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Abstract—This paper considers the problem of designing
scheduling algorithms for multi-channel (e.g., OFDM) wireless
downlink networks with n users/fOFDM sub-channels. For this
system, while the classical MaxWeight algorithm is known to
be throughput-optimal, its buffer-overflow performance is very
poor (formally, we show it has zero rate function in our
setting). To address this, we propose a class of algorithms
called iHLQF (iterated Heaviest matching with Longest Queues
First) that is shown to be throughput optimal for a general
class of arrival/channel processes, and also rate-function optimal
(i.e., exponentially small buffer overflow probability) for certain
arrival/channel processes. iIHLQF however has higher complexity
than MaxWeight (n? vs. n? respectively). To overcome this
issue, we propose a new algorithm called SSG (Server-Side
Greedy). We show that SSG is throughput optimal, results
in a much better per-user buffer overflow performance than
the MaxWeight algorithm (positive rate function for certain
arrival/channel processes), and has a computational complexity
(n?) that is comparable to the MaxWeight algorithm. Thus, it
provides a nice trade-off between buffer-overflow performance
and computational complexity. These results are validated by
both analysis and simulations.

Index Terms—Scheduling algorithms, large deviations, small
buffer, low complexity

I. INTRODUCTION

The emergence of 4G OFDM (Orthogonal Frequency Di-
vision Multiplexing) based wireless systems (e.g., WiMax [6]
and LTE [1]) has led to an increasing interest in the design of
scheduling algorithms for the downlink of wireless networks.
In these systems, the downlink bandwidth is partitioned into
several (tens to hundreds of) parallel channels. Scheduling
decisions are made every timeslot (2 - 5 msec), where in each
timeslot, each of the channels is allocated to a potentially
different user. The data-rate that a channel can support is
timeslot-, user- and channel-dependent. This scenario trans-
lates into a multi-user multi-server system, where a given
server (channel) can serve only one user per timeslot.

From a networking perspective, the goal is to allocate
resources in this multi-channel system in a way that satisfies
certain objectives. The fundamental objective is to design
scheduling algorithms that provide the maximum network
throughput. It is well-known that the MaxWeight algorithm
([16], also see Definition 2) is throughput-optimal for this
system. The MaxWeight algorithm has received considerable
attention from the researchers, and has been analyzed in a

Department of ECE
Iowa State University
leiying@iastate.edu

R. Srikant
Department of ECE
Univ. of Illinois at Urbana-Champaign
rsrikant@illinois.edu

Lei Ying

variety of scenarios such as the large queues ([19], [15], [18])
or the heavy-load ([14], [12], [9]) regime.

However, performance (e.g., small per-user queues) is
equally important in order to ensure small user-perceived de-
lays. In this paper, we develop low complexity and throughput-
optimal algorithms that also provide good performance. A key
outcome of our study is that the algorithm design insights
from a performance viewpoint are different from the design
insights that follow from a throughput-optimality viewpoint,
as discussed in the following section.

A. Main Contributions

To put this section in context, we briefly describe the system
model. For more details, please see Section II. We consider a
multi-queue multi-server queuing system as shown in Figure 1.
There are external packet arrivals to the queues, and the
channels connecting the queues to the servers support time-
varying data-rates. As in an OFDM system, a given server
(frequency band) can be allocated to serve only one queue
in a given timeslot. The goal is to design a scheduling rule
for allocating the servers to the queues that, in addition to
throughput-optimality, also guarantees small per-user queues.
We look at this “small-queues” or “small-buffer at the base-
station” problem from a large deviations perspective, where the
number of users in the system and the available bandwidth
is large. In [3], we have shown that a class of algorithms
called iLQF (iterated Longest Queues First), under certain
technical conditions, is rate function optimal for the small
buffer overflow event. However, the results regarding iLQF
were derived assuming symmetric, i.i.d., ON-OFF traffic and
i.i.d. ON-OFF channels. In particular, for more general arrival
and channel processes, a number of fundamental questions
were left unanswered, such as:

1) Are the algorithms in the iLQF class throughput-optimal
for the system?

2) The well-known MaxWeight algorithm [16] is
throughput-optimal for the system. What is its
performance for the small buffer overflow problem?

3) The iLQF-class algorithms typically have a higher com-
putational complexity than the MaxWeight algorithm.
Can we design an algorithm with lower complexity
without compromising either throughput-optimality or
small-queue performance?



In this paper, we show that the answers to these questions are
yes, poor, and yes respectively. The following is a summary
of our main contributions in this paper:

o We show that a generalization of the iLQF-class rules,
namely iHLQF, is throughput-optimal for very general
arrival and channel process models (Section III).

o We show that the classical MaxWeight rule is very poor at
keeping the per-user queues small (Section IV). Formally,
we show that this rule results in a zero rate function (to
be defined) for the small buffer overflow event defined in
Section II.

o We propose a new scheduling algorithm called the Server-
Side Greedy (SSG) service rule which is an iterative
version of the MaxWeight rule, where the queue-lengths
are updated after each server (OFDM sub-channel) fin-
ishes its service. We show that this rule is throughput-
optimal under general arrival and channel processes,
results in a strictly positive rate function for the small
buffer overflow event (implying small per-user queues),
and has complexity comparable to that of the MaxWeight
rule, and much less than the iLQF-class rules (Section V).

An important design insight that emerges from the
above results is the following: for throughput-optimality, the
MaxWeight algorithm argues that the scheduling algorithm
should maximize the sum of channel-rate-weighted queue-
lengths in each timeslot. However, from a small-queue per-
formance viewpoint, our results indicate that as long as we
are ‘“close” to the maximum weighted sum, the scheduling
algorithm’s objective should shift to equalizing the queues,
and that this allocation of channel resources should proceed
in an iterative manner.

B. Related Work

Scheduling for multi-user wireless networks is a well-
investigated problem [17], [2], [13], [11]. Researchers have
analyzed this problem from a variety of angles: heavy traffic
limits [14], [12], [9], tail probabilities of queue-lengths [19],
[15], [18], and energy-delay tradeoffs for wireless down-
link [10]. These results provide very useful guidelines for
designing scheduling algorithms, but strictly speaking, a ma-
jority of the earlier results are valid only in the large queues
regime, i.e., as the queue-lengths tend to infinity. In a recent
paper [7], a model similar to our model was considered and
optimality results were derived for the two-user case. To the
best of our knowledge, the first paper to consider the small
buffer overflow problem in a large deviations setting was [3],
where we considered a restricted version of the model in this
paper and derived rate function optimality results in the many-
user, small-queues regime.

II. SYSTEM MODEL

We consider a multi-queue, multi-server, discrete-time queu-
ing system as shown in Figure 1. The system has n queues
and n servers, connected by time-varying channels that can
potentially change from timeslot to timeslot. (We note that
for our proof techniques to work and results to hold, it is not

necessary that the number of queues and servers be the same,
and a constant-factor relation between the two works just as
fine.)
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Fig. 1. System Model

The following notation is used throughout this paper.

Q; = The entity, queue number ¢
S; = The entity, server number ¢
Q = {Q1,Q2,...,Qn}
S = {51,52,...,5,.}
A;(t) = The number of packet arrivals to Q; at the
beginning of timeslot ¢
Xi;(t) = The number of packets in (); that can poten-

tially be served by S, in timeslot ¢

Q;(t) = The length of Q; at the end of timeslot ¢

ng)(t) = The length of @); after £ > 1 rounds of
service in timeslot ¢

ng) (t) = Qi(t—1)+ A;(t), i.e. the length of Q; after
immediately after arrivals, in timeslot ¢

a® = max(a,0)
R4 = The set of nonnegative real numbers
H(zly) = xlog%—&—(l—x)logi:—z

We make the following assumptions regarding the arrival
and channel processes:

Assumption 1. (Motivated by [5])
1) The channel state process:
a) Let T denote the set of possible channel states. The
channel state process has a stationary distribution
7w = [mlicz, and w; > 0 for all i € T.
b) Let s[m] denote the channel state in timeslot m.

Given € > 0 there exists a positive integer M such
that for all M > My, all i € T, and all k, we have

E H?TZ — ﬁ fn—i-zl\;f—l ]ls[m]:i :| < €.
¢) There exists i € Ry such that X;;(t) < fu for all

i,7,t.
2) The arrival process:

a) The arrivals to each queue @Q; form a stationary
process, with mean \; := E[A;(1)].

b) The given set of arrival rates lies inside the
throughput region of the system, i.e., there exists a
static service split rule that can stabilize the system
under the given arrival process.

c) Given € > ( there exists a positive integer M, such
that for all M > My, and for all k, we have



E u)\z — Tll fn—:\g_l Az(m) ] < €, Vi.

d) The arrival process satisfies, for all ,
m /oo MQP(Az(l) > M) =0. <&

Our aim is to design a service policy for this system that
meets certain performance metrics that will be subsequently
defined. A service policy is essentially a rule that allocates the
servers to the queues in every timeslot by defining the random
variables Y;;(t), where
1 if S; is allocated to serve @; in timeslot ¢,
Yij(t) = :
0 otherwise.

We impose the condition that in a given timeslot, a
given server can be allocated to serve at most one queue.
This condition translates to the following: for all ¢ and
all j € {1,2,...,n}, any valid service policy must obey
>, Yi;(t) < 1. For concreteness, we follow the convention
that in a timeslot, there are first arrivals (if any) to the queues,
then possible service, and finally, the queue-lengths are mea-
sured at the end of the timeslot. Thus, the individual queues
in the system evolve according to the following equation: for
1<i<n, N

Qit) = (Qult = 1)+ Ai(t) - S, X, <t>mj<t>) .

Each queue stores the incoming packets in a buffer of
infinite size, so that no packets are ever dropped. The queuing
system is started at time —oo. Our objective is to design a
service rule that allocates the servers to the queues in each
timeslot ¢ based on the information of the entire history of
queue-lengths, arrival and channel realizations and allocation
decisions, and also the arrivals and channel realizations in the
current timeslot. Our first goal is to identify policies other than
MaxWeight-type policies which are throughput-optimal under
Assumption 1.

The reason for identifying classes of throughput-optimal
policies other than the MaxWeight class is to significantly
improve the performance of the system. It is difficult to ana-
lyze the large-deviations performance under the very general
conditions in Assumption 1. Instead, we study the small-queue
performance of different algorithms under the following more
restrictive set of assumptions:

Assumption 2. The number of packet arrivals to queue Q; in
timeslot t is the random variable A;(t), where
Ailt) = K wz:th probabl:llity P,
0  with probability 1 — p,
where K > 1 is an integer with pK € (0,1). In timeslot t, the
server S; can potentially serve X;;(t) packets from Q;, where
X,;(t) are modeled as Bernoulli random variables with
1 with probability q,
0 with probability 1 — q,
with q € (0,1). All the random variables A;(t) and X i(s)
are assumed to be mutually independent for all possible values
of the involved parameters. o
Our goal is to design policies that under Assumption 2 and
for every integer b > 0, result in a strictly positive value of

o1
a(b) := lim inf . log P <112?<Xn Q.(0) > b> .

Xi5(t) =

n—oo

Further, the complexity of the policy must be O(n?) compu-
tations per timeslot. The reason we choose this benchmark
is that, as we later show, the MaxWeight algorithm has a
complexity Q(n?).

We refer to the event {max; Q;(t) > b} as the small buffer
overflow event or simply the overflow event. The probability
term in the above expression can thus be thought of as
the probability of the overflow event under the stationary
distribution of the queue-length process (provided one exists).

The function «(b) is called the rate function in the large
deviations theory. If a scheduling algorithm results in a positive
value of «(b), then for large values of n, we have

. ~ e~ na(b)
P (fgzagxn Q:(0) > b> e .

Thus, the probability of the small buffer overflow event decays
to zero very rapidly with n, and therefore it is desirable to have
as large a value of «(b) as possible.

ITII. THE IHLQF-CLASS OF ALGORITHMS

In this section, we present a class of scheduling rules
called iHLQF. We show that any algorithm in this class is
throughput-optimal (Theorem 1), and relate the iLQF with
PullUp algorithm in [3] to the iHLQF-class.

We consider a class of algorithms called iHLQF (iterated
Heaviest matching with Longest Queues First), which is a
generalization of the iLQF (iterated Longest Queues First)
algorithms presented in [3]. The iLQF-class of algorithms are
defined for systems with ON-OFF channels. A particular algo-
rithm in the iLQF-class, called iLQF with PullUp, was shown
to be rate function optimal for the small buffer overflow event
under Assumption 2 with KX = 1 ([3], Thm. 4), and was shown
to have a positive rate function for all K > 0 ([3], Corollary 2).
Here we present its generalization (namely, iHLQF) to multi-
rate channels. In every timeslot, the iHLQF rule proceeds in
multiple rounds of server allocation as explained below:

Definition 1 (The iHLQF (iterated Heaviest matching with
Longest Queues First) rule). In a timeslot t,
1) Update the queue-length vector to account for the ar-
rivals, i.e., compute QEO) (t) for all i. Initialize k = 1.

2) Forall j €{1,2,...,n}, define
— (0) -
7 arg max Q" (t)Xi;(1),
dc;, = i Xi(t)] .
and c; min {arg glea% i( )}

For any server Sj and all i, if X;;(t) < Xc,;(t), then
redefine X;;(t) = 0, and use this updated value of
Xi;(t) throughout the rest of the timeslot t. Let L denote
the length of the longest queue(s) immediately after
arrivals. Throughout the description of this algorithm,
let YV C S denote the set of unallocated servers.

3) In round k, define a bipartite graph Gy (U U Vi, Ex),
where the set of nodes Uy, represents the set of queues
of length L (i.e. QZ(-k_l)(t) = L), the set of nodes V
represents the servers in V, and &y, is the set of weighted



edges. The edge between nodes representing queue Q;
and server S; has a weight equal to X;;(t). Find a max-
imum weight matching My, in the graph Gy, breaking
ties arbitrarily. Allocate servers to queues according to
the matching My, update the queue-lengths to account
for service, and remove the used servers from the set V.
4) If V = 0, stop. Else, decrement L by 1. If L = 0, then
stop. Else, increment k by 1, and go to Step 3. o

Here is a description of the algorithm in words: in every
timeslot, have multiple rounds of server allocation. In each
round, choose the heaviest (edge-weight) matching between
the set of longest queues and available serves, breaking
ties between multiple heaviest matchings arbitrarily. Here,
the weight of an edge is the corresponding channel rate.
Allocate servers to queues according to the matching, update
the queue-lengths, remove the allocated servers from further
consideration, and proceed to the next round. When choosing
the heaviest matching, the iHLQF rule allocates a server to a
queue only if its channel to that queue has a high enough rate.

Note that iHLQF is a class of rules and not a single rule,
as a result of the arbitrary tie-breaking between largest weight
matchings. We first establish a crucial property of the iHLQF-
class rules that is useful in proving their throughput-optimality.
In words, this property says that in every timeslot, the weight
of the schedule chosen by any iHLQF-class rule is at most an
additive constant away from that chosen under the throughput-
optimal MaxWeight rule.

Lemma 1. Fix any iHLQF-class rule. Consider any timeslot
t, and let the queue-lengths immediately after arrivals in
that timeslot be {;. Let the iHLQF rule assign server S; to
Qa,, and c; be as defined in step 2 in the definition of the
IHLQF-class rules (Definition 1). Then, 2?21 Xa,i(t)la; >
Z?Zl Xejj(t)le; — n?n2.

Theorem 1 (Throughput-optimality of iHLQF). Under As-
sumption 1 on the arrival and channel processes, any iHLQF-
class rule makes the system stable in the mean, i.e.,

In addition, if the arrival and channel state processes are such
that the iHLQF rule makes the queuing system an aperiodic
Markov chain with a single communicating class, then the
stability in the mean implies that the Markov chain is positive
recurrent [8].

The proofs of Lemma 1 and Theorem 1 are analogous to
those of Lemma 3 and Theorem 5 in Section V respectively.
We present proofs for the claims in Section V alone in order to
avoid repetition and also because they admit simpler notation.
For a formal proof of Lemma 1, please see [4].

We now turn our attention to the iLQF with PullUp rule,
introduced in [3]. This rule is essentially an iHLQF-class rule
for the system under Assumption 2. The iLQF with PullUp
rule employs a particular form of tie-breaking between the
heaviest matchings, and in its original form, it terminates

after the round when it cannot find a matching that serves
all the queues under consideration (queues of length L). This
stopping rule ensures that the complexity of the rule is limited
to O(n*) computations per timeslot. If we instead allow the
iLQF with PullUp rule to terminate in the same way as an
iHLQF-class rule (namely, when no more servers are left
or when all the nonempty queues have been considered for
allocation), then it retains its rate-function optimality for the
system under Assumption 2 with K = 1, yields a strictly
positive rate function for all X > 1, and is also throughput-
optimal for the system under Assumption 1 with Bernoulli
(0-1) channels. We refer to this rule as the Modified iLQF
with PullUp rule. The following theorem formally summarizes
these properties.

Theorem 2 (Properties of Modified iLQF with PullUp). The
Modified iLQF with PullUp belongs to the iHLQF class of
rules, and the conclusions of Theorem 1 apply. The Modified
iLQF with PullUp rule is rate function optimal for the system
under Assumption 2 with K = 1, and results in

-1
liminf — log P ( max Q;(0) > b) =({b+1)log
1<i<n

)
n—oo N _

for all integers b > 0. Further, it yields a strictly positive
rate function under Assumption 2 for all K > 1, and can be
implemented in O(n®) computations per timeslot.

Proof: Omitted to avoid repetition. For proofs of rate
function optimality and computational complexity, we refer
the reader to [3] and [4] respectively. [ |

Thus, the answer to question 1 in Section I-A is “yes, the
iLQF rules (and their generalization, iHLQF, for multi-rate
channels) are throughput-optimal for the system.”

IV. THE MAXWEIGHT RULE

In this section, we show that the classic MaxWeight schedul-
ing rule yields a zero rate function for the small buffer
overflow event (Theorem 3), and in fact yields no decay
in the probability of the small buffer overflow event as the
system size increases (Theorem 4). We then establish a lower
bound (computations per timeslot) on the complexity of the
MaxWeight rule (Lemma 2).

The classic MaxWeight rule [16] results in the following
service allocation rule for our system, with a particular tie-
breaking rule for the sake of concreteness:

Definition 2 (The MaxWeight Rule, [16]). In every timeslot,
each server independently picks a queue that maximizes the
product of queue-length and channel rate, breaking ties in
favor of the smallest queue-index. o

This service allocation rule is throughput-optimal for the
system. But as the next theorem shows, it yields a zero rate
function for the small buffer overflow event.

Theorem 3 (MaxWeight gives zero rate function). Under
Assumption 2 with K = 1, with the MaxWeight rule for
allocating servers to queues, and for any fixed integer b > 0,

lim sup -1 log P ( max Q;(0) > b) =0.
n <n

n—o00 1<i<



The main idea behind the proof is to show that under the
MaxWeight rule, the overflow event has at least a constant
probability even for n large.

Proof: Fix any integer T, and consider the queues at the
end of timeslot 7. Define v,, := 1 —e~V" and p := p/2.
Timeslot 7"+ 1:
By the Chernoff bound, there exists an integer n; such that
for all n > ny, with probability at least ~,,, at least np’ queues
see arrivals in timeslot 7'+ 1. Define o := —2/log(1—¢). Fix
an integer /N such that for all n > N, we have alogn > 1.
Define 3 := alogn, and consider the first 3 queues in the
order of priority for service (after arrivals). In particular, the
first queue in the order of priority is the longest queue with
the smallest index, the second one is the longest queue with
the second smallest index or the second longest queue with
the smallest index, and so on. Let the set of these queues
be Q% := {Qi,,Qi,,...,Qi,}. Let E; denote the event that
server \S; is not connected with any of the queues in Q*. Then,
since P(E;) = (1 —¢q)” = (1 — ¢)*'°&8", we have

P (Ui B5) < S, P(E;) = (1 — @)1osm = L.
Thus, with probability at least 1 — 1/n, each one of the
servers is connected to a queue in Q*. By the definition of the
MaxWeight rule, a server connected to one of the queues in Q*
is allocated to one of the queues in Q*. Since |Q*| = /3 and at
least np’ queues had packet arrivals, it follows that at the end
of timeslot 7'+1, the system has at least np’ —a log n queues at
length 1 or more. By the union bound (for n > max(N,ny)),
the probability of this event is at least 1 — (1/n 4 e~ V™). Let
this set of queues (of length at least 1) be called A;.
Timeslot 7"+ 2:
The arrivals in the timeslot 7" + 2 are independent of all the
random variables involved in the definition of the set .A;. Thus,
by appropriately using the Chernoff bound, there exists an
integer no such that for all n > ng, with probability at least
Vn, at least p’ fraction of queues in the set A; see arrivals in
timeslot 7'+ 2. By an argument similar to that for Timeslot
T + 1, it follows that, with probability at least 1 — 1/n, no
more than alogn of the queues receive service. Combining
the results for the timeslots and using the union bound, we
have the following conclusion: for all n > max(N,ny,ns),
with probability at least 1 —2(1/n +e~V"™), there exists a set
As of queues such that:

o |Az] > p'(np’ —alogn) — alogn > np'? — 2alogn.

o Each queue in A5 has a length at least 2.

Continuing this way (formally, by induction), the follow-
ing claim holds: at the end of timeslot 7" + b + 1, for
n > max(N,ny,na,...,np+1), with probability at least
1— (b+1)(1/n + e V™), there exists a set Ay, of queues
such that:

o |Api1| > p'(np® — balogn) — alogn, implying

|Aps1| > np™' — (b + 1)alogn.

o Each queue in Ay, has a length at least b+ 1.

There exists an integer ng such that for all n > ng, we
have np/®*t — (b+1)alogn > 1 and (b+1)(1/n+e V?) <

1/2. Hence, for a system with n > max(N,ng,n1,...,np4+1),

with at least a probability 1/2 and starting with any initial
configuration of queue-lengths, we have a queue of length
b+ 1 at the end of a further b + 1 timeslots. If we consider
the b + 1 timeslots leading to and including timeslot 0, i.e.,
consider T'= —(b+ 1), then the above result shows that even
for large n, the small buffer overflow event occurs with at
least a constant probability, and the proof is complete. |
The result of Theorem 3 can be strengthened to the following:

Theorem 4. Consider any function f : Ry — R \{0} such
that lim,_, f(x) = co. Then, under Assumption 2, with the
MaxWeight rule for allocating servers to queues, and for any
fixed integer b > 0,

-1
limsup —— log P < max @Q;(0) > b) =0.

n—ooo f(n) 1<i<n

Proof: The result for the case K = 1 follows from the
proof of Theorem 3, which shows that under Assumption 2
with K = 1, the MaxWeight rule results in at least a constant
probability for the small buffer overflow event, for n large
enough. The proof for the case K > 1 is almost identical. ®

Thus, the answer to question 2 in Section I-A is “the
MaxWeight algorithm is very inefficient at keeping the per-
user queues small.”” The main reason behind these negative
results is that the MaxWeight rule potentially assigns all the
available servers to serve the longest queue, essentially treating
a slightly shorter queue as if it were empty. When a large
number of servers are available, this results in draining the
longest queue(s) much more than is warranted by good load-
balancing, and also leads to the following situation: when the
MaxWeight rule runs into a state when a significant fraction of
the queues is long (note that such a state is reached infinitely
often, almost surely, because the system is positive recurrent
under MaxWeight), then it is very difficult to leave this state
“quickly.” Therefore, the MaxWeight rule is not effective in
keeping the queues really small.

Lemma 2 (Complexity of MaxWeight). Under Assumption 2,
implementing the MaxWeight rule requires Q(n?*) computa-
tions per timeslot.

Proof: Let Assumption 2 hold. In a given timeslot ¢, the
MaxWeight rule needs to find, for every server S;, a queue
@; that maximizes the product of the instantaneous channel
rate X;;(t) and the length of queue (); after packet arrivals
(if any). Thus, for every server, the rule needs to perform n
multiplications. All the n multiplications are necessary: not
performing even one of these multiplications (in the worst
case) can lead to an incorrect allocation. Further, since all
the channels are mutually independent, each server needs
n separate computations, i.e., the calculations not involving
X.;(t) are useless for S;. Thus, any implementation of the
MaxWeight rule requires £2(n?) computations per timeslot. W

Note that Lemma 2 holds under much weaker assump-
tions on the channel process. This motivates us to design a
scheduling rule that, in addition to throughput-optimality, also
guarantees a good delay performance, and has a computational
complexity comparable to that of the MaxWeight rule.



V. THE SSG SCHEDULING RULE

In this section, we propose the Server-Side Greedy (SSG)
service rule for the problem stated in Section II. This service
rule can be thought of as a recursive version of the MaxWeight
rule, where the queue-lengths are updated after each server
finishes its service. We show that the SSG rule is throughput-
optimal for the system (Theorem 5). Under Assumption 2, it
results in a strictly positive value of the rate function, «(b) for
every integer b > 0 (Theorems 6, 7). It can be implemented
in O(n?) computations per timeslot (Theorem 8).

This (SSG) rule proceeds in multiple rounds of service
allocation in every timeslot, as explained below.

Definition 3 (The SSG rule). In every timeslot t,

1) Update the %ueue -lengths to account for arrivals, i.e.,
compute Q t) for all i. Initialize k = 1.

2) In round k, allocate server Sy to serve a queue @Qy,
that maximizes the product Ql(,kfl)(t)Xik (t), breaking
ties in favor of the smallest queue-index. Update the
length of Q. to account for service, i.e., Qq(f)( t) =

(QE200) ~ Xun(0)) " and Q1) := Q" V(1) for
all i # w.
3) If k = n, stop. Else, increment k by 1, go to step 2. ©
Unlike the MaxWeight rule, the SSG rule updates queue-
lengths after each server finishes its service. Now we analyze
the SSG service rule in detail. Our first aim is to establish the
throughput-optimality of the SSG rule. We first establish that
in every timeslot, the weight of the service schedule selected
by the SSG rule is at most an additive constant away from
the maximum possible. That is, under the same queue-lengths
at the beginning of the timeslot and the same arrivals to the
queues, the sum of the channel-rate-weighted queue-lengths
selected for service under the MaxWeight rule is at most an
additive constant larger than that under the SSG rule.

Lemma 3. Fix any timeslot t, and let the queue-lengths
immediately after arrivals in that timeslot be {;. Let the SSG
rule assign server Sj to serve Q). Under the same initial
queue-lengths and the same arrivals to the queues, let the
MaxWeight rule assign S; to Qy,. Then, 2?21 Xa,j(t)la; >
S0 X (1), — %

Proof: Fix any j € {1,2,...,n}. If a; = b;, then we
have X, ;(t)la; = Xs,;(t)ly; and corresponding terms cancel
from both sides. Hence, we focus on the case a; # b;. In this
case, (), is connected to server S;, but does not get served
by S; under the SSG rule. It follows that

(@)

) (b)
> Xa,;Q070() > X,,;00 V()
(c)

> Xy,5(l, —nft) = X by, —nji®.

X a;j Eaj

Qo =
Q(J b ( ), since queue-lengths can only monotonically de-
crease as the successive rounds proceed (recall that the arrivals
occur before round 1). Inequality (b) holds because in round
7, the SSG rule allocates server S; to a queue that maximizes

Here, inequality (a) holds because /,, =

the product of the channel-rate and queue-length. Inequality
(¢) holds because any given queue can receive at most /i units
of service in a given round (of SSG), implying that the length
of Qp, after j — 1 rounds is at least £, — (j —1)fi > £, —nji.
Therefore,

Z?:l Xaj]( )g > Z] 1 XbJJ( )[ ﬂ
Thus, the proof is complete |

Theorem 5 (Throughput-optimality of SSG). Under Assump-
tion 1 on the arrival and channel processes, the SSG rule
makes the system stable in the mean, i.e.,

In addition, if the arrival and channel state processes are such
that the SSG rule makes the queuing system an aperiodic
Markov chain with a single communicating class, then the
stability in the mean implies that the Markov chain is positive
recurrent [8].

Proof: For any server allocation rule R, in any timeslot,
let the channel-rate-weighted sum of the queues be called the
weight of the service rule in that timeslot. In our notation, the
weight of a rule R in timeslot ¢ is

=337 (Qult — 1) + A(8) X (Y5 (8).
i=1j=1

The proof of this Theorem is on the same lines as that of
Theorem 1 in [5], which establishes the following: consider
a service rule R that, in every timeslot, picks a schedule
whose weight is an arbitrarily high fraction of that of the
MaxWeight schedule whenever the sum of the queue lengths
is large enough. Then, the rule R makes the system stable in
the mean, and positive recurrent under the stated conditions.
That proof applies almost unchanged when the weight of the
schedule selected by the candidate policy R is at most an
additive constant smaller than the maximum possible, provided
that this constant is independent of the queue-lengths and
is a function of the system parameters only. This result and
Lemma 3 complete the proof. |

Remark 1. Lemma 3 and Theorem 5 hold even if the SSG
rule chooses an arbitrary tie-breaking rule in Step 2.

Next, we show that if two queuing systems have sample-
path coupled arrivals and channels, both implement the SSG
rule, and at the end of a timeslot, one system has queues that
are respectively longer than the corresponding queues in the
second system, then this property continues to hold for all the
future timeslots.

Lemma 4 (Sample-path dominance). Under Assumption 2,
consider two queuing systems @Q and R with queues Q =
[Q1,Q2,...,Qn] and R = [Ry, Ry, ..., Ry, such that at the
end of some timeslot t, we have Q;(t) < R;(t) for all i. Both
the systems have the same arrivals and channel realizations
for all times, and in particular for the timeslot t 4+ 1. Both
implement the SSG rule. Then, Q;(t + 1) < R;(t+ 1) Vi.



Proof: We need to prove that Ql(»n) (t+1) < Rgn)(t +1)
for all 4. Suppose that for some k € {1,2,...,n}, we have
ng_l)(t +1) < ng_l)(t + 1) for all i. We need to prove
that ng) (t+1) < Rl(k) (t + 1) for all 4, and the proof would
be complete by the principle of mathematical induction.

Let in the system R, server Sy be allocated to serve queue
R;. If (in the system (Q) the server S} is allocated to serve
Q;, then there is nothing to prove. If Sj, is not allocated to
serve (;, it must be because of one of the following reasons:

1) Q§k71)(t +1) < Qq(ﬂkfl)(t + 1) for some r, and Sy is
connected to @, i.e., X, x(t+1) = 1.

2) ng_l)(t +1) = ng_l)(t + 1) for some m < j, and
Qj, @ are among the longest queues connected to Sy,
so according to the tie-breaking rule, queue @, is served
in the k" round.

In case 1, we have (by hypothesis)

QFt+1) <QFV(+1) < REV (14 1),
(k—1) (k—1) .

and Ry (t+1) < R 7 (t+1) by the definition of the SSG

rule. (Otherwise, S;, would have been allocated to serve R,

because X, (t+1) = 1.) Hence, irrespective of the allocation

of Sy (in the system @), we have QM (t+1)< ng)(t +1),

and consequently ng)(t +1)> Ql(.kS (t+ 1) for all i.

In case 2, we must have Q(.k_l)(t +1) < R;k_l)

because if Q;kil)(t +1)= Rjkfl)(t + 1), then

(t+1),

RV (t+1) = Q8 (t41) = QY (¢+1) < REV(¢+1),

and m < j implies that in the system R, server Sj must
have been allocated to R,, and not R;. Therefore, we have
Q§k_1)(t +1) < Rﬁ»k_l)(t + 1), and hence Q;k)(t +1) <
R (¢ + 1), implying R (¢ +1) > Q" (¢t +1) for all i. m

As in the case of the proof of Theorem 3 in [3], this sample-
path property is the key to obtaining rate function positivity
results. The next technical lemma provides a sufficient condi-
tion for all the longest queues in the system (after arrivals) to
receive at least one unit of service.

Lemma 5. Under Assumption 2, let the set of longest queues
after arrivals be of cardinality k. If in that timeslot, each one
of the longest queues is connected to at least k servers, then
all the longest queues are served at least once under SSG.
Proof: Let {Qi,,Qiy, ..., Qi,} be the set of longest
queues. For 1 < j < k, if );; is connected to server S, then
it is a longest queue connected to .S,,. Since Qij is connected
to at least k servers, there are only k& — 1 other longest queues
in the system, and the queue-lengths are updated after service,
Qi; is served by at least one server. |
We now show that under the SSG rule, the probability that
the max. queue in the system increases in a given timeslot is
extremely small for n large.

Lemma 6. Let Assumptéon 2 hold with K = 1. Fix any p' €
(p,1) and ¢ € (0, q(éijf]))). In particular, let p' = (1 +p)/2

q(1=p")
2

and § = . Then, under the SSG rule, for n large
enough, and for any given t,

P ( max Q;(t+1) > max Qz(t)) < néexp (271§H(gq)

1<i<n 1<i<n q

+n(l—q)" +exp(—nH (P [p). (1)

Proof: Consider a situation where at the beginning of
timeslot ¢+ 1, all the queues have length = m. The third term
on the RHS of Equation (1) upper-bounds the probability that
in a given timeslot ¢, there are more than np’ queues with
arrivals, and follows from the Chernoff bound. Conditioned
on the (high probability) event of no more than np’ arrivals
(and adding dummy packets if necessary to ensure exactly np’
queues with arrivals, since by doing so, we only get a “worse”
system, a system with sample-pathwise longer queues for all
future times, thanks to Lemma 4), the queue-length profile
after arrivals is:
m+1 m

np'  n(l-—7p)

The second term on the RHS of Equation (1) upper-bounds the
probability of the complement of the following event: n(p’ —
d) different longest queues are served in the first n(p’ — ¢)
rounds of server allocations. The first term, in conjunction with
Lemma 5, upper-bounds the probability of the complement of
the following event: the (remaining) nd longest queues are
(each) served by some of the remaining servers. The result
follows by the union bound and Lemma 4. A formal proof is
omitted due to lack of space, and available in [4]. [ |

Next, we establish that under the SSG rule and for n large,
the max. queue-length in the system decreases in a constant
number of timeslots with at least a constant probability.

Queue-length
Number of queues

Lemma 7. Under the SSG rule, under Assumption 2 with

K = 1, there exists a constant integer k, independent of n,
such that for all n large enough, and for all t,

P (e, Q0+) < o Q)

1
max Qi(t) > O> > 3
Proof: The intuition behind the proof is that in any given
timeslot, there are approximately np arrivals to the system,
and because a given server can potentially serve any one
of approximately ng of the queues (with preference to the
longer queues), the system has a service capacity for almost n
packets. Thus, there is a net “drain” in the number of packets
in the system. A formal proof is omitted due to lack of space,
and available in [4]. u
As a consequence of Lemmas 6 and 7, the maximum queue-
length in the system, (Q.,q.(t) has the following behavior:
over a constant number of timeslots, it increases by a finite
amount with very low probability, and decreases with at least
a constant probability. Thus, it is reasonable to expect that
the stationary distribution of (4. (%) is strongly concentrated
around 0. Indeed, this is the essence of our next claim.



Theorem 6 (Positive rate function under SSG). Let As-
sumption 2 hold with K = 1. Fix any p' € (p,1) and
5 e (0, qgjg) (1 + p)/2 and
0 = @. Fix any constant integer b > 0. If the system
uses the SSG rule for allocating servers to queues, then

). In particular, let p' =

n—oo

lim inf — log]P’ (121%){” Q:(0) > b)

> 0.

> (b+ 1)mm{H(p'|p), ! %Hq(‘z]‘l)}

§log ——
S

Proof: The proof is similar to that of Theorem 3 in [3]. In
particular, under the SSG rule, the system has the sample-path
dominance property (Lemma 4), an exponentially decaying
probability of Q4. (t) increasing in a timeslot (Lemma 6),
and a constant probability of (4. (t) decreasing in a constant
number of timeslots (Lemma 7). We omit the details. [ |

Next, we show that the SSG rule returns a positive rate
function for the small buffer overflow event under a bursty
arrival process (Assumption 2), for any fixed integer K > 1.

Theorem 7. Let Assumption 2 hold. Fix any p' € (p,1/K)
and § € (0, M) In particular; let p' = (p+1/K)/2 and

K(2—q)
6 = %. Fix any constant integer b > 0. If the system

uses the SSG rule for allocating servers to queues, then

lim inf — log]P’ ( max @Q;(0) > b)

n— o0 1<i<n

b+
> 0.
[K

20H (4
-‘ mln{H(p/|p),5log %q’ ;2|Q)}

Proof: The proof is very similar to the proof of Theorem 6

and has been omitted. |

An immediate strengthening of the above results is obtained

by maximizing the RHS with respect to p’ and § over the

appropriate ranges. We now turn our attention to the compu-
tational complexity of implementing the SSG rule.

Theorem 8 (Complexity of the SSG rule). The SSG rule can
be implemented in O(n?*) computations per timeslot.

Proof: Consider the following implementation of the
SSG rule: the system maintains a vector of queue-lengths
[@1,Q2,...,Qy] and updates it as arrivals and service occur.
It also maintains a vector that records the queue-index that
server Sj is allocated to, and updates it in every round.
Updating the queue-length vector after arrivals (Step 1 in the
definition of SSG) involves n additions and can be imple-
mented in O(n) computations. In Step 2, any given round can
be implemented in O(n) computations, and therefore the entire
Step 2 (n rounds) can be implemented in O(n?) computations.
Step 3 can be implemented with O(1) computations. Hence,
the overall complexity is O(n?) computations per timeslot. ®

Thus, we have designed a scheduling algorithm (the SSG
rule) that is throughput-optimal, yields a positive rate function
for the small buffer overflow event, and has a computational
complexity O(n?), which is no larger than the MaxWeight

rule. This answers question 3 in Section I-A in the affirmative.
In view of these results, the new intuition that emerges from
this work is that we should not allocate service to maximize the
channel-weighted sum of queue-lengths. We should allocate
resources in an iterative fashion, taking into account the effects
of prior allocations. This results in good performance (small
per-user queues) in addition to throughput-optimality.

VI. SIMULATION RESULTS

We compare the performance of the proposed SSG rule with
the MaxWeight rule and the Modified iLQF with PullUp rule
studied in [3]. We run the simulations for 108 timeslots each.

In the first set of simulations, we consider a system with
bursty arrivals as per Assumption 2 with K = 10 and
p = 0.095, i.e., a system with 95% of the maximum symmetric
load. The channel ON probability is set to ¢ = 0.75. We
vary the number (n) of queues and servers in the system,
and study the empirical probability of buffer overflow and
the empirical delay distribution of packets. The results are
summarized in Figures 2 and 3. It can be seen that depending
upon the system size, the MaxWeight algorithm needs about 3
to 7 times as much buffer as SSG. Further, the performance of
the MaxWeight algorithm actually degrades with the system
size, while that of the SSG rule improves. Similar conclusions
hold for the per-packet delay under the two algorithms.

Performance of the SSG and MaxWeight Algorithms for p = 0.095, q = 0.75, Bursty (0 - 10) arrivals
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Fig. 3. SSG v/s MaxWeight: Packet delay profiles

In the second set of simulations (Figure 4), we compare the
performance of the SSG algorithm against the Modified iLQF
with PullUp algorithm. We analyze a system with asymmetric
arrival rates to the queues. Of the n = 20 queues, we choose
three queues to receive much higher mean loads (L) compared
to the others. In our simulations, queues ()11, Q15 and Q19



receive, in every timeslot, a random number of packets that is
uniformly distributed in [0, 2L], while the other queues each
receive a packet with probability 0.12, all independently of
each other. We set the channel ON probability to ¢ = 0.4
to ensure that the system is stable but heavily loaded (about
95.7% for L = 5). As can be seen from the plot (Figure 4), the
proposed SSG algorithm and the Modified iLQF with PullUp
algorithm give very similar performance. In fact, we can hardly
distinguish the two curves in each pair. Even if the Y-axis scale
is changed from logarithmic to linear, the two algorithms result
in almost overlapping curves.

Performance of the SSG and Modified iLQF with PullUp Algorithms for n = 20, q = 0.4, Asymmetric arrivals
ol T T T T
3

10

—e—1L - 3, iLQF
*y )
ﬂ". s=#--L = 4, iLOF ||
"ﬂ." --4¢--L = 5, iLQF
ot 5 --e-:L = 3, SSG
*y ]
Q," --#--L = 4, SSG
g % L =5, SSG
e
Bt
***
‘."l
l,‘:‘)()tx
4.(‘
‘l
. . . . .
30 40 50 60 70 80

Buffer size (b)

Fig. 4. SSG v/s Modified iLQF with PullUp: Asymmetric arrivals

Due to space constraints, we have not reported the simula-
tion results comparing SSG and Modified iLQF with PullUp
for bursty, symmetric arrivals, but the two algorithms continue
to give almost identical performance for the system under this
and a number of other configurations, and consistently better
than MaxWeight. Also, we have compared the performance of
the SSG algorithm against the MaxWeight algorithm with a
different tie-breaking rule: in every timeslot, the rule allocates
servers sequentially (S to S,). A server S; is allocated to
a longest connected queue that has so far received the least
amount of service. While the queue-lengths are not updated
after each allocation, this rule results in a minimal wastage of
service. Even with this modification, the SSG rule performs
much better than the MaxWeight rule. Thus, we have verified
that the results presented here are representative. For more
simulation results, please see [4].

VII. CONCLUSION

We considered the problem of designing scheduling algo-
rithms for OFDM-based wireless downlink from the point of
view of minimizing per-user delay, which is closely related
to having small per-user queues at the base-station. We first
considered a class of algorithms called iHLQF and showed that
all the algorithms in this class are throughput-optimal for the
system. In addition, under certain technical conditions, these
algorithms are rate-function optimal for the small buffer over-
flow event. However, the computational complexity of these
algorithms is somewhat large. We then considered the classic
MaxWeight algorithm and showed that it results in a very poor
small-buffer performance for our system. We proposed a new
algorithm called SSG (Server-Side Greedy) that is throughput
optimal for the system, results in a positive rate function for

the small buffer overflow event under symmetric, i.i.d., ON-
OFF traffic, and has a small computational complexity. We
verified the results through simulations.

The new intuition that emerges from our work is that
maximizing the sum of channel-rate-weighted queue-lengths,
although throughput-optimal, is not good for small per-user
queues. Instead, approximately maximizing this sum while
paying attention to the finer queuing dynamics results in good
small-buffer performance in addition to throughput-optimality.
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