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Abstract

Optimalreceversrecoveringsignalsransmittecacrossioisycommunicatiorchannel€mplos amaximum-
likelihood(ML) criterionto minimizetheprobabilityof error The problemof nding themostlikely trans-
mitted symbolis often equivalentto nding the closestlattice point to a given point andis known to be
NP-hard. In systemsthat employ errorcorrectingcoding for dataprotection,the symbol spaceforms a
sparsdattice, wherethe sparsitystructureis determinecby the code. In suchsystemsML datarecorery
may be geometricallyinterpretedasa searchfor the closestpoint in the sparsdattice. In this paper mo-
tivatedby the ideaof the "spheredecoding’algorithmof Fincke andPohst,we proposean algorithmthat
nds theclosesipointin thesparsdatticeto thegivenvector This givenvectoris notarbitrary but ratheris
anunknavn sparsdattice pointthathasbeenperturbedy anadditive noisevectorwhosestatisticalproper
tiesareknown. Thecompleity of the proposedalgorithmis thusarandomvariable.We studyits expected
value,averagedverthenoiseandoverthelattice. For binarylinearblock codeswe nd theexpectedcom-
plexity in closedform. Simulationresultsindicatesigni cant performancegainsover systemsmplo/ing
separataletectionand decoding,yet are obtainedat a complity thatis practicallyfeasibleover a wide
rangeof systemparameters.

Index Terms—Integerleast-squareproblem,spheredecoding wirelesscommunicationsmultiple-antenna
systemslattice problems NP hard,expectedcompleity, joint detectionanddecoding

1 Intr oduction

To protecttransmittednformationfrom the adverseeffectsof a channelcommunicatiorsystemgypically
emplogy someform of errorcorrectingcoding. On vectorchannelsthe resultingcodedwordis rst modu-

latedontosymbolsandthentransmittedacrosghe channein blocks.Optimalrecevers,designedo recover



transmittednformationsothatthe probability of erroris minimized,shouldemplg/ a maximum-likelihood
(ML) criterion. However, for block transmissiorover Gaussiarvector channelsthe computationacom-
plexity of the optimalreceversis consideredo be practicallyinfeasible.In fact,the ML criterionis often
thoughtof asoneleadingto an exhaustve searchover the spaceof information vectors,which requires
testinga numberof hypothesighatis exponentialin the dimensionof the searctspace.To this end,heuris-
tic techniquesvhich have manageableompleity but sub-optimalperformanceareoftenusedin practice.
Moreover, to furtheralleviate the computationaburden,the symboldetectionproblemis oftentreatedsep-
aratelyfrom the datadecoding.However, the bit-errorrate (BER) performancenf receverswhich employ
detectiomanddecodingn separatetagess, in generaljnferior to thosethatemplo/ themjointly. To over
cometheseperformancdossessoft decodingtechniquesuseprobabilisticinformationat the outputof the
rst stage(i.e., usesoft informationaboutthe detectedsymbols)astheinput to the secondstage- the de-
coder The subsequeniterative exchangeof the soft informationbetweertherecever's stagesattemptso
extractall theinformationaboutthe original uncodednessagé¢hatis containedn therecevedsignal.

Whenasymbolpointbelongsto a lattice, ML decodings equivalentto the searcHor the closestattice
point to the given (receved) vector Thereexist techniqueghat solve the closest-pointsearchwithout
actually performingan exhaustve searchover the entire lattice (e.g., see[1] andthe referencegherein).
Thesetechniguedave recentlybeenproposedor ML detectionon (uncodedyectorGaussiarthannelsin
[2], thespheradecodingalgorithm[3] wasproposedor thedecodingof latticecodesandin [4] for detection
in multiple-antennavirelesscommunicatiorsystemsThespheredecodingalgorithm nds theclosesipoint
in a latticeto the receved vectorbut limits the searchto only thoselattice pointsthat fall within a sphere
centeredhttherecevedvector In [5, 6] it wasshavn thatwhentheradiusof thespherds choseraccording
to thenoisepower, the compleity of spheredecodingis randomvariablewith a meanthatis a low-degree
polynomialover a wide rangeof signal-to-noisgations(SNR) andsystemdimensions.Thesecompleity
resultsimply practicalfeasibility of spheredecodingandraisethe questionof whethersimilar ideasmay
extendto therecever designin systemsvhich employ errorcorrectingcodest

In this paper we considerthe joint ML detectionand decodingon Gaussiarvector channelswhere
the transmitteddatais encodedy a linear block errorcorrectingcode. The codeddatais rst modulated
onto symbols,which arein this paperassumedo be pointsin a rectangulailattice, andthentransmitted

acrossthe channel. Thusthe setof all possiblesymbolsforms a subsetof the lattice, wherethe structure

1We notethatspheredecodingandits extensionshave alreadybeenemployed for iterative detectionanddecodingin systems
emplgying channetodeq?9, 10]; however, in thispapemve areconcernedvith direct i.e. non-iteratve joint detectioranddecoding.



andthe cardinalityof the subseis determinedy the errorcorrectingcode. The joint maximume-likelihood

detectionanddecodingmay hencebe geometricallyinterpretedasa searctfor the closestpointin asparse
lattice. Motivatedby the spheredecodingidea,we proposean algorithmthat nds the closestpointin the

lattice to the receved vector by searchingor the lattice pointsinside the spherecenteredat the receved

vector However, comparedo the standardgspheredecoding animportantadditionalconstraints imposed:
theadmissibldattice points(i.e., possiblesolutions)mustnot only be insidethe spherebut alsohave to be

valid codevords. [Clearly, the algorithm essentiallyperformssoft decisiondecodingon Gaussiarvector

channels.]

We notethattherecevedvectoris notanarbitrarypointin spacebut is asparsdatticepointperturbedy
the Gaussiamoise.Thusit is meaningfulto chooseheradiusof thesphereaccordingo the statisticsof the
noise.In particularwe choosdheradiusto bealinearfunctionof thepower of thenoise. Thecomputational
compleity of the algorithmis a data-dependemandomvariable— it dependson the transmittedsymbol
andthe particularinstantiationsof the channelandnoise. We quantify it by meansof its rst moment—
the expectedcompleity. For binary linear block codes,we nd an analytic expressionfor the expected
complity in aclosedform.

The paperis organizedasfollows. In Section2, we introducethe systemmodelandstatethe problem.
The algorithm for the joint ML detectionand decoding(the JDD-ML algorithm) for linear block codes
is presentedn Section3. In Section4, we considerthe computationacompl«ity of the algorithmand
calculatetheexpectedcompleity for binarylinearblock codes.In Section5, we considercyclic codesand
Section6 containsa descriptionof anextensionof the algorithmto the joint maximuma posteriori(MAP)
detectioranddecodingthe JDD-MAP algorithm).Simulationresultsarepresentedéh Section7; discussion
andconclusionsarein Section8.

Someof theresultsdiscussedh this paperwerepreliminaryreportedn [7].

2 SystemModel and Problem Statement

We considerdigital communicationover the Gaussianvector channelshavn in Figure 1. The channel
encodein Figurel encodeshek 1informationdatavectorb to obtainthem 1 codevordc. Weassume

that the encoderemplagys the block channelcodede ned via its generatommatrix G, i.e., the encoding
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Figurel: SystemModel

operationis givenby?
c=G' b: 1)

Thesizeof thegeneratomatrixG isk m, i.e.,therateof thecodeis R. = k=m. Theentriesin c, b, and
G, areassumedo be elementdrom a Galois eld GF (L), whereL is a power of 2. Operation* ” in (1)
denotesnultiplicationover the Galois eld, i.e., multiplicationmoduloL.

As implied by Figure 1, the codedvector ¢ is modulatedand the resultingsymbol vectors is then
transmittedacrosghechannel We assumeanL -PAM modulationj.e.,thateachentryof the symbolvector

s takesoneof theL possiblevaluesfrom theset

Thereforethem-dimensionatransmittedsymbolvectors is apointin therectangulafatticeZ . However,
in the communicatiorsetupthatwe just describednot all pointsfrom the lattice Z ™ may be transmitted.
In fact,only thoselattice pointsthatmay be obtainedby modulatingvalid codevordsconstitutethe symbol
space ThereforethesymbolspaceD[" is a subsebf thelatticeZ", i.e.,D"  Z[", andis determinedy
thechannekode.

Wechooseéhesizeof thePAM constellatiorZ | to beassameasthesizeof theGalois eld for simplicity
(generalizationgarestraightforvard).

For corveniencehenceforthwve shalldenotethe modulationoperatiorby [ ], i.e., thefactthatthe point

s is obtainedby modulatingthecodevectorc = GT b ontotheL-PAM constellatiorwill bedenotedby

s=[GT bl

2In literature theencodingoperatioris oftende nedasc’ = b" G. Weusethealternatie form (1) sinceit provesto bemore
corvenientfor theimplementatiorof the decodingtechniquethatwe proposdaterin the paper



We assume real-\aluedGaussiarvectorchanneimodelof theform
X=Hs+ v; 2)

whereH 2 R" ™ is anequivalentchannelmatrix with i.i.d. Gaussiarentries,andv 2 R" 1 is anoise
vectorwith i.i.d. N (0; 1) entries.[Note thatmodel(2) alsodescribesMIMO systemsvhich emplgy certain
space-timeodesg.g. lineardispersie (LD) space-timeodeg8]. There,matrixH in (2) is a functionof
boththe channeimatrixandtheLD code.]

Thereceverthatperformsjoint ML detectionand decodingsolvesthe optimizationproblem

max p(xjb): (3
b2 GF (L)K

For themodel(2) andthe Gaussiamoise,

ag max p(xjp)=amg min k< H[GT blk%
b2GF (L) b2GF (L)

which transformgq3) to theequivalentproblem

min kx H[GT blk?: (4)
b2 GF (L)X

Geometrically the integerleast squaresproblem (4) can be interpretedas a searchfor the lattice point
closestto the given vector The spaceover which we optimizeis the information vector spaceGF (L)X.
Alternatively, we canthink of it asthe searchover the (sparsesubsetD[" of theinteger latticeZ[". One
way of obtainingthe solutionto (4) is by meansof an exhaustve searchover GF (L)¥ (or, equivalently
searchover D). However, expandingon the basicideaof the Fincke-PohstapproacH3], we proposean
ef cient alternatie to theexhaustve searchthealgorithmperformstheoptimizationby searchingnly over
thosepointsin D" thatbelongto a hypersheraroundthe obsered pointx.

Theclosespointsearchn thesparsdatticeisillustratedin Figure2. Theblankpointsin Figure2 denote
thepointsinH Z (thechannel-generatedll lattice)thatarenotin H D" (thechannel-generatesparse
lattice), i.e., denotethesetH Z ™ H D[". Notethatin Figure?2, the closestpointin H Z" to the
recevedvectorx is actuallynotin H D[". Recallthattheoriginal spheredecodingalgorithmof Fincke and

Pohstsolvesthe closest-poinsearchin thefull latticeZ . The major differencebetweerthe Fincke-Pohst



Figure2: Closest-poinsearchin thesparsdattice

algorithmandthealgorithmthatwe studyin this papelis theadditionalconstrainthatthepossiblesolutions

mustnotonly beinsidethe hyperspheréut alsobevalid codevords.

3 The JDD-ML algorithm

Thespheredecoding(SD) algorithmsolvesthe ML detectiorproblemin uncodedsystemsy nding lattice
points(in Z™ lattice) inside a sphereof a carefully chosenradiusr, centeredat the receved vector As
discussedn [5], the algorithmachie/esthis by searchingor lattice pointsinside spheresf radiusr and
dimensions = 1;2;:::;m. In thisway, thealgorithmessentiallynds, one-by-oneall component®f the
lattice pointsinsidethe sphere.This is madefeasibleby breakingdown the singleconditionthatthelattice
point be insidethe sphereinto a setof conditions(inequalities)that the componentgi.e., coordinatespf
thelattice point mustsatisfyin orderthatthe pointbelongto thesphere Thealgorithmeffectively performs
atreesearchwherethe nodesin thetree correspondo the component®f the unknavn vectorandwhere
violating the aforementionedonditionsresultsin treepruning.

Motivatedby theideaof SD outlinedabore, in this sectionwe develop analgorithmthatsolves(4) by
nding valid codevordsinsidethe spherecenteredat thereceved vector To facilitateef cient searchwe
needto statethesetof conditionsonthe coordinate®f alattice pointsothat,whenall of suchconditionsare
satis ed,thelattice pointbothbelongsto thesphereandis valid codavord, i.e.,canbeexpresseds[G T b]
for someb 2 GF (L)K. The searchshouldclearly be performedover the spaceof informationvectors,
GF (L)X. Note that the algorithm may return more than one solution. In fact, the algorithm generally
returnsa setof vectorsb suchthat[GT b] belongto the sphere.Thenthe vectorb from thatsetwhich
minimizes(4) is the solutionto thejoint ML detectioranddecodingproblem.

We startby de ning the setof the conditionsthatthe component®f a vectorb needto satisfysothat

[GT Db] belongsto the searchingsphere.To this end,we performsomepre-processingf the matrix G T .
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Figure3: Blod uppettriangular formof GT

In particular we transformthe given matrix G T into a block uppertriangularform, thatis, startingfrom

G, we nd its equvalentgeneratomatrix G of the form shavn in Figure 3. Note that gj(h) in Figure3

P
denoteghe cardinalityof the setof columnswith P:j+1 gi(v) x edzeroentriesj = 1;2;:::;D, andthat

P
D denoteshenumberof suchdistinctsets.For instancewe notethatthe columnsl to g&h) hae 2, gi(v)

: (h) ) L () Po :
x edzeroentriesthecolumnsg; * + 1tog; " + g, have ;g xedzeroentries,etc. In general,

P P P
columns =~ !_; gi(h) +1 to {;’11 gi(h) have :D:j+2 gi(v) x edzeroentriesj = 0;:::;D 1. Clearly

i 1 i(h) = k; i 1 gi(V) =m

We assumehatthe transformatiorof G T to the form in Figure3 is performedby a greedyalgorithm
that rst nds thelargestpossiblegév), X esit, proceed¢o nd thelargestpossiblegg') 1, andsoon. As
we will discussshortly sucha constructionof G is bene cial for the computationaktompleity of the
JDD-ML algorithm. Thedetailsof the greedyalgorithmaregivenin AppendixA.

M=g¥); .1 g1 =¢}) g asthe diagonal pro le of the matrix GT .

We referto the setof theratios,fg
Whengj(h):q(v) = k=m,j = 1;:::;D, we saythatthe diagonalpro le is uniform The reasonfor in-
troducingthe notion of the pro le is thatby focusing rst on GT with uniform pro les, we canderive a
simpleversionof the JDD-ML algorithmand gain valuableintuition thatwe shall nd usefullater when

consideringhegenerakase.



3.1 A specialcase:rate 1=2 code,G" with a uniform diagonalpro le

We startthe descriptionof the algorithmby consideringhe specialcaseof a rathersimpleblock code.As-
sumethattheinformationvectorb is encodedy therateR. = 1=2 binarycodefor whichGT hasuniform
diagonalpro le. Thentheentriescy; 1 andcy; of thecodedvectorc canbeexpressedsalinearcombina-
tion of thebits(b; b+1 ::: b)) only ie.,cy 1= P J-k:iGT(Zi 1;j) b,andcy = P J.k:iGT(Zi;j) b,
whereall operationsaremodulo2. Recallthe assumptiorthatthe sizeof the Galois eld, whoseelements
compriseboththe uncodedandcodedvectors,is assameasthe size of the PAM constellatiorfrom which
theelementof thetransmittedsymbolvectorarechosen.Thereforethesymbolssy; 1 andsy;, justlikethe
codedbitscy; 1 andcy;, dependonly ontheinformationbits (by; b1 ::: ;be).

Thepoints liesin a sphereof radiusr aroundx if andonly if it holdsthat
r2 kx Hsk’=(s & H H(s %) (5)

where$ = HYx is theunconstrainedkast-squaresstimate.Introducingthe QR decompositioH = QR,

we canwrite the condition(5) as

2 3
K
2 4,2 : & 1+ X oy a2+ r2 oA+ M2ii s &1)25
r r5 12 1(S2i 1 %2 1 . (5 §N°+r5a(s2a S - (s $))
i=1 j=2i 2i 1,21 1 j=2i+1 2i; 2i
(6)

Expandinghe summation®n theright-handsideof theinequality(6) andconsideringonly the lasttermin

it (i.e.,thetermfor i = k), we canstatean obviousnecessargonditionfor s to belongto thesphere,

2

Mok 1;2k .
——=—(s2k  S) re: (7)

2 2
Mook(S2k  S2k) * ok 1.2k 1 Sk 1 Sk 1+
Mok 1,2k 1

Thetermson theleft-handsideof (7) comprisethe partof thesummationn (6) which only depend®n by.
Therefore condition(7) needto betestedfor every b, 2 GF (L). When,for someby, theinequality(7) is
satis ed, thatparticularby valueis substitutedor in (6). Now, the partof the expressioron the right-hand

sideof (6) thatonly depend®n b, canbeevaluatedandis takento theleft-handsideof (6) to yield r 2

0 _ .2 2 2 Mok 1;2k
re=ro ryeau(Sk Sk) T 12k 1 Sk 1 Sk 1t —————

(s Sox)
Mok 1.2k 1
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Figure4: Thetree-pruningnterpretatiorof the JDD-ML algorithm

Thenby consideringhe secondo lastterm(i.e.,thetermfori = k 1) in the expandedsummationg6),
onecanstatea (stronger)necessargonditionthatb, ; (assuminghealready x edvalue of by) needsto

satisfyin orderthatthe point s belongso thesphere,

P 2k M2k 3j

2 2 ) 1)) 2
M 32k 3(Sk 3 Sk 3% ook 275 s3SI §))

r

2 2k ok 2 (o & Y)2-
Tk 22k 2(32k 2 Sx 2% j=2k 1m(31 SJ)) .

Whensuchby ; isfound,it is x edandsubstitutedor in (6). If nosuchby 1 is found,we needto take one

stepback,discardthe previously choserhigherindexed bit (i.e., by), choseanotheroneinsteadandproceed

andthusde ne thetotal of k nestechecessargonditionsfrom which all component®f the vectorb may
consecutiely befound.

We referto the previously describedorocedureasthe JDD-ML (joint ML detectionanddecoding)al-
gorithm. One canthink of the JDD-ML algorithmasa searchon a tree (which, for the specialcasethat
we consideredip to this point, is binarytree),asillustratedin Figure4. The maximumdepthof thetreeis
k. Theconditionswhich, whenviolated,resultin tree-pruningaretestedwith respecto the integerlattice
generatedy H . Wheneer a pointfalls outsidethe spherecenteredatthereceved pointx in theEuclidean
spacecontainingthelattice, the currentnodein thetreeis discarded.

Eachnodeatevery level of thetreecorrespondso a pointin GF (L). Thepathsonthetreethatsurvive
thepruningcorrespondo theinformationvectorswhich generatdatticepointsinsidethesphere Thelattice
pointsin the Euclideanspacearerelatedto thetreevia boththe (codegeneratorynatrix G andthe (lattice

generatingchannelmatrix H. The block codemapsthe spacewith LK elementgthe informationvector



space}o thelatticewith L™ points(thesymbolspace)[The “blank” pointsin Figure4 denotdattice points
thatdo not belongto thesymbolspace.]

Thedescriptiorof theJDD-ML algorithmbasedn (6) assumearateR . = 1=2 binaryblock codewith
auniformpro le of GT. Thealgorithmcanbegeneralizedo accommodatéor anarbitrarydiagonalpro le
of the arbitraryratecodegeneratomatrix. To this end,we will nd it usefulto expressthe condition(6),
still specializedor the 1=2 ratecodewith uniform diagonalpro le, in amatrixform. Thatis, we write it as

0 1 0 1,

Rjj@szj 1 8y 1A, X Rji@Szi 1 S
j=1 S2 & i=j+1 Sz %o

X LA re; (8)

whereRj; = R(2] 1:2;20 1:2),R;i=R(2 1:2:;2 1:2).
in this section.

3.2 Generalcase:arbitrary-rate codes,G" with an arbitrary diagonalpro le

To statethe JDD-ML algorithmin amatrix form similarto (8) but for thegeneraktructureof G, it will be

cornvenientto denote

» »
m; = g"; andk; = g"; ©
I=D i+l I=D i+l

i = 1;2;:::;D. In addition,de nemg = ko = 0. Them; andk;,i = 1;2;::: D areillustratedin Figure5.

Now, the condition(8) canbegeneralizedor thecaseof G with anarbitrarydiagonalpro le as

kRjj (5 §)+ X Rjii(si &)k r? (10)
ji=1 i=j+1
whereRj; = R(mp mp j41+1:mp mp j;mp mp i1 +1:mp mp ), andwhere
S = Smp mp ju+l 21 Smp mp | T,éj = Smp mp a1 21 Smp mp Ti=12::D,j
i D.
Upon carefulinspectionof (10), onecanstatea necessargonditionthatbits (by, «,+1;:::;0) need

to satisfyin orderfor inequality(10) to hold,

kRpp(sp 4p)k® r?: (11)

10
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Figure5: GT with an arbitrary diagonalpro le.

For every subvector[be, «,+1 ::: be] 2 GF(L)gg]) which satis escondition(11), we go backto (10) and

substituten thatparticular[be, k,+1 ::: b]. Thenanew necessargonditionon (b, ,+1;: 5 by k;)

X 1 »*

KRjj (5 &)+ Ri(ss &)k r%
j=1 i=j+1

wherer 2 = 2 KRpp (sp (b ki+15::050) 8p )k? is theupdatedadius.

The procedurds continueduntil all the component®f the informationvectorb that satisfy (10) are
found. If novectorb thatsatis es(10) is found,theradiusr is increasedndthealgorithmis restartedOn
the otherhand,in generaltheremaybe morethanoneinformationvectorb foundby the algorithm. Then
the onethatminimizes(4) is the solutionto thejoint ML detectioranddecodingproblem.

Now we canseethe motivation for the previously describectonstructiorof GT in Figure5, wherewe
rst maximizegg’) , thengg’) 1» andsoon. Clearly, with sucha constructionthe searchreeis prunedfaster
— for instancethe larger the value of gg’), the morelikely is condition (11) violated andthe tree pruned
early(i.e.,it is prunedcloserto theroot).

Remark: Thereis aninherenttrade-of betweencomputationakompleity of the decodingandthe
performanceof the code. As indicatedin this section,from the compleity standpointjt is bene cial that

thediagonalpro le of thegeneratomatrixbesuchthatgg’) in Figure3 is aslarge aspossiblefollowed by

11



gg’) , choseraslarge aspossible andsoon. However, it caneasilybe seenthatthe minimum distanceof
the codeis upperboundedby gg"). Therefore thelargerthe minimum distanceof the code,the higherthe
expectedcompleity of the IDD-ML algorithmappliedfor its decoding. O

TheJDD-ML algorithmcanbe summarizedsfollows:

1. Input: G, R, x, 8, r.

2. Seti = D, r2 =r2

3. SetB; = 1.

4.Bi=B;j+ Lb(mp mp j+1+ 1:mp mp ;)= dec2base(B;)3;if B; > Lgi(h),goto9.
5. Calculate

ss = modG'"(mp mp s1+1:mp mp i;kp kp i+1 + 1:kp)

b(ko kp i+1+ 1:kp)L] 552 1

wherel; denotesanj -dimensionalectorwith all entriesl. Also, calculate

=17 KkRi(si &)+ X Ri (s &)k
j=i+l
6. (Feasibilitytest)If r2 ; < 0, goto 4.
7. (Decrease) Seti =i 1
8. If i = 0, solutionfound. Saveb andgoto 3.
9. (Increasa) i = i+ 1;if i = D + 1, terminatealgorithm,elsegoto 3.

3.3 An alternative algorithm usefulfor large-alphabetcodes

In principle,the JDD-ML algorithmcanbe emplo/edfor joint detectionanddecodingof linearblock codes
overary eld GF(). Aswedescribeaarlierin thesectionthealgorithmemplo/s abranch-and-bountike

tree-searclstratgy, andat eachlevel of the treetestsall nodesfor satisfyinga certainbound. Testingall

3dec2basel ) takestheargumentin decimalsystemsandcorvertsit to thebase-L

12



nodeson a level doesnot presenta challengefor binary codesbut may, however, becomecomputationally
consumingor largelL.

Ideally, we would preferto limit the computationsn eachtreelevel to only thosenodeswhich satisfy
the aforementionedound. [Note that this is what the basicspheredecodingalgorithmdoes: it speci es
intenalsto which nodecoordinatesnustbelong.]However, it is notobvioushow to do thatin the JDD-ML
algorithm.

To thisend,we proposea simplemodi cation of the basicspheredecodingalgorithm,which solvesthe
ML joint detectionand decodingproblemand,for large-alphabetodes,may incur valuablesasings over
the JDD-ML algorithm. Thisis achieved in thefollowing way: the spheredecodingalgorithmis emplo/ed
to solve

min kx  Hsk?:
s2D "

and every time a point inside a sphereis found, we testwhetherit is a valid codevord or not (by using
parity-checkmatrix or parity-checkpolynomial,dependingpnthetypeof thecode;thisis atmostquadratic
operation).Finally, the closestlattice pointin the spherewhich is a valid codevord is usedto retrieve the
originalinformationvectorb.

Theexpectedcomputationatompleity of this schemecanbefoundby directly applyingtheresultsof
[5]. In particular it canbe obtainedby addingthe compleity incurredby testingwhetherthe (expected
numberof) lattice pointsarecodevordsor not to the expectedcompleity of the basicspheredecoding.

On the otherhand,onecanfurtherimprove the speedof this algorithmby implementingthe Schnorf
Euchnerstratgy with radiusupdate[12]. The only notabledifferencewith respecto its counterparused
in the basicspheredecodingalgorithmis thatthe radiusis updatedonly if the currentlyconsideredattice
pointis notonly closerto the centerof the spherehanary otherpreviously found point, but is alsoavalid

codavord.

4 The Computational Complexity of JIDD-ML

As describedn theprevioussection the JDD-ML algorithmperformsthetreesearchillustratedin Figure4.
Eachnodein the treecorrespondso a lattice point, andif thatlattice pointis outsidea spherethe treeis
pruned. Therefore the computationatompleity of the JDD-ML algorithmis proportionalto the number
of lattice pointsthat the algorithmyvisits. Clearly the numberof visited points dependon the choiceof

theradius: a smallerradiusmeanghat the condition (6) is morestrict and,therefore moretreenodesare

13



pruned.Of course theradiusstill needgo be large enoughsothatthealgorithm nds atleastonesymbol
pointinsidethesphere As in [5], we chooseheradiusof the sphereaccordingto the statisticsof thenoise.

Clearly
—— kvk®= == kx Hsk?

isa 2 randomvariablewith n degreesof freedom. Therefore we may choosethe radiusto be the scaled
varianceof thenoise,r2 = n 2, in suchaway thatwith a high probability thereis a lattice point inside

thesphere, 7
n=2 n=2 1

e d 1 ;
0 ( n=2)

wherel is setto avaluecloseto 1, say 1 = 0:99. If the pointis not found, we canincreasehe

probabilityl , adjusttheradius,andsearchagain.

The numberof the symbolpointsthat lie insidethe spheredependson the particularinstantiationof
both the channelmatrix H andthe noisevectorv. Sincethey vary from onechanneluseto anotherthe
compl«ity of the algorithmis a randomvariable. A way to characterizet is by meansof its moments.In
this section,we derive the closedform analyticalexpressionfor the expectedcompleity of the JDD-ML
algorithmfor binaryblock codes.

Expecteccompleity of thealgorithmis proportionako the expectechumberof thesymbolpointsinside

the sphereln particular we canwrite

X
Gop ML = E# of symbolsin m;-dimensionakphereof radiusr) f,(m;) (12)

i=1
wherem; de ned in (Sp is the dimensionin Euclldeanspacethatcorrespondsso theit™ level in thetree,
andwherefo(mi) = 2987 . mi+ g @k 20+ g, + 1) L% i1 denotesthe number
of operationdmultiplicationsandadditions)thatthe algorithm(in ourimplementationperformspereach
visitedpointin thedimensiomnm;.

The compleity expression(12) re ects both the structureof the generatomatrix in Figure3 andthe
natureof the JDD-ML algorithm. Namely asdescribedn the previous section,the algorithm descends
down thetreein suchaway thatat eachstepi it imposesa constrainton the subsebf k; informationvector
componentsyherek; is de nedin (9). In the correspondindeuclideanspaceseeFigure4), thei" stepin
this descentorrespondso anincrementof the dimensionof the spaceg(in which we are searchingor the

lattice pointsinsidethe sphereof radiusr) fromm; 1 tom;, becausen; = m; ; + gg’) P41
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To calculatetheexpectechumberof symbolpointsinsidethe sphereywe emplo thetechniquerst used
in [5]. In particular we startby posingthe following question:

Assuméhats; 2 D" is transmittedandthatx = Hs; + v is receivedwhatis the probability thatan
arbitrary lattice pointbelongsto the sphee of radiusr centeedat x?

Theeventwhichwe needto probabilisticallycharacterizés illustratedin Figure6.

X h X h X
S S
h X h X h
X h Sx X h X

Figure6: Thesphee S; is centeedat x = Hs; + v; we are interestedin nding the probability that
Hsy 2 S.

SincetheJDD-ML algorithmperformsthesearchoy goingthroughthedimensionsn;;i = 1;2;:::;D,
we needto calculatethe previously mentionedprobability for eachdimensionm;. Resultsobtainedin [5]

imply thatthis probabilityis givenby

Z
r2 m; u mij=2 1
2( 2+ ksp" stm‘kz)’? o ( mi:2)e d: (13)
wheretheupperlimit of theintegrationon theright-handsideis givenby u = 2 2+ks§f Stmikz),wherestm‘

ands]" denotem;-dimensionakransmittedand arbitrary symbolvectors,respectiely, andwhere (a;hb)
denotegheincompletegammafunctionof agumenta andb degreesof freedom.
Giventheprobability (13), the expectedcompleity in (12) canbeevaluatedby goingover all the points
sy in mj-dimensionabubspacef the symbolspaceD[" andsummingup the correspondingrobabilities
(13), for all dimensionsn;. Theresult,averagedover the choiceof s;, yieldsthe desiredexpectednumber

of points,andis givenby

1 X i M
L mi 2( 2+ ks §"k?)" 2

i=1 S:ni;sg]i

(14)

Using (14) we can, in principle, always calculatethe expectedcompleity. However, althoughthis

calculationis to be doneoff-line, going over all pairsof points(s{"' ; sST") may be quite time consuming.
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Hencewe searchfor waysto easethe calculationof the expression(14) by enumeratinghe information
vector space. Recallthat the transmittedvector s; andthe arbitrary vectors, are obtainedby encoding
and modulatinginformationvectorsb; andb,, respectiely, i.e.,s; = [G'b¢], sa = [G"ba]. Them;-
dimensionalvectorss" ands™ neededfor the enumeratiorare given by s™ = [GTbk] ands™ =
[GT bk ], whereGT denotesn; k; lowerright submatrixof GT, andwhereb{' andb arek;-dimensional
informationvectors. Thereforejf we canef ciently countthe numberof vectorsb Xi which, for givenbki ,
give the sameprobabilityin (13), we cansigni cantly speed-ughe calculationof the expectednumberof
points.

Now, notethatthe probability (14) is only a function of the Euclideandistancebetweens;" ands",

andthuswe canwrite (14) as

m 2(2+1) 2

i=1 ksp ' s ik2=1

(15)

Thereforewe needto countthe numberof pairs(b{‘i ,bXi) which generateequidistanpairs(s™ ; st),ie.,

countthe numberof pairs(bfi ,bX) suchthatfor eachintegerl > 0,

2
kst sk?= [G] b] [G] bl =1 (16)
We demonstrat¢he enumeratiomprocedurdor L = 2, i.e., performthe countingin (16) for the caseof
thebinaryblock codes We startby makingthefollowing obserationsin relationto (16):
Clearly if b = b thenks™ sM k2= 0.

AssumethatbXi differsfrom b{‘i in only entry andnotethat

ks sMKA= (spy o Smi)ZH i (ST st ) (17)
Thenif by andb¥ have thej™ bit different, therewill bew! non-zerotermsin the sumon the
right-handsideof (17),wherew! ; j = 1;:::;k; denotegheweightof thej " columnof G, i.e.,wji
denoteghe sumof all entriesin thatcolumn. Let Y denotethe setof the distinctcolumnweightsof
GiT, andlet theelementof thesety‘1 countthemultiplicity of its Weights,i.e.,yil(l) is the numberof

columnsof G| whoseweightis Y{ (I). Clearly ks s/ k? 2 Y.
Assumethat bXi differs from b{‘i in two positions. Thento enumerateaall the possiblevaluesof
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ks s k?, oneneedsto considerexclusive-or (XOR) sumsof ary two columnsof G/ . Let Y,
denotethe setof thedistinctweightsof XOR sumsof ary two columnsof G|, andlet yi2 denotethe
setcountingthe multiplicity of thoseweights,i.e., yiz(l) is the numberof pairsof columnsof GiT

whoseXOR sumhasweightY; (1). It followsthatksTi  s"k? 2 VJ.

We proceedalike for the casesvhenbi differsfrom bfi in morethantwo entries.In generaljf b
andb{‘i differinj entrieswe considersetof thevectorsobtainedoy taking XOR sumsof all possible
combinationsof j columnsof GiT. Collectthe distinctweightsof suchvectorsinto Y;', anddenote

the setof thecorrespondingnultiplicities by yji . Then,ksD  sMk? 2 YJ'

In addition,we de ne Y§ = f0g, y}, = f 1g, andnotethat
R K
yyy= 7 5 j=0Like

I=1 )

Combining(12), (15), andthe previously describecenumerationye obtainthe following theorem.

Theorem 1. [Expectedcomplexity of the JIDD-ML algorithm for binary codesand ®xed G]
Considerthemodel

X=Hs+v;

wheev 2 R" 1is comprisedofi.i.d. N (0;1) entries,H 2 R" ™ is comprisedof i.i.d. N (0; =m)
entries,ands 2 DJ' is an m-dimensionalvectorwhoseentriesare obtainedby modulatingcodedvectorc

ontoa 2-PAM constellation.Furthermog, thevectorc is obtainedby blodk codinginformationvectorb,
c=G' b;

(M_V)..... ()
i =

wheeGT 2 GF (2)™ X hasadiagonalpro le fg ;i = V)g. Thentheexpectedcompleity of

the JDD-ML algorithmfor theinteger least-squagsproblem

min  kx Hsk?;
b2 GF (L)

for thegivenG, averagedoverH andv, is

c _)@f Xi %ijil r2 _mi!.
JDD ML = ~ p(m|)j:1 ; yj (D) m7 ;

(18)
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whelein denoteghesetof thedistinctweightsof XORsumsof anyj columnsofG-T,ijij is the cardinality
of Y/', andwhee y! countsthe multiplicity of the weightsin Y;'. Furthermoe, G denoteshem;  k;

P P
lowerright submatrixof GT,m; =~ 2 ., ¢ andki = 25 1, oM, i= 1,2::::D.

Proof:
Theprooffollows from the previous discussionn this section.
U
Theoreml givesthe expectedcompleity of the algorithmfor a x ed G. The expectedcompleity of
the algorithmfor randomG may alsobe of interest* To this end,oneshould nd the numberof the tree

pointsvisited by the algorithm,averagedover H, v, andG. In otherwords, startingfrom (15), we should

nd ( )
e XX oM m
oL, ey 2
whereN,™ denoteghe numberof pairs(si" ; s{"') suchthatks]  s{"'k? = |. Thiscomputatioris rather

involvedandwe will notattemptit here.

5 The JDD-ML algorithm for Cyclic Codes

As shavn in the previoussectionsthe JDD-ML algorithmcanbeemplg/edfor joint detectioranddecoding
of unstructurede.g.,random)linear block codes. All thatthe algorithmrequiresis somepre-processing
of the generatomatrix. Of course,certaincodestructuresnay be preferredfrom the perspectie of the
algorithmcompleity.

In codingtheory however, practicalconstraintshave led researcherso develop linear codesthat are
highly structuredandallow for ef cient implementatiorof both encoderanddecoder In this section,we
focuson the so-calledcyclic codes(see,e.g.,[11]), which include,e.g.,BCH and Reed-Solomortodes.
Thesecodesallow for ef cient encodingoy meanof shift-registerencodestructure Furthermorethereare
ef cient syndromepolynomialbasedechnique$l11] for decodingof thecyclic codeson scalarchannelsas
well aslow-compleity soft-decisiontechniquesvhich provide excellentperformance®n scalarchannels
[13, 14]. We will not dwell on thosehere. Instead,asin the restof this paper we will focus on the
transmissiorover the (Gaussianyectorchannel.

An (m; k) cyclic codeis de ned via its generatingpolynomial,g(x) = g1 + gox + ::: + gx' 1, where

“For instance the resultsfor randomG shouldalsobe indicative of the compleity behaior of large, unstructuredyenerator
matricesG" 2 GF (2)™ ¥ with thesamediagonalpro le.
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I=m k+ 1; g 2 GF(L). Thecorrespondingeneratomatrix G is givenby

2 3
01
@
G' = g - .o 7 (19)
g 02
a

The genericJDD-ML algorithmstudiedin the previous sectionsmay now be directly employed for joint
detectioranddecodingn the systemsmploying thecyclic codeswith GT in (19). However, by consulting
Figure 3, we notethat no pre-processingf the matrix GT in (19) is requiredsinceit alreadyhas(some)
uppertriangularstructure ThespecialToeplitzstructureof GT simpli es thealgorithmandwe stateit here.

Notethatwe cannow write the condition(5) as

r2 (s 9 R R(Ss 8)

1, 0 1,
= ra @Si § + rl(S §; )A + r2 @Si § + rl(S §; )A
i Fii ) I i Fii ) I
=m k+l j=ivr Y i=1 =i+l M
| (z } tz )
=51 =Sy
= S+ S (20)

Thek 1termsin theexpansionof S; ontheright-handsideof theinequality(20) canbeusedto statethe

expressiorfor S; canbefoundas

min(% j+1)
Sm k+j = 9 g1 Bm kejrq 1 J = L0k
=1

Now, consideringhelasttermin the expansionof S;, we canstateanohbvious necessargonditionfor s to
belongto thesphere,

r2m(Sm  Sm)? 1% (21)
The expressionon the left-handside of (21) only dependson by. Therefore,we cantest(21) for every
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b 2 GF(L). When,for someby, theinequality(21) is satis ed, that particularby value (and,therefore,
Sm) is substitutedor in (20). Now, thepartof theexpressiorontheright-handsideof (20) thatonly depends
on by canbeevaluatedandis takento theleft-handsideof (6) toyieldr 2 = r2  r2. (sm &m)%

Then, by consideringthe next term in S;, one can statea (stronger)necessarconditionthat b, 1

(assuminghealready x edvalueof by) needgo satisfyin orderthatthe points belongsto thesphere,

2

I .
_m Im_ (sm 8m) r

2 02,
'm m 1 Sm 1 Sm 1t :
'm 1m 1

Whensuchby 1 isfound,itis x edandsubstitutedor in (20). If nosuchby 1 is found,we needto take one

stepback,discardthe previously choserhigherindexedbit (i.e., by), choseanotheroneinsteadandproceed

thatS, r2 S1, wherethesymbolssy;:::;sm k aredeterminedas

migr(13j)
Sj = O B g1y JT=105m ke
g=1
If suchb, exist,thenb = [by b, ::: k]isthesolutionto (20). If nosuchb, is found,thealgorithmtakes

astepbackupthetree,choosesnotherb, 1, andproceeds.

TheJDD-ML algorithmfor cyclic codescanbe summarizedsfollows:

1. Input: G, R, x, 8, r.

2. Seti = K, r3 = 12, 8nime1 = 8m.
3. Seth = 1.

4. b =b+ 1ifb>L,goto9.

5. If i > 1, calculate
min(b‘{( i+1)
Sm k+i = 9 q+1 bm k+i+q 1
g=1

A m k+i 1

Sm k+i 1jm k+i = Sm k+i 1 (si §).

i=m ki Tmok+ioLm ki1

2 _ 2 2 2.
Mmokei 1= Tm ki Mmokeim k+i(Sm k+i Sm o k+ijm k+i+1)”
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Otherwisejf i = 1,forj = m k;m Kk 1;:::;1calculate
migr(13j)

ri

- A . = A jiq - 2= 2 2 (a )2

S = 9 B gr1s §jje1 = = (Sa Sa)y 7= (S §ie)”
g=1 g=j+1 )

6. (Feasibilitytest)If (i > 1;r2

m Kk+i

< Q)or(i = Lr?< 0),goto4.
7. (Decrease) Seti =i 1
8. If i = 0, solutionfound. Save b andgoto 3.

9. (Increasa) i = i+ 1;if i = k+ 1, terminatealgorithm,elsegoto 3.

We notethat the algorithmis bettersuitedfor high-ratecodes. In particular for the high-ratecodes,
| = m Kk isrelatvely smallin comparisorwith m, which is bene cial from the compl&ity standpoint

becausdhe sphereradiusr is linear function of m. If | werenot smallin comparisorwith m, aswhen

would be not muchpruningin thetree.

6 The JDD-MAP Algorithm and its Complexity

Thejoint ML detectioranddecodingproblem(4) assumeso prior knovledgeabouttheinformationvector

b. Therearescenarioshowever, whenwe may have the accesgo the a priori information, thatis, when

exploited in orderto obtainthe maximuma posterioriestimateof the informationvectorb. The joint

maximuma posterioridetectionanddecodingalgorithm(JDD-MAP) solvesthe optimizationproblem

max p(bjx);
b2GF (L)k

which canbeexpressedsarg maxy, e (1)« P(bjX) = arg max,,gr Ly« P(Xjb)p(b). Assumingindepen-
decodingproblemmay be statedas

" y "

mn  x H[GTb] ° logp(h) : (22)
b2 GF (L)k -
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To solwe (22), we take the sameapproactaswe did for the joint ML detectionanddecodingproblem. In

particular we searchor vectorsb suchthat

»* » 5 X
Rjj(si &)+ Rji(si %) re+  logp(h); (23)
j=1 i=j+1 i=1
whereRjj, sj, and$; arede nedin Section3.2.
From(23)it is clearthatwe searcHor thelattice pointsthatnolongerbelongto the spherebut ratherlie
in somedistortedobjectin theEuclidearspace This objectcanbethoughtof asthespherestretcheabr com-
pressedn variousdimensionsdependingon the a priori con dencethatwe have aboutthe corresponding

componentsf thevectorb.

From (23), onecanstatea necessargonditionthatbits (bx, «,+1;:::; ) needto satisfyin orderfor
inequality(23) to hold,
XK
KRoo(so &)k r?+ logp(y ): (24)
j=kp ki+l

For every sulbvector[be, «,+1 ::: b] 2 GF(L)gg]) which satis escondition(24), we go backto (23) and

substituten thatparticularfb, «,+1 ::: b]. Thenanew, morestrictnecessargonditionon(by, «,+1;:::; b «;)

@( 1 )@ k|)< k1
Rj(s &)+  Ri(s &) 2+ logp(y);
i=1 i=j+1 j=kp ko+l
2 _ 2 kRa(e(h e 2 Py ; ;
wherer < = r KRpp(sp(by Kki+1:::57bk)  Sp)K i=kp ki+l logp(b ) is the updatedradius.
The proceduras continueduntil all the component®f theinformationvectorb thatsatisfy(23) arefound.
If novectorb thatsatis es(23) is found, the radiusr is increasedandthe algorithmis restarted.On the
otherhand,in generaltheremaybe morethanoneinformationvectorb foundby thealgorithm. Thenthe
onethatminimizes(22)is the solutionto thejoint MAP detectionanddecodingproblem.
Thecomputationatompleity of the JIDD-MAP algorithmappearglif cult to computein closedform.
However, we canboundits compleity by relatingit to the complity of the JDD-ML algorithm. In par

ticular, the probability thatanarbitraryinformationvectorb 5 generates lattice point s, insidethe sphere
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aroundH s¢, wheres; is thetransmittedsymbol(generatedby b), is givenby

P
Z 12+ K log p(hj)

o, = X e " d
ba = :
0 ( m=2)
Py
Since j_; logp() O, wehave
P
r2+ £ logp(h) r2 .
2( 2+ ksy  stk?)  2( 2+ ks stk?)’
Sincetheincompletegammaunctionis monotonicallyincreasingwith its argumentit followsthatp) >® M A

0P ML andwe concludethat, for the samechoiceof radiusr, the numberof lattice pointsvisited by

Pb
the JDD-MAP algorithmis upperboundedby the numberof lattice points visited by the JDD-ML algo-
rithm. Note, however, thatthereis a smallincreasdn the numberof operationger eachvisited point due
to computationsnvolving thea priori information.

The JDD-MAP algorithmis particularlypromisingfor implementatiorin communicatiorschemegm-
ploying concatenatedoding (with a block inner code)and iteratve decoding. In thoseapplicationswe
generallychooseheradiusof thesearch soto obtaingoodapproximatiorof the softinformationtypically
requiredby therecever (see[10]). Onanothemote,we shouldpoint outthat,following [9], soft decisions

may alsobe obtainedby usingthe JDD-ML algorithmasalist decoder

7 Performance Simulations

In this section,we studythe bit-errorrate (BER) performanceandthe expectedcomputationabompleity
of theproposedlgorithmsin afew examples.
Example 1: We considetherateR = 1=2, (12; 24) binaryrandomcodegi.e.,m = 24, k = 12 L = 2). In
addition,we considerthe Golay 24 codeandcompareits performanceanddetection/decodingomplexity
with thatof therandomcodes.

Figure7 compareshe performancef the JDD-ML algorithmwith a two-stagedetector/decodexhich
rst detectsthe transmittedmodulatedcodevord, s, and thendecodeghe original informationword, b.
[Note that, sincethereare no efcient alternatve ML detectorswe usethe standardspheredecoderin
the rst stage.] The codeis randomlychosenfrom a collectionof codebookghatis availableat both the

transmitterandtherecever; the particularchoiceof the codebookis alsoknown to boththe transmitterand
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Figure 7. BER performanceof the JDD-ML algorithm employedor joint detectionand decodingof the
randomcodesandthe Golaycode compaedwith the performanceof thetwo-stage ML detector/decoder

therecever. The BER performances averagedover mary realizationsof randomcodes.Clearly, the JIDD-
ML algorithmssigni cantly outperformghetwo-stagedetection/decodinglgorithm.Furthermorewe note
that Golay codeoutperformsthe randomcode; this is expectedasthe Golay codehasthe bestminimum
distancepropertiesamongall codesof dimensiorm = 24.

In Figure8, we shav theexpectedcompleity exponentof the JDD-ML algorithmfor decodingandom
codes.Thecomplity exponentis de nedase = log,, C, whereC representthetotal op countin (18).In
theconsideredangeof SNR,theexpecteccompleity exponentof theJDD-ML algorithmfor joint detection
anddecodingof randomcodess 4. In thesamegure, we plot the expectedcompleity exponentof the
JDD-ML algorithmfor the Golay code,which is slightly higherthan that the one for the randomcode.
Thisillustratesthe discussioron the trade-ofbetweerperformanceindcompleity in Section3: the Golay
codehasthe bestminimum distancepropertyandthusits generatomatrix imposesgreatercomputational
burdenon decodinghanthe averagerandomcodedoes.Finally, for acomparisonye includethe expected
compl«ity exponentof exhaustve searchwhichis muchgreatethanthatof the JDD-ML algorithm.

In Figure9, we comparethe BER performancenf the JDD-ML algorithmwith that of the 2-stagede-
coderconsistingof thelist spheradecoderfollowed by the soft-decodinglgorithmbasedn orderstatistics
decodingOSD,order5) proposedn [14]. Notethatthelist spheredecodegeneratesoftinformationbased

on all pointsinsidea spherg(andnot only thosethat are valid codevords), which deteriorateshe overall
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Figure8: Theexpectedcomplity exponentof the JDDML algorithmfor the Golayandrandomcodesand
the compleity exponentof exhaustiveseach.

BER performance.This is, in fact, con rmed in Figure 9, wherethe BER performanceof the JDD-ML

algorithmis clearlymuchbetterthanthatof the consideredoft-decisiorscheme.

Example 2: We considerthe (15; 11) Reed-Solomorode,n = m = 16, andstudythe BER performance
of the joint ML detectionand decodingalgorithm proposedn Section3.3. The algorithmemplo/s the

SchnorfEuchnersearchstratgy with radiusupdateand,asshavn in Figure 10, signi cantly outperforms
the 2-stagerecever emplg/ing hard ML detectionfollowed by the ML decoding. On the otherhand,as
shawvn in Figure 11, the compl«ity exponentof the algorithmis muchsmallerthanthat of the exhaustve

search.In fact,comparingFigure10 andFigurel1l, in the SNRregimewherethe BER performancef the

algorithmis roughlyaround10 4, its expectedcompleity exponentis 4.

Example 3: Finally, we considetthe setupof Examplel but emplgy a concatenatedodingschemewith an

outercorvolutional codeandtheinner Golay code. Theinformationbit sequencevith 504 bits is encoded
by arateR = 1=2 corvolutional codewith memorylength2 andgeneratingrolynomialsG,(D) = 1+ D?

(feedforvard)andG,(D) = 1+ D + D? (feedback).The codedsequencés thenfurtherencodecby the

Golaycode mappeddntoa2-PAM modulationschemeandtransmittedacrossa GaussiarthanneH [Note

thatH isa24 24 matrixand,in eachchanneluse,we maytransmit24 bits; to transmitthe entirecoded
sequenceflength504 2 2= 2016 we needto usethechanneB4times.]Ontherecever side,theJDD-

MAP algorithm nds softinformationfor theinner(Golay)code,andpasseshemon to the softdecodeffor
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Figure9: BERperformanceof the JDD-ML algorithmcompaedwith the BERperformanceof the ordered-
statisticssoft-decisiordecodingalgorithm.

the outer(corvolutional) code. The two decodersteratethe soft information. As shavn in Figure12, the

softiterative decodingsigni cantly outperformghe systememplo/ing hard(ML) decisions.

8 Discussionand Conclusion

In this paperwe consideredhe problemof joint detectioranddecodingfor linearblock codeson Gaussian
vectorchannelsWefocusednthemaximume-likelihoodandmaximuma posterioricriteriafor thedesignof
therecever. Dueto thepotentiallyratherhighcompleity of thejoint solution,thedesignof thetwo recever
componentsjetectoranddecoderaretypically treatedseparatelyn practice.However, performancdosses
sufieredby the systemsemplgying heuristicsolutionsmotivatesthe searchor ef cient algorithmsthattreat
the problemof therecever designjointly.

Drawing on theideasencounteredh solving standardnteger least-squareproblems(in particular the
spheredecodingalgorithm), we developedalgorithmsthat solve both the joint maximum-likelihood and
joint maximuma posterioridetectionanddecodingproblems.We proposedhe JDD-ML algorithmwhich
solvesthejoint ML detectionanddecodingby performingsphere-constrainestarchfor the lattice points
which arevalid codevords. Dueto the probabilisticsettingof the problem,the computationatompleity
of the JDD-ML algorithmis a randomvariable. We quanti ed it by meansof the expectedcomplexity,

which for the caseof binary codeswe foundanalytically in a closedform. The expectedcompleity of the
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Figure 10: The BER performanceof the joint detectionand decodingalgorithm for the Reed-Solomon
(15; 11) code andthe BERperformanceof thereceiverthat performs(hard) ML detectionfollowedby ML
decoding

JDD-ML algorithmwas,in examples,shavn to be a low-degreepolynomialin the length of the uncoded
informationword over the consideredangeof SNR. We also proposedan ef cient alternatve algorithm
for large-alphabetodes. Furthermorewe consideredhe MAP joint detectionanddecodingproblemfor

the casewhenthe a priori informationfor the uncodeddataare provided to the recever. We derved the
JDD-MAP algorithmfor solvingthe abore problemandstudiedits expectedcompleity. Simulationsshov

that the soft decisionschemeemplg/ing the JDD-MAP algorithm signi cantly outperformsschemethat
usesharddecisions.

The algorithmspresentedn this paperare motivated by the ideasof the sphere-constrainesearch
stratgy of the Fincke-Pohstalgorithm[3]. Therehave beenseveral modi cations of the original sphere-
constrainedearchstratgy thatmay suggesturtherresearchirections.For instanceijt couldbe bene cial
to explore the possibility of applyingthe ideaof statisticaltree pruningof [15] to the JDD-ML andJDD-
MAP algorithms. Essentially one might decideto acceptsuboptimalsolutionsof the joint detectionand
decodingproblemsin exchangefor decreasinghe computationatompleity. Suchresultswould extend
practicalfeasibility of the algorithmspresentedn this paperto a wider classof block codesand system

parameters.
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Figure1l: The expectedcompleity exponentof the joint detectionand decodingalgorithm for the Reed-
Solomon(15; 11) code andthe compl&ity exponentof exhaustivesearch.

A Appendix: A greedyalgorithm for transforming generator matrix

Transformatiorof them k matrixG T to theblock uppettriangularform of Figure3 is performedaccord-

ing to thefollowing procedure:

1.

2.

Seti=1,G! = GT,mj = m,k = k.

Searchfor andgrouptogetheridenticalrows of matrix GiT ; assumehatthe largestsuchgrouphas

d 1rows.

. Permutethe rows from the largestgroupfoundin step2 to the bottomof G . (If thereis morethan

onegroupwith d identicalrows, arbitrarily choosethe groupthatwill be permuted).

Using additionsof rows, transformthe bottomd rows in G| sothatthey have maximumpossible

numberof leadingzeros.Denotethe numberof suchleadingzerosby j .

.Increasé = i+ 1;setmj=m d, ki =j.

. If bothm; > 1andk; > 1, denotethem; k; left-uppersubmatrixof G| ; by GI andgoto 2.

OtherwiseuseG/ ,i = 1;2;:::,toreassembl&".

Clearly the operationghatareallowedin the procesf transformingG T to the block uppertriangular

form of Figure3 are permutationsandadditionsof rows. Therefore the resultingmatrix G generateshe
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Figure12: Performanceof the iterative decodingschemeemployingthe JDD-MAP algorithm. The system
hasoutercorvolutionalandinner Golaycode

samecodeasthe startingG, even thougha particularinformationvectorb may, in general,resultin a
differentcodevord uponencoding.

On anothemote, thereis no guarante¢hat this constructioryieldsG" which is the bestcomputation-
ally, i.e., GT for which the JDD-ML algorithmhasthe smallestcompleity. Hence we referto the abore

algorithmasbeinggreedy
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