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Abstract

In recent years, soft iterative decoding techniqueshave beenshownto greatly improve

thebit error rateperformanceof various communicationsystems. For multi-antenna systems

employing space-time codes, however, it is not clearwhat is the bestway to obtain the soft-

informationrequired of the iterative scheme with low complexity. In this paper, we propose

a modi�cation of the Fincke-Pohst(sphere decoding) algorithm to estimate the maximuma

posteriori probability of the received symbol sequence. The new algorithm solvesa nonlin-

ear integer least-squares problem and,over a wide rangeof ratesandsignal-to-noiseratios,

haspolynomial-timecomplexity. Performanceof thealgorithm, combinedwith convolutional,

turbo, andlow-density parity check codesis demonstratedon several multi-antenna channels.

For systems that employ space-time modulation schemes, a major conclusionis that the best

performing schemesarethosethatsupport thehighestmutualinformationbetweenthe trans-

mittedandreceivedsignals, rather thanthebestdiversity gain.
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1 Intr oduction

Recently, thepursuitof high-speedwirelessdataserviceshasgeneratedasigni�cant amountof ac-

tivity in thecommunicationsresearchcommunity. Thephysical limitationsof thewirelessmedium

presentmany challengesto thedesignof high-ratereliablecommunication systems.As shown in

[1], multi-antennawirelesscommunication systemsarecapableof providing datatransmissionat

potentially very high rates. In multi-antenna systems,space-time[2, 4] (alongwith traditional

error-correcting) codesareoftenemployedat the transmitter to inducediversity. Furthermore,to

securehigh reliability of the datatransmission, specialattention hasto be payedto the receiver

design.However, gooddecodingschemesmayresultin highcomplexity of thereceiver.

A low-complexity detectionschemefor multi-antenna systemsin a fadingenvironmenthas

beenproposedin [4]. This detectionscheme(so-called“nulling-and-canceling”),dependingon

the adoptedcriterion,essentiallyperformszero-forcingor minimum-mean-square-errordecision

feedbackequalizationon block transmissions. In [5], a techniquereferredto asthe “spherede-

coding” (basedon the Fincke-Pohstalgorithm[6]) wasproposedfor lattice codedecodingand

furtheradaptedfor space-timecodesin [7]. Thespheredecoderprovidesthemaximum-likelihood

(ML) estimateof thetransmittedsignalsequenceandsooftensigni�cantly outperformsheuristic

nulling andcancelling.Moreover, it wasgenerallybelieved that spheredecodingrequiresmuch

greatercomputationalcomplexity thanthecubic-timenulling andcancellingtechniques.However,

in [8] ananalyticexpressionfor theexpectedcomplexity of thespheredecodinghasbeenobtained

whereit is shown that,over a wide rangeof ratesandsignal-to-noiseratios(SNRs),theexpected

complexity is polynomial-time(oftensub-cubic).This impliesthat in many casesof interestML

performancecanbeobtainedwith complexity similar to nulling andcancelling.

Anotherareaof intenseresearchactivity is thatof soft iterativedecoding.Suchtechniqueshave

beenreportedto achieve impressive resultsfor codeswith long codeword length. Following the

seminalpaperby Berrouetal. [9], therehavebeenmany resultsonturbodecodingof concatenated

codes,with performancesapproachingthe Shannonlimit on single-input single-output systems

(see[10] andthereferencestherein).More recently, low-density paritycheck(LDPC) codes,long
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neglectedsincetheir introductionby Gallager[11], havealsobeenresurrected(see,e.g.,[12, 13]).

Crucial to both turbo andLDPC decodingtechniquesis the useof the probabilistic (“soft”)

information abouteachbit in the transmitted sequence.For multi-antennasystemsemploying

space-timecodesit is not clearwhatis thebestway to obtainthis soft-informationwith low com-

plexity. As notedin [14], whereturbo-codedmodulation for multi-antennasystemshasbeenstud-

ied,if soft informationis obtainedby meansof anexhaustivesearch,thecomputational complexity

growsexponentially in thenumberof transmitantennasandin thesizeof theconstellation. Hence,

for high-ratesystemswith largenumberof antennas,theexhaustivesearchprovesto bepractically

infeasible.Therefore,heuristicsareoftenemployedto obtainsoftchannelinformation[14]. [Also,

see[15] andthe referencesthereinfor a relatedwork in the context of multi-userdetection.] In

[16, 17], two variations of the spheredecodingalgorithmhave beenproposedfor estimating the

soft information. In [17], spheredecodinghasbeenemployed to obtaina list of bit sequences

thatare“good” in a likelihood sense.This list is thenusedto generatesoft information,which is

subsequently updatedby iterativechanneldecoderdecisions.

In this paper, we proposea MIMO detector, basedon a modi�cation of the original Fincke-

Pohstalgorithm, which ef�ciently obtainssoft informationfor thetransmittedbit sequence.This

modi�ed Fincke-Pohstalgorithmessentiallyperformsa maximum a posteriori(MAP) searchand

thusprovidessoft information for thechanneldecoder. Thechanneldecoder's outputis thenfed

backto the Fincke-PohstMAP (FP-MAP) for the next iteration. [Note that the channeldecoder

may be iterative aswell, asin the caseswhenthe channelcodeis turbo or LDPC.] Our method

differsfrom thatof [17] in thatthespheredecoderis modi�ed (to allow for theintroductionof soft

informationfrom theiterativedecoder),thatthedetectorperformsMAP search,andthatFP-MAP

is repeatedfor eachiteration. Furthermore,in additionto the schemeswith traditionalmodula-

tion techniques,we studythemulti-antennasystems employing space-timecodes– in particular,

linear-dispersive (LD) codesof [19]. We show thattheLD codesallow for anef�cient implemen-

tationof theFP-MAPalgorithm, andillustrateexcellentperformanceof theproposedschemevia

simulations.TheLD codesaredesignedto optimize themutualinformationbetweenthetransmit-
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ted andreceived signals. Maximizing the mutualinformationis a necessaryconditionto obtain

theexcellentperformancespromisedby thepowerful channelcodes.We illustratethis by means

of comparisonwith a space-timemodulationschemethatdoesnot optimize theabove mentioned

mutualinformation– in particular, anorthogonal design[3].

Thepaperis organizedasfollows. Thechannelmodelandproblemstatementarein Section2.

TheFincke-Pohstalgorithmis describedandthecalculationof its expectedcomplexity is outlined

in Section3. In Section4, we introducetheMAP modi�cation of theFincke-Pohstalgorithm, dis-

cussits complexity andpresentsimulationresultsof theperformanceof theFP-MAPalgorithmin

systemsusingconvolutional, turbo,andLDPC codes.In Section6, we studyiterativedecodingin

multi-antennasystemsemployingLD space-timemodulationandforwardchannelcoding.Finally,

weconcludethepaperin Section7.

2 SystemModel

Weassumeadiscrete-timeblock-fadingmulti-antennachannelmodel,wherethechannelis known

to the receiver. This is a reasonableassumption for communicationsystemswherethe signaling

rateis muchfasterthanthepaceatwhichthepropagationenvironmentchanges,sothatthechannel

maybelearned,e.g.,via transmitting known trainingsequences.

During any channelusethe transmitted signal ���������
	 andreceived signal ����
����
	 are

relatedby

���

� �

����������� (1)

where � ��


� �!�

is theknown channelmatrix, and �"��


� �
	

is theadditive noisevector, both

comprisedof independent,identicallydistributedcomplex-Gaussianentries
�#%$&�('*) . If we assume

that the entriesof � and � have, on the average,unit variance,then
�

is the expectedreceived

signal-to-noiseratio (SNR).Thechannelis usedmultiple timesto transmitavectorof data.

An iterativedecodingschemeis shown in Figure1. Thevectorof informationbits + is encoded

with anerror-correctingcodetoobtainthevectorof codedbits ,
- , whichis theninterleavedto result

in thevector , . Thevector , is modulatedontoaQAM-constellation. Assume thateachconstella-
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tion symbolrepresents��� modulatedbits (e.g.,for a � -QAM constellation,��� �����
	
��� ). Then

themodulation is performedby takingblocksof vector , of length���

�

andmappingthem(e.g.,

by meansof a simple graymapping)into
�

-dimensionalsymbol vectors.Theresultingsymbols

aretransmittedacrossthechannelasdescribedby model(1). Therefore,a block of ���

�

coded

bits (correspondingto a single symbolvector)is transmittedpereachchanneluse.Let usdenote

theseblocksof codedbits as ,�


	��

� ,�


�

�

������� ,�
 ���

�

. Assume, for simplicity, that thetotal lengthof the

vector , is �������

�

. Thentheentirevector , canbeblockedas

, ��� ,




	��

,




�

�

����� ,


 � � ���

� (2)

andtransmittedin � � channeluses.

Considerthe !#"%$ channeluse(i.e., theblock ,�
 &

�

hasbeenmodulatedontosymbol vector � and

transmittedacrossthechannel).Onthereceiverside,thereceivedvector� andapriori probabilities

of the componentsof the symbolvector � , '�� #%�

	

) �(� #%�

�

) ������� �(��# �

�

)*) , areprocessedby a MIMO

detectorin orderto obtainboththeestimatedbits in thecurrentblock ,

 &

�
andthereliability infor-

mationaboutthosedecisions.Let usdenotebits in theblock ,

 &

�
by +*, , - � '!��.&������� �(���

�

. The

reliabilitiesof thedecisionsfor thecodedbits +�, canbeexpressedin theform of a log-likelihood

ratio (LLR) as
/

	

#0+�,21 � )��3�4�
	

�5�6+*, � � '71 �

�

�5�6+�, �98 '71 �

�

� (3)

[Note: wewill representlogical $ with amplitudelevel 8 ' , andlogical ' with amplitudelevel � ' .]

Let usdenotethereliability information for theblock ,�
 &

�

by

:


 &

�

	

�;�

/

	

#0+

	

1 ��)

/

	

#0+

�

1 � ) �����

/

	

#<+

�*=

�

1 ��)

�

�

andlet
:

	

denotea vectorof concatenatedblocksof reliabilities,

:

	

���

:




	��

	

:




�

�

	

�����

:


 ���

�

	

�

�

collectedover all ��� usesof thechannel.Then
:

	

is avectorof LLRs correspondingto all thebits

in thevector , .
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Thevector
:

	

is de-interleaved to obtainvector
:

-

	

, which is thenusedby a channeldecoder

to form theestimateof theinformationbit vector, �+ , aswell asto provide
:

- �

, theaposteriorireli-

ability informationfor thecodedbits vector , -
. A posteriorireliability information for thevector

, is obtainedby de-interleaving
:

- � into
:

� . Let usdenotethea posteriorireliability information

for theblock ,�
 &

�

by
:


 &

�

� . Furthermore,assumethatthebits + , , - � '!�*.&������� �0���

�

, in theblock ,�
 &

�

areindependent(which, for a long vector , andanef�cient interleaver is a valid approximation).

Thenthea posterioriprobabilitiesfor thecomponentsof thesymbol vector � (symbolvectorcor-

respondingto theblock ,�
 &

�

) caneasilybefoundfrom
:


 &

�

� usingthemodulatormappingfunction.

Theseprobabilities, '���# �

	

) �(��# �

�

) ������� �0��#%�

�

)*) , cannow beusedto run theMIMO detectoralgo-

rithm (i.e.,evaluate(3)) onceagain.Hence,theMIMO detectoris aniterativeone,andweusethe

describedschemefor iterative joint detectionanddecodingin a MIMO system.[Note thatfor the

�rst iterationof theMIMO detector, weassumethatall symbolsareequallylikely.]

The structureof the channeldecoderdependsupon the choiceof the error-correctingcode.

For a simple convolutional code,thechanneldecoderis a simple soft-in soft-outdecoder, suchas

the BCJRalgorithmof [18]. Whenthe channelcodeis a powerful turbo code,thenthe channel

decoderis iterativeitself ([10]). If thechannelcodeis anLDPC,thechanneldecoderis aniterative

one,employingmessagepassingalgorithms of [11].

Thecomputationalcomplexity of traditional algorithmsfor evaluating(3) canbeprohibitivefor

applicationsin multi-antennasystems. Sincethespheredecodingalgorithmof Fincke andPohst

cansupply uswith theML estimateof � with reasonablecomplexity, onemayspeculatewhether

amodi�cation canbedevisedto yield soft information with low complexity. To show thatthiscan

bedone,andto describehow to ef�ciently approximatetheLLRs in (3), it is instructive to review

theoriginalFincke-Pohstalgorithm[6].

3 Fincke-PohstAlgorithm

We assumethat the componentsof the transmitted symbolvector � in (1) are from a complex-

valuedQAM constellation. To statetheML detectionasanintegerleast-squaresproblem,we �rst
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�nd thereal-valuedequivalentof theequation(1). To thisend,let �

� .

�

, ��� .

�

, andlet � , � ,

and � denoterealvectorsobtainedfrom � , � , and � , respectively, as

� �

���

#%� )
	 � #%� )
	
�

	

��� �

���

# ��)
	 � # ��)
	
�

	

� and � �

���

# � )�	 � # � )
	
�

	

�

Furthermore,let � �

���

�

� begivenby

� �

� �

�

��

�

�

�

#%� )�� #%� )

8�� #%� )

�

# � )

���

�

�

�

Thenthereal-valuedequivalentof (1) is givenby

� �����������

TheML detectormaximizesthelikelihood that � wasreceivedgiventhat � wassent,

 "!$#

%'&)(

=

*

�,+.-

%

#/� 10�*)*� (4)

The searchspace1

�

2 is a �nite subsetof the (shifted) � -dimensionalinteger lattice �

� , which

re�ects thefactthattheunknown (complex) symbols� arefrom a QAM constellation. Therefore,

1

�

2 is an
/

-PAM constellation,

1

�

2

�43 8

/

8�'

.

��8

/

8�5

.

������� �

/

865

.

�

/

8�'

. 7

�

�

where
/

is usuallyapowerof . .

Since � is known andthenoiseis zero-meanunit-varianceGaussian,theconditionaldistribu-

tion of � given � is

�
+.-

%

#/� 18� ) �

'

#(.$9�)

�;:

�=<?>A@

+

>CB

%

@ED

�

Hencemaximization (4) is equivalentto theoptimizationproblem

 GFIH

%'&)(

=

*KJ

� 8����

J

�

� (5)

Problem(5) is referredto asan integer least-squaresproblemandit is known to beNP-hard.

Geometrically, it correspondsto thesearchfor the“closest”point in askewedlattice �L� to agiven

� -dimensionalvector � .
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The basicideaof the Fincke-Pohst(FP) algorithm is that ratherthansearchover the entire

lattice,oneshouldsearchonly over latticepoints in a hypersphereof radius � around� . Thenthe

closestlatticepoint insidethehypersphereis thesolution to (5). To performthesearch,however,

oneneedsto: (i) determineanappropriateradius� , and(ii) �nd thelatticepointsinsidethesphere.

The algorithmof Fincke andPohstdoesnot addressthe choiceof � , but it doesproposean

ef�cient wayof �nding all thepointsinsidethehypersphere.In particular, thealgorithmconstructs

a tree, whosenodesat the ! -th level correspondto the lattice points lying inside the sphereof

radius � anddimension ! . To �nd the latticepointsinside a sphereof radius � anddimension� ,

thealgorithmperformsa depth-�rst treesearchover all latticepointsof radius � anddimensions

! � '!��.&������� �

� . The nodesin the tree which correspondto the pointsoutsidethe sphereare

pruned.This is illustratedin Figure2, for an �

�

�

dimensional latticewhichhas
/

�

�

pointsin

eachdimension (i.e., � � 1��

�

). [Remark:We needthetree-searchinterpretationfor thediscussion

on thecomplexity of thealgorithms;furtherdetailscanbefoundin [8].]

The searchradius � canbe chosenaccordingto the statistical descriptionof the noise. Note

that
J

�

J

�

�

J

� 8 ���

J

�

is a �

�

randomvariablewith � degreesof freedom.We choosetheradius

� to bea linearfunctionof thevarianceof
J

�

J

�

,

�

�

��� � �

wherethe coef�cient � is chosenin sucha way that with a high probability � fp we �nd a lattice

point insideasphere, ���

�

	 


�

:

�

>

	

�

#/�
�
. )

<?>����




� � fp � (6)

We �nd � in (6) by asimple tablelook-up.

3.1 Computational Complexity of Fincke-PohstAlgorithm

As notedabove, theFPalgorithmperformsa searchover all latticepointsof radius � anddimen-

sions !�� '!�*.&������� �

� . Hencethe complexity of the algorithmis proportionalto the numberof

latticepointsvisited. In general,thealgorithmhasworst-caseandaveragecomplexity that is ex-

ponentialin thenumberof unknowns � (see[8]). However, in communications applications,as
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it is implied by (1), thevector � is not arbitrary, but is a latticepoint perturbedby additive noise

with known statisticalproperties.Hence,in this case,theexpectedcomplexity is a relevant�gure

of merit. The expectedcomplexity of the FP algorithmis proportionalto the expectednumber

of latticepointsthat thealgorithm visits. We needtwo key ingredientsto calculatethis expected

numberof latticepoints (and,consecutively, theexpectedcomplexity):

1. A probability thatan arbitrarylatticepoint ��� belongsto a ! -dimensional sphereof radius

� aroundthe transmitted point �

"

; it wasshown in [8] that this probability is given by the

following incompletegammafunction:

�

%��

�

�

��

� �

'��

	

���

�
	

2

D

>

	��

J

�

"

8 �
�

J

�

�

!

.

��

� (7)

2. A techniquefor enumeratingpoints ��� in thelatticewith respectto thetransmittedpoint �

"

;

in [8], anef�cient methodfor countingthoselatticepointswhich yield thesameargument

of thegammafunctionin (7), basedoncertaingeneratingfunctions,is developed.

Using '
� , .7� , from above, onecan�nd thenumberof latticepointsvisitedby Fincke-Pohstalgo-

rithm and,therefore,theanalyticexpressionfor its expectedcomplexity. Thedetailscanbefound

in [8]. E.g.,thecomplexity of theFPalgorithmfor a2-PAM constellationis

�

#

�

�

�

) �

�

�

&��

	

#(.
! � '��!)

&

�

�

�

	

��

�

�

! �

���

�

�

�

��

�

�

'��

	

���

�

�
	

2

D

>

	��

�

!

.

��

� (8)

For a4-PAM constellationit is

�

#

�

�

�

) �

�

�

&��

	

#0.
! �"'�� )

�

�

'

.

&

&

� �

�

	

��

�

�

! �

���

�

���

&

�

#

�

)

�

�
�

�

�

'��

	

���

�

� 	

2

D

>

	��

�

!

.

�
�

� (9)

where
�

&

�

#

�

) is thecoef�cient of �

�

in thepolynomial

# '���� ���

�

���"! )

�

# '�� .$� ���

�

)

&

>

�

�

Similarexpressionscanbeobtainedfor 8-PAM, 16-PAM, etc.,constellations.

For a wide rangeof � ,
/

and
�

, thespheredecodingalgorithmhascomplexity comparableto

cubic-timemethodssuchasnulling andcancelling(cubicin � ). As ageneralprinciple,for a �x ed

� , thecomplexity decreasesby increasingtheSNR
�

or by decreasing
/

.
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4 Modi�ed FP Algorith m for MAP Detection

TheMAP detectormaximizestheposteriorprobability �

%

- +

# ��1 � ) ,

 "!$#

%'&)(

=

*

�

%

- + # ��1 � )*� (10)

UsingBayes'rule,

arg max �

%

- +

# ��1 � ) � arg max
� +.-

%

#/� 18� )��

%

# �*)

�

+

#/� )

� arg max �

+.-

%

#/� 18� )��

%

# �*)

Further, by assuming thatthesymbols �

	

� �

�

������� � ��� areindependent,wecanwrite

�

%

# � ) �

�

�

&��

	

��# �

&

) �

<��

= �����	��

�

�

	

%

�

�

�

Then,for aknown channelin AWGN, (10) is equivalentto theoptimization problem

 F H

%�& (

=

*

�

J

� 8����

J

�

8

�

�

&��

	

�4�
	 ��# �

&

)�� (11)

For an iterative decodingscheme,we alsorequiresoft information,i.e., theprobability thateach

bit is decodedcorrectly. To thisend,considertheLLR de�ned in (3) and,asin Section2, consider

the !7"%$ channeluse(that is, the currentsymbol vector � is obtainedby modulating codedblock

,


 &

� ���6+

	

+

�

����� +

� =

�

� ontoan
/

-PAM constellation):

/

	

#<+*, 1 � ) � �4� 	

��� +�, ��� '�1 �

�

�5� +�, ��8 '�1 �

�

�3�4�
	

�5� � ��+*, � � '

�

�5� � ��+�, �98 '

�

� �4�
	

�

�5� � 1 ,�
 &

�

�

��� ,�
 &

�

�

�
� �����

���

�����

�

�5� � 1 ,�
 &

�

�

�5� ,�
 &

�

�

�
� �����

���

�����

� (12)

Assuming independentbits +

	

��+

�

������� ��+

�
=

�

, (12)becomes

/

	

#<+*, 1 � ) � ���
	

�5� +�, ��� '

�

�5�6+*, ��8 '

�

� �
 !

2

�
�

	 �#"

�

� �4�
	

�

�5� � 1 ,

 &

�

� $

�5� +&%

�

�
� �����

�
�

����� ')(*',+ �

"

�

�5� � 1 ,�
 &

�

�
$

�5� +&%

�

�
� ���

�

�
�

����� ')(*'-+ �

"

� �
 !

2

�/.

	 �#"

�

�
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where
/

	

� #0+�, ) and
/

	��

#<+*, ) denoteso-calleda priori andextrinsicpartof thetotal soft information,

respectively. [Note that, when usedin an iterative decodingscheme,it is only
/

	��

#0+�, ) that is

passedto theotherdecodingblock(s)in thescheme.]Sincetheblock , 
 &

�

is uniquely mappedinto

thesymbol vector � , it follows thatfor anAWGN channel

/

	

#<+*, 1 � ) � ���
	

�

�5� � 10�

� $

����� %

�

� �

� �

��� � '

�

�5�8� 18�

� $

�5��� %

�

���

� �

����� '

�3�4�
	

�

<

>A@

+

>CB

%

@ D

�

�

' ��

�

� 


%

'

�

� �

���

�����

�

<

>A@

+

>CB

%

@ED

�

�

' ��

�

� 


%

'

�

� �

���

� � �

(13)

Computing(13)overtheentiresignalspace1

�

2 is of prohibitivecomplexity. Instead,weconstrain

ourselvesto those� ��1

�

2 for which theargumentin (11) is small. [Note thatthesearethesignal

vectorswhosecontribution to thenumeratoranddenominatorin (13) is signi�cant.]

Applying theideaof theFincke-Pohstalgorithm, we searchfor thepoints � thatbelongto the

geometricbodydescribedby

�

���

# � 8�� �*)	��
��

�# � 8�� � ) 8

�

�

&��

	

�4� 	�� # �

&

) � (14)

where 
 is the lower triangularmatrix obtainedfrom theQR factorizationof � . (Note that this

is no longera hypersphere.)Thesearchradius � in (14) canbechosenaccordingto thestatistical

propertiesof thenoiseandthea priori distribution of � .

A necessaryconditionfor � � to satisfy(14) readilyfollows,

�

�

�5�

# ��� 8�� ��� )

�

8 ���
	 ��# ��� )�� �

�

� (15)

Moreover, for every ��� satisfying(15),we de�ne

�

�

�

>

	

� �

�

8 �

�

�5�

# ��� 8�� ��� )

�

� �4�
	 ��# ����) �

andobtainastrongernecessaryconditionfor (14) to hold,

�

�

�

>

	��

�

>

	

��

�

�

�

�

�

���

>

	

8�� ���

>

	

�

���

>

	��

�

���

>

	��

�

>

	

# ��� 8�� ����)

� �
 !

�

%

=

�����

=

���

�

�

�

�

�

�

8 ���
	 ��# ���

>

	

)�� �

�

�

>

	

�
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Theprocedurecontinuesuntil all thecomponentsof vector� arefound.TheFP-MAPalgorithm

canbesummarizedasfollows:

Input: 
 , � , �� , � , �

%

#%� ) .

1. Set ! �

� , ���

�

�

� �

�

8

J

�

J

�

�

J

� ��

J

�

, ����

-

�

�

	

� ����

2. (Boundsfor �

&

) Set �

�

�

�

�

�

���

,
���

# �

&

) ���

�

� ��

&

-

&

�

	

	

, �

&

��
 8

�

� ��

&

-

&

�

	

�

8 ' .

3. (Increase�

&

) �

&

� �

&

�"' . If �

�

& &

# �

&

8�� �*)

�
�

� -

�

&

� �4�
	 ��# �

&

) and �

&

�

���

# �

&

) , go to 3, else

proceed.If �

&

�

���

# �

&

) go to 5, elseto 4.

4. (Increase! ) ! � ! � ' ; if !��

�

� ' , terminatealgorithm,elsego to 3.

5. (Decrease! ) If ! � ' go to 6. Else ! � ! 8 ' , ��

&

-

&

>

	

� ��

&

�

�

�

%

��&

�

	

�

��'

�

���

# � % 8 �� % ) ,

���

�

&

� ���

�

&

�

	

8 �

�

&

�

	��

&

�

	

# �

&

�

	

8�� �

&

�

	

-

&

�

�

)

�

� �4� 	�� # �

&

�

	

) , andgo to 2.

6. Solutionfound.Save � andgo to 3.

Assumethatthesearchyieldsthesetof points � �9'?�

	

	��

� �

	

�

�

������� � �

	

�

�

�

) . Thevector � ��� that

minimizes(11) is thesolutionto theMAP detectionproblem(10). Thesoft information for each

bit +*, canbeestimatedfrom (13), by only summing the termsin thenumeratoranddenominator

suchthat � ��� .

4.1 Computational Complexity of FP-MAP Algorithm

The complexity of the FP-MAP algorithmcan, in principle, be found following the outline of

the calculationof complexity of the original Fincke-Pohstalgorithm in Section3.1. However,

the probability that an arbitrary point ��� belongsto a ! -dimensional sphereof radius � around

the transmittedpoint �

"

(which we needto computetheexpectednumber of pointstheFP-MAP

algorithmvisits)now becomes

���

�

�

�

�
�

� � �

	

���

� 	

2

D

>

	��

�

�

%

�

	

�4�
	 ��# � % )

'��

	

���

� 	

2

D

>

	��

J

�

"

86� �

J

�

�

!

.

�
�

� (16)
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Theargumentof this probability function is not assimpleastheonein (7), andthecomputation

of theexpectednumber of pointsis muchmoredif�cult. First andforemost,(16) is a functionof

the a priori probabilitieswhich aregenerallynot known in advanceto iterations. Second,since

eachpoint � � in a latticehasa distincta priori probability af�liated with it, argumentof theprob-

ability function(16) will, in general,bedifferentfor eachpair of points # �

"

� �
� ) . Thusanef�cient

enumerationthat would help the complexity calculationcannotbe done. Hence,to computethe

expectednumberof points,oneneedsto considerall thepossible pairsof points # �

"

� �
� ) andthe

correspondingprobabilities(16)which,asthesizeof theproblemincreases,clearlybecomesrather

cumbersome.However, wenotethatsince���
	 ��# �	% )��"$ ��� � '!������� �

� , wehave

� � �

' .

�

�

#

/

�

8 '*)

�

�

%

�

	

�4�
	 ��# � % )�� � � �

Hencefrom (7) and(16) it followsthat,for thesamechoiceof radius� ,

�����

>

���

�

% �

� �����

%��

�

andwe concludethat, for thesamechoiceof � , theexpectednumberof pointsthat theFP-MAP

algorithmvisits is upperboundedby theexpectednumberof pointsvisitedby theoriginal sphere

decodingalgorithm. Thus, the expectedcomplexity of the FP-MAP is roughly upperbounded

by theexpectedcomplexity of thespheredecoding,for the samechoiceof � . [“Roughly” upper

boundedbecausesincethe a priori probabilitiesenterthe algorithm,therearea few (two, to be

exact)additionaloperationspereachvisitedpoint; this is accountedfor by changing#(.
! � '��!) to

#(. ! � '�� ) in (8) and(9).]

Therefore,theresultsof [8] suggestthattheexpectedcomplexity of theFP-MAPalgorithmis

polynomial in � over a wide rangeof ratesandSNRs.Generally, we chosethesearchparameter

� so that thereis suf�ciently many points to make a goodapproximationof (13). Note that the

logarithmsin (13) canbeef�ciently computedusingthestandardLog-MAP implementation[20].

4.2 Simulation Results

We considerbit-error rate(BER) performanceof the systemwith
�

�

�

transmit and
�

�

�

receive antennasand '�	 -QAM modulationschemewithouta space-timecoding(i.e., simple Grey

13



mappingis usedfor modulation).Figure3 showstheBERperformanceof thesystememployinga

simple rate 
 � ' �
. convolutionalcodewith length � .&'�	 informationbits,memorylength . , and

generatingpolynomials �

	

#�� ) � ' ���

�

(feedforward) and �

�

#���) � ' ��� ���

�

(feedback).

TheFP-MAPalgorithmis usedto obtainthesoft information.Figure4 comparestheperformance

of the FP-MAP with that of the soft nulling andcancelling(N/C) algorithm. For eachentry in

a transmittedsymbolvector, thesoft N/C algorithmcancelsthepreviously decodedsymbols and

obtainsthesoft information usingthedistribution of thenoise.[The soft N/C algorithmis similar

to thesoftMMSE equalizerof [21]. Also, see[15] for anapplicationin multi-usercontext.] Prior

to the decoding,symbolsare optimally ordered. The complexity of the soft N/C algorithm is

roughly cubic (dueto the requiredQR-factorizationof the channelmatrix). The FP-MAP even

with asingleiterationoutperforms
�

iterationsof thesoftN/C by . dB atBER of ' $

>

� .

Figure5 shows the BER performanceof the systemwith a parallelconcatenatedturbo code

with rate 
 � ' �
. and length �
.&'�	 information bits. The constituent convolutional codesare

as the one describedabove. For eachiterationof the FP-MAP, the turbo (decoderperforms �

iterationsof its own. Figure 6 shows the BER performanceof the samesystem(
��� �

), with
�

-QAM constellationand � � � LDPC codeof length ' $	�	� , columnweight
�

. When the LDPC

decoderreceivessoft informationfrom FP-MAP, it performs � iterationsbeforepassingwhat it

inferredaboutthe codedbits back to FP-MAP. In Figure5 – Figure6, the dashedvertical line

denotesthecapacitylimits of theMIMO channel.

The turbocodedschemein Figure5 gets 5���5 dB closeto capacity. At BER of ' $

>




, it outper-

formstheconvolutional codeemployedonthesamesystemby approximately5 dB. Therateof the

systemis � bits perchanneluse. TheLDPC code,on theotherhand,is about
�

��� dB away from

capacityof thesystemin which it is employed;thedataratein this systemis �#� ' bits perchannel

use. Although the LDPC codeis outperformedby the turbo code,it provesto be an interesting

alternative,especiallyin light of thecomplexity exponents �4�
	

�


�#

�

�

/

�

�

) shown in Figure7. At

SNR 
 ' $ dB, both schemeshave BER 
 ' $

>




. As indicatedin Figure7, for suchSNRs,the

complexity of thedetectionin thesystememploying the(highrate)LDPCcodeand
�

-QAM mod-
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ulationis approximatelycubic in � , while thecomplexity in thesystemwith the( ' � . rate)turbo

codeand '�	 -QAM modulation is signi�cantly higher. So,althoughthemutualinformation plots

in Figure7 imply that thesystemwith '�	 -QAM modulation schemeis moreef�cient, thesystem

thatemploys
�

-QAM modulation is morefavorablefrom thecomplexity pointof view.

5 Systems employing both channel and S-T codes

Space-timecodinghasbeendevelopedto fully exploit thespatialdiversity providedby a wireless

link. Therehasbeena tremendousamountof the research activities in the �eld (see,e.g., [2]-

[3]). In this section,we considerpowerful channelcodesfor dataencodingin the multi-antenna

systemsthatemploy space-timecodes.We focuson theLD space-timecodesof [19], bothfor the

simplicity of thedecodingaswell asfor thecertainoptimality propertieswhoseimportancewill

becomeclearlaterin thesection.

Space-timecoding is a modulation techniquethat imposesspatialand temporalcorrelation

ontoa transmittedsequenceof modulatedsymbols. This correlationis generallyembeddedovera

numberof channeluses.Therefore,weshall�nd it usefulto modelthetransmissionoveranumber

of channeluses,say � , duringwhichthechannelremainsconstant.In otherwords,weassumethat

� , �

� �

�
� � , ��� , � - � ' ������� ��� �

andhencewecanwrite
�

�

� �

���
� ��� � (17)

where
�

��� �

	

�

�

����� �

	

�

-

��


	

�!�

is thereceivedsignal,
�

�;� �

	

�

�

����� �

	

�

-

� 


	

�!�

is the

transmittedsignal,and � � � �

	

�

�

����� �

	

�

-

� 


	

�!� is theadditive 
�#%$&�('*) noise.Furthermore,

thetransmittedsignalmatrixsatis�esthepowerconstraint�	� �
�
�

�

���

�

.

A linear-dispersioncodeis onefor which

�
�

�

�

�

�

	

# �

�

�

�

� �
�

�

�

�

) �

where
�

�

� 


	

�!� and �

�

� 


	

�!� are�x edmatrices,and �

�

�

�

� '!������� � � arecomplex scalars.

Scalars�

� canbechosenfrom eitherPSKor QAM constellations.For simplicity, weshallassume
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that they are chosenfrom a � -QAM constellation. The particularchoiceof scalars�

	

������� � �

�

determinesa speci�c codeword from thecodethatis determinedby thesetof matrices'

�

�

� �

�

) .

Therateof theLD codeis then 
 � #0� � � )��4�
	 � � .

Matrix
�

canbeconsideredasymbolthatis beingtransmitted(over � channeluses).Thetotal

numberof matrices� that canbe generatedby '

�

�

� �

�

) and �

	

������� � �

� is .

�

	

andthuscanbe

very large. This symbol spacecaneasilybegeneratedby theLD codes.However, its enormous

sizegenerallypreventsany exhaustive searchdecodingtechniqueandasksfor moresophisticated

receiver algorithms. For instance,the systememploying
�

� � transmitantennascodedover

� �

�

channeluseswith a rate 
 � '�	 LD codehasa symbol spacewith .

�

	


 57�

���

'($

���

elements.Real-timeexhaustivesearchoversucha largesetis outof question.

We shall �nd it convenientfor thedecodingpurposesto representthescalar�

� by its realand

imaginaryparts,

�

�

���

�

� �

�

�

�

�

� '!������� ��� �

Denoting�

�

�

�

�

� �

� ,
�

�

�

�

�

8 �

� , onecanwrite

�
�

�

�

�

�

	

# �

�

�

�

� �

�

�

�

�

) � (18)

Thelinearityof theLD codes(18) in thevariables'��

�

�

�

�

) canbeexploitedto posethedetection

problemasanintegerleast-squaresproblem.To thisend,wewrite (17)as

�

�

� �

� �
� � � �

� �

�

�

�

�

�

	

# �

�

�

�

� �

�

�

�

�

) � � � �

De�ne

	

�

�

�
�

�

�

�

�

�

�

8
�
�

�

�

�
�

�

�

�

�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

8

�

�

�

�

8

�

�

�

�

�

�

�

�

8

�

�

�

�

�
�

�

�

���

�

�

�
�

�

�

�

�

�

�

���

�

�

�
�

�

�

�

wherethe vectors �

�

�

� and ���

�

� , � � '!������� �

�

, denote !#"%$ columns of matrices �

� and ��� ,

respectively. Now, collectingall real and imaginary parts,we can write the expressionfor the

input/outputrelationas

� ��� ��� � � (19)
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where � � � �

�

� 	

� �

� 	

����� �

�

�

�

� �

� �

�

- , � � � �

	

�

	

����� �

�

�

�

�

- , � � �8�

�

� 	

� �

� 	

�������

�

� �

� �

� �

�

- ,

the .

�

�

�

. � realvaluedequivalent channelmatrix is given by

���

�
�

� �

��

�

�

�

�

�

�

	

	

�

	

�

	

�

	

�����

	

�

�

	

�

�

�

	

...
...

...
...

...
	

	

�

�

�

	

�

�

�����

	

�

�

�

�

�

�

�

���

�

�

�

�

�

�

�

andwhere�

�

�

&

, � �

�

&

, �

�

�

&

, and � �

�

&

denote! "%$ columnof
�

� ,
�

� , �

� , and � � , respectively.

The equivalent channel� is comprisedof the dispersion matrices '

	

�

� �

�

) and the known

channelmatrix � andis, therefore,known to thereceiver.

Note that ��, � 1

2 for ' � - � . � , where 1

2 denotesan
/

-PAM constellation(
/

�

�

� ).

Thenfrom (19),onecanposetheMAP detectionproblemas

 F H

%

J

� 8 � �

J

�

�

�

�4�
	 ��# ��, ) � (20)

where��# � , ) is thea priori probabilityof the - "%$ componentof the . � -dimensionalvector � . Prob-

lem(20)allows for ef�cient implementationof FP-MAPalgorithm.

5.1 Performanceresults

In this section,we presentexamplesthat illustrateperformanceof the LDPC codesin a multi-

antennasystemwith LD space-timemodulation. In particular, we usethe same� � � -rateLDPC

codeof the length ' $ �	� asin theprevioussection.Figure8 shows theperformanceof the .

�

.

systememploying a
�

-QAM modulation schemeanda rate 
 �

�

LD code(seepage5 ' in [19]

for the construction of the LD code). The signi�cant codinggain dueto useof the LDPC code

is evident. Evenwithout S-T coding,LDPC codewould yield goodperformance,asillustratedin

Section4. However, S-T codingis necessaryin systemswith lessreceive thantransmitantennas,

to provide asmany equationsas thereareunknowns andprovide feasibility of decoding(when
�

�

�

, theFincke-Pohstalgorithmis exponentialin
�

8

�

). Performanceof sucha system,

with
�

� 5 and
�

� ' , employing theLD codeis shown in Figure9.

In this section,we have focusedon LD codes. One can ask whetherany S-T codewould

suf�ce, i.e., would any modulation schemesupportthe excellent performanceof the powerful
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channelcodes?The answeris negative: S-T modulation schemesneedto maximizethe mutual

informationbetweenthe input andoutputsignals. Note that the dispersionmatricesof the LD

codeareactuallychosento optimize themutualinformation between� and � , i.e., to solve for the

optimizationproblem

�

2��

#

�

��� �

�

�

�

) �

 G!$#

���	�

�

� �

�

�

	�������� �

�

'

. �

� �4�
	

�	��

���

�

�

	

�

�

� � �

-�� (21)

for a particular
�

of interestandan appropriatepower constraint. So, the LD codessatisfy the

requiredcriterion. Interestingly, V-BLAST alsosatis�esthis condition. Indeed,asshown in Fig-

ure 10, the multi-antenna systememploying an LDPC channelcodeandV-BLAST performsal-

mostasgoodastheschemewith anLD code(eq. (36) in [19]). Of course,thereis anadditional

gainthattheLD codeobtainsby spreadingthesignalsacrossspaceandtimemoreef�ciently than

V-BLAST. Ontheotherhand,if aS-Tcodethrowsawaysomeinformation(i.e., if it violates(21)),

thesystemperformanceis inferior in comparisonto theS-Tcodedesignedwith (21) in mind. This

is illustratedin Figure11, wherewe compareperformanceof the LD codeof Figure9 with the

orthogonalS-T code([3], alsoeq. (35) in [19]). Theorthogonaldesigndoesnot satisfy(21) and

theperformanceof thesystemis clearlymuchworsethanof thatemploying theLD code.

6 Conclusion

In this paper, we developeda modi�cation of thespheredecodingalgorithmto performtheMAP

detectionandef�ciently estimatesoft information. Whencombinedwith soft iterative decoding

schemes,theproposeddetectionalgorithm, FP-MAP, providescloseto capacityperformancesof

multi-antennasystems.ThiswasdemonstratedonsystemsemployingbothturboandLDPCcodes.

We consideredtheexpectedcomplexity of thealgorithmandfoundit is closelyrelatedto the

expectedcomplexity of theoriginalspheredecoding.In fact,overawiderangeof ratesandSNRs,

theFP-MAPalgorithmhascomplexity thatis polynomial in thenumberof transmitantennas.

Furthermore,we studiedthe useof powerful channelcodesand iterative decodingin multi-

antennasystemsthatemploy space-timemodulationschemes.Wefoundthatin orderto obtainthe
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remarkableperformanceof theiterativedecoding,thespace-timetechniquesneedto optimizefor

themutualinformationbetweenthetransmittedandreceivedsymbols. Thus,thedesignparadigm

of [19] thatconstructscodesbasedonmutualinformation appearsto bevery reasonable.
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Figure1: Systemmodel.
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Figure2: Tree-pruninginterpretationof spheredecoding.

21



0 5 10 15 20 25
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

snr (dB)

B
E

R

ML detection
FP-MAP iteration 1
FP-MAP iteration 2
FP-MAP iteration 3

Figure3: BERperformanceof
�

�

�

�

�

systememployingrate ' � . , 9216bits long convolu-

tional code, '�	 -QAM,FP-MAP.

9 10 11 12 13 14 15 16 17 18 19 20
10

-4

10
-3

10
-2

10
-1

10
0

SNR (dB)

B
E

R

1 iteration

2 iterations

3 iterations

4 iterations1 iteration2 iterations

3 iter.4 iterations

FP-MAP
soft N/C

Figure4: Comparisonof BERperformancesfor FP-MAPandsoftN/C employedon
�

�

�

�

�

systemwith rate ' � . , 1000bits longconvolutional code, '�	 -QAM.

22



0 2 4 6 8 10 12 14 16 18 20
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

snr (dB)

B
E

R

ML detection
FP-MAP, 1 iteration
FP-MAP, 4 iteration

Figure5: BERperformanceof
�

�

�

�

�

systememployingrate ' � . turbo code, ' 	 -QAM,

FP-MAP.

2 4 6 8 10 12 14 16 18 20
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

snr (dB)

B
E

R

ML detection
FP-MAP iteration 1
FP-MAP iteration 2
FP-MAP iteration 3

Figure6: BERperformanceof
�

�

�

�

�

systememployingrate � � � LDPC code,
�

-QAM,

FP-MAP.

23



0 10 20 30
0

5

10

15

20

25

30

35

snr (dB)

ma
x I

(x,
s)

capacity
4-QAM
16-QAM

8 10 12 14 16
2

2.5

3

3.5

4

4.5

5

5.5

snr (dB)

e

4-QAM
16-QAM

Figure7: Maximummutualinformation andcomplexity exponentsfor 4-QAMand16-QAMcon-

stellations,
�

�

�

�

�

system.

0 5 10 15 20 25
10

-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

SNR (dB)

B
E

R

No ECC
LDPC, 1 iteration
LDPC, 2 iterations

Figure8: BERperformaceof
�

�

�

� . systememploying
��

�

LD codeandrate � � � LDPC

code,
�

-QAMmodulation, FP-MAP.

24



6 7 8 9 10 11 12 13 14 15 16
10

-4

10
-3

10
-2

10
-1

SNR (dB)

B
E

R

No ECC
LDPC, 2 iterations

Figure9: BERperformanceof
�

� 5 ,
�

� ' systememploying
 � . LD codeandrate � � �

LDPC code, FP-MAP.

0 5 10 15 20 25

10
-4

10
-3

10
-2

10
-1

10
0

SNR (dB)

B
E

R

LD, no ECC
V-BLAST, no ECC
LD, LDPC
V-BLAST, LDPC

Figure10: Comparisonof BERperformancesof LD codevs.V-BLAST(rate 
��

�

) employedon
�

�

�

� . system,usingrate � � � LDPC code, FP-MAP.

25



19 20 21 22 23 24 25 26 27 28 29 30
10

-4

10
-3

10
-2

10
-1

SNR (dB)

B
E

R

LD code
orthog. design

Figure11: Comparisonof BERperformancesof LD codevs.orthogonaldesignon
�

� 5 ,
�

� '

system.Bothschemesemployrate � � � LDPC code. ThesystemusingtheLD codeuses	

�

-QAM,

thesystemusingorthogonaldesignuses.	� 	 -QAM sothatbothhaverate 
 � 	 . TheFP-MAPis

usedfor detection.

26


