Two-Dimensional Frequency Domain

Lecture and notes by Prof. Brian L. Evans (UT Austin) Scribe: Er-Hsien Fu (UT Austin) Based on notes by Prof. Russell M. Mersereau (Georgia Tech)

Stability: A LSI system is stable if and only if its impulse response h(n_1, n_2) satisfies ∞< = ∑ ∑^{Snnh}

n n1 2 ) ,(_{21}

Support: A sequence x(n_1,n_2) has support on R if R n n n nx ∉

= ),(for0 ) ,(_{21} 2 1 A system has support on R if its impulse response has support on R

Frequency response of 2-D systems

∑ ∑ ∑ ∑ ∑ ∑ ∑ ∑

+ −

+ − +

− −

= = = − − =

1 2 2 2 1 1 k k ) k j(k 2 1 )ek, h(k ) , H(^{ωω} ω ω ω ω ω ω

ω ω_{21} ) ( 2 1

2 1 ) ( ) ( 2 1 2 2 1 1 2 1

1 2 2 2 1 1 2 2 1 1 1 2 2 2 2 1 1 1 1 2

) ,( ) ,( ) ,() , ( ) ,(

k k k kj n j n j k k k n j k n j k k

e kkh e kkh e e kkhk nk nx n ny

Periodic in both ω_1 and ω_2 with period 2π

Example:

h(n_1,n_2) ? y(n_1,n_2) 2 2 11 nj n je^ω ω +

2 1 4 1 8 1 4 1 2 1 4 1 8 1 4 1 8 1

n_2

n_1

Symmetric (four-fold)

Separable ˘ you can write the impulse response as h(n^1,n^2) = f(n^1) g(n^2) where

1 )0( , )1( )1( )0(, )1( )1( 2 1 2 1 4 1 = = = − = = = − g g g f f f

) cos cos cos cos 1(5. ) ( 125.)

(25.5.

)]]1 ,1 ( )1 ,1 ( )1 ,1 ( )1 ,1 ([ 125. )]1 ,( )1 ,( ) ,1 ( ) ,1 ([25.),(5[. ) , (

2 1 2 1

2 1 2 1 2 1 2 1

2 1 2 1 2 1 2 1 2 1 2 1

2 1 2 1 2 1 2 1 2 2 1 1

1 2 2 2 11

ω ω ω ω

δ δ δ δ δ δ δ δ δ ω ω

ω ω ω ω ω ω ω ω ω ω ω ω

ω ω

+ + + = + + + + + + + + = + + + + − + − + + − − + + + − + + + − + =

− − − − − −

− − ∑ ∑ j j j j j j j j j j j j

n n n j n j

e e e e e e e e e e e e n n n n n n n n n n n n n n n n n n e e H

Inverting the 2-D Frequency Response

The frequency response of a system can be calculated from the system´s impulse

response.

-The opposite is also true ∫ ∫_{− −} = π π π π ω ω ωω ω ω π^{21} 2 1 2 2 1^{2211}),( 4 1 ) ,( ddee H n nh^{jnjn}

-Follows from 2-D Fourier series expansion

2-D Fourier Transform

∫∫ ∑ ∑ − − +

+ −

= =_{21} 2 1

2 1

2 1 ) ( 2 1 2 2 1 n n ) ( 2 1 d d )e , X( 4 1 )n, x(n )e , x( ) , X( 2 1

1 2

2 1

ω ω ω ω π ω ω ω ω ω ω

n nj n nj n n

Example:

0 } , 1 ) ,(^2 1 2 1 <≤ < ≤ = otherwise b a H π ω π ω ω ω

2 2 1 1 2 1 n bnsin n ansin )n, h(n π π ω ω π π ω ω π ω ω ω ω

• = =

= ∫ ∫ ∫ ∫ − −

− − b b jn a a jn a a b b jn

d d e e d d e e n nh^{jn}

1 2

2 1 2 2 1 ] 2 1 [ 2 1 4 1 ) ,( 2 2 1 1

2 2 11

b

-b a -a ω_1 ω_2

Example:

2 2 2 1

2 2 2 1 1 0 2 2 2 1 0

2 0 0 )) cos( ( 4 1 2 1

1 1 2 1 2 2 2 1

2 1 2 2 1

2 2 2 2 2 1 2 1

) ( 2

) ( 2 1 ) ,( )( tan ), ( tan , Let 4 1 )n, h(n } otherwise {0, } ,1{ ) ,(

2 2 2 1 2

1 2

2 2 1 1

n n n n R JR d n n J

d d e n nh

d d e e

R H

R

R n n j n n circle jn jn

+ + =

+ =

= = = + = =

< ≤ + =

∫ ∫∫

∫∫

− +

− −

π

ω ω ω π

ϕω ω θ ϕ ω ω ω ω ω π

π ω ω ω ω

π ϕ θ ω π

ω ω

ω ω

ω^1

ω^2 R

Properties of the Fourier Transform

• Linearity • Shift: ) ,( ) , (_{21} 2 2 1 1^{2211} ωω ω ω X e m n m nx^{mjmj −−}⇔ − − • Modulation: Dual of Above • Convolution: ) ,(),( ) ,( ) ,(_{2121} 2 1 2 1 ωωωω H X n nh n nx ⇔ ∗∗ • Multiplication: ∫ ∫_{− −}^− − ⇔ π π π π π θθθθθωθω_{21212211} 4 1 2 1 2 1 ),(),( ) ,(),(_2 ddV X n nv n nx • Differentiation:

) ,( ) ,( ) ,( ) ,( 2 1 2 1 2 2 1 2 1 1

2

1 ω ω ω ω ω ω X n nx jn X n nxjn ∂ ∂ ∂ ∂ ⇔ − ⇔ −

• Transposition: ) , ( ),(_{12} 1 2 ωωX n nx ⇔

• Reflection:

) , ( ) , ( ) ,( ) ,( ) , ( ) , (

2 1 2 1 2 1 2 1 2 1 2 1 ω ω ω ω ω ω − − ⇔ − − − ⇔ − − ⇔ − X n n x X n nx X n n x

• Conjugation: ) , (* ) ,(*^{21} 2 1 nn X n n x −− ⇔ • Parseval´s: ∑ ∑ ∫ ∫^{− −}_= 1 2 2 1 2 1 2 1 2 2 1 2 1 ),(*),( 4 1 ) ,(*),( n n d d W X n n w n nx π π π π ω ω ω ω ω ω π Substitute w(n^1,n^2) = x(n^1,n^2) for a perhaps more familiar form of the relation.

• Separability:

) )G( F(

) ()( : Proof ) () ( ) ()(

2 1

2 1

2 1 2 1 2 1

1 2 2 2 1 1 1 2 2 2 1 1

ω ω

ω ω

ω ω

ω ω

= =

⇔

∑ ∑ ∑ ∑_{−−} n n -jn -jn n n jn jn )e g(n )e f(n e e ng nf G F ng nf

The result is a little surprising since the product of two functions in the discrete-time domain is a convolution in the frequency domain.

Why not a convolution?

) ()( )] ()([ )] ()([so ) ()( ) ,(~ ) ()( ) ,( ~ But ) ,(~ ) ,( ~ ) ,( ) ,( ~ ) ,(~ ) ,( ) ( ) ,( ~ ) ( ) ,(~

2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 2 1 1 2 1

ng nf ng n n nf ng n n ng n nf n nf n ng n nf n nx G F X G G F F

= ∗∗ = = ∗∗ = ⇒ = = = δ δ δ δ

ω ω ω ω ω ω ω ω ω ω ω ω