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Abstract

Earlierwork on predicatedetectionhasassumedthatthegivencomputationis finite. Detectingviolation of
a livenesspredicaterequiresthatthepredicatebeevaluatedon aninfinite computation.In this work we develop
theoryandassociatedalgorithmsfor predicatedetectionin infinite runs.We introducetheconceptof d-diagram
whichis afinite representationof infinite directedgraphs.Weextendthetechniquesof computationslicing to d-
diagramswhichallowsusto efficiently detectpredicatesin asubclassof CTL, calledRCTL. RCTL is sufficient
to representpropertiessuchasviolationof liveness.

1 Intr oduction

Writing correctdistributedprogramsis adifficult task.Concurrency betweenprocessesmakestheprogramshard
to reasonabout,leadingto errors.Testingandverificationaretwo prominenttechniquesusedto avoid sucherrors.
For bothtestingandverification,theuserprovidesaspecificationwhichtheprogramshouldalwaysmeet.Testing
techniquesexecutemultiple runsof theprogram,possiblyguidingtheexecutionandchecktherunsfor adherence
to thespecification.Verificationtechniques[EC99] build a modelof theprogramandchecktheprogramfor the
specification.

Testingtechniquesfor distributedprogramsgenerallymodela finite traceasa partial ordermodelbetween
events,using for exampleLamport’s happened-before relation [Lam78]. The problemof testingthenreduces
to doing predicatedetectionon thesepartial ordertraces.The main problemin predicatedetectionin the par-
tial order model is that of stateexplosion—the set of possibleglobal statesof a distributed programwith N
sequentialprocessescanbeof sizeexponentialin N. Sincetheproblemof detectingany generalpredicateis NP-
complete[N. 01], theideais to identify classesof predicateswhichcandetectedefficiently [Gar02, SG03, GM01,
MG01]. Testingtechniqueshavetheadvantagethatthey scalewell but maynotcoverall possiblescenarios.As a
result,a programmayhavebugsevenaftersuccessfullypassingthetests.

On the otherhand,if a programsuccessfullypassesthrougha verificationprocedure,it is guaranteedto be
correctwith respectto thepropertiesthatareverified.However, in spiteof therecentadvancesin theformalmeth-
ods,verificationvery quickly becomesintractable.This is especiallytruefor verificationof distributedprograms
althoughavarietyof strategiesfor amelioratingthestateexplosionproblem,includingsymbolicrepresentationof
statesandpartialorderreductionhavebeenexplored[McM93, GW91, Val90, Pel93, Esp94].

In this work, we takeamiddlepath;wecaptureasubsetof infinite behaviorsof adistributedprogramusinga
compactrepresentationandextendthetechniquesusedfor testingfinite tracesto our representation.In particular,
wedraw onthework relatedto computationslicing [GM01, MG01, SG03] to performefficientpredicatedetection
for infinite computations.A computationslice,definedwith respectto aglobalpredicate,is thecomputationwith
theleastnumberof globalstatesthatcontainsall globalstatesof theoriginalcomputationfor which thepredicate
evaluatesto true. Computationslicing canbe usedto throw away the extraneousglobal statesof the original
computationin anefficientmanner, andfocuson only thosethatarecurrentlyrelevant for ourpurpose.

In this paper, we introducethe conceptof d-diagrams(directedgraphdiagrams). The d-diagramsarees-
sentiallyfinite representationsof a classof infinite directedgraphs.To our knowledge,this is the first attempt
to developa finite representationfor infinite directedgraphs.Although in somewaysd-diagramsaresimilar to
otherwell known representationssuchaspetri-nets[Pet62] andmessagesequencecharts[ITS96], therearesome
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Figure1: A posetwhichcannotbecapturedusingMSCgraphsor HMSC

importantdistinctions.Discussionof thesedifferencesis deferredto Section2. Along with beingof independent
interestmathematically, d-diagramscanbeusedto representasubsetof possiblyinfinite behaviorsof adistributed
program.

We alsoshow that it is possibleto computethe slice of a d-diagramwith respectto a predicate.The class
of predicatesconsideredin this work is a subsetof CTL [CE81], calledRCTL [SG03]. In RCTL, the temporal
operatorsare EF, EG, and AG and the booleanoperatoris conjunction. Moreover, atomic propositionsare
regularpredicates[GM01]. Theclassof regularpredicateshasthepropertythattheslicewith respectto a regular
predicatecontainspreciselythoseglobalstatesfor whichthepredicateevaluatesto true.Someexamplesof regular
predicatesareconjunctionof local predicates[Gar02] suchas“all processesarein redstate”andsomerelational
predicates[Gar02].

As an example,the RCTL logic canbe usedto representviolation of progressproperties.Theseproperties
areof the form EF



p � EG



q ��� . Intuitively, this propertysaysthat thereexists a global stateof the systemon

which p is true andthereis a pathfrom that stateon which q alwaysremainstrue. As a concreteexample,in
the caseof dining philosophers,p canbe the predicatethat “philosopheris hungry” andq canbe the predicate
“philosopherdoesnot get to eat”. Thentheabove propertyrepresentstheviolation of theprogresspropertythat
“If a philosopheris hungry, hewould eventuallyget to eat”. In additionslicing canbeusedin conjunctionwith
othergeneraltechniquesto efficiently detectpropertiesof theform p � q wherep is a formulain theRCTL logic
andq is any arbitraryformula.

Ourslicingalgorithmsexploit thestructureof thepredicateandaremoreefficientthancurrentlyusedtechiques
in modelcheckingprograms.Recently, a modelcheckingalgorithmwasproposed[KG05] which representsa
distributedprogramasa collectionof infinite posetsandchecksfor reachabilitypropertiesin thatrepresentation.
The resultsthereshow that exploiting the predicatestructurecan drastically improve the performanceof the
modelcheckingalgorithms.Ourwork opensuptheavenuesfor representingadistributedprogramasacollection
of d-diagramsandbeableto checka largersetof propertieson them.

In summary, thispapermakesthefollowing contributions:

• We introducea finite representationof infinite directedgraph,calledd-diagrams,which canbe usedto
modelinfinite distributedcomputationsor a subsetof behaviorsof adistributedprograms.

• We show that it is possibleto performslicing on d-diagramsfor both temporalandnon-temporalregular
predicates.In particular, wedeveloptechniquesto computethesliceof apredicatewith respectto aclassof
predicatescalledRCTL. Thisclassis powerful enoughto representpropertiessuchasviolationof liveness.

2 RelatedWork

A lot of work hasbeendonein identifying the classesof predicateswhich canbe efficiently detected.Some
examplesof the predicatesfor which the predicatedetectioncanbe solved efficiently are: conjunctive[Gar02,
HMRS98], disjunctive[Gar02], observer-independent[CBDGF95, Gar02], linear [Gar02, SG02a], non-temporal
regular [GM01, MG01] predicatesandtemporal regular [SG03, SG02b]. As mentionedearlier, thepreviouswork
in this areais mainly restrictedto finite traces.Computationalslicing hasalsobeenappliedto only finite traces.
In this paper, we addresstheproblemof predicatedetectionandslicingon infinite traces.

Somerepresentationsusedin verificationexplicitly modelconcurrency in the systemusinga partial order
semantics.Two suchprominentmodelsaremessagesequencecharts(MSCs) [ITS96] andpetri nets[Pet62].
MSCsandrelatedformalismssuchastime sequencediagrams,messageflow diagrams,andobject interaction
diagramsareoftenusedto specifydesignrequirementsfor concurrentsystems.An MSC representsone(finite)

2



executionscenarioof a protocol; multiple MSCscanbe composedto depictmorecomplex scenariosin repre-
sentationssuchasMSC graphsandhigh-level MSCs(HMSC).Theserepresentationscapturemultiple posetsbut
they cannotbeusedto modelall theposetsthatberepresentedby d-diagrams.In particular, a messagesentin a
MSC nodemustbe received in the samenodein MSC graphor HMSC. Thereforean infinite posetsuchasthe
oneshown in Figure1 is not possibleto representthroughMSCs. Furthermore,theproblemof modelchecking
MSCs[AY99, BAL97] is in generalintractable.In thispaper, weconsideraweakermodelbut wegiveaprovably
efficientalgorithmfor predicatedetectionandslicing.

Petri nets[Pet62] arealsousedto modelconcurrentsystems.Partial ordersemanticsin petri netsarecap-
turedthroughnetunfoldings[MNW80]. Unfortunately, unfoldingsareusuallyinfinite setsandcannotbestored
directly. Instead,a finite initial partof theunfolding,calledthefinite completeprefix [McM93] is generallyused
to representtheunfolding. McMillan showedthatreachabilitycanbecheckedusingthefinite prefix itself. Later
Esparza[Esp94] extendedthis work to useunfoldingsto efficiently detectpredicatesfrom a logic involving the
possibilityoperator. Again petri netscanusedto modelthebehavior of a completesystemwhereasd-diagrams
cannotmodel“choice”. However, alongwith beingsimpler, d-diagramshave someotheradvantagesover petri
nets.They allow someunsafepetri netsto bemodel-checkedwhich wasnot possibleto do efficiently usingear-
lier techniquesfor petri nets.It is alsopossibleto detect(andcomputeslicefor) EG



p � with our methods.This

facilitatescheckingviolationof progressproperties;violationof progresspropertiescouldnotbeexpressedusing
Esparza’s logic.

3 Infinite Posetsand Infinite Dir ectedGraphs

In thissection,wefirst introduceafinite representationfor aclassof (countably)infinite posetswhich is aspecial
caseof aninfinite directedgraph.Therepresentationfor infinite posetsis calledp-diagram(posetdiagram).

Definition 1 (p-diagram) We definea p-diagram(posetdiagram)Q � 

V� F� R� B � where

• V is a setof verticesor nodes,

• F (forward edges)is a subsetof V � V

• R(recurrentvertices)is a subsetof V

• B (shift edges)is a subsetof R � R

with thefollowingconstraints.

• (P0)F is acyclic,i.e.,


V� F � is a directedacyclicgraph

• (P1) If u is a recurrentvertex and


u� v ��� F or



u� v ��� B, thenv is alsorecurrent.

Thus,a p-diagramis a finite directedacyclic graph


V� F � togetherwith a setof shift-edgesgivenby B anda

subsetR denotingtheverticesthatappearaninfinite numberof times.
Eachp-diagramrepresentsapossiblyinfinite posetwhich is definedasfollows.

Definition 2 (posetfor a p-diagram) Theposet


X ����� for a p-diagramQ is definedasfollows:

• X ��� u1 � u � V ����� ui � i  2 � u � R�
• Therelation � is thesmallestreflexivetransitiverelationthat satisfies:

(1) if


u� v �!� F andu � R,then" i : ui � vi , and(2) if



u� v �!� F andu # R,thenu1 � v1, and(3) if



v� u �!� B,

then" i : vi � ui $ 1.

In otherwords,X consistsof two typesof elements.First, for all verticesu � V we have elementsu1 in X.
Further, for all verticesu � R, we addaninfinite numberof elements� ui � i  2� . It is clearthatwhenR is empty
we geta finite posetandwhenR is nonemptywe getaninfinite poset.For anelementei � X, we referto i asthe
index or iteration of theelementandwe call ei an instanceof e.

We now havethefollowing theorem.

3
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Figure2: (a)A p-diagramand(b) its correspondinginfinite poset

Theorem1


X �5��� asdefinedaboveis a reflexiveposet.

Proof: Weshow that � is reflexive,transitiveandantisymmetric.It is reflexiveandtransitiveby construction.We
now show that � asdefinedabovedoesnotcreateany nontrivial cycle (cycleof sizegreaterthanone).Any cycle
in elementswith thesameindex, sayei and f i , would imply cycle in



V� F � . Thus,any cyclewouldhaveelements

with at leasttwo indices.However, � nevermakesahigherindexedelementsmallerthanalowerindexedelement.

Let usnow considersomeexamples.

1. Thesetof naturalnumberswith theusualordercanbemodeledusingthefollowing p-diagram:
V �6� u�
F �6�7�
B �8� 
 u� u ���
R �8� u �
Notethatthis posethasinfinite heightandwidth equalto 1.

2. Thesetof naturalnumberswith noordercanbemodeledas:
V �6� u�
F �6�7�
B �8�9�
R �8� u �

3. Figure 2 shows an exampleof a p-diagramalong with the correspondinginfinite poset. The recurrent
verticesin the p-diagramarerepresentedby hollow circlesand the non-recurrentverticesthroughfilled
circles. Theforwardedgesarerepresentedby solid arrows andtheshift-edgesby dashedarrows. We use
thesameconventionthroughoutthepaperfor thefigures.

We now givesomeexamplesof posetsthatcannotberepresentedusingp-diagrams.

1. The setof all integers(including negative integers)underthe usualorderrelationcannotbe represented
usingp-diagram.Thesetof integersdoesnothaveany minimalelement;any posetdefinedusingp-diagram
is well-founded.

2. Considerthesetof all naturalnumberswith theorderthatall evennumbersarelessthanall theoddnumbers.
This posetcannotbe representedusingp-diagram.In this poset,the uppercovers[DP90] of an element
maybeinfinite. For example,thenumber2 is coveredby infinite numberof elements.In a p-diagram,an
elementcanhaveonly boundednumberof lower (anduppercovers).

3. Considertheposetof two-dimensionalvectorswith naturalcoordinates.Define


x1 � y1 ��� 


x2 � y2 � if f


x1 �

x2 �:� 
 y1 � y2 � . Thisposetcanbevisualizedasthegrid. It canbeshownthatthisposetcannotberepresented
usinga p-diagram.

Thefollowing propertiesof theposetsgeneratedby p-diagramsareeasyto show.

Lemma 2 A posetP definedbya p-diagramhasthefollowing properties.
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Figure3: (a)A d-diagramand(b) its correspondinginfinite directedgraph

1. P is well-founded.

2. Thereexistsa constantk such thateveryelementhasthesizeof thesetof its uppercoversandlowercovers
boundedbyk.

3. Everyprincipal order ideal of P is finite.

From distributedcomputingperspective, our intention is to provide a model for an infinite computationof
a distributedsystemwhich is eventuallyperiodic. Although a distributedcomputationin the happened-before
model [Lam78] is alwaysrepresentedusinga poset,it is useful to have a modelof infinite directedgraphsfor
the purposeof slicing [GM01, MG01]. The directedgraphdoesnot capturethe order betweeneventsin the
computationbut it canbe usedto capturethe setof possibleconsistentcutsor global statesof the system.To
this endwe introducea generalizationof p-diagramcalledd-diagram(directedgraphdiagram).A d-diagramis
simply ap-diagramwithout theconstraint(P0)of F beingacyclic.

Definition 3 (d-diagram) We definea d-diagramQ � 

V� F� R� B � where

• V is a setof verticesor nodes,

• F (forward edges)is a subsetof V � V

• R(recurrentvertices)is a subsetof V

• B (shift edges)is a subsetof R � R

with thefollowingconstraint.

• (D0) If u is a recurrentvertex and


u� v ��� F or



u� v ��� B, thenv is alsorecurrent.

Thedirectedgraphgeneratedby a d-diagramis alsodefinedin a mannersimilar to theposetgeneratedby a
p-diagram.

Definition 4 (dir ectedgraph for a d-diagram) ThedirectedgraphG �<; E ��=<> for a d-diagramQ is definedas
follows:

• E �6� u1 � u � V ���?� ui � i  2 � u � R�
• Therelation = is thesetof edgesin E givenby:

(1) if


u� v �@� F andu � R,then" i : ui = vi , and(2) if



u� v �@� F andu # R,thenu1 = v1, and(3) if



v� u �@� B,

then" i : vi = ui $ 1.

Furthermore, let A 
 G � bethesetof pairsof vertices


u� v � such that there is a pathfromu to v in G.

Figure3 shows a d-diagramalongwith a partof the infinite directedgraphgeneratedby it. In this case,the
vertices� a� b� andvertices� f � g� form cyclesin F .

Again,somepropertiesof thedirectedgraphsgeneratedby d-diagramsareeasyto show.

Lemma 3 A directedgraphG definedbya d-diagramhasthefollowingproperties.
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Figure4: (a)A generalizedd-diagramand(b) its equivalentd-diagram

1. Thecyclespresentin G only involveelementswith thesameindex.

2. Thereexistsa constantk such thateveryelementhasindegreeandoutdegreeboundedbyk.

3. There is no pathfroman elementwith iteration i to an elementwith iteration j where j T i.

4. If there is a pathfromelementei to elementf j , thenthere is a pathfromei $ k to f j $ k for all k  0.

Sincep-diagramis a specialcaseof d-diagram,we work with d-diagramsfrom now on. Moreover, a dis-
tributedcomputationgeneratedby afinite numberof processeshasfinite width andhencewearemainlyinterested
in d-diagramswhich generatefinite width directedgraphs.Thefollowing lemmacharacterizesthosed-diagrams
for which thecorrespondingdirectedgraphshavefinite width. Thewidth of directedgraphis definedasthemax-
imum over thesizesof setsof pairwisedisconnectedvertices.Two verticesaresaidto bedisconnectedif thereis
no pathfrom oneto other.

Lemma 4 A directedgraphG definedbya d-diagramhasfinite width iff for everyrecurrentvertex there existsa
cyclein thegraph



R� F � B � which includesa shift-edge.

Onecan imaginegeneralizingthe d-diagramsby having k U shif t U edgeswhich increasethe iteration of
a vertex by k for any arbitraryk insteadof a simpleshift-edge. We call sucha d-diagramas the generalized
d-diagram.

Definition 5 (generalizedd-diagram) A generalizedd-diagramis a set


V� R� F� B1 � B2 ��V�V�V�� Bm � where m is the

maximumk such thata k U shif t U edgeis presentin thed-diagramandBk W 
 V � R� is therelationof k U shif t U
edgewith theproperty:
If


e� f �X� Bk, thenei = f i $ k.

Notethat in theabove definition,we allow theshift edgesto bepresentbetweennon-recurrentandrecurrent
verticesaswell. Clearlyd-diagramsareaspecialcaseof thegeneralizedd-diagramswherem � 1 andB1 W R � R.
The following theoremfurther shows that the generalizedd-diagramare not any more expressive than the d-
diagrams.

Theorem5 Let


V� R� F� B1 � B2 ��V�V�V�� Bm � be a generalizedd-diagramand ; E �5=8> be the infinite graphgenerated

by it. Thenthere existsa d-diagram


V YZ� RYZ� F YZ� BY[� such that the graph ; EYZ��\]> generatedby the d-diagram is

isomorphicto thegraph ; E ��=<> .
Proof: We constructthed-diagramcorrespondingto thegeneralizedd-diagramasfollows.

1. V Y@�6� e1
� e � V ����� ei

� e � R and2 � i � m ^ 1�
2. RY@�6� ei

� e � R and1 � i � m ^ 1 �
3. F Y!�8� 
 e1 � f1 � � 
 e� f �X� F ��_� 
 ei � fi $ k � � 
 e� f �X� Bk and1 � i � m ^ 1 U k �
4. BY@�6� 
 ei � f j � � 
 e� f �`� Bk andm ^ 1 U k T i � m ^ 1 and j � 


i ^ k � modm ^ 1 ���
6



Now we show that the graph ; EY ��\]> generatedby


V Y � RY � F Y � BY � is isomorphicto the graph ; E ��=<> . Let

µ : E = EY betheisomorphismfunctionbetweentheelementsin E andEY definedasfollows:

1. µ


e1 �X� e1

1 if e � V a R.

2. µ


ei �X� el

k if e � R. Herek � 1 ^ 
 i U 1 � modm ^ 1 andl � 1 ^ 
 i U 1 �cb 
 m ^ 1 � .
With this isomorphismfunction,it is easyto show that



ei � f j �X�dA 
 ; EYe��\]>�� if f



µ


ei �c� µ
 f j ���X�dA 
 ; E ��=<>�� .

Figure4 shows anexampleof this conversion.Thedottededgeslabeledwith a numberk denotethek-shift-
edgesandtheunlabeleddottededgesdenotethe1-shift-edges.We haveessentiallycreatedmultiple copiesof the
recurrentverticesandredrawn thek-shift-edgesin termsof simpleshift-edges.

4 D-diagram for distrib uted computing

We assumea messagepassingasynchronoussystemwithout any sharedmemoryor a globalclock. A distributed
programconsistsof N sequentialprocessesdenotedby P �f� P1 � P2 ��V�V�V5� PN � communicatingvia asynchronous
messages.

A local computationof a processis a sequenceof events.An eventis eitheraninternalevent,a sendeventor
a receiveevent.Let proc



e� denotetheprocessonwhicheventeoccurs.Thepredecessorandsuccessoreventsof

e on proc


e� aredenotedby pred



e� andsucc



e� .

Generallya distributedcomputationis modeledasa partial orderof a setof events,called the happened-
before relation [Lam78]. In this paper, we insteadusedirectedgraphsto modeldistributedcomputationsasdone
in [MG01]. Directedgraphsallow usto representboththecomputationandits slicewith respectto a predicatein
a uniform fashion.However, asopposedto theearlierwork, our computationscanbeinfinite andasa result,the
directedgraphsusedto modelthecomputationcanbeinfinite.

Givena directedgraphG �8; E ��=<> , wedefineaconsistentcut or aglobalstateasasetof verticessuchthatif
thesubsetcontainsa vertex thenit containsall its incomingneighbors.Formally, C is a consistentcut of G, if

" x� y � E :


x = y �g� 
 y � C ��h 


x � C �
. We saythata stronglyconnectedcomponentis non-trivial if it hasmorethanoneelement.We call theempty
set /0 and the setof verticesE as trivial consistentcuts. A distributedcomputationin our model cancontain
cycles. This is becausewhereasa computationin the happened-beforemodelcapturesthe observableorderof
executionof events,a computationin our modelcapturesthe setof possibleconsistentcuts. Intuitively, each
stronglyconnectedcomponentof a computationcanbeviewedasa meta-event; a meta-eventconsistsof oneor
moreevents.

Let i 
 G � denotethesetof finiteconsistentcutsof thedirectedgraphG. Thefollowing theoremis aslightgen-
eralizationof theresultin latticetheorythatthesetof idealsof apartiallyorderedsetformsa finitary distributive
lattice[Sta86]. A latticeis finitary if it hasthebottomelementandis locally finite.

Theorem6 Givena directedgraphG,

 i 
 G � ; W � formsa a finitary distributivelattice.

In this work we focusonly on finite order idealsor finite consistentcutsasthey arethe onesof interestfor
distributedcomputing.For aneventx � C, we denoteby J



x � , the leastconsistentcut which includesx. Thecut

J


x � canalsobeinterpretedasprincipalidealof theelementx in thedirectedgraphG.

A frontier of a consistentcut is the setof thoseeventsof the cut whosesuccessors,if they exist, are not
containedin thecut. Formally,

f rontier


C �X�8� x � C � succ



x � exists h succ



x �0# C �

A consistentcut is uniquely characterizedby its frontier and vice versa. Therefore,sometimeswe specify a
consistentcutby simply listing theeventsin its frontier insteadof enumeratingall its events.Two eventsaresaid
to beconsistentif f they arecontainedin thefrontierof someconsistentcut,otherwisethey areinconsistent.It can
beverifiedthateventse and f areconsistentif f thereis no pathin thecomputationfrom succ



e� , if it exists,to f

andfrom succ


f � , if it exists,to e. Notethatin our model,aneventcanbeinconsistentwith itself.
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Figure5: (a)A d-diagramwith processandlabelinformation(b) Thecomputationcorrespondingto thed-diagram
v

We usea d-diagram


V� R� F� B � to representthe infinite directedgraphof the computation.We assumethat

theprocessrelationmapsall the instancesof a vertex in d-diagramto thesameprocessi.e. " e � V : proc


ei �`�

proc


ej � . As a result,we denotethe processfor an elementei � E simply as proc



e� . For any two elements

x� y on a process,eitherthereis a pathfrom x to y or from y to x. To guaranteethis condition,it canbe easily
shown thatall therecurrentverticesin thed-diagramwith thesameprocessshouldform a cyclewith exactlyone
shift-edge.We referto theseshift-edgesasprocessshift-edges. We furtherassumethatthed-diagramgivento us
hasa non-emptyrecurrentpart;otherwisethealgorithmsfor thecaseof finite computationscanbeused.

We augmentthe d-diagramwith the presenceof a fictitious global initial denotedby � . The global initial
eventoccursbeforeany othereventon theprocessesandinitializes thestateof theprocesses.We do not have a
notionof aglobalfinal eventaswe areonly interestedin thefinite idealsof thecomputation.

Given a consistentcut, a predicateis evaluatedwith respectto the valuesof the variablesresultingafter
executingall theeventsin thecut. If a predicatep evaluatesto truefor a consistentcutC, we saythatC satisfies
p. We further assumethat a predicatedependsonly on the labelsof the eventsin the computation.This rules
out predicatesbasedon global statesuchaschannelpredicates.We define � : G = L to be an onto mapping
from thesetof verticesin d-diagramto a setof labelsL with theconstraintthat " e � V : � 
 ei �X��� 
 ej � . In other
words,thelabelof anelementin thedirectedgraphis independentof its index. This is in line with modelingthe
recurrenteventsasrepetitionof thesamestate.Wesometimesreferto thisassumptionasthe index-independence
assumption.

Figure5 shows a computationrepresentedasa d-diagram.Figure5(a) shows the d-diagramalongwith the
processinformation.Along with eachprocess,thelocal variablesx� y� z on processesP1 � P2 andP3 arealsolisted.
For eacheventthevalueof thelocalvariableis listed.Thevaluesof localvariablescanbeconsideredto belabels
in this case.

We now discussanothergeneralaspectof d-diagrams;adirectedgraphdoesnot havea uniquerepresentation
in termsof d-diagram.In fact,we show that therearecountablyinfinite representationsof a directedgraphasa
d-diagram.We definethenotionof unrolling of a d-diagramQ with respectto a consistentcutC. Intuitively, this
operationincreasesthenon-recurrentpartof thed-diagramto includethecutC andrearrangesthe forwardand
shift-edges.

Definition 6 (unrolling a d-diagram) LetQ � 
 V� R� F� B � bea d-diagramandC bea consistentcut in thecorre-
spondingdirectedgraph ; E ��=<> that " ei � f rontier



C � : e � R. Then� 


Q� C �X� 
 V YZ� RYZ� F YZ� BY[� is thed-diagram:

• V Y@�6� ek
� e � V � ek � C �

• RY �6� ek
� e � R � k U 1 � max� i � ei � C �7�

• F Y!�8� 
 ei � f j � � ei � f j � V Y	� ei = f j �
• BY@�6� 
 ei � f j � � ei � f j � RY:� ei = f j $ 1 �
It canbe easilyshown that the unrolledd-diagramgeneratesa directedgraphisomorphicto the original d-

diagram. Let ; E ��=<> be the directedgraphgeneratedby the d-diagramQ and ; EYZ��\]> be the directedgraph
generatedby � 


Q� C � . Thenwe denotethe isomorphismfunction from elementsin E to elementsin EY by � C.
If the isomorphismfunction mapsa nodein the original directedgraphto a nodewith the samelabel, thenthe
two directedgraphsareequivalentfrom theperspective of predicatedetection.For this purpose,we assumethat� 
 ei �X��� 
 � C 
 ei ��� . Thefollowing resultis easyto show:

8



Lemma 7 Let ; EY �c\]> be the graph generatedby � 

Q� C ��� 


V Y � RY � F Y � BY � . Let ei be such that ei � C and" j � i : ej # C. Then � C 
 ei $ k �X� hk for someh � RY .

�
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�0���[��� �
�0���[��� �

� � �[� � �
�
�

� �
¡
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�

¢
£
¤

¢ �
£ �
¤��

Figure6: Thed-diagramin Figure5(a)unrolledwith respectto C �6� d2 � f 1 � g1 �
As an example,Figure 6 shows the unrolling of the d-diagramin Figure 5(a) with respectto a cut C �� d2 � f 1 � g1 � .

5 Background on Slicing and Regular Predicates

In theearlierwork [GM01, MG01], thenotionof slicingwasusedfor finite directedgraphsandwasbasedon the
Birkhoff ’s RepresentationTheoremfor Finite Distributive Lattices[DP90]. Informally, a computationslice (or
simplyaslice)is aconciserepresentationof all thoseconsistentcutsof thecomputationthatsatisfythepredicate.

In this work, we extend the notion of slicing for infinite directedgraphsby focusingonly on finite order
ideals[DP90]. As mentionedearlieraswell, we dealonly with finite consistentcutsandreferto themsimply as
consistentcuts. Similar to thetheBirkhoff ’s representationtheorem[DP90], we have thefollowing theoremfor
thecaseof finite orderidealsof a poset:

Theorem8 [ [Sta86], Proposition3.4.3]LetP bea posetsuch thateveryprincipal order ideal is finite. Thenthe
posetJf



P � of finite order idealsof P, orderedby inclusion,is a finitary distributivelattice. Conversely, if L is a

finitary distributivelattice andP is its subposetof join-irr educibles,theneveryprincipal order ideal of P is finite
andL � Jf



P � .

We canusetheabovetheoreminsteadof theBirkhoff ’s theoremandgeneralizethenotionof slicefor consis-
tentcutsto thefollowing definition.

Definition 7 (slice) Theslice of a directedgraph G with respectto a predicatep is the directedgraph whose
consistentcutsform thesmallestsublatticethat containsall theconsistentcutssatisfyingthepredicatep.

This definition is equivalentto thedefinition of slice in the earlierwork for finite directedgraphs.It canbe
easilyshown thattheslicefor apredicatealwaysexistsandis unique.Sincethesliceof aninfinite directedgraph
canagainbeaninfinite directedgraph,weused-diagramto representthesliceof acomputationaswell. We later
show thatif theoriginal computationwasrepresentableusingd-diagram,thenthesliceof thecomputationis also
representableby d-diagram.

We denotethe slice of the computation; E �5=8> with respectto a predicatep by slice

 ; E ��=<>�� p � . Note that; E ��=<>_� slice


 ; E ��=<>�� true� . Every slice derived from the computation; E �5=8> hasthe trivial consistentcut /0
amongits setof consistentcuts.A sliceis emptyif it hasno non-trivial consistentcuts[MG01]. In therestof the
paper, unlessotherwisestated,aconsistentcut refersto a non-trivial consistentcut.

In general,a slicecontainsconsistentcutsthatdo not satisfythepredicate(besidestrivial consistentcut /0).
In casea slicedoesnot containany suchcut, it is calledlean. Theslicefor theclassof predicatescalledregular
predicatesis alwayslean. Givena computation,thesetof consistentcutssatisfyinga regularpredicateformsa
sublatticeof thesetof consistentcutsof thecomputation[GM01]. Equivalently,

Definition 8 (regular predicate[GM01]) A predicateis regular if giventwoconsistentcutsthatsatisfythepred-
icate, theconsistentcutsobtainedbytheir setunionandsetintersectionalsosatisfythepredicate. Formally, given
a regular predicatep,
(C satisfiesp) � (D satisfiesp) �¥h (C ¦ D satisfiesp) � (C � D satisfiesp)

9



We saythata regularpredicateis non-temporal if it doesnot containtemporaloperatorssuchasEF, AG, and
EG, otherwiseit is a temporal regularpredicate.

Someexamplesof non-temporalregularpredicatesareconjunctionof localpredicatessuchas“Pi andPj arein
critical section”,andrelationalpredicatessuchasx1 U x2 � 5, wherexi is amonotonicallynon-decreasinginteger
variableon processPi . Fromthedefinition of a regularpredicatewe deducethata regularpredicatehasa least
satisfyingcut asthe latticeof orderidealshasa bottomelement.Furthermore,theclassof regularpredicatesis
closedunderconjunction[GM01].

For a regularpredicatep andanelementx � G, we defineJp


x � asthe leastconsistentcut which satisfiesp

andincludesx. If thereis no cut thatsatisfiesp andincludesx, Jp


x � is definedto beNULL; otherwiseJp



x � is

well-definedastheregularpredicatesareclosedunderintersection.

6 RCTL syntaxand semantics

We work with theRCTL [SG03] (RegularCTL) extendedfor infinite computations.We definesuccessorof a cut
by a relation § W i 
 G �X�¨i 
 G � suchthatC § D if andonly if D � C � X, whereX is thesetof verticesin some
stronglyconnectedcomponentin ; E ��=<> andX ¦ C � /0. We denotethereflexiveclosureof this relationby § . A
consistentcut sequenceπ is a possiblyinfinite sequenceof consistentcutsC0 � C1 ��V�V�V�� of


 i 
 G ��� W � suchthat for
each0 � i, Ci § Ci $ 1. Thesuffix of theconsistentcut sequencefrom thecutCi onwardsis denotedby πi andthe
ith elementin thesequenceis denotedby π



i � . We saythatacut D is reachablefrom a cutC if C W D.

Propositionaltemporallogicsusea finite setof atomicpropositionsAP, eachoneof which representssome
propertyof theglobalstate.A labelingfunctionλ : i 
 G ��= 2AP assignsto eachglobalstatethesetof predicates
from AP that hold in it. In this paperwe assumethat atomicpropositionsarenon-temporalregular predicates
definedonly in termsof thelabelsof theevents.

Theformal syntaxof RCTL is givenbelow.© Everypredicateap � AP is anRCTL formula.© If p andq areRCTL formulas,thensoarep � q, EF


p � , EG



p � , andAG



p � .

Givena distributive latticeW � 
 i 
 G �c� W � , the formulasof RCTL areinterpretedover theconsistentcutsini 
 G � . Let p be an RCTL formula andC be a consistentcut in i 
 G � . Then,the satisfactionrelation,L � C � � p
meansthatpredicatep holdsat consistentcutC in latticeW � 
 i 
 G �c� W � andis definedinductively below. We
denoteC � � p asa shortform for W� C � � p, whenW is clearfrom thecontext.© C � � ap if f ap � λ



C � for anatomicpropositionap.© C � � p � q if f C � � p andC � � q.© C � � EG



p � if f for someconsistentcut sequenceπ suchthatπ



0 ��� C, wehave " i  0 : π



i � � � p.© C � � AG



p � if f for all consistentcut sequencesπ suchthatπ



0 ��� C wehave " i  0 : π



i � � � p.© C � � EF



p � if f for someconsistentcut sequenceπ suchthatπ



0 ��� C, wehave ª i  0 : π



i � � � p.

We defineW � � p if andonly if W���7��� � � p.
The formulaC � � AG



p � (resp. C � � EG



p � ) intuitively meansthat for all consistentcut sequences(resp.

for someconsistentcut sequence)startingat C, p holdsat every cut of the sequence.The formulaC � � EF


p �

intuitively meansthatfor someconsistentcut sequencestartingatC, thereexistsa consistentcut thatsatisfiesp.
The predicatedetectionproblemis to decidewhetherthe initial consistentcut of a distributedcomputation

satisfiesa predicate.Notethat full CTL containsotheroperatorsaswell but we arenot goingto dealwith them.
Thissubsetof CTL definedoverdistributivelatticeshasthenicepropertyof preservingregularityi.e. if weassume
that theatomicpropositionsareregularpredicates,thenall the formulasin the logic areregularpredicates.This
followsfrom thefactthatconjunction[GM01] andtemporaloperatorspreserveregularity[SG03]. In otherwords,
if p andq areregularpredicates,thenp � q, EF



p � , AG



p � andEG



p � arealsoregularpredicates.

To continuewith our exampleof thecomputationin Figure5, we areinterestedin computingthesliceof the
computationwith respectto thepredicateEF



x � 1 � y � 1 � z � 1 � .

7 Detectingnon-temporal predicates

We first considerthe problemof detectingnon-temporalregular predicatesin d-diagrams.We show that it is
sufficient to performpredicatedetectionon a finite partof theinfinite directedgraph.This resultis analogousto
theconceptof finite prefix [McM93] in thecaseof petri-nets.
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Figure7: (a)A d-diagram(b) Thecomputationfor thed-diagramshowing a cutandtheshift of a cut

Beforeproceeding,weclarify somenotationusedin thepaper. We alwaysidentify a cutby its frontierunless
a distinctionis madebetweenthecut andits frontier. Every elementx � G hasthe form ei for somee � V and
somei  1. As aresult,weuseei � G asashortcutfor x � G : x � ei with thequantificationoperators" and ª . In
otherwords," ei � G is equivalentto " x � G and ª ei � G is equivalentto ª x � G.

We mainly focuson therecurrentpartof thed-diagramasthat is thepiecewhich distinguishesthis problem
from thecaseof finite directedgraph.We identify certainpropertiesof therecurrentpartwhichallowsusto apply
thetechniquesdevelopedfor finite directedgraphsto d-diagrams.

We first definethenotionof a shift of a cut. Intuitively, theshift of a cutC producesa new cut by moving the
cutC forwardor backwardby a certainnumberof iterationsalongasetof recurrenteventsin C. Formally,

Definition 9 (d-shift of a cut) Givena cutC, a setof recurrenteventsX W R andan integer d, a d-shift cut of C
with respectto X W R,Sd



C � X � , is thecut

� ei � ei � C � e # X ����� em� ei � C � e � X � m � max


1� i ^ d ���

We denoteSd


C � R� simplyby Sd



C � .

Notethatin theabovedefinitiond canbenegative. Also, for a consistentcutC, Sd


C � X � is not guaranteedto

beconsistentfor everyX.
As an example,considerthe infinite directedgraphfor the d-diagramin Figure2. Let C be a cut given by

thefrontier � e1 � f 1 � g1 � andX �<� f � g� . ThenS1


C � X � is thecut givenby � e1 � f 2 � g2 � . Figure7 shows thecutC

andS1


C � X � . Similarly for C givenby � a1 � f 1 � g1 � , S1



C �X�6� a1 � f 2 � g2 � . Notethatin this case,a1 remainsin the

frontier of S1


C � andthecutS1



C � is not consistent.

We introducesomemoreconceptsrelatedto d-diagrams.

Definition 10 For a consistentcutC andl  0, defineCl �<� ei � ei � C � i � l � . In otherwords,Cl is thepart of
thecutC which hasindicesgreaterthanl .

Definition 11 (indicesof a cut) For a consistentcutC, defineindices


C � asthesequencegivenby theset � 0���� i � ei � C � sortedin increasingorder. The jth elementof thesequenceindices



C � is referredto asindices



C ��Æ j Ç .

Definition 12 (gap) For a consistentcutC andi � indices


C � , definegap



C � i �È� j U i where j � indices



C �c� j � i

and É l � indices


C � : i T l T j . If such a j doesnotexist, thengap



C � i ��� 0.

As an example,considerC �Ê� e3 � f 1 � g1 � shown in Figure8. ThenC1 �Ë� e3 � , indices


C �_�f� 0� 1� 3� and

gap


C � 0 ��� 1� gap



C � 1 ��� 2 andgap



C � 3 ��� 0.

Theregularityof apredicateallowsoneto explorethelatticeof idealsin afixedorderof eventssuchthatif the
predicatebecomestruethentheleastideal in which it becomestruewill beexplored. For finite directedgraphs,
oncetheexplorationreachesthefinal globalstateit signalsthatthepredicatecouldneverbecometrue. In thecase
of infinite directedgraphs,thereis no final global state. So, the key problemhereis to determinethe stopping
rule thatguaranteesthatif thepredicateeverbecomestruethenit would bediscoveredbeforethestoppingpoint.
For this purpose,we show that for every cut in thecomputation,a subgraphof thecomputationcalledthe core
containsa cut with the samelabel. The coreof the computationis simply the setof eventsin the computation
with iterationlessthanor equalto N, thenumberof processes.

11



Ì
Í
Î Î9ÏÐ Ï ÐMÑ Î Ñ

Í ÑÍ!Ò
Ì Ò Ì ÑÓ:Ï

Ô Ï
Õ!Ï

Í Ï
ÌÖÏ

Î ÒÐ Ò
×

ØÚÙ�Û

Õ
Ô
Ó

Ð

ØÝÜ:Û

Þ Þ

Figure8: (a)A d-diagramand(b) its correspondingcomputationwith a cutC
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Figure9: Compressionoperationbeingappliedon a cut

Definition 13 (coreof a computation) For a d-diagramQ, wedefineU


Q � , thecoreof Q, asthedirectedgraph

givenby thesetof eventsEY!�<� ej � e � R � 2 � j � N �Ö�?� e1 � e � V � andtheedgesare therestrictionof = to set
EY .

For thed-diagramin Figure7(a),thepartof theposetshown in Figure7(b) is thecoreof thed-diagram.
For proving thecompletenessof thecore,we definethenotionof a compressionoperation.Intuitively, com-

pressinga consistentcut removesall thegapsbetweeniterationsandresultsin a smallerconsistentcut with the
samelabeling.

Definition 14 (compression) Givena cutC and i � indices


C � , defineá 
 C � i � j ��� Sâ j



C � Ci � . In otherwords,

theoperation á shiftsall theeventsin C with iteration greaterthani back by j iterations.
We useá 
 C � i � to referto á 
 C � i � gap



C � i �gU 1 � . In otherwords, á 
 C � i � compressesthegapat positioni to 1.

We alsodefinethecutobtainedafter all possiblecompressionsas á 
 C � . Let m � � indices


C � � . Thená 
 C �X�ãá 
 á 
 V�V�V�á 
 C � indices



C ��ÆmÇ���� indices



C ��Æm U 1Çc�c��V�V�Vä� .

As anexample,considerthecutC ��� e5 � f 3 � g1 � shown in Figure9. Thená 
 C � 3� 3 �!��� e2 � f 3 � g1 � , á 
 C � 3 �È�� e4 � f 3 � g1 � and


C � 
 C �`�6� e3 � f 2 � g1 � .

Notethatthecut resultingfrom thecompressionof a cutC hasthesamelabelingasthecutC. Thefollowing
lemmashows that it is safeto apply compressionoperationon a consistentcut i.e. compressingthe gapsin a
consistentcut resultsin anotherconsistentcut.

Lemma 9 If C is a consistentcut, then á 
 C � l � is a consistentcut for anyl � indices


C � .

Proof: LetCYå�æá 
 C � l � for somel � indices


C � . Considerany two eventsei � f j � C. If i � l � j � l or i � l � j � l ,

thentheeventscorrespondingto ei and f j in CY arealsoconsistent.
Now wlog assumei � l and j � l . Thenei remainsunchangedin CY and f j is mappedto f a suchthata � j.

Sincei T a, thereis no pathfrom succ


f a � to ei . If thereis a pathfrom succ



ei � to f a, thenthereis alsoa path

from succ


ei � to f j asthereis a pathfrom f a to f j . Thiscontradictsthefactthatei and f j areconsistent.Hence,

everypair of verticesin thecutCY is consistent.
Repeatedapplicationof theabove lemmato compressall thegapsleadsto thefollowing result.

Corollary 10 If G is a consistentcut, then á 
 G � is alsoa consistentcut.
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Now we canusethe compressionoperationto compressany consistentcut to a cut in the core. Sincethe
resultingcuthasthesamelabelingastheoriginal cut, it mustsatisfyany non-temporalpredicatethattheoriginal
cut satisfies.Thefollowing theoremestablishesthis result.

Theorem11 If there is a cutC � ; E �5=8> , thenthereexistsa cutCY@� U


Q � such that � 
 C �X�ç� 
 CY[� .

Proof: LetCY¹�¨á 
 C � . By Corollary10,CY is aconsistentcutand � 
 C ���æ� 
 CYc� . Moreover, " i � indices


CYe��� i �� P� asfor any index j � indices



CY[� , gap



GYè� i �`� 1. Therefore,CY@� U



Q � .

Theabove resultshows that if a predicateis not truein U


Q � , thenit is not trueanywherein thed-diagram.

Hence,to checkif a predicateever becomestrue, it sufficesto checkthe truthnessof the predicatein the core.
Now thealgorithmsfor predicatedetectiononfinite directedgraphscanbeusedfor d-diagramsaswell. Notethat
herewedid notusetheregularityof thepredicateandhence,this resultholdsfor any predicatewhich is basedon
thelabelof theconsistentcut.

8 Slicing with non-temporal regular predicates

In thissection,weconsidertheproblemof slicingad-diagramwith respectto anon-temporalregularpredicate.It
wasshown [GM01] thatfor computingthesliceof afinite computationwith respectto a regularpredicatep, it is
sufficient to computeJp



x � for everyelementx in thecomputation.Theresultcanbeeasilyextendedfor thecase

of infinite computationwhenwe aredealingwith finite consistentcuts. However, the problemis that sincethe
computationis infinite, it is not feasibleto computeJp



x � for everyelement.Instead,weshow thatwecandirectly

operateon thed-diagramandcomputethesliceof theinfinite computationasanotherd-diagram.In this section,
theexampleswork on thed-diagramin Figure5 andassumethatthepredicatep is



x � 1 �g� 
 y � 1 �g� 
 z � 1 � .

We first introducetheconceptof shift-diameterof ad-diagram.

Definition 15 (shift-diameter of d-diagram) For a d-diagramQ, theshift-diameterη


Q � is themaximumof the

numberof shift-edgesin theshortestpathbetweenanytwoverticesin thed-diagram.Bytheshortestpathherewe
meanthepathwith minimumnumberof shift-edges.WhenQ is clear fromthecontext, wesimplyuseη to denote
η


Q � .
For the d-diagramin Figure7, η � 1. We prove a boundon the shift-diameterin termsof the numberof

processesN in thesystem.

Lemma 12 For a d-diagram,η


Q ��� 2N.

Proof: Considertheshortestpathbetweentwo verticese� f � V. Clearlythispathdoesnothaveacycle;otherwise
a shorterpathwhich excludesthecycle exists. Moreover, all theelementsfrom a processoccurconsecutively in
thispath.As aresult,processshift-edgesaretraversedatmostoncein thepathandeachprocessis visitedatmost
oncein thepath.Moving from oneprocessto anotherrequiresatmostoneshift-edge.Hence,η



Q ��� 2N.

We first show thatthecutsJ


ei � stabilizeaftersomeiterationsi.e. thecutJ



ej � canbeobtainedfrom J



ei � by

a simpleshift for j � i. This allowsusto predict thestructureof J


ei � aftercertainiterations.

Thenext lemmashowsthatthecut J


f j � doesnot containrecurrenteventswith iterationsvery far from j.

Lemma 13 If ei � f rontier


J


f j ��� , e � R,then0 � j U i � η.

Proof: If ei � f rontier


J


f j ��� , then



ei � f j �¥�éA 
 ; E ��=<>�� and " k � i :



ek � f j �@#�A 
 ; E ��=<>�� . Thereforethepath

from ei to f j correspondsto theshortestpathbetweeneand f in thed-diagram.Therefore,by thedefinitionof η,
j U i � η.

The following theoremprovesthe resultregardingthe stabilizationof the cut J


ei � . Intuitively, after a first

few iterationstherelationshipbetweenelementsof thecomputationdependsonly on thedifferencebetweentheir
iterations.

Theorem14 For a nodee � R,thereexists j such that J


ej $ 1 �X� S1



J


ej ��� .
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Figure10: Expansionoperationbeingappliedon a cut

Proof: For proving thetheorem,we show a strongerresult.Let β � η ^ 1. We show that for a recurrentnodee,
J


eβ$ 1 �X� S1



J


eβ ��� .

Considerf j � f rontier


S1


J


eβ ����� . If f � V a R, then f j � f rontier



J


eβ ��� andhence



f j � eβ � andso



f j � eβ$ 1 �

arein A 
 ; E ��=<>�� . If f � R, then f j â 1 existsas j � 1 by Lemma13. Moreover, f j â 1 � f rontier


J


eβ ��� andhence


f j â 1 � eβ �í�æA 
 ; E �5=8>5� . By the propertyof d-diagram,this implies that


f j � eβ$ 1 ���îA 
 ; E ��=<>�� . Therefore,

S1


J


eβ ��� W J



eβ$ 1 � .

Now we show thatJ


eβ$ 1 � W S1



J


eβ ��� . In this case,it is equivalentto showing Sâ 1



J


eβ$ 1 � W J



eβ � . Con-

sider f j � f rontier


Sâ 1



J


eβ$ 1 ����� . If f � R, thenanargumentsimilar to thepreviouscasesuffices.If f � V a R,

then j � 1 and f j � J


eβ$ 1 � . Sinceβ � η, thereforef j � J



eβ � ; otherwisetheshortestpathfrom f to e hasmore

thanη shift-edges.
HenceJ



ej $ 1 ��� S1



J


ej ��� .

In caseof ap-diagram,thisresultcanbeusedto assigntimestampsto verticesin thep-diagramin awaysimilar
to vectorclocks.Thedifferencehereis thatatimestampfor arecurrentvertex is aconcisewayof representingthe
timestampsof infinite instancesof thatvertex. We refer to thetimestampsassignedto nodesin thep-diagramas
p-timestamps.This resultgivesusanalgorithmfor assigningp-timestampto a recurrentevent.Thep-timestamp
for a recurrentevente, PV



e� is a vectorof theform



V


e1 �c��V�V�V5� V 
 eα � ; I 
 e��� whereI



e�X� V



eα$ 1 �gU V



eα � and

V


ej � is thetimestampassignedby thenormalvectorclock algorithmto eventej . Now for any eventej � j � α,

V


ej �X� V



eα �0^ 
 j U α ^ 1 �7ï I



e� .

This algorithmrequiresO


ηN � spacefor every recurrentvertex. Oncethep-timestampshave beenassigned

to thevertices,any two instancesof recurrentverticescanbecomparedusingthefollowing propertyof thevector
clocks.

Lemma 15 Giventwo eventsei and f j , V


ei �ÈT V



f j � iff ei T f j .

Wealsodefineanexpansionfunctionanalogousto thecompressionoperation.Theexpansionfunctionallows
expansionof a cutwhile maintainingthelabeling.

Definition 16 (expansionof a cut) Givena cut G and i � indices


G � , define ð 
 G� i � j �í� Sj



G� Gi � . In other

words,theoperation ð shiftsall theeventsin G with iteration greaterthani forward by j iterations.

As opposedto the compressionoperation,expansioncannotbe appliedto any event in the frontier of a cut
while maintainingits consistency. We definethenotionof anexpansionpoint in a cut which givesa safeway of
expandinga cut.

Definition 17 (expansionpoint) We defineρ � indices


G � to be an expansionpoint for a consistentcut G if" ei � f j � G with i � ρ and j � ρ,



ei � f k �0#ñA 
 ; E ��=<>�� for anyk  j .

As an example,let C �ò� e3 � f 1 � g1 � asshown in Figure7. Thenρ � 1 is an expansionpoint as f 1 ó e3 and
g1 ó e3. Theexpansionoperationð 
 G� ρ � 1 � resultsin thefrontier � e4 � f 1 � g1 � which is alsoconsistent.Thenext
lemmashowsthatthis is truein general;acut alwaysallowsexpansionaroundtheexpansionpoint.

Lemma 16 Let G be a consistentcut such that it hasan expansionpoint ρ. Thenthe cut GY ��ð 
 G� ρ � l � is a
consistentcut for anyl  0.
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Proof: Weshow thateventsin thefrontierof thecutGY areconsistent.Any two eventsei � f j � G with i � ρ � j � ρ
or i � ρ � j � ρ are still consistentin GY as the relationshipbetweentheseeventsremainsthe sameas in G.
When i � ρ and j � ρ, ei is mappedto ei and f j is mappedto f j $ l in GY . By definitionof anexpansionpoint,

ei � f j $ l �¹#�A 
 ; E �5=8>5� . Hence,all thepairsof eventsin frontier of GY areconsistent.

The above result providesa way to expanda cut while maintainingthe consistency of the cut. Using the
expansionandcompressionoperations,we canmove backandforth in the computationwhile maintainingthe
labelingof thecut.

While thecompressionandexpansionoperationsaregeneraloperationswhichareapplicableto any cut in the
poset,wenow examinethestructureof thecutsJp



ei � . For this purpose,we definethenotionof helperprocesses

for aneventei . Intuitively, thereis anevent f j , f � R, in every helperprocesssuchthat thereis a pathfrom the
event f j to ei . Therefore,asa cutadvancesalongproc



e� , it mustadvancealongthehelperprocessesaswell.

Definition 18 (helper processes)For an event ei , we definethe helper processesfor ei as H


ei �ô�Ê� Pk

� ª f �
R � f j � J



ei �g� proc



f �X� Pk � .

For our exampled-diagramin Figure7, H


f 2 �¥�õ� P1 � P2 � . Somepropertiesof helperprocessesareeasyto

show.

Lemma 17 Thefollowingpropertiesrelatingto helperprocesseshold:

• For all i � j � η, H


ei �X� H



ej � . For i � η, H



ei � is denotedsimplybyH



e� .

• For eventei � f i with i � η and proc


e��� proc



f � , H



e��� H



f � .

• Let f j bean eventsuch that proc


f �È# H



e� andgl bean eventsuch that proc



g �¥� H



e� with j T l and

l � 1. Then


f j � gl �¹#�A 
 ; E �5=8>5� .

Thefirst propertysaysthat thesetof helperprocessesbecomesfixedfor differentinstancesof aneventafter
a certainnumberof iterations.This follows from the fact that thecut J



ei � stabilizesaftersomeiterations.The

secondpropertysaysthat after certainnumberof iterations,the setof helperprocessesbecomesthe samefor
every eventon a process.This follows from thefirst propertyandthefact that thereis a pathbetweenevery two
eventsin a process.Thethird propertyestablishesthetransitivity of therelationof helperprocesses.

Now we cangive a characterizationof the cut Jp


ei � in termsof the helperprocesses.In all the following

results,weassumethatJp


ei � existsfor theeventei underconsideration.We dealwith thecasewhenJp



ei � does

not exist later. Thefollowing lemmashows thataftercertainiterationsonly theeventsfrom helperprocessesin
f rontier



Jp


ei ��� have iterations“close” to i andothereventsalwayshave iterationslessthanN U � H 
 e� � . This

followsour intuition thathelperprocessesadvancealongwith theeventei .

Lemma 18 For i � N U � H 
 e� � ^ η, f rontier


Jp


ei ��� canbewrittenasC � D, where

1. f j � C h 

proc



f �å# H



e���g� 
 j � N U � H 
 e� � �

2. f j � D h 

proc



f �`� H



e���g� 
 j � N U � H 
 e� � �

Proof Sketch: Let CY betheprojectionof f rontier


Jp


ei ��� on thesetof processesP a H



e� . Thenlet C �ãá 
 CYc�

andD be the projectionof f rontier


Jp


ei ��� on the processesH



e� . SinceJ



ei � W Jp



ei � , for an event f j � D,

i U j � η. Therefore,if f j � D, j � N U � H 
 e� � . On theotherhand,C mustbelongto thecoreU


Q � andtherefore,

if f j � C, then j � N U � H 
 e� � . This further implies that for all f j � C andgl � D, j T l . By Lemma17, this
impliesthat f j andgl areconsistent.Therefore,everypairof verticesin thesetC � D is consistentandsoit forms
thefrontierof aconsistentcut. Let thecutgivenbyC � D beCY Y . Then,� 
 Jp



ei �����î� 
 CY Y�� andsoCY Y alsosatisfies

thepredicatep. It includesei asei � D. Therefore,CY Y is a consistentcut which includesei andsatisfiesp. By
definitionof Jp



ei � , Jp



ei � W CY Y . However, CY Y W Jp



ei � asCY Y wasobtainedby applyingcompressionon thecut

Jp


ei � . Therefore,Jp



ei ��� CY Y .

Figure11 shows the cutsJp


f 2 � andJp



f 3 � wherep is



x � 1 �0� 
 y � 1 �0� 
 z � 1 � . HereH



f 3 �Ö�õ� P1 � P2 �

andsowe candecomposeJp


f 3 � into subsetsC andD of Lemma18 asC �8� c1 � andD �6� d3 � f 3 � .

Theaboveresultcanalsobeinterpretedin termsof thepresenceof anexpansionpoint in thecutJp


ei � asthe

eventsin Jp


ei � from thehelperprocesseslie afteriterationN andaredisconnectedfrom therestof theverticesin

Jp


ei � . Henceforth,we relaxtheconditionon i in Lemma18 to i � N ^ η. This makestheboundindependentof

e andallowsusto dealwith all verticesuniformly.
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Figure11: ThecutsJp


f 2 � andJp



f 3 � wherep is



x � 1 �7� 
 y � 1 �g� 
 z � 1 �

Corollary 19 If i � N ^ η, thenJp


ei � containsan expansionpoint ρ � N.

Thenext theoremshows that thepresenceof anexpansionpoint in thecut Jp


ei � is a sufficient conditionfor

Jp


ei � to acquirea repeatingstructure.

Theorem20 Let i be the smallestiteration such that Jp


ei � has an expansionpoint ρ. Then for all j  i,

Jp


ej $ 1 ���æð 
 Jp



ej ��� ρ � 1 � .

Proof: ConsiderC �õð 
 Jp


ei �c� ρ � 1 � . By Lemma16 C is consistent. SinceC includesei $ 1 and satisfiesB,

Jp


ei $ 1 � W C. Moreover, Jp



ei � W Jp



ei $ 1 � . As a result, f j � f rontier



Jp


ei $ 1 ��� canbe characterizedas fol-

lows:

1. If j � ρ, then f j � f rontier


Jp


ei ���

2. If j � ρ, then ª gk � f rontier


Jp


ei ��� : gk � f j � gk$ 1 andproc



g ��� proc



f � . Thisalsoimpliesthat j � k

or j � k ^ 1.

Now considerD ��á 
 Jp


ei $ 1 � ρ � 1 � . D is a consistentcut, includesei andsatisfiesB. Therefore,Jp



ei � W D.

Basedon theoperationá , anevent f j � f rontier


D � , satisfiesthefollowing:

1. If j � ρ, then f j � f rontier


Jp


ei $ 1 ���

2. If j � ρ, then f j $ 1 � f rontier


Jp


ei $ 1 ���

From the characterizationof Jp


ei $ 1 � , it is clear that for j � ρ, f j � f rontier



Jp


ei ��� . For j � ρ, we have

gk � f j � f j $ 1 � gk$ 1 for somegk � f rontier


Jp


ei ��� . This implies that f j � gk andso f j � f rontier



Jp


ei ��� .

Therefore,D � Jp


ei � andalso,C � Jp



ei $ 1 � . Inductively usingtheaboveargumentfor j � i, we getthat for all

j  i, Jp


ej $ 1 �`�æð 
 Jp



ej ��� ρ � 1 � .

For thecomputationin Figure11, it canbeseenthatJp


f 2 � hasanexpansionpoint at ρ � 1. Therefore,we

canwrite Jp


f 3 �X�ãð 
 Jp



f 2 �c� 1� 1 � .

TheaboveresultessentiallyestablishesthecorrespondencebetweenthecutsJp


ei � andJp



ei $ 1 � for somelarge

enoughi. It saysthatthecutshave thesameiterationof someelementsandfor theothers,theiterationsdiffer by
exactly one. Hencethe structureof Jp



ei � becomesrepetitive onceJp



ei � hasan expansionpoint. Corollary19

givesanupperbound(N ^ η) on theexpansionpoint for Jp


ei � . Also, notethat this upperboundis independent

of thepredicatep andjust dependson thed-diagram.For a d-diagram,let γ bethemaximumover theexpansion
pointsof all therecurrentevents.Again,γ is boundedby N ^ η.

Lemma 21 Let Jp


ei � W Jp



f j � with i � j � γ. ThenJp



ei $ 1 � W Jp



f j $ 1 � .

Proof: By Lemma18,Jp


ei � canbewrittenasC1 � D1 suchthatgk � C1 h 


proc


g �0# H



e���7� 
 k � N U � H 
 e� � �

andgk � D1 h 

proc



g �¥� H



e���¹� 
 k � N U � H 
 e� � � . Similarly, Jp



f j � canbe written asC2 � D2 with similar

constraints.SinceJp


ei � W Jp



f j � , theaboveconstraintsimply thatC1 W C2 andD1 W D2. Furthermore,Jp



ei $ 1 �

andJp


f j $ 1 � canbe decomposedasC3 � D3 andC4 � D4 respectively. By theorem20, C1 � C3 andC2 � C4.

Moreover, if gk � D1 h gk$ 1 � D3 andsimilarly, gk � D2 h gk$ 1 � D4. Therfore,D1 W D2 h D3 W D4. Therefore,
Jp


ei $ 1 � W Jp



f j $ 1 � .
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Figure12: Theunrolledd-diagram� 

Q�54 
 p ���

A sliceof a computationcanhave multiple representations.Theskeletal representation[MG01] of theslice
hasthe advantageof having at mostN edgesper event in the graphandprovidesus a compactrepresentation.
Let Fp



ei � k � denotethe earliestevent f k on Pj suchthatJp



ei � W Jp



f j � . If no sucheventexists, thenFp



ei � k �

is consideredto beNULL. Thentheskeletalrepresentationof slice

 ; E �5=8>�� p � canbeobtainedby constructinga

graph ; EY �c\]> asfollows: (1) EY � E a D whereD is thesetof eventsei for which Jp


ei � doesnot exist (2) For

aneventei � EY , edgesareaddedarefrom ei to succ


ei � andto Fp



ei � k � for every processPk. Again we wantto

representslice

 ; E ��=<>�� p � in termsof ad-diagramasslice


 ; E �5=8>�� p � maybeaninfinite graph.
Wenow show theprocedureto obtainthesliceof thecomputation; E �5=8> with respectto thepredicatep. For

this purpose,we definethenotionof resetcut.

Definition 19 (resetcut) Let T W R bethesetof recurrentverticese for which Jp


eγ � exists.Thentheresetcut,

4 
 p � , for a predicatep is theconsistentcutgivenby � e6 T Jp


eγ ������� e6 R7 T J



eγ ��� .

Note that in the definitionof the resetcut we useJ


eγ � if Jp



eγ � doesnot exist for someeγ. This is doneto

ensurethat the frontier of the resetcut alwayscontainselementscorrespondingto recurrentvertices.The reset
cut is aconsistentcutasit is aunionof consistentcuts.For ourexamplecomputation,it canbeshown thatγ � 3.
Thefollowing cutscanalsobecomputedeasily:

• Jp


d3 ���8� d3 � b1 � c1 �

• Jp


e3 ���8� d4 � b1 � c1 �

• Jp


f 3 ���8� d3 � f 3 � c1 �

• Jp


g3 �X� /0, J



g3 �X�8� e2 � f 3 � g3 �

• Jp


a1 �X�8� d1 � b1 � c1 �

• Jp


b1 �X�8� d1 � b1 � c1 �

• Jp


c1 ���8� d1 � b1 � c1 �

Thentheresetcut 4 
 p � is givenby � d4 � f 3 � g3 � .
Thed-diagramobtainedby unrollingQ about4 
 p � , � 


Q��4 
 p ��� , hasa crucialproperty:

Lemma 22 Let ; EYe�c\]> bethedirectedgraphgeneratedby � 

Q�54 
 p ��� . Letei �é; EYZ��\]> . ThenJp



f j ��8 Jp



ei �

for all f j � ; EYe�c\]> with j � i.

Proof: Let thed-diagram� 

Q��4 
 p ��� be



V Y � RY � F Y � BY � . Considergk � hl �¨; E �5=8> suchthatJp



gk � W Jp



hl � . If

hl �94 
 p � , thenby definitionof 4 
 p � , gk �:4 
 p � andhence��;=< p> 
 hl �@� a1 and ��;?< p> 
 gk �È� b1 for somea� b � V Y .
Now considerthecasewhenhl #@4 
 p � . Let m � max� i � hi �:4 
 p ��� andn � max� i � gi �:4 
 p ��� . Firstassumethat
l U m T k U n. ThenJp



gr � W Jp



hm � wherer � k U 
 l U m� . However, in thiscasehm �:4 
 p � andgr #A4 
 p � which

violatesthedefinitionof 4 
 p � . Therefore,l U m  k U n. For thiscase,if ��;=< p> 
 hl ��� ai and ��;=< p> 
 gk ��� b j , then
i � l U mand j � k U n. Therefore," ei � f j � ; EYZ��\]> , Jp



f j � W Jp



ei ��h j � i.

Thispropertyis similar to thepropertyof thed-diagramwhereit is requiredthatthereshouldnotbeany edge
from anelementwith higheriterationto anelementwith lower iteration.Figure12 showstheunrolledd-diagram
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Figure13: Thesliceof thed-diagramin Figure5 with respectto


x � 1 �g� 
 y � 1 �7� 
 z � 1 �

� 

Q�54 
 p ��� . Note that the processshift-edgeon the processP1 is now going from d to e insteadof from e to

d. This changehasessentiallyrenumberedtheindicesof elementscorrespondingto d ande suchthatin thenew
d-diagram,Jp



e1 �X�8� d1 � b1 � c1 � .

We are now in a position to constructthe slice of the original d-diagramQ using the unrolled d-diagram� 

Q�54 
 p ��� asboth of themgeneratethe samecomputation.We slice the computation� 


Q�54 
 p ��� by intro-
ducingadditionaledgesin thecomputationandremoving verticesfor whichJp



ei � doesnot exist. Intuitively, the

additionaledgesmakethecutswhichdonotsatisfythepredicate,inconsistentin thenew computationandremov-
ing theelementsei for whichJp



ei � doesnotexist is equivalentto removing any consistentcutwhich includesthe

elementei . Note that if an elementei is removedfrom the slice, thenany elementf j which hasa pathfrom ei

mustberemovedaswell.
Usingtheseresults,wecanconstructageneralizedd-diagramfor thesliceof � 


Q�54 
 p ��� asfollows. Theset
of verticesV Y in thed-diagramfor slice


 ; E ��=<>�� p � is thesetV a D whereV is thesetof verticesfor � 

Q�54 
 p ���

andD is thesetof verticesfor which J


e1 � doesnot exist. ThesetRY is alsoconstructedsimilarly usingtheset

of recurrentverticesin � 

Q�54 
 p ��� . Note that if e wasa recurrentvertex, thenby removing e we arenot only

removing theelemente1 from thecomputationbut all ei � i  1. However, if Jp


e1 � doesnotexist thenJp



ei � does

notexist asei is reachablefrom e1. Ontheotherhand,if Jp


e1 � exists,thenJp



ei � existsfor all ei asthecutJp



e1 �

hasstabilizedin � 

Q��4 
 p ��� .

Edgesareaddedbetweentheverticesin V Y basedon theskeletalrepresentationof slice

 ; E �5=8>�� p � asfollows:

(1) If thereis anedgefrom Jp


e1 � to Jp



f 1 � , thenadda forwardedgefrom e to f .

(2) If thereis anedgefrom Jp


e1 � to Jp



f j � , thenadda j U 1 shift edgefrom e to f .

Intuitively, it is safeto addtheseedgesin therecurrentpartof thed-diagramasthecutsJp


ei � havestabilized

andso therelationshipsbetweenthecutsacquiresa repeatingstructure.Note thatwe would not needto addan
edgefrom arecurrentelementto � asthecutsJp



ei � havestabilizedandthereforefor any ei � i  2, ei â 1 canserve

asthelowercover. Thefollowing resultis a directconsequenceof theconstruction.

Theorem23 Thegeneralizedd-diagramasconstructedaboverepresentsslice

 ; E ��=<>�� p �

Proof: Follows from theconstructionandLemma21.
Figure13showsthesliceof theoriginald-diagramwith respectto thepredicatep � 
 x � 1 �	� 
 y � 1 �	� 
 z � 1 � .

Notethatin theslice,wehaveremovedtherecurrentvertex g andaddedsomeedgesaccordingto theaboverules.
Theaboveconstructioncanbedonein timepolynomialin thesizeof thed-diagramasit requiresunrollingthe

d-diagramfor a polynomialnumberof iterationsandthencomputingtheJp


ei � for a polynomialsetof elements.

Furthermore,if the slice of the computationbecomesfinite during the processingof a predicate,thenwe can
simplyusethealgorithmsfor thefinite directedgraphsdirectlyonthenew poset.This is safeto doasslicingwith
respectto a non-temporalpredicateonly addsedgesto theslice.

9 Slicing with respectto temporal predicates

Now we turn to the problemof slicing a computationwith respectto temporalpredicates.The algorithmspre-
sentedherearegeneralizationsof the work in [SG03]. We assumethatwe aregiven the original computation; E ��=<> asd-diagramQ � 


V� R� F� B � andslice

 ; E ��=<>�� p � asd-diagramQYÈ� 


V YZ� RYZ� F YZ� BY[� andwe arerequired
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to computea d-diagramQY Y to representthe slice with respectto EF


p � , AG



p � andEG



p � . We further as-

sumethat ; EYZ��\]> is the computationgeneratedby the d-diagramQY . Let the one-to-onerelationM from the
setof verticesEY to the setof verticesE denotethe correspondancebetweenthe elementsin E andEY . In the
following, we usex � EY interchangeablywith M



x � unlessotherwisestated. For a cut C �8i 
 ; E �5=8>5� with" x � f rontier



C ���¨i 
 slice


 ; E ��=<>��5��� Thenthealgorithmsfor computingslicefor EF


p � , AG



p � andEG



p � are

givenin theFigures14,16 and 17 respectively.

Algorithm A1

Input: A computation B E C5DFE as d-diagram Q and
slice GHB E C5DFEIC pJ�K/B ELMCONPE as d-diagram QL

Output: slice GHB E C5DFEIC EF G pJ5J as d-diagram QL L
1. Initialize QL L to QL
2. For each pair of vertices e1 C f 1 Q EL such that,

(i) G M G e1 JIC M G f 1 JRJ is not an edge in B E C5DFE , and
(ii) G e1 C f 1 J is an edge in B ELMCMN1E

remove the edge G eC f J in QL L
3. return QL L

Figure14: Algorithm for generatinga slicewith respectto EF G pJ .
FirstconsiderthealgorithmA1 for computingtheslicewith respectto EF



p � . Thealgorithmsimplyremoves

all the edgesin slice

 ; E ��=<>�� p � which werenot presentin the original computation.The intuition behindthis

algorithmis very simple: For anelementei , Jp


ei � exists if f J



ei � satisfiesEF



p � . If theelementei exists in the

slice, thenJp


ei � exists for that element.Note that the slice is not the sameasthe original computationaswe

do not restoretheverticeswhich wereremovedduringtheprocessof slicing. This algorithmis equivalentto the
algorithmin [SG03] for finite directedgraphsif we removeelementsfor which Jp



ei � doesnot exist.

Theorem24 AlgorithmA1outputsslice

 ; E ��=<>�� EF



p ��� .

Proof: Let G �ò; E ��=<> andGY��ò; EYZ��\]> be the computationcorrespondingto the d-diagramoutputby Algo-
rithm A1. We show thata consistentcut D ��i 
 G � satisfiesEF



p � if f D �çi 
 GY � . Observe thata cut D �çi 
 G �

existsin i 
 GY[� if f " ei � f rontier


D � : ei � GY astheorderbetweenelementsis retained.

AssumethatEF


p � holdsat a consistentcut D �ãi 
 G � . Then,� Definitionof EF



p ���

D � � EF


p � if f ª C : C �æi 
 G � : D W C � C � � p� Definitionof Jp �S " ei � f rontier



D � : Jp



ei � exists.� Definitionof slice


 ; E ��=<>�� p �Ö�S " ei � f rontier


D � : ei � slice


 ; E �5=8>�� p � ,� Observationmadeearlier�S D is in thecomputationoutputby A1.
Continuingwith ourexamplefrom theprevioussection,theslicefor EF


�

x � 1 � � 
 y � 1 �9� 
 z � 1 ��� is shown

in Figure15. We have essentiallyremovedtheadditionaledgesthatwereintroducedduringslicing but have not
restoredthedeletedvertex g.

Algorithm A2 in Figure16generatestheslicefor AG


p � . Thealgorithmfirst checksif somerecurrentvertex

hasbeenremoved or if an edgehasbeenaddedbetweenrecurrentverticesin slice

 ; E ��=<>�� p � which wasnot

presentin theoriginal computation.If somevertex wasremovedor an additionaledgewasintroducedthenthe
slice of AG



p � is set to the emptyslice. Intuitively, if a vertex e wasremoved, thenfor any consistentcut C,

thereis a consistentcut reachablefrom C which includessomeinstanceei of e. If anedge


e� f � wasintroduced

betweentwo recurrentverticese and f , thenfor any finite consistentcut C, thereis a consistentcut reachable
fromC which includesf i andnotei (or includesf i andnotei â 1 in caseashift-edgewasadded)for a largeenough
i. Thereforeno cutC satisfiesAG



p � andso theslice


 ; E �5=8>�� AG


p ��� is empty. If this is not thecase,thenwe

canapply thealgorithmfor thefinite casedirectly on thed-diagram.In this case,for any additionaledge


e� f � ,
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Figure15: Thesliceof thed-diagramin Figure5 with respectto EF

�


x � 1 �g� 
 y � 1 �g� 
 z � 1 ���
anedgeis addedfrom e to � . Intuitively, in this casetherecurrentpart is equivalentto having a final cut which
satisfiesthepredicateandthusthealgorithmfor thefinite casecanbeused.

Theorem25 AlgorithmA2outputsslice

 ; E ��=<>�� AG



p ��� .

Proof: Let G ��; E ��=<> andGY �ç; EY �c\ > bethecomputationcorrespondingto thed-diagramoutputby Algorithm
A2. Weshow thataconsistentcutD � i 
 G � satisfiesAG



p � if f D � C



GY[� . Firstsupposethatthereexistsavertex

e � Randak suchthatfor all f � RY andfor all i, M


f i �kj ek. As aresult,for all i  k, theredoesnotexist avertex

x � EY suchthatM


x �¥� ei . In this case,we show thatslice


 ; E ��=<>�� AG


p ��� is empty. Considera cut D �ãi 
 G � .

SinceD is finite, thereexistsaninstanceel of e suchthatel # D with l  k. ThenconsiderthecutD � J


el � . This

cut is reachablefrom D anddoesnot satisfyp asJp


el � doesnot exist. Therefore,D doesnot satisfyAG



p � and

hence,slice

 ; E �5=8>�� AG



p ��� is empty.

Now considerthecase,whenthereexistsa pair of verticese� f � RY andi suchthat,
(i)


M


e1 �c� M 


f i ���ml nA 
 ; E �5=8>5� , and
(ii)



e1 � f i �X��A 
 ; EYZ�c\ >��

Notethattheaboveconditionimpliesthat " j
(i)


M


e1$ j �c� M 


f i $ j ���¹#�A 
 ; E ��=<>�� , and
(ii)



e1$ j � f i $ j �¹#ñA 
 ; EYe��\]>��

We usean argumentsimilar to the first case. Considera cut D �8i 
 G � . SinceD is finite, thereexists an
instanceM



f l � with l � i suchthat M



f l ��� M 


e1$ l â i ��# D. Then considerthe cut D � J


M


f l ��� . This cut is

reachablefrom D anddoesnot satisfy p asit doesnot includeM


e1$ l â i � . Therefore,D doesnot satisfyAG



p �

andhence,slice

 ; E �5=8>�� AG



p ��� is empty.

Now assumethatneitherof the conditionsin line 2 of thealgorithmfor AG


p � aretrue. Thenconsiderthe

cut D �ò� e6 Rn Jp


e1 � . It canbe easilyshown that every cut reachablefrom D satisfiesp andhenceslice


 ; E ��=>�� AG


p ��� is not empty. Therefore,slice


 ; E ��=<>�� AG


p ��� is emptyif f oneof theconditionin line 2 holds.

Therestof theproofof correctnessof thealgorithmfollowsfrom theproofof correctnessof thealgorithmfor
computingslice


 ; E �5=8>�� AG


p ��� when ; E �5=8> is finite [SG03].

For slicing with respectto EG


p � , we introducethenotionof fairness.

Definition 20 (fair sequenceof consistentcuts) LetC


i � denotetheeventx � f rontier



C � such that proc



x �`�

Pi . We say that a processPi is enabledin a consistentcut C if succ


x � exists. Then,an infinite sequenceof

consistentcutsπ is called fair if there is no π j such that there existsa Pi such that " C � D � π j , C


i �Ö� D



i � and

succ


C


i ��� exists.

Intuitively, a sequenceof consistentcutsis saidto be fair if it executeseventsfrom every processinfinitely
often.In termsof distributedsystems,only fair pathsareof interestto usastheunfair pathswouldnotbeobserved
in a system’sbehavior exceptin thecaseof failures.

Hence,we modify theinterpretationof theoperatorEG asfollows:
C � � EG



p � if f for somefair consistentcut sequenceπ suchthatπ



0 ��� C, we have ª i  0 : π



i � � � p.

With fairness,the algorithm A3 for slicing with respectto EG


p � is similar to the one for AG



p � . Here

insteadof simply checkingfor the introductionof an edge,we further checkif the introducededgeforms a
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Algorithm A2

Input: A computation B E C5DFE as d-diagram Q and
slice GHB E C5DFEoC pJ�K/B ELMCONPE as d-diagram QL

Output: slice GHB E C5DFEoC AG G pJ5J as d-diagram QL L
1. Initialize QL L to QL
2. If there exists a vertex e Q R and a j such that for all f Q RL and for all i, M G f i Jqp ej

or there exists a pair of vertices eC f Q RL and i such that,
(i) G M G e1 JIC M G f i J5Jqr&stGuB E C5DFEHJ , and
(ii) G e1 C f i J Q stGHB EL CONPEHJ

then
3. return empty slice
4. else
5. For each pair of vertices eC f Q V L such that,

(i) G M G e1 JIC M G f 1 J5J.r&stGHB E C5DFEHJ , and
(ii) G e1 C f 1 J Q stGHB EL CMN1EHJ

add an edge from vertex e to the vertex v in QL L
6. return QL L

Figure16: Algorithm for generatinga slicewith respectto AG G pJ .

stronglyconnectedcomponent(SCC).Intuitively, if thereis astronglyconnectedcomponentin therecurrentpart,
thenfor any finite consistentcutC, every fair consistentcut sequencestartingfrom C would have to moveacross
the stronglyconnectedcomponent.As a result,every fair pathwould includea consistentcut which doesnot
satisfythepredicatep. Thecasewhenno stronglyconnectedcomponentwasformedbetweenrecurrentvertices
andnorecurrentvertex wasremoved,we usea similaralgorithmfor thefinite part.

Theproof of correctnessof thealgorithmfor EG


p � is similar to thatof AG



p � andis omittedhere.

10 Grafting two slices

In this section,we presentalgorithmto graft two sliceswith respectto the � operator. Formally, the problem
of grafting with respectto � is definedas follows: Given d-diagramscorrespondingto slice


 ; E �5=8>�� p � and
slice


 ; E ��=<>�� q � wherep andq areregularpredicates,computethed-diagramcorrespondingto slice

 ; E ��=<>�� p �

q � .
Clearly, slice


 ; E ��=<>�� p � q � containsaconsistentcutof ; E ��=<> if f thecutsatisfiesp aswell asq. Let Fmin


x� k �

denotetheearlierof eventsFp


x� k � andFq



x� k � , that is, Fmin



x� k �¥� min� Fp



x� k �c� Fq



x� k ��� . Let ; EYZ��\]> be the

directedgraphsimilar to the skeletal representationfor slice

 ; E �5=8>�� p � q � exceptthat (1) The setof elements

EY!� 

E1 ¦ E2 �ga D whereE1 � E2 arethesetsof elementsin slice


 ; E ��=<>�� p � andslice

 ; E �5=8>�� q � respectively and

D is thesetof elementsreachablefrom anelementin E a 
 E1 ¦ E2 � in eitherslice

 ; E ��=<>�� p � or slice


 ; E �5=8>�� q �
and(2) Fmin



x� k � is usedinsteadof Fpw q



x� k � for x � EY . It wasshown that the resultingdirectedgraphis cut-

equivalentto theskeletalrepresentation[MG01] andhenceis a valid representationof slice

 ; E ��=<>�� p � q � . Here

again,we wantto obtainthed-diagramrepresentationof thegraph ; EYe��\]> giventhed-diagramsQp andQq for
slice


 ; E ��=<>�� p � andslice

 ; E �5=8>�� q � .

Webriefly sketchthealgorithmfor obtainingthed-diagramQ correspondingto ; EYZ�c\ > . Let i1 betheiteration
suchthat for any j  i1, Jp



ej � becomesstablefor any elemente. Similarly, i2 bethe iterationsuchthat for any

j  i2, Jq


ej � becomesstablefor any elemente. Let k � max� i1 � i2 � . Unroll thed-diagramsQp andQq till they

haveeventsfrom iterationk. SincethecutsJp


ej � andJq



ej � arestablefor j  k, Fmin



ei � k � alsostabilizes.As a

result,thesetof verticesto bedeletedandtheresetcutcanbeascertainedasin thecaseof non-temporalpredicates
andusinga similarprocedure,thed-diagramQ canbecomputed.
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Algorithm A3

Input: A computation B E C5DFE as d-diagram Q and
slice GHB E C5DFEIC pJ as d-diagram QL

Output: slice GHB E C5DFEIC EG G pJ5J as d-diagram QL L
Input: A computation B E C5DFE as d-diagram Q and

slice GHB E C5DFEIC pJ�K/B ELMCONPE as d-diagram QL
Output: slice GHB E C5DFEIC AG G pJ5J as d-diagram QL L
1. Initialize QL L to QL
2. If there exists a vertex e Q R such that for all f Q RL and for all j , M G f 1 Jqp ej

or there exists a pair of vertices eC f Q RL and i such that,
(i) G M G e1 JIC M G f i J5Jqr?stGHB E C5DFEHJ , and
(ii) G e1 C f i J is part of a SCC in B ELOCONPE

then
3. return empty slice
4. else
5. For each pair of vertices eC f Q V L such that,

(i) G M G e1 JIC M G f 1 J5J.r&stGHB E C5DFEuJ , and
(ii) G e1 C f 1 J is part of a SCC in B EL CONPE
add an edge from vertex e to the vertex v in QL L

6. return QL L

Figure17: Algorithm for generatinga slicewith respectto EG G pJ .

11 PredicateDetectionusingslicing

In the previous sectionswe looked at the algorithmsfor slicing an infinite directedgraphwith respectto non-
temporalpredicates,temporalpredicatesandfor graftingtwo slices.Thesealgorithmstake asinput a d-diagram
and return anotherd-diagramas an output. All the operatorsin our logic ( � , EF, AG andEG) preserve the
regularityof theatomicpropositions.To computethesliceof a d-diagramwith respectto any arbitrarypredicate
p, we recursively processp from insideto outsidewhile applyingthebooleanandtemporaloperatorsto compute
thefinal slice.

Evenif thepredicateweareinterestedin detectingdoesnot belongto RCTL, wecanstill makeuseof slicing
in somecases.For example,to detecta predicateof theform p � q wherep is a regularpredicateandq is not a
regularpredicate,wecancomputethesliceof thed-diagramwith respectto p andthendetectq in thissliceusing
othermethodssuchasusingSPIN[Hol97].

12 Conclusionand Futur e Work

In this paper, we presenteda finite representationfor a classof infinite directedgraph. Theseinfinite directed
graphscanbeusedto modelan infinite distributedcomputation(andnot all executionbehaviors of a distributed
program).Weshowedthatit is possibleto slicethesed-diagramswith respectto apredicatefrom theRCTL class
of predicates.TheRCTL classof predicatesincludestemporaloperatorsandconjunctionoperators,allowing us
to checkfor violation of propertiessuchasliveness.Computingtheslicegivesustheadditionalbenefitof using
othertechniquesto detectpredicatesoutsidetheRCTL classof predicateson smallercomputations.

As futurework, we aim to extendthe techniquesdevelopedhereto detecta broaderclassof predicatesthan
RCTL.Thisincludesrelaxingtheassumptionof index-independenceto includesomeclassesof channelpredicates
andextendingRCTL to includeotheroperatorssuchasdisjunctionandnegation.Anotherdirectionof futurework
wouldbedeveloptechniquesfor representingadistributedprogramasacollectionof d-diagramsandmodelcheck
theprogramfor propertiesby checkingfor propertieson individuald-diagrams.
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