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Solution Set for Homework #9
By Prof. Brian Evans and Mr. Firas Tabbara
December 6, 2025

PROBLEM 9.1: CONTINUOUS TIME-FREQUENCY RESPONSE. 48 points.

Signal Processing First, problem P-10.9, page 305. In addition, for each of the seven filters given,
describe the frequency selectivity in the magnitude response as lowpass, highpass, bandpass,
bandstop, allpass, or notch.

Consider an LTI system whose frequency response
H(jw) is unknown. The system has a periodic input
whose spectrum is shown in Fig. P-10.9.

For each part of this problem, the output of the
system is given and the frequency response must be
determined by selecting from the list numbered 1-7
below. Chose the frequency response H(jw) of the
system that could have produced the specific output
when the input is the signal with the spectrum in Fig. P-10.9.

Solution: Fig. P-10.9 plots the following Fourier series coefficients
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which can be used in the Fourier series formula
> » 1 2 2 2
x) =Y ae =—+Zcos(wit)—— cos(Bwt) + — cos(5m,t
()Z,_Sk 2”(())37[(0)5”(0)

Due to the system having linear and time-invariant properties, all the frequency components in the
output signal had to be present in the input signal. That is, a linear time-invariant (LTI) system
cannot create new frequencies.

Using LTI system properties, the output signal is simply the sum of the system’s response to each
frequency component of the input signal:

1. 2 . 2 . 2 :
y(t)= EH (jO)+ ;cos(coot)H (jo,) —gcos(%oot)H (j3w,) +§cos(5a)0t)H (JjSw,)
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We can write the frequency response into polar form as H(jw) = |H(jw)|e’ “HU®).
1 . 2 . .
(1) =5H(10)+; |H(jw,)|cos(ot+1H(jo,))—
2 . .
s | H(j3w,)|cos(Bat+1H(j3m,))+

2 : .
s | H(jSw,)|cos(Sat+1H(j5w,))

Please see lecture slide 14-6 and Signal Processing First Section 10-2.

1

a 1)=—

) YO =7
The output of system can be obtained by the following formula

k=5
y(1) =D H(jke,)ae"™

k=-5
Hence, we can find the value of H (jw) for frequencies that are present in the input.

o[l k=0
UR@)=10 k—s143.45

Filter 5 has similar response, so the input has passed through this lowpass filter.

1
1 |w| Szwo
H(jw) =

1 2 1
b) »()= 5+;cos[a)0 [t—zﬂ

= . ey 12 1
y(t)zZH(]ka)o)ake o :5+_COS @, t_E

k=-5 T

1, k=0
H (jka,)=4e’™"?, k=xl1

0, k=13,15
Filter 6 has this property and will give similar output. This lowpass filter removes frequencies
above % and delays the input by /2 sample. We can obtain the delay by computing the group

da . da w 1
delay for the filter as follows: Group Delay(w) = — EAH(](») =—— (— ;) =-.
e 7 |w| < 2 @o
H(jw) =

0 | |>3
w 20)0
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2
y(t) = —cos (@yt)

k=5
y(t) =Y H(jkw,)a,e"™ = zcos(a)ot)
r

k=—s
H(jkay) L k=t

a) =
TN)=0, k=0,43,45

The original signal has passed through a bandpass filter which removes all frequencies present in
the input signal except w,. Filter 7 shows a bandpass filter with this property.

1 3
1, —a)0<|a)|<5w0
H(jo)= 1 3
0, |a)|<§a)O or |a)|>5a)0
d)
I 2 2 2
(1) = x(t) —— = —cos(a,t) ——cos(Baw,t) + —cos(Sw,t)
2 RY/4 St
= ) ) 2 2
y(t) = z H(jkw,)a,e”™ " =—cos(wt) ——cos(Bw,t) + — cos(5w,t)
s /4 RY/2 Sm
o ( i ) 0, k=0
, =
e 1, k=+1,43,5
This filter passes all frequencies except w = 0, therefore it acts as a highpass filter or a bandpass
filter. Filter 1 is a highpass filter that can produce this output.
1
0 |w|< 5 ®o
H(jw) =
1 |w|> Ewo
e)

1
()= x(f—a)

Filter 3: H(j w) = 0.5 1 +cos(w0 T))

k=5

y(t) = Z H(jka,)a e’ | 7
k==5 [

H(]ka)o) — e*_/’ka/Z

Filter 2 gives this response, which is allpass.

H(jw)=e"

Filters 3 and 4 cannot produce any of the output ool |
signals. ul
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Filter 3:
H(jo)= %[1 + cos(aﬂ}))]

for w=ka, > H(jka,)= %[1 +cos(kay )] = %[1 +cos(27k)| =1

For w = kw,, this filter passes all the harmonic frequencies; however, it rejects sub-harmonic
. k o .. .
frequencies at w = % This filter has a periodic magnitude response as shown above.

. i . 3 . .
Filter 4: This filter removes frequencies above % and is a lowpass filter.

Epilogue: The LTI ideal delay is a building block in continuous-time systems.

An LTI system with a constant non-zero magnitude response such as |H(jw)| = 1 passes all
frequencies through equally well. This is called an allpass filter.

From the phase response, we can determine the group delay in seconds through the LTI system for
a particular frequency by taking the derivative of the phase response and negating it. For a phase
response of ZH(jw) = — %, the group delay would be % seconds, which is the delay in the ideal
delay system. See also problem 8.2(b) below.

If we could only observe the ideal delay for time t = 0, then we would have to set the initial
conditions to zero as a necessary condition for the ideal delay to be LTIl. Please see Handout U

Property of Time-Invariance (Shift-Invariance) for a System Under Observation for an example of
an ideal delay under observation for time t = 0.

PROBLEM 9.2: FORWARD CONTINUOUS-TIME FOURIER TRANSFORMS.

Compute the continuous-time Fourier transform X (jw) for continuous-time signal x(t) using the
definition in Signal Processing First in equation (11.1)

X(jw) = f+oox(t)e"j“’tdt

for the following time-domain signals x(t). In addition, for each part, describe the frequency
selectivity of the magnitude response as lowpass, highpass, bandpass, bandstop, allpass, or notch.

Signal Processing First Section 11.4 covers examples (a)-(d). You can check your answers using
continuous-time Fourier transform pairs in Table 11-2 of on page 338 in Signal Processing First.

Solution:
a) x(t) = 8(t). We can use the sifting property for the Dirac delta: H(jw)]
+00
X(jw) = f S(t)e I@tdt = e‘f“’t]tzo =1 1

Allpass filter. All frequencies pass through equally

well. See the epilogue in the solution to Problem 0
9.1 above. Magnitude response plotted on the right.



http://users.ece.utexas.edu/~bevans/courses/signals/handouts/Appendix%20U%20Time%20Invariance%20Under%20Observations.pdf
http://users.ece.utexas.edu/~bevans/courses/signals/handouts/Appendix%20U%20Time%20Invariance%20Under%20Observations.pdf
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. . T T
b) Rectangular pulse of unit amplitude that lasts from — 3 to ;seconds.

x(t)=u(t+g)—u(t—§) i

X(jw) = f_:o [u (t + ;) —u (t - g)] e jotdt = f;e‘j“’t dt

T T
T T T 2jsin|5w sin(5w
X(w) = —.i[e‘f“’t]zr = —.i(e_""i — e’“’7> = ! .(2 ) =T (2 )
jw -2z Jo jw T,
2
wT sin (T x
X(jw) = T sinc (—) where sinc(x) = #
21 TX

See also Signal Processing First, pp. 314-315. Lowpass filter. Lecture slide 15-6:

x(9) X(jo) At
1 F
G—
X )
T2 o0 T2 ! “Tor —anaz |0 anAr 6x
T T T T T T

Magnitude and phase plots in MATLAB for 7= 1 for —20 < w < 20 rad/s. In the magnitude

response, the first zero to the right of zero frequency occurs at w = Z?R = 2m. The phase

response is T whenever the sinc pulse goes negative.

T 1;

w -20 : 0.01 : 20;

X T*sinc (Ww*T/ (2*pi)) ; o
figure;

plot (w, abs(X)):; i
xlabel ('w'); |
ylabel ('Magnitude Response'); g
figure;

plot (w, angle (X)) ;

xlabel ('w');

ylabel ('Phase Response'); ' o

c) x(t) = e~ *u(t) for positive and real-valued a
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X(jw) = j e~y (t)e Jotdt = .[ e-(atjo)t gy — [e—(a+jw)t]°° — 1
—o 0 a+jw 0 a+tjw
See Signal Processing First, e T Phase Response
pp. 309 & 313. Lowpass filter. I I\ | --.\\
From Lecture Slide 15-5 fora =1: .. f | \
w=-8: 0.0l : 8; \ \
H=1 ./ (1 + j*w); \ 1

Hmag = abs (H); / N
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Hphase = phase (H) ;

figure;

plot (w, Hmag):;

title ('Magnitude Response');
ylim( [-0.0 1.1] );

figure;

plot (w, Hphase);

title ('Phase Response');

d) x(t) = eP*u(—t) for positive and real-valued b
0 1 1

XGa) = [ ettu(-ie i = [ e Iord = [0

— 00

See Signal Processing First, pp. 314. Lowpass filter. Matlab plots for the magnitude and phase
for b = 1. Magnitude response is the same as part (c¢) and phase response is flipped in frequency:

4 -8 : 0.01 : 8; o Responso N
H 1 ./ (1 - j*w); | ) ) ' ’ '
Hmag = abs (H) ;
Hphase = phase (H) ;
figure;

plot (w, Hmag); os}
title ('Magnitude Response');
ylim( [-0.0 1.1] ); 04
figure;

plot (w, Hphase); 0z 1
title ('Phase Response');

o 156 L : .
] - “ 2 o 2 4 6 8

4

e) x(t) = e @t for —oo < t < oo for positive and real-valued a. When t < 0, |t| = —t. When
t > 0, |t|] = t. We can reuse the results from parts (c) and (d).
o0 0 (o] Magnitude Response
X(jw) = J e~ dtlg—Jjotgr — J e~ a(-De-Jotgr 4 J e te—Jotge
—o0 —0 0
0 . ® . ‘E
X(jw) =J eate‘f“’tdt+j e e IOt
—00 O
1 1 a—jot+a+jw 2a

X(jw) =

+ = =
a—jo a+jo (a+jo)(a—jw) a?+ w?

Lowpass filter. See magnitude response plot on the right for a = 1:

PROBLEM 9.3: CONTINUOUS-TIME FOURIER TRANSFORMS USING TRANSFORM PROPERTIES
AND PAIRS.

Signal Processing First, problem P-11.8, page 343. In the following, the Fourier transform
X(j w) is given. Using the tables of Fourier transforms and Fourier transform properties to
determine the inverse Fourier transform for each case. You may give your answer either as
an equation or a carefully labeled plot, whichever is most convenient.

(@) X(jw) = ez::;:
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—-Jj3w ,
Solution for (a): We can rewrite the Fourier transform as X (jw) = g = ( ! ) e /3@

2+jw 2+jw
The Fourier transform pair related to the first term is
—2¢t (¢
e u® < 2+jw
The second term e ~/3% relates to the time delay property, where t; = 3:
x(t) = e 2t=3)y(t —3)
. _Jw
(b) X (jw) = 72
Solution for (b) #1: (from a student’s solution) We rearrange this expression as follows:
jw+2—2 2
X(jw) = ]— =1- ,
2+ jw 2+ jw
and then use the Fourier transform pairs
e ?2tu(t) & — and §(t) o1
2+ jw
Using the linearity property of the Fourier transform
2etu(t
e u®) < 2+jw

we obtain
x(t) =6(t) —2e 2t u(t)

Solution for (b) #2: We rearrange the Fourier transform expression as follows:
, jw 1 ,
XGo) = (552) G

2+ jw VR jw
Using the differentiation-in-time property of the Fourier transform, we obtain

x(t) = %(2 e 2tu(t)) =e2t8(t) —2e 2t u(t)

Solutions for (b) #1 and #2 are identical expressions under integration using the sifting property
of the Dirac delta. That is, the value of e 2 is 1 when ¢ = 0.

. _ ](1) —j3(1.)
(©) X(jw) = 22
Solution for (c): We build on the solution in part (b). We rearrange X (jw) as

j . 1 .
e R

We take the inverse Fourier transform of ﬁ, differentiate the time-domain expression, and
delay by 3s. That is, we take the solution in part (b) and delay it by 3s. From solution for (b) #1,
x() =6t —=3)—2e 23D y(t-13)

and from solution for (b) #2
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x(t) = e 23 §(t — 3) — 223y (t — 3)

These are equivalent solutions (see part (b)).

@ X (o) = (222) (2w 26 (0 — Zk))

Solution for (d): Using the convolution-in-time property:
x1 () * x5(t) © X1(jw) X;(w)

we have
2 sin(w)
X, (jw) =
1(lw) a)
T
ooy ()
“(“E)‘u(t‘ﬁ)“ w
2
2 sin(w
u(t+1) —u(t—1) a)( )
And
) = 2m 21 21
xaG0) = ) g 8(w-Tgk) = ) 35 5(0~T5k)
k=—0o0 k=—o0
i 5t — 10n) & 2™ 5( k)
— H_ — —
n 10 W
n=-—oo
Therefore,

x(0) = 0,(0) + x,(0) = (u(t + D —u(t = 1) = ) (¢ —10n)

n=—oo

The expression u(t + 1) — u(t — 1) is a rectangular pulse of duration 2s centered at the origin,
1.e. rect(#/2). We interchange the summation and convolution due to linearity of convolution.
When convolving a signal g(t) with a delayed Dirac delta §(t — t,), we obtain g(t — t,):

() _rect< ) Z 5(t — 10m) = Z rect( )*6(t—10n) N i rect(f—210n>

n=-—oo n=-—oo n=-—co
This signal is a square wave with period 10s. The
rectangular pulse in each period lasts for 2s.
t -20 : 0.01 : 20; 08
X rectpuls ((t+20)/2) + rectpuls((t+10)/2)

+ rectpuls(t/2) + rectpuls( (t-10)/2) + s
rectpuls ((t-20)/2) 04

12

plot(t, x);
ylim( [-0.2 1.2] );
xlabel ('t");

ylabel ("x(t) ")
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