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Motivation

- Integral Equation Methods (Historical Perspective)
- TD-AIM vs. FD-AIM

- Memory Hierarchy

- Out of Core Algorithms
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TD-AIM vs. FD-AIM
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® FD-AIM Plate
® TD-AIM Plate
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Number of frequency samples bandwidth of fields

Number of time samples maximum frequency content of the fields

Envelope-tracking methods('-2l requires time samples bandwidth, and stores smaller time history than

traditional time-domain methods
[1] A. Mohan and D. S. Weile, IEEE TAP, 2005.

[2] G. Kaur and A. E. Yilmaz, IEEE TAP, to appear in 2015.
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Memory Hierarchy
: : Transfer
Size Access Time Time/byte
1000 bytes 300 ps 1-10 ps
64-256 kB
(L1: 32 kB 1-10 ns 25-50 ps
L2: 256 kB)
(L?f."é(')\",\%) 10-20 ns 50-100 ps
4('312658'3 50-100ns | 50-200 ps
2GBlcore) (~20-75 ns) (~20 ps)
(86‘_'4}20@5) 5-10 ms 0.2-2 ns
O(PB) o ?
(14 PB) ' (~2 ns)

<

* Stampede@TACC

http://www.edn.com/design/systems-design/4397051/Memory-Hierarchy-Design-part-1

John Hennessy and David Patterson, Computer Architecture, Fifth Edition: A Quantitative

Approach, Morgan Kaufmann, San Francisco, CA, 1996.

#7 supercomputer in
top500 list, Nov. 2014



Memory Hierarchy

Access time:

50 ns vs. 5ms
Transfer time:

20 ps vs. 0.2-2 ns

F/A-18 Hornet Wells (2014 world http://www.scase.
Top speed: 1915 km/h snail racing champ) co.uk/snailracing/
o gl P ———————————
95 10° Sustained
3.2x10 speed:
~1.66 mm/s

( ~access
time ratio)

9_99 McLaren 12c (fastest hitp://www.dragtimes.

\ stock car 0-200 kph) ru/en/blogs/view/265

(~transfer Highway/
time ratio) top speed:
65 mph/210 mph

Inspiration for this analogy:
http://blog.scoutapp.com/articles/2011/02/10/und

erstanding-disk-i-o-when-should-you-be-worried
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Out Of Core |g0r|t S By, «®

» Use disk space in addition to core memory

+ Lots of space:10°° x (or more)

- 1/0 to disk much slower than memory
To read/write N bytes: Nt =t + Nt."
Access time (latency):  ¢0 =10° x "
Transfer time (bandwidth)'” = 10" x ¢ tl°

+ Possible to amortize I/O costs , .
Latency: Read/write large chunks of data (simple) I/O volume (bytes)'
Bandwidth: Many FLOPs per byte read/written (not so simple)

Example: Dense-matrix-vector product (double-precision) on Stampede
: 10°

10°

Time

O Outof Core 2 O Out of Core

- Store 100 kB 100 S e >X 50
in memory g A

-Read datain g e
100 kB chunks 210%} - <t
& multiply Y - S R R

Py O Py Py Py Py Py Py

Il
10 10 10 10°

Number of Unknowns

5

Number of Unknowns

 Goal: Reduce memory requirement without (significantly) increasing run time
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Background

- Time Domain Integral Equations Basics

- Method of Moments

- Time Marching

- Alternative Ways to Calculate Right-Hand Side
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TDIE Basics

4 7(r) - - Frequency interval:
4 ~
Einc,Hinc\‘ Einc H1nc\4‘// \ fmin f fmax
’ \ S\) - Time interval:
e,m e,m \em(———-’ 0t Thax
o !
4p‘r - r"
—7 X 7 X 0 E* (r,t) = i x i x 0 E™(r,t) VrES
0,J(r,t) —Axd H*(r,t) = A x 9 H™(r,1)
0 E**(r,t —0°A(r,t) — VO F(r,t 1 mJ(r',t)
BT (1) — ! _(1 ) 1) Alr,1) ff e x g(r,r' t)ds’
o, H*(r,1) m—'V x 0 A(r,t) 0,F(r,t) —e 'V J(r't)
« EFIE, MFIE, CFIE
—n x 7 X (7A(r,t) + VO F(r,t)) = —ixnxd E™(r,t) (TD-EFIE)
9, J(r,t) —m ' x VxdA(rt) = nx9dH"(rt) (TD-MFIE)

TD-CFIE = ho*laTD-EFIE + (1—a)TD-MFIE
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Numerical Solution
* Method of moments
- Discretize geometry expand unknowns

ZZ kl’

| /
T(t—I'At) | -
=1 I'= . W [r=r =
Must resolve fastest variations | g Rao, Wilton, Glisson, IEEE
fz Trans. AP, May 1982.
As 1 /10, N SA%(HF)
At 1/10fmax’ NT Tmaxfmax 0 T T TN T
- Testing EELE ; (\W\
f dt f | ds S,(nd(t - 1At)- TD-CFIE =" |
fOI' l:].,...,NT 10°
- System of equations POV B V5 - B o f TE
l iF tiat
>z 1, =Vv™  forl=1..,N,
I'=1

G. Manara et al., IEEE Trans. AP, Mar. 1997.
D. S. Weile et al., IEEE Trans. AP, Jan. 2004.
G. Kaur and A. E. Yilmaz, MOTL, June 2011



ZO
Zl ZO
z, 7, Z
ZS ZQ Zl ZO
ZNg ZNg—l Z2
O ZN ZN -1
0 0 Z,

- Due to causality, time invariance, uniform time-step size,

Marching on in Time
[ | ' Vi ' Matrix properties:
1, \A - Lower triangular,
0 |, Vsi“" Toeplitz, sparse
I \ie blocks
4 1 - Non-zero entries:
| N O(N;)
Z, v Vi - Unique entries:
2, 2, | v ON?)
- Unique blocks:
ZQ Zl ZO_ INT VJI\?TC Ng + 1

(discretely) causal sub-domain space-time basis functions

- Frequency domain:

Z

hohi

0

h

g

Iv

[ inc |
Vfi

inc
Vfg

F

inc
L VfN

IN Ngx1

- Diagonal, unique,
dense blocks

- Non-zero/unigque
entries:

NN

.NFNle
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Marching on in Time

0 Ng—|—1

Vi
Vi
Vi
Vi

inc
VN
g
Vinc

Ng +1

Vinc
L NT .

o Computational Costs

0

Z, 0

z, Z 0 0
Z, Z, Z, 0

zZ, Z,, Zz, Z 0
0z, Z,, Z, Z, 0
0 0z, Z,, Z,

Z0 matrix

7 _ 7  matrices|Current/Field
1 N

vectors

Storage:

O(N N, )+ @(]\ngQ)

+ O(N N,)

Matrix fill

lterative solution

Right-hand side

FLOPs:

O(N:) + O(N.N.N N,) + O(N_N;)

S




Marching on in Time: High-Frequency <./

- HF:c¢At As and unknowns distributed such that N, N, => N, = O(N;”)

At

o Computational Costs

Z, matrix |Z —Z, matrices Currentt/FieId
= s * Graph describes
Storage: | (N, Ns) o) + OV N) radiation by a point

Matrix fill | Iterative solution | Right-hand side source that is a pulse

— of width At turned
FLOPSs: O(N§> + O(NTNIN()N5> O<NTNS2) on attime 0
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stca
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o
o
o
)

o

o
o
o

N N N N N N N N
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[ N~ I
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- W N =
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w

N N
[
N
o

Vsca
NT

[o2]

o Computational Costs

7 matrix |Z — 7 matrices|Current/Field
0 1 "N vectors

Storage: |O(N N,) O(N;) + O(N,Ny)
Matrix fill | Iterative solution | Right-hand side
FLOPs: | O(N?) + O(N_N,N.N,)  O(N.N.)
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« Row multiplication: Store current history Memory

[ o
z, 0
z, z, 0
zZ, 2,72, 0
z, 2,2,z 0 0
z, 2, 2,2, 2 0
Z, 2, 2,2, 2, Z, 0
z, 2,2, 2, 2, Z, Z, O
Z, 2, 2,2, 2, Z, 2, Z, 0
z. 2z, Z, 2, 2, Z, Z, O
z. 2, 2,2, 2, Z, Z, O
z, Z, 2,2, 2,2, 2,2 0
0 zZ. 2,2, 2, 2,2,2 0
z, 7, 2, 7, Z, Z,
z. z, Z, Z, Z,
0

S. P. Walker, IEEE AP Mag., Oct. 1997.

Accessed

Computation

A

offn 1 7
I, A
1 vier
|4 V:ca
|5 VSSca
i Vgca
V7sca
_ Ve
12345678 NgNngl
vy - Must access all of the stored

data at every time step [ > NV,

1 N, vectors

Storage needed: O(Ny) + O(N_Ny)
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Computation
« Row multiplication: Store current history O(N;)+O(N_N,)
o Column multiplication: Store future fields
- 0-
z, 0
zZ, Z, 0
z, 2,2 0 0
z, 2,2, 2 0
zZ. 2,2, 2, Z, 0
zZ Z Z, Z, Z, Z O
zizﬁz: zz zZz:zlo > |
Z, 2, Z, 2, 2, Z, Z, O
zZ, 2, 2, 2, 2, Z, Z, O Iy
z, 2,2, 2,2, 2,2 0 ’
z.2,2,2,2,2,2 0
Z, 2, 2, 2, Z, Z, Z, O _
Z, Z Z Z, Z, Z, Z O .
0 7 Z7 26 Z5 Z4 Z3 22 21 - Z _ Z matrlces Current/FleId
N, s 41 % S5 e fs 2 4 Y -INT- 1 Ng vectors

S. P. Walker, IEEE AP Mag., Oct. 1097, Storage needed: O(N) + G(NgNS)
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Computation |
- Row multiplication: Store current history Memory FRET [ @(N§)+@(NNS)

Accessed
o Column multiplication: Store future fields

-VISCa

VQSCa
V?!:'Ca
VZC&
V;ca
Vgca
V;ca
Vgca

o
o

—
o

o

N}
—

o

w
N
—

N
o
o

w
N

N N N N N N N

o

o
I
w
N
—

o

(=]
ot
N
w
N}
—

o N O Gt e W N

o

R
>
o
-
w
0
N N N N N N N

N N N N N N N N

[oe)
N N N N N N N

N

[
S
e
w
N
—=

[an)

\

N N N N N N N

123 Nyp-N,

-3
(=]
[S)]
e
w
N
—
o

[en)

K
N@NNNNNN
t
IS
w
no
=

-

. vy - Must access all of the stored
data at every time step | < N, — NV,

N N N N N NN
5
-
w
o
[en)
"

-
>
o

S}
=

]
[
ot
N
=

R
=
ot
-

N N N N

ot
IS

N N N N N N N N
w

0

N N N N N NN
- IS
NNNwNNN
N N N N N
N N N

w

1 N, vectors

S. P. Walker, IEEE AP Mag., Oct. 1097, Storage needed: O(N) + @(NgNS)
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Computation

A o o o o e e e
. Row multiplication: Store current history ~Memory eventually O(N;) + (N N;)
Accessed

o Column multiplication: Store future fields

» Multilevel block multiplication: Store both

; - -

’W@ 0 2 -

zZ, Z| o I, A

z, z, .z1 0 1, Ve

24 23 22 Z1 0 |5 V;ca

25 Z4 Z3 22 0 |6 Vgca

z, z. z, z,Jz, 7] o I Ve

z. z, z. 2z, 2 0 I e . > |
zZ, Z, Z, Z, Z, Z, Z, Z| © O B 1

29 28 Z7 Z6 ZS Z4 Z3 22 Zl 0 | 10 Vfga

Zy Ly Ly Z; Zg Zy Z, Z3 7, Z)| O |11 Vlsfa

le ZlO ZQ ZS Z7 ZG Z5 Z4l Z3 ZZ Zl 0 |12 Vlsga

212 le ZlO 29 Z8 Z7 ZG Z" Z4 Z3 ZZ |13 Vfga

213 212 le ZIO 29 ZS Z7 z ZS Z4 ZS I 14 Vfid

2y Ziy Ly Ly Ly Ly Ly I 25 Ly 2y 2 0 I \%i ; Current/F|e|d

Z: 2, 23 2, 2, Z)) Z Zg Z, Z; Z; Z, 2|0 |15 V1sca Zl o ZN matrlces
b JL e [ Vie o vectors

Storage needed: O(N?) + O(N_Ny)

S
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Scattered-Field (Right-Hand-Side)

Computation

« Row multiplication: Store current history Memory
o Column multiplication: Store future fields

» Multilevel block multiplication: Store both

0

0

0

Z, Z, 2, Z] 0
z. 7z, z, 2, 0
z, 2, z, 20z, 7] O
z. z, z. z)z, Z)[ z] o
zZ, 2, 2, Z, 2, Z, Z, Z] O
z, 2z, z, 2, Z, 2, z, zJ Z| 0O
Z, 2, Z, 2. Z, Z, Z, 2] 2, zl| 0
le ZlO ZQ ZS Z7 ZG Z5 Z4l Z3 ZZ Zl
212 le ZIO 29 Z8 Z7 ZG Zy Z4 Z3 ZZ
Zl3 212 le ZlO Z9 ZS Z7 Z ZS Z4 Z3
214 213 212 le ZIO Zg ZS ZT Zﬁ 25 Z/l
z.2,2,2,2, 2, 2 227 2 Z

R

Accessed

Vgca
Vgca
V’?Ca
VSSCEL

eventually O(N;) + (N N;)

> [

© o N O Ot =W

- VSL&
Vit
vy
Vit
Vi
Vit

sca
V15

|10
Ill
|12
|13
|14
I15 e
|16 _Vféd

7 _ 7 matrices|Current/Field
1 N

vectors

Storage needed: O(N:

+ O(N_N,)
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e S ogttered-Field (Right-Hand-Side)

Computation

M o o e

Row multiplication: Store current history ~Memory eventually ©(N;) + O(N, Ny)
Accessed

Column multiplication: Store future fields

Multilevel block multiplication: Store both

[0 M, T

Z] o |

g B

z, 7, 0 1,

Z, Z, 2, ] 0 I \Z

z, z, z, Z, 0 Iy Ve

z, z. z, z,[z, Z] o© 1, Ve

z. z, z, 2|z, z 0 I A s |
ZS Z7 Z()’ 25 Z/1 ZJ ZZ Zl 0 |9 - V;ca 1 2 3

29 28 Z7 Z6 25 Z4 Z3 ZQ Zl 0 | 10 Vfga

Zy Ly Zy Z; Zg Zy Z, Z3 7, Zl| 0 I, Vlsfa

le ZlO ZQ ZS Z7 ZG Z5 Z4l Z3 ZZ Zl 0 |12 Vf;a

212 le ZlO ZQ Z8 Z7 ZG Z3 Z4 Z3 ZZ Zl 0 |13 Vf?():a

Zig Ly Ly Ly Ly Ly Ly ZQ 25 2, Zy Z) 2] O I 14 Vlsia

Zyy Ly Ly Ly Ly Ly Ly 2y Ly 2y 2y 24 72, 24| O |15 Vfga Z _ Z matrlCeS CUI’I’EHUFIEM
z.2,2,2,2, 2,2 2yz z z z|z z]z|o||I Ve 1 N

b JL e [ Vie o vectors

Storage needed: O(N?) + O(N_Ny)

S
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S oattered-Field (Right-Hand-Side) ¢
Computation

« Row multiplication: Store current history

o Column multiplication: Store future fields

» Multilevel block multiplication: Store both

0
Z, 7] o
zZ, Z 0

Z, Z, 2, Z, 2, 2, Z, Z] O

z, z, z. z, z. 2, z,zfz] o

2, Z, Z, Z, Z, Z. z, z2f Z, zl| 0

le ZlO ZQ ZS Z7 ZG Z5 Z4l Z3 ZZ Zl 0

212 le ZlO 29 Z8 Z7 ZG Z' Z4 Z3

213 212 le ZlO ZQ ZS Z7 z ZS Z4

Zl/l 213 212 le ZIO ZQ ZS ZT Zﬁ ZS K 0

z.2,2,2,2, 2,2 227, 2 7 2, z| o

© oo N o L

|10
|11
|12
|13
|14
|15
|16

Memory
Accessed

VSC&
Vit
vy
Vit
Vi
Vit
vige
viee

A

Storage needed:

eventually O(N;) +O(N Ny)

> [

g

1 N

vectors

O(N?)

S

+ O(N N)
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e S cattered-Fleld (Right-Hand-Side) 7 7

Computation

M o o e

- Row multiplication: Store current history ~ Memory eventually ©(N;) + O(N, Ny)
Accessed

o Column multiplication: Store future fields

» Multilevel block multiplication: Store both

[0 M, T

z| o I

Z, Z| 0 I,

z, z, 0 I,

Z, Z, Z, |-

z, 2, Z, ZjZ| o I

z, Z, 2, Z,Jz, Z] o I,

z. 7z, z, )z, z 0 I Ve s |
Z, Z, Zy Z, Z, Z, Z, Z| O O B

zZ, Z, Z, Z, Z, Z, Z, Z} Z| 0O Lo i

ZlO ZS) ZS Z7 ZG Z5 Z4 Z3 ﬂ.o_ |11 VlslLd

le ZlO ZQ ZS Z7 ZG Z5 Z4l Z3 ZZ Zl 0 |12 Vlssa

212 le ZlO Z9 Z8 Z7 ZG Zy Z4 Z3 ZZ z |13 Vlb?():a

213 212 le ZlO ZQ Z8 Z7 Z ZS Z4 ZS Z0 Z 0 I 14 Vlsid

z,2,2,2,2,2 2,202, 2, 2, 2§z, z] 0 I Vi 7 _ 7  matrices Current/Field
-Zm Zy 23 2y 2y 2y 2y 2y 2 Zg 2y Z|Zy 2] Z 0- i |16 i _Vfga_ 1 Ng Vectors

S

Storage needed: O(N?) + O(N_Ny)
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Scattered-Field (Right-Hand-Side)

Computation

« Row multiplication: Store current history
o Column multiplication: Store future fields

» Multilevel block multiplication: Store both

o

i

%]

o

N N N N N N N N

[ 0

Z ] o

7 7] o

z. z 0

7, 7, 7, Z

z, 7, 7, Z

z, 7, 2, Z 0
z, 7, 7,

Z, 2, 2, % 2, 2, Z
7, 7, Z, 2, Z, Z, Z,
ZlO 29 ZS Z7 Zﬁ Z5 Z4
le ZlO ZQ ZS Z7 ZG Z5
212 le ZIO 29 Z8 Z7 ZG
Zl3 212 le ZlO 29 ZS Z7
214 213 212 le ZIU Zg ZS
z,. 2, .. 2., Z,, Z, Z,

R

Memory
Accessed

1
sca
V2
sca
V3
sca
V4
sca
V5

= W N =

eventually O(N;) + (N N;)

> [

I Vo 123456
Vio"
Vit
Vig"
Vig"
Vg

sca

V15
sca

V16

|10
|11
|12
|13
|14
|15
|16

- g

1 N

vectors

Storage needed: O(N:

S

+ O(N_N,)
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e S ogttered-Field (Right-Hand-Side)

Computation
A o e e e
. Row multiplication: Store current history ~Memory eventually O(N;) + (N N;)
Accessed
o Column multiplication: Store future fields
» Multilevel block multiplication: Store both
o My 1 ]
z| o I, A
Z, Z] © I, A
z, z, .z1 0 1, e
Z, Z, Z, 7] O I Ve
z, z, z, Z, 0 Iy Ve
Zo Z, Z, Z,0z, Z| O [[T]
z, 2, 2z, z,0z, z§f 2§ o | . > [
Zy Z; Ly Ly 2Ly 2y 2, Z) O I B\ 1234567
z, z, Z. 2, Z, Z, Z, Z} Z| © Lo i
ZlO ZS) ZS Z7 ZG Z5 Z4 ZS ZZ Zl 0 |11 VflLd
le ZlO ZQ ZS Z7 ZG Z5 Z4l Z3 ZZ Zl 0 |12 Vlsga
212 le ZIO Z9 Z8 Z7 ZG Z" Z4 23 ZQ z |13 Vlb?(:a
213 212 le ZlO ZQ ZS Z7 z ZS Z4 ZS z Z 0 |14 Vfid -
2,24 2,2,2, 2y Z, 282,22, 2§27, 2| O I Ve .
e e s adr @l NEl 1z, -z, matrices|CUrrentField
b JL e [ Vie o vectors

Storage needed: O(N?) + O(N_Ny)

S
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S oattered-Field (Right-Hand-Side) ¢
Computation

« Row multiplication: Store current history Memory

Accessed
o Column multiplication: Store future fields

» Multilevel block multiplication: Store both

'\/sca A
1
\/sca
2
\/sca
3
\/sca
4
\/sca
5
\/sca
6
\/sea
7
\/sca
8

Storage needed:

eventually O(N;) +O(N Ny)

e

12345678

> [

g

1 N

vectors

O(N?)

S

+ O(N N)
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Computation

A -
« Row multiplication: Store current history Memory

Accessed
o Column multiplication: Store future fields

» Multilevel block multiplication: Store both

Z, Z] © 1 \Z0 .

z, z, .z1 0 1, \ -

Z, Z, Z, Z| O I %

z, z, z, Z, 0 Iy Ve

z, z. z, z,[z, Z] o© 1, Ve

z. 7z, z, )z, z 0 | Ve | - s |
Zy Z; Ly 2y 2, Zy Z, Z Ii I\ 123456789

z, z, Z. 2, Z, 2, Z, Z L

Z,'2y Z, Z, 24 Z, 2, 2§ Z, Z L, Ve

Z, 2, 2, Zy Z, 2, 2. 2} 2, 2 L, Vi

Z, 2, 2, 2y Zy Z, 2, 2y Z, Z, Z, 2 I Ve

iy Ly Ly Ly Ly Ly Ly ZQ 2y 2, Zy ZNZ| O |14 Vlsia

Zyy Ly Ly Ly Ly Ly Ly 2y Ly 2y 2y 24 72, 24| O |15 Vfga Z _ Z matrlCeS CUI’I’EHUFIEM
Z‘IR Z1A Z‘I‘l Z]‘? Z11 Zm ZCI Zﬂ Z7 Zﬁ Z"\ Z Zrl 29 Z1 0 I Vsca 1 N

b JL e [ Vie o vectors

Storage needed: O(N?) + O(N_Ny)
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Computation

M o o e

Row multiplication: Store current history ~Memory _ eventually ©(N;) + ©(N, V)
Accessed i

o Column multiplication: Store future fields

Multilevel block multiplication: Store both

'\/sca A
1
\/sca
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V12

—
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=
o
©
©
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vis®
vir®
fog: Z _ Z matrlces Current/FleId
R R I L N, vectors
Storage needed: O(N?) + O(N_Ny)
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Computation

M o o e

« Row multiplication: Store current history Memory
Accessed

o Column multiplication: Store future fields

» Multilevel block multiplication: Store both

u 0 1r |1 . '\/lsca' %

7] o 1, vaer

Z, Z,| 0 I, A %

z, z, .z1 0 1, % -

Z, Z, Z, Z| O I %

z, z, z, Z, 0 Iy Ve

z, z, z, z,Jz, 2] o I Ve

z. 7z, z, )z, z 0 I Ve i , s |
Zy Z; Ly 2y 2, Zy Z, Z)f © I B\ 1234567891011

29 28 Z7 Z6 Z5 Z4 Z3 22 Zl 0 0 Vf(():a

ZlO ZS) ZS Z7 ZG Z5 Z4 ZS VflLd

le ZlO ZQ ZS Z7 ZG Z5 Z4l

Ly Ly Ly Ly Ly 2y Zg Z4 |13 Vls?(:a

Zl3 212 le ZlO ZQ Z8 Z7 z I 14 Vfid

Zy L3 Ly 2y 2y 2y Zg 24 0 Is Vis' Z . Z matrlces Current/FIE|d
2. 2y 23 2y 2y 2y 2y 24 Z]0 | AV 1 N
b JL e [ Vie o vectors

Storage needed: O(N?) + O(N_Ny)

S




UNIVERSITY OF TEXAS AT AUSTIN

*““R““\ﬁ“*"‘-'““““Scattered-Fleld (Right-Hand-Side) ' *

Computation

M o o e

« Row multiplication: Store current history Memory
Accessed

o Column multiplication: Store future fields

» Multilevel block multiplication: Store both

" s
z] o Vi

Z, Z| 0 %

z, z, .z1 0 %

Z4 Z3 22 Zl 0 Vsca

z, z, z, Z, 0 Ve

z, 2, z, z,Jz, 7] o Ve

z. z, z. 0z, Z Vi ‘ 4

Z, Z; Z, Zy 7, Zy Z, B\ 1234567 89101112

29 28 Z7 Z6 Z5 Z4 Z3 Vf(():a

ZlO ZS) ZS Z7 ZG Z5 Z4 VlslCa

le ZlO ZQ ZS Z7 ZG Z5

212 le ZlO Z9 Z8 Z7 ZG

Zl3 212 le ZIO Z9 ZB Z7 -

ZM 213 212 211 ZlU Z9 ZS Z - Z matrlces Current/FleId
-ZM Z1A Zm Zw Zn Zm Zo 1 Ng Vectors

S

Storage needed: O(N?) + O(N_Ny)
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Computation

M o o e

« Row multiplication: Store current history Memory
Accessed

o Column multiplication: Store future fields

» Multilevel block multiplication: Store both

o IE

z| o I, Ve

Z, Z| 0 I, A

z, z, .z1 0 1, %

Z, Z, Z, Z| O I %

z, z, z, Z, 0 Iy Ve

z, z. z, z,Jz, 7] o I Ve

z. z, z, 2|z, z 0 I A ; mhE

Zy 2, 24 2, 2, 23 2, Z) O L, | %" 12345678910111213

29 28 Z7 Z6 25 Z4 Z3 ZQ Zl 0 Vfga

ZlO ZS) ZS Z7 ZG Z5 Z4 Z3 VlslCa

le ZlO ZQ ZS Z7 ZG Z5 Z4l Vlsga

212 le ZlO Z9 Z8 Z7 ZG Z"

Zl3 212 le ZlO ZQ ZS Z7 z B I

2y Zig Ly Ly Ly Ly Ly 2 Vis ] Z _ Z matrices Current/Field
Zs 2y 2w 2y 2y 2y 2y 2 o | 1T Vig 1 N vectors
3 o - = - )

Storage needed: O(N?) + O(N_Ny)
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e S cattered-Fleld (Right-Hand-Side) 7 ¢

Computation

A o o o o e e e

. Row multiplication: Store current history ~Memory

Accessed
e Column multiplication: Store future fields
» Multilevel block multiplication: Store both
[0 M, T Vi ]
z| o |2 stCa
Z, Z] © I, A
z, z, .z1 0 1, %
Z, Z, Z, Z| O I A
z, z, z, Z, 0 Iy Ve
z, z. z, z,Jz, 7] o I Ve
z. z, z. 0z, Z 0 Iy A , AP , > [
Zy Z; 2y 2y 2, 23 Z, Z) O P I A 1234567891011121314
29 ZS Z7 Z6 Z5 Z4 Z3 22 Zl 0 Vf(():a
ZlO ZS) ZS Z7 ZG Z5 Z4 ZS ZQ Zl 0 VlslCa
le ZlO ZQ ZS Z7 ZG Z5 Z4l Z3 ZZ Zl 0 Vlsga
212 le ZlO Z9 Z8 Z7 ZG Z" Z4 Z3 ZZ Vlb?():a
Zl3 212 le ZIO ZE) ZS Z7 Z ZS Z4 ZS
Zy Ly Ly Ly Ly 2y Zg 2y 25 2y 7, L : Current/F|e|d
2.2, 232, 2,22 2ZJ7Z Z Z; Zf 0 |16 Zl Z]Vg matrlces Vectors

S

Storage needed: O(N?) + O(N_Ny)
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““'“““\ﬁ*”‘-““““"Scattered-Fleld (Right-Hand-Side) ' ¢ ¢

Computation

M o o e

Row multiplication: Store current history Memory
Accessed

Column multiplication: Store future fields

Multilevel block multiplication: Store both

K M. 1

z| o 1, V3

Z, Z| 0 I, A

z, z, .z1 0 1, %

Z, Z, Z, Z| O I %

z, z, z, Z, 0 Iy Ve

z, z, z, 2z, 2] 0 I Ve

Z, 2, Z, 2,07, Z 0 I A , bl | . . i >l
Zy 2, Z; Z; 2, 2, 2, Z) O P I 123456789101112131415

29 28 Z7 Z6 Z5 Z4 Z3 22 Zl 0 | 10 Vfga

R I §|z0 0 g i + Only access all of the stored data
11 10 9 8 7 6 5 4 —3 2 1 H

Z, 2, Z, 2, 2y Z, 2, 2y Z, Z, 2, '12 V}Ea once every Ng /2 time steps

Zig Zyy 2y Ly Ly Zg Zp 24 25 2, 74 I 14 Vﬁa

2y Ziy Ly Ly Ly Ly Ly I 25 Ly 2y 2 - Vi Z _ Z matrlces Current/FIE|d
Z1 o Z1 4 Z1 R Z1 2 Z1 1 Z1 0 ZCI Zﬂ Z7 ZR Zﬁ 4 I - 1 N

k 16 ] g vectors

Storage needed: O(N?) + O(N_Ny)

S
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TD-AIM

Embed S inregular grid with N, nodes Aci
Step 1: Anterpolate

O

TA

—~ k v
Zz-z’lz”“ Z A Il’+ A Iz’
ke {z,y, 2}

Grid spacing: Ac
Inter/anterpolation order: m, p = (m +1)’

« Computational Costs (HF, while time marching)
A
Storage: O(pN)
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TD-AIM

Embed S inregular grid with N, nodes

Step 1: Anterpolate

O3=0c=3€0

Step 2: Propagate T
A

Z

-l

Il, ~

Z G;A:Z/Akll’ + G;:—Z'Avll/
ke {z,y,z}

Grid spacing: Ac

Inter/anterpolation order: m, p = (m +1)’

« Computational Costs (HF, while time marching)

Storage:

FLOPs:

G, ., currentffield A

vectors on grid
@(Nch) +O(pN)

4-D blocked space-time FFTs

Inter/anter

O(N.N_[log N, + log’ N_])+O(N,pN)
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(o) (0]
(o) (0]
(o) (o)
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TD-AIM

Embed S inregular grid with N, nodes

Step 1: Anterpolate

O3=0c=3€0

Step 2: Propagate
A A
Step 3: Interpolate
VAY
Z |\ =~ > AYGH AL 4+AYIG AT,

ke {zx,y, 2}

Grid spacing: Ac

Storage:

Inter/anterpolation order: m, p = (m +1)’ SRR VAVAVAVAY
« Computational Costs (HF, while time marching) ° ° ° :><
G, ., currentffield A D
vectors on grid ° 2 e
@(NgNC) _|_@<pN> o o o o
4-D blocked space-time FFTs | Inter/anter

FLOPs:

O(N.N_[log N, + log’ N_|)+O(N,pN)
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Embed S inregular grid with N, nodes

Step 1: Anterpolate S B i oS
Step 2: Propagate T o oATARCEIERS
Step 3: Interpolate T l o fliglie’ d o dN] 0,
Step 4: Correct >/ ° KRR R Bl R
0 o /oo ie e d
, 7COIT kTA Ak Vinf AV
Zz-z/lz’NZH’ Iz’+ZA GH’A Iz’+A GH’A Iz’ O 100 A0 40 100000
ke dny 2} o) -I‘o' / o o { o L 0 o 00/0
Grid spacing: Ac . SO 9/ S o" .
Inter/anterpolation order: m, p = (m+ 1)’ o o Oeb % o o o o
Correction region size: g =2 o o d /o b o o o o
« Computational Costs (HF, while time marching) o o > ° ° e
. o o o v 0 o o o o
zer |G, current/field A
I vectors on grid ° ° o 0 e o 0o 0 0
Storage: @(Nnear)_'_ @(NgNC) _|_@<pN> ©o o o o o o o o o o

Correct | 4-D blocked space-time FFTs | Inter/anter
FLOPs: [O(N, N"")4+O(N_N_[log N + log’ N_|)+O(N,pN)
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Embed S inregular grid with N, nodes

Step 1: Anterpolate
O3E=G =3O

Step 2: Propagate

A A’
Step 3: Interpolate _—
Step 4: Correct ZVAS

Z

-1

~ 7CorT kA k Vit
L, ~Z0, 4> ATGH AL +AY'G

11’ -1’ -1’
ke {z,y, 2}

Grid spacing: Ac

AL

Inter/anterpolation order: m, p = (m +1)’
Correction region size: g =2

Computational Costs (HF, while time marching)

zer |G, current/field A
- .
vectors on grid

Storage: [O(N")+ O N.) +O(pN)

Correct | 4-D blocked space-time FFTs

Inter/anter

FLOPs: [O(N, N"")4+O(N_N_[log N + log’ N_|)+O(N,pN)
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4-D Blocked Space-Time FFTs

ZoI, Vi 75O kfga, Kk G, | I

k T, Y, 2
| max(Ll N,) € {z. 9,7}

Unique Blocks:
ie{l, |log,N,|+1}

Block ¢ is of size Qi_lNC % 2i_1Nc

t=31 Storage space needed

to store blocki: ©(2'N)

to store largest block: @(NgNC)
1 =4 1

N

A. E. Yilmaz, J. M. Jin, and E. Michielssen, IEEE Trans. AP, Oct. 2004.
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A. E. Yilmaz, J. M. Jin, and E. Michielssen, IEEE Trans. AP, Oct. 2004.
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Model Airplane

core TD-AIM

In
O OQut-of

x

-core TD-AIM
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Core Memory Requirement (GB)
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Conclusions

» A parallel multilevel out-of-core algorithm for TD-AIM

+ Core-memory requirement only ~ 3-4x FD-AIM when 10 = 2
+ Buffering => only ~8-10x slower on Stampede when 10 = 2

+ Control knob to trade-off memory for speed: 1 < 10 < [log2 NgJ
- Buffer limits parallel scalability (can be ameliorated by using hybrid

parallelism on multi-core clusters)
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