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Abstract

Optimalreceiversrecoveringsignalstransmittedacrossnoisycommunicationchannelsemploy amaximum-
likelihood(ML) criterionto minimizetheprobabilityof error. Theproblemof �nding themostlikely trans-
mitted symbol is often equivalent to �nding the closestlattice point to a given point andis known to be
NP-hard. In systemsthat employ error-correctingcoding for dataprotection,the symbol spaceforms a
sparselattice,wherethe sparsitystructureis determinedby thecode. In suchsystems,ML datarecovery
may be geometricallyinterpretedasa searchfor the closestpoint in the sparselattice. In this paper, mo-
tivatedby the ideaof the ”spheredecoding”algorithmof Fincke andPohst,we proposeanalgorithmthat
�nds theclosestpoint in thesparselatticeto thegivenvector. Thisgivenvectoris notarbitrary, but ratheris
anunknown sparselatticepoint thathasbeenperturbedby anadditivenoisevectorwhosestatisticalproper-
tiesareknown. Thecomplexity of theproposedalgorithmis thusa randomvariable.Westudyits expected
value,averagedover thenoiseandover thelattice.For binarylinearblockcodes,we�nd theexpectedcom-
plexity in closedform. Simulationresultsindicatesigni�cant performancegainsover systemsemploying
separatedetectionanddecoding,yet areobtainedat a complexity that is practicallyfeasibleover a wide
rangeof systemparameters.

Index Terms—Integer least-squaresproblem,spheredecoding,wirelesscommunications,multiple-antenna
systems,latticeproblems,NPhard,expectedcomplexity, joint detectionanddecoding

1 Intr oduction

To protecttransmittedinformationfrom theadverseeffectsof a channel,communicationsystemstypically

employ someform of error-correctingcoding.On vectorchannels,theresultingcodedword is �rst modu-

latedontosymbolsandthentransmittedacrossthechannelin blocks.Optimalreceivers,designedto recover



transmittedinformationsothattheprobabilityof erroris minimized,shouldemploy amaximum-likelihood

(ML) criterion. However, for block transmissionover Gaussianvectorchannels,the computationalcom-

plexity of theoptimalreceiversis consideredto bepracticallyinfeasible.In fact, theML criterion is often

thoughtof asone leadingto an exhaustive searchover the spaceof informationvectors,which requires

testinga numberof hypothesisthatis exponentialin thedimensionof thesearchspace.To this end,heuris-

tic techniqueswhich have manageablecomplexity but sub-optimalperformanceareoftenusedin practice.

Moreover, to furtheralleviatethecomputationalburden,thesymboldetectionproblemis oftentreatedsep-

aratelyfrom thedatadecoding.However, thebit-error-rate(BER) performanceof receiverswhich employ

detectionanddecodingin separatestagesis, in general,inferior to thosethatemploy themjointly. To over-

cometheseperformancelosses,soft decodingtechniquesuseprobabilisticinformationat theoutputof the

�rst stage(i.e., usesoft informationaboutthedetectedsymbols)asthe input to thesecondstage– thede-

coder. Thesubsequentiterative exchangeof thesoft informationbetweenthereceiver's stagesattemptsto

extractall theinformationabouttheoriginaluncodedmessagethatis containedin thereceivedsignal.

Whenasymbolpointbelongsto a lattice,ML decodingis equivalentto thesearchfor theclosestlattice

point to the given (received) vector. Thereexist techniquesthat solve the closest-pointsearchwithout

actuallyperformingan exhaustive searchover the entire lattice (e.g.,see[1] and the referencestherein).

Thesetechniqueshave recentlybeenproposedfor ML detectionon(uncoded)vectorGaussianchannels.In

[2], thespheredecodingalgorithm[3] wasproposedfor thedecodingof latticecodesandin [4] for detection

in multiple-antennawirelesscommunicationsystems.Thespheredecodingalgorithm�nds theclosestpoint

in a lattice to the received vectorbut limits thesearchto only thoselatticepointsthat fall within a sphere

centeredat thereceivedvector. In [5, 6] it wasshown thatwhentheradiusof thesphereis chosenaccording

to thenoisepower, thecomplexity of spheredecodingis randomvariablewith a meanthat is a low-degree

polynomialover a wide rangeof signal-to-noiserations(SNR)andsystemdimensions.Thesecomplexity

resultsimply practicalfeasibility of spheredecodingandraisethe questionof whethersimilar ideasmay

extendto thereceiver designin systemswhichemploy error-correctingcodes.1

In this paper, we considerthe joint ML detectionanddecodingon Gaussianvectorchannels,where

the transmitteddatais encodedby a linearblock error-correctingcode. Thecodeddatais �rst modulated

onto symbols,which arein this paperassumedto be points in a rectangularlattice, andthentransmitted

acrossthechannel.Thusthesetof all possiblesymbolsformsa subsetof the lattice,wherethe structure

1We notethatspheredecodingandits extensionshave alreadybeenemployed for iterativedetectionanddecodingin systems
employing channelcodes[9, 10]; however, in thispaperweareconcernedwith direct, i.e. non-iterativejoint detectionanddecoding.
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andthecardinalityof thesubsetis determinedby theerror-correctingcode.Thejoint maximum-likelihood

detectionanddecodingmayhencebegeometricallyinterpretedasa searchfor theclosestpoint in a sparse

lattice. Motivatedby thespheredecodingidea,we proposeanalgorithmthat �nds theclosestpoint in the

lattice to the received vectorby searchingfor the lattice pointsinsidethe spherecenteredat the received

vector. However, comparedto thestandardspheredecoding,animportantadditionalconstraintis imposed:

theadmissiblelatticepoints(i.e.,possiblesolutions)mustnot only beinsidethespherebut alsohave to be

valid codewords. [Clearly, the algorithmessentiallyperformssoft decisiondecodingon Gaussianvector

channels.]

Wenotethatthereceivedvectoris notanarbitrarypoint in spacebut is asparselatticepointperturbedby

theGaussiannoise.Thusit is meaningfulto choosetheradiusof thesphereaccordingto thestatisticsof the

noise.In particular, wechoosetheradiusto bealinearfunctionof thepowerof thenoise.Thecomputational

complexity of the algorithmis a data-dependentrandomvariable– it dependson the transmittedsymbol

andthe particularinstantiationsof the channelandnoise. We quantify it by meansof its �rst moment–

the expectedcomplexity. For binary linear block codes,we �nd an analyticexpressionfor the expected

complexity in aclosedform.

Thepaperis organizedasfollows. In Section2, we introducethesystemmodelandstatetheproblem.

The algorithmfor the joint ML detectionand decoding(the JDD-ML algorithm) for linear block codes

is presentedin Section3. In Section4, we considerthe computationalcomplexity of the algorithmand

calculatetheexpectedcomplexity for binarylinearblockcodes.In Section5, weconsidercyclic codes,and

Section6 containsa descriptionof anextensionof thealgorithmto thejoint maximuma posteriori(MAP)

detectionanddecoding(theJDD-MAPalgorithm).Simulationresultsarepresentedin Section7; discussion

andconclusionsarein Section8.

Someof theresultsdiscussedin thispaperwerepreliminaryreportedin [7].

2 SystemModel and ProblemStatement

We considerdigital communicationover the Gaussianvector channelshown in Figure 1. The channel

encoderin Figure1 encodesthek � 1 informationdatavectorb to obtainthem � 1 codewordc. Weassume

that the encoderemploys the block channelcodede�ned via its generatormatrix G, i.e., the encoding
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Figure1: SystemModel

operationis givenby2

c = G T � b: (1)

Thesizeof thegeneratormatrixG is k � m, i.e., therateof thecodeis Rc = k=m. Theentriesin c, b, and

G, areassumedto beelementsfrom a Galois�eld GF (L), whereL is a power of 2. Operation“ �” in (1)

denotesmultiplicationover theGalois�eld, i.e.,multiplicationmoduloL .

As implied by Figure 1, the codedvector c is modulatedand the resultingsymbol vector s is then

transmittedacrossthechannel.WeassumeanL-PAM modulation,i.e., thateachentryof thesymbolvector

s takesoneof theL possiblevaluesfrom theset

ZL = f�
L � 1

2
; : : : ; �

1
2

;
1
2

; : : : ;
L � 1

2
g:

Therefore,them-dimensionaltransmittedsymbolvectors is apoint in therectangularlatticeZ m
L . However,

in thecommunicationsetupthatwe just described,not all pointsfrom the latticeZ m
L maybe transmitted.

In fact,only thoselatticepointsthatmaybeobtainedby modulatingvalid codewordsconstitutethesymbol

space.Therefore,thesymbolspaceDm
L is a subsetof thelatticeZ m

L , i.e.,Dm
L � Z m

L , andis determinedby

thechannelcode.

Wechoosethesizeof thePAM constellationZ L to beassameasthesizeof theGalois�eld for simplicity

(generalizationsarestraightforward).

For convenience,henceforthwe shalldenotethemodulationoperationby [�], i.e., thefactthatthepoint

s is obtainedby modulatingthecodevectorc = G T � b ontotheL-PAM constellationwill bedenotedby

s �= [G T � b]:

2In literature,theencodingoperationis oftende�ned ascT = bT � G. Weusethealternative form (1) sinceit provesto bemore
convenientfor theimplementationof thedecodingtechniquethatwe proposelaterin thepaper.
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Weassumeareal-valuedGaussianvectorchannelmodelof theform

x = H s + v; (2)

whereH 2 R n� m is an equivalentchannelmatrix with i.i.d. Gaussianentries,andv 2 R n� 1 is a noise

vectorwith i.i.d. N (0; 1) entries.[Note thatmodel(2) alsodescribesMIMO systemswhichemploy certain

space-timecodes,e.g.,linear-dispersive (LD) space-timecodes[8]. There,matrix H in (2) is a functionof

boththechannelmatrixandtheLD code.]

Thereceiver thatperformsjoint ML detectionanddecodingsolvestheoptimizationproblem

max
b2 GF (L )k

p(xjb): (3)

For themodel(2) andtheGaussiannoise,

arg max
b2 GF (L )k

p(xjb) = arg min
b2 GF (L )k

kx � H [G T � b]k2;

which transforms(3) to theequivalentproblem

min
b2 GF (L )k

kx � H [G T � b]k2: (4)

Geometrically, the integer-least squaresproblem(4) can be interpretedas a searchfor the lattice point

closestto the given vector. The spaceover which we optimizeis the informationvectorspaceGF (L) k .

Alternatively, we canthink of it asthesearchover the (sparse)subsetD m
L of the integer latticeZ m

L . One

way of obtainingthe solutionto (4) is by meansof an exhaustive searchover GF (L) k (or, equivalently,

searchover Dm
L ). However, expandingon thebasicideaof theFincke-Pohstapproach[3], we proposean

ef�cient alternative to theexhaustivesearch:thealgorithmperformstheoptimizationby searchingonly over

thosepointsin Dm
L thatbelongto ahypersherearoundtheobservedpoint x.

Theclosestpointsearchin thesparselatticeis illustratedin Figure2. Theblankpointsin Figure2 denote

thepointsin H � Z m
L (thechannel-generatedfull lattice)thatarenot in H � D m

L (thechannel-generatedsparse

lattice), i.e., denotethe setH � Z m
L \ H � Dm

L . Note that in Figure2, the closestpoint in H � Z m
L to the

receivedvectorx is actuallynot in H �Dm
L . Recallthattheoriginalspheredecodingalgorithmof Finckeand

Pohstsolvestheclosest-pointsearchin thefull latticeZ m
L . ThemajordifferencebetweentheFincke-Pohst
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Figure2: Closest-pointsearchin thesparselattice

algorithmandthealgorithmthatwestudyin thispaperis theadditionalconstraintthatthepossiblesolutions

mustnotonly beinsidethehyperspherebut alsobevalid codewords.

3 The JDD-ML algorithm

Thespheredecoding(SD)algorithmsolvestheML detectionproblemin uncodedsystemsby �nding lattice

points(in Z m
L lattice) insidea sphereof a carefully chosenradiusr , centeredat the received vector. As

discussedin [5], the algorithmachievesthis by searchingfor lattice pointsinsidespheresof radiusr and

dimensionsi = 1; 2; : : : ; m. In this way, thealgorithmessentially�nds, one-by-one,all componentsof the

latticepointsinsidethesphere.This is madefeasibleby breakingdown thesingleconditionthatthelattice

point be insidethe sphereinto a setof conditions(inequalities)that the components(i.e., coordinates)of

thelatticepointmustsatisfyin orderthatthepointbelongto thesphere.Thealgorithmeffectively performs

a treesearchwherethenodesin the treecorrespondto thecomponentsof theunknown vectorandwhere

violating theaforementionedconditionsresultsin treepruning.

Motivatedby the ideaof SD outlinedabove, in this sectionwe developanalgorithmthatsolves(4) by

�nding valid codewordsinsidethespherecenteredat thereceived vector. To facilitateef�cient search,we

needto statethesetof conditionsonthecoordinatesof alatticepointsothat,whenall of suchconditionsare

satis�ed,thelatticepointbothbelongsto thesphereandis valid codeword, i.e.,canbeexpressedas[G T � b]

for someb 2 GF (L)k . The searchshouldclearly be performedover the spaceof informationvectors,

GF (L)k . Note that the algorithm may return more than one solution. In fact, the algorithm generally

returnsa setof vectorsb suchthat [G T � b] belongto the sphere.Thenthe vectorb from that setwhich

minimizes(4) is thesolutionto thejoint ML detectionanddecodingproblem.

We startby de�ning thesetof theconditionsthat thecomponentsof a vectorb needto satisfyso that

[G T � b] belongsto thesearchingsphere.To this end,we performsomepre-processingof thematrix G T .
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In particular, we transformthe given matrix G T into a block upper-triangularform, that is, startingfrom

G, we �nd its equivalentgeneratormatrix G of the form shown in Figure3. Note that g(h)
j in Figure3

denotesthecardinalityof thesetof columnswith
P D

i= j +1 g(v)
i �x edzeroentries,j = 1; 2; : : : ; D , andthat

D denotesthenumberof suchdistinctsets.For instance,wenotethatthecolumns1 to g(h)
1 have

P D
i=2 g(v)

i

�x ed zeroentries,the columnsg(h)
1 + 1 to g(h)

1 + g(h)
2 have

P D
i=3 g(v)

i �x ed zeroentries,etc. In general,

columns
� P j

i =1 g(h)
i + 1

�
to

P j +1
i=1 g(h)

i have
P D

i= j +2 g(v)
i �x edzeroentries,j = 0; : : : ; D � 1. Clearly,

P D
i=1 g(h)

i = k;
P D

i=1 g(v)
i = m:

We assumethat the transformationof G T to the form in Figure3 is performedby a greedyalgorithm

that �rst �nds the largestpossibleg(v)
D , �x esit, proceedsto �nd the largestpossibleg(v)

D � 1, andso on. As

we will discussshortly, sucha constructionof GT is bene�cial for the computationalcomplexity of the

JDD-ML algorithm.Thedetailsof thegreedyalgorithmaregivenin AppendixA.

We refer to the setof the ratios,f g(h)
1 =g(v)

1 ; : : : ; g(h)
D =g(v)

D g asthe diagonal pro�le of the matrix GT .

Wheng(h)
j =g(v)

j = k=m, j = 1; : : : ; D , we say that the diagonalpro�le is uniform. The reasonfor in-

troducingthe notion of the pro�le is that by focusing�rst on GT with uniform pro�les, we canderive a

simpleversionof the JDD-ML algorithmandgain valuableintuition that we shall �nd useful later when

consideringthegeneralcase.
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3.1 A specialcase:rate 1=2 code,GT with a uniform diagonalpro�le

We startthedescriptionof thealgorithmby consideringthespecialcaseof a rathersimpleblock code.As-

sumethattheinformationvectorb is encodedby therateRc = 1=2 binarycodefor whichGT hasuniform

diagonalpro�le. Thentheentriesc2i � 1 andc2i of thecodedvectorc canbeexpressedasa linearcombina-

tion of thebits (bi ; bi +1 : : : bk ) only, i.e.,c2i � 1 =
P k

j = i GT (2i � 1; j ) � bj , andc2i =
P k

j = i GT (2i; j ) � bj ,

whereall operationsaremodulo2. Recalltheassumptionthat thesizeof theGalois�eld, whoseelements

compriseboththeuncodedandcodedvectors,is assameasthesizeof thePAM constellationfrom which

theelementsof thetransmittedsymbolvectorarechosen.Therefore,thesymbolss2i � 1 ands2i , just like the

codedbitsc2i � 1 andc2i , dependonly on theinformationbits (bi ; bi +1 : : : ; bk ).

Thepoint s lies in asphereof radiusr aroundx if andonly if it holdsthat

r 2 � kx � H sk2 = (s � ŝ)� H � H (s � ŝ); (5)

whereŝ = H yx is theunconstrainedleast-squaresestimate.IntroducingtheQR decompositionH = QR,

wecanwrite thecondition(5) as

r 2 �
kX

i =1

2

4r 2
2i � 1;2i � 1(s2i � 1 � ŝ2i � 1 +

2kX

j =2 i

r2i � 1;j

r2i � 1;2i � 1
(sj � ŝj ))2 + r 2

2i; 2i (s2i � ŝ2i +
2kX

j =2 i+1

r2i;j

r2i; 2i
(sj � ŝj ))2

3

5

(6)

Expandingthesummationson theright-handsideof theinequality(6) andconsideringonly thelasttermin

it (i.e., thetermfor i = k), we canstateanobviousnecessaryconditionfor s to belongto thesphere,

r 2
2k;2k(s2k � ŝ2k ) + r 2

2k� 1;2k� 1

�
s2k� 1 � ŝ2k� 1 +

r2k� 1;2k

r2k� 1;2k� 1
(s2k � ŝ2k )

� 2

� r 2: (7)

Thetermson theleft-handsideof (7) comprisethepartof thesummationin (6) which only dependson bk .

Therefore,condition(7) needto betestedfor every bk 2 GF (L). When,for somebk , theinequality(7) is

satis�ed, thatparticularbk valueis substitutedfor in (6). Now, thepartof theexpressionon theright-hand

sideof (6) thatonly dependson bk canbeevaluatedandis takento theleft-handsideof (6) to yield r
02,

r
02 = r 2 � r 2

2k;2k(s2k � ŝ2k ) � r 2
2k� 1;2k� 1

�
s2k� 1 � ŝ2k� 1 +

r2k� 1;2k

r2k� 1;2k� 1
(s2k � ŝ2k )

� 2

:
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Figure4: Thetree-pruninginterpretationof theJDD-ML algorithm

Thenby consideringthesecondto last term(i.e., thetermfor i = k � 1) in theexpandedsummations(6),

onecanstatea (stronger)necessaryconditionthat bk� 1 (assumingthealready�x edvalueof bk ) needsto

satisfyin orderthatthepoint s belongsto thesphere,

r
02 � r 2

2k� 3;2k� 3(s2k� 3 � ŝ2k� 3 +
P 2k

j =2 k� 2
r 2k � 3;j

r 2k � 3;2k � 3
(sj � ŝj ))2

+ r 2
2k� 2;2k� 2(s2k� 2 � ŝ2k� 2 +

P 2k
j =2 k� 1

r 2k � 2;j
r 2k � 2;2k � 2

(sj � ŝj ))2:

Whensuchbk� 1 is found,it is �x edandsubstitutedfor in (6). If nosuchbk� 1 is found,weneedto take one

stepback,discardthepreviouslychosenhigher-indexedbit (i.e.,bk), choseanotheroneinsteadandproceed

likewise. By continuingin the sameway, we statethe conditionson the remainingbits (bk� 2; : : : ; b1)

andthusde�ne the total of k nestednecessaryconditionsfrom which all componentsof thevectorb may

consecutively befound.

We refer to thepreviously describedprocedureastheJDD-ML (joint ML detectionanddecoding)al-

gorithm. Onecanthink of the JDD-ML algorithmasa searchon a tree(which, for the specialcasethat

we consideredup to this point, is binarytree),asillustratedin Figure4. Themaximumdepthof thetreeis

k. Theconditionswhich,whenviolated,resultin tree-pruning,aretestedwith respectto theinteger lattice

generatedby H . Whenever apoint fallsoutsidethespherecenteredat thereceivedpointx in theEuclidean

spacecontainingthelattice,thecurrentnodein thetreeis discarded.

Eachnodeat every level of thetreecorrespondsto apoint in GF (L). Thepathson thetreethatsurvive

thepruningcorrespondto theinformationvectorswhichgeneratelatticepointsinsidethesphere.Thelattice

pointsin theEuclideanspacearerelatedto thetreevia both the(codegenerator)matrix G andthe(lattice

generating)channelmatrix H . The block codemapsthe spacewith L k elements(the informationvector
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space)to thelatticewith L m points(thesymbolspace).[The“blank” pointsin Figure4 denotelatticepoints

thatdo notbelongto thesymbolspace.]

Thedescriptionof theJDD-ML algorithmbasedon(6) assumesarateRc = 1=2 binaryblockcodewith

auniformpro�le of GT . Thealgorithmcanbegeneralizedto accommodatefor anarbitrarydiagonalpro�le

of thearbitraryratecodegeneratormatrix. To this end,we will �nd it usefulto expressthecondition(6),

still specializedfor the1=2 ratecodewith uniformdiagonalpro�le, in amatrix form. Thatis, wewrite it as

kX

j =1














Rj j

0

@
s2j � 1 � ŝ2j � 1

s2j � ŝ2j

1

A +
kX

i = j +1

Rj i

0

@
s2i � 1 � ŝ2i � 1

s2i � ŝ2i

1

A














2

� r 2; (8)

whereRj j = R(2j � 1 : 2j ; 2j � 1 : 2j ), R j i = R(2j � 1 : 2j ; 2i � 1 : 2i ).

Expression(8) cannow beusedto statethesetof conditionsonbk ; bk� 1; : : : ; b1, aswehavedoneearlier

in this section.

3.2 General case:arbitrary-rate codes,GT with an arbitrary diagonalpro�le

To statetheJDD-ML algorithmin amatrix form similar to (8) but for thegeneralstructureof GT , it will be

convenientto denote

mi =
DX

l= D � i +1

g(v)
l ; andki =

DX

l= D � i +1

g(h)
l ; (9)

i = 1; 2; : : : ; D . In addition,de�ne m0 = k0 = 0. Them i andki , i = 1; 2; : : : D areillustratedin Figure5.

Now, thecondition(8) canbegeneralizedfor thecaseof GT with anarbitrarydiagonalpro�le as

DX

j =1

kRj j (sj � ŝj ) +
DX

i = j +1

Rj i (si � ŝi ) k2 � r 2; (10)

whereRj i = R(mD � mD � j +1 + 1 : mD � mD � j ; mD � mD � i+1 + 1 : mD � mD � i ), andwhere

sj =
�
smD � mD � j +1 +1 : : : smD � mD � j

� T , ŝj =
�
ŝmD � mD � j +1 +1 : : : ŝmD � mD � j

� T , j = 1; 2; : : : ; D , j �

i � D .

Uponcarefulinspectionof (10), onecanstatea necessaryconditionthatbits (bkD � k1+1 ; : : : ; bk ) need

to satisfyin orderfor inequality(10) to hold,

kRD D (sD � ŝD )k2 � r 2: (11)
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For everysubvector[bkD � k1+1 : : : bk ] 2 GF (L)g( h )
D whichsatis�escondition(11),wegobackto (10)and

substitutein thatparticular[bkD � k1+1 : : : bk ]. Thenanew necessaryconditionon(bkD � k2+1 ; : : : ; bkD � k1 )

(andalreadychosen(bkD � k1+1 ; : : : ; bk )) canbestatedas

D � 1X

j =1

kRj j (sj � ŝj ) +
DX

i = j +1

Rj i (si � ŝi ) k2 � r
02;

wherer
02 = r 2 � kRD D (sD (bkD � k1+1 ; : : : ; bk ) � ŝD )k2 is theupdatedradius.

The procedureis continueduntil all the componentsof the informationvectorb that satisfy(10) are

found. If no vectorb thatsatis�es(10) is found,theradiusr is increasedandthealgorithmis restarted.On

theotherhand,in general,theremaybemorethanoneinformationvectorb foundby thealgorithm.Then

theonethatminimizes(4) is thesolutionto thejoint ML detectionanddecodingproblem.

Now we canseethemotivationfor thepreviously describedconstructionof GT in Figure5, wherewe

�rst maximizeg(v)
D , theng(v)

D � 1, andsoon. Clearly, with suchaconstruction,thesearchtreeis prunedfaster

– for instance,the larger the valueof g(v)
D , the morelikely is condition(11) violatedandthe treepruned

early(i.e., it is prunedcloserto theroot).

Remark: Thereis an inherenttrade-off betweencomputationalcomplexity of the decodingand the

performanceof thecode.As indicatedin this section,from thecomplexity standpoint,it is bene�cial that

thediagonalpro�le of thegeneratormatrixbesuchthatg(v)
D in Figure3 is aslargeaspossible,followedby
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g(v)
D � 1 chosenaslargeaspossible,andsoon. However, it caneasilybeseenthat theminimumdistanceof

thecodeis upper-boundedby g(v)
1 . Therefore,the larger theminimumdistanceof thecode,thehigherthe

expectedcomplexity of theJDD-ML algorithmappliedfor its decoding.

TheJDD-ML algorithmcanbesummarizedasfollows:

1. Input: G, R, x, ŝ, r .

2. Seti = D , r 2
m = r 2.

3. SetB i = � 1.

4. B i = B i + 1, b(mD � mD � i+1 + 1 : mD � mD � i ) = dec2baseL(B i )3; if B i > L g( h )
i , go to 9.

5. Calculate

si = mod
�
GT (mD � mD � i+1 + 1 : mD � mD � i ; kD � kD � i+1 + 1 : kD )

� b(kD � kD � i+1 + 1 : kD ); L ] � L � 1
2 � 1

g( v )
i

;

where1j denotesanj -dimensionalvectorwith all entries1. Also, calculate

r 2
i � 1 = r 2

i � kRi;i (si � ŝi ) +
DX

j = i +1

Rij (sj � ŝj )k2:

6. (Feasibilitytest)If r 2
i � 1 < 0, go to 4.

7. (Decreasei ) Seti = i � 1.

8. If i = 0, solutionfound.Saveb andgo to 3.

9. (Increasei ) i = i + 1; if i = D + 1, terminatealgorithm,elsego to 3.

3.3 An alternativealgorithm useful for large-alphabetcodes

In principle,theJDD-ML algorithmcanbeemployedfor joint detectionanddecodingof linearblockcodes

overany �eld GF(L). As wedescribedearlierin thesection,thealgorithmemploysabranch-and-bound-like

tree-searchstrategy, andat eachlevel of the treetestsall nodesfor satisfyinga certainbound. Testingall

3dec2baseL(�) takestheargumentin decimalsystemsandconvertsit to thebase-L
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nodeson a level doesnot presenta challengefor binarycodesbut may, however, becomecomputationally

consumingfor largeL .

Ideally, we would preferto limit thecomputationson eachtreelevel to only thosenodeswhich satisfy

the aforementionedbound. [Note that this is what the basicspheredecodingalgorithmdoes: it speci�es

intervalsto whichnodecoordinatesmustbelong.]However, it is notobvioushow to do thatin theJDD-ML

algorithm.

To thisend,we proposeasimplemodi�cation of thebasicspheredecodingalgorithm,whichsolvesthe

ML joint detectionanddecodingproblemand,for large-alphabetcodes,may incur valuablesavings over

theJDD-ML algorithm.This is achieved in thefollowing way: thespheredecodingalgorithmis employed

to solve

min
s2D m

L

kx � H sk2;

andevery time a point insidea sphereis found, we testwhetherit is a valid codeword or not (by using

parity-checkmatrixor parity-checkpolynomial,dependingonthetypeof thecode;this is atmostquadratic

operation).Finally, theclosestlatticepoint in thespherewhich is a valid codeword is usedto retrieve the

original informationvectorb.

Theexpectedcomputationalcomplexity of thisschemecanbefoundby directlyapplyingtheresultsof

[5]. In particular, it canbe obtainedby addingthe complexity incurredby testingwhetherthe (expected

numberof) latticepointsarecodewordsor not to theexpectedcomplexity of thebasicspheredecoding.

On theotherhand,onecanfurther improve thespeedof this algorithmby implementingtheSchnorr-

Euchnerstrategy with radiusupdate[12]. Theonly notabledifferencewith respectto its counterpartused

in thebasicspheredecodingalgorithmis that theradiusis updatedonly if thecurrentlyconsideredlattice

point is not only closerto thecenterof thespherethanany otherpreviously foundpoint,but is alsoa valid

codeword.

4 The Computational Complexity of JDD-ML

As describedin theprevioussection,theJDD-ML algorithmperformsthetreesearchillustratedin Figure4.

Eachnodein the treecorrespondsto a latticepoint, andif that latticepoint is outsidea sphere,the treeis

pruned.Therefore,thecomputationalcomplexity of theJDD-ML algorithmis proportionalto thenumber

of lattice points that the algorithmvisits. Clearly, the numberof visited pointsdependson the choiceof

theradius:a smallerradiusmeansthat thecondition(6) is morestrict and,therefore,moretreenodesare
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pruned.Of course,theradiusstill needsto be largeenoughsothat thealgorithm�nds at leastonesymbol

point insidethesphere.As in [5], we choosetheradiusof thesphereaccordingto thestatisticsof thenoise.

Clearly,
1

2� 2 � kvk2 =
1

2� 2 � kx � H sk2

is a � 2 randomvariablewith n degreesof freedom.Therefore,we maychoosetheradiusto bethescaled

varianceof thenoise,r 2 = �n� 2, in sucha way thatwith a high probability thereis a latticepoint inside

thesphere, Z �n= 2

0

� n=2� 1

�( n=2)
e� � d� = 1 � �;

where1 � � is setto a valuecloseto 1, say, 1 � � = 0:99. If thepoint is not found,we canincreasethe

probability1 � � , adjusttheradius,andsearchagain.

The numberof the symbolpoints that lie insidethe spheredependson the particularinstantiationof

both the channelmatrix H andthe noisevectorv . Sincethey vary from onechanneluseto another, the

complexity of thealgorithmis a randomvariable.A way to characterizeit is by meansof its moments.In

this section,we derive the closedform analyticalexpressionfor the expectedcomplexity of the JDD-ML

algorithmfor binaryblockcodes.

Expectedcomplexity of thealgorithmis proportionalto theexpectednumberof thesymbolpointsinside

thesphere.In particular, wecanwrite

CJ D D � M L =
DX

i =1

E(# of symbolsin m i -dimensionalsphereof radiusr ) � f p(mi ) (12)

wherem i de�ned in (9) is the dimensionin Euclideanspacethat correspondsto the i th level in the tree,

andwheref p(mi ) =
h
2g(v)

D � i +1 mi + g(v)
D � i +1 (2ki � 2g(v)

D � i + g(v)
D � i +1 + 1)

i
L g( h )

D � i +1 denotesthe number

of operations(multiplicationsandadditions)that thealgorithm(in our implementation)performspereach

visitedpoint in thedimensionm i .

The complexity expression(12) re�ects both thestructureof thegeneratormatrix in Figure3 andthe

natureof the JDD-ML algorithm. Namely, asdescribedin the previous section,the algorithmdescends

down thetreein suchaway thatateachstepi it imposesaconstrainton thesubsetof k i informationvector

components,whereki is de�ned in (9). In thecorrespondingEuclideanspace(seeFigure4), thei th stepin

this descentcorrespondsto an incrementof thedimensionof thespace(in which we aresearchingfor the

latticepointsinsidethesphereof radiusr ) from m i � 1 to m i , becausem i = mi � 1 + g(v)
D � i +1 .
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To calculatetheexpectednumberof symbolpointsinsidethesphere,weemploy thetechnique�rst used

in [5]. In particular, we startby posingthefollowing question:

Assumethat st 2 Dm
L is transmittedandthat x = H st + v is received;whatis theprobability that an

arbitrary latticepointbelongsto thesphere of radiusr centeredat x?

Theeventwhichwe needto probabilisticallycharacterizeis illustratedin Figure6.
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Figure 6: The sphere St is centered at x = H st + v; we are interestedin �nding the probability that
H sa 2 St .

SincetheJDD-ML algorithmperformsthesearchby goingthroughthedimensionsm i ; i = 1; 2; : : : ; D ,

we needto calculatethepreviously mentionedprobability for eachdimensionm i . Resultsobtainedin [5]

imply thatthisprobabilityis givenby



�

r 2

2(� 2 + ksm i
a � sm i

t k2)
;
mi

2

�
=

Z u

0

� m i =2� 1

�( m i =2)
e� � d�; (13)

wheretheupperlimit of theintegrationon theright-handsideis givenby u = r 2

2(� 2 + ks
m i
a � s

m i
t k2 )

, wheresm i
t

andsm i
a denotem i -dimensionaltransmittedandarbitrarysymbolvectors,respectively, andwhere
 (a;b)

denotestheincompletegammafunctionof argumenta andbdegreesof freedom.

Giventheprobability(13),theexpectedcomplexity in (12)canbeevaluatedby goingoverall thepoints

sm i
a in m i -dimensionalsubspaceof thesymbolspaceDm

L andsummingup thecorrespondingprobabilities

(13), for all dimensionsm i . Theresult,averagedover thechoiceof st , yieldsthedesiredexpectednumber

of points,andis givenby

DX

i =1

1
L m i

X

sm i
t ;sm i

a



�

r 2

2(� 2 + ksm i
a � sm i

t k2)
;
mi

2

�
: (14)

Using (14) we can, in principle, always calculatethe expectedcomplexity. However, althoughthis

calculationis to be doneoff-line, going over all pairsof points(sm i
t ; sm i

a ) may be quite time consuming.
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Hencewe searchfor waysto easethe calculationof the expression(14) by enumeratingthe information

vector space. Recall that the transmittedvector st and the arbitraryvectorsa areobtainedby encoding

andmodulatinginformationvectorsb t andba, respectively, i.e., st = [GT b t ], sa = [GT ba]. The m i -

dimensionalvectorssm i
t and sm i

a neededfor the enumerationare given by sm i
t = [GT

i bk i
t ] and sm i

a =

[GT
i bk i

a ], whereGT
i denotesm i � ki lower-right submatrixof GT , andwherebk i

t andbk i
a areki -dimensional

informationvectors.Therefore,if we canef�ciently countthenumberof vectorsb k i
a which, for givenbk i

t ,

give thesameprobability in (13), we cansigni�cantly speed-upthecalculationof theexpectednumberof

points.

Now, notethat theprobability (14) is only a functionof theEuclideandistancebetweensm i
t andsm i

a ,

andthuswecanwrite (14) as

DX

i =1

1
L m i

X

ks
m i
a � s

m i
t k2= l



�

r 2

2(� 2 + l)
;
mi

2

�
: (15)

Therefore,we needto countthenumberof pairs(b k i
t ,bk i

a ) which generateequidistantpairs(sm i
a ; sm i

t ), i.e.,

countthenumberof pairs(bk i
t ,bk i

a ) suchthatfor eachintegerl > 0,

ksm i
a � sm i

t k2 =





 [GT

i � bk i
a ] � [GT

i � bk i
t ]








2
= l: (16)

We demonstratetheenumerationprocedurefor L = 2, i.e.,performthecountingin (16) for thecaseof

thebinaryblockcodes.Westartby makingthefollowing observationsin relationto (16):

� Clearly, if bk i
a = bk i

t , thenksm i
a � sm i

t k2 = 0.

� Assumethatbk i
a differsfrom bk i

t in only entry, andnotethat

ksm i
a � sm i

t k2 = (sm i
a;1 � sm i

t;1 )2 + : : : + (sm i
a;m i

� sm i
t;m i

)2: (17)

Then if bk i
t andbk i

a have the j th bit different, therewill be wi
j non-zerotermsin the sumon the

right-handsideof (17),wherewi
j ; j = 1; : : : ; k; denotestheweightof thej th columnof GT

i , i.e.,wi
j

denotesthesumof all entriesin thatcolumn.Let Y i
1 denotethesetof thedistinctcolumnweightsof

GT
i , andlet theelementsof thesety i

1 countthemultiplicity of its weights,i.e.,y i
1(l ) is thenumberof

columnsof GT
i whoseweightis Y i

1 (l ). Clearly, ksm i
a � sm i

t k2 2 Y i
1 .

� Assumethat bk i
a differs from bk i

t in two positions. Then to enumerateall the possiblevaluesof
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ksm i
a � sm i

t k2, oneneedsto considerexclusive-or (XOR) sumsof any two columnsof GT
i . Let Y i

2

denotethesetof thedistinctweightsof XOR sumsof any two columnsof GT
i , andlet yi

2 denotethe

setcountingthe multiplicity of thoseweights,i.e., y i
2(l ) is the numberof pairsof columnsof GT

i

whoseXOR sumhasweightY i
2 (l ). It follows thatksm i

a � sm i
t k2 2 Y i

2 .

� We proceedalike for thecaseswhenb k i
a differsfrom bk i

t in morethantwo entries.In general,if b k i
a

andbk i
t differ in j entries,weconsidersetof thevectorsobtainedby takingXOR sumsof all possible

combinationsof j columnsof GT
i . Collect thedistinctweightsof suchvectorsinto Y i

j , anddenote

thesetof thecorrespondingmultiplicitiesby y i
j . Then,ksm i

a � sm i
t k2 2 Y i

j .

In addition,we de�ne Y i
0 = f 0g, yi

0 = f 1g, andnotethat

jY i
j jX

l=1

yi
j (l ) =

 
ki

j

!

; j = 0; 1; : : : ; ki :

Combining(12), (15),andthepreviouslydescribedenumeration,weobtainthefollowing theorem.

Theorem 1. [Expectedcomplexity of the JDD-ML algorithm for binary codesand ®xedG]

Considerthemodel

x = H s + v;

where v 2 R n� 1 is comprisedof i.i.d. N (0; 1) entries,H 2 R n� m is comprisedof i.i.d. N (0; �=m )

entries,ands 2 Dm
2 is an m-dimensionalvectorwhoseentriesare obtainedby modulatingcodedvectorc

ontoa 2-PAM constellation.Furthermore, thevectorc is obtainedby block codinginformationvectorb,

c = GT � b;

whereGT 2 GF (2)m� k hasa diagonalpro�le f g(h)
1 =g(v)

1 ; : : : ; g(h)
D =g(v)

D g. Thentheexpectedcomplexity of

theJDD-ML algorithmfor theinteger least-squaresproblem

min
b2 GF (L )k

kx � H sk2;

for thegivenG, averagedoverH andv, is

CJ D D � M L =
DX

i =1

f p(mi )
k iX

j =1

jY i
j jX

l=0

yi
j (l )


 
r 2

2(� 2 + Y i
j (l ))

;
mi

2

!

; (18)
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whereY i
j denotesthesetof thedistinctweightsof XORsumsof anyj columnsof GT

i , jY i
j j is thecardinality

of Y i
j , and where yi

j countsthe multiplicity of the weightsin Y i
j . Furthermore, GT

i denotesthe m i � ki

lower-right submatrixof GT , mi =
P D

l= D � i +1 g(v)
l , andki =

P D
l= D � i +1 g(h)

l , i = 1; 2; : : : ; D .

Proof:

Theproof follows from thepreviousdiscussionin thissection.

Theorem1 givestheexpectedcomplexity of thealgorithmfor a �x edG. Theexpectedcomplexity of

thealgorithmfor randomG may alsobe of interest.4 To this end,oneshould�nd the numberof the tree

pointsvisitedby thealgorithm,averagedover H , v , andG. In otherwords,startingfrom (15), we should

�nd

E jG

(
DX

i =1

1
L m i

X

l



�

r 2

2(� 2 + l)
;
mi

2

�
N m i

l

)

;

whereN m i
l denotesthenumberof pairs(sm i

a ; sm i
t ) suchthatksm i

a � sm i
t k2 = l. Thiscomputationis rather

involvedandwe will notattemptit here.

5 The JDD-ML algorithm for Cyclic Codes

As shown in theprevioussections,theJDD-ML algorithmcanbeemployedfor joint detectionanddecoding

of unstructured(e.g.,random)linear block codes.All that the algorithmrequiresis somepre-processing

of the generatormatrix. Of course,certaincodestructuresmay be preferredfrom the perspective of the

algorithmcomplexity.

In codingtheory, however, practicalconstraintshave led researchersto develop linear codesthat are

highly structuredandallow for ef�cient implementationof both encoderanddecoder. In this section,we

focuson the so-calledcyclic codes(see,e.g., [11]), which include,e.g.,BCH andReed-Solomoncodes.

Thesecodesallow for ef�cient encodingby meansof shift-registerencoderstructure.Furthermore,thereare

ef�cient syndromepolynomialbasedtechniques[11] for decodingof thecyclic codesonscalarchannels,as

well aslow-complexity soft-decisiontechniqueswhich provide excellentperformanceson scalarchannels

[13, 14]. We will not dwell on thosehere. Instead,as in the rest of this paper, we will focus on the

transmissionover the(Gaussian)vectorchannel.

An (m; k) cyclic codeis de�ned via its generatingpolynomial,g(x) = g1 + g2x + : : : + gl x l � 1, where

4For instance,the resultsfor randomG shouldalsobe indicative of the complexity behavior of large,unstructuredgenerator
matricesGT 2 GF (2)m � k with thesamediagonalpro�le.
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l = m � k + 1; gi 2 GF (L). ThecorrespondinggeneratormatrixG is givenby

GT =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

g1

g2 g1

...
. .. . . .

gl
. .. . . . g1

gl
. . . g2

. . .
...

gl

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

: (19)

The genericJDD-ML algorithmstudiedin the previous sectionsmay now be directly employed for joint

detectionanddecodingin thesystemsemploying thecyclic codeswith GT in (19). However, by consulting

Figure3, we notethat no pre-processingof the matrix GT in (19) is requiredsinceit alreadyhas(some)

upper-triangularstructure.ThespecialToeplitzstructureof GT simpli�es thealgorithmandwestateit here.

Notethatwecannow write thecondition(5) as

r 2 � (s � ŝ) � R� R(s � ŝ)

=
mX

i = m� k+1

r 2
i;i

0

@si � ŝi +
mX

j = i +1

r i;j

r i;i
(sj � ŝj )

1

A

2

| {z }
= S1

+
m� kX

i =1

r 2
i;i

0

@si � ŝi +
mX

j = i +1

r i;j

r i;i
(sj � ŝj )

1

A

2

| {z }
= S2

= S1 + S2: (20)

Thek � 1 termsin theexpansionof S1 on theright-handsideof theinequality(20)canbeusedto statethe

conditionsfor �nding b2; : : : ; bk . Note that the symbolcomponentssm� k+1 ; : : : ; sm which appearin the

expressionfor S1 canbefoundas

sm� k+ j =
min( l ;k � j +1)X

q=1

gl � q+1 � bm� k+ j + q� 1; j = 1; : : : ; k:

Now, consideringthelasttermin theexpansionof S1, we canstateanobviousnecessaryconditionfor s to

belongto thesphere,

r 2
m;m (sm � ŝm )2 � r 2: (21)

The expressionon the left-handsideof (21) only dependson bk . Therefore,we can test (21) for every
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bk 2 GF (L). When,for somebk , the inequality(21) is satis�ed, thatparticularbk value(and,therefore,

sm ) is substitutedfor in (20). Now, thepartof theexpressionontheright-handsideof (20)thatonly depends

on bk canbeevaluatedandis takento theleft-handsideof (6) to yield r
02 = r 2 � r 2

m;m (sm � ŝm )2.

Then, by consideringthe next term in S1, one can statea (stronger)necessarycondition that bk� 1

(assumingthealready�x edvalueof bk) needsto satisfyin orderthatthepoint s belongsto thesphere,

r 2
m� 1;m� 1

�
sm� 1 � ŝm� 1 +

rm� 1;m

rm� 1;m� 1
(sm � ŝm )

� 2

� r
02:

Whensuchbk� 1 is found,it is �x edandsubstitutedfor in (20). If nosuchbk� 1 is found,weneedto takeone

stepback,discardthepreviouslychosenhigher-indexedbit (i.e.,bk), choseanotheroneinsteadandproceed

likewise.By continuingin thesameway, westatetheconditionson thebits (bk� 2; : : : ; b2).

Having determinedbk ; : : : ; b2 whichsatisfyS1 < r 2, weuseS2 to �nd b1. In particular, b1 mustbesuch

thatS2 � r 2 � S1, wherethesymbolss1; : : : ; sm� k aredeterminedas

sj =
min (l ;j )X

q=1

gq � bj � q+1 ; j = 1; : : : ; m � k:

If suchb1 exist, thenb = [b1 b2 : : : bk ] is thesolutionto (20). If no suchb1 is found,thealgorithmtakes

astepbackup thetree,choosesanotherbk� 1, andproceeds.

TheJDD-ML algorithmfor cyclic codescanbesummarizedasfollows:

1. Input: G, R, x, ŝ, r .

2. Seti = k, r 2
m = r 2, ŝmjm+1 = ŝm .

3. Setbi = � 1.

4. bi = bi + 1; if bi > L, go to 9.

5. If i > 1, calculate

sm� k+ i =
min (l ;k � i +1)X

q=1

gl � q+1 � bm� k+ i+ q� 1;

ŝm� k+ i � 1jm� k+ i = ŝm� k+ i � 1 �
mX

j = m� k+ i

rm� k+ i � 1;j

rm� k+ i � 1;m� k+ i � 1
(sj � ŝj );

r 2
m� k+ i � 1 = r 2

m� k+ i � r 2
m� k+ i;m � k+ i (sm� k+ i � ŝm� k+ i jm� k+ i+1 )2:
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Otherwise,if i = 1, for j = m � k; m � k � 1; : : : ; 1 calculate

sj =
min (l ;j )X

q=1

gq � bj � q+1 ; ŝj j j +1 = ŝj �
mX

q= j +1

r j;q

r j;j
(sq � ŝq); r 2

j = r 2
j +1 � r 2

j;j (sj � ŝj j j +1 )2:

6. (Feasibilitytest)If (i > 1; r 2
m� k+ i < 0) or (i = 1; r 2

1 < 0), go to 4.

7. (Decreasei ) Seti = i � 1.

8. If i = 0, solutionfound.Saveb andgo to 3.

9. (Increasei ) i = i + 1; if i = k + 1, terminatealgorithm,elsego to 3.

We notethat the algorithmis bettersuitedfor high-ratecodes. In particular, for the high-ratecodes,

l = m � k is relatively small in comparisonwith m, which is bene�cial from the complexity standpoint

becausethe sphereradiusr is linear function of m. If l werenot small in comparisonwith m, aswhen

therateof thecodeis very low, theconditionsfrom which we �nd bk ; : : : ; b2 would betoo looseandthere

wouldbenotmuchpruningin thetree.

6 The JDD-MAP Algorithm and its Complexity

Thejoint ML detectionanddecodingproblem(4) assumesnoprior knowledgeabouttheinformationvector

b. Therearescenarios,however, whenwe may have the accessto the a priori information,that is, when

we know the setof the a priori probabilitiesf p(b1); p(b2); : : : ; p(bk )g. This a priori informationmay be

exploited in order to obtain the maximuma posterioriestimateof the information vector b. The joint

maximuma posterioridetectionanddecodingalgorithm(JDD-MAP)solvestheoptimizationproblem

max
b2 GF (L )k

p(bjx);

whichcanbeexpressedasarg maxb2 GF (L )k p(bjx) = arg maxb2 GF (L )k p(xjb)p(b). Assumingindepen-

dentbits b1; : : : ; bk , we canwrite p(b) =
Q k

i=1 p(bi ) = e
P k

i =1 log p(bi ) , andthe joint MAP detectionand

decodingproblemmaybestatedas

min
b2 GF (L )k

"



 x � H [GT b]




 2

�
kX

i =1

logp(bi )

#

: (22)
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To solve (22), we take thesameapproachaswe did for the joint ML detectionanddecodingproblem. In

particular, we searchfor vectorsb suchthat

DX

j =1













Rj j (sj � ŝj ) +

DX

i = j +1

Rj i (si � ŝi )














2

� r 2 +
kX

i =1

logp(bi ); (23)

whereRj i , sj , andŝj arede�ned in Section3.2.

From(23) it is clearthatwesearchfor thelatticepointsthatno longerbelongto thespherebut ratherlie

in somedistortedobjectin theEuclideanspace.Thisobjectcanbethoughtof asthespherestretchedor com-

pressedin variousdimensions,dependingon thea priori con�dencethatwe have aboutthecorresponding

componentsof thevectorb.

From(23), onecanstatea necessaryconditionthatbits (bkD � k1+1 ; : : : ; bk ) needto satisfyin orderfor

inequality(23) to hold,

kRD D (sD � ŝD )k2 � r 2 +
kX

j = kD � k1+1

logp(bj ): (24)

For everysubvector[bkD � k1+1 : : : bk ] 2 GF (L)g( h )
D whichsatis�escondition(24),wegobackto (23)and

substitutein thatparticular[bkD � k1+1 : : : bk ]. Thenanew, morestrictnecessaryconditionon(bkD � k2+1 ; : : : ; bkD � k1 )

andalreadychosen(bkD � k1+1 ; : : : ; bk ) is statedas

D � 1X

j =1














Rj j (sj � ŝj ) +
DX

i = j +1

Rj i (si � ŝi )














2

� r
02 +

kD � k1X

j = kD � k2+1

logp(bj );

wherer
02 = r 2 � kRD D (sD (bkD � k1+1 ; : : : ; bk ) � ŝD )k2 �

P k
j = kD � k1+1 logp(bj ) is theupdatedradius.

Theprocedureis continueduntil all thecomponentsof theinformationvectorb thatsatisfy(23) arefound.

If no vectorb that satis�es(23) is found, the radiusr is increasedandthe algorithmis restarted.On the

otherhand,in general,theremaybemorethanoneinformationvectorb foundby thealgorithm.Thenthe

onethatminimizes(22) is thesolutionto thejoint MAP detectionanddecodingproblem.

Thecomputationalcomplexity of theJDD-MAPalgorithmappearsdif�cult to computein closedform.

However, we canboundits complexity by relatingit to thecomplexity of theJDD-ML algorithm. In par-

ticular, theprobabilitythatanarbitraryinformationvectorb a generatesa latticepoint sa insidethesphere
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aroundH st , wherest is thetransmittedsymbol(generatedby b t ), is givenby

pba =
Z r 2+

P k
i =1 log p( bi )

2( � 2 + k sa � st k 2 )

0

� m=2� 1

�( m=2)
e� � d�:

Since
P k

j =1 logp(bj ) � 0, we have

r 2 +
P k

i=1 logp(bi )
2(� 2 + ksa � st k2)

�
r 2

2(� 2 + ksa � st k2)
:

Sincetheincompletegammafunctionismonotonicallyincreasingwith itsargument,it followsthatpJ D D � M AP
ba

�

pJ D D � M L
ba

, andwe concludethat, for thesamechoiceof radiusr , thenumberof lattice pointsvisited by

the JDD-MAP algorithmis upperboundedby the numberof lattice pointsvisited by the JDD-ML algo-

rithm. Note,however, that thereis a small increasein thenumberof operationspereachvisitedpoint due

to computationsinvolving theapriori information.

TheJDD-MAP algorithmis particularlypromisingfor implementationin communicationschemesem-

ploying concatenatedcoding(with a block inner code)and iterative decoding. In thoseapplications,we

generallychoosetheradiusof thesearchr soto obtaingoodapproximationof thesoft informationtypically

requiredby thereceiver (see[10]). On anothernote,we shouldpoint out that,following [9], soft decisions

mayalsobeobtainedby usingtheJDD-ML algorithmasa list decoder.

7 PerformanceSimulations

In this section,we studythebit-error rate(BER) performanceandtheexpectedcomputationalcomplexity

of theproposedalgorithmsin a few examples.

Example1: WeconsidertherateR = 1=2, (12; 24) binaryrandomcodes(i.e.,m = 24, k = 12, L = 2). In

addition,we considertheGolay24 codeandcompareits performanceanddetection/decodingcomplexity

with thatof therandomcodes.

Figure7 comparestheperformanceof theJDD-ML algorithmwith a two-stagedetector/decoderwhich

�rst detectsthe transmittedmodulatedcodeword, s, and thendecodesthe original informationword, b.

[Note that, sincethereare no ef�cient alternative ML detectors,we usethe standardspheredecoderin

the �rst stage.]The codeis randomlychosenfrom a collectionof codebooksthat is availableat both the

transmitterandthereceiver; theparticularchoiceof thecodebookis alsoknown to boththetransmitterand
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Figure7: BERperformanceof the JDD-ML algorithm employedfor joint detectionand decodingof the
randomcodesandtheGolaycode, comparedwith theperformanceof thetwo-stage ML detector/decoder.

thereceiver. TheBER performanceis averagedover many realizationsof randomcodes.Clearly, theJDD-

ML algorithmssigni�cantly outperformsthetwo-stagedetection/decodingalgorithm.Furthermore,wenote

that Golay codeoutperformsthe randomcode;this is expectedasthe Golay codehasthe bestminimum

distancepropertiesamongall codesof dimensionm = 24.

In Figure8, weshow theexpectedcomplexity exponentof theJDD-ML algorithmfor decodingrandom

codes.Thecomplexity exponentis de�nedase = logm C, whereC representsthetotal�op countin (18). In

theconsideredrangeof SNR,theexpectedcomplexity exponentof theJDD-ML algorithmfor joint detection

anddecodingof randomcodesis � 4. In thesame�gure, weplot theexpectedcomplexity exponentof the

JDD-ML algorithmfor the Golay code,which is slightly higher than that the one for the randomcode.

This illustratesthediscussionon thetrade-ofbetweenperformanceandcomplexity in Section3: theGolay

codehasthebestminimumdistancepropertyandthusits generatormatrix imposesgreatercomputational

burdenondecodingthantheaveragerandomcodedoes.Finally, for acomparison,we includetheexpected

complexity exponentof exhaustive search,which is muchgreaterthanthatof theJDD-ML algorithm.

In Figure9, we comparetheBER performanceof theJDD-ML algorithmwith thatof the2-stagede-

coderconsistingof thelist spheredecoderfollowedby thesoft-decodingalgorithmbasedonorderstatistics

decoding(OSD,order-5) proposedin [14]. Notethatthelist spheredecodergeneratessoft informationbased

on all pointsinsidea sphere(andnot only thosethat arevalid codewords),which deterioratesthe overall
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Figure8: Theexpectedcomplexity exponentof theJDDML algorithmfor theGolayandrandomcodes,and
thecomplexity exponentof exhaustivesearch.

BER performance.This is, in fact, con�rmed in Figure9, wherethe BER performanceof the JDD-ML

algorithmis clearlymuchbetterthanthatof theconsideredsoft-decisionscheme.

Example 2: We considerthe(15; 11) Reed-Solomoncode,n = m = 16, andstudytheBER performance

of the joint ML detectionanddecodingalgorithm proposedin Section3.3. The algorithmemploys the

Schnorr-Euchnersearchstrategy with radiusupdateand,asshown in Figure10, signi�cantly outperforms

the 2-stagereceiver employing hardML detectionfollowed by the ML decoding. On the otherhand,as

shown in Figure11, thecomplexity exponentof thealgorithmis muchsmallerthanthatof theexhaustive

search.In fact,comparingFigure10 andFigure11, in theSNRregimewheretheBER performanceof the

algorithmis roughlyaround10� 4, its expectedcomplexity exponentis � 4.

Example3: Finally, weconsiderthesetupof Example1 but employ aconcatenatedcodingschemewith an

outerconvolutionalcodeandtheinnerGolaycode.Theinformationbit sequencewith 504bits is encoded

by arateR = 1=2 convolutionalcodewith memorylength2 andgeneratingpolynomialsG1(D ) = 1+ D 2

(feedforward) andG2(D ) = 1 + D + D 2 (feedback).Thecodedsequenceis thenfurtherencodedby the

Golaycode,mappedontoa2-PAM modulationscheme,andtransmittedacrossaGaussianchannelH [Note

thatH is a 24 � 24 matrix and,in eachchanneluse,we maytransmit24 bits; to transmittheentirecoded

sequenceof length504� 2� 2 = 2016, weneedto usethechannel84times.]Onthereceiverside,theJDD-

MAP algorithm�nds soft informationfor theinner(Golay)code,andpassesthemonto thesoftdecoderfor
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Figure9: BERperformanceof theJDD-ML algorithmcomparedwith theBERperformanceof theordered-
statisticssoft-decisiondecodingalgorithm.

theouter(convolutional) code.Thetwo decodersiteratethesoft information. As shown in Figure12, the

soft iterative decodingsigni�cantly outperformsthesystememploying hard(ML) decisions.

8 Discussionand Conclusion

In thispaper, weconsideredtheproblemof joint detectionanddecodingfor linearblockcodesonGaussian

vectorchannels.Wefocusedonthemaximum-likelihoodandmaximumaposterioricriteriafor thedesignof

thereceiver. Dueto thepotentiallyratherhighcomplexity of thejoint solution,thedesignof thetwo receiver

components,detectoranddecoder, aretypically treatedseparatelyin practice.However, performancelosses

sufferedby thesystemsemploying heuristicsolutionsmotivatesthesearchfor ef�cient algorithmsthattreat

theproblemof thereceiver designjointly.

Drawing on theideasencounteredin solvingstandardinteger least-squaresproblems(in particular, the

spheredecodingalgorithm),we developedalgorithmsthat solve both the joint maximum-likelihood and

joint maximuma posterioridetectionanddecodingproblems.We proposedtheJDD-ML algorithmwhich

solvesthe joint ML detectionanddecodingby performingsphere-constrainedsearchfor the latticepoints

which arevalid codewords. Dueto theprobabilisticsettingof theproblem,thecomputationalcomplexity

of the JDD-ML algorithmis a randomvariable. We quanti�ed it by meansof the expectedcomplexity,

which for thecaseof binarycodeswe foundanalytically, in a closedform. Theexpectedcomplexity of the
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Figure 10: The BER performanceof the joint detectionand decodingalgorithm for the Reed-Solomon
(15; 11) code, andtheBERperformanceof thereceiverthat performs(hard) ML detectionfollowedby ML
decoding.

JDD-ML algorithmwas,in examples,shown to be a low-degreepolynomialin the lengthof the uncoded

informationword over the consideredrangeof SNR.We alsoproposedan ef�cient alternative algorithm

for large-alphabetcodes.Furthermore,we consideredtheMAP joint detectionanddecodingproblemfor

the casewhenthe a priori informationfor the uncodeddataareprovided to the receiver. We derived the

JDD-MAPalgorithmfor solvingtheabove problemandstudiedits expectedcomplexity. Simulationsshow

that the soft decisionschemeemploying the JDD-MAP algorithmsigni�cantly outperformsschemethat

usesharddecisions.

The algorithmspresentedin this paperare motivatedby the ideasof the sphere-constrainedsearch

strategy of the Fincke-Pohstalgorithm[3]. Therehave beenseveral modi�cations of the original sphere-

constrainedsearchstrategy thatmaysuggestfurtherresearchdirections.For instance,it couldbebene�cial

to explore thepossibilityof applyingthe ideaof statisticaltreepruningof [15] to theJDD-ML andJDD-

MAP algorithms. Essentially, onemight decideto acceptsuboptimalsolutionsof the joint detectionand

decodingproblemsin exchangefor decreasingthe computationalcomplexity. Suchresultswould extend

practicalfeasibility of the algorithmspresentedin this paperto a wider classof block codesandsystem

parameters.

27



25 26 27 28 29 30 31 32 33 34 35

4

6

8

10

12

14

16

SNR (dB)

e C

joint detection/decoding
exhaustive search

Figure11: Theexpectedcomplexity exponentof the joint detectionand decodingalgorithmfor theReed-
Solomon(15; 11) code, andthecomplexity exponentof exhaustivesearch.

A Appendix: A greedyalgorithm for transforming generatormatrix

Transformationof them � k matrixG T to theblockupper-triangularform of Figure3 is performedaccord-

ing to thefollowing procedure:

1. Seti = 1, GT
i = G T , mi = m, ki = k.

2. Searchfor andgrouptogetheridenticalrows of matrix GT
i ; assumethat the largestsuchgrouphas

d � 1 rows.

3. Permutetherows from the largestgroupfoundin step2 to thebottomof GT
i . (If thereis morethan

onegroupwith d identicalrows,arbitrarilychoosethegroupthatwill bepermuted).

4. Using additionsof rows, transformthe bottomd rows in GT
i so that they have maximumpossible

numberof leadingzeros.Denotethenumberof suchleadingzerosby j .

5. Increasei = i + 1; setm i = m � d, ki = j .

6. If both m i > 1 andki > 1, denotethe m i � ki left-uppersubmatrixof GT
i � 1 by GT

i andgo to 2.

Otherwise,useGT
i , i = 1; 2; : : :, to reassembleGT .

Clearly, theoperationsthatareallowedin theprocessof transformingG T to theblockupper-triangular

form of Figure3 arepermutationsandadditionsof rows. Therefore,the resultingmatrix G generatesthe
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Figure12: Performanceof the iterativedecodingschemeemployingtheJDD-MAPalgorithm. Thesystem
hasouterconvolutionalandinnerGolaycode.

samecodeas the startingG, even thougha particularinformationvectorb may, in general,result in a

differentcodeword uponencoding.

On anothernote,thereis no guaranteethat this constructionyieldsGT which is thebestcomputation-

ally, i.e., GT for which theJDD-ML algorithmhasthesmallestcomplexity. Hence,we refer to theabove

algorithmasbeinggreedy.
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