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Abstract

The problemof nding the least-squaresolutionto a systemof linear equationsvherethe unknavn
vectoris comprisedof integers,but the matrix coefcient andgivenvectorare comprisedof realnumbers,
arisesin mary applications:communicationsgryptography GPS,to namea few. The problemis equiv-
alentto nding the closestlattice point to a given point andis known to be NP-hard. In communications
applicationshowever, the givenvectoris not arbitrary but ratheris anunknawn lattice pointthathasbeen
perturbedoy anadditive noisevectorwhosestatisticalpropertiesareknown. Thereforen this papeyrather
thandwell on the worst-casecomplity of the integerleast-squareproblem,we studyits expectedcom-
plexity, averagedover the noiseandover the lattice. For the “spheredecoding”algorithm of Fincke and
Pohstwe nd a closed-formexpressiorfor the expectedcompleity, bothfor thein nite and nite lattice.
It is demonstratedn the secondpart of this paperthat, for a wide rangeof signal-to-noiseatios (SNR)
andnumbersof antennasthe expectedcompleity is polynomial,in factoftenroughly cubic. Sincemary
communicationsystemsperateat noiselevelsfor which the expectedcompleity turnsoutto be polyno-
mial, this suggestshat maximume-likelihood decoding,which was hithertothoughtto be computationally
intractablecanin factbeimplementedn real-time—aresultwith mary practicalimplications.

Index Terms—Integerleast-squareproblem,spheredecoding wirelesscommunicationsmultiple-antenna
systemslattice problems NP hard,expectedcompleity.

1 Intr oduction and Problem Statement

In this papemwe shallbe concernedvith thefollowing so-calledinteger least-squags problem

min k< H sk?; 1)
S m

wherex 2 R" 1, H 2 R" ™ andZ™ denotesthe m-dimensionalinteger lattice, i.e., s is an m-

dimensionalvectorwith integer entries. Often, the searchspaceis a ( nite) subsetof the in nite lattice,



D Z™, inwhichcasewehave

min _ kx Hsk?: (2)
s2Dbz m

Theintegerleast-squaregroblemhasa simplegeometridnterpretation As the entriesof s run overthe
integers,s spanshe “rectangular’m-dimensionalattice,Z ™. However, for ary given lattice-geneating
matrix H, the n-dimensionalvector H s spansa “skewed” lattice. (Whenn > m, this skewed lattice
livesin anm-dimensionakubspac®f R" 1.) Thereforegiventhe skewed lattice H s, andgivena vector
x 2 R" 1 theintegerleast-squareproblemis to nd the*“closest”lattice point (in a Euclideansense}o

x—seeFigurel.
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Figurel: Geometricalnterpretationof theinteger least-squags problem.

Comparedo the standardeast-squareproblemwherethe unknavn vectors is an arbitraryvectorin
R™ 1 andthesolutionis obtainedvia a simplepseudo-ikerse,it is muchmoredif cult to nd thesolution
to (1) or (2). Themainreasons thatthesearchspacds discretg(whetherit is nite orin nite). In fact,it is
well known thatproblems(1) and(2) are,for ageneraH , NP hard,bothin aworst-casesensdl1], aswell
asin anaveragesensd2].

Theremaindeiof this paperis organizedasfollows. In section2 we give anovervien of someheuristic
andexact methodsto solve the integer least-squareproblem. We shav that the exact methodscan offer
substantiabainsover the heuristicones. However, they generallyrequirean exponentialworst-casecom-
plexity, whereaghe heuristicmethodsrequireonly cubic, O(m?), computations Section3 introduceshe
spheredecodingalgorithmof Fincke and Pohstandamguesthat, if the receved pointis arbitrary thenthe
expectedcompleity of thealgorithmis exponential. Section4 introducesa randommodelfor the integer
least-squareproblem,wherethe receved point is assumedo be a lattice point perturbedby an additive
Gaussiamoisevectorwith known statisticalproperties. It then proceeddo computethe expectedcom-
plexity of the spheredecodingalgorithm,averagedover boththe noiseandthe lattice, asa function of the
noisevariance or SNR.Thisis donebothfor thein nite lattice,aswell assome nite latticesencountered
in communicationgroblems.Section5 providesthe conclusion.The appendicegive somemathematical

backgroundor the problemsencountereéh this paper



2 Overview of Methods

Sincethe integer least-squareproblemarisesin mary applicationsand nding the exact solutionis, in
generalNP hard,all practicalsystememploy someapproximationsheuristicsor combinationghereof.In

communicationsipplicationstheseapproximationganbe broadlycateyorizedinto threeclasses.

1. Solwe the unconstrainedeast-squareproblemto obtain$ = HYx, whereH?Y denoteshe pseudo-
inverseof H. Sincethe entriesof 8§ will not necessarilybe integers,roundthemoff to the closest
integer (a procesgeferredto asslicing) to obtain

h i

8 = HY : 3
B sz (3)

The above 8 is often calledthe Babaiestimate[1]. In communicationgarlancethis procedurds

referredto aszeo-forcing equalization

2. Nulling andcancelling In this method the Babaiestimatds usedfor only oneof theentriesof s, say
the rst entrys;. s; is thenassumedo be known andits effectis cancelledout to obtaina reduced-
orderinteger least-squareproblemwith m 1 unknavns. The processs thenrepeatedo nd s»,

etc. In communicationparlancehisis known asdecision-feedbd&cequalization

3. Nulling andcancellingwith optimalordering Nulling andcancellingcansuffer from “error-propagation”
if 51 is estimatedncorrectlyit canhave anadwerseeffectontheestimatiorof theremainingunknavns
Sy, S3, etc. To minimizethe effect of errorpropagationit is advantageou$o performnulling andcan-
celling from the “strongest’to the “weakest” signal. This is the methodproposedfor V-BLAST

[3]—seealso[4].

The abave heuristicmethodsall requireO(mn?) computationsessentiallypecausehey all rst solve

theunconstrainedeast-squaregroblem.

2.1 Lattice Reduction

The aforementionedheuristicmethodsareexactonly if the columnsof H areorthogonal.In this caseH
canbe diagonalizedby a unitary transformatioron the left, and so slicing the unconstrainedeast-squares

solutionyieldstheexactsolution.



In practice,however, the columnsof H arerarely orthogonal. Orthogonalizinghe columnsof H via
a QR decompositionpr otherwise,generallydestrgs the lattice structure. (The reasonbeingthat, if s
hasinteger entries,Rs neednot have integer entries.) One methodthat attemptgo alleviate this is lattice
reduction In thesemethodspneattemptgo nd aninvertiblem m matrix T, suchthatT andT ® have
integerentries(therebypreservinghelattice structure) andsuchthatthematrixG = HT is as“orthogonal
aspossible”.Having foundsucha T, ratherthansolve (1), onecansolve theintegerleast-squaregroblem

min- kx Gtk?; (4)

usingthe earliermentionedheuristicsandsets = Tt. Of course,lattice reductionis itself NP-hard. A
commonheuristicis the LLL (Lenstra,LenstraandLovasz[5]) algorithmwhich, permittinga grossover
simpli cation, canberegardedasGram-Schmidbver integers.

While lattice reductionmay leadto someimprovementin the solutionof (1), the integer least-squares
problemover the in nite lattice, it is not usefulfor (2), which is over a subsetof the lattice. The reason
is that the lattice transformingmatrix T often destrgs the propertiesof the subsetD Z™. Sincein
communicationsapplications,we are always interestedin a nite subsetof the integer lattice, we shall

thereforenot considetattice reductionmethodsn this paper

2.2 Exact Methods

With the abundanceof heuristicmethodsit is naturalto askwhattheir performanceés, andhow closethey
cometo the optimal solution. In [6] this questionis studiedin the context of V-BLAST whereit is shavn
that the exact solution signi cantly outperformseven the bestheuristics. We also give an examplehere
in the contet of space-timecodesfrom [7], which is shavn in Figure2. The exampleis a space-time
codefor a systemwith M = 8 transmitandN = 4 receve antennasvhich spreadsnin (M;N)T = 32
comple symbolsfrom a 16QAM constellationover T = 8 channeluses. [The rate of the codeis R =
328 log,16 = 16.] Theequwvalentchannelmatrix (see[7]) hasm = 2min(M;N)T = 64 rowsand
n = 2NT = 64 columns.Thereforetheresultingintegerleast-squaregroblemcorresponds$o dimension
m = 64 andtheentriesof s eachtake on4 integervaluessayf 3; 1;1;3g. Thenumberof lattice points
inDis4% = 2128 3:4 10%8. Ascanbeseerfrom Figure2, thebit-errorrate(BER) performancef the

exactinteger least-squaresolutionis far superiorto thatof the bestheuristic,which in this caseis nulling



andcancellingwith optimalordering?

M=8, N=4, R=16, LD Code: N/C vs. ML Decoding
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Figure2: Bit error performanceofarateR = 16 linear space-timecode correspondingo m = 64. Exact
ML solutionvs. nulling/cancellingwith optimalordering (No. of lattice pointss 2128 3:4  10%9),

The above discussiorshaws that thereis merit in studyingexact solutions. The mostohvious oneis
to form a searchover the entirelattice which, althoughtheoreticallyfeasiblefor nite lattices,invariably
requiresan exponentialsearch. Theredo, however, exist exact methodsthat are a bit more sophisticated
thanthe above full search. Theseinclude Kannans algorithm[8] (which searcheonly over restricted
parallelograms)the KZ algorithm[9] (basedon the Korkin-Zolotare reducedbasis[10]) andthe sphere
decodingalgorithm of Fincke and Pohst[11, 12]. Sincethenthe work of Fincke and Pohstthe sphere
decodingalgorithmhasbeenrediscoeredin severalcontets (see e.g.,[13] in the contet of GPSsystems)
andis the algorithmwe will be consideringin this paper Many of the resultsof this paperand various

extensionanbefoundin the secondauthors PhD dissertatiorj14].

10f courseat this pointit mayappeassurprisingthatonecanevengeneratéhe ML curve in Figure2, sinceit requires nding
the exactsolutionamonga setof size10*® —moreon this later.



3 Sphere Decoding

Thebasicpremisen spheredecodings rathersimple:we attemptto searchover only latticepointss 2 Z ™
thatlie in a certainsphereof radiusd aroundthe given vectorx, therebyreducingthe searchspaceand
hencetherequiredcomputationgseeFigure3). Clearly the closestattice pointinsidethe spherewill also
betheclosestattice point for thewholelattice. However, closescrutiry of this basicidealeadsto two key

guestions.

[ [ [ [
Figure3: Ideabehindthesphee decoder

1. How to choosed? Clearly if d is too large, we obtaintoo mary points and the searchremains

exponentialin size,whereasf d is too small,we obtainno pointsinsidethe sphere.

A naturalcandidatefor d is the covering radius of the lattice, de ned to be the smallestradiusof
spheresenteredatthelatticepointsthatcovertheentirespace Thisis clearlythesmallestadiusthat
guaranteethe existenceof a pointinsidethe spherefor any vectorx. The problemwith this choice

of d is thatdetermininghe coveringradiusfor a givenlatticeis itself NP hard[15].

Anotherchoiceis to used asthe distancebetweenthe Babaiestimateandthe vectorx, i.e.,d =
kx  H$gk, sincethis radiusguaranteeshe existenceof at leastone lattice point (herethe Babai
estimate)insidethe sphere.However, it is againnot clearin generalwhetherthis choiceof radius

leadsto too mary lattice pointslying insidethe sphere.

2. Howcanwetell which lattice pointsare insidethesphee? If thisrequiregestingthedistanceof each
lattice pointfrom x (to determinewhetherit is lessthand), thenthereis no pointin spheredecoding

aswe will still needanexhaustve search.

Spheredecodingdoesnotreally addresshe rst question.However, it doesproposeanef cient wayto

answerthe secondandmorepressingone. The basicobsenrationis thefollowing. Althoughit is dif cult



to determinethe lattice points inside a generalm-dimensionalsphere,it is trivial to do so in the (one-
dimensionallcaseof m = 1. Thereasoris thata one-dimensionaspherds simply aninterval andsothe
desiredlattice pointswill be the integervaluesthatlie in thisintenal. We canusethis obserationto go
from dimensiork to dimensiork + 1. Supposeave have determinedall k-dimensionalattice pointsthatlie
in asphereof radiusd. Thenfor ary suchk-dimensionapoint, the setof admissiblevaluesof thek + 1-th
dimensionaktoordinatethatlie in the higherdimensionabphereof the sameradiusd formsanintenal.
The abore meanghatwe candetermineall lattice pointsin a sphereof dimensionm andradiusd by
successiely determiningall lattice pointsin sphereof lower dimensionsl; 2;: : : ; m andthe sameradius
d. Suchanalgorithmfor determiningthe lattice pointsin an m-dimensionakphereessentiallyconstructs
a treewherethe branchesn the k-th level of the tree correspondo the lattice pointsinsidethe sphereof
radiusd anddimensiork—seeFigure4. Moreover, thecomplity of suchanalgorithmwill dependnthe

sizeof thetree,i.e.,onthenumberof lattice pointsvisited by the algorithmin differentdimensions.

fié\

Figure4: Sampldreegenentedto determindattice pointsin a 4-dimensionasphee.
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With this brief discussiorwe cannow bemorespeci ¢ aboutthe problemat hand.To this end,we shall
assumahatn m, i.e.,thatthereareatleastasmary equationsasunknavnsin x  Hs (thecasen < m

is consideredn Partll). Notethatthelattice pointH s liesin a sphereof radiusd if, andonly if,
d®  kx Hsk?: (5)

In orderto breakthe probleminto the subproblemslescribedabore, it is usefulto considerthe QR factor

izationof thematrix H 2 3

H=Q4 < 5, 6)

0(n m) m



h i
whereR isanm  m uppertriangularmatrixandQ = Q; Q, isann n orthogonalmatrix. The

matricesQ; and Q, representhe rst m andlastn ~m orthonormalcolumnsof Q, respectiely. The

condition(5) canthereforebewritten as

2 3 , 2 3 2 3,

" 4R Q R 2 2
d? X Q1 Q2 4055 = 4 S x 4053 = kQ;x Rsk+ kQ,xk*;

Q.

where( ) heredenotedHermitianmatrix transpositionOr in otherwords,
d®  kQ.xk?  kQix Rsk®: 7)

De ningy = Q,x andd? = d® kQ,xk? allows usto rewrite this as
0 1,
d? Qy, rij A ®)

wherer;; denotesan (i; j) entryof R. Hereis wherethe uppertriangularpropertyof R comesin handy
Theright-handside(RHS) of theabore inequalitycanbe expandedas
d? (Ym  Tmm Sm)2 +(Ym 1 'm mSm I'm 1m 1Sm 1)2+ o 9)
wherethe rst termdepend®nly onsy,, thesecondermonfsy,; s, 19 andsoon. Thereforea necessary
conditionfor H s to lie insidethe spheres thatd?  (ym  Fm:m Sm)?. Thisconditionis equivalentto sm,
belongingto theintenal & ' $ %
d’ + d +
——h o, Im (10

M'm;m M'm;m

whered e denotesoundingto the nearestarger elementin the setof numberswhich spansthe lattice 2
Similarly, b cdenotesoundingto thenearessmallerelemenin the setof numbersvhich spanghelattice.
Of course,(10) is by no meanssufcient. For every sy, satisfying (10), de ning donﬁ 1 = d2

(Ym rm;msm)Zandym 1jm = Ym 1 I'm 1mSm, astrongemecessargonditioncanbefoundby looking

2Clearly, for the caseof in nite latticeZ ™, this setis the setof integernumbersZ . The setwhich spansa nite subsebfzZ ™
is a nite subsebf Z, possiblyshifted.



atthe rst two termsin (9), whichleadsto s, 1 belongingto theintenal

& ' $ o %
dm 1 T Ym 1jm Sm 1 dm 1 T Ym 1jm : (11)
'm 1m 1 'm 1m 1

One can continuein a similar fashionfor s, », andso on until s1, therebyobtainingall lattice points

belongingto (5).

3.1 The Sphere DecodingAlgorithm

We cannow formalizethealgorithm.
h [
Input: Q= Q1 Q> ,R,Xx,y=0Q;x,d.
1. Setk=m,d2 = d® kQuxK2, Ymjm+1 = Ym

0 0
2. (Boundsfor sy) SetUB (si) = bd”ryk%c, Sk = d%e 1

3. (Increasesy) sy = s + 1. If sy UB(sk) goto 5, elsegoto 4.

4. (Increase&k) k = k+ 1;if k = m + 1terminatealgorithm,elsegoto 3.

_ _ o Pm o 42 = 2
5. (Decreas«) If k = 1goto6. Elsek = k 1, Y1 = Yk i=ke1 MG Sjs ds = d3,

(Yk+1jk+2  Tk+1:k+1 Ske1)?, andgoto 2.

6. Solutionfound. Save s andits distancerom x, donf diZ + (y1 r1.181)%, andgoto 3.

Note thatthe subscriptkjk + 1in yy;+1 above is usedto denotereceved signalyy adjustedwith the
alreadyestimatedsymbolcomponentsy., ;:::; Sm. Furthermorenotethatin step2 andstep3 of thecode,
we assumedinit spacingbetweerary two nearestlementof the setspanninghe lattice. If thelatticeis
scaled,.e., if the spacingbetweenwo nearesheighborsn the setspanninghelatticeis differentfrom 1,
thosealgorithmstepsneedto be adjustedaccordingly

We shouldmentionthattheoriginal paperof Fincke andPohs{12] usedslightly differentnotationto the
onewe have used.For completenessye shallincludeit here.Thepape12] makesuseof theunconstrained
least-squaresolution$ = HYx = R 1Qx. In thiscaseijt follows thatkQ,xk? = kxk?  kH 8k? andso
inequality(7) becomes

d> kxk®+ kH8k?> KkR(&8 s)k*: (12)



Expansion9) becomes

2

'm 1m
d?2 F2m(Sm Sm)?+ 1% 1m 1 Sm1 Sm 1+ ——"—(Sm &m) +:i

andtheintenals(10) and(11)

& . ' $ . %
d d
I'm:m I'm:m
and & , : $ , %
d d
m 1 m 1
Sm 171 T — Sm 1 Sm lim T ——
'm 1m 1 'm 1m 1

'm 1m
- S
fm 1m l( m

respectrely, wherewehavede ned$y, 4jm = Sm 1

thealgorithmas

Input: R, x, §, d.

la. Setk = m,d? = d®  kxk?+ kH 8k, 8pim+1 = &m

0
2a. (Boundsfor sy) Setz = ﬁ UB(sk) = bz+ §jk+1C sk =d Z+ G 1

3a. (Increasesy) sk = sk + 1. If sy UB(sk) goto 5a,elseto 4a.

4a. (Increas&k) k = k+ 1;if k = m + 1terminatealgorithm,elsegoto 3a.

P

5a. (Decreasek) If k = 1 goto6a. Elsek = k j“lk+l ::—fjk(sj
di2+1 rI§+1 k+1 (Sk+1

1 Syjk+1 =

8k+1jk+2)%, andgoto 2.

6a. Solutionfound. Save s andits distancerom x, d2  di2 + rzi(s1  %i2)% andgoto 3a.

3.2 A First Look at Complexity

(13)

(14)

(15)

$m). We cannow alternatvely write

§), d2 =

The paper[12] givesa compleity analysisof the above algorithm. The mainresultis thatthe numberof

arithmeticoperationf the aforementionedlgorithms(excluding Stepsl, 2, 3) is at most

0 0 1 1
bad?tc+ m 1

P—
1(2m3+ 3m? 5m)+ 1(m2+ 12m 7)@2b d’tc+ 1)@ A+ A,
6 2 bad?tc

10

(16)



wheret = max(ril; il r,%;m). In practicet grows proportionalto n (r f;l, for example,is simply the
squarednhorm of the rst columnof H, which hasn entries)andd? grows proportionalto m (for more
on this seebelon) and so the upperboundon the numberof computationsn (16) can be quite large.
Our experiencewith numericalimplementation®f the algorithmshaws thatthe boundis extremelyloose.
Moreover, althoughit doesdependnthelattice-generatingnatrixH (throughthe quantityt), it offerslittle
insightinto the compleity of thealgorithm.We will thereforenot furtherconsiderit.

In this paperwe proposeto studythe compleity of the spheredecodingalgorithmusingthe geometric
interpretationve have developedsofar. As mentionedearlier the compleity of the spheredecodingalgo-

rithm depend®n the sizeof the generatedreein Fig. 4, which is equalto the sumof the numberof lattice

H, aswell asonthevectorx. Therefore unlike the compleity of solvingthe unconstrainedeast-squares
problemwhich only dependson m andn andnot on the speci ¢ H andx, the compleity of the sphere

decodingalgorithmis data-dependent

3.2.1 ExpectedComplexity

Of coursesincetheintegerleast-squaregroblemis NP hard,theworst-case&omplity of spheredecoding
is exponential. However, if we assumehatthe matrix H andvectorx aregeneratedandomly(according
to someknown distrikutions),thenthe compleity of thealgorithmwill itself be a randomvariable.In this
case,t is meaningfulto studythe expected(or average)compleity of spheredecodingandperhapsaven
someof its higherordermoments®

In whatfollows we will give a roughargumentfor the expectedcompleity of spheredecodingbeing
exponential,althoughit is not too dif cult to make it rigorous. (For a rigoroustreatmentalbeit using a
differentapproachsee[2].) For anarbitrarypointx, andanarbitrarylatticeH , it is nottoo dif cult to shav
thatthe expectednumberof lattice pointsinsidethe k-dimensionakphereof radiusd is proportionalto its

volumegivenhby (seege.qg.,[15])
k=2

™ |
(k=2+ D¢

Thereforethe expectedtotal numberof pointsvisited by the spheredecodingis proportionalto the total

3In passing,we shouldmentionthat thereis recentinterestin studyingthe expected ratherthanworst-casecompleity of
variousalgorithmsin the computerscienceliterature. The readermay wish to referto the suney paper[16] andthe references
therein,as well asthe in uential papers[17, 18]. In theseworks, a uniform distribution on the underlying problemis often
(arti cially) assumedndcompleity issuessuchasNP-completenesstc., arere-visited. However, aswe shall seebelawn, our
problemallows for a very naturalstochastianodel.

11



xXn k=2 ‘
P= —d-
o, (k=2+1)

A simplelower boundon P canbe obtainedby consideringonly the volume of an arbitraryintermediate

dimensionsayk,
k=2 2ed 1
(k=2+ 1) k M

wherewe have assumedan Kk 1 andhave usedsStirling's formulafor the Gammafunction. Clearly
P, andits lower bound,dependn theradiusd?. This mustbe choserin suchaway thatthe probability of
the spheredecodernding a lattice point doesnot vanishto zero. This clearly requiresthe volume of the

m-dimensionakphereo nottendto zero,i.e.,

+

N‘B
N

L
mz ;

N

wherewehavede ned = m=k > 1. Thislastexpressiorclearlyshavsthattheexpectechumberof points

P, andhencethe complity of thealgorithm,grows exponentiallyin m. (Take,e.g., = 2.)

4 A Random Model

Although not unexpected,the above is a discouragingresult. In communicationsapplications however,
the vectorx is not arbitrary but ratheris a lattice point perturbedoy additive noisewith known statistical
propertiesThus,we will assume

X=Hs+v; (17)

wherethe entriesof v areindependenN (0; 2) randomvariableswith known varianceandthe entriesof

H areindependeni (0; 1) randomvariables.FurthermoreH andv aremutuallyindependent.

12



4.1 Choiceof the Radius

The rst by-productof thisassumptions amethodto determinghedesiredradiusd. Notethatzi2 kvk? =
2—1; kx Hsk?isa 2 randomvariablewith n degreesof freedom.Thuswe may choosetheradiusto be

ascaledvarianceof thenoise,

in suchaway thatwith a high probabilitywe nd alattice pointinsidethesphere,

z n=2 n=2 1

—e d =1 ;
0 ( n=2)

wheretheintegrandis the probabilitydensityfunctionof the 2 randomvariablewith n degreesof freedom,
andwherel is setto avaluecloseto 1, say 1 = 0:99. [If thepointis notfound,we canincreasehe
probabilityl , adjusttheradius,andsearchagain.]

Theimportantpointis thattheradiusd is choserbasedon the statisticsof the noise,andnot basedon
the lattice H. Making the choicebasedon H quickly leadsusto NP hard problems(suchas determin-
ing the covering radius). Moreover, choosingthe radiusbasedon the noisehasa bene cial effect on the

computationatompleity.

4.2 Implications for Complexity

Clearly when 2 = 0, i.e.,whenthereis no noise,the exactsolutioncanbe foundin O(mn?) time. (The
pseudo-imersedoesthetrick). Ontheotherhand,when 2! 1 ,thereceiedvectorx becomesrbitrary
for which we amguedin section3.2 that the expectedcompleity is exponential. What we are interested
in is what happenst intermediatenoiselevels. In otherwords, how do we transitionfrom cubic-timeto
exponentialcomplexity?

In ouranalysiswve shallcomputetheexpectedcompleity averagedver boththenoisev, aswell asover
thelattice-generatingnatrix H . Thus,we needarandommodelfor H andwill assumehatit is comprised

of independenN (0; 1) entries.This assumptions madefor two reasons:

1. It makesthe problemanalyticallytractable.

2. It is alsoavery reasonablassumptiorior large,unstructuredmatricesH . (Thereexist mary results
in randommatrix theory suchasWigner's semi-circlelaw, mixing conditions,etc. thatarenot very

sensitve to Gaussiarassumptions—seeg.,[19].)

13



Of coursejf H possessespecialstructure suchasToeplitzstructurethenthisis notareasonablassump-
tion andthe structuremustbe explicitly taken into account. However, this meritsa separateanalysisand
will beconsideredn the secondoartof this paper

Now, asarguedin the previoussectionthe compleity of the spheredecodingalgorithmis proportional
to thenumberof nodesvisited onthetreein Figure4 and,consequentiyto the numberof pointsvisitedin
the sphere®f radiusd anddimensionk = 1;2;:::; m. Hencethe expectedcompleity is proportionalto
the numberof pointsin suchsphereghatthe algorithmvisits on average.Thusthe expectedcomplexity of

spheradecodingalgorithmis givenby

xn
C(m; ?;d° = (Fxpected# of pointsig k-sphereof radius?) ( lops{goir}t ): (18)
k=1 T

=Ep(kd2= n 2) = fp(k)=2 k+11

Thesummationin (18) goesoverthedimensionk = 1throughk = m. Thecoefcient
fp(k) = 2k + 11

is the numberof elementaryoperationgadditions,subtractionsand multiplications)that the Fincke-Pohst
algorithmperformspereachvisited pointin dimensiork.
We needto computeE (k; d?), theexpectechumberof pointsinsidethek-dimensionakphereof radius

d. Letus rst bagin with thehighestdimensionj.e.,k = m.

421 k=m

e o o .0

Figure5: s; transmittedandx received We are interestedwhetheran arbitrary pointH s, liesin a sphee
of radiusd centeed aroundx.

If the lattice point s; wastransmittedandthe vectorx = Hs; + v receved, we areinterestedn the

14



numberof arbitrarylattice pointss, suchthat
kx Hsk? d%
(SeeFigure5.) But, sincex = Hs; + v, thisis just
kv+ H(st sa)k® d% (19)

Now thevectorw = v+ H(s; S,) is clearlyazero-mearGaussiamandomvector sinceits entriesarethe

sumsof zero-mearGaussiamandomvariables Now the covariancematrix has(i; j ) entry

( s ) ( s )
Ewiwj = E vi+  hig(stk Sak) Vi+  hji(sy  Say)
k=1 =1
) xnoxXn
= ij + i ki(Stk  Sax)(Sti  Sai)
k=1 =1

P
i ( 2+ kst sak?); whereksk? = [, 2.

Thus,w is ann-dimensionalectorof zero-mearnid Gaussiamandomvariableswith variance 2 + ks;

.. . 2 2, . .
Sak2. Thisimpliesthat 5 2+kkWStk S = 52“2'1 (kss‘t Z’Z)kkz) isa 2 randomvariablewith n degreesof freedom.

Thus,the probabilitythatthelattice points, liesin asphereof radiusd aroundx is givenby thenormalized

incompletegammafunction

Z 2 _
d? n 2 2+kia sk =2 1
= = e d: (20)
2( 2+ ksy  stk?)’' 2 0 ( n=2)

Now thatwe have computedhis probability theexpectechumberof pointsin them-dimensionasphere

canbeevaluated However, beforedoingso,let usturnto thek < m case.

422 k<m

Referringbackto (9), we areinterestedn all k-dimensionalattice pointss suchthat
0 1,

d2 @yi Fij Sj A (21)

15



To betterunderstandhis set,let usagainconsiderthe QR decompositiorof (6) to write

2 3 ,
R
kx Hsak?=kv+ H(st si)k! = v+ Q4 S(st  sa)
o(n m) m
2 3 )

R
= Qv+4 S(st Sa)

(n m) m

[We shall henceforthsuppresghe subscriptsof the all-zero submatricesaslong astheir dimensionsare

self-evident.] Now if we partitionthe uppertriangularmatrix R andthevectoru = Q v as

2 3
2 3 um K
R . R .
R=4 "KMk TGS ang UZE uk z (22)
Ok m x  Rkk g m

wheretheblock matricesRy, km k, Rm kk andRyx are(m k) (m k),(m k) kandk Kk,

respectiely, andthevectorsu™ K, uk andu” ™ arem k, k andn m dimensionalrespeciiely, then

we canwrite
kuk + Rii(sk sK)k? + ku" Mk?;
wherethevectorss” ¥, s™ ¥ andsk, sk, arem k andk dimensionalrespectiely, andsuchthat
2 3 2 3
m k m k
=4 5. 5=-4% 5.
sK sK

It is now straightforvardto seethatd? = d2  ku" Mk? andthatkuk + Ry (sk  sX)k? is simplythesum
of thelastk termsin thesum(8). Thus,we mayrewrite theinequality(21) as
2 3 2 3 2

uk Ry
@ kuk+ Ry(sk sk + ku Mk2= 4 544 M5 gk gy . (23)
0

unm

Thus, to computethe expectednumberof k-dimensionallattice points that satisfy (21), we needto

determinghe probability distribution of the RHS of (23). For this we needthefollowing result.
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Lemmal. LetH beann m (withn m)randommatrixwith iid columnssud thatead columnhasa
distribution that is rotationally-irvariant fromtheleft. In otherwords,for anyn  n unitary matrix , the

distribution of h;, thei-thecolumnof H, satis es
pn(hi) = pa( hy):

Considemowthe QRdecomposition 2 3

0

whee Qisn nandunitary, andR ism m anduppertriangular with non-ngative diagonal entries.

ThenQ andR are independentandommatrices where

1. Q hasanisotropicdistribution, i.e., onethatis invariantunderpre-multiplicationbyanyn n unitary

matrix:

PQ(Q) = po( Q); 8 = =1:

2. Considerthepartitioning of R accodingto (22) andfurther partitionH as

2 3
Hm k;m k Hm k;k 5.

H=24
Hn m+km k Hn m+k;k

whete thesubscriptandicatethedimension®f thesub-matricesThenR . hasthesamedistribution

astheR obtainedfromthe QRdecompositiomfthe(n m+ k) k matrixH, m+k«k-

Proof: SeeAppendixA.

Remarks:

1. What is 'glterestingaboutthe abose Lemmais that even thoughthe (n m + k)  k submatrix
Ry
4 K% 5 ignottheR of the QR decompositiorfthe(n  m+ k) k submatrixH m k it has

0
the samedistribution.

2. Lemmal clearlyholdsfor anH with iid zero-mearunit-varianceGaussiarentries.In this case pne

canbeexplicit aboutthe distribution of R: theentriesareall independentvith thei-th diagonalterm

17



having a 2 distributionwith n i + 1 degreesof freedomandthe strictly uppertriangularentries

having iid zero-meannit-varianceGaussiardistributions.

Letusnow applyLemmal to theproblemathand.First, sincev hasiid zero-mean 2-varianceGaussian
entriesand Q is unitary the sameis true of u = Q v andalsoof the sub-ectorsu™ ¥, uk andu™ ™,
Moreover, sinceQ is independentf R, the sameis true of u. Returningto the inequality (23) let us

multiply thevectorinsidethenormby anisotropically-randm unitarymatrix . Sincethisdoesnotchange

norms,we have 2 3 2 3 ,
k
u Rk
d2 4 54+ 4 Kkpk ok
o (st sb)
2 3
uk
Now clearly then m + k-dimensionavectorv= 4 3 hasiid zero-mean 2-varianceGaussian
un m
2 3
Ry
entries. Also, from Lemmal part2, the(n m+ k) kmatixH = 4 5 hasiid zero-mean
0
unit-varianceGaussiarentries.Thus,we maywrite (23) as
d  kv+ H(sK sKK? (24)

whichis precisely(19), exceptthatthedimensionshave changedromn andmton m + k andk. Thus,
usingthe sameargumentas presentedafter (19), we concludethat the probability that the k-dimensional

lattice point s lies in a sphereof radiusd aroundx is
Z d? _
d? n m+k _ 7 a2k Fkpy (n m+k)=2 1

2( 2+ ks s{<k2); 2 T (n m+ k):2)e d: (25)

Given this probability andthe onein (20), onecouldin principle proceedoy nding the agumentof
the gammafunctionin (20) and(25) for eachpair of points(sg; st), andsumtheir contrikutions; however,
evenfor a nite latticethis would clearly be a computationallyformidabletask(andnot doableatall in the
in nite lattice case). Therefore,we shall nd it usefulto enumeratehe lattice, i.e., countthe numberof
pointswith the sameargumentof the gammafunctionin (20) and(25). Enumeratiorof in nite and nite

latticesis treatedseparately
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4.3 Theln nite Lattice Case

Theabove probability (25) dependonly on the Euclideandistancebetweerthe pointssf ands¥, thatis, on
ksX  skk? = kskk?. Now, sincein anin nite integerlattices, s = s is just anotherattice point, we
concludethatthe probability in (25) dependsnly on the squaredhorm of an arbitrarylattice pointin the
k-dimensionalattice. It is thusstraightforvard to seethatthe expectednumberof of lattice pointsinsidea

k-dimensionakphereof radiusd is givenby:

> n m+k
2(2+1) 2

Ep(k;d?) =
1=0

(# of k-dimensionalattice pointswith kskk? = 1):  (26)

Sinceksk? = s2+ ::: + sZ, webasicallyneedto gure outhov mary waysanon-ngative integer| canbe
representedsthe sumof k squaredntegers.Thisis a classicproblemin numbertheoryandthe solutionis
denoteday ri(l) [20]. Thereexist aplethoraof resultson how to computer ¢ (1). We only mentiononehere
dueto Euler: r (1) is givenby thecoefcient of x! in theexpansion

Xk R

1+2  x™ =1+  r()x" (27)

m=1 1=1

(For moreon the problemof representingntegersasthe sumof squareseeAppendixB.)

Theabore agumentdeadto thefollowing result.

Theorem 1 (Expectedcomplexity of sphere decodingover in nite lattice). Considerthe model
X=Hs+ v;

wheev 2 R" 1iscomprisedfiid N (0; 2) entries,H 2 R" ™ is comprisedfiid N (0; 1) entries,and
s 2 Z™M is an m-dimensionalectorwhoseentriesare integer numbes. Thenthe expectedcompleity of
the sphee decodingalgorithm of section3.1 with a seach radiusd for solvingthe integer least-squags
problem,

min kx  HskZ;
s2Z ™M

is givenby ,
d n m+k

) o X0 s
C(m; “d9) = fu(k) 2(2+|); 3

k=1 =0

re(): (28)
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Proof: Follows from the earlierdiscussions.
]
We shouldremarkthat, for ary given searchradiusd, therealways exists a probability that no lattice
pointis found. Therefore to obtainthe optimal solution, it is necessaryo increasehe searchradius. One
plausibleway of doingthisis to startwith aradiusfor whichthe probabilityof nding thetransmittedooint
isl ,thenif nopointis foundto increasehe searchradiusto a value suchthat the probability of not

nding thetransmittedpointis1 2, andsoon. For suchastratgy, we have thefollowing result.

Corollary 1 (Expectedcomplexity for nding the optimal solution). Considerthe settingof Theoem1.
Givenany0 < 1, considera strategy where we r st choosea radiussud thatwe nd thetransmitted
lattice point with probability 1, andthenincreaseit to a probabilityof 1 2, andsoon, if no point

is found. Thenthe expectedcompleity of the sphee decodingalgorithmto nd the optimal solutionis

boundedoy
.2, i1 i . .
cm %) @) fp(k) sczey 2 O (29)
i=1 k=1 1=0
whee ; is chosensud that
_inn_ PP
5% 1 =120 (30)

Notethatthe probabilityof having to performi decodingstepsin orderto nd thetransmittedoointcan

becalculatedobe(1 ) ' !asfollows
p d(i)®>>kvk®>d(i 1)? =p kvk®<d(i)? pkvkP<di 1> =1 " 1+ '1l=q@q )'*%

whered(i) denotessphereradiusat thei™ decodingstep. We remarkthatthis is differentfrom the proba-
bility of having to performi decodingstepsin (29) sincethereis alwaysthe error probability of the sphere
decodernding alattice pointevenwhenthetransmittedattice pointis notinsidethe sphere This explains

why we have only anupperboundin theabove corollary
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4.4 Finite Lattice Case

In communicationproblemsyatherthanbeingunboundedntegers theentriesn theunknavn m-dimensional

vectors areoftenpointsthatbelongto anL -PAM constellations,
DL = — =il (31)
In fact,L is oftentakenasa power of 2. We saythatthepoints thenbelongso thelatticeconstellatiorD ™,

DLn:PL DL{Z::: D|};
m-times

where -operationrdenoteghe Cartesiarproduct.

Furthermoreijn this case ratherthanthe noisevariance 2, oneis interestedn the signal-to-noiseatio

_m? 1),
S 122

(32)

The probabilityexpression(25) for nding anarbitrarylattice points¥ insidea spherearoundthegiven
pointx whenthe pointlattice sk wastransmittedholdsfor the nite lattice caseaswell. However, counting
the lattice pointswhich have the sameamgumentof the incompletegammafunctionin (25) is not aseasy
Thereasoris thatunlike in thein nite latticecasethedifferencebetweertwo latticepointsin DX, sk sk,
is not necessarilyanotherlattice pointin D'lf. Thus, the lattice enumeratiorthat we usedin the previous
sectionneedgo be performedover pairsof points,(sX; sk).

More formally, the numberof subsetattice pointsin thek-dimensionabkpherds givenby

1 X X n 2 n m+k
LK 202+1y 2 !

K-ckoD K -kek ok k2=
| sk;skaD K iksk skk2=|

andenumeratinghe set
o]

(sK;sK)jsk;sk 2 Df; kst skk?=1 ;
appeargo becomplicated.
For this, we proposeamodi cation of Euler's generatindunctiontechniqueln particular for various -
nite latticeswe will de ne generatingpolynomialsthat,whencombinedappropriatelyperformthecounting

operationdor us.
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Let usdothecasestudyfor variousvaluesof L :

1. D'2<: The constellationD'g consistsof the cornersof a k-dim hypercubeasillustratedin Figure 6.

Due to symmetry all pointsin the hypercubeare essentiallyequivalent. Therefore,without loss

<

Y y

Figure6: Countingfor DX

of generality we canassumehatthe “lowerleft-corner”pointsf = 3; 1;:::; 3 T hasbeen
transmitted Then,dependingnwhetherthecorrespondingntryof s is 3 or 3, thevectorsf ~ sf

is comprisecbf zeroandoneentries. The numberof suchvectorsghosgsquarechormis | is clearly
k
givenby the numberof vectorsthathave | entriesatone,whichis @ =~ A . This givesthe numberof

|
pointsin DX atdistance from sf.

2. D'g: In this case,all pointsin the constellationare not the same. For eachentry of s¥, we can

distinguishbetweenthe “corner” and the “center” points, asillustratedin Figure 7. Extending

"corner”points:s; s, 2 f0; 1, 2, 3g

NIw
NI
—
I=
—
NJw

"center’points:s; s, 2f 1,0, 1, 29

Figure7: Countingfor DX
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Euler'sidea,for the cornerpointswe identify the generatingoolynomial
o(x) = 1+ x + x4+ x°; (33)
andfor the centerpointsthe polynomial
1(x) = 1+ 2x + x* (34)

Essentiallythe powersin thepolynomials o(x) and 1(x) containinformationaboutpossiblesquared
distancesbetweenan arbitrarypoint sk andthe transmittedpoint sK. For instancejf anentryin the
transmitted\/ectors{‘, sayst.1, IS acornerpoint,thens,;  s¢1 2 fO; 1, 2, 3g, dependingon
Sa:1 2 D4. Thusthe squaredhorm of their differencejsa.1 st;lj2 canbeeither0, 1, 4, or 9, as
describedby the powversof o(x). On the otherhand,if st.1, is a centerpoint, thens;.1  St1 2
fO; 1, 1, 2g (which explainscoefcient 2 in front of termx in 1(x)). Now, if amongthe k
entriesof sK, we choosea cornerpointj times,the numberof waysksK skk? canadduptol is

givenby thecoefcient of x! in the polynomial

0 1
@5 A i K
. o(x) 1 “(x): (35)
J
. D§: Notethat
7 5 3 11 357
DE=f = = =i i35 oo =da
8=l 2 22 222229
Let usde ne thefollowing subset®f Dg:
So=f 549 S1=f 339
: (36)
S2=f 3390 Ss=1f 339

Similarto theL = 4 case,we canidentify the following polynomialsfor countings; st in D'g
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lattice:

o) = 1+ x+ x*+ x%+ x10+ x5+ x36+ x49,

1(X) = 1+ 2x+ x4+ x%+ x16+ x5 + x36;

2(X) = 1+ 2x+ 2x4+ x9+ x164 x5, (37)
3(X) = 1+ 2x+ x4+ 2x9 + x16;

Thereforejf amongk entriesof s{<, we choosqg i pointsfrom S;, i 2 f0; 1; 2; 3g, thenthe numberof

waysksK  skk? canaddupto | is givenby thecoefcient of x' in the polynomial

0 1
k . . . )

@ AP P P FX; (38)

JosJ1i)2:)3
0 1
o K A y
wherejo+ j1+j2+j3=kand@ A= ko
JosJ1i)2:)3

4. Countingfor D'{G andhigherorderlatticesis donesimilarly.

We cannow summarizeéheabove resultsfor theexpectedccomputationatompleity of theFincke-Pohst

algorithmfor nite latticesin thefollowing theorem.

Theorem 2. [Expectedcomplexity of the sphere decodingover a nite lattice] Considerthemodel
X=Hs+v,

wheev 2 R" 1is comprisedofiid N (0; 1) entries,H 2 R" ™ is comprisedof iid N (0; =m) entries,
ands 2 D" is an m-dimensionalvectorwhoseentriesare elementf an L -PAM constellation. Thenthe
expecteccompleity of the sphee decodingalgorithmof section(3.1) with a seach radiusof d for solving
theinteger least-squagsproblem

min kx H sk

s2D
1. for a 2-PAM constellationis
0 1 I
Cmi )= fp(k)><K @ A n__n mrk (39)
k=1 =0 | 20+ a7 2
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2. for a 4-PAM constellationis

0 1 I
X X 1 Xk n n m+k
Cm ;)= k) x @ Ag@ ————pg i — & (@0
k=1 q 1=0 I ( m(LZ 1)
wheee gx (q) is the coefcient of x4 in the polynomial
1+ x+ x4+ x)'@+ 2x+ xHk !
3. for a 8-PAM constellations
I
X X 1 X n n m+k
C(m, ; d2) = fp(k) 4_k gkjojljzjs(q) 2(1+ 174 ; 2 ;
k=1 q jotjitjatijs=k m(LZ 1)
(41)
whee gk;,j.j.j; () is thecoefcient of x4 in the polynomial(38).
4. similar expressionganbe obtainedfor 16-PAM, etc.,constellations.
Thenumberof elementarnpopemtionsper visitedpointin (39)-(41)isf p(k) = 2k + 9+ 2L A
Proof: Follows from theabove discussions.
O

We remarkthatto obtainthe optimalsolutionto theinteger least-squaregroblemwe will occasionally
needto increasehe searchradiusd, andsowe canobtaina resultsimilar to thatof Corollary 1, whichwe

omit for brevity.

5 Conclusion

In mary communicatiorproblemsmaximume-likelihooddetectiorreduceso solvinganintegerleast-squares
problem,i.e.,asearchor the closesintegerlattice pointto thegivenvector In suchapplicationdvL detec-
tionis rarelyperformedpnthegroundghatit requiresexponentiakompleity andis thereforecomputation-
ally intractable.However, whatdistinguishegshe communicationspplicationdrom mary otherinstances

of integerleast-squareproblemsis that the given vectoris not arbitrary but ratheris an unknavn lattice

4SinceD!" is shiftedintegerlattice,we assuméhateachroundingin step2 of thealgorithmin Section3.1takesL 1 operations.
Hencef (k) slightly differsfrom theoneusedto nd expectedcompleity of spheredecodingn thein nite latticez ™ .
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point that hasbeenperturbedoy an additive noisevectorwith known statisticalproperties.Therefore the
compl«ity of nding theclosestattice pointfor ary givenalgorithmshould,in fact,beviewedasarandom
variable. This is the approachiakenin this paperand,for the “spheredecoding’algorithmof Fincke and
Pohst,we obtaineda closed-formexpressiorfor the mean,averagedover boththe noiseandthe lattice, of
the compleity. Thiswasdonefor both nite andin nite lattices.

Basedontheseclosed-formexpressionsin thesecondartof this paperwe will demonstratéhatovera
widerangeof SNRs ratesanddimensionstheexpectedcomplexity of spheredecodings polynomial(often
roughlycubic),whichimpliesthe practicalfeasibility of spheredecodingn mary applicationsThesecond
partof this paperwill dealwith variousgeneralizationsf this resultandwill alsoaddresshe computation
of thevarianceof the spheradecodingalgorithm.

We shouldalsomentionthattherearemary variantsof thespheredecoderlgorithm,someof which are
mentionedn Sec.7 of secondoartof this paper While thesealgorithmsgenerallyoutperformthe standard
spheredecodementionedhere,the computationof their expectedcompleity appeargo be a formidable

task.Ourresultsmaythereforebeviewed asupperboundsfor thesemore powerful algorithms.
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A Proofof Lemmal

Let usstartwith part1. SinceH is rotationally-irvariart from theleft, thematrix H hasthe samedistri-
butionasH , for ary unitarymatrix . Thefollowing simplecalculationshavs thatthe sameis truefor ary
randomunitary thatis independenof H :

z z
p( H)= p( Hj) p() d = p(H)p() d = p(H);

wherein the secondstepwe usedthefactthat thatis independendf H to concludep( Hj) = p(H).
In particular the above equationis truefor anindependenisotropicallyrandomunitary .° Now, for such
a ,wehave

H= OR;

from which, dueto theuniquenessf the QR decompositionvhenR haspositive diagonalentries(seeg.g.,
[23, 24]), we concludethat Q istheQ andR remaingheR in the QR decompositiorof H. Now, since
is independenisotropicallyrandom, Q is alsoisotropicallyrandomand,morewer, it is independenof
Q. Therefore Q mustbeindependentf R, aswell. Since H andH have the samedistribution, theQ's
in their QR decompositionsnusthave the samedistribution, from which we concludethat Q mustbe an
isotropicallyrandomunitary matrix, independentf R.
This concludesthe proof of part 1. [We remarkthat the proof of part 1 only requiredthat H be
rotationally-irvariant We did not requirethe independencef the columnsof H. This independencés
requiredfor the proof of part2, to which we now turn our attention.]

Considetthe partitioning 2 3

H =4 Hmk;mk Hmk;k 5.

Hn m+k;m k Hn m+ k;k
wherethe subscriptindicatethe dimensionof the sub-matricesNow considerthe QR decompositiorof
theleadingm k columnsofH, i.e.,

2 3 2 3

4 Hm k;m k 5:Q14 I:)m k;m k5;

Hn m+k;m k

whereQiisn (m k) unitaryandPy, k.m « IS uppertriangularwith non-ngatve diagonalentries.Now

SFor someof the propertieof isotropicallyrandomunitary matriceshe reademayreferto [21, 22].
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sincePy, «m kPm km k = Hpy wm kHm km k¥ Hy neem kHn m+km k, Whichis theleading
(m k) (m k)submatrixofH H,weconcludehatPy, k.m kisindeedtheleadingim k) (m k)
submatrixof R in thepartitioning(22),i.e.,Pm km k = Rm km k-
Applying theunitarymatrix Q, tothefull H (andnotjustits leadingm  k columns)we have
2 3

:4Rm k;m k Hm k;k 5:

Q1 (A.1)

0 Hn m+ k;k
Now, sinceQ; dependnly onthe rst m  k columnsof H andtheseareindependenof theremaining
k columns,by the rotational-ivariarce of the columnsof H, we concludethat H,, +k:x hasthe same

distributionasH,, m+ k;k.f’ Now if we considerthe QR decompositiorof Hy m+ k:k:

2 3
Rk
Hn m+k;k=QZ4 5;
0
combiningthis with (A.1), we have
2 3
Rm k;m k Hm k;k
Q:H = 4 E Rk:k z;
0 Q
0
andso 2 3
2 | 3 Rm k;m k Hm k;k
H= 14 5; 0 Rk;k 2 (A-Z)
0 Q
0 0
2 3
I O
SinceQ, 4 S is unitaryandsincethediagonalentriesof Ry, km k andRy arenon-ngatve, we

0 Q2

concludethatthisis indeedthe QR decompositiorof H (whichjusti es our useof thenotationR - for the
RintheQRof H k;k).7 SinceHp m+kk andHpy m+ Kk have the samedistribution, we concludethat Rk
hasthe samedistribution asthe R obtainedrom the QR decompositioof Hp,  m+ kk-

This concludeghe proof of part2.

Thisis alsotrueof Hy «x andHm kx , thoughwe shallnotneedthis fact.
"Thus,for example Hm «kx = Rm k-
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B Representinglntegers asa Sum of Squares

The questof representing positive integer asthe sumof squareshasa long history in mathematicsand
numbertheory The problemof determininghe numberof waysthata non-ngatve integer| canberepre-
sentedask squaresvas rst posedoy Waringin 1770andis denotedoy r(1).2 The rst known resultin
this directionis dueto Diophantusof Alexandria(325-409A.D.) who shaved thatno integer of the form
4m + 3 canbe representedsthe sumof two squares.n otherwords,r,(4m + 3) = 0. In 1632,Girard
conjecturedhatl is the sumof two squaresf the primedivisorsof | of theform 4m + 3 occurin | in an
evenpower. (Forexample,l = 32 5= 3?2+ 62, whilel = 3% 5 cannotberepresentedsthe sumof two
squares.Eulerprovedthis conjecturdan 1749.However, hedid not give anexplicit formulafor r »(1). This

wasdoneby Legendrein 1798andGaussn 1801,who shavedthat

ra(l) = 4(da(l)  ds(1)); (B.1)

whered; (1) andds(l) arethe numberof divisorsof | congruento 1 and3 mod4, respectiely.

In 1770, Lagrangeproved his famousFour SquaresTheorem which statesthat every positive integer
canberepresente@sthe sumof four squares.This essentiallyestablisheshatr 4(1) > 0 for all positive
integersl; however, Lagrangedid not give anexplicit formulafor r 4(1).

In termsof computingthe value of r(l), the rst resultis dueto Eulerwho introduced(whatis now

known as)the Jacobithetafunction
(x) = xM =142 xM (B.2)

andestablishedhe following.

Theorem 3. Let (x) begivenby (B.2). Then

*
K(x) = 1+ r(Dx": (B.3)
=1

In otherwords, the numberof waysa non-ngativeinteger | canberepresentedhsthe sumof k squaesis

8In fact, Waringconsideredhe muchmoregeneraproblemof determininghenumberof waysanintegercanberepresenteds
thesumof k integersraisedto thepower g. In this sensethe numberof waysanintegercanberepresentedsthesumof k squares
is essentiallytheq = 2 Waringproblem.
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givenbythecoefcient of x' in theexpansionof K(x).

This canbeillustratedasfollows: ¥(x) is clearlya seriesin which eachterm hasan exponentthatis
obtainedasthe sumof k squaressincethe summationin (B.2) goesover all integers,the coefcients in
front of eachtermin the seriesexpansion ¥(x) mustbe equalto the numberof waysthatthe exponentin
thatsametermcanberepresentedsthesumof k squares.

Using the connectiorbetweerthe above thetafunction andelliptic functions,Jacobiin 1829 obtained
closed-formexpressiongor ri (1) whenk = 2; 4; 6; 8 (se€[20], chapter). His formulafor k = 4 immedi-
atelyyieldsLagranges Four Squaresheorem.Solutionsfor k = 10andk = 12 werefoundby Liouville
andEisenstein.Later, RamanujanHardy, andLittlewood obtainedformulasfor evenk  24. For oddKk,
the only resultsaredueto Dirichlet, who foundr 3(1), and Eisenstein Smith, and Minkowski, who found
rs(l) andr(l).

For a long time, thesewerethe only knowvn explicit formulasfor ri(l). Indeed,resultsby Glaisher
andby R. Rankin(1965),usingthetheoryof modularforms,discourageanary researcherfom obtaining
further closed-formexpressions.The subjectwasthereforepresumedo be “dead” until very recently In
1994 ,asaconsequencef their studyof certainaf ne superalgebrasy. KacandM. Wakimotoconjectured
formulasfor K(x) whenk = 4m2 andk = 4m(m + 1) [25]. In 1996, theseconjecturesvere proved
by S. Milne using Jacobis elliptic functions,Hankel determinantsand continuedfractions[26]. For an
expositoryreview of this, andsubsequemnesults theinterestedeadeiis referredto [27].

This exhaustsknown closed-formsolutionsfor r (). Thereexist mary asymptoticresults(in both k
andl)—seee.g.,[28], chapter5. In ary case,for ary givenk andl, the value of ry(l) canbe numeri-
cally computedusing Euler's formula (B.3). Moreover, r(l) is alsoa built-in functionin Mathematica

SumOfSquaresR[k ,I ] [29].
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