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Lecture 12: Outline

• Bayesian optimization

• Surrogate function

• Gaussian processes

• Bayesian regression

• Acquisition function

• Applications to system mapping & exploration

• Multi-objective optimization
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Optimization Problem

• Find decisions x that minimize cost function f(x)

• f(x) is unknown (black box) & complex (non-convex)

• Can evaluate (sample) yi = f(xi) for given decisions xi

• But expensive to evaluate (e.g. simulation)

 Learn and optimize a surrogate function  𝒇෨ 𝒙 ~𝒇(𝒙)

• Surrogate 𝑓ሚ 𝑥 that captures behavior but is optimizable

• Learn 𝑓ሚ 𝑥 |஽ from observations D = { (f(xi),yi) }

• Form of regression, but with uncertainty

 Bayesian (probabilistic) regression
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𝑥∗ = argmin
௫

𝑓(𝑥)

𝑥∗ = argmin
௫

𝑓ሚ(𝑥)

Bayesian Regression

• Bayes’ theorem (distribution case)

• In regression (distributions over functions)
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𝑝 𝐴 𝐵 =
𝑝 𝐵 𝐴 ȉ 𝑝(𝐴)

𝑝(𝐵)

Prior belief (distribution of A)

Posterior distribution given B

Likelihood of B given A

Marginal likelihood of evidence B
(normalizing constant)

𝑝 𝑓ሚ 𝐷 =
𝑝 𝐷 𝑓ሚ ȉ 𝑝(𝑓ሚ)

𝑝(𝐷)
∝ 𝑝 𝐷 𝑓ሚ ȉ 𝑝(𝑓ሚ)Posterior function

distribution with a’,b’

Prior knowledge/guess, e.g. 
linear y = ax+b, with a,b

normally distributed

Source: C. M. Bishop, Pattern Recognition and Machine Learning, Springer, 2006.

 Observations
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Gaussian Process

• Multi-variate Gaussian distribution

• Gaussian process GP

• Extension to infinite number of variables 

• Generalized function distribution
– Normal distribution at each x with mean m(x) and variance k(x,x)

– “Kernel” k(x,x’) controls possible function (interpolation) shapes

 Bayesian regression
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𝑋ଵ

𝑋ଶ
~𝒩(𝛍, 𝚺) 𝛍 =

𝜇𝑿𝟏

𝜇௑మ
𝚺 =  

𝜎𝑿𝟏

𝟐 𝜎𝑿𝟏
𝜎𝑿𝟐

𝜎𝑿𝟐
𝜎𝑿𝟏

𝜎𝑿𝟐

𝟐

(Co-)variance matrix

𝑝(𝑓ሚ 𝑥 ) ~ 𝐺𝑃(𝑚 𝑥 , 𝑘 𝑥, 𝑥ᇱ )

Mean function Co-variance function

𝑝 𝑓ሚ 𝐷 = 𝐺𝑃 𝑚ᇱ ȉ , 𝑘ᇱ ȉ 𝑚ᇱ ȉ , 𝑘ᇱ ȉ ← 𝑚 ȉ , 𝑘 ȉ , D

https://distill.pub/2019/visual-exploration-gaussian-processes/

x1 x2

Bayesian Optimization

1. Initialize D = {}
Initialize GP prior with selected m(x) and k(x,x’) 

• E.g. m(x)=0 and k(x,x’) as exponential square
– GP hyperparameters for m(x) and k(x,x’)

2. Repeat until stop criteria

a. Select point xt to sample and observe its value f(xt)
 Maximize acquisition function 𝑥௧ = argm𝑎𝑥௫ 𝑎(𝑚 𝑥 , 𝑘(𝑥, 𝑥))

b. Add to dataset 𝐷 = 𝐷 ∪ { (𝑥௧, 𝑓 𝑥௧  }

c. Update m(x) and k(x,x’) using Bayes’ rule

3. Return best input in data set 𝑥∗ = argmin
௧

𝑓(𝑥௧)
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Acquisition Function

• Balance between exploration and exploitation

• Exploration: choose point with high uncertainty (variance)

• Exploitation: choose point with low expected goal (mean)

• Common examples

• Probability of improvement

• Expected improvement

• Upper confidence bound m 𝑥 + 𝜅 ⋅ 𝑘(𝑥, 𝑥)

• Optimizing the acquisition function argmax𝒙 𝑎(𝑚 𝑥 , 𝑘 𝑥, 𝑥 )

• Finding the global maximum can by itself be challenging

• E.g. using some form of gradient descent
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Example (Prior)
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Image sources: https://distill.pub/2020/bayesian-optimization/
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Example (Iteration 0)

ECE382N.23: Embedded Sys Dsgn/Modeling, Lecture 12 © 2024 A. Gerstlauer 9

Example (Iteration 1)
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Example (Iteration 2)
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Example (Iteration 3)
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Example (Iteration 4)
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Example (Iteration n)
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Multi-Objective Bayesian Optimization

• Common way to scalarize multiple objectives into one

• E.g., Chebyshev scalarization 

• Alternatively, fold into acquisition function

• Goal is to explore Pareto front
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𝑥∗ = argmin
௫

𝑔෤(𝑓ଵ 𝑥 , … , 𝑓௡ 𝑥 )

𝑔 𝑥 = max
௜

𝜆௜𝑓௜ 𝑥 + 𝜌∑௜𝜆௜𝑓௜ 𝑥

https://botorch.org/


