{i|g' € R (p)}. Firstassumehat
| —m< k—n. ThenJp(g") C Jp(h™) wherer =k— (I —m). However, in thiscaseh™ e % (p) andg" ¢ R (p) which
violatesthedefinitionof K (p). Therefore] —m > k—n. For thiscasejf Igp) (h') = a' and Ig ) (g¥) = b’, then
i =l—mandj =k—n. Thereforeye, fi € (E',w), Jp(fl) C Ip(d) = j <. m
This propertyis similarto the propertyof the d-diagramwhereit is requiredthatthereshouldnotbe arny edge
from anelementwith higheriterationto anelementwith loweriteration. Figure12 shavsthe unrolledd-diagram
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Figure13: Theslice of thed-diagramin Figure5 with respecto (x=1) A (y=1)A(z=1)

% (Q,R(p)). Notethatthe processshift-edgeon the processP; is now going from d to e insteadof from e to
d. This changehasessentiallyrenumberedheindicesof elementxorrespondingo d ande suchthatin the new
d-diagramJp(e!) = {d%,bt,ct}.

We are now in a positionto constructthe slice of the original d-diagramQ using the unrolled d-diagram
% (Q,R(p)) asboth of themgeneratehe samecomputation.We slice the computation7 (Q, R (p)) by intro-
ducingadditionaledgesn the computatiorandremoving verticesfor which Jp(é) doesnotexist. Intuitively, the
additionaledgesnake thecutswhich do not satisfythe predicatejnconsistenin thenew computatiorandremov-
ing theelement for which J,(€') doesnotexist is equivalentto removing ary consistentutwhichincludesthe
elementd. Notethatif anelemente is removedfrom theslice, thenarny elementf! which hasa pathfrom €
mustberemovedaswell.

Usingtheseresults we canconstructagenerlizedd-diagranfor thesliceof % (Q, R (p)) asfollows. Theset
of verticesV’ in thed-diagramfor slice((E,—), p) is thesetV \ D whereV is the setof verticesfor % (Q, R (p))
andD is the setof verticesfor which J(e') doesnot exist. ThesetR is alsoconstructedsimilarly usingthe set
of recurrentverticesin % (Q, R (p)). Notethatif e wasarecurrentvertex, thenby removing e we arenot only
removing the elemente! from the computatiorbutall €,i > 1. However, if J,(e') doesnotexist thenJy(€) does
notexistase is reachablérom e'. Ontheotherhandiif Jp(e') exists,thenJp(€) existsfor all € asthecutJp(e)
hasstabilizedin % (Q, R.(p)).

Edgesareaddedbetweertheverticesin V’ basedn theskeletalrepresentationf slice((E, —), p) asfollows:
(1) If thereis anedgefrom J,(e!) to Jp( 1), thenaddaforwardedgefrometo f.

(2) If thereis anedgefrom Jy(e') to Jy(f)), thenadda j — 1 shift edgefrom etto f. .

Intuitively, it is safeto addtheseedgesn therecurrentpartof thed-diagramasthecutsJy(€') have stabilized
andsothe relationshipsbetweerthe cutsacquiresa repeatingstructure.Note that we would not needto addan
edgefrom arecurrenelemento | asthecutsJ,(€) have stabilizedandthereforefor ary €,i > 2,1 cansene
asthelower cover. Thefollowing resultis a directconsequencef the construction.

Theorem 23 Thegenerlizedd-diagramasconstructedaboverepresentslice((E,—), p)

Proof: Followsfrom theconstructiorandLemma21. ]
Figurel3shawsthesliceof theoriginal d-diagramwith respecto thepredicatep = (x=1) A(y=1) A (z=1).
Notethatin theslice,we have removedtherecurrentvertex g andaddedsomeedgesaccordingo theaboverules.
Theabove constructiorcanbedonein time polynomialin thesizeof thed-diagramasit requiresunrollingthe
d-diagramfor a polynomialnumberof iterationsandthencomputingtheJp(é) for apolynomialsetof elements.
Furthermorejf the slice of the computationbecomedfinite during the processingf a predicate thenwe can
simply usethealgorithmsfor thefinite directedgraphsdirectly onthenew poset.Thisis safeto do asslicing with

respecto anon-temporapredicateonly addsedgedo theslice.

9 Slicing with respectto temporal predicates
Now we turn to the problemof slicing a computationwith respecto temporalpredicates.The algorithmspre-

sentedhereare generalization®f thework in [SG03. We assumehatwe aregiven the original computation
(E,—) asd-diagramQ = (V, R, F, B) andslice((E,—), p) asd-diagramQ’ = (V/,R,F’,B’) andwe arerequired
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to computea d-diagramQ” to representhe slice with respectto EF(p), AG(p) andEG(p). We further as-
sumethat (E’,~») is the computationgeneratedy the d-diagramQ’. Let the one-to-onerelationM from the
setof verticesE’ to the setof verticesE denotethe correspondancbetweenthe elementsn E andE’. In the
following, we usex € E’ interchangeablyith M(x) unlessotherwisestated. For a cut C € C((E,—)) with
vx e frortier(C) € C(slice((E,—),)) Thenthealgorithmsfor computingslicefor EF(p), AG(p) andEG(p) are
givenin theFiguresl4, 16 and 17 respectiely.

Algorithm Al

Input: A computation (E, —) as d-diagram Q and
slice((E,—), p) = (E/,~) as d-diagram Q/
Output: sllce((E, —),EF(p)) as d-diagram Q"
1. Initialize Q' to @/
2. For each pair of vertices el, f1 € E/ such that,
(i) (M(e'),M(f1)) is not an edge in (E, —), and
(ii) (e, f1) is an edge in (E/, )
remove the edge (e, f) in Q”
3. return@”’

Figure14: Algorithm for generatinga slicewith respecto EF(p).

FirstconsidetthealgorithmAl for computingthe slicewith respecto EF(p). Thealgorithmsimply removes
all the edgesin slice((E,—), p) which were not presentin the original computation. The intuition behindthis
algorithmis very simple: For an elemente, Jp(e') existsiff J(€) satisfiesEF(p). If theelemente existsin the
slice, thenJy(€) exists for that element. Note that the slice is not the sameasthe original computationaswe
donot restorethe verticeswhich wereremovedduringthe procesf slicing. This algorithmis equivalentto the
algorithmin [SGO0J for finite directedgraphsif we remove elementdor which Jp(€') doesnot exist.

Theorem24 AlgorithmAl outputsslice((E,—),EF(p)).

Proof: Let G = (E,—) andG' = (E’,~) be the computationcorrespondingdo the d-diagramoutputby Algo-
rithm Al. We shaw thata consistentut D € C(G) satisfiesEF(p) iff D € C(G'). ObserethatacutD € C(G)
existsin C(G') iff V€ € frontier(D) : € € G’ astheorderbetweerelementss retained.

AssumethatEF(p) holdsataconsistentutD € C(G). Then,
{Definitionof EF(p)}
D|=EF(p)iff 3IC:Ce C(G):DCCAC|=p
{Definition of Jp}
ve € frontier(D) : Jp(€) exists.
{Definition of slice((E,—), p) }
ve ¢ frortier(D) : € € slice((E,—), p),
{Obsenationmadeearlier}

= Disinthecomputatioroutputby A1.

Continuingwith our examplefrom theprevioussectiontheslicefor EF((x= 1) A (y= 1) A(z=1)) is shawvn
in Figure15. We have essentiallyremovedthe additionaledgeghat wereintroducedduring slicing but have not
restoredhedeletedvertex g.

Algorithm A2 in Figure 16 generatesheslicefor AG(p). Thealgorithmfirst checksif somerecurrentvertex
hasbeenremoved or if an edgehasbeenaddedbetweenrecurrentverticesin slice((E, —), p) which was not
presentin the original computation.If somevertex wasremovedor an additionaledgewasintroducedthenthe
slice of AG(p) is setto the emptyslice. Intuitively, if a vertex e wasremoved, thenfor ary consistentcut C,
thereis a consistentut reachablérom C which includessomeinstanced of e. If anedge(e, f) wasintroduced
betweentwo recurrentverticese and f, thenfor ary finite consistentcut C, thereis a consistentut reachable
from C whichincludesf! andnoté (orincludesf! andnoté—1 in caseashift-edgewasadded)or alargeenough
i. Thereforeno cutC satisfiesAG(p) andsotheslice((E,—),AG(p)) is empty If thisis not the case thenwe
canapply thealgorithmfor thefinite casedirectly on the d-diagram.In this case for ary additionaledge(e, f),

19



fi f2

Figure15: Thesliceof thed-diagramin Figure5 with respecto EF((x=1) A (y=1)A(z= 1))

anedgeis addedfrom eto L. Intuitively, in this casetherecurrentpartis equivalentto having afinal cut which
satisfieghe predicateandthusthealgorithmfor thefinite casecanbeused.

Theorem 25 AlgorithmA2 outputsslice((E, —),AG(p)).

Proof: LetG= (E,—) andG' = (E’,~) bethecomputatiorcorrespondingo thed-diagranoutputby Algorithm
A2. We shaw thataconsistentutD € C(G) satisfiesAG(p) iff D € C(G'). Firstsupposehatthereexistsavertex
e Randak suchthatfor all f € R andfor alli, M(f') # €. As aresult,for all i > k, theredoesnot exist avertex
x € E’ suchthatM(x) = €. In this casewe shaw thatslice((E,—),AG(p)) is empty ConsideracutD € C(G).
SinceD is finite, thereexistsaninstanceg of e suchthate ¢ D with | > k. ThenconsidetthecutDUJ(€'). This
cutis reachabldrom D anddoesnot satisfy p asJp(€') doesnot exist. Therefore D doesnot satisfyAG(p) and
hencesglice((E,—),AG(p)) is empty
Now considerthe casewhenthereexistsa pair of verticese, f € R andi suchthat,

(i) (M(eh),M(f1)) 5 nP((E,—)), and

(i) (€4, ') € P((E, )

Notethattheabove conditionimpliesthatV
(i) (M(e")),M(f*))) ¢ P((E,—)), and
(ii) (€1, %)) ¢ P((E',w))

We usean argumentsimilar to the first case. Considera cut D € C(G). SinceD is finite, thereexists an
instanceM(f') with | > i suchthatM(f'),M(e**'~") ¢ D. Then considerthe cut DU J(M(f')). This cutis
reachabldrom D anddoesnot satisfy p asit doesnotincludeM(e*!'~1). Therefore D doesnot satisfyAG(p)
andhenceslice((E,—),AG(p)) is empty

Now assumehat neitherof the conditionsin line 2 of the algorithmfor AG(p) aretrue. Thenconsiderthe
cutD = UgcrJp(€l). It canbe easilyshavn that every cut reachablerom D satisfiesp andhenceslice((E, —
),AG(p)) is notempty Thereforeslice((E,—),AG(p)) is emptyiff oneof the conditionin line 2 holds.

Therestof theproof of correctnessf thealgorithmfollows from the proof of correctnessf thealgorithmfor
computingslice((E, —),AG(p)) when(E, —) is finite [SGO0J. |

For slicing with respecto EG(p), we introducethe notion of fairness.

Definition 20 (fair sequenceof consistentcuts) LetC(i) denotethe eventx € frortier(C) sud that proc(x) =
P. We saythat a processP, is enabledin a consistenttut C if sucgx) exists. Then,an infinite sequencef
consistentutsTis calledfair if thereis no 10 sud that there existsa P sud that VC,D € 10, C(i) = D(i) and
sucdC(i)) exists.

Intuitively, a sequencef consistentutsis saidto be fair if it executeseventsfrom every processnfinitely
often. In termsof distributedsystemsopnly fair pathsareof interesto usasthe unfair pathswould notbeobsened
in asystems behavior exceptin the caseof failures.

Hence we modify theinterpretatiorof the operatorEG asfollows:

C = EG(p) iff for somefair consistentut sequencet suchthatm(0) =C, wehavedi > 0: 1(i) = p.

With fairness,the algorithm A3 for slicing with respectto EG(p) is similar to the one for AG(p). Here

insteadof simply checkingfor the introductionof an edge,we further checkif the introducededgeforms a
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Algorithm A2

Input: A computation (E, ) as d-diagram Q and
slice((E,—), p) = (E/,~) as d-diagram Q/
Output:  slice((E,—),AG )) as d-diagram Q"
1. |Initialize Q”’ to Q’
2. If there exists a vertex e € Rand a j such that for all f € R and for all i, M(f!) # el
or there exists a pair of vertices g, f € R and i such that,
() (M(e1).M(f1)) ¢ 2((E,—)), and
(i) (€%, ') € P((E,»))

then

3. return empty slice
4. else
5. For each pair of vertices €, f € V/ such that,

@) (M(eh),M(fh)) ¢ P((E, —)), and

(i) (e, 1) € P((E/,~))

add an edge from vertex e to the vertex L in Q"

6. return@’

Figure16: Algorithm for generatinga slicewith respecto AG(p).

stronglyconnectedomponen{SCC).Intuitively, if thereis astronglyconnectedomponentin therecurrenpart,
thenfor ary finite consistentutC, every fair consistentut sequencetartingfrom C would have to move across
the strongly connecteccomponent.As a result, every fair pathwould include a consistentcut which doesnot
satisfythe predicatep. The casewhenno stronglyconnectecomponentvasformedbetweerrecurrentvertices
andnorecurrentvertex wasremoved,we usea similar algorithmfor thefinite part.

The proof of correctnessf thealgorithmfor EG(p) is similar to thatof AG(p) andis omittedhere.

10 Grafting two slices

In this section,we presentalgorithmto graft two sliceswith respectto the A operator Formally, the problem
of grafting with respectto A is definedas follows: Given d-diagramscorrespondingo slice((E,—), p) and
slice((E,—),q) wherep andq areregular predicatescomputethe d-diagramcorrespondingdo slice((E, —), pA
a).

Clearly, slice({E,—), pAq) containsaconsistentutof (E, —) iff thecutsatisfieg aswell asq. Let Fmin(x, k)
denotethe earlierof eventsFy(x, k) andFy(x,k), thatis, Fmin(x,k) = min{Fp(x, k), Fq(x,k)}. Let (E’,~») bethe
directedgraphsimilar to the skeletal representatiofior slice((E,—), pA q) exceptthat(1) The setof elements
E’ = (E1NEy) \ D whereEy, E; arethesetsof elementsn slice((E, —), p) andslice((E, —),q) respectiely and
D is the setof elementgeachabldrom anelementin E\ (E1 NEy) in eitherslice({E,—), p) or slice((E, —),q)
and(2) Fmin(x, k) is usedinsteadof Fp,q(x,k) for x € E'. It wasshavn thatthe resultingdirectedgraphis cut-
equialentto the skeletalrepresentatiofMGO01] andhenceis avalid representatioof slice((E,—), pA Q). Here
again,we wantto obtainthe d-diagranrepresentationf the graph(E’, ~) giventhe d-diagram€Q,, andQq for
slice({E,—), p) andslice((E,—),q).

We briefly sketchthealgorithmfor obtainingthed-diagramQ correspondingo (E’,~»). Letiy betheiteration
suchthatfor ary j > iy, Jp(e!) becomesstablefor ary elemente. Similarly, i, be theiterationsuchthatfor ary
j > 2, Jy(e!) becomesstablefor ary elemente. Letk = max{iy,iz}. Unroll thed-diagrams€Qp andQq till they
have eventsfrom iterationk. Sincethe cutsJp(el) andJ(el) arestablefor j > k, Fmin(€,K) alsostabilizes.As a
result,thesetof verticesto bedeletedandtheresetcutcanbeascertainedsin thecaseof non-temporapredicates
andusinga similar procedurethe d-diagramQ canbe computed.
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Algorithm A3

Input: A computation (E, —) as d-diagram Q and
slice((E,—), p) as d-diagram Q'
Output:  slice((E,—),EG(p)) as d-diagram Q"
Input: A computation (E,—) as d-diagram Q and
slice((E, —), p) = (E/,~) as d-diagram Q/
Output:  slice((E,—),AG(p)) as d-diagram Q"
1. Initialize Q' to Q/
2. If there exists a vertex e € Rsuch that for all f € R and for all j, M(f1) # el
or there exists a pair of vertices e, f € R and i such that,
() (M(e}),M(1)) ¢ 2((E, —)), and
(ii) (€%, f1) is part of a SCC in (E/,w»)

then
3. return empty slice
4. else
5. For each pair of vertices €, f € V/ such that,
() (M(eh),M(1)) ¢ 2((E,—)), and
(ii) (e*, f1) is part of a SCC in (E/, w)
add an edge from vertex eto the vertex L in Q"
6. return@”’

Figurel7: Algorithm for generating slicewith respecto EG(p).

11 PredicateDetectionusing slicing

In the previous sectionswe looked at the algorithmsfor slicing an infinite directedgraphwith respecto non-
temporalpredicatestemporalpredicatesandfor graftingtwo slices. Thesealgorithmstake asinput a d-diagram
andreturn anotherd-diagramas an output. All the operatorsin our logic (A, EF, AG and EG) presere the
regularity of the atomicpropositions.To computethe slice of a d-diagramwith respecto ary arbitrarypredicate
p, we recursvely process from insideto outsidewhile applyingthe booleanandtemporaloperatorgo compute
thefinal slice.

Evenif thepredicateve areinterestedn detectingdoesnot belongto RCTL, we canstill make useof slicing
in somecases.For example,to detecta predicateof the form p A g wherep is a regularpredicateandq is nota
regularpredicateye cancomputethessliceof thed-diagramwith respecto p andthendetecty in thissliceusing
othermethodssuchasusingSPIN[Hol97].

12 Conclusionand Future Work

In this paper we presented finite representatioffior a classof infinite directedgraph. Theseinfinite directed
graphscanbe usedto modelaninfinite distributedcomputation(andnot all executionbehaiors of a distributed
program).We shavedthatit is possibleto slicethesed-diagramswith respecto a predicatdrom theRCTL class
of predicatesThe RCTL classof predicatesncludestemporaloperatorsandconjunctionoperatorsallowing us
to checkfor violation of propertiessuchasliveness Computingthe slice givesusthe additionalbenefitof using
othertechniquedo detectpredicatemutsidethe RCTL classof predicate®n smallercomputations.

As future work, we aim to extendthe techniquesievelopedhereto detecta broaderclassof predicateghan
RCTL. Thisincludesrelaxingtheassumptiorf index-independenct includesomeclasse®f channepredicates
andextendingRCTL to includeotheroperatorsuchasdisjunctionandnegation. Anotherdirectionof futurework
wouldbedeveloptechniquesor representingdistributedprogramasa collectionof d-diagramsandmodelcheck
theprogramfor propertiesby checkingfor propertiesonindividual d-diagrams.
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