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Abstract

In recen years, soft iteraive decodng technques have beenshownto grealy improve
the bit error rate perfarmanceof various communtcationsystens. For multi-antenm@a sysems
emplogying spacetime codes however, it is not clearwhatis the bestway to obtan the soft-
informationrequred of the iterative schene with low compleity. In this paper we propose
a modi cation of the Fincke-Pohst(sphee decaling) algarithm to estimage the maximuma
posteiori probability of the recaved symbd sequence. The new algarithm solvesa nonlin-
earinteger least-gjuares problem and, over a wide rangeof ratesand signal-to-noiseratios,
haspolynomial-ime complexity. Performaice of thealgarithm, combiredwith convolutional,
turbo, andlow-densty parity chedk codesis demongratedon severd multi-antenra chamels.
For systansthatemploy spacetime modulaton schemesa major conclusionis thatthe best
performing schemesarethosethat support the highestmutualinformationbetweenthe trans

mittedandreceivedsignds, rathe thanthe bestdiversty gain.
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1 Intr oduction

Recentlythe pursuitof high-speedvirelessdataserviceshasgenerate signicant amountof ac-
tivity in thecommuncationsresearclttommuniy. Thephystcallimitationsof thewirelessmedium
presenimary challengeso the designof high-ratereliablecommunicatn systems As shown in
[1], multi-antennawirelesscommunicatio systemsare capableof providing datatransmssionat
potentially very high rates. In multi-antena systems space-timg2, 4] (alongwith traditional
errorcorreding) codesare oftenemployed at the transmiter to inducediversity. Furthermoreto
securehigh reliability of the datatransmisgn, specialattention hasto be payedto the recever
design.However, gooddecodingschemesnay resultin high compleity of therecever.

A low-complity detectionschemefor multi-antena systemsn a fading environmenthas
beenproposedn [4]. This detectionschemeg(so-called“nulling-and-canceling”)dependingon
the adoptedcriterion, essentiallyperformszero-forcingor minimum-mean-square-errdecision
feedbackequalizationon block transmisgins. In [5], a techniquereferredto asthe “spherede-
coding” (basedon the Fincke-Pohstalgorithm[6]) was proposedor lattice code decodingand
furtheradaptedor space-timeodesn [7]. Thespheradecodeprovidesthe maxinum-likelihood
(ML) estimateof the transmited signalsequencendso often signi cantly outperformsheuristic
nulling andcancelling. Moreover, it wasgenerallybelieved that spheredecodingrequiresmuch
greatercomputatbnalcompleity thanthe cubic-timenulling andcancellingtechniqguesHowever,
in [8] ananalyticexpressiorfor theexpectedcompleity of the spheredecodinghasbeenobtained
whereit is shavn that, over awide rangeof ratesandsignal-to-naseratios(SNRs),the expected
complity is polynamial-time (often sub-cubic).This impliesthatin mary casef interestML
performancecanbe obtainedwith compleity similarto nulling andcancelling.

Anotherareaof intenseresearclactvity is thatof softiterative decoding. Suchtechniquesiave
beenreportedto achieve impressve resultsfor codeswith long codevord length. Following the
seminalpaperby Berrouetal. [9], therehave beenmary resultsonturbodecodingof concatenated
codes,with performancespproachinghe Shannonimit on single-inpua single-ouput systems

(see[10] andthereferencestherein).More recently low-densiy parity check(LDPC) codesjong



neglectedsincetheirintroducton by Gallager11], have alsobeenresurrectedqseee.g.,[12, 13]).

Crucial to both turbo and LDPC decodingtechniquesds the useof the probabilstic (“soft”)
information abouteachbit in the transmited sequence.For multi-antennasystemsemploying
space-timeodesit is not clearwhatis the bestway to obtainthis soft-informationwith low com-
plexity. As notedin [14], whereturbo-codednodulatian for multi-antennasystens hasbeenstud-
ied,if softinformationis obtainedoy meansf anexhaustve searchthecomputatioal compleity
grows exponentialy in thenumberof transmitantennasindin thesizeof theconstellaibn. Hence,
for high-ratesystens with large numberof antennastheexhaustve searchprovesto be practically
infeasible.Therefore heuristicsareoftenemployedto obtainsoft channeinformation[14]. [Also,
see[15] andthe referancesthereinfor a relatedwork in the contect of multi-userdetection.] In
[16, 17], two variatiors of the spheredecodingalgorithmhave beenproposedor estimatimg the
soft informatian. In [17], spheredecodinghasbeenemployed to obtaina list of bit sequences
thatare“good” in alikelihood senseThis list is thenusedto generatesoft information,which is
subsequenglupdatedoy iteratve channeldecoderdecisions.

In this paper we proposea MIMO detectoy basedon a modi cation of the original Fincke-
Pohstalgorithm which ef ciently obtainssoftinformationfor the transmited bit sequenceThis
modi ed Fincke-Pohstalgorithmessentiallyperformsa maximum a posteriori(MAP) searchand
thusprovidessoft information for the channeldecoder The channeldecoders outputis thenfed
backto the Fincke-PohstMAP (FP-MAP) for the next iteration. [Note thatthe channeldecoder
may be iterative aswell, asin the caseswvhenthe channelcodeis turbo or LDPC.] Our method
differsfrom thatof [17] in thatthespheredecodeiis modi ed (to allow for theintroducton of soft
informationfrom theiterative decoder)thatthe detectomperformsMAP searchandthatFP-MAP
is repeatedor eachiteration. Furthermorejn additionto the schemeswith traditionalmodula-
tion techniqueswe studythe multi-antennasystens emplgying space-timecodes— in particular
lineardispersve (LD) codesof [19]. We shaw thatthe LD codesallow for anef cient implemen-
tationof the FP-MAP algorithm, andillustrateexcellentperformanceof the proposedschemevia

simulations.The LD codesaredesignedo optimize the mutualinformation betweerthetransmit-



ted andreceved signals. Maximizing the mutualinformationis a necessargonditionto obtain

the excellentperformancepromisedby the powerful channelcodes.We illustratethis by means
of comparisorwith a space-timenodubtionschemeahatdoesnot optimize the above mentioned
mutualinformation—in particulay anorthogoral design[3].

The paperis organizedasfollows. The channeimodelandproblemstatemenarein Section2.
TheFincke-Pohstlgorithmis describedandthe calculationof its expectedcomplity is outlined
in Section3. In Section4, we introducethe MAP modi cation of the Fincke-Pohstalgorithm dis-
cussits complity andpresensimuation resultsof the performancef the FP-MAP algorithmin
systemsusingconvolutional, turbo,andLDPC codes.In Section6, we studyiteratve decodingn
multi-antennaystememplo/ing LD space-timenodubktionandforwardchannekoding.Finally,

we concludethe paperin Section?.

2 SystemModel

We assuma discrete-timelock-fadingmulti-antennachannemodel,wherethechanneis known
to therecever. Thisis areasonablassumpbn for communcationsystemsvherethe signaling
rateis muchfasterthanthe paceatwhichthepropagatiorervironmentchangessothatthechannel

maybelearnedg.g.,via transmiting known trainingsequences.

During ary channelusethe transmited signal andreceved signal are
relatedby
— M
where is the known channelmatrix, and is the additive noisevector, both
comprisedf independentidentically distributed complex-Gausianentries . If weassume

thatthe entriesof and have, on the average,unit variance,then is the expectedreceved
signal-to-ndseratio (SNR). Thechanneis usedmultiple timesto transmita vectorof data.

An iteratve decodingschemeas shavnin Figurel. Thevectorof informationbits isencoded
with anerrorcorrecting codeto obtainthevectorof codecdbits , whichis theninterleavedto result

in thevector . Thevector is modulatecbntoa QAM-constellaton. Assune thateachconstella-
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tion symbolrepresents modulatedbits (e.g.,fora -QAM constellation, ). Then
themodulatonis performedby takingblocksof vector of length andmappingthem(e.g.,
by meansof a simde gray mapping)into  -dimensionakbymiwol vectors.The resultingsymbos
aretransmited acrossthe channelasdescribedoy model(1). Therefore,a block of coded
bits (correspondingo a single symbolvector)is transmited per eachchanneluse. Let usdenote
theseblocksof codedbits as . Assune, for simpicity, thatthetotal lengthof the

vector is . Thentheentirevector canbeblockedas

(2)

andtransmitedin  channeluses.

Considetthe  channeluse(i.e.,theblock  hasbeenmodulatecontosymlol vector and
transmitedacrosghechannel).Onthereceverside,therecevedvector andapriori probabilites
of the component®f the symbolvector , areprocessedy a MIMO
detectorin orderto obtainboththe estimateditsin thecurrentblock  andthereliability infor-
mationaboutthosedecisions.Let us denotebits in the block by , . The
reliabilitiesof the decisiondor the codedbits canbe expressedn theform of alog-likelihood

ratio(LLR) as
(3)

[Note: wewill representogical with amplitudelevel , andlogical with amplitudelevel ]

Let usdenotethereliability information for theblock by

andlet denoteavectorof concatenatebtllocksof reliabilities,

collectedover all usesof thechannel.Then isavectorof LLRs correspondingdo all the bits

in thevector .



Thevector is de-interlegedto obtainvector , whichis thenusedby a channeldecoder
to form the estimateof theinformationbit vector , aswell asto provide , theaposteriorireli-
ability informationfor the codedbits vector . A posteriorireliability information for the vector

is obtainedby de-interleaing  into . Let usdenotethe a posteriorireliability information
fortheblock by . Furthermoreassumehatthebits , , in theblock
areindependentwhich, for along vector andanefcient interleaveris a valid approximatbn).
Thenthe a posterioriprobabilitesfor the component®f the symtol vector (symbolvectorcor-
respondingo theblock ) caneasilybefoundfrom usingthe modulatorappingfunction.
Theseprobabilites, , cannow be usedto run the MIMO detectoralgo-
rithm (i.e., evaluate(3)) onceagain.Hence the MIMO detectoris aniterative one,andwe usethe
describedschemdor iterative joint detectionranddecodingn a MIMO system.[Note thatfor the
rst iterationof theMIMO detectorwe assumehatall symbolsareequallylikely.]

The structureof the channeldecoderdependsuponthe choiceof the errorcorrecting code.
For a simple corvolutional code,the channeldecodelis a simple soft-in soft-outdecodersuchas
the BCJR algorithmof [18]. Whenthe channelcodeis a powerful turbo code,thenthe channel
decodeirs iteratveitself ([10]). If thechannekodeis anLDPC,thechannebdecodeis aniterative
one,emplo/ing messag@assingalgorithns of [11].

Thecomputatimal compleity of traditioral algorithmsfor evaluating(3) canbeprohibtivefor
applicationan multi-antennasystens. Sincethe spheredecodingalgorithmof Fincke and Pohst
cansuppy uswith the ML estimateof with reasonableompleity, onemay speculatevhether
amodi cation canbedevisedto yield softinformatian with low compleity. To shav thatthis can
bedone,andto describehow to ef ciently approximateghe LLRs in (3), it is instructve to review

theoriginal Fincke-Pohstlgorithm|[6].

3 Fincke-PohstAlgorithm

We assumehat the componentf the transmited symbolvector in (1) arefrom a comple-

valuedQAM constellation To statethe ML detectionasanintegerleast-squaregroblem,we rst



nd thereal-valuedequvaentof theequation(1). To thisend,let : ,andlet , |,

and denoterealvectorsobtainedrom , ,and ,respectiely, as
and

Furthermorelet begivenby

Thenthereal-valuedequivdentof (1) is givenby

TheML detectomaximizesthelikelihoad that wasrecevedgiventhat wassent,

(4)

Thesearchspace s a nite subseftof the (shifted) -dimensionainteger lattice , which
re ects thefactthatthe unknavn (comple) symbols arefrom a QAM constellatbn. Therefore,

isan -PAM constellaibn,

where is usuallyapowerof .
Since is known andthenoiseis zero-meannit-varianceGaussianthe conditional distribu-

tionof given is

Hencemaximizatio (4) is equialentto the optimization problem

(5)

Problem(5) is referred to asaninteger least-squags problemandit is known to be NP-hard.
Geometricallyit correspondso thesearchor the“closest’pointin askewedlattice  toagiven

-dimensionalector .



The basicideaof the Fincke-Pohst(FP) algorithmis that ratherthan searchover the entire
lattice,oneshouldsearchonly over lattice points in a hyperspheref radius around . Thenthe
closestiattice pointinsidethe hypersplereis the solution to (5). To performthe searchhowever,
oneneeddo: (i) determineanappropriateadius , and(ii) nd thelatticepointsinsidethesphere.

The algorithmof Fincke and Pohstdoesnot addresghe choiceof , but it doesproposean
efcient wayof nding all thepointsinsidethehypersphereln particular thealgorithmconstructs
a tree,whosenodesat the -th level correspondo the lattice pointslying inside the sphereof
radius anddimenson . To nd thelattice pointsinside a sphereof radius anddimension ,
the algorithmperformsa depth- rst tree searchover all lattice pointsof radius anddimensims

. The nodesin the tree which correspondo the points outsidethe sphereare
pruned.Thisis illustratedin Figure2, for an dimensioml latticewhich has pointsin
eachdimenson (i.e., ). [Remark:We needthetree-searclinterpretatiorfor the discusson
onthe compleity of thealgorithms;furtherdetailscanbefoundin [8].]

The searchradius canbe chosenaccordingto the statistcal descriptionof the noise. Note
that isa randomvariablewith degreesof freedom.We choosetheradius

to bealinearfunctionof thevarianceof ,

wherethe coefcient  is chosenin sucha way thatwith a high probabilty ,, we nd alattice

pointinsideasphere,
— o (6)

We nd in (6) by asimple tablelook-up.

3.1 Computational Complexity of Fincke-Pohst Algorithm

As notedabove, the FP algorithmperformsa searchover all lattice pointsof radius anddimen-
sions . Hencethe compleity of the algorithmis proportionalto the numberof
lattice pointsvisited. In general the algorithmhasworst-caseandaveragecompleity thatis ex-

ponentialin the numberof unknovns  (see[8]). However, in communicatios applicationsas
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it is implied by (1), thevector is notarbitrary but is a lattice point perturbedby additve noise
with known statisticalproperties Hence,in this case the expectedcompl«ity is arelevant gure

of merit. The expectedcompleity of the FP algorithmis proportionalto the expectednumber
of lattice pointsthat the algorithm visits. We needtwo key ingredientgo calculatethis expected

numberof lattice points (and,consecutiely, the expectedcompleity):

1. A probabilty thatan arbitrarylattice point  belongsto a -dimensonal sphereof radius
aroundthe transmited point ; it wasshavn in [8] thatthis probability is given by the

following incompktegammafunction:

- (7)

2. A techniqudor enumeratingoints  in thelattice with respecto thetransmited point
in [8], anefcient methodfor countingthoselattice pointswhich yield the sameargument

of thegammafunctionin (7), basedon certaingeneratingunctions,is developed.

Using , , from above, onecan nd the numberof lattice pointsvisited by Fincke-Pohstalgo-
rithm and,therefore the analyticexpressiorfor its expectedcompleity. The detailscanbefound

in [8]. E.g.,thecompleity of the FPalgorithmfor a2-PAM constellations

Ip—— (8)
For a4-PAM constelationit is
- - ©
where isthecoefcient of in thepolynomal
Similar expressionganbe obtainedor 8-PAM, 16-FAM, etc.,constelations.
Forawiderangeof , and ,thespheredecodingalgorithmhascompleity comparabldo

cubic-timemethodssuchasnulling andcancelling(cubicin ). As agenerabprinciple,for a x ed

, thecompl«ity decreaseby increasinghe SNR  or by decreasing .
9



4 Modied FP Algorith m for MAP Detection

The MAP detectomaximizesthe posteriorprobabilty ,

(10)
UsingBayes'rule,
arg max arg max————  arg max
Further by assunmg thatthe symbob areindependentye canwrite
Then,for aknown channein AWGN, (10) is equivalentto the optimizatian problem
(11)

For aniteratve decodingschemewe alsorequiresoft information,i.e., the probability thateach
bit is decodedcorrectly To thisend,considettheLLR de nedin (3) and,asin Section2, consider
the  channeluse(thatis, the currentsymbd vector is obtainedby moduating codedblock

ontoan -PAM constellaton):

(12)

Assumig independenbits , (12) becomes

10



where and denoteso-calleda priori andextrinsic partof thetotal softinformation,
respectrely. [Note that, whenusedin an iteratve decodingscheme,it is only thatis
passedo the otherdecodingblock(s)in thescheme.]Sincetheblock  is uniquely mappednto

thesymba vector , it followsthatfor an AWGN channel

(13)

Computing(13) overtheentiresignalspace s of prohibitive compleity. Insteadwe constrain
ourselesto those for whichtheargumentin (11) is small [Note thatthesearethe signal
vectorswhosecontritution to the numeratoanddenomiratorin (13)is signi cant.]

Applying theideaof the Fincke-Pohstlgorithm we searchfor the points thatbelongto the

geometridbodydescribedy
(14)

where s the lower triangularmatrix obtainedfrom the QR factorizationof . (Notethatthis
is nolongerahypersphere.Yhesearctradius in (14) canbe choseraccordingto the statigical
propertiesof the noiseandthea priori distribution of .

A necessargonditionfor  to satisfy(14) readilyfollows,
(15)

Moreover, for every  satisfying(15), we de ne

andobtaina strongemecessargonditionfor (14)to hold,
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Theprocedureontinueauntil all thecomponentsf vector arefound. TheFP-MAPalgorithm

canbesummarizedsfollows:
Input: , , , ,

1. Set : ,

N

. (Boundsfor ) Set —, :

w

. (Increase ) f and ,goto 3, else

proceedlf goto 5, elseto 4.

N

. (Increase)  if , terminatealgorithm,elsegoto 3.

o1

. (Decrease ) If goto 6. Else , — ,

, andgoto 2.

6. Solutionfound.Sare andgoto 3.

Assumethatthesearchyieldsthesetof points . Thevector that
minimizes(11) is the solutionto the MAP detectionproblem(10). The softinformatian for each
bit canbe estimatedrom (13), by only sumning the termsin the numeratoranddenominator

suchthat

4.1 Computational Complexity of FP-MAP Algorithm

The complity of the FP-MAP algorithmcan, in principle, be found following the outline of
the calculationof compleity of the original Fincke-Pohstalgorithmin Section3.1. However,
the probability that an arbitrary point  belongsto a -dimensimal sphereof radius around
the transmittedpoint  (which we needto computethe expectednumker of pointsthe FP-MAP

algorithmvisits) now becomes

- (16)
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The argumentof this probability functionis not assimpleasthe onein (7), andthe computatbn
of the expectednumker of pointsis muchmoredif cult. Firstandforemost,(16) is afunction of
the a priori probabilites which are generallynot known in advanceto iterations. Second since
eachpoint in alattice hasadistincta priori probabilty af liated with it, agumentof the prob-
ability function(16) will, in general pe differentfor eachpair of points . Thusanef cient
enumeratiorthat would help the compleity calculationcannotbe done. Hence,to computethe
expectednumberof points,oneneedso considerall the possibé pairsof points andthe
correspondingrobabilties(16)which,asthesizeof theproblemincreases;learlybecomesather

cumbersomeHowever, we notethatsince , we have

Hencefrom (7) and(16) it follows that,for the samechoiceof radius |,

andwe concludethat, for the samechoiceof |, the expectednumberof pointsthatthe FP-MAP
algorithmvisits is upperboundedoy the expectednumberof pointsvisited by the original sphere
decodingalgorithm. Thus, the expectedcompleity of the FP-MAP is roughly upperbounded
by the expectedcompleity of the spheredecoding for the samechoiceof . [‘Roughly” upper
boundedbecausesincethe a priori probabilities enterthe algorithm, thereare a few (two, to be
exact) additionaloperationgereachvisited point; this is accountedor by changing to
in (8) and(9).]
Therefore theresultsof [8] suggesthatthe expectedcomplexity of the FP-MAP algorithmis
polynomal in  overawide rangeof ratesand SNRs. Generally we chosethe searchparameter
sothatthereis sufciently mary points to make a goodapproximationof (13). Note thatthe

logarithmsin (13) canbeef ciently computedisingthe standard_og-MAP implementatiorf20].

4.2 Simulation Results

We considerbit-error rate (BER) performanceof the systemwith transmi and

receve antennasnd -QAM modubtionschemevithouta space-timecoding(i.e., simple Grey
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mappings usedfor moduhbtion). Figure3 shavsthe BER performancef the systememplg/inga
simple rate convolutionalcodewith length informationbits, memorylength , and
generatingpolynomals (feedforward) and (feedback).
The FP-MAP algorithmis usedto obtainthesoftinformation. Figure4 compareshe performance
of the FP-MAP with that of the soft nulling and cancelling(N/C) algorithm. For eachentryin
a transmittedsymbolvector, the soft N/C algorithmcancelsthe previously decodedsymbok and
obtainsthe softinformation usingthe distribution of the noise.[The soft N/C algorithmis similar
to the soft MMSE equalizerof [21]. Also, see[15] for anapplicationin multi-usercontext.] Prior
to the decoding,symbolsare optimally ordered. The compleity of the soft N/C algorithmis
roughly cubic (dueto the requiredQR-factorizationof the channelmatrix). The FP-MAP even
with a singleiterationoutperforms iterationsof thesoft N/C by dB atBER of

Figure5 shaws the BER performanceof the systemwith a parallelconcatenateturbo code
with rate andlength information bits. The constiuentconvolutional codesare
asthe one describedabove. For eachiteration of the FP-MAR the turbo (decoderperforms
iterationsof its own. Figure 6 shavs the BER performanceof the samesystem( ), with

-QAM constellationand LDPC codeof length , columnweight . Whenthe LDPC
decodereceves soft informationfrom FP-MAR it performs iterationsbeforepassingwhat it
inferred aboutthe codedbits backto FP-MAR In Figure5 — Figure 6, the dashedvertical line
denoteghe capacitylimits of theMIMO channel.

Theturbocodedschemen Figure5 gets  dB closeto capacity At BER of , it outper
formsthecornvolutional codeemployedonthe samesystenby approximately dB. Therateof the
systemis bits perchanneluse. The LDPC code,on the otherhand,is about dB away from
capacityof the systemin which it is employed;the dataratein this systemis  bits perchannel
use. Althoughthe LDPC codeis outperformedoy the turbo code,it provesto be aninteresting
alternatve, especiallyin light of the compleity exponens shovn in Figure7. At
SNR dB, both schemesave BER . As indicatedin Figure 7, for suchSNRs,the

complity of thedetectionn the systememploying the (highrate)LDPC codeand -QAM mod-
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ulationis approximatelycubicin , while the compleity in the systemwith the( rate)turbo
codeand -QAM modulaton is signi cantly higher So, althoughthe mutualinformation plots
in Figure7 imply thatthe systemwith  -QAM modulaton schemds moreef cient, the system

thatemplo/s -QAM modulatonis morefavorablefrom the complexity pointof view.

5 Systens employing both channel and S-T codes

Space-timeodinghasbeendevelopedto fully exploit the spatialdiversity providedby awireless
link. Therehasbeena tremendousamountof the researb actvitiesin the eld (see,e.qg.,[2]-
[3]). In this section,we considempowerful channelcodesfor dataencodingin the multi-antenna
systemghatemploy space-timeodes.We focusonthe LD space-timeodesof [19], bothfor the
simpicity of the decodingaswell asfor the certainoptimality propertieswvhoseimportancewill
becomeclearlaterin thesection.

Space-timecoding is a modulaton techniquethat imposesspatialand temporalcorrelation
ontoatransmittedsequencef modubtedsymbols This correlationis generallyembeddeaver a
numberof channeuses.Thereforewe shall nd it usefulto modelthetransmgsionoveranumber

of channelusessay , duringwhichthechanneremainsconstantln otherwords,we assumehat

andhencewe canwrite
— 17)
where is therecevedsignal, isthe
transmited signal,and is theadditive noise.Furthermore,
thetransmitedsignalmatrix satis esthe power constraint
A linear-dispersioncodeis onefor which
where and are x edmatricesand arecomple scalars.

Scalars canbechoserfrom eitherPSKor QAM constellatios. For simplicity, we shallassume
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thatthey arechosenfrom a -QAM constellatio. The particularchoiceof scalars
determines speci ¢ codevord from the codethatis determinecdby the setof matrices
Therateof theLD codeis then

Matrix canbeconsidered symbolthatis beingtransmittedover channeluses).Thetotal
numberof matrices thatcanbe generatedy and is andthuscanbe
very large. This symbd spacecaneasilybe generatedy the LD codes.However, its enormous
sizegenerallypreventsary exhaustve searchdecodingechniqueandasksfor moresophisicated
recever algorithns. For instance the systememplgying transmitantennasodedover

channeluseswith a rate LD codehasa symlol spacewith

elementsReal-timeexhaustve searchover sucha large setis out of questim.

We shall nd it corvenientfor the decodingpurposego representhescalar by its realand

imaginaryparts,

Denoting , , onecanwrite

(18)
Thelinearity of the LD codes(18)in thevariables canbeexploitedto posethe detection
problemasanintegerleast-squaregroblem.To this end,we write (17) as
De ne
wherethe vectors and , , denote  columrs of matrices  and

respectrely. Now, collectingall real andimagirary parts,we can write the expressionfor the
input/autputrelationas

(19)
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where , , ,

the realvaluedequvaent channematrixis given by
andwhere : ,and  denote columnof , , ,and ,respectidy.
The equivadent channel is comprisedof the dispersim matrices andthe known

channeimatrix andis, therefore known to therecever.
Note that for , Where  denotesan -PAM constellation ).

Thenfrom (19), onecanposethe MAP detectionproblemas
(20)

where is thea priori probabilityof the  componentfthe -dimensonalvector . Prob-

lem (20) allows for ef cient implementatiorof FP-MAP algorithm

5.1 Performanceresults

In this section,we presentexamplesthat illustrate performanceof the LDPC codesin a multi-
antennasystemwith LD space-timemoduhbtion. In particular we usethesame  -rate LDPC
codeof thelength asin the previous section. Figure 8 shaws the performanceof the
systememploying a -QAM moduation schemeanda rate LD code(seepage in [19]
for the constructio of the LD code). The signi cant codinggain dueto useof the LDPC code
is evident. Evenwithout S-T coding,LDPC codewould yield goodperformanceasillustratedin
Sectiond4. However, S-T codingis necessaryn systemswith lessreceve thantransmitantennas,
to provide asmary equationsasthereare unknovns and provide feasibility of decoding(when
, the Fincke-Pohstalgorithmis exponentialin ). Performanceof sucha system,

with and , employingthe LD codeis shavn in Figure9.

In this section,we have focusedon LD codes. One can askwhetherarny S-T codewould

sufce, i.e., would ary modulation schemesupportthe excellent performanceof the powerful
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channelcodes?The answeris negaive: S-T modulaton schemeseedto maximizethe mutual
information betweenthe input and output signals. Note that the dispersionmatricesof the LD
codeareactuallychoserto optimize the mutualinformatian between and , i.e., to solvefor the

optimizationproblem
— — (21)

for a particular of interestand an appropriatepower constraint. So, the LD codessatisfythe
requiredcriterion. Interestingly V-BLAST alsosatis esthis condition. Indeed,asshavn in Fig-
ure 10, the multi-antena systememploying an LDPC channelcodeandV-BLAST performsal-
mostasgoodasthe schemewith anLD code(eq. (36) in [19]). Of course thereis anadditional
gainthattheLD codeobtainsby spreadinghe signalsacrossspaceandtime moreef ciently than
V-BLAST. Ontheotherhand,if a S-T codethrows awvay someinformation(i.e., if it violates(21)),
thesystenmperformancaes inferior in comparisorio the S-T codedesignedvith (21)in mind. This
is illustratedin Figure 11, wherewe compareperformanceof the LD codeof Figure9 with the
orthogonalS-T code([3], alsoeq. (35) in [19]). The orthogonaldesigndoesnot satisfy(21) and

the performancef the systemis clearlymuchworsethanof thatemploying the LD code.

6 Concluson

In this paper we developeda modi cation of the spheredecodingalgorithmto performthe MAP
detectionandef ciently estimatesoft information. Whencombinedwith soft iterative decoding
schemesthe proposedietectionalgorithm FP-MAR providescloseto capacityperformance®f
multi-antennaystemsThiswasdemonstratedn systens employing bothturboandLDPC codes.
We consideredhe expectedcompleity of the algorithmandfoundit is closelyrelatedto the
expectedcompleity of the original spheredecoding.In fact,overawide rangeof ratesandSNRs,
the FP-MAP algorithmhascompleity thatis polynomal in the numberof transmitantennas.
Furthermorewe studiedthe useof powerful channelcodesanditerative decodingin multi-

antennaystemshatemploy space-timenodulaton schemesWe foundthatin orderto obtainthe

18



remarkablegperformanceof theiterative decoding the space-timdechniqueseedto optimizefor

the mutualinformationbetweerthetransmited andreceved symbds. Thus,the designparadigm

of [19] thatconstructsodeshasedn mutualinformation appeardo beveryreasonable.
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