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Abstract The ‘value’ of infinite horizon risk-sensitive control is the principal eigen-
value of a certain positive operator. For the case of compact domain, Chang has
built upon a nonlinear version of the Krein—Rutman theorem to give a ‘min—-max’
characterization of this eigenvalue which may be viewed as a generalization of the
classical Collatz—Wielandt formula for the Perron—Frobenius eigenvalue of a non-
negative irreducible matrix. We apply this formula to the Nisio semigroup associated
with risk-sensitive control and derive a variational characterization of the optimal
risk-sensitive cost. For the linear, i.e., uncontrolled case, this is seen to reduce to
the celebrated Donsker—Varadhan formula for principal eigenvalue of a second-order
elliptic operator.
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1 Introduction

We consider the infinite horizon risk-sensitive control problem for a controlled
reflected diffusion in a bounded domain. This seeks to minimize the asymptotic growth
rate of the expected ‘exponential of integral’ cost, which in turn coincides with the
principal eigenvalue of a quasi-linear elliptic operator defined as the pointwise enve-
lope of a family of linear elliptic operators parametrized by the ‘control’ parameter.
The Krein—Rutman theorem has been widely applied to study the time-asymptotic
behavior of linear parabolic equations [15, Chapter 7]. A recent extension of the
Krein—Rutman theorem to positively 1-homogeneous compact (nonlinear) operators
and the ensuing variational formulation for the positive eigenpair extends the classical
Collatz—Wielandt formula for the Perron—Frobenius eigenvalue of irreducible nonneg-
ative matrices. Using this, we are able to obtain a variational formulation for the positive
eigenpair that reduces to the celebrated Donsker—Varadhan characterization thereof
in the linear case. In the linear case, the eigenvalue in the positive eigenpair coin-
cides with the principal eigenvalue. This is not in general true for the nonlinear case.
Hence we obtain a Collatz—Wielandt formula for the unique positive eigenpair (see
the example in Remark 4.2). This establishes interesting connections between theory
of risk-sensitive control, nonlinear Krein—Rutman theorem, and Donsker—Varadhan
theory.

2 Risk-Sensitive Control

Let O C R? be an open bounded domain with a C 3 boundary 0 Q and O denote its
closure. Consider a reflected controlled diffusion X (-) taking values in the bounded
domain Q satisfying

dX (1) = b(X (1), v(1)) dt + 0 (X (1)) dW (1) — y (X (1)) d&(1),
d&(r) = 1{X(t) € 00} d&(r) 2.1)

fort > 0, with X (0) = x and £(0) = 0. Here:

(@) b: Q xV — R for a prescribed compact metric control space V is continuous
and Lipschitz in its first argument uniformly with respect to the second,

(b) o: Q0 — RI*d g continuously differentiable, its derivatives are Holder continu-
ous with exponent By > 0, and is uniformly non-degenerate in the sense that the
minimum eigenvalue of

a(x) = [[aij(x)]):=0 (x)o” (x)
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is bounded away from zero.
(¢) ¥ : R? — R? is co-normal, i.e., y (x) = [y1(x), ..., ya(x)]", where

d
yi(x) = D aij(x)n;(x), x€do,

i=1

n(x) = [n1(x), ..., ng(x)]7 is the unit outward normal.

(d) W(-) is a d-dimensional standard Wiener process,

(e) v(-)is a V-valued measurable process satisfying the non-anticipativity condition:
fort > s > 0, W(t) — W(s) is independent of {v(y), W(y) : y < s}. A process
v satisfying this property is called an ‘admissible control.’

Letr : Q x V — R, be a continuous ‘running cost’ function which is Lipschitz
in its first argument uniformly with respect to the second. We define

Fmax:= max [r(x,v)|.
(x,01)eQxV

The infinite horizon risk-sensitive problem aims to minimize the cost

1
limsup —log E [efOT ’(X(‘Y)’”(S))d“] , (2.2)
Ttoo T

i.e., the mean asymptotic growth rate of the exponential of the total cost. See [16] for
background and motivation.
We define

1
Gf:=3u (a(x)VZf(x)) +H(x, £(x), V£(x)), where,
H(x, f, p)= {)rg% [(b(x, v), p) +r(x, v)f], (2.3)

and
Cy(0) = {fECZ(Q)i f =0, Vf~y=00n8Q}.

The main result of the paper is the following.

Theorem 2.1 There exists a unique pair (p, ¢) € Rx C%A_(Q) satisfying ll¢ o, o= 1
which solves the p.d.e.

pe(x)=Gokx) inQ, (Vo,y)=0 ondQ,
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Moreover,

p= inf sup /—dv
f€C3 (D), [>0 1eP(d)

= sup inf /—dv, 2.4)
fec2 (o), f>0 veP@ J S

where P(Q) denotes the space of probability measures on Q with the Prohorov topol-
0gY.

The first part of the theorem is contained in Lemma 4.5. The second part is proved
in Sect. 4.2.
The notation used in the paper is summarized below.

Notation 2.1 The standard Euclidean norm in R? is denoted by |- |. The set of non-
negative real numbers is denoted by R, and N stands for the set of natural numbers.
The closure, the boundary, and the complement of a set A C R4 are denoted by A,
0A, and A€, respectively.

We adopt the notation 8t::%, and fori, j € N, 85:5’— and 0;; . For a

ij- _Bx Bx
nonnegative multi-index o« = (a, ..., aq), we let D*:=93{" --- 35 and |a|:=a; +

-+ 4+ ay. For a domain Q in RYand k = 0,1,2,..., we denote by Ck(Q) the set
of functions f : Q — R whose derivatives D* f for |«| < k are continuous and
bounded. Fork =0, 1, 2, ..., we define

[/l = max sup 1D f| and || fllko = Z [fj:0-

j=0

Also for § € (0, 1), we define

lg(x) — g
[gls;0 = sup ————=— and | fllkts;0 := I fllk,o + max [D¥ fls; 0.
x,y€Q |x — i lor|=k
Xy

For k = 0,1,2,..., and 6 € (0, 1), we denote by CH‘S(Q) the space of all
real-valued functions f defined on Q such that || f|lx+5;0 < oo. Unless indicated
otherwise, we always view C¥*%(Q) and CK(Q) as topological spaces under the
norms || - |[x+s;0 and || - ||k, o, respectively. We also write CK3(Q) and C*(Q) if the
derivatives up to order k are continuous on Q. Thus C?(Q) stands for the Banach
space of real-valued functions defined on Q that are Holder continuous with exponent
€ (0,1).

Let G be a domain in Ry x R9 . Recall that C1-2(G) stands for the set of bounded
continuous real-valued functions ¢(¢, x) defined on G such that the derivatives D%¢p,
|| <2 and 0;¢ are bounded and continuous in G. Let § € (0, 1). We define
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. lp(z, x) — (s, y)|
[plsp.s:6 == sup

£y X — Y184t — s
(t,x), (s,y)eG

lello;c + [¢ls2.s.6-

llellsa,s:c :

By C”*3(G), we denote the space of functions ¢ such that llells2,5,6 < oo. The

parabolic Holder space C!*722+%(G) is the set of all real-valued functions defined
on G for which

loll1s2,248.6 == ﬁﬂi’; DY@ llsp2.5.6 + 10:¢lls2,5:6

is finite. It is well known that C'*%/22+%(G) equipped with the norm | ¢|| 148/2,24-8:G
is a Banach space.

For a Banach space ) of continuous functions on Q, we denote by ) its positive
cone and by )),, the subspace of ) consisting of the functions f satisfyingVf-y =0
on dQ. Also let Y* denote the dual of ) and yi the dual cone of ). For example,

(C2(Q))7, is defined by
(C20); ={re (D) AN =0 ek (D)
We define the operator £, on C(Q) by
L/ O = 0 (aOV2FO) + 660, VFO), ve, 2.5)
where V? denotes the Hessian.

3 The Nisio Semigroup

Associated with the above control problem, define for each # > 0 the operator S; :

C(Q) — C(Q) by

§1/() 1= inf Ey [ehr X2 ey | (3.1

where the ‘inf’ is over all admissible controls.

A standard consequence of the dynamic programming principle is that this defines a
semigroup, the so-called Nisio semigroup. In fact, the following well-known properties
thereof can be proved along the lines of [14, Theorem 1, pp. 298-299]. Let

T f(6) = Ex [l X108 pxny] (3.2)
where X" () is the reflected diffusion in (2.1) forv(-) = u € V.
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Theorem 3.1 {S;, t > 0} satisfies the following properties:

(1) Boundedness: ||S: fllo.p < emax! I £ llg. o- Furthermore, S;1 > emin'1 where 1 is
the constant function = 1, and ryin = mingy ) 7(x, u).

(2) Semigroup property: So = I and S; o Sy = Sy for s, t > 0.

(3) Monotonicity: f > (resp., >) g = S:f > (resp., >) S:g.

(4) Lipschitz property: St f — Sigllo.p < €™ f — gllo. 5-

(5) Strong continuity: ||S; f — sz”();Q —0ast — s.

(6) Envelope property: T} f > S, f forallu € U, and S; f > S, f for any other {S]}
satisfying this along with the foregoing properties.

(7) Generator: the infinitesimal generator of {S;} is G defined in (2.3).

We can say more by invoking p.d.e. theory. We start with the following theorem
that characterizes S; as the solution of a parabolic p.d.e.

Theorem 3.2 For each f € C)%““S(Q), 8 € (0, By), and T > 0, the quasi-linear
parabolic p.d.e.

%tﬁ(t,x) = inf (LoW (1, x) +r(x, )Y (t,x)) in©0,T]x 0, 3.3)

with ¥ (0, x) = f(x) forall x € Q and
(Vi (t,x),y(x)y =0 forall (t,x) € (0,T] x 00,

has a unique solution in C'T°/»2+3 ([O, T] x Q) The solution  has the stochastic
representation

yi.x) =inf E, [eﬁ)t’(X(S)’U(S))dsf(X(t))] Vit,x) €[0,T] x 0. (3.4)
Moreover,

HI/’”I,Z;[O,T]xQ < Ki,
V29 (s, Ms.0 < Ka foralls € [0, T,

where the constants Ky, K> > OdependonlyonT, ||all14p,; 0, the Lipschitz constants
of b, r, the lower bound on the eigenvalues of a, the boundary 9 Q and || f l2+s: o-

Proof This follows by [11, Theorem 7.4, p. 491] and [11, Theorem 7.2, pp. 486—487].

Lemma 3.1 Let § € (0, By). For eacht > 0, the map S; : C)2/+‘S(Q) — C)Z,H(Q) is
compact.

Proof Suppose f € C)%”(Q) for some § € (0, Bp). Fixany T > 0.Let g : [0, 00) —
[9, 00) be a smooth function such that g(0) = 0 and g(s) = 1 fors € [T/2, 00). Define
Y (t,x) = g(t)y (¢, x), with ¢ as in Theorem 3.2. Then v satisfies
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%&ow»—%u@uﬁﬂﬁmm)=%%wwmxrumﬂﬂmwamwimx»
(3.5)
in (0, 00) x Q, ¥ (0, x) = 0on Q and (Vi (¢, x), ¥ (x)) = 0 forall (¢, x) € (0, 00) x

aQ. It is well known that 9; is a bounded operator from C 144/2,2+8 ([O, T] x Q) to
C"RIT8 ([0, T x Q) [10, p. 126]. In particular,

|0 (s, x) — ;Y (2, x)|
<

|S _ t|(1+5)/2

sup sup
xeQ S#Ft

Since H is Lipschitz in its arguments and g is smooth, it follows that the r.h.s.
of (3.5) is in C"*#([0, T] x Q) for any B € (0, 1). Then it follows by the interior
estimates in [11, Theorem 10.1, pp. 351-352] that ¢y € C'™">2*8 ([T, T + 1] x Q)
for all B € (0, Bo). Since ¥ = ¥ on [T, T + 1], it follows that Sz f € C;#(0) for
all B € (0, o). Since the inclusion C; ™ () < €2 (Q) is compact for § > 8, the
result follows. O

4 An Abstract Collatz—Wielandt Formula

The classical Collatz—Wielandt formula (see [5,17]) characterizes the principal (i.e.,
the Perron—Frobenius) eigenvalue « of an irreducible nonnegative matrix Q as (see
[13, Chapter 8])

(Qx)i)

max min
{x=(x1,....xq) :x; =0} {i:x;>0} Xi

. ((Qx)i )
= min max — ).
{x=(x1,...,xq) : x; >0} {i:x;>0} X

An infinite dimensional version of this was recently given by Chang [4] as follows.
Let X be a real Banach space Wit}} order cone P, i.e., a nontrivial closed subset of X.
Define —P:={—x : x € P} and P := P\{0}. We assume that the cone P satisfies

(@) tP C Pforallt >0, wheretP = {tx : x € P};
by P+PCP;
(¢) PN (—P) = {#}, where 6 denotes the zero vector of X.

Wewritex < yify—x € P,andx < yif x < y and x # y. Define the dual cone
P i={xeX": (x*,x) >0 Vx e P}.

AmapT : X — Xis said to be increasing if x < y = T (x) < T (y), and strictly

increasing if x <y = T(x) < T(y). Ifint(P) # @,and T : P — int(P), then

T is called strongly positive, and if x < y = T(y) — T(x) € int(P) it is called
strongly increasing. It is called positively 1-homogeneous if T (tx) = tT (x) for all
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t >0and x € X. Also,amap T : X — X is called completely continuous if it is
continuous and compact. A generalization of the Krein—-Rutman theorem appears in
[12]. However the hypotheses in [12, Theorem 2] are not sufficient for uniqueness of
an eigenvector in P, so the conclusions of that theorem are not correct. The same error
has propagated in [4, Theorems 1.4, 4.8, and 4.13]. For a detailed discussion on this,
see the forthcoming paper [1]. A corrected version of [12, Theorem 2] is as follows:

Theorem 4.1 Let T : X — X be an increasing, positively 1-homogeneous, com-
pletely continuous map such that for some u € P and M > 0, MT (u) > u. Then
there exist A > Oand X € P suchthat T (%) = A%. Moreover, if T is strongly increasing
then A is the unique eigenvalue with an eigenvector in P.

The following is proved in [4]:

Theorem 4.2 Let T and A be as in the preceding theorem. Define:

P*(x):= {x* € P*:(x*,x) > 0},

r«(T):=sup inf m
) x*eP*(x) (x*,x)
(x*, T'(x))

r*(T):=inf  sup .
xeP xrepr(x) (X%, X)

If T is strongly increasing then ). = r*(T) = ry(T).

Uniqueness of the positive eigenvector can be obtained under additional assump-
tions. In this paper, we are concerned with superadditive operators T, in other words
operators 7" which satisfy

T(x+y) > T(x)+T(y) Vx,yeX.

We have the following simple assertion:

Corollary 4.1 LetT : X — X be asuperadditive, positively 1 -homogeneous, strongly
positive, completely continuous map. Then there exists a unique x € P with ||x|| = 1,
where | - || denotes the norm in X, such that T (x) = AX, with X > 0.

Proof 1t is clear that strong positivity implies that for any x € X, there exists M > 0
such that M T (x) > x. By superadditivity, T (x —y) < T'(x) — T'(y). Hence if x > y,
by strong positivity, we obtain 7 (x) — 7'(y) € int(P). Therefore every superadditive,
strongly positive map is strongly increasing. Existence of a unique eigenvalue with an
eigenvector in P then follows by Theorem 4.1. Suppose x and y are two distinct unit
eigenvectors in P. Since by strong positivity x and y are in int(P), there exists ¢ > 0
such that £ — «§ € P \ int(P). Since T is strongly increasing, we obtain

AME —ay) =T®) = T(@y) = T —af) € int(P),

a contradiction. Uniqueness of a unit eigenvector in P follows. O
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An application of Theorem 4.1 and Corollary 4.1 provides us with the following
result for strongly continuous semigroups of operators.

Corollary 4.2 Let X be a Banach space with order cone P having non-empty interior.
Let {S;, t > 0} be a strongly continuous semigroup of superadditive, strongly positive,
positively 1-homogeneous, completely continuous operators on X. Then there exists a
unique p € R and a unique X € int(P), with |X|| = 1, such that S;% = e”'% for all
t>0.

Proof By Theorem 4.1 and Corollary 4.1, there exists a unique A(¢) > 0 and a unique
x; € P satisfying ||x/|| = 1, such that S;x;, = A(¢)x;. By the uniqueness of a unit
eigenvector in P and the semigroup property, it follows that there exists * € X such
that x, = x for all dyadic rational numbers 7 > 0. On the other hand, from the strong
continuity, it follows that if a sequence of dyadic rationals t, > 0, n > 1 converges
to some 7 > 0, then A(z,) is a Cauchy sequence and its limit point A is an eigenvalue
of S; corresponding to the eigenvector ¥ and therefore A(z) = A’ and x; = X by the
uniqueness thereof. Strong continuity then implies that A(-) is continuous, and by the
semigroup property and positive 1-homogeneity, we have A(t 4+ s) = A(¢)A(s) for all
for t, s > 0. It follows that A(¢) = e’ for some p € R. O

4.1 Stability
Concerning the time-asymptotic behavior of S;x, we have the following.
Theorem 4.3 Let X, {S;}, p and X be as in Corollary 4.2. Then

(1) The set

O := {e_‘”S,x x€eP, x| <1, t> 1}

is relatively compact in X.
(ii) There exists a*(x) € Ry such that

lim |le " S;x —a*(x) ] —— 0 Vx e P.
t—00 t—00

(iii) Suppose that additionally the following properties hold:

(P1) For every M > O, there exist T € (0, 1) and a positive constant {y = {o(M)
such that

1Sz (X = DIl + S22l = %o

forall z € P such that 7 < x and ||z|| < M.
(P2) For every compact set K C P, there exists a constant {1 = ¢1(K) such that
x € Kand x < ax imply ||x|| < aly.
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Then the convergence is exponential: There exists My > 0 and 6y > O such that
le P! Six —a*(x)X|| < Moe~ %! x|l  forallt >0 andall x € P.

Proof Without loss of generality, we can assume p = 0. Fort > 0 and x € P, we
define

a(x):=supfaeR:x—ax e P}
a(x):=inf{aeR:ax —x € P}.

Since X € int(P), it fo!lows that o(x) and @ (x) are finite and @(x) > a(x) > 0.
Note also that for x € P, we have w(x) > 0 and since S;x € int(P), we have
o (S;x) > 0 for all ¢ > 0. It is also evident from the definition that

a(lx) =Aa(x) and @(ix) =Ara(x) forallx € P, A € Ry.

By the increasing property and the positive 1-homogeneity of S;, we obtain S;yx —
a(Ssx) x € Pforallx € P and ¢ > 0 and this implies that o (S;5x) > «(S;x) for all
t > 0andx € P.Itfollows thatforany x € P,themapt — o(S;x) is non-decreasing.
Similarly, the map t — o(S;x) is non-increasing.

We next show that the orbit O of the unit ball in P defined by

O:={Sx:xeP, x| <1, t>0}

is bounded. Suppose not. Then we can select a sequence {x,} C P with |x.] =1,
and an increasing sequence {#,, n € N} such that ||.S;, x,|| — oo as n — oo and
such that ||S;, x|l > ||S;x, |l for all# < t,. By the properties of the sequence {S;, }, the

sequence { ﬁ’s&;ijﬁ } is bounded and this implies that { ﬁ’g;;;ﬁ } is relatively compact.

Srnfl Xn
1S, xn I

Let y € X be any limit point of asn — oo. By continuity of Sy, it follows that

ISz, x‘n|| < k1||S;,—1 x| for some k1 > 0. This implies that | y| > kl_l. Therefore
y € P which in turn implies that «(S1y) > 0. It is straightforward to show that the
map x — «a(x) is continuous. Therefore, we have

St . ) ( (St _lxn))
o 22 ) = o (s (22 @(S1y). @1
(nsf,,xnn ISyl )] =o Y

On the other hand, it holds that

Si x
o (Sy,xn) = 1Sy, xn ]l @ (’—) . 4.2)
1185, %

Since X € int(P), the constant k| defined by

K| = sup o(x) “4.3)

xeP, |x||=1
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is finite. Since a(S1y) > 0 and ||S;,x,| diverges, (4.1)—(4.2) imply that a(S;, x,)
diverges which is impossible since

Q(Stnxn) < a(St,lxn) < alxy) < k1.
Since O is bounded in X, there exists a constant kg such that
IS;x]] < kollx]] Vrel0,1], Vx e P. 4.4)

That the set O is relatively compact for each x € X now easily follows. Indeed,
since O(x) is bounded, by the semigroup property, we obtain

O ={Si(S—ix):xeP, x|=1,1=1} C $(0),

and the claim follows since by hypothesis S} is a compact map.
For all t > s > 0, we have

S; (Ssx — a(S;x) )2)
S (@(Ssx) £ — Syx)

St4sx — a(Ssx) X, 4.5

<
< W(Ssx) & — Spasx. (4.6)

Let s = 1, in (4.5) and take limits along some converging sequence S;, X — X as
n — oo, for some x € P, to obtain

o ()X + 5 (¥ —a*(0)X) = Six, 4.7
where o*(x) := lim;qo @(S;x). Since X is an w-limit point of S;x, it follows that
a(S;x) = o*(x) for all r > 0. Therefore S;x — a*(x)x ¢ int(P) for all # > 0, which
implies by (4.7) and the strong positivity of S; that ¥ —a*(x)x = 0. A similar argument
shows that ¥ = o™ (x)%, where ¥ (x) := lim;joo @(S;x). We let o :=0* = o*.

It remains to prove that convergence is exponential. Since the orbit O is bounded

and x € int(P), it follows that the set {@(S,;x) : # > 0, x € P, |x|| < 1} is bounded.
Therefore since the orbit O is also relatively compact, it follows that the set

Ky = {Six — a(Sp0)x, a(Spx)X —Spx:k>1, x € P, x| < 1}
is a relatively compact subset of P. Define
N(Skx) (= a(Skx) —a(Skx), k=1,2,...
By property (P2), since

Six — a(Skx)X < n(Six) X,
a(Skx)x — Skx < n(Skx) X,
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it follows that for some ¢; = 1 (K1), we have
max {||Sgx — a(Se0) ], [@(Sex)x — Spxll} < &1 n(Sx) (4.8)
forall k > 1 and x € P with ||x|| < 1. Define

Sex — a(Spx)x
n(Skx)

_ a(Spx)X — Skx

Zp(x) = . Zrx) = 5

provided n(Six) # 0, which is equivalent to Syx # x. By (4.8) the set
Ki={2,x), Zp(x) k=1, x € P\ (&}, lIx| <1}

lies in the ball of radius ¢; centered at the origin of X. Therefore, since Zi(x) =
X — Z,(x), by property (P1), there exists {o = ¢o(¢1) > 0 and 7 € (0, 1) such that

IS Z ) + 1S Zk @) = & Vk=1,2,..., Vxe P\ (&}, IIx] <1
4.9)

Let
Ap(x) == sup {e e R: {$1 2, (x) —a £} U {$1 Zx(x) —af} C P}.
We claim that
&= inf {Ax(x) tk>1, x e P\ (&}, x| <1} > 0. (4.10)

Indeed, if the claim is not true then by (4.9) and the definition of Ay, there exists a
sequence zi taking values in

{Z2,(0), Zr(x) 1 x € P\ {3}, |Ix]| <1}

foreachk =1, 2,...,suchthat || S;zx|| > %o/2 and such that ¢(S1zx) — Oask — oo.
However, since 161 is bounded, it follows that S; (161) is a relatively compact subset
of int(P). Therefore the limit set of S;zx is non-empty and any limit point y € P
of S;zj satisfies ||y|| > ¢o/2. Since a(S1zx) = a(S1—:S:rzx) and z — a(S1_;2) is
continuous on P, any such limit point y satisfies ¢(S1—;y) = 0 which contradicts the
strong positivity hypothesis.

Equation (4.10) implies that

o (S1(@(Skx) £ = Sex)) + (81 (Skx — a(Skx) £)) = &2 (F(Skx) — a(Skx))
4.11)

forall x € P\ {£} with |x|| < 1, and by 1-homogeneity, for all x € P \ {£}.
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By (4.5)—(4.6), we have

S1(Spx — a(Six) &) = Spg1x — a(Spx) £,
S1 (a(Skx))z — Skx) < A(Spx) X — Sg+1x.

In turn, (4.12) implies that

a(Spr1x%) = a(Six) 4+ oS (Skx — a(Six) 1)),
F(Sia1x) < @Skx) — (S (@(Sex) £ — Sex)).

By (4.11) and (4.13), we obtain that
N(Skx) — n(Sk1x) = &2 1n(Skx),
which we write as
N(Sk41x) < (1 —&2) n(Skx), k=1,2,...
We add the inequalities

[Skx — () XN < [ISkx — a(Sex) £l + o™ (x) — 2 (Sgx),
lloe () & — Sex|| < [le(Skx) £ — Sex || +a@(Sgx) — o (x)

and use (4.8) and (4.14) to obtain

218kx — a* () & < 281 7(Skx) 4 n(Six)
< Qg1+ Dn(Sex)
< Qa+ DA - nsiv), k=1,2,...

A

We have

n(S1x) = a(S1x) — a(S1x)
a(Six)
(SHIN Y|

A

<
< «ikollx|l,

(4.12)

4.13)

(4.14)

(4.15)

(4.16)

where ko is the continuity constant in (4.4), and « is defined in (4.3). Let | 7| denote

the integral part of a number r € R. We define

Lk kg (201 + 1)

5 and 0y := —log(l — &),
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and combine (4.15)—(4.16) to obtain

. My _
ISix —a* &l = 220 — )" Sy x|
< Moe %" ||x||.

The proof is complete. O

Remark 4.1 Recall that the cone P is called normal if there exists a constant K such
that ||x|]] < K|yl whenever 0 < x =< y. It might appear that property (P2) in
Theorem 4.3 is weaker than normality of the cone. However it turns out that (P2)
together with the fact that X is an interior point imply that P is normal. This is shown
in Lemma 4.1 below.

Also 7 in (P1) in Theorem 4.3 can be any positive constant and need not be restricted
to lie in (0, 1). The proof of geometric convergence follows in the same manner, by

using the iterates Sg(;41) instead of Sk.

Lemma 4.1 Consider the following properties:

(P2') There exists a constant ¢{ > 0 such that x € P and x < X imply ||x|| < ¢/.
(P2"y P is normal.

Then (P2) < (P2) < (P2")

Proof 1f (P2) does not hold, then there exists {x,} C P with x,, < X and ||x,| /' oo.
Hence {||x, || "2x,} is precompact, and since 101 72x0 < || X0 ]|~ 2%, this implies by
(P2) that ||x, || 2||xa |l < |lx. ]| =21 for some ¢; > 0. This contradicts ||x,|| / oo and
so (P2) cannot hold. Therefore (P2) == (P2’). The other direction is obvious.

Since x € int(P), there exists ¢ > 0 such that || y|| < ¢ implies that y < x. Suppose
0 < x < y. By scaling, we have

0< —x < 1y <% 4.17)
Iyl Iyl

Then (P2') and (4.17) imply that ﬁ”x” < ¢o or that ||x|| < %||y||. Therefore

(P2') is equivalent to normality of the cone P. O

It is also the case that (P1)-(P2) are weaker than uniform strong positivity property
which is defined as

(H1) There exists T > 0 and & > O such that S;x > &|| x| x forall x € P,
or in a seemingly weaker form as

(H1’) For any compact subset K C P, there exists T = t(K) > 0and & = &(K) > 0
such that S;x > &||x| x for all x € K.

We first show that (H1) and (H1’) are equivalent.

Lemma 4.2 (H1) < (H1’).
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Proof Obviously (HI1) = (HI').

To prove the converse, suppose (H1) does not hold. Then there exists a sequence
{x,} C P with ||x,|| = 1 and a sequence 7, /' co such that a (S, x,) \, 0. Hence
@ (Sy, xn)x, ¢ 0, so that the set {(Sy, x,)x,} is precompact. Therefore by (H1'), there
exists T > 0 and & > 0 such that S; (@(Sy, xp)xn) = E(Sy,x,)X which is equivalent
(by 1-homogeneity) to S;x, > £x. But S;x,, > &£x implies that «(S;x,) > &. Since
a(Szx,) < a(S;,x,) whenever 7, > 7, we obtain a contradiction with the property
(S, %) \¢ 0. Therefore (H1’) cannot hold and the proof is complete. O

We need the following lemma.

Lemma 4.3 Providedint(P) # O, then foreveryx € P, there exists Co = Co(x) > 0
such that y > x implies ||y| > Co.

Proof Fix any xo € int(P). If the assertion in the lemma is not true, there exists
{yn} C P with [|y,|| \¢ O such that y, > x. Then since xo € int(P) there exists a
sequence &, \ 0, such that ¢,x9 > y,. But this implies ¢,x¢ > x and taking limits
as n — 00, we have 0 > x which contradicts x € P. O

We next show that uniform strong positivity implies (P1)—(P2).
Lemma 4.4 (H1) — (P1)-(P2).

Proof By (H1), we have

Se (X —2)+ Srz = E|X —zl| £+ £llz)l %
> E|R)%. (4.18)

By (4.18) and Lemma 4.3, we have

1Sz =D+ I1Szzll = [1S:(% = 2) + Szl
> Coé&|lx|. 4.19)
It is clear that (4.19) is stronger than (P1), since it holds for any z < *.
Next we show that (H1) = (P2). By Lemma 4.2, it is enough to show that (H1")

— (P2). By the increasing property, x < «X implies S;x < «X, which combined
with (H1") implies that & ||x||X < %, which in turn implies || x| < £ 'a. O

4.2 The Positive Eigenpair of the Nisio Semigroup

We now return to the Nisio semigroup in (3.1).

Lemma 4.5 There exists a unique pair (p, ¢) € R x C5,+(Q) satisfying ||‘p||o;Q =1
such that

Sip =ep, t>0.
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The pair (p, ¢) is a solution to the p.d.e.

po(x) = Gox) = 32{7 (Lopx) +r(x,V)ex)) inQ, (Vo,y)=0 ondQ,
(4.20)

where (4.20) specifies p uniquely in R and ¢, with ||¢lly. 5 = 1, uniquely in C)Z,HF(Q).

Proof 1Tt is clear that S; is superadditive. If f € C}%’ +(Q), then (3.4) implies that the
solution i of (3.3) is nonnegative. Moreover by the strong maximum principle [9,
Theorem 3, p. 38] and the Hopf boundary lemma [9, Theorem 14, p. 49], it follows
that (¢, -) > 0 for all + > 0. Hence the strong positivity hypothesis in Corollary 4.2
is satisfied. Since also the compactness hypothesis holds by Lemma 3.1, the first
statement follows by Corollary 4.2. That (4.20) holds follows from (7) of Theorem 3.1
(see also [3, pp. 73-75]). Uniqueness follows from the following argument. Suppose
peRand g € C]%’+(Q) solve

~

pelx) = 3161{7 (Lo@(x) +r(x, 1)P(x)).

Then by direct substitution, we have

9, R
— (" ¢(x)) = pe §(x)

ot
= inf [, (€' $(x)) +r(x, v) (P G(x))].

Therefore, S;¢ = et ¢, and by the uniqueness assertion in Corollary 4.2, we have
0 = p and ¢ = Cy for some positive constant C. O

Remark 4.2 Consider the operator R, : C)%+5(Q) — C%*“S(Q) defined by R, f =
—S;:(—f). Then by same arguments as in the proof of Lemma 4.5 using Corollary 4.2,
there exists a unique § € Rand ¢ > O in CJ%J”S(Q) such that

Ry = Py

Hence the pair (e#!, —y) is an eigenvalue—function pair of S;. Now the same
arguments as in the proof of Lemma 4.5 lead to the conclusion that (8, ¥) is the
unique positive solution pair of

By(x)= Sug (Lo () +r(x, 0)¥(x)) inQ, (Vi,y)=0 ondQ,

Hence (8, —) is the unique solution pair of (4.20) satisfying —i < 0. Moreover
it is easy to see that p < f and that  is the principal eigenvalue of both operators
R;, S;. This leads to the conclusion that the risk-sensitive control problem where the
controller tries to maximize the risk-sensitive cost (2.2) leads to the value 8 which is
the principal eigenvalue.
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Remark 4.3 The p.d.e. in (4.20) is the Hamilton—Jacobi-Bellman equation for the
risk-sensitive control problem [2].

Lemma 4.6 Let M(Q) denote the space of finite Borel measures on Q. Then
(CH(D)) = M(D).
Proof Let A € (C)%(Q)): Then for [ € CJ%(Q) by positivity of A we have

[AD] = A +1fllg.g - D = AUl fllg, - D
< max{A(f + Ifllo,o - D AU fllo, - D}
= ACISlo.p-D
=2 fllo,g A D).

It follows that A is a bounded linear functional on the linear subspace C )% (Q) of

C(Q). By the Hahn-Banach theorem, A can be extended to some ¥ € (C(Q))".
Clearly v is a positive linear functional. By the Riesz representation theorem, there
exists u € M(Q) such that ¥ (f) = fQ fdup forall f € C(Q). Therefore A(f) =

fQ fdu forall f e C}z,(Q). This shows that (C)%(Q))*_|r C M(Q). It is clear that
M(Q) C (C)%(Q))i, so equality follows. o

Lemma 4.7 Let § € (0, By). Then for any f € Ciﬁ(@), we have

limsup inf /Mu(dx)z inf /gf(x)u,(dx)
140 peM@Q) Jo ! neMQ) Jo

Jfdu=1 [ dp=1

and

liminf  sup /_ M n(dx) = sup /_ Gf(x)u(dx).
0

N0 em) /0 ! peM(Q)
[fdu=1 [fdu=1

Proof Note that

. S f(x) — f(x)
m ————
110 t

=Gf(x), xe€Q.

@ Springer



J Theor Probab (2016) 29:1458-1484 1475

Hence using the dominated convergence theorem,! we obtain, for all JTRS M(Q)
satisfying [ fdu =1,

mnf§i@5135@0=/gﬂmmwy

t}0 0 1 0

Therefore
limsup inf /M,&(dx) < lim/ SZAC Rl AV
10 aeMd) Jo t o Jo 4

[fdi=1
:/gﬂmMM)
0

for all u € M(Q) satisfying f fdu = 1. Hence

limsup inf /Mu(dx) < inf /gf(x)u(dx). 4.21)
110 peMQ) Jo t neM@) JQ

[ fdu=1 Jfdu=1

Since for each t > 0, the map p +— IQ Mu(dx) from M(Q) — Ris
continuous, there exists a u; € M(Q) satisfying f fdu; = 1 such that

inf
HeM(Q)
Jfdu=1

(dx)

S —
/_ 1f(x)— f(x) " s (d).
0 t

_/ Sif () — f(x)
=/,

Clearly {u,} is tight. Let & be a limit point of u; as t — 0. Suppose p;, — fi in
M(Q)ast, | 0. Then [ fdjr = 1. Note that for f € C}%ﬁf(é),

_ t
M _ ; / ayu’ (s, x) ds, (4.22)
0

with uf (¢, - ):=S, f (-). By the Holder continuity of dsu’ on [0, 1] x Q, there exists
ki1 > 0 such that

[0su’ (s, x) — dsul (s, y)| < kilx —y°  Vx,ye Q, se[0,1]. (4.23)

! Note that

_ -
M < inf ;E[ / elo’<Xz'”z>d1|£vsf<xs>+r<xs,us>f(xx>|ds]
(- 0

< Ke'mx  (0<t<l,

for some constant K > 0.
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Therefore by (4.22) and (4.23), x +— M is Holder equicontinuous over
t € (0, 1], and the convergence

5 S f(x) — fx)
m ——
tl0 t

=Gf(x)

is uniform in Q. Hence from
S — S —
/_ Inf(x) f(x) /L,n(dx) :/_ ( lnf(-x) f(x) _ gf(x)) /.Ltn(dx)
0 In 0 In
+/Q G f(x) s, (dx),

it follows that
tim [ (M) i @0 = [ G700 e
n—00 0 tn 0
> inf /_Qf(x)p,(dx).
0

neM(Q)
Jfdu=1

Hence

lirnsup/_ (M) ui(dx) > inf /_Qf(x)//,(dx). (4.24)
1o Jo ! peM) Jo

[fdu=1

From (4.21) and (4.24), the result follows. The proof of the second limit follows by a
symmetric argument. O

We next prove the main result.
Proof of Theorem 2.1 Let § € (0, Bp). Since p ¢ = Gy by Lemma 4.5, we obtain
= inf / Godu

neM(Q)
Jodu=1

< sup inf /Qf du.

fecki@) neM@)
[ fdu=1

To show the reverse inequality, we use Theorem 4.2 and Lemma 4.6. We have

e’ = sup inf /S,gd,u.
geCZM(Q) neM(Q)
Jgdu=1
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Therefore, using Lemma 4.7, we obtain

S o —
p=1lim sup inf / 878 du
110 eC2(0) neM(Q) t

Jgdu=1

> limsup inf _ /
140 peM(Q)
[fdu=1

= inf /gf du
MeM(Q)
[fdu=1

Sif—f du

t

forall f € C 2+‘S(Q) Therefore,

p > sup inf /gf du.
feCZM(Q) neM(Q)
Jfdu=1

Using a symmetric argument to establish the first equality in (4.25) below, we obtain

p= inf sup /Qf du
1€ peM(d)

[fdu=1

= sup inf /Qf du (4.25)
Feci @) “EM@
Jfdu=1

for all § € (0, Bp). Note that the outer ‘inf’ and ‘sup’ in (4.25) are realized at the
function ¢ in Lemma 4.5. Therefore, since ¢ > 0, equation (4.25) remains valid if
we restrict the outer ‘inf” and ‘sup’ on f > 0. Hence using the probability measure
dv = f du, we can write (4.25) as

p= inf sup /—dv
FeCH (D). £>0 veP(d)

= sup inf /—d
et (o), f>0 veP@ S f

Therefore
inf sup /g—fdv < p =< sup inf g—fdv
FeC51(0). F>0 veP () FeC2 (D), f>0 VEP(D)

(4.26)
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Suppose that the inequality on the r.h.s. of (4.26) is strict. Then for some f €
C; +(0), we have

inf /gfdv > p.
veP(Q) f

Since G : C)%’+(Q) — CY%Q) is continuous and since C;“f(Q) is dense

in CJ%’JF(Q) in the ||-[|,.5 norm, there exists g € C}%ff(é), g > 0, such that

min o gg o p. However this contradicts Theorem 4.2 which means that the first

equality in (2.4) must hold. The proof of the second equality in (2.4) is similar. The
last assertion of the theorem follows via the change of measure f du = dv. O

Remark 4.4 As pointed out in the proof of Theorem 2.1, the outer ‘inf,’ respectively,
‘sup’ in (2.4) and (4.25) are in fact ‘min,” ‘max’ attained by ¢.

Concerning the stability of the semigroup, we have the following lemma.

Lemma 4.8 There exist M > 0 and 6 > 0 such that for any f € C)%A_(Q), we have

le?Sif —a*(Help.g = Me"lfllog Vi=1,

for some o*(f) € Ry.
Proof Without loss of generality, we assume o = 0. We first verify that property (P1)
of Theorem 4.3 holds. Let T = 1/2. We claim that there exists a constant ¢y > 0 such
that
2 / =
(EXf(XD)D)” < coE}[f(X0)] VfeC(Q), 0<f<g, (4.27)
and for all Markov controls v, v/ and x € Q The proof of (4.27) is as follows.

To distinguish between processes, let Y, Z denote the processes corresponding to the
controls v, v/, respectively. Then using Girsanov’s theorem, it follows that if we define

F(r) = /O o (¥ [b(Yr. vr) — b(Ys. )] AW,
1 T
—5/0 lo =1 (¥y) [b(Yy, v) — b(Y, v))]I1dt,

then

Ex[f(YD)] = Ei[e" ™ f(Z0)]

< (Ex[fz(zr)])I/Z(Ex[ezF(r)])‘/Z

= (E[£2@0)]) " (Ed[elolo™ 0t =p0omiar) 2
= Cl(Ex[fz(Zr)])l/z

< cillgllg o (Ec[f(zo)) "
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where ¢; > 0 is a constant which only depends on the bounds of o~ ! and b. This
proves (4.27). For f € C(Q) satisfying 0 < f < ¢ and for any fixed v, we have

Se(p— Hx) = ermi"E;l[fﬂ(Xr) - f(Xr)]
> e (EV[o(Xo) — f(X0)])° (4.28)

and

S:(f)(x) = ™ EX[f(X)]
> e (EV[F (X)) (4.29)

where vy, vy are the corresponding minimizers. Note that?

2

(EX[e(X0) — X)) + (EXf X)) = = (EeX0)])* = = (ming)

(4.30)

1 1
2 2

Adding (4.28) and (4.29) and using (4.30), it follows that

e''min . P
1Sz — DI+ IS fIl = e (ming)~,

which establishes property (P1). On the other hand, property (P2) of Theorem 4.3 is
trivially satisfied under the || - [|. 5 norm. Hence the result follows by Theorem 4.3 (iii).
O

4.3 The Donsker—Varadhan Functional

Let U = {u}, i.e., a singleton, and v(-) = v:=4§,, thus reducing the problem to an
uncontrolled one. Thus G = L, + r(x, v) is a linear operator. By [6, Lemma 2,
pp. 781-782], the first equality in (2.4) equals the Donsker—Varadhan functional

sup (/_ r(x,v)v(dx) — I(v)) ,
veP(Q) \YQ

where

L
I(v) = — inf v/
1€C2 (D). f>0 f

dv.

2 The first part of the inequality below follows from the fact that (a — 02 +x2,0 < x < a attains it
minimum at x = §.
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More generally, if 7 (x, v) does not depend on v, say r(x, v) = r(x) and A is defined
by

Af(x) = —tr (e@v2F () +min [, v, V],

then

o= sup (/_ r(x)v(dx) — I(V)) ,
veP(Q) VO

I1(v) = — inf ﬂ dv.

FeC2 . (0). f>0 S

This also takes the form

p = :zg (r(x) - f()c)) :

AW
fect 0y, r>0 f(x)

[(x) = —

Our results thus provide a counterpart of the Donsker—Varadhan functional for the
nonlinear case arising from control.
It is also interesting to consider the substitution f = e¥. Then we obtain

1
p= inf  sup /inf sup (r( v)—§||w|| + Ly + (VY ow)du

VeC2(0) veP(0) weRd

1

— sup inf /inf sup ( L) = = llwl? + Low + (VY ow)dv
yec2(Q) VEPQ) J VEV yeRrd 2
1

= inf  sup /sup inf (r( , V) — —||w|| + Ly + (Vi ow )dv
VeCl(Q) vep(Q) J veV w 2
1

— sup inf /sup inf (r( V) = w4 Lo + (VY ow )dv,
veV weRd 2

yec2(Q) veP(Q)

where the last two expressions follow from the standard Ky Fan min—-max theorem
[7]. This is the standard logarithmic transformation to convert the Hamilton—Jacobi—
Bellman equation for risk-sensitive control to the Hamilton—Jacobi—Isaacs equation
for an associated zero-sum ergodic stochastic differential game [8], given by

inf sup (r(-, v) — %||w||2 + Loy + (Vw,aw)) = 4.31)

VeV eRd

in Q, with (V¢, y) = 0 on 9 Q. The expressions above bear the same relationship
with (4.31) as what Lemma 4.5 and Remark 4.3 spell out for (4.20).
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5 Risk-Sensitive Control with Periodic Coefficients

In this section, we consider risk-sensitive control with periodic coefficients. Consider
a controlled diffusion X (-) taking values in R? satisfying

dX (1) = b(X (1), v(t)) dt + o (X (1)) dW (1) 5.1)

forr > 0, with X (0) = x.
‘We assume that

(1) The functions b(x, v), o (x) and the running cost r(x, v) are periodic in x;, i =
1,2,...,d. Without loss of generality, we assume that the period equals 1.

(2) b :R?xV — R? is continuous and Lipschitz in its first argument uniformly with
respect to the second,

(3) o : RY — RIxd jg continuously differentiable, its derivatives are Holder contin-
uous with exponent Sy > 0, and is non-degenerate,

4) r : R? x V — Ris continuous and Lipschitz in its first argument uniformly with
respect to the second. We let ryax 1= Max ;. ,eoxV [r(x,v)].

Admissible controls are defined as in (e).

We consider here as well the infinite horizon risk-sensitive problem which aims
to minimize the cost in (2.2) under the controlled process governed by (5.1). Recall
the notation defined in Sect. 2 and note that CO(R?) is the space of all continuous
and bounded real-valued functions on R?. We define the semigroups of operators
{S;, t > 0} and {T*, t > 0} acting on CO(R?) as in (3.1)=(3.2) relative to the
controlled process governed by (5.1). Also the operators £, : C 2(RY) — COYRY) are
as defined in (2.5).

LetC p(Rd) denote the set of all CO(R?) functions with period 1, and in general, if
X is a subset of CO(RY), we let X, (RY):=X N C,(RY).

We start with the following theorem which is analogous to Theorem 3.1.

Theorem 5.1 {S;, ¢ > 0} acting on CO(R?) satisfies the following properties:

(1) Boundedness: ||S; flo.re < el || fllo.ga. Furthermore, S;1 > €™n'1, where 1
is the constant function = 1.

(2) Semigroup property: So =1, S; o Sg = Sy4s fors,t > 0.

(3) Monotonicity: f > (resp., >) g = S;f > (resp., >) S;g.

(4) Lipschitz property: ||S; f — Sigllo.re < €™ || f — gllp.re-

(5) Strong continuity: ||S; f — Ss fllo.re —> Oast — s.

(6) Envelope property: T* f > S; f forallu € U and S, f > S, f for any other {S,;}
satisfying this along with the foregoing properties.

(7) Generator: the infinitesimal generator of {S;} is given by (2.3).

(8) For f € C,(RY), S, f € C,(RY), 1 > 0.

Proof Properties (1)—(4) and (6) follow by standard arguments from (3.1) and the

bound on r. That §; : CO(Rd) — C 0(R”l) is well known. See Remark 5.1 below.
Property (8) follows from (3.1) and the periodicity of the data. O
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Theorem 5.2 For f € C;7(R?), § € (0, po), the p.d.e.
ad . . d
—u(t,x) = inf (Evu(t,x) + r(x, v)u(t, x)) inR4 x RY, 5.2)
ot veV

with u(0,x) = f(x) Vx € R? has a unique solution in C})+6/2’2+6 ([0, T] x ]Rd),
T > 0. The solution v has the stochastic representation

u(t,x) = inf E, [ef(;’(X(X)’“(S))dsf(X(t))] V(t, x) € [0, 00) x RY.  (5.3)

Moreover, for some Kt > 0 depending on T, 6, || f llo4s:ra and the bounds on the
data, we have

llull14572,248:00,T1xBr < KT-

Proof Without loss of generality, we assume that f is nonnegative. Consider the p.d.e.

0
EMR(Z‘, x) = inf (EvuR(t, x) + r(x, vufa, x)) in R}y x Bg,
v

withu® = 0onR, x 9 Bg and with u® (0, x) = f(x)g(R™'x) forall x € Bg, where
g is a smooth nonnegative, radially non-decreasing function which equals 1 on B 1 and

0 on BS. From [11, Theorem 6.1, pp. 452-453], the p.d.e. (5.2) has a unique solution

4 -
ul in 12248 ([0, T]x BR), T > 0. This solution has the stochastic representation

INT
uR(t, x) = inf £, [efo FrX@eeNds px (A tg))g(R1X (1 A rR))]
n

for all (¢, x) € [0, 00) x R?, where tg denotes the first exit time from the ball Bg.
Clearly then R +— u® is non-decreasing. By [11, Theorem 5.2, p. 320], for each
T > 0, there exists a constant K7 such that

R
lu™ 147224800, T1xBr < KT-

Therefore u® converges to a function u € C!+7%2+9 (10, 77 x Rd), as R — oo,
which satisfies (5.2)—(5.3). The periodicity of u(¢, x) in x follows by (5.3) and the
periodicity of the coefficients. O

Remark 5.1 The regularity of the initial condition f is only needed to obtain continu-
ous second derivatives at r = 0. It is well known that for each f € C?(R%), (5.2) has
asolution in C ([0, T1 x RY) N C.E**((0, T) x RY), for T > 0.

loc

Theorem 5.3 There exists a unique p € Rand a ¢ > 0 in C;(Rd) unique up to a
scalar multiple such that

Sip =eflp, t>0.
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Proof Using Theorem 5.2, one can show as in the proof of Lemma 3.1 that S; :
C%,(Rd) — CIZ,(R”I) is compact for each t > 0. Now with X = CI%(R”’) and P =
{f € C,%(Rd) : f >0}and T = S; for some ¢ > 0, the conditions of Theorems 4.1
and 4.2 are easily verified using Theorem 5.1. Repeating the same argument as in the
proof of Corollary 4.2 completes the proof. O

Lemma 5.1 The pair (p, ¢) given in Theorem 5.3 is a solution to the p.d.e.

pp(x) =inf(Lyp(x) + r(x, v)ex)), (5.4)
where (5.4) specifies p uniquely in R and ¢ uniquely in C 12, (R?) up to a scalar multiple.
Moreover, infga ¢ > 0.
Proof The proof is directly analogous to that of Lemma 4.5. O
Lemma 5.2 (C2(R%))* ~ M(Q), with Q = [0, 1)?.

Proof Let 7 denote the projection of R? to [0, 1)¢. Set
D={foreC(Q): feCyRMH.

Then D is a linear subspace of CO(Q). ~
For A € (Cp(Rd))*, define the linear map A : D — R by

A(fom) = A(f).

Then
IA(fom) < AN fllore < IAIINF o mllo:0-

ie., A € D, Using the Hahn—Banach theorem, there exists a continuous linear exten-
sion A’ : C°(Q) — R of A such that [|A’]| = ||A]l.

Since (C O(Q))* = M(Q), the set of all finite signed Radon measures, we have
(Cp (Rd))* € M(Q). The reverse inequality follows easily. Hence (C), (]Rd))* =
M(Q). Now the analogous argument in Lemma 4.6 can be used to complete the
proof. O

Now by closely mimicking the proofs of Lemma 4.7 and Theorem 2.1, we have

Theorem 5.4 p satisfies

p= inf sup / gfdu
FECL@ND peM(Q): [ fdu=1
- sup inf / gfdu,

fec(Q)nD neM(Q): [ fdu=1

where G given in Theorem 5.1.
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The stability of the semigroup also follows as in Lemma 4.8. It is well known

that (5.1) has a transition probability density p(z, x, y) which is bounded away from
zero, uniformly over all Markov controls v, for # = 1 and x, y in a compact set.
It is straightforward to show that this implies property (P1). Therefore exponential
convergence follows by Theorem 4.3 (iii).
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