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Abstract—Research in cognitive radios has renewed interest in
tools, such as spectrum estimation and modulation identification,
to characterize the radio frequency (RF) environment. The use
of multiple antennas for multiple-input multiple-output (MIMO)
communications presents a new challenge in detecting and classi-
fying signals. In this paper, we propose a cyclostationarity-based
statistical test to detect space-time block codes, focusing on the
two transmitter Alamouti space-time block code (STBC). Our test
exploits a new characterization of the Alamouti code using fourth
order cyclic frequencies. The test requires only a single receive
antenna, and does not require any symbol synchronization.

I. INTRODUCTION

Cognitive radios are expected to help fill under-utilized
bandwidth by sensing for holes in the spectrum and trans-
mitting in a manner that does not interfere with other sig-
nals [1]. Along with spectrum estimation, blind modulation
classification– determining the modulation type of signal with
unknown parameters– helps present a more complete picture
with which an intelligent software defined radio may optimize
its transmission scheme [2]. Current research indicates that
cognitive radios should be able to operate in both white space
(no signal energy present) and gray space (signal energy
present) by classifying the signals present and transmitting in
a way that avoids interference [3].

Modulation classification algorithms have been extensively
studied for interference characterization and surveillance. Prior
work focuses on single antenna modulations, such as M -
QAM, FSK, and PSK. Emerging wireless systems are using
multiple transmit and receive antennas. These multiple-input
multiple-output (MIMO) communications systems provide
large benefits in increased spectral efficiency, thereby allowing
more information to be transmitted in a smaller amount
of costly bandwidth [4]. There are many different types of
MIMO communication algorithms, such as space-time block
coding, spatial multiplexing, and beamforming. Modulation
classification methods are needed for each of these methods
for cognitive radios to be able to operate in environments with
MIMO communication.

In this paper, we propose a classification method for the
Alamouti space-time block code [5]. The Alamouti code is a
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MIMO modulation technique for two transmit antennas, which
is used to increase spatial diversity in wireless links. It is the
most extensively employed MIMO technology, being already
deployed in WCDMA and included in several WiMax profiles.
We derive the fourth order cyclic frequency of the Alamouti
space-time block code, present a statistical test for its presence
with only a single receive antenna in a flat-fading environment,
and provide simulation results illustrating the effectiveness of
the proposed algorithm.

II. CYCLOSTATIONARITY

The theory of cyclostationarity has received much attention
in the communications world due to its relatively accurate
stochastic description of digital and analog communications
signals. Cyclostationary properties are often used when little
can be assumed about the signal or noise environment, such as
with modulation identification [6], spectrum sensing [7], and
blind channel identification[8], [9]. A cyclostationary process
is one whose statistics vary periodically in time. A process
is said to exhibit k-th order cyclostationarity if there exists
a nonlinear transform of the k-th order that produces finite
strength sinusoid components [10]. Practically speaking, this
means there is a k-th order periodicity inherent in the statistics
of the signal.

The k-th order time varying moment mkx(t; τ) of a signal
x(t) can be defined as a Fourier expansion of the k-th order
cyclic moment Mkx as [10]

mkx(t; τ) = E{x(t)x(∗)(t + τ1). . .x(∗)(t + τk−1)}
Mkx = limT→∞

∑T−1
t=0 mkx(t; τ)e−jαt

where (∗) denotes an optional conjugation and α is a cycle
frequency. Similarly, the time-varying cumulant ckx can be
represented by a Fourier series representation of its cyclic
covariance Ckx(α; τ) as

ckx(t; τ) =
∑
α

Ckx(α; τ)ejαt

Ckx(α; τ) = lim
T→∞

1
T

T−1∑
t=0

ckx(t; τ)e−jαt.

Note that the second order cumulant is just the covariance;
the second and third order cumulants are both equivalent to
their respective moments. Also, note that at α = 0, the cyclic



moments and cumulants are equivalent to their respective
standard (non-cyclic) forms.

III. SYSTEM MODEL

Consider an unknown, sampled, continuous-time communi-
cations signal that is digitally modulated and employs pulse
shaping. Let a digitally modulated signal in a flat fading
channel oversampled by a factor of P = T

Ts
be represented as

y[n] = h[n]ej2πfePn
∑

k

s[k]gtx[n − kTs] + v[n]

where fe is the frequency offset, s[k] is a zero-mean, i.i.d.
symbol sequence, gtx[n] is the transmitter pulse-shape, 1

Ts
is

the symbol rate, and v[n] is additive white Gaussian noise
(AWGN). Using the cyclostationary properties of the digital
modulation, we can find the symbol rate by detecting a cyclic
frequency at α0 = T

Ts
[11]. We will assume for simplicity that

there is no frequency offset (fe = 0), but the results still hold
for imperfect carrier recovery [12].

The received signal from a MIMO transmission with two
transmitters, one receiver, and no frequency offset may be
represented as

y[n] =h1[n]
∑

i

s1[i]gtx[n − iTs]+

h2[n]
∑

k

s2[k]gtx[n − kTs] + v[n]

where s1[n] and s2[n] are the source symbols from the two
transmitters.

Channel impairments caused by multipath may impact the
performance proposed algorithm. Frequency selective fading
induces additional repetition into the received signal, which
could increase the false alarm rate for signals other than the
Alamouti space-time block code. Flat fading presents problems
when the scaling is very asymmetric between channels. The
main focus of this paper is on the presence and detectability
of the unique fourth-order cyclic frequencies. Therefore, we
will employ the simplest channel model in the subsequent
simulations– unit channel gains in additive white gaussian
noise– and leave the detailed analysis of the effects of channel
impairments as an avenue for further research.

IV. STATISTICAL TEST FOR ALAMOUTI CODE

Following from the concepts of symbol rate detection, we
derive a statistical test to distinguish the 2×2 Alamouti STBC
from spatial multiplexing or a single transmitter. The Alamouti
code is given by [5]

X =
[

s1 s2

−s∗2 s∗1

]
.

If we simplify and consider perfect sampling at the rate of
one sample per symbol, then the received samples of Alamouti

coded symbols may be written as

y[n] =h1[n]s1[n] + h2[n]s2[n] + v[n]
y[n + 1] = − h1[n + 1]s∗2[n]

+ h2[n + 1]s∗1[n] + v[n].

The cyclic autocorrelation is the same for Alamouti coded
data as it is for a single emitter or even multiple independent
streams, as in a spatial multiplexing transmission mode. There-
fore, the second order cyclostationary techniques can still be
used to find the symbol rate, but provide no useful distinction
between Alamouti coded data and a single transmitter or
multiple independent transmitters. However, the fourth order
cyclic cumulant is different with Alamouti coded signals,
providing the basis for the following proposed statistical test.
A summary of the derivation is provided in the Appendix.

A. Fourth order Cyclic Frequency for Alamouti Code

The fourth order cyclic cumulant is defined as [13]

C4x(α; τ1, τ2, τ3) = M4x(α; τ1, τ2, τ3)−∑
β∈Am

2

M2x(α − β; τ1)M2x(β; τ1)ejβτ2+

M2x(α − β; τ2)M2x(β; τ1 − τ3)ejβτ3+

M2x(α − β; τ3)M2x(β; τ2 − τ1)ejβτ1 (1)

where Am
2 is the set of second order cyclic frequencies.

Fortunately, we can see that ∀β ∈ Am
2 where (α − β) /∈ Am

2 ,
the second order terms go to zero and C4x(α; τ1, τ2, τ3) =
M4x(α; τ1, τ2, τ3) . The derivation for the fourth order cyclic
frequency of the Alamouti code is provided in the Appendix.
We find a cycle at α1 = ± 1

2P = ± T
2Ts

. We expect there
to be a relation at half the symbol rate since the symbols at
time t + 1 are related to those at time t every other set of
symbols. Space-time block codes with larger dimensions also
have corresponding distinguishing features with even higher
order cyclic cumulants. For example, it can be shown that
the 4 × 4 quasi-orthogonal space-time block code defined in
[14] has spectral lines at ± T

4Ts
when using 8-th order cyclic

cumulants.

B. Statistical Test

Determining the symbol rate will be the first step in the
algorithm presented in Section IV. Assuming that the symbol
rate is known, we now check the presence of a cyclic frequency
at α1 = T

2Ts
. Dandawate and Giannakis provide a method to

detect the presence of a cyclic frequency in a k-th order cyclic
cumulant [13]. The authors define the sample estimator for the
fourth order cyclic cumulant as the true cumulant plus error
as

Ĉ4x(t; τ) � c4x(t; τ) + ε
(T )
4x (α; τ)

where ε
(T )
4x (α; τ) is the estimation error (goes to zero as T →

∞). With this formulation, we map cycle detection to a binary
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(b) Ĉ4x, Two independent streams

Fig. 1. Sample fourth order cyclic cumulants as a function of α with τ = (0, P, 0, P ) and the delayed versions conjugated. The modulation is QPSK,
Es
No

= 5 dB, T
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= 1
5

, N = 20, 000 symbols.

hypothesis test as shown below

H0 :α /∈ A4∀{τn}N
n=1 ⇒ ˆc4x(t; τ) = ε

(T )
4x (α; τ)

H1 :α ∈ A4for some{τn}N
n=1

⇒ ĉ4x(t; τ) = c4x(t; τ) + ε
(T )
4x (α; τ)

where A4 is the set of fourth-order cyclic frequencies. It is
shown that limT→∞

√
Tε

(T )
kx converges in distribution to a

multivariate normal distribution with zero mean and asymp-
totic covariance Σkc. This leads to the definition of a test
statistic for a k-th order cycle Tkc as

Tkc � T ĉkx(t; τ)Σ̂−1
kc ĉkx(t; τ)T

where ĉkx(t; τ) is a vector of the real and imaginary portions
of the sample cyclic cumulant for a fixed set of lags {τ1, ...τN}
and Σ̂kc is the sample covariance of this vector computed with
the sample spectral correlation functions. It is shown that Tkc

asymptotically converges to a χ2 random variable without the
presence of a cycle (H0), and a Gaussian random variable
with higher mean (H1) if the cycle exists. Therefore, a desired
false alarm rate (PF ) or probability of detection (PD) can be
computed for a given cyclic frequency. The reader is referred
to [13] for a detailed explanation. The following procedure
may be used detect the presence of the fourth order cycles
induced by a 2 × 2 Alamouti block code.

1) Estimate α0 = T
Ts

using the cyclic autocovariance test
from [11].

2) Compute the desired probability of detection PD accord-
ing to the χ2 distribution.

3) Compute ĉ4x(t; τ...) for ±α1 = ± 1
2α0 and compare to

the threshold.
The complexity of the algorithm is fundamentally a function

of the sample cyclic cumulant computation, and the computa-
tion of the sample covariance. For the Alamouti code, only a
fourth order sample cyclic cumulant at a single frequency is
required, and may be computed as

Ĉ4x(α; τ) =
1
N

N−1∑
n=0

x[n]x∗[n + P ]x[n]x∗[n + P ]e−jαt

The complexity of this operation is O(N). The reader is re-
ferred to [13] for details on the computation of the 2×2 sample
covariance matrix Σ̂4c. The elements are linear combinations
of the real and imaginary portions of the sample second order
cyclic spectrum, which may be estimated by using a smoothed
periodogram approach. This operation is O(NWn), where Wn

is the length of the smoothing window. Thus, overall the test
takes O(NWn) multiplications.

V. SIMULATION RESULTS

To demonstrate the effectiveness of our proposed test,
we run the algorithm defined in Section IV on both the
symbols generated by the Alamouti code and those from a
spatial multiplexing scheme. In these simulations, the spatial
multiplexing system is two independent streams of data from
the two transmitters. We assume a flat-fading environment, and
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Fig. 2. Receiver operating characteristic (ROC) curves for the proposed test at 5 and 10 dB (aggregate) SNR. The curves illustrate the tradeoffs between
false alarm rates and attainable detection rates in additive white Gaussian noise. The modulation is QPSK with a square root-raised cosine pulse. The data is
oversampled by a ratio of P = 4.

for simplicity we use unit channel gains. A square root-raised
cosine pulse with excess bandwidth of 50% is employed at the
transmitter. The data was oversampled by a factor of P = 4.
A Kaiser window with parameter 10 and length of 101 taps is
used to smooth the spectral correlation function. The received
signal to noise ratio Es

N0
is defined such that Es = Es1 + Es2 .

In Figure 2, we plot simulated receiver operating charac-
teristic (ROC) curves for the proposed test statistic T4c for
the cyclic frequency 1

2P for the Alamouti code against two
independent streams received with one antenna. From these
plots, we illustrate the effects of received SNR and number of
symbols used on accurate detection. Figure 2(a) shows curves
with 10 dB of SNR received on the single receive antenna
using 200, 500, and 1500 symbols. Figure 2(b) shows similar
curves when 5 dB SNR is received. In each case, we can get to
very high probability of detection with very low probability of
error. However, we note that at 10 dB aggregate SNR we can
achieve this with 1500 symbols, but at 5 dB aggregate SNR we
need approximately 10000 symbols to achieve similar results.
Thus, it is clear from these simulations that the detection
ability of the statistical test is dependent on both the signal
to noise ratio and the number of symbols included in the test.
This is one of the main problems inherent with a higher order
statistical test. As the order of the cyclostationarity increases,
the number of samples required to obtain an accurate estimate
increases greatly.

VI. CONCLUSIONS

In this paper, we derived unique fourth order cyclic statistics
for the Alamouti space-time block code, and proposed a
statistical test based on the work of Dandawate and Giannakis.
Through simulations, we illustrated the effectiveness of the
test with a relatively low number of samples at higher SNR,
as well as the drawback of requiring many samples to achieve
accurate results in lower SNR environments. Finding lower
complexity algorithms that perform well in with low SNR is
an area for further research.

It is important to note that this test does not necessarily
uniquely identify the Alamouti code. In the case of second
order symbol rate detection, it was seen that by weighting
the observations we can achieve better results [11]. Any
signal that has a fourth order cyclic frequency at T

2Ts
will

be identified using this test, including possibly higher order
(e.g. 4 × 4) block codes. Therefore, to accurately distinguish
between many types of modulation, we must include even
higher order statistical tests. As the order increases, the number
of samples required rises as well, so it remains an area of
further research to find more efficient tests. Another factor
that makes realistic processing difficult is fading. Flat fading
provides a challenge if the matrix is very unbalanced (e.g.
h1 = 1, h2 = 0.05). Frequency selective fading is even more
difficult, since multiple scaled versions of the same symbols
will be received and more cycles will be observed. One more



avenue for further research is the use of multiple receive
antennas. It may be possible to use selection combining to
increase the effective SNR and thus increase the accuracy of
the test or reduce the number of samples needed.

APPENDIX

A sketch of the derivation for the cyclic frequency at 2P ,
where P is the oversampling factor, is now provided. From
Section IV, we see that we only need to look at the fourth order
moment m4x(t; τ1, τ2, τ3) for the Alamouti code. Let x[i]
represent the received symbol, which is h[0]s1[i]+h[1]s2[i] at
time i and −h[0]s∗2[i] + h[1]s∗1[i] at time i + 1. Note that x[i]
and x[i+1] are not (necessarily) independent. However, in the
case of a single transmitter or multiple antenna transmission
streams sending independent data, x[i] is independent from
x[i+1] ∀i. For notational simplicity, shortening the pulse shape
gtx to g, let

Gn
4 (κ1, κ2, κ3, κ4) �

g[n − κ1]g∗[n − κ2]g[n − κ3]g∗[n − κ4]. (2)

Ignoring the noise term (which has a zero fourth order moment
if Gaussian), we write out the fourth order moment with τ = P
as

m4y(n; τ) = E{y[n]y∗[n + τ ]y[n]y∗[n + τ ]}
= E{(

∑
i

x[i]g[n − iP ])(
∑

j

x∗[j]g∗[n + τ − jP ])

(
∑

k

x[k]g[n − kP ])(
∑

l

x∗[l]g∗[n + τ − lP ])}

=
∑

i

∑
j

∑
k

∑
l

E{x[i]x∗[j]x[k]x∗[l]}×

Gn
4 (iP, jP − τ, kP, lP − τ)

(3)

following from the definition of Gn
4 in (2). We then further

expand (3) using the property that, for Alamouti coded data,
x[i] is independent from x[i + k], k ≥ 2

=
∑

i

E{x[i]x∗[i]x[i]x∗[i]}Gn
4 (iP, iP − τ, iP, iP − τ)

+
∑

i

E{x[i]x∗[i]x[i]x∗[i + 1]}

×Gn
4 (iP, iP − τ, iP, (i + 1)P − τ)

+ . . .

+
∑

i

E{x[i + 1]x∗[i + 1]x[i + 1]x∗[i]}

×Gn
4 ((i + 1)P, (i + 1)P − τ, (i + 1)P, iP − τ) (4)

When x[n] is a single transmitter with has an independent
source stream, only the first summation in (4) is nonzero since
x[n] is independent from x[n+1]∀n. This implies there is not a
fourth order cyclic frequency at 2P for a single transmitter, or
for a spatial multiplexing stream of independently modulated
data from multiple antennas. To illustrate the 2P period in

the Alamouti coded signal, we see that the expansion, starting
with the second term, is

m4y(n + kP ; τ) =
∑

i

E{x[i]x∗[i]x[i]x∗[i + 1]}×

Gn
4 ((i − k)P, (i − k)P − τ, (i − k)P, (i − k + 1)P − τ)
+ . . . (5)

=
∑

j=(k−i)

E{x[j]x∗[j]x[j]x∗[j + 1]}

Gn
4 (jP, jP − τ, jP, (j + 1)P − τ) + . . .

=m4y(n; τ) if k = ±2z, z ∈ Z. (6)

Due to the structure of the Alamouti space-time block
code, x[i] and x[i + 1] are dependent when i is even and
independent when i is odd, assuming zero-indexed data. Note
that in equation (5), if k is a multiple of 2, we are guaranteed
independence between x[i] and x[i + k]. Therefore, we see
that m4x(n+2P ; τ) = m4y(n; τ), which shows that Alamouti
coded signals have a fourth order periodicity of length 2P .
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