
4.3. PROOF OF THE VECTOR CLOCK ALGORITHM 43Lemma 4.2 that follows states that if there is a 
hain of events froms to t then s:v � t:v. Note that the proof of Lemma 4.2 does not usethe initial 
onditions. Thus it holds independent of the initial valuesof the ve
tors.Lemma 4.2 s! t) s:v � t:v.Proof: It is suÆ
ient to show that for all k > 0: s k! t ) s:v � t:v.We use indu
tion on k.Base (k = 1):s 1! t) f de�nition of ml gs �im t _ s; t) f expand s �im t and s; t g(s; internal; t) _ (s; send; t) _ (9u : (s; r
v(u); t))_ (9u : (u; r
v(s); t))) f send, r
v, and internal rules g(s:v = t:v) _ (s:v < t:v) _ (s:v � t:v)_ (s:v � t:v)) f simplify gs:v � t:vIndu
tion: (k > 1)s k! t ^ (k > 1)) f de�nition of ml g(9u : s k�1! u ^ u 1! t)) f indu
tion hypothesis g(9u : s:v � u:v ^ u:v � t:v)) f simplify gs:v � t:vLemma 4.4 states that if two states s and t are on di�erent pro
esses,and s does not happen before t, then t:v[s:p℄ < s:v[s:p℄. Our formalproof of this lemma is nontrivial. We �rst de�ne the notion of rank ofa state t.



44 CHAPTER 4. VERIFYING CLOCK ALGORITHMSDe�nition 4.3 (Rank of a state) The rank of a state t is equal tothe length of the longest 
hain from an initial state to t.rank(t) = ml(Init; t):Lemma 4.4 (8s; t : s:p 6= t:p : s 6! t) t:v[s:p℄ < s:v[s:p℄).Proof: The proof is by indu
tion on k = rank(t).Base (k = 0) :s 6! t ^ s:p 6= t:p) f rank(t) = 0 ginitial(t) ^ s:p 6= t:p) f let u be initial state in s:p ginitial(t) ^ s:p 6= t:p ^(9u : initial(u) ^ u:p = s:p : u = s _ u! s)) f lemma 4.2 ginitial(t) ^ s:p 6= t:p ^(9u : initial(u) ^ u:p = s:p : u:v = s:v _ u:v � s:v)) f rule for initial states gt:v[s:p℄ = 0^ (9u : u:v[s:p℄ = 1 : u:v = s:v _ u:v � s:v)) f simplify gt:v[s:p℄ < s:v[s:p℄Indu
tion: (k > 0)s 6! t ^ s:p 6= t:p ^ rank(t) > 0) f let u satisfy u �im t, u exists be
ause :initial(t) gs 6! t ^ s:p 6= t:p ^ u:p = t:p ^ u �im t) f de�nition of rank gs 6! u ^ rank(u) < k ^ u:p 6= s:p ^ u �im t) f indu
tive hypothesis gu:v[s:p℄ < s:v[s:p℄ ^ u �im t) f expand u �im t gu:v[s:p℄ < s:v[s:p℄^ ((u; internal; t) _ (u; send; t) _ (u; r
v(w); t))Consider ea
h disjun
t separately:Case 1: (u; internal; t)



4.3. PROOF OF THE VECTOR CLOCK ALGORITHM 45u:v[s:p℄ < s:v[s:p℄ ^ (u; internal; t)) f internal event rule gu:v[s:p℄ < s:v[s:p℄ ^ t:v = u:v) f simplify gt:v[s:p℄ < s:v[s:p℄Case 2: (u; send; t)u:v[s:p℄ < s:v[s:p℄ ^ (u; send; t)) f Send rule, s:p 6= t:p gu:v[s:p℄ < s:v[s:p℄ ^ t:v[s:p℄ = u:v[s:p℄) f simplify gt:v[s:p℄ < s:v[s:p℄Case 3: (u; r
v(w); t)u:v[s:p℄ < s:v[s:p℄ ^ (u; r
v(w); t)) f r
v rule gu:v[s:p℄ < s:v[s:p℄ ^ (u; r
v(w); t)^ (t:v[s:p℄ = u:v[s:p℄ _ t:v[s:p℄ = w:v[s:p℄)) f simplify gt:v[s:p℄ < s:v[s:p℄_ ((u; r
v(w); t) ^ t:v[s:p℄ = w:v[s:p℄)For 
ase 3, it suÆ
es to prove the following two 
ases.Case 3A: w:p = s:pt:v[s:p℄ = w:v[s:p℄ ^ (u; r
v(w); t) ^ w:p = s:p) � let x satisfy w �im x, x exists be
ausew; t implies :final(w) �t:v[s:p℄ = w:v[s:p℄ ^ (w; send; x) ^ w:p = s:p) f otherwise s! t gt:v[s:p℄ = w:v[s:p℄ ^ (w; send; x) ^ w:p = s:p^ w ! s) f be
ause w �im x gt:v[s:p℄ = w:v[s:p℄ ^ (w; send; x) ^ w:p = s:p^ (x = s _ x! s)) f send rule gt:v[s:p℄ = w:v[s:p℄ ^ w:v[s:p℄ < x:v[s:p℄^ (x = s _ x! s)) f Lemma 4.2 gt:v[s:p℄ = w:v[s:p℄ ^ w:v[s:p℄ < x:v[s:p℄



46 CHAPTER 4. VERIFYING CLOCK ALGORITHMS^ x:v � s:v) f simplify gt:v[s:p℄ < s:v[s:p℄Case 3B: w:p 6= s:pt:v[s:p℄ = w:v[s:p℄ ^ (u; r
v(w); t) ^ w:p 6= s:p) f de�nition of rank gt:v[s:p℄ = w:v[s:p℄ ^ w:p 6= s:p ^ s 6! w^ rank(w) < k) f indu
tive hypothesis gt:v[s:p℄ = w:v[s:p℄ ^ w:v[s:p℄ < s:v[s:p℄) f simplify gt:v[s:p℄ < s:v[s:p℄
Lemma 4.5 is a re�nement of Lemma 4.2 for the 
ase when s:p 6= t:p,in whi
h 
ase s:v < t:v.Lemma 4.5 (8s; t : s:p 6= t:p : s! t) s:v < t:v)Proof: From Lemma 4.2, we get that s:v � t:v. Furthermore, s ! timplies that t 6! s. From t 6! s, s:p 6= t:p and Lemma 4.4, we get thats:v[t:p℄ < t:v[t:p℄. Combining this with s:v � t:v, we get the desiredresult.Theorem 4.6 states the property that we set out to prove at thebeginning of this se
tion.Theorem 4.6 (8s; t : s:p 6= t:p : s! t, s:v < t:v)Proof: Immediate from Lemmas 4.4 and 4.5.


