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Motivation
- Integral Equation Methods (Historical Perspective)
- TD-AIM vs. FD-AIM
- Memory Hierarchy
- Out of Core Algorithms





TD-AIM vs. FD-AIM
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Number of frequency samples   bandwidth of fields
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Envelope-tracking methods[1-2] requires time samples    bandwidth, and stores smaller time history than 
traditional time-domain methods



[1] A. Mohan and D. S. Weile, IEEE TAP, 2005.
[2] G. Kaur and A. E. Yılmaz, IEEE TAP, to appear in 2015.



Memory Hierarchy
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300 ps

1-10 ns

10-20 ns

50-100 ns
(~20-75 ns)

5-10 ms

?

Off-Chip Cache

http://www.edn.com/design/systems-design/4397051/Memory-Hierarchy-Design-part-1
John Hennessy and David Patterson, Computer Architecture, Fifth Edition: A Quantitative 
Approach, Morgan Kaufmann, San Francisco, CA, 1996.

Transfer
Time/byte

1-10 ps

25-50 ps

50-100 ps

50-200 ps
(~20 ps)

0.2-2 ns

?
(~2 ns)

Size

1000 bytes

64-256 kB
(L1: 32 kB
L2: 256 kB)

2-4 MB
(L3: 20 MB)

4-16 GB
(32 GB 

2GB/core)

4-16 TB
(80-430 GB)

O(PB)
(14 PB)

* Stampede@TACC
#7 supercomputer in 

top500 list, Nov. 2014



Memory Hierarchy

F/A-18 Hornet
Top speed: 1915 km/h

Sustained 
speed:

~1.66 mm/s

http://www.scase.
co.uk/snailracing/

Inspiration for this analogy:
http://blog.scoutapp.com/articles/2011/02/10/und
erstanding-disk-i-o-when-should-you-be-worried

Access time:
50 ns  vs. 5 ms
Transfer time:
20 ps vs. 0.2-2 ns

53.2 10´

Wells (2014 world 
snail racing champ)

McLaren 12c (fastest
stock car 0-200 kph)

http://www.dragtimes.
ru/en/blogs/view/2659 29-

Highway/
top speed:

65 mph/210 mph

( ~access 
time ratio)

(~transfer 
time ratio)
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Out of Core
In Core

O(Ns
2)

• Use disk space in addition to core memory
+ Lots of space:              (or more)
- I/O to disk much slower than memory

To read/write N bytes:
Access time (latency): 
Transfer time (bandwidth): 

+ Possible to amortize I/O costs
Latency: Read/write large chunks of data (simple)
Bandwidth: Many FLOPs per byte read/written (not so simple)
Example: Dense-matrix-vector product (double-precision) on Stampede

• Goal: Reduce memory requirement without (significantly) increasing run time

Out of Core Algorithms
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Background
- Time Domain Integral Equations Basics
- Method of Moments
- Time Marching
- Alternative Ways to Calculate Right-Hand Side



- Frequency interval:

- Time interval:
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Numerical Solution

- Discretize geometry, expand unknowns

• Method of moments
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Rao, Wilton, Glisson, IEEE 
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- System of equations
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T
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l
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= =åZ I V G. Manara et al., IEEE Trans. AP, Mar. 1997.
D. S. Weile et al., IEEE Trans. AP, Jan. 2004.
G. Kaur and A. E. Yilmaz, MOTL, June 2011.



Marching on in Time
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- Due to causality, time invariance, uniform time-step size,
(discretely) causal sub-domain space-time basis functions

- Frequency domain: 11 1 1
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Marching on in Time
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• Computational Costs
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Marching on in Time: High-Frequency
- HF:                   and unknowns distributed such that                 =>
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Scattered-Field (Right-Hand-Side) 
Computation
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Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

- Must access all of the stored 
data at every time step g

l N³

Storage needed:
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Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices
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Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

- Must access all of the stored 
data at every time step T g

l N N£ -

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+




l

Memory
Accessed

T g1 2 3    -N N 

S. P. Walker, IEEE AP Mag., Oct. 1997. g S
( )N NQ2

S
( )NQ

2
S g S

( ) ( )N N NQ +Q



1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

=

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

1
l

Memory
Accessed

eventually

Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both
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Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+
g S

( )N NQ2
S

( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q



1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

=

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

1 2 3
l

Memory
Accessed

Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+
g S

( )N NQ2
S

( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q



1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

=

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

1 2 3 4
l

Memory
Accessed

Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+
g S

( )N NQ2
S

( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q



1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

=

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

1 2 3 4 5
l

Memory
Accessed

Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+
g S

( )N NQ2
S

( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q



1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

=

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

1 2 3 4 5 6
l

Memory
Accessed

Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+
g S

( )N NQ2
S

( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q



1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

=

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

1 2 3 4 5 6 7
l

Memory
Accessed

Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+
g S

( )N NQ2
S

( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q



1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

=

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

1 2 3 4 5 6 7 8
l

Memory
Accessed

Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+
g S

( )N NQ2
S

( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q



1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

=

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

1 2 3 4 5 6 7 8 9
l

Memory
Accessed

Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+
g S

( )N NQ2
S

( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q



1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

=

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

1 2 3 4 5 6 7 8 9 10
l

Memory
Accessed

Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+
g S

( )N NQ2
S

( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q



1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

=

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

1 2 3 4 5 6 7 8 9 10 11
l

Memory
Accessed

Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+
g S

( )N NQ2
S

( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q



1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

=
1 2 3 4 5 6 7 8 9 10 11 12

l

Memory
Accessed

Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+
g S

( )N NQ2
S

( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q



1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

=
1 2 3 4 5 6 7 8 9 10 11 12 13

l

Memory
Accessed

Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+
g S

( )N NQ2
S

( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q



1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

=
1 2 3 4 5 6 7 8 9 10 11 12 13 14

l

Memory
Accessed

Scattered-Field (Right-Hand-Side) 
Computation

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+
g S

( )N NQ2
S

( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q





1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

• Row multiplication: Store current history

• Column multiplication: Store future fields

• Multilevel block multiplication: Store both

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

sca
1
sca
2
sca
3
sca
4
sca
5
sca
6
sca
7
sca
8
sca
9
sca
10
sca
11
sca
12
sca
13
sca
14
sca
15
sca
16

V
V
V
V
V
V
V
V
V
V
V
V
V
V
V
V

=

Storage needed:

Current/Field 
vectorsg1 N

-Z Z matrices

+

l

Memory
Accessed

Scattered-Field (Right-Hand-Side) 
Computation

+ Only access all of the stored data 
once every              time steps

g
/ 2N

g S
( )N NQ2

S
( )NQ

eventually 2
S g S

( ) ( )N N NQ +Q

1

2 1

3 2 1

4 3 2 1

5 4 3 2 1

6 5 4 3 2 1

7 6 5 4 3 2 1

8 7 6 5 4 3 2 1

9 8 7 6 5 4 3 2 1

10 9 8 7 6 5 4 3 2 1

11 10 9 8 7 6 5 4 3 2 1

12 11 10 9 8 7 6 5 4 3 2 1

13 12 11 10 9 8 7 6 5 4

0

0

0

0

0

0

0

0

0

0

0

0

0

Z

Z Z

Z Z Z

Z Z Z Z

Z Z Z Z Z

Z Z Z Z Z Z

Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z3 2 1

14 13 12 11 10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

  

0

0

0

Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z Z Z Z Z Z Z Z



Time Domain Adaptive Integral Method



TD-AIM

Step 1: Anterpolate

L

cDEmbed       in regular grid with       nodesS
C
N

{ , , }k x y zÎ

corr † A †k
l l l l

k
l ll l ll l l

f
¢¢ ¢ ¢ ¢ ¢- ¢-


- -¢+ L LL» + LåZ I GZ I IGI

• Computational Costs (HF, while time marching)

Storage:
Inter/anter

FLOPs: T
( )O N pN

( )pNQ

L

Inter/anterpolation order: 3, ( 1)m p m= +

Grid spacing: cD



TD-AIM

Step 1: Anterpolate
Step 2: Propagate

L

G

Embed       in regular grid with       nodesS
C
N

c †Aorr †
ll l l ll l l

k
l l l

k
l

f
¢ ¢ ¢ ¢-


¢ ¢ ¢- -


- ¢» +L L+ L Lå G GZ I I I IZ

Storage:

current/field 
vectors on grid
,

l l ¢-G

g C
( )N NQ +

Inter/anter
FLOPs: +

4-D blocked space-time FFTs
2

T C C g
[log log ]( )N N N NO +

T
( )O N pN

( )pNQ

L

• Computational Costs (HF, while time marching)

Inter/anterpolation order: 3, ( 1)m p m= +

Grid spacing: cD

{ , , }k x y zÎ



TD-AIM

Step 1: Anterpolate
Step 2: Propagate

Step 3: Interpolate L

G
†L

Embed       in regular grid with       nodesS
C
N

c †A†orr
ll l l ll l ll l l

k
l

k f
¢ ¢ ¢ ¢-


¢ ¢ ¢- -


- ¢» +L L+ L Lå G GZ I I I IZ

Storage:

current/field 
vectors on grid
,

l l ¢-G

g C
( )N NQ +

Inter/anter
FLOPs: +

4-D blocked space-time FFTs
2

T C C g
[log log ]( )N N N NO +

T
( )O N pN

( )pNQ

L

• Computational Costs (HF, while time marching)

Inter/anterpolation order: 3, ( 1)m p m= +

Grid spacing: cD

{ , , }k x y zÎ



TD-AIM

Step 1: Anterpolate
Step 2: Propagate

Step 3: Interpolate
Step 4: Correct

L

G
†L

corrZ

Embed       in regular grid with       nodesS
C
N

c †A†orr
ll l l ll

k
l

k
lll l l

f
¢ ¢ ¢ ¢ ¢-

 
¢- -¢ ¢-» + L+L L LåZ I IGI IGZ

• Computational Costs (HF, while time marching)

Storage: +near( )NQ

current/field 
vectors on grid

corr
l l ¢-Z ,

l l ¢-G

g C
( )N NQ +

Inter/anter
FLOPs: ++

Correct 4-D blocked space-time FFTs
2

T C C g
[log log ]( )N N N NO +near

T
( )O N N

T
( )O N pN

( )pNQ

L

Inter/anterpolation order: 3, ( 1)m p m= +

Grid spacing: cD

Correction region size: 2g =

{ , , }k x y zÎ



TD-AIM

Step 1: Anterpolate
Embed       in regular grid with       nodesS

C
N

Inter/anterpolation order: 3, ( 1)m p m= +

Grid spacing: cD

L
Step 2: Propagate

G

Step 3: Interpolate
†L

Step 4: Correct
corrZ

Correction region size: 2g =

c †A†orr
ll l l ll

k
l

k
lll l l

f
¢ ¢ ¢ ¢ ¢-

 
¢- -¢ ¢-» + L+L L LåZ I IGI IGZ

• Computational Costs (HF, while time marching)

Storage: +near( )NQ

current/field 
vectors on grid

corr
l l ¢-Z ,

l l ¢-G

g C
( )N NQ +

Inter/anter
FLOPs: ++

Correct 4-D blocked space-time FFTs
2

T C C g
[log log ]( )N N N NO +near

T
( )O N N

T
( )O N pN

( )pNQ

L

{ , , }k x y zÎ



4-D Blocked Space-Time FFTs
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Conclusions

• A parallel multilevel out-of-core algorithm for TD-AIM
+ Core-memory requirement only ~ 3-4x FD-AIM when IO = 2 
+ Buffering => only ~8-10x slower on Stampede when IO = 2 

+ Control knob to trade-off memory for speed:

- Buffer limits parallel scalability (can be ameliorated by using hybrid

parallelism on multi-core clusters)
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