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Abstract— We investigate the benefits of channel-aware
(opportunistic) scheduling of transmissions in ad hoc networks.
The key challenge in optimizing the performance of such systems
is finding a good compromise among three interdependent
quantities: 1) the density of scheduled transmitters; 2) the quality
of transmissions; and 3) the long term fairness among nodes.
We propose two new channel-aware slotted CSMA protocols
opportunistic CSMA and quantile-based CSMA (QT-CSMA)
and develop new stochastic geometric models to quantify their
performance in terms of spatial reuse and spatial fairness. When
properly optimized, these protocols offer substantial improve-
ments in performance relative to CSMA—particularly, when the
density of nodes is moderate to high. In addition, we show that a
simple version of QT-CSMA can achieve robust performance
gains without requiring careful parameter optimization. The
quantitative results in this paper suggest that channel-aware
scheduling in ad hoc networks can provide substantial bene-
fits which might far outweigh the associated implementation
overheads.

Index Terms— Ad hoc networks, ALOHA, CSMA, O-CSMA,
opportunistic scheduling, quantile scheduling, QT-CSMA, spatial
fairness, spatial reuse.

I. INTRODUCTION

VALUATING and optimizing the capacity of wireless ad

hoc networks has been one of the goals of the networking
and information theory research communities over the last
decade. Due to the inherent randomness in such networks, e.g.,
locations of nodes, wireless channels, and node interactions
governed by protocols, researchers have developed stochastic
models that can parsimoniously capture the uncertainty of such
environments while still giving insight on system performance
and optimization. Work based on stochastic geometric models
has perhaps been the most successful in terms of providing
reasonably realistic, yet mathematically tractable, results; see
[1]-[3]. This paper leverages this line of work to study the
performance of networks operated under two channel-aware
slotted CSMA type protocols.
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One of the important factors determining the performance of
a wireless network is the degree of spatial reuse. Spatial reuse
is a measure quantifying the degree of spectrum reuse per unit
space. In this work, we consider a random wireless network
using a single frequency band where nodes are uniformly
distributed in space. Every slot, each node decides whether or
not to transmit to its receiver based the activity of surrounding
nodes. A sparse or dense set of transmitters would have
low spatial reuse or and strong interference respectively. The
other important factor is spatial fairness which measures the
degree of fairness in the performance of spatially distributed
nodes. There will be inherent performance unfairness due
to the interaction of random node locations and contention
for media access. This can be mitigated by balancing the
transmission opportunity and success rates across spatially
distributed nodes. It is the Medium Access Control (MAC)
protocol that makes transmission decisions and thus shapes
the spatial reuse and fairness patterns nodes will see.

MAC protocols such as ALOHA, Opportunistic ALOHA
(O-ALOHA), and CSMA have been studied in detail, so we
briefly introduce and discuss them.

ALOHA is a basic MAC protocol in which spatially
distributed nodes simply transmit with a probability p.
A mathematical model for a spatial version of an ALOHA
based wireless ad-hoc network is presented in [1]; various
extensions capturing the impact of modulation techniques
on the transmission capacity have been studied; see [2].
Because transmitters contend independently, the transmission
probability p should be properly chosen as a function of node
density so as to achieve a high spatial reuse. This involves
finding a compromise between a high density of transmitters
and excessive interference which deteriorates the quality of
transmissions and accordingly leads to low spatial reuse.

In [4] and [5], the performance of an opportunistic version
of spatial ALOHA (O-ALOHA)' was evaluated. In these mod-
els, only qualified transmitters, namely nodes whose channel
to their associated receivers have channel gain that exceeds
a threshold y, can transmit with probability p. The result-
ing spatial reuse is thus affected by two parameters. When
properly tuned, this simple channel-aware MAC can increase
spatial reuse by roughly 40% relative to simple ALOHA.

Although O-ALOHA can significantly increase spatial reuse
by qualifying nodes seeing good channels, it still suffers
from collisions which limit its performance. Unlike ALOHA
based protocols, Carrier Sense based Medium Access (CSMA)

IThe ALOHA considering channel state information (a.k.a opportunistic
ALOHA) in single hop network was introduced and studied in [6] and [7].
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Fig. 1. A realization of modified Matérn hardcore process: randomly
distributed points are the realization of marked Poisson point process where
each point has an independent identically distributed mark denoting its timer
value in [0, 1]. If a point has the smallest timer value in its neighborhood
(neighborhood is not shown here but formally defined later in (1)), then, it
is selected as a CSMA transmitter. Selected CSMA transmitters were drawn
inside boxes.

protocols achieve high spatial reuse by coordinating trans-
missions among neighboring nodes so as to avoid collisions.
In [8] and [9], a modified Matérn hardcore process model
for a spatial slotted CSMA protocol was introduced. Each
node contends with its ‘neighbors’ via a uniformly distributed
contention timer. The node with the earliest timer wins. As a
result the active transmitters end up being well separated; see
Fig. 1. The model suggests CSMA can increase spatial reuse
by roughly 25% over basic ALOHA.

In this paper, we extend the CSMA ad-hoc network model
introduced in [9] to study two simple channel-aware MAC
protocols. In the first scheme, named Opportunistic CSMA
(O-CSMA), we use a channel quality threshold y, as intro-
duced in [4] and [5], to qualify nodes which participate in
the CSMA contention process. Optimizing the performance
of such networks requires selecting y as a function of node
density and channel variation distributions. In the second
scheme, called QuanTile-based CSMA (QT-CSMA), nodes
contend based on the quantile of the channel quality to their
associated receivers. Doing so allows nodes to transmit when
their channel is the ‘best’ in their neighborhood. This also
ensures that each node gets a fair share of access opportunities
among the nodes in its neighborhood, and circumvents the
problem of choosing a density dependent qualification thresh-
old. This is particularly desirable if channel statistics seen
across nodes are heterogeneous. Quantile-based scheduling
approaches for downlinks in cellular networks were introduced
and studied in [10]-[13] and in the wireless LAN setting in
[14] and [15].

The performance metrics considered in this paper are spatial
averages of network performance, which means that the perfor-
mance metric captures an average over possible realizations of
nodes’ locations. This is particularly meaningful, since in real
world scenarios nodes are irregularly placed and/or motion
might make a performance metric which is a function of
nodes’ location less informative. To that end, we character-
ize the performance as seen by a fypical node using tools
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from stochastic geometry together with analytical/numerical
computation methods.

A. Contributions

This paper makes the following four contributions. First,
to the best of our knowledge, it presents the first attempt
to evaluate CSMA-based opportunistic MAC protocols in
ad-hoc networks, namely O-CSMA and QT-CSMA. Our new
stochastic geometry analysis captures the delicate interactions
between the channel gains and interference statistics underly-
ing the performance of opportunistically scheduled nodes in
ad-hoc networks.

Second, we evaluate the sensitivity of spatial reuse to
various protocol parameters, showing the advantages of
QT-CSMA over O-CSMA which in turn has substantially
better performance than ALOHA based schemes. To that end,
we characterize the interplay between the density of active
transmitters and the quality of transmissions in the function of
the qualification threshold y and a carrier sense threshold v.

Third, this paper is the first to evaluate the spatial fairness
realized by these protocols and shows that QT-CSMA can
achieve better fairness than CSMA. Specifically we introduce
and quantify a spatial fairness index among sets of nodes
sharing the same number of neighbors, which captures the
impact of random nodes’ placements.

Finally, we study tradeoffs between spatial fairness and
spatial reuse, and compare the Pareto optimal performance
points of O-CSMA with those of QT-CSMA. In particular, we
show that quantile-based CSMA without a qualification step
(QTy-CSMA) achieves a performance comparable to that of
O/QT-CSMA in terms of both fairness and density of success-
ful transmission, it is thus a robust and attractive choice from
an engineering perspective. An initial discussion of implemen-
tation considerations for such protocols can found in [16].

B. Related Work

Since the introduction of the IEEE 802.11 protocol, sev-
eral researchers have attempted to analyze multi-hop wireless
networks using the IEEE 802.11. [17] was one of the early
efforts which provided an analytical model for a given fixed
network and computed the lower bound on the sum throughput
of transmitter-receiver pairs for a given network. However,
the model’s simplified physical layer, the so-called protocol
model, did not account for the impact of aggregate interfer-
ence. Later, [18] provided a more sophisticated model which
takes into account various PHY and MAC layer parameters.
The authors propose a linear approximation of the access
probability of individual nodes as a function of its success
probability and developed a linear system relationship relating
the success probabilities and transmission probabilities of
nodes in a given network. This gave a reasonable approx-
imation of the per-node throughput, however, the work did
not reveal how the system was affected by various system
parameter selections or the inherent randomness in wireless
environment. Furthermore performance was evaluated for a
given fixed network, which does not provide insight regarding
typical ad hoc networks.
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The above limitations - i.e., not taking into account random
fading channel, random node locations, impact of aggregate
interference, and capture effect’ - are naturally addressed in
research based on stochastic geometric models; see [1]-[3],
[19], on which our work is based. In this line of work, the
performance metrics of interest are an average over random
environments (including fading, node locations, protocols,
etc), which can be more informative in terms of representing
typical behavior. Specifically the CSMA related work of
[9] and [8] used a spatial point process to model spatially
distributed wireless nodes using a CSMA-like MAC protocol.
These works successfully approximated the statistics of the
aggregate interference resulting from CSMA-like MAC nodes
by those of a non-homogeneous Poisson point process of
interferers. The approximation was validated via simulation
and was shown to match well. However, characterizing the
exact interference statistics is still very hard and has remained
an open problem. As a response to this, subsequent work in
[20] and [21] suggested an alternative approximation for the
performance of CSMA nodes which is accurate for asymptot-
ically sparse networks. Models capturing carrier sense mecha-
nism have also been successfully used to study cognitive radio
networking scenarios in [22]-[24].

Our work is different from the above work in the following
aspects. First, we build upon the CSMA model in [9] incorpo-
rating opportunistic CSMA scheduling schemes. We consider
the dependency among the channel gain of a scheduled node,
contention resolution mechanism, and the activity of the sur-
rounding nodes (or accordingly the statistics of interference),
which has to the best of our knowledge not been previously
explored. We elaborate a parameterized model which is flexi-
ble enough to be used to study various protocols from ALOHA
to QT-CSMA. Second, we consider the fairness for slotted
(or synchronized) CSMA networks. In particular, we study
how system parameters and opportunistic CSMA protocols can
change fairness characteristics of the slotted CSMA network.

C. Organization

In Section II we describe our system model, including
details for our two proposed opportunistic MAC protocols.
In Section III the transmission and success probability
of a typical node under the two MAC protocols are
derived. These will be used later to compute the two
performance metrics. In Section IV we compare the spa-
tial reuse of O-CSMA and QT-CSMA networks, and in
Section V the fairness of such networks is evaluated and
tradeoffs between spatial reuse and fairness are considered
under various parameter values. Conclusions are given in
Section VI.

II. SYSTEM MODEL
A. Node Distribution and Channel Model

We model an ad-hoc wireless network as a set of trans-
mitters and their corresponding receivers. Transmitters are

2If two transmitters happen to send their packets to the same receiver, the
one with a higher signal strength can be received with non-zero probability.
This is called the capture effect.

randomly distributed on R? as a marked homogeneous
Poisson Point Process (PPP) ¥ = {Xl-, E;, T, F;, F;}, where
® = {X;};> is the PPP with density 4 denoting the set of
transmitters’ locations and E; is an indicator function which
is equal to 1 if a node X; transmits and O otherwise. The value
of E; is determined by the MAC protocol used and the activity
of other nodes {X i}j ;- Ti denotes the timer value used by
node X; for contention resolution with its neighboring nodes.
Node X; transmits if it has the smallest timer value in its
neighborhood. The value of 7; is determined by the timer
selection algorithm. We assume that the distance between
a transmitter and its associated receiver is r. The direction
from a transmitter to its receiver is randomly and uniformly
distributed on [0, 27 ]. Throughout this paper, we only consider
the performance as seen by a fypical receiver.

Let F; = (Fj; : j) be a vector of random variables Fj;
denoting the fading channel gain between the ith transmitter
and the receiver associated with the jth transmitter. In this
work, we consider i.i.d. block fading channel model, in which
a fading gain is independently sampled for the duration of each
time slot with an identical distribution. Note that F;; denotes
the channel gain from the ith transmitter to its associated
receiver. We assume that the random variables Fj; are identi-
cally distributed (i.i.d.) with mean ,u’l, ie, Fjj ~ F, with
cumulative distribution function (cdf) G (x) = P (F < x).
Let F; = (F; : j) be the vector of random variables F};
denoting the fading gain between the i-th transmitter and the
Jj-th transmitter. These are assumed to be symrnetric3 and i.i.d,
ie., Fl’] = F;i and Fl./j ~ F. In this paper, we only consider the
Rayleigh fading case where F has an exponential distribution
with G (x) = 1 — exp(—pux) for x > 0, but other fading
models could be considered. Let ||x| denote the norm of
x € R? and ||x — y||* be the path loss between two locations
x € R? and y € R? where the pathloss exponent o > 2.
Then, the interference power that the j-th receiver at location
y experiences from the i-th transmitter at location x is then
given by Fjj [lx — y[™*.

B. Signal to Interference and Noise Ratio Model

The performance of a receiver is governed by its signal to
interference plus noise ratio (SINR). Under the model given

above, the SINR seen at the i-th receiver is
Fiir=¢

SINR; = — |

lo\(x;) + W

where Io\(x;) ZjinEq)\{Xi} E;Fj; H Yi — X ” ~* is the
aggregate interference power®, or so-called shot noise, and
W is the thermal noise power. We shall focus on interfer-
ence limited networks, where the impact of thermal noise is
comparatively negligible, so let W = 0. The reception model
we consider is the so-called outage reception model, where a
receiver can successfully decode a transmission if its received

SINR exceeds a decoding threshold ¢.

3Unlike Fl.’j, F;j is not symmetric, i.e., Fjj # Fj;.

4Y,- is the receiver associated with transmitter X;.



C. Carrier Sense Multiple Access Protocols

We consider a slotted CSMA network, where nodes com-
pete with each other to access a shared medium. Carrier
sensing is followed by data transmission at each slot. Each
node contends with its ‘neighboring’ nodes using a (uniformly
distributed on [0, 1]) timer value. The timer value is indepen-
dent of everything else and each node transmits if it has the
smallest timer value in its neighborhood and defers otherwise.
CSMA provides a way to resolve contentions among nodes but
does not take advantage of channel variations. In what follows,
we introduce two distributed opportunistic CSMA protocols
which take advantage of channel variations amongst transmit-
ters and their receivers: opportunistic CSMA (O-CSMA) and
Quantile-based CSMA (QT-CSMA).

Under O-CSMA, nodes whose channel gains are higher
than a fixed threshold y qualify to contend; we call this the
qualification process. We assume that channel quality Fj; is
available to transmitter X; at each slot. Qualified nodes in
turn, contend for transmission with their neighbors on that
slot. Specifically, let ®” = {X; € ® | F;; > y} denote the set
of qualified nodes or contenders. Note that @7 is a subset of
@ which is generated by independent marks with probability

py :P(F > y):

so it is a homogeneous PPP with density 27 = Ap,. Each
contender X; € ®” has a set of qualified nodes with which it
contends. We say two transmitters X; and X; contend if the
received interference they see from each other is larger than
the carrier sense threshold v, i.e., if Fl./j HX,- -X; H sy

and by symmetry FJ’.i Ixi —X;|~“ > v. We call the set of
contenders for a qualified node i its neighborhood and denote
it by

N = {Xj €O’ st F; |Xi = X7 > v, j #i}' 2

Contending nodes are not allowed to transmit simultaneously
since they can potentially interfere with each other. To avoid
collisions, in every slot each node X; in ®” picks a random
timer value 7; which is uniformly distributed on [0, 1]. At
the start of each time slot, node X; starts its own timer
which expires in T;. Each node senses the medium until its
own timer expires. If no node (in its neighborhood) begins
transmitting prior to that time, then, it starts transmitting,
otherwise it defers. Under this mechanism, a node X;
transmits only if the node’s timer value is the minimum in its
neighborhood, i.e., when 7; is equal to min; . . yx,) Tj-
Note that this timer value based carrier sense model could be
easily extended to incorporate RTS-CTS based carrier sense
mechanism but to simplify we will not consider this here.

Note that the qualification process is a mechanism for
selecting nodes with high channel gains. (all qualified nodes
have channel gains larger than y.) The posterior channel
distribution after qualification is that of F given that F > vy,
so it is given by a shifted exponential distribution

G,(x) =P(F <x|F > y) = (1 —exp “C7")1{x > y}.
2
The qualification process not only increases the signal strength
but also reduces the number of interferers, so we can expect
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more successful transmissions. However, the parameter y
should be chosen judiciously; otherwise there will either be
too many transmitting nodes generating too much interference
or too few transmitting nodes resulting in low spatial reuse.
Neither case is desirable. Note that when y = 0 this model
corresponds to the standard CSMA model analyzed in [9].
Under QT-CSMA there is also a qualification process with
threshold y. However, the active transmitters in a neighbor-
hood are selected based on the quantile of their current chan-
nel gain; we refer to this as quantile scheduling. Specifically,
we assume that channel quality Fj; is available to transmitter
X;, and at each slot a qualified transmitter X; computes its
channel quantile® Q; = G, (Fy;) using the distribution for
the channel gain Fj; conditioned on Fj; > y. This transforms
the channel distribution to a uniform distribution on [0, 1],
which serves both as a relative indicator of channel quality
and to determine the timer for collision avoidance. More
precisely, under QT-CSMA, X; sets its timer value 7; to
1 — Q; and senses the medium until its timer expires. If no
transmitting node is detected prior 7;, then, the node accesses
the medium, otherwise it defers. In other words, node X;
transmits only if it has the highest quantile in its neighborhood,
ie, if Q; = Q"™ where Q" = Max;.x . \7Uix;) Q;. Let
Fi"r;ax = G;l (Q?‘ax) be the channel fade of a transmitting
node X; or the channel fade given node X; transmits, where

G, '() is the inverse function of G, (-). Let N} = |\ |; then
Fi“;ax is a Nl.y + 1th order statistic, i.e.,
Erjr;axzmax [Fla)"Fz:V""’FNiy+1,y:|’ 3)

with the random variables Fj,, i.i.d. The distribution of F;"**
conditioned on Nl.y = n is given by

P (FZ‘;*”‘ <xIN] = ”) = (I—exp “U7)H1{x > 5}, (@)

Thus QT-CSMA further exploits opportunism beyond the
qualification process. Unlike O-CSMA, a QT-CSMA node
transmits only when it has the best channel condition in its
neighborhood, which should further improve its likelihood of
successful transmission. One may surmise that QT-CSMA may
work well even without the qualification phase since quantile
scheduling will fully take advantage of opportunistic node
selection gain (so-called multi-user diversity). This will be
explored later. We shall denote QT-CSMA with y = 0 by
QTy-CSMA.

D. Notation

For a positive random variable 7, let L7 (s) = E [e_” ] be
the Laplace transform of /. Given a countable set C, let |C|
be the cardinality of C. Let 1{-} denote the indicator function
and let B; = b(0,1) denote a ball centered at the origin with
radius /. Ry denotes the set of non-negative real numbers. Let
@ be a stationary point process and ) be a property of ®. We
let PY denote the reduced Palm probability of ®. Intuitively,
the probability that @ satisfies the property ) under P is
the conditional probability that ® \ {0} satisfies property Y

SIn practice, this requires the knowledge of G .
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TABLE I
SUMMARY OF NOTATIONS

X; i-th transmitter or its location in R?
Y; i-th receiver associated with X; or its location in R?
o Poisson point process denoting the set of transmitters {X;};>1.
A Density of nodes in &
F Generic exponential random variable with mean 1/u denoting fading gain
Fij 20cmFading gain between transmitter X; and the receiver Y;
ij(= Fj;) | Fading gain between transmitter X; and transmitter X
ol Qualification threshold
Dry Probability that a transmitter is qualified (= P(F > 7))
ol Set of qualified transmitters
F, Generic random variable denoting posterior channel distribution P(F < z|F > «)
G+ () Cdf of random variable F
D7, Set of active transmitters using CSMA protocol
@7 Set of active transmitters ®;, given 0 € ®7,
v Carrier sense threshold
t Decoding threshold
A7 Density of qualified transmitters (= Ap)
NJ Size of neighborhood of a typical node Xo
F33*(Ny) | Fading gain of a typical QT-CSMA transmitter when the size of its neighborhood is N
T Distance between a transmitter and its associated receiver
N, Z o Size of neighborhood of a typical node under the assumption Fj; = E[F] in Section V-A
1 70" Aggregate interference power from transmitters in @}?!
1 ;Lfﬁ” Aggregate interference power from transmitters in @X(j! conditioned on that the associated
Y typical node has N = n contenders and it has channel gain Fy'3*(NJ) =z
Adens Asymptotic density of active transmitters
@ﬁ;"s Point process of active CSMA transmitters with density Agens
Dtz Access probability of a typical transmitter
Dsuc Transmission success probability of a typical receiver of an active link
Is Aggregate interference power from transmitters in ¢

given that @ has a point at 0. This will be denoted as follows:
P(D\{0} € V|0 € ®) = PO(D\{0} € V) = P"(D € }). We
define ®° as a point process ® given 0 € ® and we define ®*
as a point process with the distribution of ®%\{0}, i.e., ®* =
®%\{0}. E° denotes Palm expectation, which is interpreted as
the conditional expectation conditioned on a node at the origin;
see [19] and [25] for detailed definitions. For convenience a
summary of notation discussed so far, and introduced in the
sequel is provided in Table I.

III. TRANSMISSION PERFORMANCE ANALYSIS

In this section, we derive expressions for the access and
transmission success probabilities which in turn are used
to compute the density of successful transmissions for our
opportunistic scheduling schemes. We begin by defining per-
formance metrics and restating some suitable modified results
from [4], [9] to fit our setting.

A. Spatial Reuse

As a measure of spatial reuse, we will use the density of
successful transmissions which is defined as the mean number
of nodes that successfully transmit per square meter. This is
given by
(5)

where A denotes the density of transmitters, p;, denotes the
transmission probability of a typical transmitter, and pg,.

dsuc = APtx Psucs

denotes the transmission success probability®. This metric
not only measures the level of spatial packing through Ap;,
but also the quality of transmissions through pg,., which
captures the interactions (though interference) among spatially
distributed nodes.

B. Previous Results

Below we briefly introduce several key results that we will
use in the sequel.

Proposition 1 (Laplace Transform of Shot-Noise for
Non-homogeneous Poisson Field—[9, Sec. 18.5.2]): Let &) =
{X;, F;} be an independently marked non-homogeneous PPP
in R? with spatial density /(x). Then, the Laplace transform
of the associated shot-noise interference

Io,(w)= > FlXi—w|™
i:(X;, Fi)edy,

at location w € R? is given by

‘Clq;h () (S) - I:efs[d)h (lu)]

s
exp {_/RZ 1-Lr (7||x — w”a)h(x)dx] .

ONote that in this work Prx corresponds to the fraction of active transmitters
in a slot and pgye is the fraction of receivers successfully receiving data
given that their corresponding transmitters are active in the slot. dg, gives
the density of transmitter and receiver pairs which transmit and receive in the
slot. This type of snapshot analysis does not require random variables to have
a time index.



In particular, if F; ~ F is an exponential random variable
h(x)

with rate u, we have
L = — — _dx}. 6
oy 9) = exp | /Rzl%”x_w”a ] ©

Proposition 2 (Mean Neighborhood Size—[9, Sec. 18.3]):
The number of neighbors of a typical node under the model
in Section II is Poisson with mean

Ny =E[N; ]
=E”| > 1{Fi>vIxi"}
i:X;ed”
= ,1”/ exp{—vu llx)|*}dx
RZ
227 T(2/a)
= a0 @
a(vu)

Proposition 3 (Conditional Transmission Probability Under
CSMA Protocol-[9, Corollary 18.4.3]): For the O-CSMA
model given in Section II with qualified transmitter density
A7, the probability that a qualified node x; € R? transmits
given there is a transmitter xo € R? with ||x; — xo|| = = which
transmits (i.e., wins its contention), i.e., P(E1 = 1|Ey = 1,
{xo,x1} C D7, llx1 —xoll =7) = h(r, A7), is

-K} —b(e.27)
2 l—e 0 1—e " _ ,—vut”
(0,27 ) =N ( N] e ) (L—e )

h 7, /17 = - - — 5
( ) 17671\/6’ g lie—Ng B e—N(})
No N} N
(®)
where
b(r,ﬂ)
- % 2 7v,u(x"+(72+x272rxc0§9)%)
=2Nj — 17/ / e ‘ xdfdx.
0 Jo
)

The function %(-), shown in the Fig. 2a as blue solid curve,
denotes the density of non-homogenous Poisson point process
at a location 7 away from an active transmitter. Unlike the den-
sity of a homogenous PPP which is just a constant, that of the
interferers has very low density around the origin and constant
density for large 7. This non-homogeneous density captures
the impact of the carrier sense mechanism and controlled
interference in CSMA networks. This is an exact result and
it will be used below to build the best Poisson approximation
for active CSMA transmitters. In Section III-D.2, we further
develop the two-fold measure to capture its dependency on the
channel gain and the number of neighboring nodes.

C. O-CSMA

1) Access Probability of a Typical Transmitter: The access
probability is the probability that a typical node transmits.
As described earlier, under O-CSMA, only nodes who qualify
can contend, so the network after the qualification process is
indeed equivalent to a CSMA network with node density A7.
The channel distribution function of a qualified node, say X; is

givenby (2). Let E; = 1{F;; > v, T; < minj:XjEN’_y T;} be the
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(b)
Fig. 2. h(-) in blue line is a function computed in (8). u(-) is a function

we computed above for Ng = n > 0 and 1y € [0, 1). (a) @(zr) is shown for
various number of n. If n is larger, i.e., many transmitters are seen by the
center node yq, then node y; will also see many nodes and accordingly have
low transmission probability. (b) ii(z) is shown for various number of #q. If 7
is large, yg is will lose in contention with high probability. Accordingly y;
will have high transmission probability.

transmission indicator for X; € ®, i.e., which indicates if X;
qualifies and wins the contention process in its neighborhood,
and (D%,I = {X; € ®|E; = 1} be the set of active transmitters.
We define the transmission probability of the typical node
(which is at the origin) as

p;}f(ﬂ,,y,v):PO Foo > y,Ty < min Tj

jZXjE./\/g

(10)

Note that the two events in (10) are independent. To compute
the probability of the second event, we condition on Ty, i.e.,

P To < min

. T )=E%, [P\ To < minT;|Tp
]IXjENO

J:XjeN]

ID
The conditional probability in the above expectation is the
probability that X has no neighboring node whose timer value
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is less than Ty, i.e.,

PU((X; € ® st Fj; > 7, Fjg > v [ X; = Xo|*,

j#0, T < To)=¥1Tp). (12)

The density measure of such nodes at location x € R? with
Fj;j = f],Fjo = f» and Ti=m is

Aldm,dfi,df>,dx) = 1{m < Toydm1{f1 > y}G(df1)
x1{f2 > v |x|*} G(df2)Adx. (13)

Thus, the conditional void probability of such nodes, i.e.,
(12), is

exp{ —/RZ/OOO/OOO/O]A(dm,dfl,dfz,dx)]
:exp{—Topy /Rzl—G(v ||x||“) idx]

= exp {—Topy No} .
Substituting (14) into (11) gives

1 —exp { Dy No}
No

Note that the spatial mean number of contenders for a typical

node under O-CSMA is given by p, Np since individual nodes

qualify with probability p, . The case with y =0 (or p, =1)

corresponds to the pure CSMA scheme without a qualification

step.

2) Transmission Success Probability of a Typical Receiver:
Next, we compute the transmission success probability of
a receiver associated with a typical active transmitter. This
is equivalent to the success probability of the receiver of
transmitter Xy = 0 given Xy € CDyM:

Py (A, y,v) = (14)

P (A, y,v,1) =PV (F -
Toy,

. y
J:Xjedy

>l|Foo>V), (15)

where

Iy; = Fio|X; —©,n]™" (16)

is the interference seen at the receiver at (O r)’. Note that in
(15) we could replace P* and Iy by PO and Iy \(0)-

We shall denote the shot noise as seen by the receiver
a distance r away from an active transmitter at the origin
by I4r . When we refer to the shot noise outside PO(.), we
will use [

o0 instead of I‘wa to explicitly denote that
M
Xo € CD%,IO. Then, the shot noise of interest can be written
as
—0O
Iy = 2, FiolX;—©.n)] an
jiXjedl)

For notational simplicity let /), be a random variable with the
distribution function (2) which is independent of Fpg. Then,
(15) can be rewritten as follows by conditioning on F), :

P (Fy > 0y ) =B, [P”(F, > 11y | F )]
(18)

"Due to the symmetry of PPP, we can simply assume that the receiver at
distance r from its transmitter is placed at (0, r).

Note that it is hard to compute (18) since CD}’V;)! is a point
process induced by the qualification process followed by the
CSMA protocol, which has dependency among node locations.
It is called the Matérn CSMA process [9]. Thus, follow-
ing [9], we approximate the shot noise / with [

2 x e Fio |x; —©,n]"
at the receiver of Xo in a non-homogeneous PPP (I)Z with
density A7 h (v, A7) for t > 0, where A7 = p, /A and h(z, 1)
is the conditional probability that a CSMA transmitter at
distance t from the origin be active conditioned on an active
CSMA transmitter at the origin with the density of nodes
being A7 ; see (8). Since # is a function which converges to 0
as ¢ — 0, and converges to pf’f as T — 00, it captures well
the modification of the interference due to the presence of the
transmitter at the origin. The A function (blue solid curve) is
shown in Fig. 2a for certain parameter set. Using this approach
we have that

P (F, > 0rlyy ) ~ B, [P (Fy > 11y | F, ).

19)
\ o) then,
using an indicator function, we can rewrite the rlght hand side
of (19) as

Er, [/oo 5169) ! {O <x < ::—);]dx]

Clearly 1 {0 <x < 5—},1

t > 0, and &,(x) is also square integrable®. Then by applying
the Plancherel-Parseval Theorem in [26, Ch. 3.3, p.157] to
(20) followed by a change of variables, (20) becomes

70! y0ol =
CDM (Dh

which is a shot noise seen

Let &, (x) be the probability density function of Iy

(20)

} is square integrable for r > 0 and

Lr, (—2ixs)—1
/ L yo' 217rtr s) ! Smis ————d5s. (21)
Noting that Lf, (s) = ﬂﬂe_”’ , we get that
Psie (2 7,0, 1)
2 exp{2izsy} —1
/ L o (2imrtts) =2 T ds. (22)

The last step is to compute the Laplace transform £1 o0 (s)

which is given as

oo 2w
— _7
Flago (s)_exp[ a 1+ﬂf<r,r,9)/s]’ 2

where f (z,r,0) = (12 +r2 —2tr cos@)%. Replacing (23)
into (22) gives a numerically computable integral form for the
outage probability.

h(t, A7) 7dOdz

D. QT-CSMA

1) Access Probability of a Typical Transmitter: Comput-
ing the access probability of a typical QT-CSMA node is
not much different from that of an O-CSMA node. Under

8Note that the pdf of Poisson shot noise stemming from a PPP with finite
density is square integrable; see [4]. The existence of a Poisson point process

the shot noise of which dominates Iq)y()! implies that the pdf of [ is

70!
h @y,

square integrable.



QT-CSMA, a node can transmit if its timer expires first or
equivalently if it has the highest quantile in its neighborhood.
Let E; be the transmission indicator of node X; € O,
ie., E; = l{Fll >9,0; > man:XjeN”_y QJ} Let (DyM =
{X; € ®s.t. E; =1} be a thinned version of ® contain-
ing only active transmitters. Then, using a technique simi-
lar to that used above, the access probability of a typical
node X( at the origin under QT-CSMA is computed as
follows:

o) = [ _ L-exp{-pyNo}

Py
Ng +1| No
Since all Q;s are uniform random variables, the result is the
same as (14).

2) Transmission Success Probability of a Typical Receiver:
Next we compute the transmission success probability of a
receiver associated with a typical transmitter X at the origin.
To determine the success probability, we need to characterize
the fading gain Fy'* and the interference power that the
receiver experiences. We shall explicitly denote the fact that
F(‘)?;‘X depends on Ng by writing F(‘)?;‘X (Ng ) in what follows.
The aggregate interference from concurrent active transmitters
in (Dy to the receiver of X is given by [ o0 as in (17).
Then, the success probability of a typical QT- d‘gMA receiver
is

(24)

Pluc(yy, v, 1) = BUFS(NG) > 1r1g7 ). (25)

Unlike in (18), FmaX(NO) is no longer independent of
1 q);loz. To see this 1ntu1t1vely, consider two extreme cases.
First, suppose F(;?;X(Ng) has a very small value, say e;
then, this implies the channel gains of Xgo’s neighbors are
concentrated within the small interval [0, €]; so, the neighbors
of X¢’s neighbors are not likely to defer their transmissions,
which in turn means Xo’s receiver would experience a
somewhat stronger interference. By contrast, if F(‘)?;‘X(Ng )
has a large value, say w, then, the fading gains of Xg’s
neighbors are distributed on [0, w], which is more likely to
cause their neighbors to defer. This on average makes the
interference level seen at the receiver smaller than in the
previous case.

That is, Iq);wm depends on both Nj and FmaX(NO) By

conditioning on Ng and Fé“ax (Ng ), (25) can be written as

o [IP’O' (FmaX(N0)>tr Iy | NG, maX(NO))]. (26)

As in (18), we approximate [/ for a given Ng = n and

o)
F, maX(NO ) = x by a random varlable I denoting the inter-
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ference induced by a non-homogeneous Poisson point process
®), with density A7 u(n, x, 7, 4,y), where u(n,x, 7, A, y) is
the conditional probability that a node y; transmits conditioned
on the following facts: 1) yg transmits, i.e., Eg = 1, 2)
Ng = n, 3) F(‘)?;‘X(Ng) = x or equivalently yp’s timer
value Tp is given by 10 = 1 — G, (x), 4) both yo and y,
belong to @7, and 5) y; is 7 away from yg. This can be
written as

u(n,x,t,2,7) =P(E1 =1|Eg =1,N} =n,

FS(NG) = x, {yo, i} C @7, lyo —yill = 7). (27)

Using the fact that 1 — G, (x) is a one-to-one mapping from
[y, 00] to [0, 1], we can rewrite (27) as

un,x,t,4,y) = P(El =1|Ey = 1,Ng =n,
To = to(x), {y0, y1} C @7, llyo — y1ll = 7). (28)

Note that the probability (28) is a function of n, tg,  and A7
so it is convenient to use the function # such that

M(n,x, Ta/la V) = ﬁ(n’ 1- G}) (x)a 7, /1)’)

It is shown in Appendix VII that this function is given by
(29) and it is shown at the bottom of this page. Unlike % (z, 1)
in (8) which is the function of only 7 and 4, i(n,tg, 7, 4)
is a function of n and 7y (or x) as well, which means it can
captures the impact of the number of neighboring nodes and
the instantaneous channel. The impact of number of neighbors
is shown in Fig. 2a and the impact of the channel (or timer
value f#p) is shown in Fig. 2b.

Fig.2a exhibits plots for u(n, 19, 7, 1) for A = 1, v = 0.5,
to = 0.5 and for n = 0, ..., 20. Observe how u changes as
the distance 7 between yg and y; changes. As 7 gets larger,
y1 behaves like a typical node in space which is not affected
by the existence of yo. The latter case is verified by the fact
that all curves i converge to the value 1me ™ 4 ¢ o0,
which is indeed the transmission probablhty of a typical
CSMA node. As t gets small, there is a strong correla-
tion between y; and yo which are likely to be neighbors.
The behavior of & in this case depends on the value of
n. In particular, if n = 0, & increases as 7 — 0; since
y1 will see no contenders as is the case for yp, while
if n > 0, as 7 — 0, y; will see one or more con-
tenders as seen by yp, and it will be more likely that
y1 is a neighbor of yg. If y; is a neighbor of yp, then due to
the condition { Ep = 1}, y; must have a timer value larger than
fo, so the conditional transmission probability u approaches 0.

ﬁ(n’ t()’ T’ j/) =

NoG(vz®) [ (1— e*foi\_/o(lfps))
n+ (No —n)G(vr®) No(1 — py)

k!
RO W

b(t, A
where p; = ps(7) =2 — (T_’ )
No

(Z) pr(1 - ps>"’<], (29)

k 7’]j
—e1 >
=0/

kO}7

, and n = No(1 — ps)(to — 1).
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As n increases, y; is more likely to be preempted by yp and
its neighbors, thus # decreases.

Fig.2b shows the impact of yp’s timer value, fg, on u for
v = 0.5 and n = 5. Note that the condition {Ey = 1} implies
that n neighbors of yp have timer values between fy and 1.
Thus, if 79 gets large, y; will transmit with high probability
since the neighbors of yo will have timer values larger than ¢,
which can be easily preempted by y;’s timer. While if 7y gets
small, y; is more likely to be preempted by yp’s neighbors,
so u decreases in this case.

In summary, (26) can be approximated by
B [P (R (V) > 1r Ly | NS S8 ON)) | 30)

Let & be the conditional pdf of 7,0 given N} =n and

FénaX(Ng) = x, 50, (30) can be rewritten as

(e%e] N ijax N)) maX(N )
2| [ e T Vo <y < B ay |,
tre
(31)
FEiX(Ng) n.x
where 1{0 < y < —45—1} and ¢, are both square

integrable; see [4]. Applying the Plancherel-Parseval Theorem
to evaluate the last equation, and performing a change of
variables gives

o
ngItC(/’{»y»V, t) ~ ]EO'[/ L: Né”Fgl;ix(N(})’)(Ziﬂrats)
- I, 7
exp {2i7rsFmaX(NO)} 1
X ds:|. (32)

2is

Note that the expectation in (32) is with respect to Ng and
nax (N() ), and I" }0, is a random variable with cdf PO!(I@Z <

Z|NO =n, Fm‘”‘(NO) = x). We have
,C n,x
et (s)

(2 iin, 1— G, (x), 7, A )edOdt
= -7 ’ ’ . (33
e"p{ /0 /0 L pf (r. 7. 0)/s ] G

Replacing (33) into (32) gives the numerically computable
approximation of pgfw.

IV. SPATIAL REUSE

In this section, we compare the spatial reuse achieved by
O-CSMA versus that of QT-CSMA. To better understand the
results and the behavior of the protocols as a function of 4, vy,
and v, we first study how transmission probability and success
probability change as functions of the parameters, and then we
compare the performance of O-CSMA and QT-CSMA. A brief
performance comparison between O-ALOHA and O-CSMA
follows.

A. System Behavior and Parameter Sensitivity

1) Density of Active Transmitters Ap;y: In Fig. 3, we show
the density of active transmitters Ap;, as a function 4. As 4
increases, a higher number of active transmitters is achieved,
which saturates to a value we will call the asymptotic density
of active transmitters.

n=1, a=4, r=1, t=1
0.5 ; T T
— » -v=0.1,y=0 (V 1. 0)
x 0.45H —© -v=0.1,y=1 Mdens —
v=0.1, y=2 .
0.4 —*—v=1,7=0 yincreases vincreases \
—o—v=1,y=1 A
035 R R—N|

0.3r

0.25F

0.2

0.15F

B - b=t - RS S
e /,
°

A, (v=0.1) i

dens

0.1

Density of active transmitters : A P,

0.05F

107 107" 10° 10" 10°

Density of transmitters : A

Fig. 3. The density of active transmitters for O/QT-CSMA increases and
saturates as 4 increases due to the carrier sense in CSMA protocol. Increasing
the qualification threshold y reduces the density of qualified transmitters
without affecting the asymptotic density of active transmitters Ag,p5(v); SO
the effect is a shift of the curves to the right hand side. Increasing carrier
sense threshold v increases 44, (v) since it makes the mean size of a typical
transmitter’s neighborhood smaller.

Definition 1 (Asymptotic Density of Active Transmitters):
For a given carrier sense threshold v, the asymptotic density
of active transmitters Ag.,s(v) is defined as

Adens(V) = hm ipt “A,y,v) = hm ip (/1 y,V).

Note that Agens(v) is not the function of y, since numerator
exp{—p, No} in p?’/9" (4, y,v) vanishes as 1 — oo; see (14)
and (24). It is easy to show that Ag.,s(v) = 1 /1%, where
No = Nj /27 = Elfga 1{F’ > vx|“}dx] is the mean
neighborhood area of a typical transmitter. Note that since
each active transmitter “occupies” an area of average size No,
intuitively, we can have at most - active transmitters per unit
space in the asymptotically dense network (a network with
A — 00). Note that both O-CSMA and QT-CSMA have the
same asymptotic density of transmitters Agens(v) due to the
transmitter selection process of the CSMA protocol.

As y increases, the density of qualified transmitters, Ap,,
decreases, which accordingly decreases Ap;y, but the limiting
value Agens (v) is not affected. As v increases, the mean neigh-
borhood area N gets smaller, which allows a higher density
of active transmitters, and accordingly Ag4e,s(v) increases as a
function of v.

2) Success Probability of O-CSMA: Fig. 4a shows the suc-
cess probability pih.(A,y,v,t) as a function of A for various
y and v values. The general behavior of pyh.(1,y,v,1) is
as follows. As y increases, the signal quality at receivers
improves and at the same time the density of active transmit-
ters goes down, which results in reduced interference at the
receiver. Thus, increasing y increases SINR at receivers, and
thus increases the success probability. If v increases, the mean
neighborhood area goes down, resulting in a higher number
of active transmitters, which accordingly generate a stronger
aggregate interference. Thus both the received SINR and
success probability are decreased. As A increases the success
probability pyh.(1,y,v,t) converges to a value strictly less
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Fig. 4. The success probability versus the density of transmitters for

various v and y. (a) The success probability of O-CSMA decreases as

A increases, but converges to a value between 0 and 1 since interference

[@}'0! converges to / pdenso! in distribution. If the qualification threshold y
M

increases, it increases F, so the success probability increases, and the limiting
value lim)_, o pggc(i, y,v,t) also increases. However, if the carrier sense
threshold v increases, it increases the density of active transmitters, which
accordingly increases interference, which deteriorates the success probability.
(b) As 1 increases, the success probability of QT-CSMA decreases at first, but
bounces and converges to 1 due to the increasing gain from opportunistic node
selection. As the qualification threshold y increases, the success probability
increases due to the improved channel quality. While, if carrier sense range
v increases, the success probability decreases due to increased aggregate
interference power.

than 1, i.e.,
lim p%(2,7,v,1) = lim P (Fy > tralq)y) <1. 34)
A—00 A—00 M

This is because F), is exponentially distributed with an infi-
nite support and / o1 converges in distribution to a random
variable Igdensot = 3., cqdensot Fio | Xi]| ™%, where o470
is a Matérn CSMA point process with a density Agens(v)
given an active transmitter at the origin. The convergence of
1 cDLoz is formally shown in [16]. Since both random variables

have infinite support in R, P (Fy > tr%1 gy ) converges
to a positive value between O and 1. It is not easy to
find the limit since this would require characterizing Iq)i/;nsm.

3) Success Probability of QT-CSMA: Fig. 4b shows the
success probability p?ﬁc(l,y,v,t) as a function of A for
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various y and v values. The general behavior of
pgﬁc(i, y,v,t) is as follows. As y increases, the interference
seen at the receiver decreases due to the reduced density of
active transmitters. However it is not clear how the received
signal strength would change. Indeed, increasing y should
shift F, to the right hand side (improving the channel quality)
but, at the same time, it decreases the size of neighborhood,
thus reducing the opportunistic node selection gain. Fig. 4b
suggests that the positive effect is larger than the negative
effect, and, as v increases, p?,:c(/l, y,v,t) decreases due to
the increased interference. One thing to note is that if the
density A becomes large enough, then the success probability
increases and eventually converges to 1 due to the gain from
opportunistic node selection with the best channel condition.

Precisely, if 1 — oo while v,y < oo are kept fixed, we
have

lim pZ.(2,7,v,1)= lim P" (Fm*”‘(zvg) > 1%Ly ) —1.
J—>00 J—00 v M

(35
This result can be intuitively understood as follows. As 4
increases, Nj and  F™(Nj) increase (meaning

lim) 0 P(Ng > x) =1 and lim;_ ]P’(F;nax(Ng) >x)=1
for all fixed x > 0), and ;0 converges in distribution
to a random variable Iq)dens(l)‘;l ; see [16]. The success
probability of O-CSMA and IbT—CSMA are compared in the
following proposition.

Proposition 4: Under the same parameter set 7, y, v, and
A, the success probability of QT-CSMA is never less than
O-CSMA, i.e., plic(h,y,v,0) = pib(A,y,v,1).

This directly follows from a stochastic ordering relation :
F;nax > F,; see (3).

Remark 1: Note that this implies that the density of suc-
cessful transmissions of QT-CSMA is always higher than that
of O-CSMA, i.e., d&i (A, 7, v, 1) > db.(A, y,v, 1) for a given
parameter set ¢, y,v and 4.

Remark 2: The above observations suggest that the effects
of adjusting y and v are similar in that both control the amount
of interference in the network versus the opportunistic node
selection gain which are achieved. However, this does not
imply that O-CSMA can optimize its performance by optimiz-
ing only one of them while fixing the other, but interestingly
this seems to work for QT-CSMA. In the following sections,
we will further explore the possibility of reducing the number
of parameters for QT-CSMA.

B. Performance Comparison of O-CSMA and QTy-CSMA

We evaluate the performance of a network under various
system parameters and suggest a reasonable choice of v which
makes QTo-CSMA robust to changes in the environment’.
Note that it is no surprise to find that QT-CSMA always does
better than O-CSMA under the same parameter set as shown
in Proposition 4. Thus, we focus instead on the comparison
between QTp-CSMA (QT-CSMA with y = 0) and O-CSMA.

%In this work we assume that ¢ and r are fixed. ¢ is determined from a
given transmission rate requirement and r is simply assumed to be fixed for
mathematical simplicity.
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The density of successful transmissions for QT-CSMA, QTo-CSMA, and O-CSMA versus v were shown under various values of y for 4 = 0.01,

0.1, 1, and 10. v = 0.5 is a good choice for both QT)-CSMA and O-CSMA under various y. Only simulations results were used for choosing the suggested

v value.

1) Choosing Carrier Sense Threshold v: The carrier sense
threshold v controls the size of the virtual exclusion region
around transmitters inside which no other transmitters will
transmit. The size of the guard zone is directly related to
the spatial reuse through the density of active nodes and
generated network interference. Large v (or small guard zone)
increases the density of active transmitters, but at the same
time it could introduce strong network interference. One the
other hand, small v (or large guard zone) induces the low
density of concurrent active transmitters, which results in
weak network interference and accordingly high transmission
success probability. Thus, selecting appropriate v is very
important for network performance. The difficult part is that
this is an optimization problem over two variables v and y.
However, we show that there exist a good choice of v which
is mostly insensitive to the change of y.

In the sequel we show that v = 0.5 is a reason-
able choice for both QTp-CSMA and O-CSMA. In Fig. 5,
the density of successful transmissions for QTy-CSMA and

O-CSMA/QT-CSMA are shown for A = 0.01, 0.1, 1, and 10.
The optimal v maximizing the spatial reuse of QTo-CSMA
depends on A. However, v = 0.5 is a near optimal choice for
all 1. The optimal v for O-CSMA also depends on 1. When A
= 0.01 or 0.1, any v greater than 0.1 is a reasonable choice.
While, when 4 = 1 or 10, the optimal v depends on the choice
of y; optimal v for A = 1 increases from 0.2 (when y = 0.2)
to 0.9 (when y = 1), and optimal v for A = 10 increases
from 0.4 (when y = 0.5) to 2 (when y = 2.5). Even with this
dependency, v = 0.5 for O-CSMA is a good choice for the y
values. Based on these observations, we argue that v = 0.5 is
a choice which not only results in high spatial reuse but also
makes protocols robust to a wide range of y and .

2) Choosing the Qualification Threshold y: Once the carrier
sense threshold v is chosen, the qualification threshold y
can be chosen for the given v. In Fig. 6, the impact of
the qualification threshold y on the spatial reuse is shown
for various A values. In a sparse network (A = 0.1), it is
better not to have the qualification process since it reduces the
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Fig. 6. The impact of qualification threshold y on the density of successful
transmissions is plotted for various A. In sparse network (4 = 0.1) setting
y = 0 maximizes spatial reuse since node density is low. In dense networks,
there exist an optimal y for O-CSMA (black solid lines) which is the function
of network density. Note that QT-CSMA (blue lines with cross marker) with
y = 0 corresponds to QTy-CSMA. Note that the spatial reuse of QTy-CSMA
is quite high even without qualification process. In this figure, only simulations
results were shown.

density of active transmitters. The loss in the number of active
transmitters due to increased y is larger than the gain from
the increased success probability. Note that it also applies to
sparse networks with 4 < 0.1.

For an intermediate density network (4 = 1), it is required
to optimize y for O-CSMA (and for O-ALOHA as well) to
improve spatial reuse. However, unlike O-CSMA, optimizing
y for QT-CSMA does not give much improvement. Setting
y = 0 is a simple but effective solution. Note that it also
applies to intermediate networks with 1 ~ 1.

In a dense network (4 = 10), O-CSMA requires the
optimization of y, while QT-CSMA does not; simply setting
y = 0 is an optimal choice. Note that it also applies to
dense networks with 4 > 10. Through above cases, we
observe that y needs to be optimized for O-CSMA (and
O-ALOHA as well as shown in Fig. 6) to achieve high spatial
reuse. However, the optimal y depends on 1. Considering the
difficulty of estimating 4 in practice and likelihood the density
is non-homogeneous, optimizing y for O-CSMA is not a
practical approach. In this sense, QTo-CSMA is an attractive
engineering choice since it does not require the optimization
of y while providing reasonably high performance which is
as high as the maximum performance of QT-CSMA. Due to
the absence of qualification process, QTo-CSMA is easy to
configure and robust to changes in /.

3) Robustness of QTo-CSMA: Fig. 7 exhibits the above
data from a different perspective: the density of successful
transmissions for QTo-CSMA and O-CSMA versus A. In
Fig. 7 we plot both analysis and simulation results to show
how well they match. For comparison, ALOHA, CSMA and
O-ALOHA are also plotted using our model. The figure
confirms the behavior of ALOHA for increasing node density.
Unlike ALOHA, the density of successful transmissions of
CSMA does not converge to 0 as A increases due to carrier
sensing and controlled network interference. As mentioned
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Fig. 7. The density of successful transmissions versus A was shown for
v = 0.5. We plotted both simulation and analytical results for comparison.
In case of (O-)ALOHA, we plotted only analytical results since simulation
results were identical.

earlier, to take advantage of channel variations, ALOHA can
qualify users based on channel threshold, which we call
O-ALOHA.

O-CSMA with a similar threshold mechanism works as
follows. As A gets larger, dyb.(y, ) increases as the result
of the increasing density of active transmitters; however it
converges to fixed values since both the density of active
transmitters and success probability converge. If 4 gets large,
dJ¥. increases and converges to a value less than Agep;.

QTp-CSMA performs better than O-CSMA for all 4 values.
This proves that the robustness of QTo-CSMA; quantile-based
scheduling without qualification can fully take advantage of
opportunistic node selection gains in the wide range of 4
provided that v is properly chosen.

V. SPATIAL FAIRNESS
A. Unfairness in CSMA Networks

In this section, we compare the degree of “spatial fairness”
achieved by O/QT-CSMA protocols. It has been reported that
non-slotted CSMA networks are unfair [27], [28]. The two
main reasons are the irregularity in the network topology and
protocol behaviors that lead to starvation for some nodes.
There have been efforts towards improving fairness by tuning
protocols, for example, adjusting carrier sense range [29] or
using node specific access intensity [28], [30], [31].

In slotted systems, unfairness is reduced since all nodes’
contention windows are reset every slot, which prevents star-
vation. However, unfairness due to irregularities in network
topologies remains. We will show in this section that our
opportunistic scheduling schemes can improve fairness.

B. Spatial Fairness

We define two spatial fairness indices which capture a
fairness of the long-term (time-averaged) performance across
nodes in space. The first captures the heterogeneity in perfor-
mance due to nodes’ locations. Recall that the performance
of node, say X;, is affected by the remaining nodes and
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their locations, i.e. ®\{X;} and channel gains F; and F;. Let
fi(®,F;, F;) be a bounded function associated with X; € ®
denoting its performance. Then, E [ fi ((I), F;, F;) | ® = ¢]
denotes the time-average (or equivalently, the average w.r.t. F;
and F}) of X;’s performance given ® = ¢. To evaluate the fair-
ness of E[f; (®,F;,F}) | ® = ¢] across nodes X; € ® = ¢
in space we introduce Jain’s fairness index!0, where

2
FI = i (Zi:XiequBl E [ft ((D, F;, F:) | ® = ¢])

= 1m .

12001 N BIl 2ix,epn8, E[fi (0,F,F) | ©= ¢]()326)

Given the spatial ergodicity of homogeneous PPPs; see [25],
and simple algebra, it is easy to see that (36) becomes

(E° [E [fo (@, Fo, Fy) | @]])°
EOL(E [ fo (@, Fo. Fy) | @])*1

where Fo and F(, denote the channel fading of a typical node
at the origin and accordingly E [ fo (CD, Fo, FE)) |(I)] denotes the
performance seen by the node Xj.

The second fairness index captures the heterogeneity in
performance across nodes seeing different neighborhood size.
We, let f;(N;, F;, F’) be a finite performance metric associated
with X;, where N; is the number of neighbors of X;. Then,
ELﬁ (Ni,Fi,FQ)INi =n| denotes the time-averaged (or F;
and F;’-averaged) value associated with X; given X; has
a neighborhood of size N; =
fairness index is given by

R
o) [(E [fo (No, Fo, F}) | No])z}

Unlike (37), (38) does not capture a performance variability
across nodes with the same number of contenders. However,
(38) is a useful metric which is computable in many cases.
Depending on the performance metric f() of interest, we
sometimes have FI = FL In the sequel, we will focus on
FI as our measure of spatial fairness.

FI =

(37

n. The corresponding Jain’s

(38)

C. Spatial Fairness for Conditional Access Probability

We first evaluate spatial fairness for nodes’ conditional
access probability. We will show how nodes’ random locations
impact this metric. We need the following assumption.

Assumption 1 (Contention Neighborhood Based on Mean

Channel Gain): We assume that Fl’j is deterministic with Fi/j =

ll, i.e, the contenders of node X; are the set of nodes located

in the disc b(X;, (vu)™%).

Under this assumption, the neighbors of a node are not
affected by fading, so the size of a node’s neighborhood
stays fixed, e.g., might be based on the average channel gain.

105ain’s fairness index for a given gosmve allocation x = (x; : i =

(Zz 1 “‘z

1,...,n) is given as FI, = . Note that the maximum value of

FI is 1 which is achieved when all xls have the same value. If total resource
b= Z?:l x; is allocated equally only to k entities out of n, e.g, x; = % for
i=1,....,kand x; =0 fori =k+1,...,n, then, we have FIy = k/n.
See [32].
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This might be a reasonable assumption in a system, where
each node’s contending neighbors are dynamically maintained
based on the average fading gains to the node. Note that
F;j is still a random variable, i.e., only the fading between
transmitters has been changed. Let

N =N (@) = [{Xj € @7 1/ [ X=X ) > v, i # ]|

be a random variable denoting the size of X;’s neighborhood
under the static fading Assumption 1!, it corresponds to
the number of nodes inside a disk b(X;, (vu)™ ) This is
a Poisson random variable with mean Az (vu)~«. Recall
that a node w1th n contenders accesses the channel with
probablhty . This corresponds to the fraction of time the
node accesses the channel. We will call this quantity the
conditional access probability of the node to differentiate
it from the access probability (e.g., p;’ or p?;) which is
interpreted as the fraction of nodes transmitting in space in a
typical slot. Note that since the conditional access probability
depends only on NZJ, so we have that E[f; (D, F;, F)|®] =
ELfi (N} ;> Fis FDING ) = 7
lemma regarding spat1al fairness index on conditional access
probability.

Lemma 1: 1If ﬁ-(Nsyji,Fi,F;) = 1{F,-,- >y,E; =1}, or
equivalently E[ﬁ(Ny Fi,F)IN!,] = N5)7+1

Assumption 1, the two spatial falrness indices are equal as

Thus we have following

under the

follows:
2
~ (=|7=])
Fl,c = Fl, =t
(]
N§’0+l
N _NY
— e s04e 502 (39)
N o (Ei(W] ) —1og N y—n)
where Nyo = E[N/ ol Ei(x) = — [Z 1 le7dt s the

exponentlal integral function, and n=0. 5772 .. is the Euler-
Mascheroni constant. Note that these fairness 1ndices are the
function of N
Proof is given 1n Appendlx VIIIL

Fig.8a shows the fairness index for the conditional access
probability under O/QT-CSMA versus N 0 ). N O(v) is
small, almost every contending node is selected for transmis-
sion. Transmitters have conditional access probability close
to py, so that the fairness index is close to 1. If N/ (v) is
relatively small, as ]Vsy’o (which is mean and the variability
of the number of contenders) increases, the variability in the
conditional access probability, across nodes increases resulting
in a decrease in fairness. However, if Nsy,o(v) is moderate, the
fairness index eventually increases again since, in this regime,
the variability of the conditional access probability Nyp 7+1
decreases and converges to 0, which in turn increases fa1rness
Note that the fairness curve has a minimum of approaching
~ 0.73 when NJ( ~ 3.

HNote the difference between Ny 4 g and N; 7 where the latter is the number
of neighbors without the static fadmg assumptlon
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Fig. 8. Fairness index on conditional access probablhty and successful
transmission versus the mean number of contenders N’ .0 (v) under static
fading vector assumption. (a) The fairness index on condltlonal access
probability decreases as the mean number of contenders N’ .0 decreases, but

it rises soon as N 5.0 increases. The fairness has minimum value ~ 0.73

when N y ~ 3. Th1s applies to both O-CSMA and QT-CSMA. (b) Quantile
schedulmg increases fairness significantly because, under QT-CSMA, nodes
with larger neighborhood size have a higher success probability, which
compensates its low conditional access probability.

D. Spatial Fairness of the Conditional Probability
of Successful Transmissions

In this section, we consider fairness for the conditional
probability of successful transmissions. Specifically, we show
that opportunistic CSMA schemes can, to a certain extent,
remove topological unfairness. We first define spatial fairness
for the conditional probability of successful transmissions.

For O-CSMA, we define %ﬁ?ﬁc(y, n) as the conditional
probability of successful transmissions of a typical transmitter
with n neighbors, where nl% is the conditional access prob-
ability and pgh.(y,n) is the conditional success probability
conditioned on the transmitter having n contenders, which is

given by

Plelrm) =P (Fy > tlyy 1INy =),
\ 00 elinsFy, _
~ E?;’y / £[n,py QRinr®ts)——ds |,

o) 2izs

(40)
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where Iq)yO' is the interference seen by a typical receiver

conditioned on that its associated transmitter has n neighbors.
Accordingly, the fairness index is given by

2
- op (EO |:N}P 1ﬁg5c(V»N5y,o)i|) i
A% = . @D
2
2 | (et )

For QT-CSMA, we take a similar approach. We define
nl% ﬁsq,ic(y,n) as the conditional probability of successful
transmission of a typical transmitter with n neighbors, where
nl% is the conditional access probability and ﬁ?,ic(y,n) is
the conditional success probability of a typical receiver con-
ditioned on that its associated transmitter has n contenders,
which is given by

2i7rsF5‘:‘;X(n) |

~ E” / L. pmaX(,,)(Zurr t5)————ds|.

2ims

Plic(yom) = B (FX(N] o) > tlgy | N;

(42)

The fairness metric we use in this section corresponds to the
second type (38) only, and the corresponding fairness index
of successful transmission is given by

2

> (EO [Nyp” T PSuc(7 Sy,o)D

FISMC = 2
EO (N}PV_H Psuc(V Syo))

7). FII,

(43)

Using (33) and N/,
cally computed

F?ﬁc and FISMC are plotted in Fig.8b for y = 0. The
figure shows that the spatial fairness on the conditional
access probability of successful transmissions achieved by
QTyp-CSMA is improved versus that of O-CSMA. The gain
is significant in the regime where N, yo is less than or equal to
roughly 10. In this regime, QTo-CSMA increases the success
probability of receivers a lot. This reduces the performance
differences among nodes caused by different conditional
access probabilities(or topologies) since nodes with a large
number of neighbors and low conditional access probability
have a higher success probability. In other words, the higher
success probability compensates the low conditional access
probability, which decreases the variability in performance. In
the regime where ]\_/Z, o is large (or v is small), the density of
concurrent transmitters becomes small, which generates weak
interference. Thus, most nodes succeed in their transmissions
with high probability irrespective of the number of neighbors,
so in this regime there is no much gain from opportunism
increasing the success probability. Thus, QTo-CSMA and
O-CSMA have almost the same performance. As y increases,
fairness decreases and eventually converges to the fairness
curve of O-CSMA where y — oo since there is little
difference between ﬁ?,ic and ph,.

~ Poisson(N can be numeri-

uc
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So far, we have shown that opportunistic CSMA can
improve fairness. However, with this result only, it is not
clear how these protocols tradeoff the density of successful
transmissions versus fairness. We consider this next.

E. Tradeoff Between Spatial Fairness and Spatial Reuse

In this section we consider the tradeoff between spatial
reuse and spatial fairness which is due to the randomness of
node locations, contention and protocols. To explore this, we
introduce following notions.

o (FD-Fair) We call (a,b) an achievable FD-pair if a

fairness index a and density of successful transmissions
b can be achieved for a given protocol parameter choice.
« (Dominance) For FD-pairs (a,b) and (c,d) € R%, we
say that the (a, b) dominates (c,d) if a > c and b > d.
This relation is denoted by (c, d) < (a, b).
o (Dominated set) For a given FD-pair (a, b), the set of
FD-pairs dominated by (a, b) is defined as follows.

Ala, b) = {(x,y) eR2 st (x,y) < (a,b)}

Note that (a,b) € A(a,b). In particular, we define the
dominated set for O-CSMA, for a given ¢ and 4, by

ar@i,n= J A (ﬁlg’ﬁc(z, yov,t), d2 (2, y,v,t)).
y>0,v>0
(44)
The dominated set for QT-CSMA is similarly defined. The
dominated set QT)-CSMA for a given ¢ and 4 is defined as

o' =JA (Flj;c(z,o,u,;), d;iﬁcu,o,u,t)).
v>0
(45)

Three dominated sets for A = 1, decoding SIR target
t = 1 are exhibited in Fig. 9. The area surrounded by red
dashed curve, the solid black curve, and the dotted blue curve,
denotes the dominated set of QTy-CSMA, QT-CSMA, and
O-CSMA respectively. In Fig. 9, we plotted several curves
of pairs (Flyuc (2,7, v,1), duuc) for O-CSMA to show how
we computed the dominated set of O-CSMA. Each curve was
drawn for various v values from 0.02 to 612 for a given y.
We then computed the dominated set of the union of the
curves. Note that we used spatial reuse results from simulation
for accuracy, and spatial fairness from analytical computation
since it is too hard to get reliable statistics for spatial fairness
from simulation.

Note that the dominated set of QT-CSMA is larger than
(dominates) that of O-CSMA. This gain comes from the joint
improvement of spatial reuse and fairness performance. Also
notable is that the dominated set of QT,-CSMA is quite large
although it has one less parameter. This shows again the
effectiveness of quantile-based approach in taking advantage
of dynamic channel variations and multi-user diversity.

VI. CONCLUSION

In this paper, we considered spatial reuse and fairness for
wireless ad-hoc networks using two different channel-aware
CSMA protocols. We used an analytical framework based
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Fig. 9.  Comparison of the dominated sets of O-CSMA, QT-CSMA and
QT(-CSMA.

on stochastic geometry to derive the transmission probability
and success probability for a typical node, and from there
two spatial performance metrics, the density of successful
transmissions and the spatial fairness index, respectively,
were computed. The computations were based on the on
approximation of the interference in a CSMA network via a
non-homogenous Poisson process. By capturing the delicate
interactions among system parameters (qualification thresh-
old y, carrier sense threshold v), the density of transmitters,
aggregate interference, and spatial reuse and fairness, we
showed that QT-CSMA achieves a higher spatial reuse and
fairness than O-CSMA, and more interestingly the simple
version of QT-CSMA with one less parameter achieves robust
spatial reuse for a wide range of node densities. To better
understand the interactions between joint spatial reuse and
fairness performance, we characterized the dominated sets
of spatial fairness-reuse pair under QT/O-CSMA. Although
O-CSMA has one more parameter to adjust, its domi-
nated set was smaller than that of QT-CSMA. Surprisingly,
QTo-CSMA which has one less parameter has dominated set
which is as large as that of QT-CSMA. This shows that QTo-
CSMA is not only easy to configure and robust but also has
high performance.

VII. DERIVATION OF i(n, ty, 7, A)

In this appendix, we derive u for n € {0,1,2,...}, 1o €
[0,1), ¢ > 0, and A > 0, which is defined as

u(n,to,7,4) =P(Ey=1|Eg=1,Ny =n,
To = to, {y0, y1} C @, |yo — y1|l = 7).

Let ® = {X;} be an homogeneous PPP with density 4. Ny is
the number of neighbors of yy and Ty is the timer value of yj.
In the sequel, we omit the conditioning events {yp, y1} C @
and |yo — y1| = 7 for simplicity. By applying Bayes’ rule, we
have

P(Ey =1]| Eo=1, Ny =n, Ty =to)
_ (Ey , Eo | No =n, Ty 0). 46)
P(Eg =1]| No =n,To =1t9)




The denominator is simply given by

P(Eo=1]| No =n,Tp =19) = (1 — 1p)" 47)

since for yg to transmit, all its n neighbors should have timer
values larger than #y independently. To compute the numerator,
we condition on the event that yp and y; are neighbors, i.e.,
{y1 € Mo} = {F}; > v lyo— y1l1}, then by the law of total
probability we have

P(Ey = Eo = 1| No =n, Ty = to)
=PEI=Ey=1,y1eNo | No=n,Ty =1y

-0
+P(Ey=Eo=1|No=n,To =19, y1 ¢ No) (48)

C
xP(y1 ¢ No | No =n, To = 19).
d

If yo and y; can see each other, it is impossible for both to
transmit at the same time, so the first term is equal to 0. We
denote the second and third terms by ¢ and d respectively.

(49)

A. Computing c in (48)

The term c¢ is a conditional probability given on that yg
and y; do not see each other. However, they may share
some neighbors; so to compute this term we need to further
condition on the event that some of yg’s contenders are also
seen by y;. Let K = My N N] be the set of shared neighbors
between yg and y; and K(r) = |K| be the number of them.
Note that K (r) ~ Poisson(K(r)) where the mean K(7) is
given by

K@) =E D> 1{Fjy>vXi—yol*} 1{F}, >v [ Xi—y1]*}
X, ed

=7 [ (o > v IsIP(E > vl = y1l)d

2r oo o a
_ /1/ / ef,uu(r +(rz+r2721rc059)2)rdrd(9. (50)
0 0

By conditioning on the number of shared neighbors, K (), we

rewrite ¢ as ;
c= Zakbk (5D
k=0

where

ar =P(Eg=E; =1| No=n,Ty =to, K(r) =k, y1 ¢ Np),
by =P(K(t) =k | No=n,Ty =19, y1 ¢ No).

1) Computing by: by is the probability that two nodes yg
and y; share kK common contenders conditioned on yg having n
contenders. Since each contender of y( is independently seen
by yi, the number of shared contenders K (7) given No = n
is a Binomial random variable with parameters n and p;(7),
where ps(7) is the probability that one of yg’s neighbors is
seen by yj. Then, we have

by =P(K(t) =k | No=n,To =10, y1 ¢ No)
ZP(K(r) =k | No=n,y ¢ No)

_ (”)pfm(l @), 53)

k

(52)
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where in =, we used the fact that {Ty = 1o} is independent of
{K(t) =k}, and p,(7) is computed as
ps(t) =P(X e N1 | X € Np)
a E[P(X e N1, X € Np | X)]
N E[P(X € Ao | X)]
A Jpe P(FG > v Ix|)P(F] > v lx — yi|*)dx
- /lfRz P(F > v ||x||*)dx

. K (1)
=5 (54)

In é, we conditioned on the location of X in RZ. Using (9),
(54) can be rewritten as py(7) =2 — %1.
2) Computing ay: ay can be rewritten as

1
ak:/ P(Ey=Ey=1| Ny =n,

0
To = to, K(t) =k, Ty =11, y1 € No)dn

by conditioning on the event that the timer of y; is equal to
t1, i.e., {T1 = t1}. Note that either all the shared neighbors in
K have timer values larger than 7y, i.e., {ch >1,YC; € K}
where ch is the timer value of contender C; € K, or there
exist one or more neighbors with timer value(s) smaller than 71,
ie., {3C; s.1. ch < t1}. Using the law of total probability, the
probability inside the integral can be written as (55), (56) and
(57) and it is shown at the top of the next page. Let (55), (56),
and (57) be a1, arz, and a3 respectively. We have ax3 = 0
since if there exists a neighbor with timer value strictly smaller
than 7, it prevents y; from transmitting, so E1 cannot be 1.
axz is the probability that all shared neighbors in & have timer
values larger than 71, which is simply given as Ay = (1 — tl)k
since each timer is independent and uniform in [0, 1]. Before
we compute ag1, we need to define several random variables.

« Let N; ~Poisson(Np) be a random variable denoting the
number of contenders of yj.

o Let Nj, ~Poisson(Nj,) be a random variable denoting
the number of contenders of y; which are not shared by
yo. Note that N1, + K = Ny and Ny, = No(1 — py).

e Let Nf;‘ NPoisson(fo”) be a random variable denoting
the number of contenders of y; which are not shared
by yo and with timer values smaller than ;. Note that
N =t N1 = 1Np(1 — py).

To compute a1, we consider the following two sub-cases #] <
to and ty < 11. If 11 < 19, then

e yp transmits (or E; = 1) only if it finds no additional
neighbors who have timer values smaller than #; and are
not seen by yo, i.e, if Nf;‘ =0, and

e Yo transmits (or Ep = 1) only if all ch ~ Uniform|[#, 1],

VC; € K, are larger than fp, which happens with proba-

bility (t—;? and remaining n — k contenders have timer
values larger than 7y, which happens with probability
(1 —1p)" k.

Note that, as in the previous case, {Eg = 1} and {E| = 0} are

conditionally independent; so that we have

o (1 —19)"

agp =e " ———  if 19> 1.
(1 =)k

(58)
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P(Ey =Ey=1|No=n,To=10,K =k, T1 =t1,y1 ¢ No)

=P(Ey=Eo=1|No=nTo=1,K =k, Ti =t1,y1 ¢ No, T/ >11¥C; € K) (55)
=ay
XP(TJ-C >HVC; e K| No=n,To=1t,K =k, T1 =11,y §é./\/0) (56)
=ap=(1-1)*
+P(Ei=1,Ey=1|No=n,To=1t, K=k, T =11,y ¢ ./\/(),ECJ' s.t. ch <) (57)
=ay3=0
xPACj s.t. ch <t |No=1,To=19,K =k, T1 =11, y1 & No).
If 19 <19, where we have
e yo transmits (or Eg = 1) if n — k neighbors have timer wn
values larger than f9, which happens with probability P(No=n |y ¢ No) = —2e M (63)
(1 —1)" %, and n!
e yp transmits (or E; = 1) only when it finds no additional and
neighbors who have timer values smaller than #; and do
not see yp, i.e., N1<x’1 =0. P(y; ¢ No) = P(Fjy <vt®) = Gwt%) (64)

Note that, as in the previous case, {Eg = 1} and {E| = 0} are
conditionally independent; so we have
—N n—k :
apy = e " (1 —1) if 1o < 11. (59)
ay1 in the above two cases can be written as follows using
indicator functions:
(1 —1)"

— e tNo(=p) (L7000 400
agl e ((1—t1)k {1_ O}

+(1 = 10)" 1ty < tl}).

Unconditioning with respect to the event {77 = #1} in agjax2
gives (60) and it is shown at the top of the next page where
in £, I'(a,x) = [ e dr s the incomplete gamma
function with I'(a) = I'(a, 0) and 7 = No(1 — ps)(tp — 1). In
2 we used the fact that rr(](%&l’)ﬁ = ZI;'=0 '}—'Ze’”. Replacing
(60) and (53) in (52) gives

n
c=P(E| = Eg=1|No =n,To =to, y1 ¢ No) = >_ abx.

k=0
(61)

B. Computing d in (49)

We now compute d = P(y; ¢ Ny | No = n, Ty = tg)
in (49). Note that { Ny = n} and {y; ¢ Ny} are not independent
since it is likely that y; is the neighbor of yg if No = n is
large, but {y; ¢ ANp} and {Ty = 19} are independent since being
neighbor of a node does not depend on timer values. Thus, we
have d = P(y; ¢ No|No = n). Applying Bayes’ rule, we get
_ P(y1 ¢ No, No = n)

- P(No = n)
_ P(No=n|y1 ¢ No)P(y1 ¢ No)
- P(Ny =n) ’

d

(62)

for the numerator. To compute the denominator'? in (62),
namely P(Ng = n), we need to consider whether y; is seen
by yo or not. Using the law of total probability, we have

P(No =n) = P(No =n | y1 € No)P(y1 € Np)
+P(No =n | y1 ¢ No)P(y1 ¢ No)
Nn—l " . Nn 5 B
= (’10_71)!6 No (l -Gt )) + n—(!)e MGwe*)
Nn—l " NO "
= (no_l)!e No (1+(7 — 1) Gt )). (65)

Note that as expected P(Ng = n) — P(Ng =n | y1 ¢ No) as
7 — o0 (or G(r) => 1), and P(Ng =n) > P(No =n | y; €
MNo) as © — 0 (or G(r) — 0). Then, replacing (63), (64), and
(65) in (62) gives the following for n > 0,

_ N()G(\)‘L’a)
Cn+(Ng — n)Gwr%)

(66)

Recall that d is the probability that y; is not the neighbor of
yo given Ny = n. Thus, d — 1(d — 0) as 7 — oo(r — 0)
makes sense.

C. Computing u
Now, replacing term ¢ in (61) and d in (66) to (49) gives

P(E1 = Eog = 1|No = n, To = 1)
N a -
_ _()G(UT ) zakbk
n+ (No —n)G(vt®) i

12Recall that P(Ng = n) is indeed P(Ng =n | |lyg — y11l = 7).
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1 _
aj = / e M=) (1= 10" i < 10} + (1 = 10)" (1 =)L {t0 < n1}) dn
0

1 — e—foNo(1=py)

to _ 1 _
(1 _ t())n/ e—t]NO(l—Ps)dtl + (1 _ t())n_k/ (1 _ tl)ke—th()(l—ps)dt1
0 fo

(to — 1)e=NoU=P) (T (k + 1, ) — T(k + 1))

=1 —1)" =
N()(l _ Ps) ”lk+1
1 — e—0No(=p9) (1 — 49)e=No(l=ps) 1 ki
2 (-0 [~ done o 1y (60)
No(l = ps) n = !
Finally, (46) is given by [3] M. Haenggi, J. G. Andrews, F. Baccelli O. Dousse, and

6—101\70(1_17&)

NO(l - Ps)

k
ey
’ ;0,,

NoG(vz%) (1
n+ (No —n)G(z%)

_ n k!

—No(1—ps .

xe M S
k=0 n

x (Z) PR — por

b(z,2)
No

u=

+ (1 —10)

where ps = ps(1) =2 - and 7 = No(1 — ps)(to — 1).

VIII. PROOF OF LEMMA 1

The numerator can be computed using the fact that Nsy 0

Poisson(N. ()) as follows:
2 1 ) 2
Py 5,0
E| ———|]) =
NJo+1 pyzn—i—l nl
_f Pye ° 0 ( ())n 1
- NV Z n!
n=0
- 2
p;eiZNS},O ( NSO — 1)
- (N )2
The denominator could be computed as follows:
? 1
Py 210
EO [ ——— =pE"| ————
Ny +1 A T 1)2
1 00
— 5,00 —NI,
Z (n + 1)2 n! —a ¢
_ ‘V
_ p%e NS’O Z ( O)n
Y7
Ny = n- n!

Using > 7, nx—z,
with (67) and (67), we get (39).
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