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Offer-based Economic dispatch

(i) Overview,

(i) Surplus,

(i) Feasible production set,

(iv) Need for centralized coordination,
(v) Optimization formulation,

(vi) Generation offer functions,

(vii) Demand specification,



(viii) Demand bids,

(ix) Dispatch calculation by independent system operd&0],
(x) Pricing rule,

(xi) Incentives,

(xii) Generalizations:

e ancillary services (spinning and regulation reserves),
e non-linear system constraints, and
e representation of constraints.

(xiii) Homework exercises.



8.1 Overview

e We will now begin to synthesize the background material exdbntext of
offer-based economic dispatch:

(i) combine optimization, economic dispatch, and markets,
(ii) (in Section9) include transmission constraints.

e Offer-based economic dispatch will involve:

— submission of offer functions by generators (or by repregems of
generators),

— specification of demand or demand willingness-to-pay (siby by
representatives of demand such as retailers or load-geewiities), and

— thelndependent System Operator(ISO) using the offer functions and
demand information to choose the dispatch of the generaioneet the
demand, and set prices paid by the (representatives of)rakarad paid
to (representatives of) generation.



Overview, continued
e Figure8.1shows the revenue streams under offer-based economic
dispatch:

— (representatives of) demand pay the ISO for the energy coegpuand
— the ISO pays the (representatives of) generators for thggpeoduced.

Payment Independent Payment
to system from
generatg operator Nmand
(Representatives (Representatives Fig. 8.1. Revenue
of) of) streams in offer-based
Generators Demand economic dispatch.




Overview, continued
e Offer-based economic dispatch is a typeaattion:
— set of rules, omechanism that:

o takes offers and bids, and
o calculates quantities sold and prices.

e Auctions have various forms and properties in various cdste

— by design, the resulting dispatch and prices from offeedasconomic
dispatch are intended to be consistent with what would hagaroed in
the equilibrium of idealized bilateral trading.

e We will discuss the criterion for choosing the dispatch, abhivill involve
maximizing the (revealed) surplus over the feasible pradnaecisions
of the generators and (in the case of flexible demand) ovardksible
levels of demand.



Overview, continued
e Is the ISO a central planner?

— Yes, at least for short-term operations, namely inrdad-time market
and in the deployment of ancillary services.
— But the ISO applies a well-defined algorithm for the realdimarket:

o takes offers and short-term forecast of demand as input, and
o provides dispatch and prices as output,

— As mentioned, such an algorithm is callechachanismin economics.
— 1SOs also use ancillary services to centrally manage suppipand
balance between successive solutions of the real-timegnark

e ISOs also run a daily forward market, tday-ahead market

—the ISO is a central planner for the day-ahead market,
— again applies a well-defined algorithm.



Overview, continued

e Several US ISOs also operateapacity market, which is aimed at
long-term capital formation:

— capacity markets involve soliciting offers to have generatapacity
available for, for example, meeting the 1SO forecast of thakodemand
three years into the future,

— in this case, the 1SO is a central planner for investmentsedls w

— practical challenges include the definition of the “prodwétbeing
available several years in the future,

— demand-side participants can typically participate taoed
consumption compared to the ISO forecast.

e There are also additional forward markets and bilaterdesahat are not
operated by the ISO.



Overview, continued

e Some initial proposals for restructured electricity maskavolved an
even more limited role for ISOs:

— However, as we will discuss in Secti@, the need to centrally
coordinate the matching of supply to demand in real-timegsitates
that the 1SO performs at least some central operationahpigrand has
some operational authority,

— In the European Union, short-term supply—demand balantamsaged
in the so-calledalancing market.

e Given the need for the 1SO to centrally coordinate matchuyply to
demand, key question is what else should it also do.

e For example, EU markets also hamra-day markets that allow for
centralized trading after day-ahead but before the opgydour to
reduce exposure to the balancing market:

— we will not consider intra-day markets, but it provides oraraple of
additional roles for the 1SO.

e US ISOs all operate day-ahead markets in addition to magchupply to
demand in real-time using the real-time market and angiBarvices.



8.2 Surplus
8.2.1 Definition
e What are we trying to achieve with electricity market de8&ign
e As discussed in Sectioh one public policy goal is to maximize:
the benefitsof electricity consumption, minus
the costsof electricity production,
e We formalize this in:

Definition 8.1 Thesurplus or welfare is the value or benefits of
consumption minus the costs of production over a partidutae horizon.

O

e This is analogous to the definition we used in the apartmearele in

Section6 and re-states the definition in Sectién
e We assume that benefits and costs can usefully be compareg usi

monetary units.
¢ In the context of electric power, surplus is the value of taeddits of

electricity consumption minus the costs of electricityguotion, both
measured over a particular time horizon.



8.2.2 Discussion

e In our definition, surplus is denominated in monetary urotsngonetary
units for the duration of the time horizon, or monetary upgs unit time)
and depends on:

the amount of demand power consumed by the load, and
the production of the generators.

¢ In the context of short-term operations, where the timezoorimight be
an hour or a day, we will primarily think of the costs as being t
operating costs associated with fuel and variable maintsmna

¢ \We often consider the rate of change of surplus with respeate, in
which case we are actually considering the surplus per mg. t

e We typically use the term “surplus” to refer to interchanggdo either
surplus or surplus per unit time.

e In some cases we specify the demand power as a fixed desites] saly
D, to be met by supply (if possible):
— that is, the demand is inelastic.



8.2.3 Inelastic demand

¢ In the case of inelastic demand, the benefits of demand aexpbtitly
revealed by response to price, but anglicit:

— as in Section 7.8, the derivative of benefits with respecetoahd, the
willingness-to-pay; is implicitly assumed to be “positive infinity” (or to
be equal to a very large valw® for demandD in the range from zero to
a specified, desired level of demai,

e The lack of an explicit revelation of benefits poses gredicdilties!

— For example, discussions of “reliability” often make thepirait
assumption that the derivative of benefits is extremelyearg

— But we may fail to charge for consumption on this basis.

— This can result in a serious discrepancy between returnsvastment
for generation and the remuneration from consumers (reaallof
demand setting high price during curtailment in descrippbidealized
market in Section 7.8).

— This is the core of the concerns about capacity adequacyeirggonly
markets such as ERCOT.

e In some cases, we will posit an explicit form for the benefitdeamand.



8.3 Feasible production set

e Also implicit in the definition of surplus is the assumptidrat production
Is chosen from &easible production set
e Constraints that define the feasible production set include

— transmission constraints (treat in Sect@®n
— generator capacity constraints, and
— demand-supply power balance.



8.3.1 Generator constraints

e The generator capacity constraints are exampleggoérator
constraints.

e Unlike the apartment example where each landlord has aesingl
indivisible apartment to rent, each generator can prododesell over a
continuous range:

— each generator can sell anything in the range specified bgiscity
constraints.



8.3.2 Demand-supply power balance

e As discussed in the context of economic dispatch, we willenak
demand-supply power balance explicit for the energy preduwer each
time intervalT, but we will change the interpretation somewhat compared
to the initial discussion in Sectidn1.1

— If T is one hour as in a typical day-ahead market, then we willllysua
require that the average supply in the hour is equal to aedisg
demand in the hour, although we expect the actual demandamill
during the hour.

— In real-time markets witlA equal to 5 or 15 minutes, we will target a
forecast demand power level at the end of the dispatch &ltand
assume that both demand and generation power ramp lineanhythe
beginning to the end of the interval:

o again implies that the average supply in the interval is Etquihe
average demand.



Demand-supply power balance, continued

e That is, the decision variables represent either averaggsloe dispatch
interval or target values at the end of the dispatch interval

— In fact, as discussed in the context of economic dispatch,
demand-supply balance must be maintained continuously.

— The need to match supply and demand continuously is met ishibue
term by “ancillary services.”

e The demand-supply energy or power balance constraintshand t
transmission constraints are examplesystem constraints

e These system constraints give rise to the need for cerdchaliz
coordination.



8.4 The need for centralized coordination
8.4.1 Apartment example
¢ In the apartment example, there was no centralized codroimaf leases:

— individual landlords and renters had enough time betweeoessive
months to negotiate price in “bilateral” month-to-montintiad
agreements,

— it was assumed implicitly that renters could be evicted wdnen
agreement expired; that is, bilateral contracts are eatbby landlords,

— either an apartment is rented for a month or it is not rented, a

— the demand and supply functions for apartments were asstoned
fixed (or very slowly varying).

e A single market clearing price for all apartments arose astaral
outcome of self-interested behavior by landlords and rente

— prices might in practice adjust over several months towtrels
equilibrium,



8.4.2 Characteristics of electricity

e Demand of individual electric consumers varies continiyoasd
(currently) is mostly price inelastic, in part because ofsadrical lack of
interval metering:

— historically, residential meters accumulated energy coresl over time,
so periodic meter reading recorded total energy consunwdhe
profile of power consumption over time,

— Stoft calls the lack of metering and of real-time billing thiest
demand-side flaw” (Section 1-1.5 Bbwer System Economigs.

— charging for electricity on the basis of total energy conednm a period
is analogous to a supermarket charging for all groceriestay weight
of purchases, since it ignores the variation of cost of petdu,

— residential interval meters have been installed througe®RCOT and
in several other jurisdictions and are in place for all largstomers in
most markets.

e Most residential customers are still primarily chargedtmalbasis of total
energy consumed in a period:

— so0 most residential demand remains inelastic.



Characteristics of electricity, continued

e The transmission system links all supply and demand colkdgt

e Total supply must be controlled to match total demand cowotisly (or
widespread blackouts will result).

e Historically, bilateral contracts in electricity cannag basily enforced in
real-time since individual customers cannot easily be tfuf the demand
exceeds their contractual quantity (or if the demand exxaerbntractual
maximum or if the customer violates some other contractoiadition):

— Stoft calls the lack of real-time control of power flow to sifiec
customers the “second demand-side flaw.”

e In principle, this is changing since residential intervadters in ERCOT
have remote disconnect capability:

— however, it is probably unreasonable to expect that thialgidify would
be used to enforce retail contractual agreements.

e Some jurisdictions internationally apparently imposetson maximum
consumption by residential customers through circuit keessized
based on the contractual maximum.



8.4.3 The role of the system operator

e Because of the characteristics of electricity, we cannotaetely avoid
central coordination in electricity markets and cannoyaely on
enforcement of bilateral contracts between generatorslangnd (or
between portfolios of generators and aggregated demand).

e Because of this limited real-time control, a system openaiost step in
to be the “default supplier” in real time to match supply aetdnégnd in
order to avoid widespread blackouts:

— there is no analog of widespread blackouts for the apartnesting
example (or in other commodity markets).

e The system operator also must arrange for curtailment oadenand set
a price when supply and demand do not intersect:

— there is no analog of the active need to maintain supply ddrbalance
for the apartment renting example (or in other commodityk®is),

— total apartment supply equals total demand, since lansllendorce
each individual bilateral contract,

— but this is not the case in electricity markets.



The role of the system operator, continued
e TO summarize, the system operator is necessary in elégtmarkets for:

— matching supply to demand under normal conditions, and
— curtailing demand to match supply under extreme conditamksetting
price.

e To carry out this role, the system operator should be indégatof the
market participants:

— the independent system operator (1ISO).



8.4.4 Other roles of the system operator
e Demand changes rapidly and varies continuously:

— hard for individual generators and demand to rapidly agjuses and
establish equilibrium through bilateral contracting whikemand
changes rapidly, so

— system operator can facilitate efficient use of generatioexplicitly
seeking the market clearing price based on offer and bidtifums

e In the ERCOT zonal market (until December 2010):

— short-term adjustment of supply to demand through angillarvices
(AS) procured in day-ahead ancillary services market rursiy,

— real-time “balancing” markefl{ = 15 minute) run by ISO, but

— longer-term decisions taken through bilateral contragctin

e In the ERCOT nodal market:

— short-term adjustment of supply to demand through angilarvices,

— real-time marketT = 5 minute dispatch intervals) run by ISO,

— day-ahead marke® (= 1 hour dispatch intervals) run by ISO including
unit commitment decisions (Sectioti0) and AS, but

— even longer-term decisions taken through bilateral cotitrg.



Other roles of the system operator, continued
e When transmission constraints bind, it is especially diffiéor
decentralized decision making through bilateral consr&mtchieve
efficient generation dispatch:
— role of system operator is particularly important in thisea
¢ In the ERCOT zonal market:

— inter-zonal transmission constraints were managed by ER&O
another function of balancing market that is in addition tmaining
supply-demand balance,

— intra-zonal transmission constraints were managed by ERCO

out-of-market,
— similar approach in EU markets.

e In the ERCOT nodal market:

— inter-zonal and most intra-zonal transmission constsaandé managed
by ERCOT in day-ahead and real-time markets,

— some constraints managed by ERCOT through out-of-magkebility
unit commitment.



8.5 Optimization formulation
e As we have discussed in SectiBr2, maximizing surplus:

— in the context of electricity,
— over the short-term (focusing on operating costs),
— under the assumption that unit commitment decisions ard,fixe

e is the process afconomic dispatch
e Offer-based economic dispatchs the process by which the 1SO:

— solicits offer functions from generators, as introduce&attion5.3.4
— forecasts demand, or solicits a specification of demandexigation
of bids from the representatives of demand, and
— finds the market clearing prices and quantities, with thé gba
maximizing surplus.
¢ In the next sections, we will describe the offers, the demand the
formulation of the optimization problem to maximize theus.
e In Section8.12.1, we will generalize to include ancillary services.
e In Section9, we will generalize to include transmission constraints.
e In Sectionl10, we will further generalize to include the commitment of
generators.



8.6 Generator offer functions

e Recall from Sectiordb.3.4that if the price for energy is specified, and
cannot be influenced by a generator, we argued that the denasi
maximize its operating profits by specifying its offer fulct equal to its
marginal cost function.

e That is, under suitable assumptions, the offer functiohlvalequal to

g—é‘i = [fx, wherefy is the generator cost function:

— in practice, market rules typically restrict the form of fla@ction to
being piecewise linear or piecewise constant, so the affection may
only approximate the marginal cost function,

— since the offer is assumed to reflect a convex cost functiankeh rules
require the offer function to be non-decreasing.

e For now, we will assume that offer functions are specifiecaétp
marginal costs and typically assume that the marginal @stsither
constant or affine with positive slope.

e We will re-visit the assumption that offer functions aredfied equal to
marginal costs in SectioB.11



Generation offer functions, continued
e For now we will also assume th&t(0") = fi(0) = 0, so that we can
re-constructfy from fy according to:

/ __
P=

_ P
YR [0,P], fu(RY) = /P T (P) dR,

/0

e In more general cases, whefig0") # 0, so that there are auxiliary or
no-load operating costswe would need to add these no-load operating
costsf, = fx(0") to the integral to evaluat’é}(( F) for B > O:

— in this caseyP € (0,Py], fk(R) = f +f ka(P’)dFy

— we will consider this case in unit commltment in Sectidn2.3.2
where we will also re- mterpre\‘t to be theminimum-load costsfor
operating at a minimum generatlon le&l so that

VRce [Pl (R = f, + fppr DR R



Generation offer functions, continued

e Recall from Sectiordb.3.1that the optimality conditions for economic
dispatch involve onlyIfy,Vk=1,...,np, and do not involvey, so that
the 1ISO does not have to evaludigand does not need to knof/K) to
solve the optimality conditions for economic dispatch. N

— In contrast, in the context of unit commitment and “make-igho
payments in SectiohO, the ISO will have to evaluatg,Vk=1,...,np.

— Moreover, evaluation of operating profii for generatok requires
knowledge offy.

— For this chapter, we will ignore no-load and minimum-loa@&ting
costs.

e That is, we can represent the supply side by its offers, wiviehwill
assume to be set equal to or nearly equal to marginal costs.



8.7 Demand specification

e If the benefit of consumption is implicit, we will specify damd as a
guantity such ap.
e We will also discuss the case where the specified demand thamoet.

8.8 Demand bid functions

e When demand bids a function representing its willingnespay, we will
interpret this function as specifying the derivative ofaemnefit function
with respect to the power level.



8.9 Dispatch calculation by independent system operator
8.9.1 Formulation

e Problem 6.5 defined the economic dispatch problem.
e Theoffer-based economic dispatclproblem is the same, and we repeat
it here:
min {f(P)JAP=Db,P<P<P}= min {f(P)|AP=Db}.
pERnp{ < )| ) — — — } \V/k,FkESk{ ( )| }
e In Section5.3.1, we developed optimality conditions for economic
dispatch of generators with convex costs and a specifiedmidma
e With marginal costs constant or affine, the cost functior ballinear or

guadratic as in Sectioh 1.3 so that the objectives(3) can be expressed
as:

1
VP e R™, f(P) = EPTQP+ c'P+d,
e WhereQ € R"™*" js a diagonal matrixg € R", andd € R.

e We will repeat the optimality conditions for the case of nondad bids
and then develop the formulation to include demand bids.



8.9.2 First-order necessary conditions
e The first-order necessary conditions are:

I\ € R, 3, 1" € R™ such thatOf (P*) — IN* — " +1° = 0
M*(P—P") = O
M*(P*—P) = 0
-1'P* = [-D];
P* > P;
P* < P
u > 0; and
g > 0,

e whereM* = diag{*} € R"™*" andM” = diag{["} € R"™*" are
diagonal matrices with entries specified by the entrigs @ndr,

respectively, which correspond to the constraits P andP < P.
e These first-order necessary conditions involve the makrgwstsLify,
which we have assumed are given by the offer functions.



8.9.3 Representation of demand bids

e Optimality conditions including demand bids are similar.
e To represent bid demand, we define:

— an additional entry, sal, in the decision vector to represent the

demand, so that the decision vector becomes D c R1+Ne,

P

— specify a feasible operating set for demand of the S [O,ﬁ] , and
— include an additional ternty, in the objective that representsnusthe
benefits of consumption.

e We modify the objectiveq.3) to:
vx e RV f(x D)+ z fie(P
e Recall that the power balance constraifigl) are:
np
D= Z Pk
K=1
e We can “dispatch” the demand similarly to the case of genesat



8.10 Pricing rule
() Lagrange multiplier on power balance constraint,
(i) Example,
(iif) The case of no feasible solution,
(iv) Re-interpretation of the case where not all specifienaed is met.



8.10.1 Lagrange multiplier on power balance constraint

e As discussed in Section by Theoremd.14the Lagrange multipliek™
on the supply-demand balance constraint is the sensit¥itiye objective
to changes in demand:

— as mentioned in Sectidh 3, this sensitivity is sometimes called the
marginal surplus and is the market clearing price.

e Our pricing rule for this case will be to pay (generators) lvarge
(demands) for all energy uniformly at a price= A*:

— That is, energy is priced at the marginal surplus.

e Generatok is paidttix P = A* x B for generating.

e If a generator is not at its minimum or maximum productiomtkise
first-order necessary conditions of the economic dispatchlem say
that generatok’s marginal cost will be equal t&*:

— such a generator is calledarginal,

— the pricing rule is also callecharginal cost pricing,

— the marginal generator is sometimes said to “set” the pailtkough all
dispatched offers in fact contribute to determining whiemerator is
marginal and therefore all contribute to “setting” the pric



Lagrange multiplier on power balance constraint, continde
e We will see that if a demand bid is not completely suppliedtite
(possibly implicit) willingness-to-pay will be equal #o.
— Paralleling the phrasing for generators, we might say tietiemand
“sets” the price at its willingness-to-pay.
e We will also see that we can generalize the pricing rule tactse where
there is supply and demand for multiple commodities.

— The basic principle will be to price each commodity basedhan t
Lagrange multiplier on the corresponding system condtrain

— The prices do not depend (directly) on Lagrange multiplogrs
generator constraints.



8.10.2 Example

e Consider the previous example from Sectioa.2with np = 3, D = 3000
MW, A* = $50/MWh, and marginal costs:

VP € [0,1500, Of1(Py) = $40/MWh
VP, € [0,1000, Of2(P) = $20/MWh
VP; € [0,1500, Of3(P3) = $50/MWh

e SO thatf is linear, with:

VPeR™ f(P)=c'P,
40
e Withc= [20] .

50



Example, continued

e Suppose that each generator sets its offer function equislnoarginal
cost function.

e The minimizer of the offer-based economic dispatch probaem
Py = 1500,P5 = 1000, andP; = 500.

e Generator 3 is marginal and has offer price $50/MWh.

e All energy is transacted at a price ©f = $50/MWh, which is the
marginal offer price and the marginal surplus.



Example, continued
e Generator 3 is paid its offer price, which equals its margbost.
— We might say that the marginal cost of generator 3 “sets” tieef
A* = $50/MWh.
e Generators 1 and 2 are paid more than their offer price; sh#tey are
paid more than their marginal costs.

— The marginal costs of generators 1 and 2 do not “set” the mmiteat
their marginal cost differs from the price &f = $50/MWh by the
Lagrange multipliers on the respective generator comggali

— Of course, the marginal cost and capacities of generatansl 2 &elp to
determine the economic dispatch that sets the price!

e Demand pays at the price af = $50/MWh.



8.10.3 The case of not meeting all demand

e If there is enough supply to meet the specified demand thee wé be
a feasible solution.

e However, if there are no demand bids or insufficient demadd and
supply is insufficient to meet the specified, desired dembed there is
no feasible solution:

— supply does not intersect the desired demand!

e In this case, from a practical perspective, the system tqremaust curtail
some of the desired demand (or violate other constraintfeieconomic
dispatch problem.

e What should the price be?



The case of not meeting all demand, continued

e Curtailment implies that not all of the specified, desirethdadD can be
served.
e Some demand will be involuntarily limited:

— we can notionally imagine a margindis-benefibf involuntary
curtailment, thevalue of lost loador VOLL , and

— we re-interpret the specified demand to be a demand that isithich
willingness-to-pay equal to some valwewhich we interpret to be the
value of lost load.

— as mentioned earlier, we define a variabléo represent the demand
actually served.



The case of not meeting all demand, continued
e The benefit function is given by:

VD € So = [0,D] ,benefitD) =wx D,

e We require that &< D < D, with corresponding Lagrange multipliq_n§
andr,.

benefi{D)

Slope isw

Fig. 8.2. Benefit function
for consumption.

Ol -



The case of not meeting all demand, continued
e The feasible set for consumption is:

So={D € R|0< D <D}.

e We modify the economic dispatch problem to include:

— an additional ternfo = (—benefi} in the objective,
— power balance constraints of the fobn= ", P.

e The first line in the first-order necessary conditions cquoesling toD is
then (whereD* is optimal value):

0= Dfo(D") + A" — s 15 = S oy e g

= —W+A" — 5+ T

e When the desired demaimlis not completely met:
0 < D* < D, so by complementary slacknegg,: =0,
substituting into the first line of the FONG} = w.

the willingness-to-pay olv “sets” the price in this case,
generators should be paid and demand should pay at thewrice



8.11 Incentives
(i) Price-taking assumption,
(i) Profit maximization,
(ii) Offer versus marginal cost of production,
(iv) Infra-marginal revenues,
(v) Investment decisions.



8.11.1 Price-taking assumption

e We assume (for now) that each generator and each consumectiaity
cannot individually influence the price:

— we say that each market participant isr&ce taker in the economics
sense

— (“price taker” is also used in the context of electricity ets to mean a
market participant who, for example, is at maximum cajpaaitgt
therefore does not directly “set” the price; however, suamaaket
participant can potentially influence the price and so isneaiessarily a
price taker in the economics sense.)

e More specifically, we will assume that the Lagrange mulksiggh™, -,
andpr* that satisfy the optimality conditions for offer-based momic
dispatch do not change (significantly) if any particularey@tor offer or
any particular demand bid changes.

e We will show that, under the price-taking assumption, theipg rule:

aligns private incentives to maximize profits, with
the public policy goal of achieving economic dispatch; tkat
maximizing surplus.



8.11.2 Profit maximization

e Repeating the analysis from Sectibi3.4 again consider a particular
generator that has a production cost functipnR — R in a particular
period of its production.

e If it producesPx then the cost of production i&(F).

e It is paid a pricert= A* for its productionb.

e Thatis, revenue igx B = A* x B..

e Operating profit id1, = (A* x B) — fk(P).

e What should generatdrdo to maximize profit, given that it cannot affect
the Lagrange multiplierd™, u*, andp*?

e Given an energy price specified my= A*, and assuming that the
generator cannot affeat’, profit maximization involves finding a value of
generatiorP* that solves the following problem:

gkweagf{@* x B — (R} = Qgg{@* x ) — fk(Po) [Py < P < Py



Profit maximization, continued
e Equivalently, the generator coutdinimizethe negative of the profit:

min {f(R) — (A" x R} = min{ f(P) — (" x R |Bi < Re < Pi-

e The optimality conditions for a minimizé®™ of this problem are:
™, " € R such thatOfi (B — A" — ™ + " = 0;

W (P—FR) = 0

(P P = 0
" > Py
P < Py
e > 0; and
E;* > 0.

e Generatok seekd? ™, Eﬁ*' andpi* satisfying these optimality conditions.
e Generatok enforces its own generator constraints by requiring that
P > PandP < Py.



Profit maximization, continued

e Note that these optimality conditions for generdt@re precisely those
lines in the first-order necessary conditions for econonspatch in
Section8.9.2that involve generatdk.

e Assuming differentiability andtrict convexity of fy, these optimality
conditions araniquelysatisfied byR™ = R, pr™ = i, andpp™ = .

e When paid at the price = A* for all of its units of production, the
generator making “decentralized” decisions to maximigewn profit
will choose to produce at the levigf that is consistent with economic
dispatch.

e The pricert= A*, together with profit maximizing behavior by the
generator, will yield economic dispatch:

— the pricert= A* is a market clearing price, since total supply equals
demand.

¢ In the context of economic dispatch, this market clearingepis said to
strictly support economic dispatch whefy is strictly convex, meaning
that there is a unique profit maximizing production leveldeneratok
and this production level is consistent with economic disipa



Profit maximization, continued

e If fi is convex but not strictly convex then there may be multiprieices
that maximize profit.

— In this case, the choice of generation is not completely nkeakzed
since it requires specification of the valggby the 1SO.

— However,Pi* = P¢ is still consistent with individual profit
maximization.

— The price is a market clearing price in that supply equalsatehior
some choice of generation and demand that is consistentrwditndual
profit maximization.

— To emphasize that the price is insufficient to determine thekat
clearing quantities, we say that the price does not strattfyport
economic dispatch.

— (We say that the pricseupports economic dispatch to include both the
strictly supporting and not strictly supporting cases.)

e Several markets allow only piece-wise constant offers:

— prices will support but will typically not strictly suppogconomic
dispatch.



8.11.3 Offer versus marginal cost of production

e We have implicitly assumed that the offer of each generattdreasameas
the derivative of its cost of production:

— generator is said to have madeanpetitive offer or aprice taking (in
the economics sense) offer.

e Here we will explore the conditions under which it is profitximaizing
to make a competitive offer.



Offer versus marginal cost of production, continued
e Let’s continue to writex*, A*, i, andp* for the solution of economic

dispatch based on the “true” marginal costs for each gemerat
e However, suppose that generakapecifies its offer to bdifferentto its

true marginal cost:

— the offer isOf, + €,

— wherellfy is the marginal cost, but

— wheree: R — R is a function representing the mark-up (or mark-down,
if negative) of the offer above generatds marginal cost.

e Since offers are supposed to be derivatives of convex dbstanodified
offer must be non-decreasing.

e The ISO uses the modified offélfy + e instead offy in its economic
dispatch calculations, possibly resulting in differergpditch quantities.

e \We continue to assume that the resulting Lagrange multglie y*, and
* that satisfy the optimality conditions for offer-based ecmic dispatch
do not change due to the modified offer:

— the conditions under which this assumption is true, or axprately
true, will be discussed.



Offer versus marginal cost of production, continued

e Suppose that the ISO’s solution to economic dispatch wethotfer
[fx + e now involved generatdk producingP™ # Py

e But by the discussion in Secti@l1.2 we know that’; maximizes the
profit for k, given the price\*.

e So, dispatching & cannotimprove the profit compared to dispatching
at By, although the profit might be no worse than the profiat

e How does generatdrguarantee that it is asked by the ISO to generate at
its profit maximizing leveP;?
— By settinge = O; that is, offering at its true marginal cost.



Offer versus marginal cost of production, continued

e A similar argument applies for the mis-specification of miam and
maximum capacities for power production, but the corredpanresults
are somewhat weaker.

— Suppose that the Lagrange multipliers in the 1SO solutiooffefr-based
economic dispatch are not affected.

— Then, a generator that specifies its “offered capacitiefémdintly to its
actual capacities will not experience better profits (inestation)
compared to the case where it specified its limits correctly.

e For example, suppose that a generator “physically witrgidbg
specifying offered capacity that is less than its actuaacap.

— If the result of offer-based economic dispatch is for it t@ie at its
offered capacity then it receives a price at or above ity gifice.

— It would have made at least as much or more profit by generatiag
higher level at that price, which it could have achieved blypigsically
withholding.



Offer versus marginal cost of production, continued
e Conversely, suppose that a generator specifies an offepagicathat is

more than its actual capacity.

— If the result of offer-based economic dispatch is for it t@egie above
its actual capacity then it will be unable to generate atltsl.

— The implications depend on whether the marketferavard market
(such as a day-ahead market) oeal-time market (see Sectiohl).

— If the market is a forward market:
o The generator will have to buy back the energy it is unableddyce

from a later market.
o The generator risks that the price will be higher in the laterket.

o It has effectively made wairtual offer for the difference between its

offered capacity and its actual capacity,
o If all else is equal, there will be less supply in the later ke&rso the

buy back price will typically be higher in the later market.
— If the market is a real-time market therdaviation penalty may be
assessed if the deviation is large enough:
o Possibly keyed to economic cost of procuring energy at latea.



Offer versus marginal cost of production, continued

e We will further discuss the implications of mis-specificatiof capacity
in the context of reserves.

¢ All of the previous arguments rely on the assumption thatffer of the
market participant does not affect the values of the Lagrangltipliers
calculated in the 1SO offer-based economic dispatch proble

e If a market participant owns multiple generators or if a &r@generator is
large enough:

— then Lagrange multipliers in the ISO problem (and henceegjiare
affected by the offer of the market participant,

— so offers that differ from marginal cost can improve profisnpared to
offering at marginal cost,

— “economics” definition of market power,

— discussed in market power course,
www.ece.utexas.edu/ ~ baldick/classes/394V_market_power/

— we will not treat this case in detail in this course.

e From now on, we will treat offers and marginal costs as synaomys.


www.ece.utexas.edu/~baldick/classes/394V_market_power/EE394V_market_power.html

Offer versus marginal cost of production, continued

e Note that the examples used throughout the course typicaibhve
“large” generators relative to the size of the market:

— easier to solve examples with a small number of generatats, b
— firms in such examples have a large amount of market power anttiw
improve profits by not offering competitively!
e Can usually re-cast example by dividing each large geneugtanto
many smaller generators having similar costs:

— can then typically expect competitive or close-to-contpetibehavior.



8.11.4 Infra-marginal revenues

e For simplicity, first suppose that a generatdras constant marginal costs
as shown in Figur8&.3,

e Also assume that economic dispatch results in a power levejenerator
k that is between its minimum and maximum capacity.

e Then, by the first-order necessary conditidif(P;) = A*.

e Ignoring no-load costs costfi(0) = fx(07) =0, so that:

P/:P*
(RO = [ Of(RO AR = Of(RE) x Be = A" xR,
/=0
e SO that revenues exactly cover operating costs.
Ofk(Py)
}\*

Fig. 8.3. Revenues (shaded

region) exactly cover op-

erating costs with constant

marginal costs (horizontal
P thick line).




Infra-marginal revenues, continued

e More typically, marginal costs increase with productionmaligure8.4,
so that, by strict convexity ofy, if f(0) = f(0") = 0 then:

f(RO) < DR(Be) x R,

= N x P,

e SO that revenuesiorethan cover operating costs.

Ok (R)
Fig. 8.4. Revenues (shaded
region) more than cover op-
erating costs with increasing
marginal costs (monotoni-

P cally increasing thick line).

o+
3



Infra-marginal revenues, continued
e Moreover, if a generator is at maximum production then:

Of(FY) = N T,
< A
e SO that revenues again more than cover operating costs.
Ofi(R)
A

Of(Py)

Fig. 8.5. Revenues (shaded

region) more than cover op-

erating costs when fully dis-
R patched.




Infra-marginal revenues, continued
e On the other hand, if a generator is at minimum production:the
Of(PF) = )\*+p;,
N,
e SO that revenues might not cover the operating costs.
¢ In the context of unit commitment, this situation suggelsé the
generator should be de-committed.

e We will see in SectiordiOthat if the ISO needs the generator to stay
committed then it will provide anake-wholepayment to the generator.

Of(Py)

Vv

Fig. 8.6. Revenues (shaded

Of(PF)—+
(RO region) may not cover oper-
A* ating costs when dispatched
P at minimum.

|
|
x = P« Py



Infra-marginal revenues, continued

e When revenues are more than operating costs we say thattieere
infra-marginal rents or infra-marginal revenues.
e In practice, there may be a non-zero valuehgdD™):

— as with the case of a generator being operated at minimum,ilveeal
with non-zerofy(0™) with amake-wholepayment.

e Why allow infra-marginal rents?

(i) Generators have capital and other costs in addition to tpgreosts.

e |f the market price did not cover more than their operatingtgo
then they would all become bankrupt!



Infra-marginal revenues, continued
e Why allow infra-marginal rents?

(i) Suppose that, in the hope of reducing payments, for exaretause
of a concern about market power, we changed the pricing culkat
each accepted generator was paid only what it offered:

e Continue to dispatch in order from low price to high pricecofl

e Still expect similar highest accepted offer price.

¢ In such gpay-as-bid(or pay-as-offer) market, the previous
argument about a generator maximizing its profit by offeanhds
marginal costs is no longer valid:

— each accepted generator will want to forecast the highesipaed
offer price and offer at that price in order to maximize itefgr

e A result in economics called threvenue equivalence theorem
suggests that changing the pricing rule will not result iaraes to
the net payments to generators!

e The basic reason is that the offers will change in respontieeto
changed pricing rule so that the payments under the paydasHe
will match the payments under the uniform price rule.



Infra-marginal revenues, continued

e Unfortunately, the restrictive assumptions of the revesmigvalence
theorem do not exactly hold in electricity markets.

e However, the result approximately holds and so changingtioeng rule
is unlikely to significantly change the revenues.

e Moreover, under a pay-as-bid mechanism, profitability ahegenerator
depends on each generator forecasting the price and gffaritmat price.

e Due to imperfections in forecasts, these predictions valiWrong and we
will get poor dispatch:
— imagine a nuclear generator who forecasts high prices, and
— a gas plant that forecasts low prices.

e All electricity markets in North America pay uniform pricés energy
that are market-clearing when there is sufficient supply éethdemand:

— have varying approaches to pricing undearcity; that is, occasions
when not all desired demand can be met.

e Make-whole payments can, however, be interpreted as pajdas
payments.



8.11.5 Investment decisions
e As discussed in Section if generators (and generator infrastructure):

come in small “lumps” and do not exhibit economies of scale in
construction,

can be built quickly, and

no participant can unilaterally affect prices,

e then investors have incentives to build the “right” amouing@neration
capacity:

— if there is too much capacity then prices (and anticipatezepy will
typically be low, infra-marginal rents will be small, ancetle will be
little incentive to invest in more generation, while

— if there is too little capacity then prices (and anticipapeides) will rise
until infra-marginal rents are large enough to encourageineestment.

e Investment in “peaking capacity” will only occur if demaneks the price
at peak, as discussed in Section 7.8.15, or there is somerm#@whanism
to allow peaking generation to recover more than operatirsgsc

e If prices are depressed (for example, by market power ntitigaules)
then investment in peaking capacity will not occur spontaséy!



8.12 Generalizations
e We will generalize the basic formulation in three ways:

— including ancillary services such as reserves,
— including transmission constraints (Sect@nand
— including unit commitment decisions (Sectibf).

e We will explicitly consider reserves here and the other galiations in
Section® and10.

e We will also consider how generally to set prices on commeslidefined
by system constraints and discuss the representation efraorts.

(i) Ancillary services,
(i) Offer-based reserve-constrained economic dispatch,
(i) More general formulations of economic dispatch,
(iv) Generalized offer-based economic dispatch,
(v) Spinning reserve re-visited,
(vi) Non-linear system constraints,
(vii) Representation of constraints.



8.12.1 Ancillary services

e Because supply must meet demand continuously, a supplgitm
constraint on average power production over an intervahdocecast
conditions at the end of a dispatch interval do not fully eaghat
supply-demand balance is satisfied continuously.

e Moreover, because markets cannot respond instantangouesiyipment
failure, we must explicitly consideecourse

— we must prepare in advance to be ready to deal with a genenatiage
or other change if it occurs,

— in principle, we could ussetochastic optimizationto represent recourse
decisions explicitly, but

— in practice, segments of generation capacity are set asidethe
production of energy in order to provide for recourse and tiaipacity
can be interpreted as providing additional services begltk
production of energy.

e As mentioned previously, these additional services toinantisly satisfy
supply-demand balance and satisfy other constraints deel @mcillary
services



Ancillary services, continued

e We will first focus onspinning reserve which is the capability of a
generator to respond to frequency change due to supplyfitema
imbalance after, for example, a generator outage and thiemther
respond to ISO signals to change production:

— ERCOT uses the termesponsive reserveo refer both to generation
that can provide such reserve, and also to demand that ceid@
similar response.

— for notational simplicity we will ignore the case of demandyding
reserves.

e The most critical requirement for spinning reserve is thitglo
increaseproduction subsequent to a failure of a generator.

— We will focus on this issue, although being able to decreasdyztion
subsequent to the loss of a large load or sudden increas® exdmple,
wind generation may also be critical.

e \We will consider eco-optimized market where energy and spinning
reserve are considered together in a single market.



8.12.1.1 Variables

e We must explicitly represent the power generation and thespy
reserve of a generator.

e Since spinning reserve is an amount of generation cap#sitynits are
the same as the units of power.

e Slightly abusing notation, we re-interpret the decisionalae associated
with generatok to be a vector:

Xk_g((7

[ amount of average power production by generkturing interval
amount of spinning reserve provided by gener&tduring intervall ’

e R?,
e Where, to be concrete, we are considering a typlegtahead

formulation whereP represents the average power over the interval:

— in a real-time market, these decision variables might atstepresent
targets for the end of the dispatch interval.




8.12.1.2 Generator constraints

e We previously considered minimum and maximum power limits.

e Ramp rate limits typically determine the maximum spinniagarve.

e Spinning reserve is also limited by the maximum power lifrgtace
average power production plus spinning reserve is boungdiaeb
minimum and maximum capacity.

e The feasible operating s8i for generatok is therefore re-defined to be:

Sk = {Xx € R?|Py < B < Py, S, < Sc < S, Py < P+ S < Py},

e where we writeP, andPy for the minimum and maximum power
production capacities§, andS for the lower and upper limits on
spinning reserve, with:

— power produced being required to stay within these limitsl, a

— the sum of power produced and spinning reserve being rebtarstay
within these limits (the “power plus reserve constrain&id

— where we might use a slightly different formulation if we wer
separately considering ability to decrease productiosegient to the
loss of a large load or increase in wind production.



Generator constraints, continued

e The feasible operating sBi for generatok is a region inRi.
e As an example, suppose that:

P, = 0MW,
Py = 100 MW,
S = O0MW,
X S = 20 MW.
20
Fig. 8.7. The feasible
0 : . P operating set Sy for
0 80 100 generatok.



Generator constraints, continued
e \We can re-write the generator constraints in the form:

Sk = {xx € R?|&, < Mexye < O,

e wherel', € R"™*2, §, € R, andd, € R" are appropriately chosen matrices
and vectors witlr = 3 to represent the generator constraints:

1 0
'k = Ol]7

e Other formulations of the generator constraints are psaitd will
again result in constraints such&s< I'xy < & but possibly withr # 3.



8.12.1.3 Objective

e \We now consider the cost of generation to be a function of pother
and spinning reserve.

X = [&
fk(Xa) = fk<_g]>,
ot (AT
Of(X) = lei(&> -
= (3]).




Objective, continued

e It is typically the case that the cost of generation is adelyi separable
into the sum of:

a costfyp for producing energy depending only 8 and
a costfgsfor providing spinning reserve depending only &n

= | ] € Bt = funlP + (S0,

2 Ry
_ | R _ | 0K _ | Ofie(RY)
VX = [SK] c Sk,ka(Xk) = %ks(&) = [Dfl:;(s‘)] .

e Moreover, reserves typically impose essentiallydirect operational cost
on the generator so théts= 0.

— We will see that even if the reserves cost is zero, the payfoent
reserves can be non-zero if inequality constraints inmgjyeserves are
binding.



8.12.1.4 System constraints
Power balance

e As previously, we must satisfy power balance constraints:
D= z H(?
K=1

e where we have assumed a fixed demBnd
e As previously, we can write the constraint in the foAx= b with:

- [3]
A = [-1" 0],
b = [-DJ.

e Where we have re-ordered the elementg ahd partitioned it into two
sub-vectors:

P € R consists of all the real power productions, and
Se R consists of all the spinning reserve contributions.



Spinning reserve

e What is the purpose of spinning reserve?
e Formulation 1. To withstand an outage of the generator pmodthe
most in the system:

vk=1,...,np, ;Sj > B
J

e Formulation 2. To withstand outages of the two generatavdyming the
largest and second largest in the system:

vk=1,...,np,V¢ > K, S > PF+P.
j#K L
e One drawback of these two formulations is that they implyrgda
number of constraints:

— we will consider formulation 1 in detail in later developnbgout
formulation 2 is similar.



Spinning reserve, continued

e These two formulations also have tpelitical drawback of highlighting
that large generators contribute to the need for spinnisgrve and
would, if taken literally, result in charging the largesnhgeators for their
reserve implications:

— we will nevertheless return to these cases when we considetd
handle multiple system constraints,

— we will also illustrate that the form of the constraint det@res whether
the cost of service igplifted,

— whereuplift means any charges other than payments for commodities.

¢ Kirschen and Strbac advocate for generators to pay for sgmeserve
in Power System Economjgsection 5.4.3.1).

¢ In the Australian market, “frequency control ancillary\sees” (also
known as spinning reserve) for restoring frequency follayfailure of a
generator are paid for by the generators (although not docapthe
pricing rules implied by the above formulations):

— See, “Guide to Ancillary Services in the National Electydilarket,”
AEMO, page 11, Available frormww.aemo.com.au


www.aemo.com.au

Spinning reserve, continued

e Formulation 3. To withstand an outage equal to some “fixealtion of
the total demand:

ZSKZO(B.

— How isa determined?maximum generator capacjty(D)?

— This formulation has the drawback of hiding the dependefice o
spinning reserve requirements on the largest generation.

— A variation on this is to procure spinning reserve in everyrto
withstand an outage equal to some fixed fraction of the dertteatd
occurs in the hour of peak demand.

e Formulation 4. To withstand an outage equal to a fixed remerd:

Z&ZF

e whereF is the “fixed” amount of required spinning reserve.
e We will first think of F as a constant, but consider the implications of it
actually depending on system conditions, such as largestrggon.



Spinning reserve, continued

e Whichever formulation we choose, we can write the spinn@sgrve
constraint in the forntx < d. B
e For example, for the “fixed” requirement formulatiop, Sc > F,
formulation we have:
C = [0 —1T],
d = [-F].
e We will first consider this formulation in detail.
e Then consider the other formulations to see the implication uplift.



8.12.1.5 Problem
Formulation

e The reserve-constrained economic dispatch problem is:

min f(X)|[Ax=b,Cx<d
szl,...,rllp,xkESk{ ) Cx=dj

= min {f(X)|Ax=Db,Cx<d,vk=1,...,np, & < M < 8.

xeR2"P

e For concreteness, we will first assume a “fixed” spinningmese
requirement of the forny, Sc > F, so thaC = [0 —1'] andd = [-F].



Formulation, continued
e Recall the definition ok:




Formulation, continued

e Recall the specifications & andC:
A = [-1" 0],
C = [0 —1'].

e DefineAy to be the “columns” ofA associated with the variabl® and S,
representing generatér

Ac=[-1 0.

e DefineCy to be the “columns” o€ associated with the variabl& and
& representing generathr

Cy=[0 —1].

e When we generalize to the case of more than one system gqualit
constraint and more than one system inequality constitiat,
corresponding matrice& andCy will have columns that are actually
vectors!



Minimizer
e Suppose that* € R?"P is the minimizer of the reserve-constrained
economic dispatch problem.

e The problem is convex so the first-order necessary congitoa also
sufficient.



First-order necessary conditions for economic dispatch
N ER, I €R,Vk=1,...,np, I, T € R' such that:

vk=1,...,np, R () + [A A%+ [Cd T = [T i + M) TG
W'(Cx" —d)

vk=1,....np,M (6k— rka)

vk = 1,...,np,|\/| (rka—ak)

AX

CxX*

Vk=1,...,np, X

vk=1,...,np,MxX*

W

*

H

7K

K = 0

e whereMy = diag{pf } € R™" andMj, = diag{f} € R"™*" are diagonal
matrices with entries specified by the entriepipandfy, respectively.

O oo T © O O O
._.?.F._.-. . 1

IV IV IV A IV IA
o
)
-
o



First-order necessary conditions, continued
e Using the specifications of the matricRendC:

N ER, I €R,Vk=1,...,np, I, Tk € R' such that:

* A* T, ox - .
szl,...,np,ka(Xk)— [I-l*] —[Fk] pk+[rk] M = 0;
W(Cx —d) = 0;
vk=1,...,np,M (6k—rkx) = 0;
\V/k:l,...,np,l\/l (rka— k) = 0;
AX = Db;
Cx < d;
vk=1,....,np,TXc > O,
Vk=1,...,np,Mx < &
> 0

i > 0; and
& > 0.



First-order necessary conditions, continued

e Note thaq_J; andpg are now vectors and have different (expanded)
interpretations compared to the previous interpretatqu;(andnk*

e However,p andpy are still Lagrange multipliers on generator constraints
for generatok=1,...,np.

e In particular, the entrleE’lzZ andpy, are the Lagrange multipliers on the

generator constrainfsx; > o, andl y,xg < Sk, respectively, where:
[ IS thel-th row of Iy, and
8y, anddy, are thel-th entries o, anddy, respectively.

e Moreover,\* andy* are Lagrange multipliers on system constraints.

e We will distinguish generator constraints from system t@msts and
distinguish their corresponding Lagrange multipliersha tontext of
offer-based reserve-constrained economic dispatch:

— Lartlglrange multiplierg;g andfr;, correspond to generator constraints,
while
— Lagrange multipliera* andu* correspond to system constraints.



8.12.1.6 Example
e Example 5.6 from Kirschen and Strbdgwer System Economics
e Vk=1,....,np =4, P, =S =0, and with the other capacities and
marginal costs specified by:

B, — 2505 = 0,¥xy € S1,0f1(x1) — iémﬂ |
B, — 2305 — 160, V% € S, Tfa(xp) — %g;mm‘_ |
B3 — 240,53 — 190 ¥ € Sa, (fa(xg) — :$§8;|\|\;||\va2: ,

Ba = 2505 — 0, Vx4 € Sa, Ofa(xa) — ﬁéﬁ%\%ﬁ |

e so that energy costs are non-zero but spinning reserve A@sLEro.

e We consider two levels of demarid,= 300 andD = 500 MW.

e \We require procured spinning reserve to be at [East250 MW in both
cases.



Example, continued

e Note that generator 1 cannot provide spinning reserve asthiedowest
marginal cost:

— for any demand equal to or above 250 MW, generator 1 will big ful
dispatched, and
— the optimal values of power and spinning reserve for geaefaare:

Pf = 250 MW,
S = 0MW.
e Only generators 2 and 3 can provide spinning reserve ankanaiin

provide all the spinning reserve alone.
e Generator 2 has the lower marginal cost amongst generatord 2:

— use generator 2 to produce as much energy as possible eonsisih
meeting the reserve constraint,

— use generator 3 to provide as much spinning reserve as [@ssib

— optimal values:

S, = S3=190 MW,
S = F—S;=250—190= 60 MW.



Example, continued
e ForD = 300 MW:
— Other optimal values ard% = 50 MW, P; = Py = §; = 0 MW, with:
o the upper limit on the three generator constraints for geoed
binding,
o none of the three sets of generator constraints for genetdtimding,
and
o only the upper limit on the spinning reserve constraint femgrator 3
binding.
— First line of the first-order necessary conditions yieldsgenerator 2:

0 = Ot~ [y | - g + '

| $17/MWh A*
— | $0/MWh| |~ |’
— by complementary slackness, since none of the three seenefaftor

constraints for generator 2 are binding.
— That is,A* = $17/MWh andu* = $0/MWh.



Example, continued
— Recalling the sensitivity results from Theorehni4 note that:

o A is the sensitivity of surplus to changes in the demand, and
o U* iIs the sensitivity of surplus to changes in the requiremamts
spinning reserve.
— Thatis:

o increasing demand would require increasing generator @otmn,
costingh\* = $17/MWh.

o increasing spinning reserve requirements would requidéiadal
spinning reserve from generator 2, costirig= $0/MWh.



Example, continued
e ForD = 500 MW:

— The other optimal values ar€ = P, — S5 = 230— 60= 170 MW,

> =50 MW, P; = 30 MW, with:

o the upper limit on the three generator constraints for geaoed
binding,

o only the upper limit on the power plus reserve constraing@Emerator
2 binding,

o only the upper limit on the spinning reserve constraint dmedaower
plus reserve constraint for generator 3 binding, and

o only the spinning reserve constraint for generator 4 bigudin



Example, continued

— The first line of the first-order necessary conditions yidétdsgyenerator
4.
* N * —k
0 = Of4(x) — [u*] —[F4]TE4+[F4]TH4,
($28/MWh| [A*] [1 0 1] . [1 0 1]

— | somwh| " || "o 1 1|BT o011
($28/MWh] [A*] [ O L|o
| $O/MWh| |, M|’

—k
U'4 ’

0 0

— where, by complementary slacknegs= W, | andm; = [%] since
B 0
only the spinning reserve constraint for generator 4 isibopd

— Focusing on the first line of this condition, we obtain
0 =$28/MWh— A*,



2:

| $0/MWh|
$17/ MWh

| $0/MWh|

[$17/MWh]

Example, continued
— The first line of the first-order necessary conditions yidétdsgyenerator

*

0 = Ofa(x5) — [)‘*

W

] (ol Il
.

]

.

o

101 10
011”2+011”2’

Uzs]
—0+
[UZB

0

— where, by complementary slackne|3§,: 0and[; = [ 0 ] since only
- T7%

Mo3

the upper limit on the power plus reserve constraint for ¢gtioe 2 is

binding.



Example, continued

— Focusing on the first line of the condition, we obtain
0 =$17/MWh— A\* 454, SO that
W3 = $28/MWh—$17/MWh= $11/MWh.

— Focusing on the second line of the condition, we obtain
0 = $0/MWh— & + [i55.

— That is,A* = $28/MWh andu* = $11/MWh.

— That is:

o increasing demand would require increasing generator dugton,
costingA\* = $28/MWh.

o increasing reserve requirements would require additispianing
reserve from generator 2, which would involve generakasgpower
from generator 2 and more power from generator 4, which wood
on nety* = $28/MWh— $17/MWh= $11/MWHh.

— The Lagrange multiplier on the spinning reserve constiainbn-zero
even though the “direct” cost of supplying spinning resesveero.

— We will see in offer-based economic dispatch that this tesala
payment for the provision of spinning reserves.



8.12.2 Offer-based reserve-constrained economic didpatc
8.12.2.1 Implementing the results of economic dispatch

e As before, the ISO must ask each generatr produce at levet;
resulting from reserve-constrained economic dispatch.

e Again we will define a pricing rule that aligns private incagas with the
public goal of economic dispatch.

e For energy, we proposed a pricing rule and then verified tlaigned
private profit maximization by each generakowith achieving economic
dispatch.

e We will see how to derive pricing rules more generally to mligcentives
when there are multiple commodities.



8.12.2.2 Profit maximization by a generator

e Consider generatdethat is paid some pricgp for its power production
and some priceis for its reserve contribution.
e Revenue to generatéris:

+
TeR -+ TsSc = m]&.
e \We continue to assume that gener&cannot directly affect andrig
and that it desires to maximize its profit.
e Equivalently, generatdt wants to minimize the difference between costs

and revenues.
e The problem faced by generators:

A
erneigk { f(Xx) — [IT[Z] xk}
‘JE@{M&*IEF&

O < rkaégk}-



8.12.2.3 First-order necessary conditions for profit maxation
e Suppose that™ ¢ R? maximizes profit.

pk ™ € R" such that:

k) - | 2] - [rk1*y§*+ rd'e = o

Mi" (& — ") = 0
W (rka —5k) = 0
M > O
Mg < O

E{(‘* > 0; and
K = 0,

e whereM;* = diag{ii*} € R"™" andMy” = diag{f;*} € R"*" are diagonal
matrices with entries specified by the entrie%ﬁfandnﬁ*, respectively.

e As previously, generatde enforces its own generator constraints by
requiring that ¢ > §, andlMx™ < &.



8.12.2.4 Aligning the incentives

e How do we make the solution of these first-order necessargittons for
maximizing generatdk’s profit consistent with the results of economic
dispatch?

— Consider the corresponding lines in the two sets of firseondcessary
conditions for generatdd's profit maximization and for
reserve-constrained economic dispatch, respectively:

) - | o] = Ird 17 1*—** o

Ofic (%) + AN+ [Cd T = Mg T+ M T = 0.

— Define the pricesp andTis so thatg™ = X is a solution to the
first-order necessary conditions for gener&tsiprofit maximization:

o there may be other solutionsfif is not strictly convex.



Aligning the incentives, continued

e Comparing the first lines of the two sets of first-order neagss
conditions for generatd's profit maximization and for economic
dispatch, respectively, we see thgt = X is a solution if:

Tl = -
[

- %]

_“{:*:_*7
W=



Aligning the incentives, continued
e Generalizing the case of energy only:

if the ISO sets[n'; ﬁ:
thenxgc™ =g, 1™ = H, andpi™ = [ satisfy the first-order necessary
conditions for profit maximization b.
o If fk is strictly convex then:
= X W = Wy, and” = T are the unique profit maximizing
solutions, and
Tp

the market clearing prlce%nS

A . :
] = [H*] strictly support economic

dispatch,
e If fy is convex but not strictly convex then:

there may be multiple maximizers,
X = X Is consistent with individual profit maximization, and
the prices non-strictly support economic dispatch.
e If the spinning reserve offer price is zero th&ns convex but not strictly
convex.



Aligning the incentives, continued

e We typically write the units for the price of energy as $/MWh.

e Since spinning reserve is typically procured on an hourkidave
typically write units for the price of spinning reserve aM$y per hour.

e Note that the spinning reserve price in such a co-optimiredgy and
reserves market can be strictly positive even with zera gifices for
reserves:

— a generator providing spinning reserve is paid a non-zece por
providing capacity for spinning reserve that reflectsapportunity
costof the foregone profit that it did not earn because it did netthat
capacity to make energy,

— the opportunity cost equals the difference between theggreice and
the energy offer.

e For low levels of required spinning reserve, or if there gn#icant
available capacity, the spinning reserve price may be zelmo

e For high levels of required spinning reserve, or if suppliight, the
spinning reserve price may be high because of the oppoytoodts.

e A qualitatively similar pattern will occur for all types oéserves.



Aligning the incentives, continued

Price of spinning reserve, $/MW per hour

10000 -

Tight
8000 capacity’
7000 - ///
6000 |- ///
oo /' Significant availab Fig. 8.8. Price of spin-
a0l / capacity ning reserve versus
! the spinning reserve
3000 / . .
/ requirement in case
o K of significant avail-
able capacity (shown
007 — 11)070 = 2(;00 3000 40‘00 50‘00 60‘00 70‘00 80‘00 9(;00 10(;00 SOI id) an d i n Case Of

tight available capacity

Spinning reserve requirement, MW (shown dashed).



8.12.2.5 Offer versus marginal cost of production

¢ In the discussion of offers for power there were clear dodesito
mis-specifying marginal cost or capacity, given the ptigleing
assumption:
(i) specifying the offer to be different to marginal costdueed
profits;
(ii) specifying the capacity to be less than the actual cépaeduced
profits;
(iif) specifying the capacity to be greater than the actaglacity in a
forward market involved a speculative offer;
(iv) specifying the capacity to be greater than the actuphcay in a
real-time market would result in deviation penalties.



Offer versus marginal cost of production, continued

e Given the price-taking assumption, it cannot improve ptofgpecify the
energy or reserve capacity to be less than the actual cgpamitcan it
improve profit to specify an offer, for a feasible energy aenwe
guantity, that differs from actual marginal costs:

— note that this conclusion may not hold if the price-takingussption is
violated,
— under tight capacity conditions it may be profitable to walthcapacity.

e What about specifying the upper limit on spinning reserved@reater
than the actual upper limit on spinning reserve?

e Argument above does not apply in case of specifying resaapadity to
be more than the actual capacity.

e Unless the capacity is called on, there is nothing actuabné” in
providing spinning reserve.
— Implication is that non-compliance penalties or operatidasts are

necessary to ensure that reserves capacity is not exaggierat

— See Section 8 of ERCOT Nodal Protocolsiw.ercot.com ).


www.ercot.com

8.12.2.6 Example
e Example 5.6 from Kirschen and Strbdgwer System Economics
o Vk=1,...,4 P, =S =0, and with the other capacities and marginal
costs specified by:

B, — 2505 = 0,¥xy € S1,0f1(x1) — iémﬂ |
B, — 2305 — 160, V% € S, Tfa(xp) — %g;mm‘_ |
B3 — 240,53 — 190 ¥ € Sa, (fa(xg) — :$§8;|\|\;||\va2: ,

Ba = 2505 — 0, Vx4 € Sa, Ofa(xa) — _$§§;M\YVVL‘_ |

e so that energy costs are non-zero but spinning reserve A@sLEro.
e We consider two levels of demarid,= 300 andD = 500 MW.
e \WWe require spinning reserve to be at lelast 250 MW in both cases.



Example, continued
e Assume that offers reflect marginal costs and actual capsacit

— price-taking assumption together with additional assumnghat
offered spinning reserve capacity equals actual spinraegrie
capacity.

e For both demand levels, generator 1 will be fully dispat¢heéth optimal
values of poweP; = 250 MW and spinning reseng = 0 MW.



Example, continued
e ForD = 300 MW:
— Optimal dispatch i® = 250 MW, §] = 0 MW, P; = 50 MW, S; = 60
MW, P; =0 MW, S§; = 190 MW, P; = 0 MW, §, = 0 MW.
— Note that generator 2 is not fully dispatched and has margos
$17/MWh:

o the energy price isp = A* = $17/MWh, reflecting the offer price of
generator 2 of $17/MWh to meet an additional MW of demand.

— The capacity constraint of generator 2 is not bindingtse: $0/MWh:

o the spinning reserve priags = W = $0/MWh, reflecting the offer
price of generator 2 of $0/MWh to provide an additional MW of
spinning reserve,

o if reserve offers were non-zero then the prices for resemasd be
non-zero.



Example, continued
e ForD =500 MW:
— Optimal dispatch i®; =250 MW, §] = 0 MW, P; = 170 MW, S; = 60
MW, P; =50 MW, S§; = 190 MW, P; = 30 MW, §, = 0 MW.
— Note that generator 4 is not fully dispatched and has margos
$28/MWh:

o the energy price isp = A* = $28/MWh, reflecting the offer price of
generator 4 of $28/MWh to meet an additional MW of demand.

— The capacity constraints of generators 2 and 3 are bindidg an
W= $11/MWh:

o the spinning reserve price g = U* = $11/MWh, reflecting the
difference between the offer prices of generators 4 and 8rfergy,

o the spinning reserve price is also equal to the opportumisy for
generator 2 to forego the opportunity to sell more energii@ptice
T = A* = $28/MWh.



Example, continued

— Note that the power plus reserve of generator 2 is equal tapgacity
and that generator 2 iadifferentto the sharing of its capacity between
power and spinning reserve since either it:

o generates, costing $17/MWh and being paid $28/MWh, rengivi
operating profit $11/MWh, or

o provides spinning reserve, costing $0/MWh, and being paid
$11/MWh, receiving operating profit $11/MWh.

— The power plus reserve of generator 3 is also at capacityevenyits
reserve constraint is binding.

— Generator 3 would prefer to provide even more spinning vesiért
had more spinning reserve capacity since:

o for generation, it costs $20/MWh and is paid $28/MWh, reicejv
operating profit $8/MWh, but

o for spinning reserve, it costs $0/MWh and is paid $11/MWkeréng
operating profit $11/MWh.

— However, generator 3 cannot provide more spinning resénce #s
spinning reserve constraint is binding.



Example, continued

¢ Note that the price for spinning reserve is non-zero wea 500 MW,
even though the offer prices for spinning reserve were zero:

— prices would also be non-zero if the offer prices for spigniaserve
were non-zero!

e As mentioned above, the price for spinning reserve reptsesiea
opportunity costo generator 2 of foregoing the infra-marginal rent from
selling energy.

e This opportunity cost is automatically represented in theepfor
spinning reserve because the energy and spinning resercersidered
together in a single problem:

— the energy and reserves a@optimizedas in the day-ahead ERCOT
nodal market.



8.12.2.7 Separated versus co-optimized markets

e In contrast, in the previous ERCOT zonal market, there wamsysathead
market for ancillary services, including reserves, butéhvweas no
associated day-ahead energy market:

— separate markets for reserves (in the day-ahead AS maricktpa
energy (in the balancing market during the operating day),

— in separate AS market, prices could only be non-zero if sfiegre
non-zero.

e A profit-maximizing generator would not willingly foregoeloperating
profit from selling energy into the balancing market.

e Therefore, offers into the AS market in the ERCOT zonal miankere
made at a price that reflectedpectatiorof the operating profit that
would have been received for selling energy in the balangiagket:

— offers would reflect an estimate of the difference betweeretiergy
price and marginal cost.
e Since forecasting the balancing market energy pricesfisdt, it was
difficult for market participants to find an appropriate offeice into the
day-ahead ancillary services market.



8.12.2.8 Price for demand
e When we discussed the pricing rule for energy, we obseneidlie

demand would pay for energy at a price equal to the Lagrandigpirer

on the power balance constraint:

— Demand consumeld and it would pay a total ok* x D,

— Total power generation wd3 = 5 P and generators were paid a total
of \* x S Py =A* xD.

— Payment from demand for energy equals payment to genefators
energy.



Price for demand, continued
e How about spinning reserve?

— Total provision of spinning reserve by the generators wasy S,
which would be paid a total gf* x ¥, S = pu* x F.

— We need to pay the generators for providing spinning reserve

— However, there was no explicit dependence of the spinnisgrve
requirement on the demamlin the SkSk > F formulation of the
spinning reserve constraint sineds (apparently) fixed independent of
the power demanb.

e In the ¥ S > F formulation of the spinning reserve constraint, we must
“uplift” (charge) the spinning reserve paymentpwofx F to demand:

— for example, the payment could be charged to the demand bgged
pro rata share of the spinning reserve cost to the energy par by
demand,

— this effectively increases the price of energy(pg x F /D), so that total
payment by the demand for spinning reserve would be:

(W"xF/D)xD =W xF.



Price for demand, continued

e For another interpretation of the payment for spinningmesby demand,
again assume that the demand is bid with a willingness-yo-pa
e S0,D is a scalar representing the consumed power and we inclede th
constraint 0< D < D and a termfy in the objective representing minus
the benefits of consumption.
e We will consider the formulation where the spinning resentest cover a
“fixed” fraction of demandf = aD.
e Note that in this formulation the demand appears twice irsifstem
constraints:
np
D— Z R = 0,
k=1

np
oD — ZSk < 0.
K=1

e In this formulation, there is an explicit dependence of #merve
requirement in terms of the demand for power:

— this will change the interpretation of the spinning resqragment.



Price for demand, continued

e To represent demand into the reserve-constrained ecorthspiatch
formulation, we add column&g andCy to A andC of the form:

Ao = [1,
Co = |al.
e The first-order necessary conditions for economic dispaiciade:
Ofo(D*) + [LA* + [o]p" — & + T = 0.
e This is one line of the first-order necessary conditionsHergroblem:
min{ fo(D) + (\*+apu")D}.
DeSp



Price for demand, continued
e Paralleling the previous discussion, the price paid by aehta induce
behavior consistent with economic dispatchist a .
e This is the sum of:
the marginal energy cost, plus
a share of the marginal reserve cost.
e With this price, and assumiri@* = D, the demand consum&sand it
would pay:
(A +ap)D = A*D + (raD.
e Total generation i® = ¥ P; and is paid a totaA* x ¥ Py = A* x D.
e Total spinning reserve 8D = ¥ S;, and is paid a total of
WX S S = p xaD.
e Payment from demand equals payment to generators; theoeuiglift:
— if reserves (or any other ancillary services) are explicdpresented as
proportional to demand consumption then there is no uphftestotal

payment by demand equals total payment to generators,
— demand is charged based on marginal cost of service.



Price for demand, continued
e The sharex is based on the reserve requirement as a fraction of demand:

— If a is chosen to equdt /D then the total payment by demand for
energy and spinning reserve with thigS, > aD formulation of
spinning reserve is the same as the total payment for en&rgypm
rata uplift in they S > F formulation of spinning reserve.

e That is, the payment under pro rata uplift would provide tgatr
incentives to demand if required spinning reserve was dgtua
proportional to demand:

— however, this is not a correct model of the need for spinngsgrve!

— pro rata sharing of spinning reserve procurement costsaasiged in
ERCOT and other North American markets does not provideiefiic
incentives for consumption,

— however, distortion of consumption decisions likely to beall because
overall cost of spinning reserve small compared to averageyg cost.

e Note that in the context of a day-ahead market, the spin@sgrve
constraint might be based on peak demand over the day.

— price should, in principle, be associated with demand irk feaur.



8.12.2.9 Other ancillary services
e Besides spinning reserve, there are other ancillary sssviepresented in

typical electricity markets:
— non-spinning reserve off-line or slow ramping generation that
“relieve” spinning reserve resources to enable the spgreserve to be

available again if a contingency actually occurs,
— regulation: generation capacity available to provide for the deviatio

of:
o actual demand from the short-term demand forecast that pesfied

to the economic dispatch algorithm, and
o actual generation from short-term forecast or scheduléspattch

level.
e Providing regulation requires the ability of the generatorespond to:

— short-term frequency variation, and
— signals from the ISO.
e The CAISO and MISO markets also have a defirmadping service

— capability to ramp from one generation level to another suecessive
dispatch intervals.



Other ancillary services, continued

e There are also proposals for defining additional ancill@nyises such as
inertia:

— provided by rotating mass that is electromechanically tedifo the
system and which changes its generation to oppose frequency
variations, or the synthesis of such behavior,

— with a trade-off between the amount of inertia and the needtfeer
reserves to stabilize frequency.

¢ In a system with strong transmission interconnectiong] toertia in
system may characterize most of the issues related to dgeanhi
rotating mass.

— Most current market formulations implicitly assume a minimlevel of
in-service inertia and sufficient governor response suahahy single
outage would not result in under-frequency load shedding.

— However, with longer and weaker interconnection to reastadt
renewables, more complicated representations of dynamagsbe
necessary.



8.12.3 More general formulations of economic dispatch

(i) Decision variables,

(i) Generator constraints,
(iif) System constraints,
(iv) Commodities.



8.12.3.1 Decision variables

e Previously we considered the case that there were two dacrariables
associated with each generator:

power, and
spinning reserve.

e We generalize the formulation to suppose that each gemdrais
associated with it multiple decision variableg:c R\, for example:

power,
regulation,

spinning reserve, and
non-spinning reserve.

e As another example, the formulation could include decisiamables for
each hour-long interval for tomorrow.



Decision variables, continued
e If there are variables in the formulation besides the geaedecision
variables, we will collect them together into a vectaf;, ;1) € RNmp+1),
— For example, if we represent voltage angles or magnitudas iC
power flow formulation,

— For completeness, we also consider a dgst, 1) associated with these
other variables, but this cost is usually equal to zero.

e We will also sometimes represent the level of demand withcasa
variablexg € RNo.

— in the simplest cas@&p = 1 andxp = [D].

e \We collect the decisions variables of all the generatoigeftrer with any
other variablesy 1), that are necessary to represent the system
constraints, and variables to represent the demadhto a vector:

x € R" wheren = zﬂigl N.

e \We continue to usap for the number of generators:

— we will typically assume that there are generators at akébus

— in this case, the vectors of voltage magnitudes and angtesfdength
Np.



8.12.3.2 Generator constraints
e There are generator constraints that limit the choiceg.:of

O < Tex < 8,

e wherel'y € RN, §, c Rk, anddy € R' are appropriately chosen
matrices and vectors.
e We will again define the feasible operating set for generator

Sk = {X € R™|3) < Tixe < &
e Similarly, for demand, with = [D], we would have:
So = {DeR|0<D <D},
= {x0 € R[3; < To%o < &},

e whered, = [0],[ o = [1],d0 = [D].



8.12.3.3 System equality constraints

e Previously we considered the case that there was one ggcatistraint
In the system constraints associated with supply-demawneploalance.

e \We generalize the formulation to suppose that there arapteutquality
constraints:

Ax=D,

e whereA ¢ R™" andb € R™,

e For example, the constraints could represent demandysbpfance in
each hour-long interval for tomorrow.

e As previously, we defingd, € R™N« to be:

— for 1 <k < np, the columns ofA associated with the decision variables
representing generathy

— for k =0, the columns oA associated with the decision variables for
demand, and

— for k= np + 1, the columns oA associated with the other variables.



8.12.3.4 System inequality constraints

e Previously we considered the case that there was one ingou@hstraint
in the system constraints associated with reserve contdrai

e We generalize the formulation to suppose that there araptault
inequality constraints:

Cx<d,

e whereC ¢ R"™*"andd € R".

e For example, the constraints could represent reserveredmstfor each
hour-long interval for tomorrow.

e As previously, we defin€, € RN to be:

— for 1 <k < np, the columns o€ associated with the decision variables
representing generathy

— for k=0, the columns o€ associated with the decision variables for
demand, and

— for k= np + 1, the columns o€ associated with the other variables.



8.12.3.5 Commodities

e In our basic formulation, both generator decision variglfe andS,, of
each generatdd appeared in the system constraints and there were no
other variables besides the generator decision variables.

¢ In the more general formulation, only some of the generaoiables
might appear in the system constraints and there may be sibr@e o
variables besides the generator decision variables tipaapn the
system constraints.

— For example, there might be variables necessary to regrésen
generator constraints, but which did not appear in the syststraints
(in Section10we will distinguish such variables by labeling themzgs
for discrete variables associated with gener&tanduy for continuous
variables associated with generaltpr

— As another example, we may need to represent voltage amglles i
system constraints, but these are not generator decisi@bles (these
are included i, 11))-



Commodities, continued

e Generator decision variables with non-zero coefficienthénsystem
constraints are associated withmmaodities

e Each row ofA andC defines a supply-demand balance or a minimum or
maximum requirement for a commaodity.

e Each row ofA andC will be associated with a Lagrange multiplier that
prices the associated commodities.



8.12.3.6 Generalized economic dispatch problem
Formulation

e The generalized economic dispatch problem is:

min f(X)|JAX=b,Cx<d
VKzoa"'anP+1,XkESk{ ( )| Y — }

= min{f(x)|Ax=b,Cx<d,7k=0,...,np+ 1,8 < Mo < Ok}
xeRN
e This is a similar formulation to previously except that wedahanged
the definitions of the matrices and vectors.
e The similar formulation will help us to understand the prgcrule for the
generalized economic dispatch problem.

Minimizer
e Suppose that* € R" is the minimizer of the generalized economic
dispatch problem.

e The problem is convex so the first-order necessary congite also
sufficient.



First-order necessary conditions
IV eRM I e R, vk=0,...,np+1, I Py € R"« such that:

vk=0,...,Mp+ 1, 0fic(0) + [A N+ [Cd W = [N " + M 'l = 0,
M*(Cx*—d) = O
Vk=0,....,np+1M:(& —T4) = O;
\V/k:O,...,np—l—l,M;(rkXﬁ—Sk) = O;
AX" = b;
Cx* < d;
Vk=0,...,np+ 1T > O
Vk=0,....np+ 1T < &
> 0

i > 0; and
& > 0,



First-order necessary conditions, continued
e whereM* = diag{p*} € R"*"k, Mg = diag{py} € R™*'k, and

My = diag{[} € R« are diagonal matrices with entries specified by
the entries ofr", E‘I: and[i;, respectively.



8.12.4 Generalized offer-based dispatch
8.12.4.1 Pricing rule for general linear system constraint

e Recall that each generatbe= 1, ..., np, has decision variableg and
demand has decision variablg

e We will define a price paid for each entry in the decision veggdhat
appears in a system constraint.

e Paralleling the previous development, consider a vectprioésrr,
defined by:

Th, = _[Ak]‘l')\* o [Ck]Tl-J-*~

e Each generatdt=1,...,np, is paid[nxk]Txk.
e Demand is “paid’y,] "o, Or equivalently pay$—nxO]Txo.



8.12.4.2 Private profit maximization by a generator

e The operating profit maximization problem faced by generato
k=1,...,np, and the consumer surplus maximization problem faced
demandk = 0 is equivalent to the following minimization problem:

min {fk(xk) - [nxk]Txk}

X ESK
= mirgl { fi(Xx) — [T[xk]TXk‘ O < T < Sk} ;
xeR™k
= mirgl { f(xx) + {[A*]TAkJr [IJ-*]TCk} Xk‘ék < T < Sk}-
xeRk

e Consider a minimizerg* € R, of this problem, which is therefore also
a maximizer of profit (for a generator) or of consumer surifas
demand).



8.12.4.3 First-order necessary conditions for profit maxation
e Suppose that™ ¢ RN« maximizes profit.

I, B € Rk such that:

Ofic () + (A A + (G e = M T + [N e = 0,
ME (& —Tw) = 0;
Mﬁ*(rkxﬁ*—gk) = 0
Mes > O
M < 8
g > 0; and
m > 0,

e whereM* = diag{i*} € Rk andM, " = diag{fi*} € R'«*"« are
diagonal matrices with entries specified by the entriqﬁbhndﬂ*k*,
respectively.



First-order necessary conditions for profit maximizatioontinued

e As previously, generatde=1,...,np, and demand# = O enforces its own
generator (or demand) constraints by requiring fhat* > 9, and
X < O

e Note that the first-order necessary conditions for profitim&ation
reproduce the corresponding conditions in the first-oréeessary
conditions for generalized economic dispatch.

e As previouslyx* = X, I = Wy, andf” = [ satisfy the first-order
necessary conditions for profit maximization ky

e This proves the following result on pricing.



8.12.4.4 Pricing theorem

Theorem 8.1LetA* and it be Lagrange multipliers on the system equality
and inequality constraints for the generalized offer-ltheeonomic
dispatch problem:

min f(X)|[Ax=b.Cx<d
Vk=0,..., np+1,xkegk{ ()| ,Cx<d}

— m]%gn{f(x)|Ax: b,Cx<d,vk=0,...,np+ 1,8 < x < .
XeRN

Define the vector of prices paid to generatorsH, ..., np to be:

T, = _[Ak]'l')\* o [Ck]TIJ.*.
Define the prices paid by demand to be:
—Tho = [Ao] '\ + [Co] W
e If fy is strictly convex then:
X=X I = W, and ™ = T are the unique profit maximizing

solutions of the profit maximization problem for generatamkl
demand), and



the prices strictly support economic dispatch,
e If fi is convex but not strictly convex then:

there may be multiple maximizers,
X = X is consistent with individual profit maximization, and
the prices non-strictly support economic dispatch.

(

e In some cases, the Lagrange multiplidrsand* may not be unique:

— there will be multiple sets of prices that support econonmspalch,
— we may resort to some criterion such as “fairness” to choastcplar
values of the Lagrange multipliers.



8.12.5 Spinning reserve re-visited
8.12.5.1 First formulation of spinning reserve constraint

e Consider again the first formulation of the spinning resewastraint
from Section8.12.1.4

szl,...,np,gksjza.
i7

e \We can write the constraint in the for@x < d with:

D
X = P],
| S
01 0 -+ 0 0-1 o =1
c010---0-1 0-1--- -1
C = |+ & o e e b el e e
c0.-0 10-1---1 0-1
00 - 0O 1-1-- -1 0]
d = 0.



First formulation of spinning reserve, continued

e For later use in the pricing rule, we note thatkoe 1,.. ., np, Cy, the
columns ofC associated with the variabl& andS,, is specified by:

Ce=[lk (Ik—1)],

e Wherely is column vector with zero everywhere except for a one in the
k-th place, and

e 1is a column vector of all ones.

e The column for demand 1Sy = 0.

8.12.5.2 Problem characteristics

e WiththeVk=1,...,np, ¥ j.Sj > P formulation of spinning reserve,
there are as many system inequality constraints as gergrato

e However, we would typically expect than only a few of thesstemn
inequality constraints would be binding at the minimizer.

¢ |If more than one of the spinning reserve constraints is hmthen the
Lagrange multipliers may be non-unique.



8.12.5.3 Minimizer and Lagrange multipliers

e Suppose that* is a minimizer of this problem with associated Lagrange
multipliersA* € R, p* € R™, . i € Rk

8.12.5.4 Pricing rule
e From the previous development, the pricing rule for genetats:

- [2)
= —[AJ NV —[Cq W,

(17,4 P
=[] L]
_ MK
_Zi%kl»lj*] '
e The pricing rule for demand is:
~Thy = [Ao]'A*+ [Co] 'k,
= A*, sinceAg = [1] andCp = 0.




8.12.5.5 Interpretation of pricing rule

e To understand, this pricing rule, suppose that genefagenerates the
most power and that the corresponding constrgingt, S; > P is the only
binding constraint.

e Thereforeyy is the only non-zero Lagrange multiplier on the system
inequality constraints.

e All generatorsj, except generatdf, would be paid for energl” at the

priceA™:
— total payment to all generators except generéfor energy would be
Ny 4P
e All generatorsj, except generatdrwould be paid for spinning reseng
at the pricel;:
— total payment to all generators except generéfor spinning reserve
would bepyy ., § = WPy
e Generatol would be paid for its energly; at the pricgA* — |):
— total payment to generatdifor energy would bgA* — i) Py
e GeneratiorY would receive no payment for spinning reserve.



Interpretation of pricing rule, continued
e Total payment to all generators would be:

MY PP Y S+ (S )PEH0 = ATy PR+ (O — )R,
7 B B

= )\*ZP-*,
]
= AN xD.

e Demand would pay at the price:

— this price would often (but not always) be higher than theigadbtained
in the 5S¢ > aD formulation of spinning reserve,

— Total payment by demand would &é x D.

e Payment from demand equals payment to generators and shaoe i
uplift:

— if spinning reserve (or any other ancillary services) andiexly
represented as depending linearly on generation pbyer., Py, then
there is no uplift since total payment by demand equals pztgment to
generators.



8.12.5.6 Example
e Example 5.6 from Kirschen and Strbdgwer System Economics
e Vk=1,...,n,P, = § =0, and with the other capacities and marginal
costs specified by:

B, — 2505 = 0,¥xy € S1,0f1(x1) — iémﬂ |
B, — 2305 — 160, V% € S, Tfa(xp) — %g;mm‘_ |
B3 — 240,53 — 190 ¥ € Sa, (fa(xg) — :$§8;|\|\;||\va2: ,

Ba = 2505 — 0, Vx4 € Sa, Ofa(xa) — ﬁéﬁ%\%ﬁ |

e SO that energy costs are non-zero but spinning reserve @srEro.

e We again consider two levels of demamt;= 300 andD = 500 MW.

e \We require spinning reserve to cover the largest singlemgency, so
that the spinning reserve constraints'dke=1,...,n,% ;4 Sj > R



Example, continued

e It turns out that even with the changed spinning reservetainss, the
dispatch is the same as previously in the two respectivescase
e ForD = 300 MW:
— Optimal dispatch i®; = 250 MW, §; = 0 MW, P; = 50 MW, S; = 60
MW, P; =0 MW, §; =190 MW, P; =0 MW, §; = 0 MW.
— Moreover A* = $17/MWh, u; = $0/MWh, and all other Lagrange
multipliers on system constraints have value zero.
— The demand pays and all generation is paid $17/MWh.
— Same price for energy as in tlyg S > F formulation of spinning
reserve.
— No separate payment by demand for spinning reserve.



Example, continued
e ForD = 500 MW:

— Optimal dispatch i®; =250 MW, §] = 0 MW, P; = 170 MW, S; = 60
MW, P; =50 MW, S§; = 190 MW, P; = 30 MW, §, = 0 MW.

— MoreoverA\* = $28/MWh, iy = $11/MWh, and all other Lagrange
multipliers on system constraints have value zero.

— The demand pays* = $28/MWh.

— All generators except generator 1 are p&id= $28/MWh.

— Generator 1 is paih\* — pj) = 28— 11 = $17 /MWh.

— Same price for energy as in tiyg S > F formulation of spinning
reserve for demand and for all generatexseptgenerator 1.

— No separate payment by demand for spinning reserve.

— Energy payment to generator 1 discounted by marginal cost of
providing spinning reserve.



8.12.6 Pricing rules

e Each pricing rule derives from the formulation of the cop@sding
constraint.

e Withthevk=1,...,np, ¥ ;4 Sj > P formulation of the spinning reserve
constraint:

— If a particular constrainy .., Sj > P, is binding for somé then each
additional unit of power produced by generatatelivers energy to the
system, but increases the amount of spinning reserve thettimeu
procured.

— The price paid to generatdireflects the benefit of the energy minus the
cost of increased spinning reserve.

e Note that the different formulations of spinning reservastaints can
involve different requirements for spinning reserve:

— Itis not surprising that changing the formulation of coasits could
result in a different dispatch and that this would resultasgibly
different prices.



Pricing rules, continued

e The example in SectioB.12.5.6shows, however, that even if a change in
formulation doesotresult in a change in dispatch, nevertheless the
prices can change:

— the prices reflect the incentives to behave consistently eptimal
dispatch.

e Why care about differences in the prices if the dispatch do¢shange?

— the prices provide efficient incentives floothoperation and investment
“at the margin,”

— generator 1 in the example should be paid less than the “leasst)y
price of A* because a marginal increase in its generation capacitydwoul
necessitate increased spinning reserve procurementdpgvess
value to the system than a marginal increase in the capdaither
generators,

— the large generator 1 should only consider increasing gaaty if the
amortized cost of increased capacity is less than $17/M\a¥ing the
generator $28/MWh (as in thg, Sc > F formulation used in US
markets) fails to reflect the cost of the spinning reserveirement.



Pricing rules, continued

e Formulation of constraints (should!) determine the pgaiule.

e However, in practice, spinning reserve and other ancibaryices are
usually charged on (something like) a load-weighted aves@gre of
demand:

— equivalent total payment by demand as in $hes > aD formulation
of the spinning reserve constraint.

— Load-weighted average share pricing based on Lagrangéepirark
provides the correct incentive for ancillary services dratactually
required in proportion to demand.

— Load-weighted average share pricing provides incorrantives for
thevk=1,...,np, ¥ ;4 Sj > P formulation of the spinning reserve
constraint.



Pricing rules, continued

e For ancillary services that are not actually required irppréion to
demand, load-weighted average shares are simply an dfifaéion
mechanism to achieve revenue neutrality for the ISO:

— typically motivated by “fairness,”

— but have no particular claim to “correctness,”

— typically do not provide incentives for optimal operatiama
investment, as shown for spinning reserve and the largergemge

— implicit assumption is that the effect of uplift on energyces also does
not distort consumption decisions.



8.12.7 Uplift

e A system constraint of the forrfi, S > F necessitates an uplift.
e A system constraint of the forrfi, Sc > aD does not require uplift:

— may result in the same net payment by demand,
— in which case the main difference is the interpretation.

e More generally:

— system constraints of the fordx=b andCx<d, withb#0ord#0
will require an uplift (or produce a surplus), whereas,

— system constraints that can be expressed in the forma 0 andCx < 0
do not require uplift nor do they produce surplus.

e This observation is embodied in the following result on fipli



Uplift, continued

Theorem 8.2LetA* and [t be Lagrange multipliers on the system equality
and inequality constraints for the generalized offer-ltheeonomic
dispatch problem with demand represented explicitly a$ piihe
decision vector:

min f(xX)|[Ax=b,Cx<d
Vk:O,...,rIlp,XkESk{ ()| 7 o }

= min{f(x)|Ax=b,Cx<d,vk=0,...,np,d < Mxx < &}.

xeRN

Define prices paid to generatorsk1,...,np to be:

T, = _[Ak]'l')\* - [Ck]TIJ.*.
Define prices paid by demand to be:
~Tho = [Ag] A"+ [Co] "W
e Then the additional uplift (or magnitude of surplus if negaj not

covered by the prices is equal teb™\* — dTpr.
e The upliftis zero if b=0and d= 0.



Proof The uplift is equal to the total payment to the generatorseund
the pricest, minus the total payment by demand under the pricag,,
which is equal to:

< ot < [ t t o]t
> Ml X = > =AM =[Gl W] X,

K=o =i -
< [ *1T T~ | ox
= > |~ INT A= TG %o

K=ot -

= |- V"A- W] x,
re-assembling the entries »into a single vector,
_ [)\*] TAX* - [u*] TCX*,
= —[\*]"b—[p*]"d, sinceAx* = b, and
since[u*]T(Cx* —d) = 0 by complementary slackness.



8.12.8 Non-linear system constraints
8.12.8.1 Formulation
e \We generalize the system constraints to:
g(x) =
h(x) <
e Wwhereg: R" — RMandh: R" — R".
e The non-linear generalized economic dispatch problemws no

| ) )
o, min {10919 = 0.h(x) < 0}

= mIiRn{f(X)lg(X)zom(X)éo,vkzo,...,npﬂ,éksFkxksﬁk}-
xeRN

0,
0,

Minimizer
e Suppose that* € R" minimizes the economic dispatch problem and is a
regular point of the constrainggx) = 0,h(x) < 0.



First-order necessary conditions
N eRM IR, vk=0,...,np+1 , e, i € R"« such that:

ag * oh f * p— .
K0 + [99.60)] 3¢ [axk< | W=+ ' = o
*h(xX*) = 0;
Vk=0,...,np+ 1L M:(§ — ) = O
Vk=0,....np+ 1, M (M — &) = O;
gx) = G
h(x*) < 0;
Vk=0,...,np+1 T > O
Vk=0,...,np+ 1T < &;
W > 0;
W > 0; and
& > 0



First-order necessary conditions
e whereM* = diag{p*} € R™", My = diag{}; } € R'*'%, and

My = diag{[} € R« are diagonal matrices with entries specified by
the entries ofr", E‘I: and[i;, respectively.



8.12.8.2 Pricing rule for general non-linear system coastts

¢ To find the pricing rule, note that in the first-order necegsanditions,

g)? (x) andSTh( X*) have the same roles as, respectivBlyandCy, in the

previous formulation.
e This suggests priceas, paid to generators defined by:

T T
0 * * ah * X
Thy, = —[a—)%((x )] A — [a—xk(x )] Vg
e and prices paid by demand defined by:

o= (2000 e [ |

e Comparison of the first-order conditions for the profit maiziation
problem for generatdc= 1, ...,np, and for demand# = 0 confirms that
these prices will induce behavior that is consistent witbneenic
dispatch.



Pricing rule for general non-linear system constraintsntoued

e Unlike the case of linear constraints, however, non-lirsyatem
constraints will generally necessitate an uplift or getesgasurplus.

e This observation is embodied in the following result on fiphich also
summarizes the incentives to market participants.



8.12.8.3 Pricing theorem

Theorem 8.3LetA* and it be Lagrange multipliers on the system equality
and inequality constraints for the non-linear offer-bassbnomic
dispatch problem with demand represented explicitly a$ pithe
decision vector:

| o
o, min {10919 = 0.h(x) < 0}

= min{f(x)|g(x) =0,h(x) <0,vk=0,....,n+1,8, < MNx¢ < &}

xeRN

Define prices paid to generatorsk1,...,np by:
1 T
0 . |oh .
T[Xk = — [a—)?k (X*)] A\S — [Wk(x )] u*.
Define prices paid by demand by:
T T
0 * * ah * x
—Thy, = [a)?o(x )] A+ [aXO(x )] .



o If fy is strictly convex then:

X =X = Ky, and ™ = [ are the unique profit maximizing
solutions of the profit maximization problem for generator
k=1,...,np, and demand k= 0 and

the prices strictly support economic dispatch,

e If fi is convex but not strictly convex then:

there may be multiple maximizers,

X = X is consistent with optimal dispatch, and

the prices non-strictly support economic dispatch.
e The uplift (or surplus if negative) is equal to:

-T900) - W) ¢

= 0T [a)—920¢9¢ |+ o) — 3



Proof The incentive results follow from the previous discussion.
The uplift is equal to the total payment to the generatorausithe
payment by demand, which is:

np np [ t t 7T
St = 3 {30 [Guoe | 5
= > |~ ) %

= |- - TR o)

re-assembling the entries into a single vector.



That is:

< \ w109, o qtdh ]
3 imd = [T 500 - eTgRee) | ¢,
= IV [g0c) + 52060 - gtx)|
— [ [h(x*) +% (X)X — h(x*)] :
adding and subtracting terms,
= T [ 93000 —gx) | — [ By e
sinceg(x*) =0, and
since[u*]Th(x*) = 0 by complementary slackness,
= V' [g(x*) gf(x*)x*] [T [h(x*) g)t](x*)x*] .
O



Pricing theorem, continued
e The first page of the proof shows that we can evaluate thet agslif

T80 - T o)

e However, the second form derived for the uplift:
* * 0 H\ & * * oh N\ <k
N g0~ 920¢¢ |+ T o)~ R 0e)e |,

highlights that thenon-linearityof the functions underlies the uplift.

e In particular, if,g andh were linear functions thevix € R", g(x) = % (X)x

andvx € R" h(x) = %(x)x, and the uplift would be zero.

e Note thataffine gandh will result in uplift or surplus as in the previous
Theorem8.2that considered constraints of the foAr= b andCx < d.



8.12.8.4 Role of linearization

e Note that the derivatives of the functiog@ndh that represent the system
constraints appear in the pricing rule.

e When we approximate the functional form of a constraint fiomcby
neglectingts dependence on a system variable, we are approximasing it
derivative by zero and we are neglecting the corresponeing in the
pricing rule:

— in the “fixed” requirement§ S > F form of the spinning reserve
constraint, we are pretending that the required amountsafrves is
constant independent of the values of generation and demand

— but the required amount of reserves actually do depend cantfoint of
generation or the amount of demand, or both,

— so they S > F form of the spinning reserve constraint provides the
wrong incentives (and also necessitates an uplift).



Role of linearization, continued

e Approximations of the derivatives of the functions represey the
system constraints will distort the incentives away frohucing
behavior that is consistent with economic dispatch, or ain@ay
inducing efficient investment, or both.

e We will see this issue in the representation of zonal tragsioin
constraints in the zonal ERCOT market.



8.12.8.5 Example
Regulation

e As another example of ancillary services, consiggulation.

e We write R for the regulation provided by generatar

e A typical requirement for regulation is to have enough ragjng capacity
to cope with three times the standard deviation of the difiee between:

— the actual and forecast demand, minus
— the actual and forecast generation that is not particigatimegulation.

e The statistics are calculated for the forecast used in tiee-bhsed
economic dispatch market having the finest time resolutio@réal-time
market).



Regulation, continued

e Most thermal and hydro generation is dispatchable so tieachual
mechanical power of thermal and hydro generation closelgvis the
generation level that is dispatched in the offer-based @oondispatch
(plus any commands for regulation):

— dispatchable generation does not contribute to the vanatd demand
minus generation, so does not contribute to the requiresfent
regulation,

— dispatchable generation is able to provide regulation.

e For non-dispatchable renewable generation such as windaad
however, there may be differences between the actual gereeand the
short-term forecast or the short-term schedule that is unstdx
offer-based economic dispatch.

e There will also be differences between the actual demandrend
short-term forecast of demand that is used in the offerdbasenomic
dispatch.

e Consequently, the deviation of actual demand from actuadiggion is
due to non-dispatchable generation and to demand.



Model of short-term renewable resource and demand variabity

e The short-term variability of one renewable resource iscity
independent of the short-term variability at others.

e Similarly, the short-term variability of demand at one ltoa is typically
independent of the short-term variability of demand at beolocation.

e By central limit theorem arguments, it may be reasonable to suppose
that the short-term variance of renewable production aadlhiort-term
variance of demand are proportional to the amount of renkewab
production and to the amount of demand, respectively:

— we will ignore dispatchable wind and demand.

e Moreover, short-term variability of demand and wind areejpeindent, so
their variances add.

e Therefore, the standard deviation of short-term actualasehminus
short-term actual wind generation can be represented as:

o = v/BoD + BwW,

e Wheref3p andpw are constants, and
e whereW is the total forecast wind generation.




Generator decision variables and constraints

e \We will neglect spinning reserve in this formulation, buhdze included.
e We will assume that the constraints on generation and regulare of
the form:

Sk = {X € R?|P, < % < Py,0< R <R, Py < Pc— R, B+ R < Py},

e with wind generators assumed to hde= 0 and where®, should be
interpreted as a forecast of the maximum production thabssiple from
the wind farm given the prevailing wind conditions.

e That is, the generator constraints are analogous to thd@asginning
reserve, except that offered regulati@pis assumed to be available for
both increasing and decreasing generation compargd to

—in ERCQT, regulation offers are separated into “regulatiphiand
“regulation down,”
— constraints are therefore slightly different in the ERCOiinfulation.

e We will assume that generators lrg are wind generators, while
generatorsyy + 1 tonp are dispatchable:

—soR«=0,k=1,...,nw.



Variability of demand and non-dispatchable resources

e The total wind iSV = 3, Px.
e The standard deviation of short-term actual demand minog-s&rm
actual wind generation is:

w
0:\/BDD‘|‘BW > P
=1



System constraints

e \We consider a requirement that we have enough regulatioover ¢hree
standard deviations of the variation of actual demand muvind
generation from forecast demand minus wind generation:

— requirement is cited in several wind integration studies, b
— does not fully reflect requirements for regulation in Nortimérican
Electric Reliability Corporation standards.

e As in the case of spinning reserve, North American marketeatly
represent regulation as a notionally “fixed” requirememtrégulation:

np
> Rc>G,
k=1

e where we assume th& = 3o.
e Analysis of this representation is very similar to the “fixeequirement
formulation for spinning reserve from Sectiéril2.1.4

— we will not consider this formulation explicitly,
— similar to the case of spinning reserve in North Americankets.



System constraints
¢ Instead, we will consider a formulation that explicitly ciers the
dependence of requirements on demand and wind generation:

— not used in practice in North America, but
— demonstrates issues with non-linear constraints and.uplif

e \We consider system constraints on power balance and regulat

Np
D— ZH( — O)
k=1

np Nw
ZRk > SX\/BDD+BW2H<7
k=1 k=1

which we can express in the forgix) = 0 andh(x) < 0 by defining
g:R"— Randh:R"— R by: ¥xe R" g(x) =D — ¥ ,* , P, and

Ny np
VXERn,h(X) = <3>< \/BDD—l—BW Z Pk) — Z Rx.
k=1 k=1




System constraints, continued

e Note that we could also write the equality constraints inftren Ax = 0,
with A a row vector with:

— minus ones in the places corresponding to the genera@oaisd a plus
one in the place representing the demand, and
— zeros elsewhere.

e Analogously to the discussion of reserves, we have exyliciinsidered
the dependence of the need for regulation on:

— the demand variability, and
— the non-dispatchable generation variability.

e As previously, we should expect this formulation to resultifferent
prices compared to a formulation that assuméaedregulation
requirement that was independent of demand and generation:

— as mentioned, ERCOT formulation in practice assumes a “fixed
regulation requirement that necessitates uplift of alhef¢ost of
regulation.



Offer-based regulation-constrained economic dispatch
e \We consider the following problem:

: _ §
VKZO;-TAE,XkGSk{ f (X) |g(x) 0, h(X) < O}

= min{f(x)|g(x) =0,h(x) < 0,vk=0,...,np, 8, < Mxx < .

xeRN

e Letx* € R" be a minimizer.
e We letA* € R andy”* be the Lagrange multipliers on the constraints
g(x) = 0 andh(x) < 0, respectively.



Pricing rule
e Demand pays in total:

— ™% = ([g_)g(;o (X*)]T)\* N [% (X*)ru*> >

e That is, demand pays for energy and pays for regulation barséd
marginal contribution to the offered cost of providing energy and
regulation, respectively.



Pricing rule

e Dispatchable generation is paid:

Vk=nw+1,.

n, [T

[_ [g_i (X*)] i [32( )] Tu*] Txk,
NP+ R

e That is, dispatchable generation is paid for energy andaé&gun.
e Non-dispatchable generation is paid:

Vk=1,...,nw, [T ]’

Xk

e That is, non-dispatchable generatlon is paid for energypays for

regulation.



Uplift

e Because the power balance constraint is linear and of tie Aocr= 0,
there is no uplift for energy.

e However, the sum of the payments for regulation by demandgnd
non-dispatchable generation does not equal the paymergdalation to
the dispatchable generation;

— there is still a need for an uplift because of the non-coryefithe

non-linear system inequality constraint, but the uplismsaller than if
we had a “fixed” regulation requirement:

. Ny
G_3><\/[3DD+BW it
k=1

— converselyconvexnon-linear system inequality constraints result in
surplus accruing to the ISO.

e What would the energy and regulation payments to dispatehab
generation, to non-dispatchable generation, and from ddrba in a
formulation where regulation was required to be at leastealfiralueG?
What would the uplift be?



8.12.9 Representation of constraints
¢ In formulating constraints, we should consider what is beapresented:

— a physical law that cannot be broken, such as Kirchhoff'slawrsus
— a target requirement that could, in principle, be violated.

e The formulations so far have represented all constraintiscagh the
constraints must be satisfied:

— such a constraint is calledhard constraint.
e We will also develop an alternative representation:

— asoft constraint representing a target that can be violated under some
circumstances.



8.12.9.1 Reserves
e Market processes can deal wgbmerandomness:

— as will be discussed in Sectidd.3 real-time markets deal with
deviation of actual load from day-ahead specification byrgga
real-time price payable on deviations from day-ahead joosit

— The greater the participation of price-responsive suppty@&mand in
the real-time market, the more randomness can be accomeabloiat
adjustments in the real-time market by response to prices.

e However, because of the need to match supply and demandgounsly
and because of random failures, market processes canndtuleetly)
with all randomness in sufficient time to ensure security.

e Reserves and other ancillary services are required forlgama (to a
lesser extent) demand fluctuations that occur too fast onmpoedictably
for the market to respond.

— Forced outage of generator,
— Wind die-off.
e Reserves provide recourse to cope with uncertainty:
— introduce concepts in this section, further details in 8act0.9



8.12.9.2 Hard constraints
e The formulations so far have all involved hard constraints:

— For example, the spinning reserve was required to meet @éeexa
specific level.

— This is an example of security constraint, which is enforced so that at
each time we have enough spinning reserve so that we willetahtp
an operating state that could lead to cascading outages.

e However, reserve above the minimum needed to cope just with e
specific single-contingency (and to cope with some commodean
double-contingencies) has a role in assuadgquacy

— hard constraints may not be an appropriate representatiguth
“adequacy reserve.”



8.12.9.3 Soft constraints

e Soft constraints are appropriate when there is some flayiml meeting
the constraint or where there is some implicit trade-offnssn:

— meeting a constraint, and
— the finite cost (or expected cost) of not meeting the condtrai

e Examples include:

— constraints that instantiate rules of thumb, and

— adequacy constraints, where we want to reduce, to sometabtep
level, the probability of needing to curtail demand in ortiemaintain
security.



8.12.9.4 Representation of soft constraints
e How to represent soft constraints?

— Relax a constraint by allowing violation at some assuipeialty cost
— Penalty cost could vary with the level of violation.

e In practice, all constraints are represented in softwadamentations as
soft constraints using a high penalty cost for violation:

— notionally “hard constraints” have very high penalty costs

— ensures that software will be able to find a “feasible” solui

— penalties are different for different types of constrainterder to
encourage a particular order of violation of constraints,

— magnitudes vary from ISO to ISO.



8.12.9.5 Representation of adequacy reserve

e Consider reserve for adequacy and assume that we procunecambof

adequacy reservespecified byE2**%

e The corresponding hard constraint would be:

& d adequacy
eqguac =

Y goaacs, pried

k=1

o WhereS%*"*%s the contribution to adequacy reserve by kké
generator:

— this type of reserve would be in addition to the minimum nekide
security, but we will consider sudecurity reserveseparately,

— there might or might not be more stringent requirements fper@erator
providing security reserve than for adequacy reserve.

e We now consider how to change the formulation from being d har
constraint to recognize that violating the requirementfdequacy
reserve does not necessarily lead to an immediate violafisacurity.



Representation of adequacy reserve, continued
e Instead of representing the constraint as a hard constvaentould:

— include an extra variablg“°%#¥ which represents the shortfall of
adequacy reserve,
— modify the constraint to:

% idequacy> Eadequac?/
=
— include a non-negativity requiremeg“*™*%> 0, and
— add a penalty term to the objecti¥g**M*Y LI 2% with
- gdequaC)(O) —0.
e The penalty term could be linear &°*%*% with penalty cost32*42%
implying a fixed marginal penaltgf"*®**or each unit of violation:
vQdequac%/ f cz;1dequact/$dequac¥ _ gdequacgdequacy

e Alternatively, it could be non-linear or piece-wise lingaith higher
marginal penalty for greater violation.



Representation of adequacy reserve, continued

e Solving the penalty formulation may result in the originatdh constraint
on adequacy reserve being violated:

— we have replaced the hard constraint with a soft constraint.

e In that case the optimal solution would sati€f*™*¥ > 0, and the
Lagrange multiplier on the reserve constraint would be Etqua

— 29eI2Yfor the linear penalty cost case,

— the derivative of the penalty function evaluated@{t*9"2” in the
general case.

e The penalty cost3**™?¥ or the derivative of the penalty function in the
non-linear case, will be reflected in the prices of all comines, unless a
so-calleddecontamination procedure is used to remove the effects of the
penalty.



Representation of adequacy reserve, continued
e With a soft constraint, the actually procured adequacyrvess given by:

padequacy_ Eadequacy_ %dequacy

e We can think ofF 2deduacyas thedemand for adequacy reserve
e Using this interpretation, we can view the soft constramadequacy
reserve as involving:

— a supply-demand constraint between procured adequaayeesed the
“demand for adequacy reservg®deduacy

np
- Z ﬁdequacy_ __padequacy
- Y

— together with a “benefit” for adequacy reserve defined by:
beneﬂ(Fadequacy g\dequaC)(Fadequacy Fadequacy

e As usual, offer-based economic dispatch then involvesmrmaing costs
minus benefits, where the benefits are due to adequacy reserve



Representation of adequacy reserve, continued

e In case of a linear functiofiZ®*“®¥ how should we chooseg ™%
e Compromise:

— Typically wantc3**"®¥arger than the highest offer price for adequacy
reserve so that whenever enough adequacy reserve is geualable
then it will be procured.

— However, if the penalty is “too large” then it will produceneasonably
high commodity prices in the market.

e The choice of penalty cosf**""*¥should be a proxy to the cost of
violating the constraint.

e The use of a fixed penalty for violation of a soft constraif¢etively
transforms the constraint into a term in the objective, atualizing the
constraint:

— as mentioned, this approach is also used in practice evdrafdr
constraints, but with very high penalty costs.



8.12.9.6 Evaluation of proxy to cost of violating consttain

e What is the cost (reduction in surplus) of violating an adeyueserve
constraint?

e The cost is due to the increase in probability that involontartailment
will be necessary to maintain security.

e The change in expected surplus due to involuntary curtaitnseequal to
the expected energy curtailment multiplied by the diffeeebetween:

the value of the lost load, minus
the savings from not generating.

e Generally, savings from not generating are small comparéukt value of
lost load.
e S0, the cost is approximately VOLL expected energy curtailment.



Expected load curtailment

e How to calculate the expected energy curtailed?

— Involves outage probabilities of each in-service generato
— Requires specification of conditions for load curtailment.

e We will sketch an approximation to this analysis:

— derivation is based on, but differs in details from, anaysiHogan and
Pope (2017),

— exact values of probabilities are not necessarily critifcadsulting
prices activate significant “passive” price-based whdéedamand
response,

— since resulting prices and adequacy reserve will then mndsfhend on
the wholesale demand response and less on the assumed outage
probabilities or value of VOLL,

e Analysis will lead to a re-formulation of adequacy resergastraint as a
demand bid for adequacy reserve



Conditions for curtailment

e What happens if a generator providing energy trips?
— Spinning/responsive reserve, thatascurity reserve is deployed.

e What happens when security reserve is deployed or a generatoding
security reserve trips?

— If there is not enough additional security reserve remainincover the
next contingency:

o Other (possiblynon-spinning) reserve is deployed to allow
restoration of the spinning/responsive reserve to beaailagain for
security with respect to the next generator trip.

o If the other reserve takes some time to be deployed, theraysizy
not be secure to an additional contingency during this tiooethe
implicit assumption is that multiple outages will not ocaur
succession.

o We may instead need to curtail demand to restore security.

e We will analyze the simplified case where demand would beadad to
restore or maintain security.



Additional reserve for adequacy

e To avoid curtailment while preserving security even in tierg of a
generator outage, we would need additional spinning/respe reserve
available above the minimum needed for security:

— The other reserve is providing adequacy by ensuring lowadyiiby of
curtailing demand to maintain security.

.=outage .. .. .
e How much outage capaciy can we sustain in a pricing interval of
lengthT before we have to curtail load to preserve security?

— Until the total outaged generation capacity exceeds theuatral
reserve that was procured for adequacy.

— For higher levels of outage above the adequacy reserve level
curtailment is required to preserve security.

— Denote the total procured adequacy reserve fpauacy



Probability of curtailment

e The probability of curtailment being necessary in any givearval of
lengthT is the probability that the total outage capacity that oscarthe
interval,l5°”tagej exceeds the amount of adequacy reserve that was

procured in that intervaf-2deauacy

e That is, the probability of curtailment is Probabili§’""?9®> Fadeduacy,
e The outage probability distribution depends on the outdg@acteristics
of generators, total in-service capacity, the lengtbf the interval, and

other system conditions.
e The total outage is a discrete or mixed random variable.
e The resulting amount of curtailed load power is equal to

min{D, max{0, P°"29°_ Fadequacy 1.
— cannot curtail more than the demaid

— curtailment is at least zero,
— only curtail an amount of demand that is necessary to maistgurity,

which occurs only if the amount of outage capa&fy/““°exceeds the
amount of adequacy reserg@deduacy



Probability of curtailment, continued

¢ In general, once curtailed, it may not be possible to restwdoad to
service until some time has elapsed:

— restoration of the load may require re-starting processaor
— supplying all of the load again securely may require add#io
generation to be committed:

o we will not treat such non-spinning reserve explicitly, but
o non-spinning reserve could be included in the formulation.

e Let the load curtailment time bel', wheret is the number of dispatch
intervals of curtailment:

— we expectr > 1,

— for example, ifT =5 minutes and minimum curtailment time is 30
minutes, thert = 6,

— effect of curtailment is effectively “amplified” by.

e The choicet = 6 could be interpreted as meaning that slower,
non-spinning reserves would take 30 minutes to be comninkiéole
shed load could be restored.



Probability of curtailment, continued

e In some cases, the probability distribution of outage cip® " “%in an

interval of lengthT can be approximated by @axponential distribution
with parameters that depend only weakly on system condition

Probability P*""“9> y) ~ agexp(—y/M),y > O.

e Whereag andM depend only weakly on system conditions.

e The parametergy andM do depend o .

e Note thatag is the probability of occurrence of any outage in the interva
of lengthT, which is typically much smaller than 1:

—in ERCQT, the forced outage rate is about once per two daybeso
probability of an outage in an interval of length= 5 minutes is
approximatelyag = 0.0017.



Expected power curtailed

e Assuming an exponential distribution, the probability signfunction of

the amount of outage capac®y"“%is (ag/M) exp(—y/M).

e S0, the expected curtailed power is:

Expectatiommin{D, max{O0, poutage Fadequac¥}]

e =0out
= 0 x Probability P*"*9°< Fadequacy
D_H:adequacy

+/ (y— F24942% a0/ M) exp( ~y/M) dy
y

—Fadequacy
+ D x Probability(P°"#9¢> D + Fadeduacy

D_H:adequacy
= O+ |y~ F* = Yagexp( —y/M)]

y:Fadequacy
D_H:adequacy

+ / 20exp(—y/M) dy-+ Dagexp(— (D + Fadeauacy )
y

— Fadequacy
integrating by parts,
— M(1—exp(—D/M))agexp(—Fadeduacyn)



Expected energy curtailed
e The expected curtailed energyrtif times the curtailed power:

TTM(1— exp(—D/M))agexp(—Fadeauacypy).



Adequacy reserve cost

¢ Recall that the expected cost of curtailment associatduavifiven level
of adequacy reserve is:

VOLL x expected energy curtailed
— VOLL x TTM(1—exp(—D/M))agexp(—Fadeauacy .

e Recall that in our dispatch problem, we considered costsipietime, so
dividing by T we obtain the expected cost per unit time of curtailment as:

VOLL x TM(1— exp(—D/M))agexp(—Fadeauacyny),

— note that the cost is “amplified” by the length of curtailment

e If we include this cost term (or an approximation to it) in thepatch
objective then the ISO will procure enough adequacy redereasure
that the probability of curtailment to maintain or restoeewrity is
reduced to an acceptable level as implied by the value ofdasitVOLL.

e If there is price-responsive demand then the amount of ddmmaay be
modulated to ensure that enough adequacy reserve is dgailab



8.12.9.7 Re-formulation as demand bid for adequacy reserve
e \We can re-interpret the cost of curtailment as being eqeintab minus
the benefitsof demand for adequacy reserve.

e Recall from Sectior8.8that a demand bid is the derivative of the
corresponding benefit function.

e Differentiating minus the cost term with respec#feauacy we obtain
the equivalent demand bid function for adequacy resened feafeauacy

VOLL x 1(1—exp(—D/M))agexp(—Fadeauacyp),

e At a low level of adequacy resernig2d€auacy_ o, the willingness-to-pay
IS VOLL x 1(1—exp(—D/M))ag, which could be a significant fraction of
typical wholesale prices.

e At a very high level of adequacy reserve, the willingnesgdyg would be
close to zero.

e The willingness-to-pay varies depending on the level ofjadey reserve.

o Given offers for adequacy resen&“°?2% the amount of procured
capacity will depend on the intersection of supply and deiman



8.12.9.8 Procurement of spinning and adequacy reserve

e Typically, the ISO will procure reserve to cope with the indisge effect
of a single generator outage (for security) and also additiadequacy
reserve to ensure that the probability of curtailment is low

e Performance requirements for security reserve may be rnastaative
than for adequacy reserve, so define separate variabldsefor t

S:°“"Yis the security reserve provided by generataand
S9eaU2%s the adequacy reserve provided by generiator

. ; — it
e For a security reserve requirementrof -, as well as a total adequacy

reserve provision of 24€auacy we require:
P it security
ecurity =
- Z i S T )
K=1
& it d security d
ecurity equac o Il adeqguac
> (&TTHFSTTY = - — Fadeauaey
K=1

e and include the demand bid for the adequacy reserve in tieetkg.



Procurement of spinning and adequacy reserve, continued

e This formulation allows reserve that is qualified for seureserve to be
used for adequacy:

— avoids “price reversal” that might occur if security resery available at
a lower offer price than adequacy reserve.

e If we assume that security and adequacy reserve have the same
performance requirements, so that there is only one type of
spinning/responsive reserve, then we can represent thik assa
composite demand bid for security plus adequacy reserve:

— willingness-to-pay for security reserve depends on thaiherost for
relaxation of the hard security reserve constraint, t\yic@nstant at

VOLL up to the required security resera""™ while
— willingness-to-pay for additional, adequacy reserve depen level of
adequacy reserve, and decreases with increasing ade@sacye.

e The resultingoperating reserve demand curvas shown in Figures.9.



Procurement of spinning and adequacy reserve, continued
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Procurement of spinning and adequacy reserve, continued

e Actual price for reserve and procured amount of adequa®&rveswill
depend on intersection of prices for reserves and demand bid

— under co-optimization, the prices for energy will reflect firice for
reserves,

— with ag = 0.0017,T = 6, and VOLL= 9000 $/MWh, at low levels of
adequacy reserve, adequacy reserve price would be arousi/190h.



Procurement of spinning and adequacy reserve, continued

e ERCOT has implemented an approximate version of a demand éor
adequacy reserve in order, in part, to encourage new ineestm

— demand for adequacy can set the price for reserves (anddagyerhigh
during tight supply conditions (see FiguBel0),

— several other ISOs already have such a demand bid for adequac
reserve,

— ERCOT currently considering different demand curves fahdspe of
reserve.

e There is also a “reliability adder” in addition to the opéngtreserve
demand curve that is designed to reflect the costs of outeoken
reliability actions, such as deployment of additional aagyaby the ISO

under thereliability unit commitment process that would otherwise not
be represented in the wholesale price:

— briefly discussed in Sectidl0.9.6



Procurement of spinning and adequacy reserve, continued

Price of reserve, $/MW per hour
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8.12.9.9 Load-serving entity obligations and capacity ke#s
e Other ISOs in North America besides ERCOT also have additona

mechanisms to provide for new investment to meet forecdsitofe peak
load:

— installed capacity requirements on load-serving enttbe®vn or have
contract to sufficient capacity to meet a forecast peak ddn@n

— capacity markets that arrange in advance for capacity taledased
on a target peak demand in future year, typically three yieéoduture.



8.13 Summary

e In this chapter we have considered surplus.

e \We specialized this to the economic dispatch problem.

e \We considered the need for centralized coordination.

e We investigated offer-based economic dispatch and theiives from
the uniform pricing rule.

e \We considered the relationship between uplift and the fdrthesystem
constraints.

e We considered non-linear system constraints and the r@misson of
constraints.
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Homework exercises

8.1 Consider economic dispatch Problesn5) in the case thatp = 3,D = 5,

1 4
P= 1] P= [5] , and thef, are of the form:

2 6

1
VP]_ - R, fl(Pl) = E(P1)2+ P]_,

1
VP € R, fo(P) = 5% 1.1(P,)% 4 0.9P,,

1
VP ER, f3(Ps) = 1.2(P3)? 4 0.8Px.

A similar problem was solved in Exerci®e2 Now the generator capacity
constraints will be binding.

() Solve the economic dispatch problem by solving the firster necessary
conditions in terms of the minimizé?* and the Lagrange multiplieps,
e, andpr.

(i) What price is paid for energy production and consumptissuming that
offers are equal to marginal costs?



8.2Use GAMS or use the MrLAB functionquadprog to solve the
economic dispatch problem in Exerci84. A similar problem was solved in
Exercise5.3. Now the generator capacity constraints will be bindingpétethe
minimizer and Lagrange multipliers. Note that it is agaiadratic program of
the form:

1y ; _
= = <P<
Prgépp{ZP QP+c'PIAP=Db,P <P <P},

where:
10 0 O 1.0 1 4

Q:[O 1.1 0],0=[0.9] ,P:HPZ 5| ,A=—-1"b=[-5].
0O 0 12 0.8 2 6




8.3 Consider Example 5.6 from Kirschen and Strdaawer System
Economicsbut with one additional generator. Suppose that
vk=1,...,5P,=S =0, and with the other capacities and marginal costs
specified by:

B, =250, = 0,V € Sy, (0f1(xa) = %mm ,
B, = 2305 = 160 V%, € S, Ofa(%) = _%g;mvv\\,’{:_ |
By — 2405 — 1905 € S, Ofa(xs) — _$§8;RA"VV\\;E_ ,

B, — 2505, — 0,x; € Sa, Tfa(s) — :$§§;MVV\\;E: ,

Ps — 2505 — 0,Vxs € Ss, Tfs(Xs) — igfmm ,

so that energy costs are non-zero but reserves costs are zero



Note that generator 5 is very similar to generator 1. We cmrsne level of
demandD = 750 MW. Demand in this exercise is 250 MW more than a case
considered previously and generator 5 has capacity of 250 $d\Whe
calculations for this exercise can mostly be deduced frarattalogous
previous calculations. We assume that offers reflect makrgwsts.
(i) Consider they, S > F formulation of the spinning reserve constraint
and suppose that the spinning reserve requirement is fixed-a250
MW. Solve the offer-based reserve-constrained econorsmatich and
find the prices for energy and spinning reserve and the uplift
(ii) Consider they S > F formulation of the spinning reserve constraint but
now suppose that the reserve requirement is specified=as D, with
a = (1/3). Solve the offer-based reserve-constrained economiaitisp

and find the prices for energy and reserves.



(iif) Suppose that the spinning reserve constraints are
vk=1,...,57%; 45 > P

(a) Write out the five spinning reserve constraints exmjicit

(b) Solve the offer-based reserve-constrained econorspattih for
the optimal generations and spinning reserve contribgtion

(c) Show that there are two binding spinning reserve comsra
> i2kSj > B corresponding to two different generat@rsSpecify
the two values ok.

(d) Find the price for energy.

(e) Show that the Lagrange multipliers on the two bindingnsirig
reserve constraints are not uniquely defined, but thasuineof
these two Lagrange multipliers has a unique value. Spdugy t
valid values of these two Lagrange multipliers.

(f) Since the values of the Lagrange multipliers are not ueig
defined, we must specify another criterion to determine them
What would be a “fair” specification of the values? Find the
resulting price for reserves.



8.4 Again consider Example 5.6 from Kirschen and Strimyer System
EconomicsThatis,vk=1,...,4,P, = S = 0, and with the other capacities and
marginal costs specified by:

P, — 2505 = 0,vx, € Sy, Tf1(xg) — gmwg ,
B, — 2305, — 160, ¥%, € Sy, Ofa(%p) — _$f$fg;mvvﬂ_ ,
Ps— 2405 — 190 ¥xs € S3, Dfs(Xs) — _$§8;WVVL‘_ ,

By = 250, = 0,x, € Sq, (fa(xs) = %g;,\'\ﬂm_ ,

so that energy costs are non-zero but spinning reserve a@stero. Consider
the following:
e Let demand b® = 500 MW.
e Usethevk=1,...,4,5, 4 S > P formulation of the spinning reserve
constraints.
e Assume that generators 2 through 4 continue to offer in agimal cost.
e However, generator 1 offers its 250 MW of capacity at variprses.



Use the pricing rule discussed in Sect®hd2.5 That is, as specified in
Section8.12.5.4 the prices for energy and spinning reserve for generatog 1 a

given by:
[T[P1] — [}\*_ Hi]
T, > M|’
whereA* andy* are the corresponding Lagrange multipliers on the enerdy an
spinning reserve constraints. Note that even though gemerdas no spinning
reserve capacity, there is a well-defined price for spinnagsgrve for this
generator.
(i) Graph the energy pricap,, the spinning reserve priag; , the dispatch
P, and the profit (that is, revenue minus costs) for generat@rdus its
offer price, for offer prices in the range from $2/MWh to $8Wh. For
some offer prices, the Lagrange multipliers may be nonusidf so,
use the same rule that you considered in the previous egdrcitnd a
“fair” specification of the values in this case.
(i) Discuss the ability of this generator to profitably afferices, which is
one definition of “market power.”



8.5 Suppose that a particular generataan:

e produce energy, with average povir at levels between its minimum
capacityP, and maximum capacitl,

e provide spinning reseng;, at levels between 0 arfg},

e provide “up” regulating reservBy., at levels between 0 arfe; > 0,

e provide “down” regulating reservg_, at levels betweeR, <0 and O,
and

e provide non-spinning reservig at levels between 0 ant.

Note that the sum of power, spinning reserve, up regulagsgme, and
non-spinning reserve must be no more than the maximum dasdagciwhile the
sum of power and down regulating reserve must be no less lleaminimum
capacityPy. This specifies the generator constraints.

CombineR, S, R, R«_, andT into a vector:

Xk = Rk+ S RNK7




with N = 5. For suitable, definel, ¢ R™ N, §, € R", anddy € R" to represent
the generator constraints in the form:
(% € RM|§, < TMexi < &l

If some particular lower bound constraint is not necessatiis format, define
the corresponding entry @ to be— and if some particular upper bound

constraint is not necessary in this format, define the cparding entry 0B to
be .
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