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Lecture 12: Outline

+ Bayesian optimization
» Surrogate function
» Gaussian processes
+ Bayesian regression
* Acquisition function

+ Multi-objective optimization

+ Applications to system mapping & exploration
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Optimization Problem

* Find decisions x that minimize cost function f{(x)

x* = argmin f (x)
X

* flx) is unknown (black box) & complex (non-convex)
» Can evaluate (sample) y; = f{x,) for given decisions x;
» But expensive to evaluate (e.g. simulation)

> Learn and optimize a surrogate function f(x)~f(x)

x* = argmin f(x)
X

« Surrogate f(x) that captures behavior but is optimizable
+ Learn f(x)|p from observations D = { (f{x,.y,) }

+ Form of regression, but with uncertainty

» Bayesian (probabilistic) regression
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Bayesian Regression

- Bayes’ theorem (distribution case)
Likelihood of B given A / Prior belief (distribution of A)

o(Bl4)-p(A
Posterior distribution given B — p(A|B) = M
r(B)

. Marginal likelihood of evidence B
(normalizing constant)

* Inregression (distributions over functions)

) . A n(f Prior knowledge/guess, e.g.
Posterior function d p(le) p(f) F 7 : _ ;
distributionwitna.p. PU1P) = D o p(D|f) - p(f) < linear y ~ax:h with a b

' p(D) normally distributed

O Observations

Source: C. M. Bishop, Pattern Recognition and Machine Learning, Springer, 2006.
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Gaussian Process

» Multi-variate Gaussian distribution

2
X u o 0x,0
[Xl] ~N (1, 2) u=[#§1] r=| M T
2 2 0x,0x, 0x,

e

(Co-)variance matrix

X2

* Gaussian process GP
» Extension to infinite number of variables

* Generalized function distribution
— Normal distribution at each x with mean m(x) and variance k(x,x)
— “Kernel” k(x,x’) controls possible function (interpolation) shapes

p(f(x)) ~ GP(m(x), k(x,x")
_—— ~
Mean function Co-variance function
» Bayesian regression
p(f|D) = GP(M' () K'()) M (DK () «m(),k(),D
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Bayesian Optimization

1. Initialize D = {}
Initialize GP prior with selected m(x) and k(x,x’)

* E.g. m(x)=0 and k(x,x’) as exponential square
— GP hyperparameters for m(x) and k(x,x’)

2. Repeat until stop criteria
a. Select point x, to sample and observe its value f(x,)
» Maximize acquisition function x; = argmax, a(m(x), k(x, x))
b. Addto dataset D =D U { (x;, f(x¢) }
c. Update m(x) and k(x,x’) using Bayes’ rule

3. Return best input in data set x* = argmin f(x;)
t
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Acquisition Function

« Common examples
* Probability of improvement
* Expected improvement

* E.g. using some form of gradient descent

» Upper confidence bound m(x) + « - k(x, x)

+ Balance between exploration and exploitation
» Exploration: choose point with high uncertainty (variance)
» Exploitation: choose point with low expected goal (mean)

+ Optimizing the acquisition function argmax, a(m(x), k(x, x))
» Finding the global maximum can by itself be challenging
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Example (Prior)

Prior

Gold content
-]

Image sources:

- Predicted (u)
—— Ground Truth (f)
pu+o
@ Training points
@ QueryPoint
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Example (lteration 0)
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Example (lteration 1)

=y

.0

Gold content

= Predicted (u)
= Ground Truth (f)
Uxo
@® Training Points
@ QueryPoint

2 3 4

& 05 -
0.0 - Y‘
0 1

= Acquisition function
+ Maxima
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Example (lteration 2)
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— Predicted (u)
= Ground Truth (f)
uxo
@® Training Points
® QueryPoint

505 -
—— Acquisition function
0.0 - + Maxima
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Example (lteration 3)

o 8 - i
= - Predicted (u)
A
§ 6 - = Ground Truth (f)
k) Uuxto
o 4 . .
(] ® Training Points
5 1 5 = i . : @® Query Point
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Example (lteration 4)

o |
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E = Predicted (u)
5 61 = Ground Truth (f)
(v}
2., HxOo
S @® Training Points
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© 2024 A. Gerstlauer 13

Example (lteration n)
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Multi-Objective Bayesian Optimization

« Common way to scalarize multiple objectives into one

X" = argmin G(fr(x), wwes fr (%))

* E.g., Chebyshev scalarization

gx) = ml?lx(lifi (X)) + pXiAif; (x)

+ Alternatively, fold into acquisition function
* Goal is to explore Pareto front
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