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ABSTRACT

Time reversal precoding accomplishes matched-filtering of
the channel in wireless communication systems by precod-
ing before every transmit antenna with the time reversed
complex conjugate of the wireless channel impulse response.
While time reversal maximizes the received signal energy
at a single time instant (as with matched filtering) it does
not eliminate intersymbol interference. This is equivalent
to saying that the combined precoder/channel response has
significant temporal sidelobes and thus, not sufficiently tem-
porally focused. We propose a method of multiple-input-
single-output (MISO) precoding for lowering sidelobe lev-
els to improve temporal focusing. Through simulations, we
analyze and show improved spatial focusing properties of
the developed method in correlated and uncorrelated fre-
quency selective channels. Although equalizer design is
absent in this paper, we include equalizer length into the
optimization, using a methodology similar to channel short-
ening, such that flexible communication system solutions
easily follow.

1. INTRODUCTION

Time reversal pre-filtering was introduced in [1] for ultra-
sonic applications. Time reversal is accomplished by pre-
filtering with the time reversed, complex conjugate of the
channel between each transmit antenna and the receiver. As
is well known in both the radar and communications liter-
ature, this is equivalent to using the channel as a matched
filter. The matched filter maximizes the signal energy at a
single point in time [11]. In addition, it was shown that
with this time reversal pre-filtering method the effective pre-
filter/channel impulse response is constrained both in time
and in space. Recently, time reversal pre-filtering was ex-
tended to wireless communications. Preliminary work has
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shown that time reversal wireless communications also dis-
plays temporal and spatial focusing of the effective channel
response [4] [5] [6].

Both temporal and spatial focusing are desired in wire-
less communications systems for a variety of reasons. Tem-
poral focusing relates to a measure of the received signal en-
ergy in some window of time. Wireless channels, in general,
tend to spread transmitted signals over time [10] causing in-
tersymbol interference (ISI). Time reversal compresses the
transmitted signal such that the spreading effect of the wire-
less channel is not as dramatic. Spatial focusing, on the
other hand, relates to the received signal energy for receivers
at different locations in space. Since time reversal pre-filters
are a function of the channel for some targeted receiver, time
reversal spatially focuses signals towards that targeted re-
ceiver. Receivers outside of the target will, in general, re-
ceive much degraded signal quality.

In this paper, we consider a sampled multiple transmit
antenna pre-filtered wireless communications system which
we term a MISO precoding system. We show that one can
improve on time reversal by optimally focusing the effec-
tive channel impulse response, and at the same time main-
tain the important property of spatial focusing. Pre-filtering
methods that optimize error rate performance have already
been studied in detail [13] [15]. Since temporal focusing
quality relates to error rate performance, we cannot hold
our precoder’s value on this alone. There are two qualities
of the precoding design proposed in this paper that separate
it from previous work:

1. We allow for an adaptable number of desired taps in
the equalizer. Similar to channel shortening [3], we
“focus” as much energy into the desired taps as possi-
ble. Indirectly, the proposed precoder includes equal-
izer design.

2. Few have investigated pre-filtering methods outside
of time reversal in terms spatial focusing and for fre-
quency selective channels. [14] implemented zero
forcing combined with time reversal precoding, but
this was not derived from a single optimal precoding
method as considered in this paper, limiting the per-
formance, flexibility and universal application.
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Figure 1:Model of the MISO system for time-reversal wireless

The organization of the paper will be as follows. In Sec-
tion 2 we detail the system description for both time reversal
and general MISO precoding. In Section 3 we give the fo-
cusing (temporal and spatial) definitions to be used through-
out the paper. Section 4 derives the temporal focusing opti-
mal precoder. In Section 5 we investigate the performance
of this precoder compared to time reversal through simula-
tions. Throughout this paper we use boldface lower case
letters,a, to denote vectors, boldface uppercase letters,A,
to denote matrices,I is the identity matrix,Ai→j is the ma-
trix composed of rowsi throughj of A, ∗ for complex-
conjugate,(•)T for matrix transpose, and(•)H for matrix
complex-conjugate transpose.ℜ{•} andℑ{•} indicates
the real and imaginary part respectively of the quantities in-
side the brackets.

2. SYSTEM DESCRIPTION

2.1. Time Reversal

The wireless communications extension of the time reversal
work in acoustics uses multiple (MT to be precise) transmit
antennas in place of the multiple channel sounders [1] [6].
A graphical description of this continuous-time time rever-
sal wireless system can be seen in Figure 1. In this figure,
x(t) refers to the transmitted signal,gi(t) is the pre-filter
impulse response for antennai, hi(t) is the channel impulse
response between transmit antennai and the receiver, and
y(t) is the received signal. In a pure time-reversal system
gi(t) = h∗

i (−t). In this paper we will consider more gen-
eral filter designs.

Assuming a linear time-invariant system description

y(t) = x(t) ∗

(

MT
∑

i=1

(gi ∗ hi) (t)

)

where∗ denotes continuous-time convolution. Because most
modern communication systems are digital, it is important
for us to consider sampling of the pre-filtered system. We
shall consider the quantityy[n] = y(nTs) which, as we
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Figure 2:Model of the sampled MISO system under analysis for
precoder optimization

shall see in the next section, represents the sampled output
signal.

2.2. MISO Precoding

Consider the multiple-input single-output (MISO) discrete-
time system with precoding at each antenna as pictured in
Figure 2. This discrete-time system description is valid for
inputs sampled above the Nyquist frequency. Lethi,r′ [n]
denote the lengthν discrete-time impulse response between
the ith transmitter and the intended receiver at locationr′.
The location vectorr is typically defined in the three di-
mensional space, but is sometimes assumed to be two or
one dimensional if one or two of the dimensions, respec-
tively, remain consistent throughout. Letgi,r[n] denote the
lengthL precoding filter whose design we will optimize for
some specific locationr. It is useful to note that in a gen-

eral time reversal MISO systemgi,r[n]
∆
= αih

∗
i,r[ν − n]

for some constantαi which is used in several schemes to
enforce some transmit power constraint. The discrete-time
effective precoder/channel impulse response observed at the
receiver locationr′ with precoders designed for locationr
is

fr,r′ [n] =

MT
∑

i=1

gi,r[n] ⋆ hi,r′ [n] (1)

where⋆ represents discrete-time convolution. Note that in
time-reversal systemsfr,r′ [n] for n 6= ν are the temporal
sidelobes which are, in general, nonzero.

We find it convenient to formulate this model in matrix
notation by defininggi,r

∆
= [gi,r[0]gi,r[1] · · · gi,r[L − 1]]T

fr,r′
∆
= [fr,r′ [0]fr,r′ [1] · · · fr,r′ [L + ν − 2]]T , Hi,r′ is the

toeplitz matrix with first column[hi,r′ [0] · · ·hi,r′ [ν − 1]

0 . . . 0]
T and first row[hi,r′ [0] , 0, · · · , 0] such thatfr,r′ =

∑MT

i=1 Hi,r′gi,r is another description of the effective chan-

nel response. Furthermore, we defineHr′
∆
= [H1,r′H2,r′

· · ·HMT ,r′ ], gr

∆
= [gT

1,rg
T
2,r · · ·g

T
MT ,r]

T giving the effec-
tive response matrix equation

fr,r′ = Hr′gr. (2)



3. FOCUSING DEFINITIONS

3.1. Temporal Focusing

Time reversal systems have been shown to exhibit temporal
focusing in the effective pre-filter/channel impulse response
[5]. This implies that the response is tightly constrained
in time. Ideally the system’s effective response is a sim-
ple impulse (Dirac delta function in continuous-time and
Kronecker delta function in discrete-time). That is, time
reversalfocusesthe system response such that most of the
response energy is isolated in a small window of time.

Past work has characterized temporal focusing using the
RMS delay spread calculation for wireless communication
channels [4]. The RMS delay spread of the effective re-
sponse is given by

τRMS =

√

√

√

√

√

∫∞

−∞(τ − τ )2Eh

[

|
(

∑MT

i=1 gi ⋆ hi

)

(τ)|2
]

dτ

∫∞

−∞
Eh

[

|
(

∑MT

i=1 gi ⋆ hi

)

(τ)|2
]

dτ

whereEh denotes mathematical expectation over all chan-
nel realizations and

τ =

∫∞

−∞ τEh

[

|
(

∑MT

i=1 gi ⋆ hi

)

(τ)|2
]

dτ

∫∞

−∞
Eh

[

|
(

∑MT

i=1 gi ⋆ hi

)

(τ)|2
]

dτ

for the continuous-time system model. Using this RMS de-
lay spread metric a temporally focused system would have a
small RMS delay spread. It is well known that delay spread
relates to the amount of intersymbol interference [11]. Thus
temporal focusing is desired in communication systems with
high delay spread channels since it reduces the intersymbol
interference. In this paper we will consider an alternate, but
similar measure of temporal focusing for the discrete-time
model. Before we define this metric, we first define some
response dependent parameters.

In this paper we develop a precoder that maximizes the
energy inK taps of the effective discrete-time impulse re-
sponse. Physically this means that we will need at least a
K tap equalizer at the receiver to combine transmitted sym-
bols. This methodology is very similar to the construction
of optimal channel shortening sequences discussed in [3].
The energy in the desired portion of the response at receiver
locationr′ with precoders designed for locationr is given
by

DESr,r′ [n]
∆
=

∆+K−1
∑

l=∆

fr,r′ [n]δk[n − l] (3)

where∆ is the delay of the precoder andδk[n] refers to the
Kronecker delta function. Likewise the energy of the inter-
symbol interference contributing portion of the response is
given by

ISIr,r′ [n]
∆
=

ν+L−2
∑

l=0,l/∈{∆,...,∆+K−1}

fr,r′ [n]δk[n − l]. (4)

Finally, considering additive noise at the receiver with vari-
anceσ2 (transmit energy normalized), we provide the mea-
sure of temporal focusing for the response at receiver loca-
tion r′ with precoders designed for locationr as

γTF
r,r′

∆
=

∑

n |DESr,r′ [n]|2
∑

n |ISIr,r′ [n]|2 + σ2
(5)

which is termed the temporal focusing ratio.

3.2. Spatial Focusing

Additionally, and perhaps more importantly, time-reversal
systems display spatial focusing [6]. Spatial focusing re-
lates the ratio of received system response energy at differ-
ent points in space. Unfortunately, spatial focusing does not
have a standard definition. Some have considered measur-
ing the received average absolute signal energy at different
points in space [6]. Others have looked at the peak signal
energy levels in different points in space. In this paper, we
consider a discrete-time spatial focusing metric that we feel
best relates to communication system performance.

We assume that the desirable signal energy is forced
into K taps of the discrete-time effective channel impulse
response. The energy contained in theseK taps will be
equalized and will contribute to usable signal energy at the
receiver whereas the residual energy will contribute to in-
tersymbol interference. Therefore if we are hoping to focus
the signal towards locationr and away from locationr′ then
we desire the signal to intersymbol interference plus noise
ratio (SINR) to be large atr and small atr′. This leads us to
our measure of spatial focusing, named the spatial focusing
ratio

γSF
r,r′

∆
=

(
∑

n |DESr,r|
2)(
∑

n |ISIr,r′ |
2 + σ2)

(
∑

n |ISIr,r|2 + σ2)(
∑

n |DESr,r′ |2)
(6)

between the target receiver at locationr and the intercepting
receiver at locationr′. Thus, high values ofγSF

r,r′
yield a

system that is focused towardsr and away fromr′.

4. PRECODER OPTIMIZATION

We maximize the energy in theK desired taps while min-
imizing the energy in the remaining undesired taps of the
effective channel response. Assuming additive noise at the
receiver (transmitted signal energy normalized), the objec-
tive is to maximize the desired response energy to undesired
response energy plus noise ratio (with precoder energy nor-
malized). Thus,

gTFr,K = arg max
g∈CMT L,‖g‖2=1

{

γTFr,r

}

= arg max
‖g‖2=1

{ ∑

n |DESr,r[n]|2
∑

n |ISIr,r[n]|2 + σ2

}

(7)

formulates the temporal focusing optimal precoder for re-

ceiver locationr. We letHDES,r
∆
= [Hr]∆→(∆+K−1) and



A
∆
= HDES,r

H HDES,r. Let HISI,r
∆
=
[

[Hr]1→(∆−1)

[Hr]∆+K→(L+ν−1)

]T

andB
∆
= HISI,r

HHISI,r + σ2I, so

that equivalently
gTFr,K = arg max

g∈CMT L,‖g‖2=1

{

‖HDES,rg‖
2

‖HISI,rg‖2 + σ2

}

= arg max
‖g‖2=1

{

gHAg

gHBg

}

. (8)

WhenA,B, andg have real entries this ratio is simply the
generalized Rayleigh quotient which has solution such that
AgTF,K = λBgTF,K for someλ ∈ R. Thus the general-
ized eigenvalue of maximum absolute value for matricesA
andB is the solution [8]. For complex entries matrix differ-
entiation shows thatγg′(B1+BT

1 ) = g′(A1+AT
1 ) whereγ

is the maximum value taken in (7),g′ =
[

ℜ{g}
T
ℑ{g}

T
]

,

and
A1

∆
=

[

ℜ{A} −ℑ{A}
ℑ{A} ℜ{A}

]

.

B1 andB follow the same relationship. Therefore, find-
ing the solution for complex entries is again a generalized
eigenvalue problem. Stable methods for computing gener-
alized eigenvalues, such as theQZ method, are well known
and can be referenced in [12]. Moreover, if we know thatA

andB are symmetric positive definite (as is the case in this
paper) more efficient algorithms for computing generalized
eigenvalues are available [12].

5. EXPERIMENTAL ANALYSIS

In this section we analyze the impact of the MISO precoding
system parameters in terms of temporal and spatial focus-
ing. For the simulations we consider10 tap channels with
each tap identically and independently distributed (i.i.d) as
a circularly symmetric complex Gaussian random variable
with mean0 and variance1

10 .1. The power delay profile
is distributed uniformly across the taps for each channel
and the expected total channel energy per transmit antenna
equals1. The transmitted signal energy across all antennas
is normalized such that total energy transmitted equals1.
The systems simulated with correlated taps have the prop-
erty

Eh

[

hi[r, m]h∗
j [r, n]

]

=







1
10 i = j, m = n
α2

10 i 6= j, m = n

0 otherwise

whereEh denotes mathematical expectation over all possi-
ble channel realizations. Additionally, the precoder is de-
signed such thatL = 10 giving us a fair comparison to time
reversal precoding. The plots that follow represent the aver-
age performance over all channel realizations.

1Circularly symmetric complex Gaussian random variables with mean
µ and varianceσ2 have the property that the real and imaginary parts are
i.i.d. with each value distributed as a Gaussian random variable with mean
µ and varianceσ

2
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Figure 3:Temporal and spatial focusing ratio for varying number
of transmit antennas (K = 1)

5.1. Varying MT

Figure 3 shows the effect of multiple antennas on temporal
and spatial focusing with i.i.d. channel entries. For low sig-
nal to noise ratios (SNR)MT = 1 yields the best temporal
focusing performance. This results from noise dominating
at the receiver. Thus, we are no longer concentrating on in-
tersymbol interference cancellation, but maximum energy
output in the precoder optimization (i.e. the matched filter
or time reversal solution). When multiple transmit antennas
are used we spread the energy across antennas (to keep total
energy consistent) and (assuming varied channels) reduce
total energy received after transmission through the channel.
At higher SNR’s inter-symbol interference dominates and
thus our optimization focuses on interference cancellation.
Since multiple antennas allow for more degrees of freedom,
our interference cancellation is handled better. Comparing
temporal focusing optimal precoders to time reversal pre-
coders we see that (as expected) temporal focusing optimal
precoders outperform time-reversal precoders for all SNR
values and any number of transmit antennas. It is also in-
teresting to note that the temporal focusing ratio directlyre-
lates to the SINR at the receiver. If intersymbol interference
is completely cancelled, SNR and SINR are equivalent. A
linear trend reflects a constant reduction in the SINR as a
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Figure 4: Temporal and spatial focusing ratio for correlated
channel (α2

=
1

2
) varying number of transmit antennas (K = 1)

function of SNR. Thus forMT = 4, the SINR is about7 to
8 dB below the SNR. In other words it takes about7 to 8
dB to cancel the effects of intersymbol interference.

In terms of spatial focusing, it appears that more anten-
nas imply better performance for virtually all SNR. Spatial
focusing relates to how much “different” the channels are
between different points in space (since the precoders are
functions of the channel). Hence, more transmit antennas
allow for more unique effective impulse responses and in
turn greater spatial focusing. The results from this plot are
very promising. Again, we see that temporal focusing pre-
coders outperform time-reversal precoders in every situa-
tion. We also observe that we can obtain from10 to 20 dB

improvement in spatial focusing performance. Since our
measure of spatial focusing relates to the ratio of SINR at
different points in space, points away from our target have,
on average,10 to 20 dB loss in SINR. This severely in-
hibits the performance of receivers outside the target. Fig-
ure 4 shows the effects of correlation in the frequency se-
lective channels (α2 = 1

2 ). The discussion above for un-
correlated channels still applies, but the gap between the
performance due to the number of antennas at the transmit-
ter is narrowed. This makes intuitive sense since the more
correlated the channels are, the less diversity available.
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Figure 5:Spatial focusing ratio for varying number of equalizer
taps (MT = 2)

5.2. Varying K

We now consider the case where the number of equalized
taps in the system response is varied. Figure 5 shows the
temporal and spatial focusing performance as a function of
SNR for differentK values andMT = 2. The temporal
focusing ratio is shifted upwards for increasingK. Hence,
adding more taps in the equalizer improves the SINR by a
constantdB factor. This is an expected result since increas-
ing K relaxes the optimization, allowing us to force more
energy into the desired portion of the response. Conversely,
increasingK shifts the spatial focusing curves downward
as seen in Figure 8. Thus, increasingK decreases the ra-
tio of SINRs at different locations by a constantdB factor.
This, is also expected, since as the desired energy lies in a
greater portion of the system response, it becomes increas-
ingly more difficult to spatially separate the desired signal
energy. Hence, there exists a tradeoff with theK parameter
between temporal and spatial focusing.

5.3. Communication System Performance

In this section we preview the performance, in terms of error
rate, for time-reversal and temporal focusing optimal pre-
coders. Figure 6 shows a simple bit-error-rate (BER) plot
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Figure 6: Time reversal, temporal focusing optimal precoder
communication system performance comparison (K=1)

for time reversal precoders and temporal focusing optimal
precoders with varyingMT (K = 1). A one-tap equalizer
implemented is of minimum mean square error (MMSE) de-
sign. Thus, the equalizer iswMMSE = d∗[r,∆]

|d[r,∆]+σ2| (see [11]
for details). At first glance, the results may be somewhat
unimpressive for both time-reversal precoding and tempo-
ral focusing precoding. We must remember, however, that
this is for size limited precoders and a one-tap equalizer in
a severely frequency selective channel. If we employ longer
precoders and more complex equalizers (which all systems
with heavy ISI must) we can expect dramatic improvements.
This plot is just to compare the temporal focusing precoder
and the time reversal precoder in terms of performance. No-
tice that the temporal focusing precoder outperforms time-
reversal for all SNR and allMT . Additionally, it appears
that we only achieve better error rates for multiple antennas
in the high SNR regime.

6. CONCLUSION

In this paper we considered a new method of MISO pre-
coding to improve on the benefits of MISO time reversal
precoding. By optimizing the precoder in terms of temporal
focusing, a property that time reversal precoding exhibits,
we were able to outperform time-reversal in terms of tem-
poral focusing, spatial focusing, and error rate performance
for nearly all channel situations and system scenarios. This
precoding technique offers a feature rarely considered in
wireless communications, the ability to spatially focus on
receivers. Locations away from the targeted receiver see
a dramatically inferior channel. This property may be ex-
ploited to increase security in a given communications sys-
tem.
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