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Abstract

The problemof �nding the least-squaressolutionto a systemof linear equationswherethe unknown
vectoris comprisedof integers,but thematrix coef�cient andgivenvectorarecomprisedof realnumbers,
arisesin many applications:communications,cryptography, GPS,to namea few. The problemis equiv-
alentto �nding theclosestlattice point to a given point andis known to be NP-hard. In communications
applications,however, thegivenvectoris not arbitrary, but ratheris anunknown latticepoint thathasbeen
perturbedby anadditive noisevectorwhosestatisticalpropertiesareknown. Thereforein this paper, rather
thandwell on theworst-casecomplexity of the integer-least-squares problem,we studyits expectedcom-
plexity, averagedover the noiseandover the lattice. For the “spheredecoding”algorithmof Fincke and
Pohstwe �nd a closed-formexpressionfor theexpectedcomplexity, both for the in�nite and�nite lattice.
It is demonstratedin the secondpart of this paperthat, for a wide rangeof signal-to-noiseratios (SNR)
andnumbersof antennas,theexpectedcomplexity is polynomial,in factoftenroughlycubic. Sincemany
communicationssystemsoperateat noiselevelsfor which theexpectedcomplexity turnsout to bepolyno-
mial, this suggeststhat maximum-likelihooddecoding,which washithertothoughtto be computationally
intractable,canin factbeimplementedin real-time—aresultwith many practicalimplications.

Index Terms—Integer least-squaresproblem,spheredecoding,wirelesscommunications,multiple-antenna
systems,latticeproblems,NPhard,expectedcomplexity.

1 Intr oduction and ProblemStatement

In this paperwe shallbeconcernedwith thefollowing so-calledinteger least-squaresproblem

min
s2Z m

kx � H sk2 ; (1)

where x 2 R n� 1, H 2 R n� m , and Z m denotesthe m-dimensionalinteger lattice, i.e., s is an m-

dimensionalvectorwith integer entries. Often, the searchspaceis a (�nite) subsetof the in�nite lattice,



D � Z m , in whichcasewehave

min
s2D �Z m

kx � H sk2 : (2)

Theintegerleast-squaresproblemhasasimplegeometricinterpretation.As theentriesof s runover the

integers,s spansthe “rectangular”m-dimensionallattice,Z m . However, for any given lattice-generating

matrix H , the n-dimensionalvector H s spansa “skewed” lattice. (When n > m, this skewed lattice

livesin anm-dimensionalsubspaceof R n� 1.) Therefore,giventheskewed latticeH s, andgivena vector

x 2 R n� 1, the integer least-squaresproblemis to �nd the“closest” latticepoint (in a Euclideansense)to

x—seeFigure1.

Figure1: Geometricalinterpretationof theinteger least-squaresproblem.

Comparedto thestandardleast-squaresproblemwherethe unknown vectors is an arbitraryvectorin

R m� 1, andthesolutionis obtainedvia asimplepseudo-inverse,it is muchmoredif�cult to �nd thesolution

to (1) or (2). Themainreasonis thatthesearchspaceis discrete(whetherit is �nite or in�nite). In fact,it is

well known thatproblems(1) and(2) are,for a generalH , NP hard,bothin a worst-casesense[1], aswell

asin anaveragesense[2].

Theremainderof thispaperis organizedasfollows. In section2 wegive anoverview of someheuristic

andexact methodsto solve the integer least-squaresproblem. We show that the exact methodscanoffer

substantialgainsover theheuristicones.However, they generallyrequireanexponentialworst-casecom-

plexity, whereastheheuristicmethodsrequireonly cubic,O(m3), computations.Section3 introducesthe

spheredecodingalgorithmof Fincke andPohstandarguesthat, if the received point is arbitrary, thenthe

expectedcomplexity of thealgorithmis exponential.Section4 introducesa randommodelfor the integer

least-squaresproblem,wherethe received point is assumedto be a lattice point perturbedby an additive

Gaussiannoisevectorwith known statisticalproperties. It thenproceedsto computethe expectedcom-

plexity of thespheredecodingalgorithm,averagedover both thenoiseandthe lattice,asa functionof the

noisevariance,or SNR.This is donebothfor thein�nite lattice,aswell assome�nite latticesencountered

in communicationsproblems.Section5 providestheconclusion.Theappendicesgive somemathematical

backgroundfor theproblemsencounteredin thispaper.
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2 Overview of Methods

Sincethe integer least-squaresproblemarisesin many applicationsand �nding the exact solution is, in

general,NPhard,all practicalsystemsemploy someapproximations,heuristicsor combinationsthereof.In

communicationsapplications,theseapproximationscanbebroadlycategorizedinto threeclasses.

1. Solve the unconstrainedleast-squaresproblemto obtain ŝ = H yx, whereH y denotesthe pseudo-

inverseof H . Sincethe entriesof ŝ will not necessarilybe integers,roundthemoff to the closest

integer(aprocessreferredto asslicing) to obtain

ŝB =
h
H yx

i

Z m
: (3)

Theabove ŝB is oftencalledtheBabaiestimate[1]. In communicationsparlance,this procedureis

referredto aszero-forcing equalization.

2. Nulling andcancelling. In thismethod,theBabaiestimateis usedfor only oneof theentriesof s, say

the�rst entrys1. s1 is thenassumedto beknown andits effect is cancelledout to obtaina reduced-

orderinteger least-squaresproblemwith m � 1 unknowns. Theprocessis thenrepeatedto �nd s2,

etc. In communicationsparlancethis is known asdecision-feedback equalization.

3. Nullingandcancellingwithoptimalordering. Nulling andcancellingcansuffer from“error-propagation”:

if s1 is estimatedincorrectlyit canhaveanadverseeffectontheestimationof theremainingunknowns

s2, s3, etc.To minimizetheeffectof errorpropagation,it is advantageousto performnulling andcan-

celling from the “strongest”to the “weakest” signal. This is the methodproposedfor V-BLAST

[3]—seealso[4].

Theabove heuristicmethodsall requireO(mn 2) computations,essentiallybecausethey all �rst solve

theunconstrainedleast-squaresproblem.

2.1 Lattice Reduction

The aforementionedheuristicmethodsareexact only if thecolumnsof H areorthogonal.In this caseH

canbediagonalizedby a unitary transformationon the left, andsoslicing theunconstrainedleast-squares

solutionyieldstheexactsolution.
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In practice,however, the columnsof H arerarelyorthogonal.Orthogonalizingthecolumnsof H via

a QR decomposition,or otherwise,generallydestroys the lattice structure. (The reasonbeing that, if s

hasintegerentries,Rs neednot have integer entries.)Onemethodthatattemptsto alleviate this is lattice

reduction. In thesemethods,oneattemptsto �nd aninvertiblem � m matrix T, suchthatT andT � 1 have

integerentries(therebypreservingthelatticestructure),andsuchthatthematrixG = H T is as“orthogonal

aspossible”.Having foundsucha T, ratherthansolve (1), onecansolve theintegerleast-squaresproblem

min
t2Z m

kx � Gtk2 ; (4)

usingthe earliermentionedheuristicsandsets = Tt. Of course,lattice reductionis itself NP-hard. A

commonheuristicis theLLL (Lenstra,LenstraandLov�asz[5]) algorithmwhich, permittinga grossover-

simpli�cation, canberegardedasGram-Schmidtover integers.

While lattice reductionmay leadto someimprovementin thesolutionof (1), the integer least-squares

problemover the in�nite lattice, it is not useful for (2), which is over a subsetof the lattice. The reason

is that the lattice transformingmatrix T often destroys the propertiesof the subsetD � Z m . Sincein

communicationsapplications,we are always interestedin a �nite subsetof the integer lattice, we shall

thereforenotconsiderlatticereductionmethodsin thispaper.

2.2 Exact Methods

With theabundanceof heuristicmethods,it is naturalto askwhattheir performanceis, andhow closethey

cometo theoptimalsolution. In [6] this questionis studiedin thecontext of V-BLAST whereit is shown

that the exact solutionsigni�cantly outperformseven the bestheuristics. We alsogive an examplehere

in the context of space-timecodesfrom [7], which is shown in Figure2. The exampleis a space-time

codefor a systemwith M = 8 transmitandN = 4 receive antennaswhich spreadsmin (M ; N )T = 32

complex symbolsfrom a 16QAM constellationover T = 8 channeluses. [The rateof the codeis R =

32=8 � log2 16 = 16.] Theequivalentchannelmatrix (see[7]) hasm = 2min(M ; N )T = 64 rows and

n = 2N T = 64 columns.Therefore,theresultinginteger least-squaresproblemcorrespondsto dimension

m = 64 andtheentriesof s eachtake on 4 integervalues,sayf� 3; � 1; 1; 3g. Thenumberof latticepoints

in D is 464 = 2128 � 3:4 � 1038. As canbeseenfrom Figure2, thebit-errorrate(BER)performanceof the

exact integer least-squaressolutionis far superiorto thatof thebestheuristic,which in this caseis nulling
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andcancellingwith optimalordering.1
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Figure2: Bit error performanceof a rateR = 16 linear space-timecode, correspondingto m = 64. Exact
ML solutionvs.nulling/cancellingwith optimalordering. (No.of latticepoints= 2128 � 3:4 � 1038).

The above discussionshows that thereis merit in studyingexact solutions. The mostobvious oneis

to form a searchover the entire lattice which, althoughtheoreticallyfeasiblefor �nite lattices,invariably

requiresan exponentialsearch.Theredo, however, exist exact methodsthat area bit moresophisticated

than the above full search. Theseinclude Kannan's algorithm [8] (which searchesonly over restricted

parallelograms),the KZ algorithm[9] (basedon the Korkin-Zolotarev reducedbasis[10]) andthe sphere

decodingalgorithm of Fincke and Pohst[11, 12]. Sincethen the work of Fincke and Pohstthe sphere

decodingalgorithmhasbeenrediscoveredin severalcontexts (see,e.g.,[13] in thecontext of GPSsystems)

and is the algorithmwe will be consideringin this paper. Many of the resultsof this paperandvarious

extensionscanbefoundin thesecondauthor's PhDdissertation[14].

1Of course,at this point it mayappearsurprisingthatonecanevengeneratetheML curve in Figure2, sinceit requires�nding
theexactsolutionamonga setof size1038 —moreon this later.
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3 Sphere Decoding

Thebasicpremisein spheredecodingis rathersimple:weattemptto searchoveronly latticepointss 2 Z m

that lie in a certainsphereof radiusd aroundthe given vectorx, therebyreducingthe searchspaceand

hencetherequiredcomputations(seeFigure3). Clearly, theclosestlatticepoint insidethespherewill also

betheclosestlatticepoint for thewholelattice. However, closescrutiny of this basicidealeadsto two key

questions.

Figure3: Ideabehindthesphere decoder

1. How to choosed? Clearly, if d is too large, we obtain too many points and the searchremains

exponentialin size,whereasif d is toosmall,weobtainno pointsinsidethesphere.

A naturalcandidatefor d is the covering radiusof the lattice, de�ned to be the smallestradiusof

spherescenteredat thelatticepointsthatcover theentirespace.This is clearlythesmallestradiusthat

guaranteestheexistenceof a point insidethespherefor any vectorx. Theproblemwith this choice

of d is thatdeterminingthecoveringradiusfor agivenlatticeis itself NPhard[15].

Anotherchoiceis to used as the distancebetweenthe Babaiestimateand the vectorx, i.e., d =

kx � H ŝB k, sincethis radiusguaranteesthe existenceof at leastonelattice point (herethe Babai

estimate)insidethe sphere.However, it is againnot clear in generalwhetherthis choiceof radius

leadsto toomany latticepointslying insidethesphere.

2. Howcanwetell which latticepointsare insidethesphere? If thisrequirestestingthedistanceof each

latticepoint from x (to determinewhetherit is lessthand), thenthereis no point in spheredecoding

aswewill still needanexhaustive search.

Spheredecodingdoesnot reallyaddressthe�rst question.However, it doesproposeanef�cient way to

answerthesecond,andmorepressing,one.Thebasicobservation is thefollowing. Althoughit is dif�cult
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to determinethe lattice points inside a generalm-dimensionalsphere,it is trivial to do so in the (one-

dimensional)caseof m = 1. Thereasonis thata one-dimensionalsphereis simply an interval andsothe

desiredlattice pointswill be the integer valuesthat lie in this interval. We canusethis observation to go

from dimensionk to dimensionk + 1. Supposewehave determinedall k-dimensionallatticepointsthatlie

in a sphereof radiusd. Thenfor any suchk-dimensionalpoint, thesetof admissiblevaluesof thek + 1-th

dimensionalcoordinatethatlie in thehigherdimensionalsphereof thesameradiusd formsaninterval.

Theabove meansthatwe candetermineall latticepointsin a sphereof dimensionm andradiusd by

successively determiningall latticepointsin spheresof lower dimensions1; 2; : : : ; m andthesameradius

d. Suchanalgorithmfor determiningthe latticepointsin an m-dimensionalsphereessentiallyconstructs

a treewherethebranchesin thek-th level of the treecorrespondto the latticepointsinsidethe sphereof

radiusd anddimensionk—seeFigure4. Moreover, thecomplexity of suchanalgorithmwill dependon the

sizeof thetree,i.e.,on thenumberof latticepointsvisitedby thealgorithmin differentdimensions.

k = 1

k = 2

k = 3

k = 4

m = 4

Figure4: Sampletreegeneratedto determinelatticepointsin a 4-dimensionalsphere.

With thisbrief discussionwecannow bemorespeci�c abouttheproblemathand.To thisend,weshall

assumethatn � m, i.e., thatthereareat leastasmany equationsasunknownsin x � H s (thecasen < m

is consideredin Part II). NotethatthelatticepointH s lies in asphereof radiusd if, andonly if,

d2 � kx � H sk2 : (5)

In orderto breaktheprobleminto thesubproblemsdescribedabove, it is usefulto considertheQR factor-

izationof thematrix H

H = Q

2

4
R

0(n� m)� m

3

5 ; (6)
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whereR is anm � m uppertriangularmatrix andQ =
h

Q1 Q2

i
is ann � n orthogonalmatrix. The

matricesQ1 andQ2 representthe �rst m and last n � m orthonormalcolumnsof Q, respectively. The

condition(5) canthereforebewrittenas

d2 �













x �

h
Q1 Q2

i
2
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R
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3

5 s
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2

= kQ�
1x � Rsk2 + kQ�

2xk2 ;

where(�) � heredenotesHermitianmatrix transposition.Or in otherwords,

d2 � kQ�
2xk2 � kQ�

1x � Rsk2 : (7)

De�ning y = Q�
1x andd

02 = d2 � kQ�
2xk2 allows usto rewrite thisas

d
02 �

mX

i =1

0

@yi �
mX

j = i

r i;j sj

1

A

2

: (8)

wherer i;j denotesan(i; j ) entryof R. Hereis wheretheuppertriangularpropertyof R comesin handy.

Theright-handside(RHS)of theabove inequalitycanbeexpandedas

d
02 � (ym � rm;m sm )2 + (ym� 1 � rm� 1;m sm � rm� 1;m� 1sm� 1)2 + : : : (9)

wherethe�rst termdependsonly on sm , thesecondtermon f sm ; sm� 1g andsoon. Thereforea necessary

conditionfor H s to lie insidethesphereis thatd
02 � (ym � rm;m sm )2. This conditionis equivalentto sm

belongingto theinterval &
� d

0
+ ym

rm;m

'

� sm �

$
d

0
+ ym

rm;m

%

; (10)

whered�e denotesroundingto the nearestlarger elementin the setof numberswhich spansthe lattice.2

Similarly, b�cdenotesroundingto thenearestsmallerelementin thesetof numberswhichspansthelattice.

Of course,(10) is by no meanssuf�cient. For every sm satisfying(10), de�ning d
02
m� 1 = d

02 �

(ym � rm;m sm )2 andym� 1jm = ym� 1 � rm� 1;m sm , astrongernecessaryconditioncanbefoundby looking

2Clearly, for thecaseof in�nite latticeZ m , this setis thesetof integernumbersZ . Thesetwhich spansa �nite subsetof Z m

is a �nite subsetof Z , possiblyshifted.
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at the�rst two termsin (9), which leadsto sm� 1 belongingto theinterval

&
� d

0

m� 1 + ym� 1jm

rm� 1;m� 1

'

� sm� 1 �

$
d

0

m� 1 + ym� 1jm

rm� 1;m� 1

%

: (11)

One can continuein a similar fashionfor sm� 2, and so on until s1, therebyobtainingall lattice points

belongingto (5).

3.1 The Sphere DecodingAlgorithm

Wecannow formalizethealgorithm.

Input: Q =
h

Q1 Q2

i
, R, x, y = Q�

1x, d.

1. Setk = m, d
02
m = d2 � kQ�

2xk2, ymjm+1 = ym

2. (Boundsfor sk) SetUB (sk) = b
d

0
k + yk j k +1

r k ;k
c, sk = d

� d
0
k + yk j k +1

r k ;k
e� 1

3. (Increasesk) sk = sk + 1. If sk � UB (sk) go to 5, elsego to 4.

4. (Increasek) k = k + 1; if k = m + 1 terminatealgorithm,elsego to 3.

5. (Decreasek) If k = 1 go to 6. Elsek = k � 1, ykjk+1 = yk �
P m

j = k+1 r k;j sj , d
02
k = d

02
k+1 �

(yk+1 jk+2 � r k+1 ;k+1 sk+1 )2, andgo to 2.

6. Solutionfound.Saves andits distancefrom x, d
02
m � d

02
1 + (y1 � r1;1s1)2, andgo to 3.

Note that thesubscriptkjk + 1 in ykjk+1 above is usedto denotereceived signalyk adjustedwith the

alreadyestimatedsymbolcomponentssk+1 ; : : : ; sm . Furthermore,notethatin step2 andstep3 of thecode,

we assumedunit spacingbetweenany two nearestelementsof thesetspanningthe lattice. If the lattice is

scaled,i.e., if thespacingbetweentwo nearestneighborsin thesetspanningthelattice is differentfrom 1,

thosealgorithmstepsneedto beadjustedaccordingly.

Weshouldmentionthattheoriginalpaperof FinckeandPohst[12] usedslightly differentnotationto the

onewehaveused.Forcompleteness,weshallincludeit here.Thepaper[12] makesuseof theunconstrained

least-squaressolutionŝ = H yx = R� 1Q�
1x. In this case,it follows thatkQ�

2xk2 = kxk2 � kH ŝk2 andso

inequality(7) becomes

d2 � kxk2 + kH ŝk2 � kR(ŝ � s)k2: (12)
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Expansion(9) becomes

d
02 � r 2

m;m (sm � ŝm )2 + r 2
m� 1;m� 1

�
sm� 1 � ŝm� 1 +

rm� 1;m

rm� 1;m� 1
(sm � ŝm )

� 2

+ : : : (13)

andtheintervals(10) and(11)

&

ŝm �
d

0

rm;m

'

� sm �

$

ŝm +
d

0

rm;m

%

(14)

and &

ŝm� 1jm �
d

0

m� 1

rm� 1;m� 1

'

� sm� 1 �

$

ŝm� 1jm +
d

0

m� 1

rm� 1;m� 1

%

(15)

respectively, wherewehavede�ned ŝm� 1jm = ŝm� 1 � r m � 1;m
r m � 1;m � 1

(sm � ŝm ). Wecannow alternatively write

thealgorithmas

Input: R, x, ŝ, d.

1a. Setk = m, d
02
m = d2 � kxk2 + kH ŝk2, ŝmjm+1 = ŝm

2a. (Boundsfor sk) Setz = d
0
k

r k ;k
, UB (sk) = bz + ŝkjk+1 c, sk = d� z + ŝkjk+1 e� 1

3a. (Increasesk) sk = sk + 1. If sk � UB (sk) go to 5a,elseto 4a.

4a. (Increasek) k = k + 1; if k = m + 1 terminatealgorithm,elsego to 3a.

5a. (Decreasek) If k = 1 go to 6a. Elsek = k � 1, ŝkjk+1 = ŝk �
P m

j = k+1
r k ;j
r k ;k

(sj � ŝj ), d
02
k =

d
02
k+1 � r 2

k+1 ;k+1 (sk+1 � ŝk+1 jk+2 )2, andgo to 2.

6a. Solutionfound.Saves andits distancefrom x, d
02
m � d

02
1 + r 2

1;1(s1 � ŝ1j2)2, andgo to 3a.

3.2 A First Look at Complexity

Thepaper[12] givesa complexity analysisof theabove algorithm. Themain resultis that thenumberof

arithmeticoperationsof theaforementionedalgorithms(excludingSteps1, 2, 3) is atmost

1
6

(2m3 + 3m2 � 5m) +
1
2

(m2 + 12m � 7)

0

@(2b
p

d2tc + 1)

0

@
b4d2tc + m � 1

b4d2tc

1

A + 1

1

A ; (16)
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wheret = max(r 2
1;1; : : : ; r 2

m;m ). In practicet grows proportionalto n (r 2
1;1, for example,is simply the

squarednorm of the �rst columnof H , which hasn entries)andd2 grows proportionalto m (for more

on this seebelow) and so the upperboundon the numberof computationsin (16) can be quite large.

Our experiencewith numericalimplementationsof thealgorithmshows that theboundis extremelyloose.

Moreover, althoughit doesdependonthelattice-generatingmatrixH (throughthequantityt), it offerslittle

insightinto thecomplexity of thealgorithm.Wewill thereforenot furtherconsiderit.

In this paperwe proposeto studythecomplexity of thespheredecodingalgorithmusingthegeometric

interpretationwe have developedsofar. As mentionedearlier, thecomplexity of thespheredecodingalgo-

rithm dependson thesizeof thegeneratedtreein Fig. 4, which is equalto thesumof thenumberof lattice

pointsin spheresof radiusd anddimensionsk = 1; : : : ; m. The sizeof this treedependson the matrix

H , aswell ason thevectorx. Therefore,unlike thecomplexity of solvingtheunconstrainedleast-squares

problemwhich only dependson m andn andnot on the speci�c H andx, the complexity of the sphere

decodingalgorithmis data-dependent.

3.2.1 ExpectedComplexity

Of coursesincetheintegerleast-squaresproblemis NPhard,theworst-casecomplexity of spheredecoding

is exponential.However, if we assumethat thematrix H andvectorx aregeneratedrandomly(according

to someknown distributions),thenthecomplexity of thealgorithmwill itself bea randomvariable.In this

case,it is meaningfulto studytheexpected(or average)complexity of spheredecoding,andperhapseven

someof its higherordermoments.3

In what follows we will give a roughargumentfor theexpectedcomplexity of spheredecodingbeing

exponential,althoughit is not too dif�cult to make it rigorous. (For a rigoroustreatment,albeit usinga

differentapproach,see[2].) For anarbitrarypointx, andanarbitrarylatticeH , it is not toodif�cult to show

that theexpectednumberof latticepointsinsidethek-dimensionalsphereof radiusd is proportionalto its

volumegivenby (see,e.g.,[15])
� k=2

�( k=2 + 1)
dk :

Thereforethe expectedtotal numberof pointsvisited by the spheredecodingis proportionalto the total

3In passing,we shouldmentionthat thereis recentinterestin studyingthe expected,ratherthan worst-case,complexity of
variousalgorithmsin the computerscienceliterature. The readermay wish to refer to the survey paper[16] andthe references
therein,as well as the in�uential papers[17, 18]. In theseworks, a uniform distribution on the underlyingproblemis often
(arti�cially) assumedandcomplexity issuessuchasNP-completeness,etc.,arere-visited. However, aswe shall seebelow, our
problemallows for a very naturalstochasticmodel.
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numberof latticepointsinsidespheresof dimensionk = 1; : : : ; m:

P =
mX

k=1

� k=2

�( k=2 + 1)
dk :

A simplelower boundon P canbe obtainedby consideringonly the volumeof an arbitraryintermediate

dimension,say�k,

P �
� �k=2

�( �k=2 + 1)
d

�k �
�

2e� d2

�k

� �k=2 1
p

� �k
;

wherewe have assumedm � �k � 1 andhave usedStirling's formula for the Gammafunction. Clearly,

P, andits lower bound,dependon theradiusd2. This mustbechosenin sucha way thattheprobabilityof

thespheredecoder�nding a latticepoint doesnot vanishto zero. This clearly requiresthevolumeof the

m-dimensionalsphereto not tendto zero,i.e.,

�
2e� d2

m

� m=2 1
p

� m
= O(1);

which for largem impliesthat2e� d2 = m1+ 1
m . Pluggingthis into thelowerboundfor P yields

P �

 
m1+ 1

m

�k

! �k=2
1

p
� �k

=
1

p
�

�
m
2� + 1

2 m
1

2� � 1
2 ;

wherewehavede�ned � = m=�k > 1. Thislastexpressionclearlyshowsthattheexpectednumberof points

P, andhencethecomplexity of thealgorithm,grows exponentiallyin m. (Take,e.g.,� = 2.)

4 A RandomModel

Although not unexpected,the above is a discouragingresult. In communicationsapplications,however,

thevectorx is not arbitrary, but ratheris a latticepoint perturbedby additive noisewith known statistical

properties.Thus,wewill assume

x = H s + v; (17)

wheretheentriesof v areindependentN (0; � 2) randomvariableswith known varianceandtheentriesof

H areindependentN (0; 1) randomvariables.Furthermore,H andv aremutuallyindependent.
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4.1 Choiceof the Radius

The�rst by-productof thisassumptionis amethodto determinethedesiredradiusd. Notethat 1
2� 2 � kvk2 =

1
2� 2 � kx � H sk2 is a � 2 randomvariablewith n degreesof freedom.Thuswe maychoosetheradiusto be

ascaledvarianceof thenoise,

d2 = �n� 2;

in suchaway thatwith ahighprobabilitywe �nd a latticepoint insidethesphere,

Z �n= 2

0

� n=2� 1

�( n=2)
e� � d� = 1 � �;

wheretheintegrandis theprobabilitydensityfunctionof the� 2 randomvariablewith n degreesof freedom,

andwhere1 � � is setto avaluecloseto 1, say, 1 � � = 0:99. [If thepoint is not found,wecanincreasethe

probability1 � � , adjusttheradius,andsearchagain.]

Theimportantpoint is that theradiusd is chosenbasedon thestatisticsof thenoise,andnot basedon

the lattice H . Making the choicebasedon H quickly leadsus to NP hardproblems(suchasdetermin-

ing the covering radius). Moreover, choosingthe radiusbasedon the noisehasa bene�cial effect on the

computationalcomplexity.

4.2 Implications for Complexity

Clearly, when� 2 = 0, i.e., whenthereis no noise,theexactsolutioncanbefoundin O(mn 2) time. (The

pseudo-inversedoesthetrick). On theotherhand,when� 2 ! 1 , thereceivedvectorx becomesarbitrary,

for which we arguedin section3.2 that the expectedcomplexity is exponential. What we are interested

in is what happensat intermediatenoiselevels. In otherwords,how do we transitionfrom cubic-timeto

exponentialcomplexity?

In ouranalysisweshallcomputetheexpectedcomplexity averagedoverboththenoisev, aswell asover

thelattice-generatingmatrix H . Thus,we needa randommodelfor H andwill assumethatit is comprised

of independentN (0; 1) entries.Thisassumptionis madefor two reasons:

1. It makestheproblemanalyticallytractable.

2. It is alsoavery reasonableassumptionfor large,unstructured,matricesH . (Thereexist many results

in randommatrix theory, suchasWigner's semi-circlelaw, mixing conditions,etc. thatarenot very

sensitive to Gaussianassumptions–seee.g.,[19].)
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Of course,if H possessesspecialstructure,suchasToeplitzstructure,thenthis is nota reasonableassump-

tion andthe structuremustbe explicitly taken into account.However, this meritsa separateanalysisand

will beconsideredin thesecondpartof thispaper.

Now, asarguedin theprevioussection,thecomplexity of thespheredecodingalgorithmis proportional

to thenumberof nodesvisitedon thetreein Figure4 and,consequently, to thenumberof pointsvisitedin

thespheresof radiusd anddimensionsk = 1; 2; : : : ; m. Hencetheexpectedcomplexity is proportionalto

thenumberof pointsin suchspheresthatthealgorithmvisits on average.Thustheexpectedcomplexity of

spheredecodingalgorithmis givenby

C(m; � 2; d2) =
mX

k=1

(expected# of pointsin k-sphereof radiusd
| {z }

�
= Ep (k;d2= �n� 2 )

) � ( �ops/point
| {z }

�
= f p (k)=2 k+11

): (18)

Thesummationin (18) goesover thedimensionsk = 1 throughk = m. Thecoef�cient

f p(k) = 2k + 11

is thenumberof elementaryoperations(additions,subtractions,andmultiplications)that theFincke-Pohst

algorithmperformspereachvisitedpoint in dimensionk.

Weneedto computeEp(k; d2), theexpectednumberof pointsinsidethek-dimensionalsphereof radius

d. Let us�rst begin with thehighestdimension,i.e.,k = m.

4.2.1 k = m

Hs
t

x
Hs

a

Figure5: st transmittedandx received.We are interestedwhetheran arbitrary point H sa lies in a sphere
of radiusd centeredaroundx.

If the lattice point st wastransmittedandthe vectorx = H st + v received, we areinterestedin the

14



numberof arbitrarylatticepointssa suchthat

kx � H sak2 � d2:

(SeeFigure5.) But, sincex = H st + v, this is just

kv + H (st � sa)k2 � d2: (19)

Now thevectorw = v + H (st � sa) is clearlyazero-meanGaussianrandomvector, sinceits entriesarethe

sumsof zero-meanGaussianrandomvariables.Now thecovariancematrixhas(i; j ) entry

Ewi wj = E

(

vi +
mX

k=1

hik (st;k � sa;k )

) (

vj +
mX

l=1

hj l (st;l � sa;l )

)

= � 2� ij +
mX

k=1

mX

l=1

� ij � kl (st;k � sa;k )(st;l � sa;l )

= � ij (� 2 + kst � sak2); whereksk2 =
P m

k=1 s2
k .

Thus,w is ann-dimensionalvectorof zero-meaniid Gaussianrandomvariableswith variance� 2 + kst �

sak2. This impliesthat kwk2

2(� 2 + kst � sa k2 ) = kv+ H (st � sa )k2

2(� 2 + kst � sa k2 ) is a � 2 randomvariablewith n degreesof freedom.

Thus,theprobabilitythatthelatticepointsa lies in asphereof radiusd aroundx is givenby thenormalized

incompletegammafunction



�

d2

2(� 2 + ksa � stk2)
;

n
2

�
=

Z d2

2( � 2 + k sa � st k 2 )

0

� n=2� 1

�( n=2)
e� � d�: (20)

Now thatwehavecomputedthisprobability, theexpectednumberof pointsin them-dimensionalsphere

canbeevaluated.However, beforedoingso,let usturn to thek < m case.

4.2.2 k < m

Referringbackto (9), we areinterestedin all k-dimensionallatticepointss suchthat

d
02 �

mX

i = m� k+1

0

@yi �
mX

j = i

r i;j sj

1

A

2

: (21)
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To betterunderstandthisset,let usagainconsidertheQRdecompositionof (6) to write

kx � H sak2 = kv + H (st � sa)k2 =














v + Q

2

4
R

0(n� m)� m

3

5 (st � sa)














2

=














Q� v +

2

4
R

0(n� m)� m

3

5 (st � sa)














2

:

[We shall henceforthsuppressthe subscriptsof the all-zerosubmatrices,as long astheir dimensionsare

self-evident.] Now if wepartitiontheuppertriangularmatrixR andthevectoru �= Q� v as

R =

2

4
Rm� k;m� k Rm� k;k

0k� (m� k) Rk;k

3

5 and u =

2

6
6
6
4

um� k

uk

un� m

3

7
7
7
5

(22)

wheretheblock matricesRm� k;m� k , Rm� k;k andRk;k are(m � k) � (m � k), (m � k) � k andk � k,

respectively, andthevectorsum� k , uk andun� m arem � k, k andn � m dimensional,respectively, then

wecanwrite

kx � H sak2 = kum� k + Rm� k;m� k(sm� k
t � sm� k

a ) + Rm� k;k (sk
t � sk

a)k2 +

kuk + Rk;k (sk
t � sk

a)k2 + kun� m k2;

wherethevectorssm� k
t , sm� k

a , andsk
t , sk

a, arem � k andk dimensional,respectively, andsuchthat

st =

2

4
sm� k

t

sk
t

3

5 ; sa =

2

4
sm� k

a

sk
a

3

5 :

It is now straightforwardto seethatd
02 = d2 � kun� m k2 andthatkuk + Rk;k (sk

t � sk
a)k2 is simply thesum

of thelastk termsin thesum(8). Thus,wemayrewrite theinequality(21)as

d2 � kuk + Rk;k (sk
t � sk

a)k2 + kun� m k2 =














2

4
uk

un� m

3

5 +

2

4
Rk;k

0

3

5 (sk
t � sk

a)














2

: (23)

Thus, to computethe expectednumberof k-dimensionallattice points that satisfy (21), we needto

determinetheprobabilitydistribution of theRHSof (23). For thisweneedthefollowing result.

16



Lemma 1. LetH bean n � m (with n � m) randommatrixwith iid columnssuch thateach columnhasa

distribution that is rotationally-invariant fromtheleft. In otherwords,for anyn � n unitary matrix � , the

distribution of hi , thei -thecolumnof H , satis�es

ph (hi ) = ph (� hi ):

ConsidernowtheQRdecomposition

H = Q

2

4
R

0

3

5 ;

where Q is n � n andunitary, andR is m � m anduppertriangular with non-negativediagonalentries.

ThenQ andR are independentrandommatrices,where

1. Q hasanisotropicdistribution, i.e., onethat is invariantunderpre-multiplicationbyanyn� n unitary

matrix:

pQ (Q) = pQ (� Q); 8�� � = � � � = I :

2. Considerthepartitioningof R according to (22)andfurtherpartition H as

H =

2

4
Hm� k;m� k Hm� k;k

Hn� m+ k;m� k Hn� m+ k;k

3

5 ;

wherethesubscriptsindicatethedimensionsof thesub-matrices.ThenRk;k hasthesamedistribution

astheR obtainedfromtheQRdecompositionof the(n � m + k) � k matrixH n� m+ k;k .

Proof: SeeAppendixA.

Remarks:

1. What is interestingaboutthe above Lemmais that even thoughthe (n � m + k) � k submatrix2

4
Rk;k

0

3

5 is not theR of theQRdecompositionof the(n � m + k) � k submatrixH n� m+ k;k it has

thesamedistribution.

2. Lemma1 clearlyholdsfor anH with iid zero-meanunit-varianceGaussianentries.In this case,one

canbeexplicit aboutthedistribution of R: theentriesareall independentwith thei -th diagonalterm
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having a � 2 distribution with n � i + 1 degreesof freedomandthestrictly uppertriangularentries

having iid zero-meanunit-varianceGaussiandistributions.

Let usnow applyLemma1 to theproblemathand.First,sincev hasiid zero-mean� 2-varianceGaussian

entriesandQ is unitary, the sameis true of u = Q� v andalsoof the sub-vectorsum� k , uk andun� m .

Moreover, sinceQ is independentof R, the sameis true of u. Returningto the inequality (23) let us

multiply thevectorinsidethenormby anisotropically-random unitarymatrix � . Sincethisdoesnotchange

norms,wehave

d2 �














�

2

4
uk

un� m

3

5 + �

2

4
Rk;k

0

3

5 (sk
t � sk

a)














2

:

Now clearly, then � m + k-dimensionalvector�v = �

2

4
uk

un� m

3

5 hasiid zero-mean� 2-varianceGaussian

entries. Also, from Lemma1 part 2, the (n � m + k) � k matrix �H = �

2

4
Rk;k

0

3

5 hasiid zero-mean

unit-varianceGaussianentries.Thus,wemaywrite (23)as

d2 � k�v + �H (sk
t � sk

a)k2; (24)

which is precisely(19),exceptthatthedimensionshave changedfrom n andm to n � m + k andk. Thus,

usingthe sameargumentaspresentedafter (19), we concludethat the probability that the k-dimensional

latticepoint sk
a lies in asphereof radiusd aroundx is



�

d2

2(� 2 + ksk
a � sk

t k2)
;

n � m + k
2

�
=

Z d2

2( � 2+ k sk
a � sk

t k 2 )

0

� (n� m+ k)=2� 1

�(( n � m + k)=2)
e� � d�: (25)

Given this probability andthe onein (20), onecould in principle proceedby �nding the argumentof

thegammafunctionin (20) and(25) for eachpair of points(sa; st ), andsumtheir contributions;however,

evenfor a �nite latticethis would clearlybea computationallyformidabletask(andnotdoableat all in the

in�nite lattice case).Therefore,we shall �nd it useful to enumeratethe lattice, i.e., countthe numberof

pointswith thesameargumentof thegammafunction in (20) and(25). Enumerationof in�nite and�nite

latticesis treatedseparately.
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4.3 The In�nite Lattice Case

Theaboveprobability(25)dependsonly on theEuclideandistancebetweenthepointssk
t andsk

a, thatis, on

ksk
a � sk

t k2 = kskk2. Now, sincein an in�nite integer latticesa � st = s is just anotherlatticepoint, we

concludethat theprobability in (25) dependsonly on thesquarednormof an arbitrarylatticepoint in the

k-dimensionallattice. It is thusstraightforward to seethattheexpectednumberof of latticepointsinsidea

k-dimensionalsphereof radiusd is givenby:

Ep(k; d2) =
1X

l=0



�

d2

2(� 2 + l)
;
n � m + k

2

�
� (# of k-dimensionallatticepointswith kskk2 = l): (26)

Sinceksk2 = s2
1 + : : : + s2

k , webasicallyneedto �gure outhow many waysanon-negative integerl canbe

representedasthesumof k squaredintegers.This is aclassicproblemin numbertheoryandthesolutionis

denotedby r k(l ) [20]. Thereexist aplethoraof resultsonhow to computer k (l ). Weonly mentiononehere

dueto Euler: r k(l ) is givenby thecoef�cient of x l in theexpansion

 

1 + 2
1X

m=1

xm2

! k

= 1 +
1X

l=1

r k (l )x l : (27)

(For moreon theproblemof representingintegersasthesumof squaresseeAppendixB.)

Theabove argumentsleadto thefollowing result.

Theorem 1 (Expectedcomplexity of spheredecodingover in�nite lattice). Considerthemodel

x = H s + v;

where v 2 R n� 1 is comprisedof iid N (0; � 2) entries,H 2 R n� m is comprisedof iid N (0; 1) entries,and

s 2 Z m is an m-dimensionalvectorwhoseentriesare integer numbers. Thentheexpectedcomplexity of

the sphere decodingalgorithm of section3.1 with a search radiusd for solvingthe integer least-squares

problem,

min
s2Z m

kx � H sk2;

is givenby

C(m; � 2; d2) =
mX

k=1

f p(k)
1X

l=0



�

d2

2(� 2 + l)
;
n � m + k

2

�
r k (l ): (28)
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Proof: Follows from theearlierdiscussions.

We shouldremarkthat, for any given searchradiusd, therealwaysexists a probability that no lattice

point is found. Therefore,to obtaintheoptimalsolution,it is necessaryto increasethesearchradius.One

plausiblewayof doingthis is to startwith a radiusfor whichtheprobabilityof �nding thetransmittedpoint

is 1 � � , thenif no point is found to increasethe searchradiusto a valuesuchthat theprobability of not

�nding thetransmittedpoint is 1 � � 2, andsoon. For suchastrategy, wehave thefollowing result.

Corollary 1 (Expectedcomplexity for �nding the optimal solution). Considerthesettingof Theorem1.

Givenany0 < � � 1, considera strategy where we�r st choosea radiussuch that we�nd thetransmitted

lattice point with probability 1 � � , and thenincreaseit to a probability of 1 � � 2, and so on, if no point

is found. Thenthe expectedcomplexity of the sphere decodingalgorithm to �nd the optimal solution is

boundedby

C(m; � 2; � ) �
1X

i =1

(1 � � )� i � 1
mX

k=1

f p(k)
1X

l=0



�

� i n� 2

2(� 2 + l)
;
n � m + k

2

�
r k (l ); (29)

where � i is chosensuch that



� � i n

2
;
n
2

�
= 1 � � i ; i = 1; 2; : : : (30)

Notethattheprobabilityof having to performi decodingstepsin orderto �nd thetransmittedpointcan

becalculatedto be(1 � � )� i � 1 asfollows

p
�
d(i )2 > kvk2 > d(i � 1)2�

= p
�
kvk2 < d(i )2�

� p
�
kvk2 < d(i � 1)2�

= 1� � i � 1+ � i � 1 = (1� � )� i � 1;

whered(i ) denotessphereradiusat the i th decodingstep.We remarkthat this is differentfrom theproba-

bility of having to performi decodingstepsin (29) sincethereis alwaystheerror probability of thesphere

decoder�nding a latticepointevenwhenthetransmittedlatticepoint is not insidethesphere.Thisexplains

why wehave only anupperboundin theabove corollary.
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4.4 Finite Lattice Case

In communicationsproblems,ratherthanbeingunboundedintegers,theentriesin theunknown m-dimensional

vectors areoftenpointsthatbelongto anL-PAM constellations,

DL =
�

�
L � 1

2
; �

L � 3
2

; : : : ;
L � 3

2
;
L � 1

2

�
: (31)

In fact,L is oftentakenasapowerof 2. Wesaythatthepoints thenbelongsto thelatticeconstellationD m
L ,

Dm
L = DL � DL � : : : � DL| {z }

m-times

;

where� -operationdenotestheCartesianproduct.

Furthermore,in thiscase,ratherthanthenoisevariance� 2, oneis interestedin thesignal-to-noiseratio

� ,

� =
m(L 2 � 1)

12� 2 : (32)

Theprobabilityexpression(25) for �nding anarbitrarylatticepoint sk
a insideaspherearoundthegiven

pointx whenthepoint latticesk
t wastransmitted,holdsfor the�nite latticecaseaswell. However, counting

the latticepointswhich have thesameargumentof the incompletegammafunction in (25) is not aseasy.

Thereasonis thatunlike in thein�nite latticecase,thedifferencebetweentwo latticepointsin D k
L , sk

a � sk
t ,

is not necessarilyanotherlattice point in D k
L . Thus,the lattice enumerationthat we usedin the previous

sectionneedsto beperformedover pairsof points,(sk
a; sk

t ).

More formally, thenumberof subsetlatticepointsin thek-dimensionalsphereis givenby

1
L k

X

l

X

sk
t ;sk

a 2D k
L ;ksk

t � sk
a k2= l



�

�n� 2

2(� 2 + l)
;

n � m + k
2

�
;

andenumeratingtheset
n

(sk
t ; sk

a) j sk
t ; sk

a 2 Dk
L ; ksk

t � sk
ak2 = l

o
;

appearsto becomplicated.

For this,weproposeamodi�cation of Euler'sgeneratingfunctiontechnique.In particular, for various�-

nite latticeswewill de�ne generatingpolynomialsthat,whencombinedappropriately, performthecounting

operationsfor us.
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Let usdo thecasestudyfor variousvaluesof L :

1. Dk
2 : The constellationDk

2 consistsof the cornersof a k-dim hypercube,as illustratedin Figure6.

Due to symmetry, all points in the hypercubeareessentiallyequivalent. Therefore,without loss

y

i

y y

y

y

yy

�
�

�

�
�

� �
�

�

Figure6: Countingfor Dk
2

of generality, we canassumethat the “lower-left-corner” point sk
t =

�
� 1

2 ; � 1
2 ; : : : ; � 1

2

� T hasbeen

transmitted.Then,dependingonwhetherthecorrespondingentryof sk
a is � 1

2 or 1
2 , thevectorsk

a � sk
t

is comprisedof zeroandoneentries.Thenumberof suchvectorswhosesquarednormis l is clearly

givenby thenumberof vectorsthathave l entriesat one,which is

0

@
k

l

1

A . This givesthenumberof

pointsin Dk
2 atdistancel from sk

t .

2. Dk
4 : In this case,all points in the constellationare not the same. For eachentry of sk

t , we can

distinguishbetweenthe “corner” and the “center” points, as illustrated in Figure 7. Extending

} } }}
? ?

6 6

”center”points:st � sa 2 f� 1; 0; � 1; � 2g

”corner” points:st � sa 2 f 0; � 1; � 2; � 3g

� 3
2 � 1

2
1
2

3
2

Figure7: Countingfor Dk
4
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Euler's idea,for thecornerpointswe identify thegeneratingpolynomial

� 0(x) = 1 + x + x4 + x9; (33)

andfor thecenterpointsthepolynomial

� 1(x) = 1 + 2x + x4: (34)

Essentially, thepowersin thepolynomials� 0(x) and� 1(x) containinformationaboutpossiblesquared

distancesbetweenanarbitrarypoint sk
a andthetransmittedpoint sk

t . For instance,if anentry in the

transmittedvectorsk
t , sayst;1, is a cornerpoint, thensa;1 � st;1 2 f 0; � 1; � 2; � 3g, dependingon

sa;1 2 D4. Thusthe squarednorm of their differencejsa;1 � st;1j2 canbe either0, 1, 4, or 9, as

describedby the powersof � 0(x). On the otherhand,if st;1, is a centerpoint, thensa;1 � st;1 2

f 0; � 1; � 1; � 2g (which explainscoef�cient 2 in front of term x in � 1(x)). Now, if amongthe k

entriesof sk
t , we choosea cornerpoint j times,the numberof waysksk

t � sk
ak2 canaddup to l is

givenby thecoef�cient of x l in thepolynomial

0

@
k

j

1

A � j
0(x)� k� j

1 (x): (35)

3. Dk
8 : Notethat

Dk
8 = f�

7
2

; �
5
2

; �
3
2

; �
1
2

;
1
2

;
3
2

;
5
2

;
7
2

gk :

Let usde�ne thefollowing subsetsof D8:

S0 = f� 7
2 ; 7

2g S1 = f� 5
2 ; 5

2g

S2 = f� 3
2 ; 3

2g S3 = f� 1
2 ; 1

2g
: (36)

Similar to the L = 4 case,we canidentify the following polynomialsfor countingsa � st in Dk
8

23



lattice:
 0(x) = 1 + x + x4 + x9 + x16 + x25 + x36 + x49;

 1(x) = 1 + 2x + x4 + x9 + x16 + x25 + x36;

 2(x) = 1 + 2x + 2x4 + x9 + x16 + x25;

 3(x) = 1 + 2x + 2x4 + 2x9 + x16:

(37)

Therefore,if amongk entriesof sk
t , wechoosej i pointsfrom Si , i 2 f 0; 1; 2; 3g, thenthenumberof

waysksk
t � sk

ak2 canaddup to l is givenby thecoef�cient of x l in thepolynomial

0

@
k

j 0; j 1; j 2; j 3

1

A  j 0
0 (x) j 1

1 (x) j 2
2 (x) j 3

3 (x); (38)

wherej 0 + j 1 + j 2 + j 3 = k and

0

@
k

j 0; j 1; j 2; j 3

1

A = k!
j 0 !j 1 !j 2 !j 3! .

4. Countingfor Dk
16 andhigherorderlatticesis donesimilarly.

Wecannow summarizetheaboveresultsfor theexpectedcomputationalcomplexity of theFincke-Pohst

algorithmfor �nite latticesin thefollowing theorem.

Theorem 2. [Expectedcomplexity of the sphere decodingover a �nite lattice] Considerthemodel

x = H s + v;

where v 2 R n� 1 is comprisedof iid N (0; 1) entries,H 2 R n� m is comprisedof iid N (0; �=m ) entries,

ands 2 Dm
L is an m-dimensionalvectorwhoseentriesare elementsof an L-PAM constellation.Thenthe

expectedcomplexity of thesphere decodingalgorithmof section(3.1)with a search radiusof d for solving

theinteger least-squaresproblem

min
s2D m

L

kx � H sk2;

1. for a 2-PAM constellationis

C(m; �; d2) =
mX

k=1

f p(k)
kX

l=0

0

@
k

l

1

A 


 
�n

2(1 + 12�l
m(L 2 � 1) )

;
n � m + k

2

!

(39)
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2. for a 4-PAM constellationis

C(m; �; d2) =
mX

k=1

f p(k)
X

q

1
2k

kX

l=0

0

@
k

l

1

A gkl (q)


 
�n

2(1 + 12�q
m(L 2 � 1) )

;
n � m + k

2

!

; (40)

where gkl (q) is thecoef�cient of xq in thepolynomial

(1 + x + x4 + x9) l (1 + 2x + x4)k� l

3. for a 8-PAM constellationis

C(m; �; d2) =
mX

k=1

f p(k)
X

q

1
4k

X

j 0+ j 1+ j 2+ j 3= k

gkj 0 j 1 j 2 j 3 (q)


 
�n

2(1 + 12�q
m(L 2 � 1) )

;
n � m + k

2

!

;

(41)

where gkj 0 j 1 j 2 j 3 (q) is thecoef�cient of xq in thepolynomial(38).

4. similar expressionscanbeobtainedfor 16-PAM, etc.,constellations.

Thenumberof elementaryoperationspervisitedpoint in (39)-(41)is f p(k) = 2k + 9 + 2L.4

Proof: Follows from theabove discussions.

We remarkthatto obtaintheoptimalsolutionto theinteger least-squaresproblemwe will occasionally

needto increasethesearchradiusd, andsowe canobtaina resultsimilar to thatof Corollary1, which we

omit for brevity.

5 Conclusion

In many communicationproblems,maximum-likelihooddetectionreducestosolvinganintegerleast-squares

problem,i.e.,asearchfor theclosestintegerlatticepoint to thegivenvector. In suchapplicationsML detec-

tion is rarelyperformed,onthegroundsthatit requiresexponentialcomplexity andis thereforecomputation-

ally intractable.However, whatdistinguishesthecommunicationsapplicationsfrom many otherinstances

of integer-least-squares problemsis that the given vectoris not arbitrary, but ratheris an unknown lattice

4SinceDm
L is shiftedintegerlattice,weassumethateachroundingin step2 of thealgorithmin Section3.1takesL � 1 operations.

Hencef p (k) slightly differsfrom theoneusedto �nd expectedcomplexity of spheredecodingin thein�nite latticeZ m .
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point thathasbeenperturbedby anadditive noisevectorwith known statisticalproperties.Therefore,the

complexity of �nding theclosestlatticepoint for any givenalgorithmshould,in fact,beviewedasarandom

variable. This is theapproachtaken in this paperand,for the “spheredecoding”algorithmof Fincke and

Pohst,we obtaineda closed-formexpressionfor themean,averagedover boththenoiseandthe lattice,of

thecomplexity. Thiswasdonefor both�nite andin�nite lattices.

Basedontheseclosed-formexpressions,in thesecondpartof thispaper, wewill demonstratethatovera

widerangeof SNRs,ratesanddimensions,theexpectedcomplexity of spheredecodingis polynomial(often

roughlycubic),which impliesthepracticalfeasibilityof spheredecodingin many applications.Thesecond

partof this paperwill dealwith variousgeneralizationsof this resultandwill alsoaddressthecomputation

of thevarianceof thespheredecodingalgorithm.

Weshouldalsomentionthattherearemany variantsof thespheredecoderalgorithm,someof whichare

mentionedin Sec.7 of secondpartof this paper. While thesealgorithmsgenerallyoutperformthestandard

spheredecodermentionedhere,thecomputationof their expectedcomplexity appearsto be a formidable

task.Our resultsmaythereforebeviewedasupperboundsfor thesemorepowerful algorithms.
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A Proof of Lemma 1

Let usstartwith part1. SinceH is rotationally-invariant from theleft, thematrix � H hasthesamedistri-

butionasH , for any unitarymatrix � . Thefollowing simplecalculationshows thatthesameis truefor any

randomunitary� thatis independentof H :

p(� H ) =
Z

p(� H j�) p(�) d� =
Z

p(H )p(�) d� = p(H );

wherein thesecondstepwe usedthefact that � that is independentof H to concludep(� H j�) = p(H ).

In particular, theabove equationis truefor anindependentisotropicallyrandomunitary� .5 Now, for such

a � , wehave

� H = � QR;

from which,dueto theuniquenessof theQRdecompositionwhenR haspositivediagonalentries(see,e.g.,

[23, 24]), we concludethat� Q is theQ andR remainstheR in theQRdecompositionof � H . Now, since

� is independentisotropicallyrandom,� Q is alsoisotropicallyrandomand,moreover, it is independentof

Q. Therefore� Q mustbeindependentof R, aswell. Since� H andH have thesamedistribution, theQ's

in their QR decompositionsmusthave the samedistribution, from which we concludethat Q mustbe an

isotropicallyrandomunitarymatrix, independentof R.

This concludesthe proof of part 1. [We remark that the proof of part 1 only requiredthat H be

rotationally-invariant. We did not requirethe independenceof the columnsof H . This independenceis

requiredfor theproofof part2, to whichwenow turn ourattention.]

Considerthepartitioning

H =

2

4
Hm� k;m� k Hm� k;k

Hn� m+ k;m� k Hn� m+ k;k

3

5 ;

wherethesubscriptsindicatethedimensionsof thesub-matrices.Now considertheQR decompositionof

theleadingm � k columnsof H , i.e.,

2

4
Hm� k;m� k

Hn� m+ k;m� k

3

5 = Q1

2

4
Pm� k;m� k

0

3

5 ;

whereQ1 is n � (m � k) unitaryandPm� k;m� k is uppertriangularwith non-negativediagonalentries.Now

5For someof thepropertiesof isotropicallyrandomunitarymatricesthereadermayreferto [21, 22].
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sinceP �
m� k;m� kPm� k;m� k = H �

m� k;m� kHm� k;m� k + H �
n� m+ k;m� kHn� m+ k;m� k , which is the leading

(m � k) � (m � k) submatrixof H � H , weconcludethatPm� k;m� k is indeedtheleading(m � k) � (m � k)

submatrixof R in thepartitioning(22), i.e.,Pm� k;m� k = Rm� k;m� k .

Applying theunitarymatrixQ�
1 to thefull H (andnot just its leadingm � k columns)wehave

Q�
1H =

2

4
Rm� k;m� k �Hm� k;k

0 �Hn� m+ k;k

3

5 : (A.1)

Now, sinceQ1 dependsonly on the�rst m � k columnsof H andtheseareindependentof theremaining

k columns,by the rotational-invariance of the columnsof H , we concludethat �Hn� m+ k;k hasthe same

distribution asH n� m+ k;k .6 Now if weconsidertheQRdecompositionof �Hn� m+ k;k :

�Hn� m+ k;k = Q2

2

4
Rk;k

0

3

5 ;

combiningthiswith (A.1), we have

Q�
1H =

2

4
I 0

0 Q2

3

5

2

6
6
6
4

Rm� k;m� k �Hm� k;k

0 Rk;k

0 0

3

7
7
7
5

;

andso

H = Q1

2

4
I 0

0 Q2

3

5

2

6
6
6
4

Rm� k;m� k �Hm� k;k

0 Rk;k

0 0

3

7
7
7
5

: (A.2)

SinceQ1

2

4
I 0

0 Q2

3

5 is unitaryandsincethediagonalentriesof Rm� k;m� k andRk;k arenon-negative,we

concludethatthis is indeedtheQRdecompositionof H (which justi�es ouruseof thenotationR k;k for the

R in theQR of �H k;k ).7 Since �Hn� m+ k;k andHn� m+ k;k have thesamedistribution, we concludethatRk;k

hasthesamedistribution astheR obtainedfrom theQRdecompositionof H n� m+ k;k .

Thisconcludestheproofof part2.

6This is alsotrueof �H m � k ;k andH m � k ;k , thoughwe shallnotneedthis fact.
7Thus,for example, �H m � k ;k = Rm � k ;k .
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B RepresentingIntegers asa Sum of Squares

The questof representinga positive integer asthe sumof squareshasa long history in mathematicsand

numbertheory. Theproblemof determiningthenumberof waysthata non-negative integerl canberepre-

sentedask squareswas�rst posedby Waring in 1770andis denotedby r k(l ).8 The�rst known resultin

this directionis dueto Diophantusof Alexandria(325-409A.D.) who showed thatno integer of the form

4m + 3 canberepresentedasthesumof two squares.In otherwords,r 2(4m + 3) = 0. In 1632,Girard

conjecturedthat l is thesumof two squaresif theprimedivisorsof l of the form 4m + 3 occurin l in an

evenpower. (For example,l = 32 � 5 = 32 + 62, while l = 33 � 5 cannotberepresentedasthesumof two

squares.)Eulerprovedthis conjecturein 1749.However, hedid notgive anexplicit formulafor r 2(l ). This

wasdoneby Legendrein 1798andGaussin 1801,whoshowedthat

r2(l ) = 4(d1(l ) � d3(l )) ; (B.1)

whered1(l ) andd3(l ) arethenumberof divisorsof l congruentto 1 and3 mod4, respectively.

In 1770,Lagrangeproved his famousFour SquaresTheorem,which statesthat every positive integer

canbe representedasthe sumof four squares.This essentiallyestablishesthat r 4(l ) > 0 for all positive

integersl ; however, Lagrangedid notgiveanexplicit formulafor r 4(l ).

In termsof computingthe valueof r k (l ), the �rst result is dueto Euler who introduced(what is now

known as)theJacobithetafunction

� (x) =
1X

m= �1

xm2
= 1 + 2

1X

m=1

xm2
(B.2)

andestablishedthefollowing.

Theorem 3. Let � (x) begivenby (B.2). Then

� k(x) = 1 +
1X

l=1

r k (l )x l : (B.3)

In otherwords,thenumberof waysa non-negativeinteger l canberepresentedasthesumof k squaresis

8In fact,Waringconsideredthemuchmoregeneralproblemof determiningthenumberof waysanintegercanberepresentedas
thesumof k integersraisedto thepower q. In thissense,thenumberof waysanintegercanberepresentedasthesumof k squares
is essentiallytheq = 2 Waringproblem.
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givenby thecoef�cient of x l in theexpansionof � k(x).

This canbe illustratedasfollows: � k(x) is clearlya seriesin which eachtermhasanexponentthat is

obtainedasthe sumof k squares;sincethe summationin (B.2) goesover all integers,the coef�cients in

front of eachtermin theseriesexpansion� k(x) mustbeequalto thenumberof waysthat theexponentin

thatsametermcanberepresentedasthesumof k squares.

Using theconnectionbetweentheabove thetafunctionandelliptic functions,Jacobiin 1829obtained

closed-formexpressionsfor r k (l ) whenk = 2; 4; 6; 8 (see[20], chapter9). His formulafor k = 4 immedi-

atelyyieldsLagrange's Four SquaresTheorem.Solutionsfor k = 10 andk = 12 werefoundby Liouville

andEisenstein.Later, Ramanujan,Hardy, andLittlewoodobtainedformulasfor evenk � 24. For oddk,

theonly resultsaredueto Dirichlet, who found r 3(l ), andEisenstein,Smith,andMinkowski, who found

r5(l ) andr 7(l ).

For a long time, thesewerethe only known explicit formulasfor r k (l ). Indeed,resultsby Glaisher,

andby R. Rankin(1965),usingthetheoryof modularforms,discouragedmany researchersfrom obtaining

furtherclosed-formexpressions.Thesubjectwasthereforepresumedto be “dead” until very recently. In

1994,asaconsequenceof theirstudyof certainaf�ne super-algebras,V. KacandM. Wakimotoconjectured

formulasfor � k(x) whenk = 4m2 andk = 4m(m + 1) [25]. In 1996, theseconjectureswereproved

by S. Milne usingJacobi's elliptic functions,Hankel determinantsandcontinuedfractions[26]. For an

expositoryreview of this,andsubsequentresults,theinterestedreaderis referredto [27].

This exhaustsknown closed-formsolutionsfor r k (l ). Thereexist many asymptoticresults(in both k

and l)—seee.g., [28], chapter5. In any case,for any given k and l, the valueof r k(l ) canbe numeri-

cally computedusingEuler's formula (B.3). Moreover, r k (l ) is alsoa built-in function in Mathematica,

SumOfSquaresR[k ,l ] [29].
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