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The design of schedulers to optimize heterogeneous users’ Quality of Experience (QoE) remains a challenging
and important problem for wireless systems. This paper explores three inter-related aspects of this problem:
1) non-linear relationships between a user’s QoE and flow delays; 2) managing load dependent QoE trade-offs
among heterogeneous application classes; and 3), striking a good balance between opportunistic scheduling
and greedy QoE optimization. To that end we study downlink schedulers which minimize the expected cost
modeled by convex functions of flow delays for users with heterogeneous channel rate variations. The essential
features of this challenging problem are modeled as a Markov Decision Process to which we apply Whittle’s
relaxation, which in turn is shown to be indexable. Based on the Whittle’s relaxation we develop a new
scheduling policy, Opportunistic Delay Based Index Policy (ODIP). We then prove various structural properties
for ODIP which result in closed form expressions for Whittle’s indices under different scheduler scenarios.
Using extensive simulations we show that ODIP scheduler provides a robust means to realize complex QoE
trade-offs for a range of system loads.
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1 INTRODUCTION

Cellular networks will have to support a heterogeneous collection of applications ranging from
mobile broadband to machine-to-machine type communications. The allocation of Base Station
(BS) resources among heterogeneous traffic classes with possibly diverse Quality of Experience
(QoE) metrics remains a challenging and central problem in wireless system design and is the focus
of this paper.

Several studies have shown that the QoF for varous applications is dependent on flow transfer
delays, e.g., associated with the delay to view a web page or downloading a file, see e.g., [7, 20, 25, 28].
In this paper we focus on optimizing QoE metrics which are based on file-level delays in a downlink
setting. Traditional work on delay minimization, see e.g. [19, 22], has not simultaneously addressed
the following aspects of user experience and resource allocation in wireless networks:
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15:2 Arjun Anand and Gustavo de Veciana

(1) QoE of a user may be a non-linear function of the delay to download a file. For example, for
many applications users can tolerate delays up to a certain threshold and beyond that the
user experience deteriorates gradually [27].

(2) Applications may have different sensitivities to delay. Some applications could be more delay
tolerant than others, e.g., a simple file download vs interactive web browsing, thus a scheduler
can exploit this heterogeneity in delay sensitivity to realize appropriate QoE trade-offs among
applications for a range of system loads.

(3) User service rates may change with time due to variations in wireless channel characteristics
and different users may have different service rates at any given time.

In this paper we explore addressing the above mentioned issues simultaneously. To that end, we
consider a setting in which each user in the system has a job to be served by the BS and it has an
associated cost function which is a non-decreasing function of the delay to complete its service. Our
aim is to study how to minimize the total expected cost in serving all types of jobs in the system.

The cost function models the QoE of a user as a function of the delay it experiences. The larger
the cost, the poorer the QoE perceived by the user. Since the cost function could be non-linear and
possibly be different for different jobs this approach takes into account both the non-linearity and
the heterogeneity in users’ QoE with respect to the delay experienced. Using this approach we can
model several useful cost functions, for example, one could consider polynomial functions of delay
to model the user’s QoE[27] for applications like web browsing and FTP. QoE for stored video
streaming (DASH framework) is slightly more complex as it is a function of several parameters like
the amount of re-buffering, initial delay and variations in quality of video segments [25]. However,
our notion of flow is flexible to accommodate this setting. Indeed current video streaming protocols
essentially transfer a sequence of flows associated with video segments. The QoE can then be tied
to the delays of these flows/files and/or variability associated with transferring them to the receiver.
Cost functions can be obtained through offline studies which collect Mean Opinion Scores (MOS)
from users, see for e.g. [7] and [25]. Henceforth, we shall use cost as a measure of a user’s QoE.

An important challenge which is specific to systems with time-varying service rates is realizing
the right trade-off between opportunism and minimizing cost. If we schedule the user with the
highest service rate at all times, then we may increase the overall rate at which the jobs are served.
However, this opportunistic selection of jobs for service may not be cost optimal, as delay critical
jobs with low service rates may see poor cost performance. At the other extreme, if we schedule
jobs solely based on their current marginal costs, then we may schedule users when their service
rates are low and hence the overall rate at which jobs are processed goes down and overall jobs
are delayed, resulting in poor overall cost. Therefore, one needs to find the right balance between
being opportunistic and giving priority based on cost. This is explored in this paper by studying
directly how to minimize the expected system cost.

1.1 Related Work

We classify the related work into two categories based on the underlying model for job arrivals
to the system, namely: 1) Dynamic system in which jobs arrive according to a stochastic process
(typically a Poisson process) and leave once they are serviced; and 2) Transient system in which
there is a finite number of jobs at the beginning and no additional arrivals enter the system. We will
make further classifications based on the information on job sizes available to the scheduler, for
example, some works assume that the job sizes are known to the scheduler whereas others assume
that there is perfect or partial knowledge of job size distributions. Another characteristic which
distinguishes various works in the literature is whether they consider a system with time-varying
service rates.
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1.1.1  Dynamic Systems. Many authors have considered mean delay minimization in dynamic
systems which process jobs at a constant service rate, see for e.g., [1, 2, 10, 22, 37]. If the job sizes
are known to the scheduler, it has been shown that the Shortest Remaining Processing Time (SRPT)
scheduler is the mean delay optimal scheduler [31]. Under the SRPT policy, the job with the least
remaining processing time is scheduled for service at all times. If only the job size distributions are
known and the job arrivals form a Poisson process, then it has been proved that the Gittins index
scheduler is mean delay optimal [17]. Gittins index schedulers assign a priority to jobs depending on
the service received to date and job size distributions. Properties of Gittins index based schedulers
for different job size distributions have been studied extensively, see [1-3, 6]. There are few works
which consider, however, time-varying service rates in a dynamic system, see [15, 16, 33]. These
works either focus on establishing system stability rather than delay-based performance metrics,
or propose heuristics which are based on schedulers developed for constant service rate systems.

An interesting line of work which focuses on non-linear cost functions of the mean file/job delay
in multi-class systems is explored in [8, 23]. However, these works deal with cost functions of
expected delays rather than expectation of cost functions of the delays experienced by users. This
difference is crucial since minimizing the expectation of the cost functions of delay accounts for
higher moments of the delay distribution, whereas, minimizing a metric based on functions of
expected delays only accounts for the first moments. Our approach therefore, can model scenarios
where the users are sensitive to both the mean and the variability in delay distributions seen by
the users. Also, [8, 23] do not consider time-varying job service rates which are typical in wireless
settings.

Another line of work which focuses on optimizing non-linear cost functions of delay and queue
lengths in multi-class systems includes [14, 18, 24, 29, 32, 35]. They consider generalizations of cu
rule and prove its optimality in heavy traffic regime for various settings. They differ from our work
in the following ways.

(1) The above works except [32] do not consider time-varying service rates.

(2) They do not use the job size information for scheduling, instead, use only the average job
size of each class. Using knowledge of job sizes or distribution of actual size is beneficial as it
helps us further discriminate jobs based on their sizes.

(3) They allow preemption among jobs of different classes but do not allow preemption among
jobs of the same class. In wireless systems the jobs sizes could have large variations in
their size. Therefore, if we do not allow preemption among jobs of the same class, then
the system might suffer from high delays due to a big Head-of-the-line (HOL) job. Also in
systems with time-varying service rates one should be able to switch between jobs quickly
to opportunistically schedule users. In our work, we allow both preemption within a class
and across classes.

In [9], the authors consider optimization of average cost under convex holding costs functions of
the number of users in the system. This is different from our setting where we associate a cost with
the delay experienced by each user.

1.1.2  Transient Systems. Unfortunately, many problems are analytically intractable in the dy-
namic setting. In particular there is no known optimal solution to the problem of minimizing
mean delay in a dynamic system with time-varying service rates [4]. Therefore, many authors
have focused on scheduling policies which optimize the relevant metrics in transient systems and
propose such solutions as a heuristic for dynamic systems. The effectiveness of these policies are
then studied through simulation. Our problem is also analytically intractable in a dynamic system
and hence, we shall also consider transient systems. Next we will discuss related work focused on
transient systems.
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The authors of [5, 30] have considered minimizing mean delay in the transient setting where
they assume that there is a time-scale separation between service-rate variations and job service
times. This means that service rate variations occur at a time-scale which is much smaller than the
overall time taken to serve a job. They also assume that the service rate fluctuations are statistically
identical and independent across users. These assumptions are valid in situations where the job
sizes are large and/or when the service rate variations are due to fast fading. Under this assumption,
they have combined opportunistic scheduling with a SRPT like policy to minimize mean delay. The
main issue with this approach is that the assumption of statistically identical service rate variations
across users may not be valid in scenarios where there are users with heterogeneous mobility
patterns. Also, the assumption of a time-scale separation may not hold when there are many short
files to be transmitted.

Minimizing delay based metrics in a transient system with time-varying rates for jobs and
without the assumption of time-scale separation between service-rate variations and job service
times is unfortunately still analytically intractable due to the associated large state spaces. Recently
there have been many works which leverage Whittle’s indices to explore the optimization of delay
performance in wireless networks in a transient setting [4, 11, 21, 34]. However, this line of work
has focused only on minimizing weighted linear functions of delay and does not address non-linear
cost functions of delay. In [11], the authors have shown that the problem of minimizing mean delay
is indexable and derived the Whittle’s index when job sizes are geometrically distributed with i.i.d.
service rate variations across time. This result was extended to the case with Markovian service rate
variations in [21], however, they do not show whether the problem is indexable. In [34], the authors
consider a system model where the job sizes are not known but only the job size distributions are
known. They derived index policies based on solving a Markov Decision Process, however, they
consider only ON-OFF channel model. The approach used in [4] is closely related to our work.
They approximate job sizes using shifted Pascal distributions, i.e., a phase-type distribution where
each phase has an i.i.d. geometric distribution. They have also derived Whittle’s indices when users
have heterogeneous two-state i.i.d. channel variations.

1.2 Our Contributions

In this paper we focus on resource allocation strategies to minimize the expectation of possibly
non-linear cost functions of job delays in a transient setting with time-varying service rates. To the
best of our knowledge, this is the first paper which simultaneously addresses the challenges of 1)
non-linearity and heterogeneity in users’ experiences as a function of delay, and 2), time-varying
service rates for jobs in a non-heavy traffic regime. To that end, we develop a Whittle’s index
based scheduling policy, which we denote as Opportunistic Delay Based Index Policy (ODIP), for
a transient system. ODIP is simple and easy to implement. At any given time, each user has an
index based on its residual file size, service rate and its cost function. In any slot we schedule a user
based on the indices. The main results of this paper are as follows:

1) Indexability: We show that our delay/cost minimization problem is indexable. This means that
we can associate a well-defined index with each possible state. These indices can then be used to
assign priorities to active users.

2) Opportunistic Delay Based Index Policy: We derive structural properties of the ODIP index for

the case of phase-type job size distributions, convex cost functions of delay, and i.i.d. (possibly
heterogeneous) two-state service rates for each user. In particular we show that when a user’s
instantaneous channel has the best possible rate, then the user has a higher priority than users
whose channels are not currently in their respective best possible rates. We then show the following
structural properties of the Whittle’s index:
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’ Users’ States H Parameter of Interest Description

User i in its best
possible rate and
user j in its lowest
possible rate

Service rate Priority to user i

. . Priority t ith
Both users in their T1OTILy 10 user wi

. Residual file sizes the largest residual
lowest possible rate .
file size
. . Priority ord
Both users in their . . rontty order
. Residual file sizes depends on the cost
best possible rate .
function
Both users in their Priority to user with

Probability of best possible rate the lower probability

best possible rate
Users i and j are in
lowest possible rate ci(t) <cj(t) Vit Priority to user j
or best possible rate

Table 1. Summary of structural properties of ODIP.

(1) Given two users with the same holding cost function and identical and independent channel
statistics. If both the users are in their respective lowest possible rates, then the user with
the longest remaining service time gets higher priority. However, if both users are in their
respective best possible channel rates, then the priority order between the two users depends
on both the cost function and their respective residual file sizes. These properties should be
contrasted with the SRPT scheduling policy which gives the highest priority to the user with
the smallest residual file size.

(2) If there are two users which differ only in the probability of their channel being in the best
possible rate, then the user with the lowest probability of being at the best rate gets a higher
priority. Therefore, ODIP is opportunistic and gives a higher priority to users likely to be in
good rates.

(3) If there are two users which differ only in their cost functions and the cost function of one
user strictly dominates the other, then the ODIP gives a higher priority to the user with the
higher cost function.

These properties are summarized in Table 1 where we have characterized the priority order between
two users when we vary one parameter of interest while the other parameters are kept the same.

Leveraging these structural properties, we derive expressions for the Whittle’s index for a few
special cases. Each case is characterized by two elements of the system model: 1) information on
job size distribution available to the scheduler; and 2) service rate model. The cases considered in
this paper are summarized in Table 2. In the scenario where job sizes are known to the scheduler,
we shall approximate job sizes using an appropriate phase-type distribution. In all the scenarios,
we assume that service rates are independent across users, however, they may not have to be
statistically identical.

3) Simulation Study: For dynamic systems, we use the results from [12] to show that ODIP is
maximally stable, i.e., ODIP ensures system stability if there exists a policy which stabilizes the
system for the given system load. We then compare the performance of applying ODIP in a dynamic
setting with other policies through simulation. We establish that ODIP makes trade-offs which
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‘ H Information on Jobs ‘ Service Rate ‘
Sizes known Fixed across time slots
2 || Geometric distribution and mean job size known iid. across time, two states
3 Sizes known iid. across time, multiple states

Table 2. Various scenarios for which Whittle’s indices are obtained.

cannot be achieved by policies which do not take into account the non-linearity of users’ QoE in
file/job delays. We also show that simple priority based policies perform poorly as compared to
ODIP when we consider higher moments of delays in the cost function.

1.3 Organization

The remainder of the paper is organized as follows. In Sec. 2, we describe our system model. In
Sec. 3, we develop our Whittle’s index based approach. In Sec. 4 we derive the structural properties
of ODIP. Expressions for Whittle’s index are provided in Sec. 5. Performance evaluation results
based on simulation are presented in Sec. 6.

2 SYSTEM MODEL

We consider a transient setting where N users are present in the system at time ¢ = 0, each with a
single job to be served. Since there is a one-to-one correspondence between a user and a job, we
shall use the terms user and job inter-changeably. Time is assumed to be slotted and is indexed by
t=0,1,2,.... For simplicity we assume that the scheduler can schedule only one user in a given
slot and this decision has to be made at the beginning of the slot. Users leave the system after their
jobs are served to completion, and there are no further arrivals.

If a user i is scheduled at time t, then it is served at its current service/channel rate R;(t) measured
in bits/slot. We shall assume that the service rate processes (R;(t),t € Z*),i=1,2,...,N are

(1) ii.d. across time slots and independent across users

(2) We assume that R;(t) € {ri,l, iy oo r,-,L} , and R;(t) can take the value r; ; with probability
qi.1- Without loss of generality we assume thatr;; > r;; > ...r;p and forall [, g;; # 0.
Let R; denote an r.v. with the above distribution. We call it as multi-state channel model. A
restriction of this model to the case with L = 2 is called as a two-state channel model.

Independence of service rate across users is a reasonable assumption as the user mobilities are
generally independent of each other, and hence, they experience independent and heterogeneous
wireless channel variations. We can also account for the heterogeneity in long term channel
variations like shadowing and path loss variations by selecting different mean service rates for
different users. Small time-scale fast fading experienced by mobile users are taken care by the i.i.d.
service rate variations across slots.

Further we assume that the job sizes are drawn from a phase-type distribution as in [4]. Thus
the job size of user i is modeled by a random variable S; given by:

Ji
Si = Zsi,j, (1)
=1

where j; is the number of phases, and S; j,j = 1,2, ..., j; are ii.d. geometric random variables with
mean 1/p; bits. We use such phase-type distributions to model the following two cases:

(1) If j; = 1, then the phase-type distribution reduces to a geometric distribution. We consider
geometric distributions in the second case in Table 2.
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(2) If j; is large we can model known deterministic file sizes by phase type distributions. For
example, if the job size of user i is known to be s; bits, then one can choose y; and j; such that

i = Ji/ pi- (2)

For a given value of s;, as j; increases, the phase-type approximation of a deterministic/known
job size is more accurate. We will use this approximation to study the first and third cases in
Table 2.

Next we explain how we model the effect of time varying service rates on the service time of a
user. Let us first consider an example where the service rate of user i has a constant value of r; ;
bits/slot. If p;7; ; < 1, then the average number of slots to complete the transmission of a phase of
user i can be approximated by 1/p;7; ;. Therefore, if the service rate is fixed at r; ;, then the average
number of slots to complete a phase has a geometric distribution with parameter y;r; ;. From (2),
we require that j; < s;/r;; for the condition p;r; ; < 1 to be true. To ensure that for all j we have
piri; < 1, we assume that for a given value of s;, we choose j; and p; such that (2) is satisfied and
Jji < si/ri.1. We shall assume that s; is much larger than the number of bits that can be transmitted
in a slot, and hence, j; is large enough to closely approximate s; with j; phases.

This idea has a natural extension to time-varying service rates. If the current service rate of user
iis r;j, and user i is scheduled for transmission in the current slot, then the probability that its
current phase completes in this slot is given by p;r; ;. Therefore, the service rate of a user in a given
slot modulates the probability of successful completion of the current phase. When all the phases
of a user are serviced, then the user leaves the system.

In summary, we shall assume that the scheduler either has knowledge of the exact job sizes or the
job size distribution, depending on the case being considered, see Table 2. When we assume that the
scheduler has the knowledge of job sizes, we will use phase-type distributions to approximate job
sizes. In this setting knowledge of job sizes would imply that the scheduler knows the parameters
Ui,i=1,2,..., N and the number of remaining phases for each user. By contrast when we consider
job sizes with geometric distributions, we will assume that the scheduler knows only the parameters
of the distributions which are memoryless. We shall also assume that the scheduler knows the
service rates of all the users in the next time slot for which a scheduling decision has to be made,
and the service rate statistics of all the users.

Let us now introduce the objective function to be optimized:

o N
. in-. T T

OP:: min: E ; ; (D1 {Y7 (1) > 0}, 3)
where II is the set of causal and feasible scheduling policies. Here Y*(¢) is a random variable
corresponding to the residual file size of user i at time ¢ under policy 7 and ¢;(t) is the holding
cost at slot ¢. A policy is said to be causal if it does not assume knowledge of future service rate
realizations. A policy is feasible if only one user is scheduled per slot. For a feasible policy = we
have that for all i and ¢:

N
ZA;T(t)zl, AT(t) € {0,1}, as., 4)
i=1

where A7 (t) is a random variable which is equal to one if user i is scheduled for transmission in
slot t and zero otherwise.

The holding cost function c;(-), is a function of time, that captures the sensitivity of user i’'s QoE
to the delay. Suppose the user leaves the system at time d, then the overall accumulated cost, which
we denote by C;(+), is given by C;(d) = ?:0 ci(t). Therefore, c;(-) can be viewed as the marginal
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cost for a job staying an additional ™ slot in the system. The following assumption will be made
on these functions.

2.1 Assumption on holding cost functions

(1) Monotonicity: For any user i, c;(-) is a positive, non-decreasing function of time.
(2) Bounded by polynomials: There exist real numbers § > 0, { > 0, and ¢’ € Z* such that for
t>t'andi=1,2,...,N,ci(t) < 5t¢.

(3) Non-zero: For any user i, ¢;(t) is not equal to zero for all ¢.
The monotonicity assumption ensures that a properly interpolated C;(-) would be a convex function
of the holding time. The boundedness assumption is a technical assumption to ensure finiteness of
indices for the policy to be discussed in the sequel. The last assumption rules out trivial solutions to
OP. Note that if for all ¢ and user i ¢;(t) = ¢, then OP; reduces to the minimization of the overall
mean delay.

The remainder of this paper is focused on exploring resource allocation strategies to solve O ;.

3 PROBLEM FORMULATION

The minimization problem O%; can be viewed as a Markov Decision Process (MDP) when the
channel rate variations are Markovian or i.i.d. across time. However, due to the large state space, in
general it is not analytically tractable. Therefore, we will consider the so called Whittle’s relaxation
of OP1 [36].

The main idea underlying Whittle’s relaxation is to relax the constraint of scheduling exactly
one user per slot. Instead we add a cost v for scheduling a user on a given slot, and we minimize a
new total cost function which is given by:

N o N
a1 {Y7 (1) > 0} +v Z ZA;f(t)
i=1

t=0 i t=0 i=1

0o

OP,: min: E”

mell

) ®)

where II is the set of causal policies, which may no longer satisfy (4). This relaxed problem can
now be de-coupled into sub-problems associated with each user i as follows:

[ee] (e8]

Z ()1 {Y7(t) > 0} + VZA;f(t)

t=0 t=0

SP;(v): min: E” . (6)

ell

Using Whittle’s relaxation one can obtain a feasible policy for O, based on the solutions to
SPi(v),i = 1,2,...,N. To that end we first explore the solution to the MDP associated with
SPi(v).

Consider SP;(v). User i’s state is specified by three variables: j the number of remaining phases
including the current phase; r the current service rate; and, ¢ the current time. There are two
possible actions in a state, to Transmit (T) or Not to Transmit (NT). Let P ((j,r,t),(’,r’,t");a)
be the transition probability from the state (j, r, t) to (j’,r’,t’) under the action a. The transition
probabilities under the two possible actions are summarized in Table 3. Let us consider an example
to illustrate how they are obtained: a transition from (j,r,t) to ( Jorit+ 1) occurs under the
action T, if the transmission does not succeed in completing a phase in slot ¢, which happens with
probability (1 — p;7) and the service rate in slot ¢ + 1 is r; 1, which happens with probability g; ;.
Since these are independent events, we have P ((j, 7, ), (j, 1.t + 1) ;T) = q;,1(1 — pir). One can
similarly define other transition probabilities. The transition probabilities from (j, r, t) to states
other than those specified in Table 3 are zero.

Based on standard results for MDPs, it can be shown that there exists a time-varying Markov
policy which is optimal for SP;(v), see [13]. Therefore, we shall restrict ourselves to Markov

Proc. ACM Meas. Anal. Comput. Syst., Vol. 2, No. 1, Article 15. Publication date: March 2018.



A Whittle’s Index Based Approach for QoE Optimization in Wireless Networks 15:9

’ Transition Probability H Expression ‘

P((j’r’t)’(j’ri,lst+1);T) qi,l(l_)uir)
P((j»r’t)’(j_l’ri,l’t+1);T) qi, 11T
P(G.r,t), (jorigt +1);NT) qi.1

Table 3. Transition probabilities in state (j, r, t)

policies. Let V;* (j, r, t; v) be the total cost under the optimal policy for SP; (v) starting from the
state (j, r,t) for a transmission cost of v. From the Bellman equations for MDPs, we have that

Vi (,r, t;v) = min {c,-(t) +V? (G, t+Lv),ci(t) +v+ ,ul-rV: G-1,tv)+(1- pir)i_/j (G, t+ l;v)} ,
(7)

where j € {1,2,...j;}, t€{0,1,2,3,...}, r € {r,-,l, rl-,z}, and l_/: (j,t + 1;v) is defined as follows:
V:O,t+1;v) :=E[Vi*(j,Rl-,t+l;v)]. (8)

VT (J, t + 1; v) is the optimal value function averaged over the service rates. Note that a holding cost
¢i(t) is incurred for slot ¢ irrespective of the action taken in slot t. From (7) and the definition of
V;F (J,t + 1;v), it is clear that the optimal policy will transmit in (j, 7, ¢) if and only if the following
inequality holds:

v < irA (it + 1,v), 9)
where A7 (j, t, v) is defined as follows:

V?U’t;V)—‘_/j(]'—l,t;v), ifj>1,

= s (10)
Vi U.t;v), ifj=1.

A (j, b, v) = {
Indeed this policy minimizes the value functions by choosing the function minimizing the R. H. S.
in (7). The inequality (9) is central to the main results of this paper. It implies it is optimal to transmit
in a given state if and only if the marginal decrease in the future cost due to the transmission in
the given state is more than the cost v of transmission.
To develop a feasible solution for OP; from SP;(v), fori =1, 2, ..., N, we first show that the
problem is indexable. The indexability property, defined in [36] is re-stated here:

Definition 3.1. The optimization problem S%;(v) is indexable if for any j € {1,2,...,j;i},r €
{rl-,l, Ti2s oo ri’L} ,and t € {0,1,2,...}, there exists a value v; (j, 7, t) such that

(1) It is optimal to transmit in (j, r, t) if v < v} (j, 7, t):

(2) It is optimal not to transmit in (j, r, t) if v > v (j,r, t).

(3) It is optimal to either transmit or not to transmit in (j, r, ) if v = v} (j, r, t).

The value v; (j, r, t) is known as the Whittle’s index.

The indexability property ensures that the optimal action in a given state has a threshold structure
in v. Note that some problems are not indexable, see [36] for examples. However, SP;(v) is indexable
and this result is stated next with a proof given in Appendix A.

THEOREM 3.2. Under Assumption 2.1, phase-type distribution for file sizes and i.i.d multi-state
channel model, SP;(v) is indexable.

To construct a feasible solution for OP; based on SP;(v), i = 1, 2, ..., N, we schedule the user
with the highest Whittle’s index in each slot. We can interpret the Whittle’s index as the lowest
price at which it is optimal not to transmit in a given state. A higher Whittle’s index means that the
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state is better suited for transmission. This is a natural heuristic which arises from the relaxation
of OP,. Whittle’s index based policies are known to have good performance in practice, see [4, 36].
The remainder of this paper will focus on the derivation and characteristics of the Whittle’s index
for various scenarios mentioned in Table 2.

4 WHITTLE’S INDEX

In this section we will characterize key structural properties of the Whittle’s Index for SP;(v). The
first main result is given in the following theorem, which is proved in Appendix D.

THEOREM 4.1. Under Assumption 2.1, phase-type distribution for file sizes and i.i.d multi-state
channel model, the Whittle’s index for any user i in phase j € {1,2,...,j;} is such that

vi (j,ri1,t) = oo, (11)
vi (j, ri,t) <oo I#1. (12)

Theorem 4.1 implies that for any finite value of v, it is optimal to transmit when the current
rate is r; 1. Since the lowest price at which it is optimal not to transmit in ( JsTits t) is oo. Since the
Whittle’s index for users experiencing their lowest possible rate is finite, they will have a lower
priority than users experiencing their best possible channel rate. A similar result was proved in [4]
in the setting of constant holding costs. Theorem 4.1 is thus a generalization of that result to convex
holding costs.

Since the Whittle’s index is co for all users currently experiencing their highest possible service
rates, scheduling users based on the Whittle’s index policy alone is not feasible. We require a further
tie-breaking rule to obtain a feasible policy. We will refer to (11) and (12) as the primary indices and
the tie-breaking rule which we will derive next will be based on secondary indices. The secondary
index is defined based on the discounted version of the problem and determined as the asymptotic
behavior of the Whittle’s index as the discount factor approaches one. The discounted version of

OP; is given by:

00 N 00 N
o’ . min E” DB D e {yr@ > o}) +v Y B D AT l (13)
=0 i=1 =0 i=1
where f € [0, 1) is the discount factor. The discounted sub-problem for user i is in turn given by:
SPP(v): min E” DB a1 {Y7 () > o} +v Y| BAT(D)] . (14)
e
L £=0 t=0

We can define the Whittle’s index for the discounted version of the problem as follows:

Definition 4.2. Let P (j, r, t) denote the set of prices such that for v/ € P (j, r, t) it is optimal not
to transmit in (j, r, ) when v > v’. We let the Whittle’s index for the discounted problem for a user
i in state (j,r, t), denoted by v:‘ﬂ (j,r,t), be v;‘ﬁ (,r,t) :=inf {v' : v/ € P(j,r,1)}.

The above definition differs from that of the un-discounted case since we do not show or require
that the discounted problem be indexable.

The tie-breaking rule for users in their respective best possible service rate is based on the
observation that for any j € {1,2,...,j;} andr € {ri,l, Fi2se s ri,L}

él—>m1 Vzﬁ Uyr,t) =vi(j,r,t). (15)

The tie-breaking rule for user i is obtained by considering the asymptote of v} 5 (ori,t)as p— 1
which we shall call the secondary index. This is the same terminology as used in [4]. We define the
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index. Ties are broken
arbitrarily

Fig. 1. Flow-chart for ODIP.

secondary index for state ( JsTi1s t) as given by
& (orint) = }i_)ml(l—ﬁ)vzﬁ (orinst). (16)

Since we have defined the secondary index in terms of a limit we have to show that the limit exists
and it is finite. This is given by the next result which is proved in Appendix E.1.

THEOREM 4.3. Under Assumption 2.1, phase-type distribution for job sizes and i.i.d. multi-state
channel model, we have that for any j € {1,2,...,j;} andt > 0, the secondary index &; (j, Ti1, t) is
finite and & (j, i1, t) < oo.

With these in hand we can now describe our Whittle’s index based policy, which we shall refer
to as Opportunistic Delay Based Index Policy (ODIP).

4.1 Opportunistic Delay Based Index Policy (ODIP)

In any time-slot ¢, we will schedule a user based on the flow-chart exhibited in Fig. 1. We first check
if there is any user whose current service rate is the best possible. If there is at least one such user,
then we schedule the user with the highest secondary index for transmission. If there is no such
user, then we will schedule the user with the highest primary index. The selected user in that case
will have a finite primary index as guaranteed by Thm. 4.5.

The computation of indices in ODIP requires cost functions of various applications, channel
statistics of users, and flow sizes. When a new user joins the network, there many not enough
channel measurements to get reliable channel statistics. Hence, when a new user joins the system,
one has to use the typical channel state distribution observed in the network. This can be obtained
through offline data collection. As time evolves, one can then update the channel statistics from
the channel measurements at the Base Station (BS). Below we develop some qualitative results on
the primary and secondary indices, which characterize the scheduling policy.
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4.2 Qualitative Results for Two-state Channel Model

In this section for simplicity we shall restrict ourselves to a two-state channel model, i.e., L = 2.
First we compare the indices of two users where the cost function of one user dominates that of
the other user. The proof of this result is given in Appendix G.3.

THEOREM 4.4. Suppose users i and | have i.i.d. two-state service rate variations. If their holding cost
functions are such that for allt > 0, ¢;(t) < ¢/(t), then foranyj € {1,2,...,j;},r € {r,-,l, rl-’z} and
t > 0, we have that A} (j,t,v) < A; 3, t,v).

The above theorem is used to prove the following two important corollaries.

COROLLARY 4.1. Suppose users i and | have i.i.d. two-state service rate variations. If their holding
cost functions are such that for allt > 0, ¢;(t) < ¢/(t), then foranyj € {1,2,...,ji},r € {r,-’l, rl-,z}
andt > 0,v; (j,r,t) <v; (j,r,t) and & (j,r,t) < & (, 7, t).

COROLLARY 4.2. Foranyuseriandphasej € {1,2,...,ji},andt > 0,v; (j,ri2,t) < v} (jrizt+1)
and & (j, risl,t) <& (j, rig, b+ 1).

Corollary 4.1 implies that we will give priority to users with ‘steeper’ holding cost functions.
Corollary 4.2 implies that the priority of a user increases with the time spent in the system. This is
because of the non-decreasing property of ¢;(t), i.e., convex cumulative holding costs. Corollary 4.2
will be useful for studying the structural properties of the primary and secondary indices. The
main result for the primary index is given below and it is proved in Appendix G.1.

THEOREM 4.5. Under Assumption 2.1, phase-type file size distributions and i.i.d. two-state channel
model, for any (j', Ti2, t’) and (j, T2, t), ifj’ 2 jandj +t' > j+t, then v} (j, Ti2, t) <vf (j', Ti.2, t’)

The j” and ¢’ which satisfy the condition in Thm. 4.5 for a given j and t are shown in Fig. 2. An
important corollary to this theorem is given next

COROLLARY 4.3. v} (j, ri,2,t) is a non-decreasing function of both j and t.

The above result implies that for any two identical users with the same i.i.d. service rate statistics,
holding cost function if they both are in their lowest possible service rates, then the user with
the largest number of phases remaining to be completed will have priority. This is similar to the
Longest Remaining Time First (LRTF) scheduling policy. Intuitively, this is because a user with a
large residual job size will have to transmit when service rates are low to reduce the overall holding
cost, whereas, a user with a small residual job size can be served opportunistically, i.e., wait for a
slot with higher service rate. Since v} (j, 7; 2, t) is a non-decreasing function of time, the priority
for that user in the next slot is higher if we make a transition to v} ( JiTi2,t + 1), i.e., either if we do
not transmit in state ( JsTi2s t) or we transmit and fail to complete a phase. However, if we transmit
in (j, ri,2, t), complete a phase, and make a transition to (j — 1,7;2, £ + 1), then the priority may not
necessarily increase.

Next we will consider the secondary index. We define the set of ‘reachable’ states from any state
(j,r,t) as follows:

Definition 4.6. If there exists a Markov policy with non-zero transition probability from (j, r, t)
to (j’,r’,t’) (in one or more time slots), then (j’,r’,t’) is said to be reachable from (j, r, t). The set
of all reachable states from (j, r, t) is denoted by R (j, r, t).

Note that our system model permits only transitions from (j, r, t) to (j',r’,t’) such that j* < j
and t’ > t. Also, we can complete at most one phase in a slot. Therefore, (j’, r’,t) is reachable from
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¢

Fig. 2. The shaded region shows j” and t’ which satisfy the conditions in Thm. 4.5.

I

Fig. 3. The shaded region shows j’ and t’ such that (j’,r,t’) is reachable from (j,r,t) for any r € {r,-,l, ri,z}.

(J,r.t),ifand only if 1) j* < jand 2) j’+t" > j+t. The value of ’ can be either r; ; or r; ,, irrespective
of the values of j, r, and ¢. This can be visualized with the help of Fig. 3. The states are exhibited as a
two dimensional grid, with time represented in the x-axis and the residual number of phases on the
y-axis. We do not explicitly show the channel rate in the representation but it can be understood
from the context of the discussion. For r € {ri,l, ri,g}, the shaded region represents R (j,r, 1), i.e.,
if j and t’ are in the shaded region, then both (j', Ti1, t’) and (j’, Ti2, t') are in R (j,r, t). For the
secondary index, we have the following result which is proved in Appendix G.2.

THEOREM 4.7. Under Assumption 2.1, phase-type file size distributions and i.i.d. two-state channel
model, if (j',ri1,t') is reachable from (j,ri1,t), then & (j',ri;1,t') = & (j,ri;1,t).

The above theorem implies that for a given user i, the secondary index in slot ¢ + 1 is higher than
& ( Jiti1s t), whatever is the action taken in the state ( JsTits t). Therefore, similar to the primary
index, the secondary index for the user in slot ¢ + 1 is higher if we do not transmit in ( JsTi1s t) or if
we transmit and fail to complete a phase. However, unlike the primary index, the secondary index
also increases in slot ¢ + 1 if we complete a phase in slot .

The previous results do not help us characterize the ODIP when users have heterogeneous
channels and/or cases where one cost function does not dominate the other. For this we have to
find exact expressions for primary and secondary indices. These qualitative results, however, give
basic insights and help us in further deriving exact expressions. We derive expressions for indices
in the next section.

5 QUANTITATIVE RESULTS

We consider the three different cases mentioned in Table 2. Starting with the simplest case in which
we schedule users with fixed service rates and where job sizes are known to the scheduler.
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5.1 Fixed Service Rate, Known Deterministic File Sizes

As explained in Sec. 2, we model the job sizes using phase-type distributions. The fixed service rate
is a special case of the two-level model described in the previous section where g; 1 = 1. Suppose
user i is served at a fixed rate r; bits/slot. In this case we shall assume that for all i, y;r; = 1.
This would imply that if user i is scheduled in a given slot, then it will complete the phase with
probability one. One can also visualize this as splitting the job into j; equal parts where each part
has a size of r; bits and if user i is selected for transmission, then one part is serviced in that slot.
Our main result for this setting is the following. A proof of this result is given in Appendix H.1.

THEOREM 5.1. Under Assumption 2.1, fixed service rate and phase type service requirement with
pir; = 1, ODIP reduces to scheduling a user with the highest secondary index. For a user i in state
(J, 1i, t), the secondary index & (j, 1, t) is given by

£ Gornnt) = }.c,-a +)). (17)

The priority rule described above considers two factors— the residual service time and the cost
function of the user. Recall that j, corresponds to the number of phases left to complete, i.e., the
number of slots that will be required for that particular user to complete service. Therefore, on the
R.H.S. of (17), the term 1/j gives more weight to a user with a smaller residual service time and
the term c;(t + j) gives more weight to users with a steeper cost function. Note that c;(t + j) is the
holding cost when the user i leaves the system if it is served without preemption till completion.

This policy can be viewed as a generalization of SRPT, which is known to be the mean delay
optimal policy when the job sizes are known and service rate is fixed. If the holding cost function
is constant and is same for all users, then (17) reduces to SRPT. With more general cost functions,
the priority rule in (17) achieves a trade-off between accelerating short flows and giving priority to
users with higher holding cost functions.

5.2 Two-state L.I.D. Service Rates, Geometric File Sizes

In this sub-section we consider the two-state channel model described in Sec. 2. We shall assume
that file sizes are geometric. This is a special case of the phase-type distribution where each user
has one phase. Since there is only one-phase for each user, we do not have to track the phase of
active users. However, we shall explicitly represent this by j = 1 to maintain consistent notation as
in other cases. We state the main result for this setting next which is proved in Appendix H.2.

THEOREM 5.2. Under Assumption 2.1 on c;(t), geometric file sizes and two-state i.i.d. service rate
variations, the primary index for user i is given by

. iTiri2 N\ .
v (Lriat) = S22 e+ k) (1— )< (18)
Fi —Ti2 D
wherer; := q; 1ri,1 + (1 — qi,1)ri.2. The secondary index in turn is given by
. N k-
E(Lrint) =qi (llﬂ’i,1)2 Z ci(t + k) (1 - qipiri1) ' (19)
k=1

Let us now consider how the indices depend on the residual job size, cost functions and the
service rates. Since the file sizes are geometric, and thus memoryless, the residual file size at any
slot is given by 1/p; bits. The larger the value of y; the smaller the residual file size. For a given
ci(t), ri,1, 1,2, and g; 1, it can be shown that v} (1, Ti2, t) is a non-increasing function of y;. This
means that among the users who have the same cost function and who are not in their best possible
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rates, the users with larger residual file sizes are given priority over users with smaller residual
file sizes. The intuition behind this is similar to that underlying Corollary 4.3. However, unlike
v¥ (1,742, t), the properties associated with the changes in & (1,r; 1, t) as function of y; depend on
Ci(t).

For a given 7; and ¢;(t), v} (1,ri2,t) and & (1,11, t) are increasing functions of r; , and r; 1,
respectively. This means that we give priority to users with better service rates when the other
parameters are the same. It can be easily seen that a higher holding cost function results in a higher
value for v} (1,r;,t) and & (1,r;1,t). Therefore, the primary and the secondary indices together
achieve a trade-off between minimizing cost and opportunistically scheduling users. Note that if
for all + we have c;(t) = c;, then ODIP reduces to the Size-Aware Whittle’s Index SWA policy derived
in [4]. Our results are thus the generalization of SWA.

5.3 Multi-state L.I.D. Service Rates, Known Deterministic File Sizes

The exact expressions for the primary indices are analytically intractable. Therefore, we will derive
a lower bound. We state the main result for this setting which is proved in Appendix H.3.

THEOREM 5.3. Under Assumption 2.1, phase-type file size distributions, and i.i.d. multi-state channels
foranyje{1,2,...,ji},t >0,andl € {2,3,...,L}, the primary index for user i is lower bounded
by:

1 m
Hi (Zn:l qi,nri,n) il k) L
vi(jorint) = ; ; Zci(t+j—1+m) 1—IliZCIi,nri,n . (20)
Zn:l Qi,nTi,n — Ti,l (Zn=1 qi,n) m=0 n=1

The secondary index for user i is given by the following equation.

“ (. qi1 (,Uiri,l)z
& (J, ri,l,t) = f

[Hil(j,t+1)—Hzl(j—1,t+1)], (21)
where H;Ll (j, t) is the average total holding cost (transmission cost not included) incurred by the policy
in which transmissions are done only when channel state r = r; 1, when there are j remaining phases
at time t. Its value is obtained by solving the following set of equations for all t:

HZI (o t) = ci(t) + (1 = piqiarin) HZI (. t) (22)
+ pigiariaH G = 1.0, =23, ji, (23)
- k
Hil (1,1) = Zci(t) (1= piqiaria)”, (24)
k=0
H (0.1) =0. (25)

The lower bound (20) retains the properties mentioned in Thm. 4.4 and 4.5. Therefore, it retains
the priority ordering of various states for a given user as well as the priority ordering among states
for two users when the cost function of one user dominates the other. However, it may affect the
priority ordering between two users when cost functions do not dominate each other. This will
not adversely affect the performance of our ODIP because at moderate to high system loads there
would be a sufficient number of users in the system such that at least one user is in its best possible
rate and therefore, the scheduling is primarily done based on secondary indices for which we can
derive exact expressions.
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Let us consider an example for the computation of & (j, 1, t). If ¢;(¢) = t, then we will get the
following expression for HZI U, 1)

; ) [1=wa o
H ()= —L—1+ ](’2 )| Lo piduaria | (26)
Hiqi,1ti,1 (Hi‘]i,lri,l)
Substituting (26) in (21), we get the following equation for secondary index.
irin(E+1) 1= pqgiar;
£ () = ML) 2 MGt @

J qi,1

In the above example, the secondary index is a non-decreasing function of the remaining service
requirement j for a given t. However, in general, for a given ¢, the manner in which & ( JiTi1s t)
varies as a function of j depends on c¢;(t). Also for a given j, &; (j,ri1, ) is a non-decreasing
function of time. From Corollary 4.2 this holds for any c;(¢) which is a non-decreasing function of ¢.
Another interesting property is that & (j, r; 1, t) is a non-increasing function of g; 1, if all the other
parameters are fixed. This can be proved using (21). A smaller g; ; implies that there is less chance
of user i being in its best possible rate. Since it is a rare ‘good’ event, it is good to opportunistically
use it to serve user i. Therefore, if all parameters except g; ; are the same for a set of users, then
the user with the smallest g; 1 gets the highest priority in this set. This is reminiscent of quantile
based scheduling [26] and references therein.

6 DYNAMIC SYSTEM

In this section we discuss properties and performance of ODIP when applied to a dynamic setting.
As we have stated previously, we propose to use ODIP as a heuristic for the dynamic setting. Instead
of starting with a finite number of jobs at time t = 0, here we shall consider a system in which
jobs arrive according to a Poisson process. Jobs are classified into K different classes based on their
holding cost functions. All jobs in a class have the same cost function. Let A; be the arrival rate
of jobs of class k. We shall assume the same channel model for jobs as in Sec. 2. We shall also
assume that all jobs associated with a class have i.i.d. service rate distributions, both across time
and between users. Therefore, with a slight abuse of notation, instead of specifying holding cost
functions and the service rates of the individual jobs, we will specify them for an entire class. For
example, ci(-) is the cost function of class k and ry ; is the maximum service rate for a job of class
k. Finally to specify the holding cost of job in given slot, it will be based on the sojourn time since
its arrival to the system.

In a dynamic system, the first concern is whether the system is stable for a given set of arrival
rates Ax,k = 1,2,...,K. Let S be a r.v. denoting the job size (in bits) of a typical class k job. If the
system stability is not maintained, then the delays experienced by jobs may grow unboundedly.
From Theorem 5.2 in [12], we have the following result on the stability of the system under ODIP.

COROLLARY 6.1. In a dynamic multi-class system with Poisson arrivals and multi-state i.i.d. service
rates for jobs, ODIP is maximally stable and the arrival rates must satisfy:

K
Z ME[Sk] <1 (28)
P

ProoF. A policy is said to be maximally stable if it can stabilize the system for any arrival rate for
which a stabilizing policy exists. It has been shown in [12] that a class of policies called Best Rate
(BR) policies are maximally stable. A BR policy serves a user whose current rare is best possible
whenever such a user is present in the system. Our ODIP is also a BR policy and hence, maximally
stable. O

Proc. ACM Meas. Anal. Comput. Syst., Vol. 2, No. 1, Article 15. Publication date: March 2018.



A Whittle’s Index Based Approach for QoE Optimization in Wireless Networks 15:17

We will evaluate the delay cost performance of ODIP for dynamic systems via simulation. In our
simulations, we will classify the arriving jobs into two classes based on their QoE requirements.
Let A; and A; be the average arrival rates of jobs of Class 1 and 2, respectively. We assume that
we can make a scheduling decision every 0.01 sec, i.e., slot duration is 0.01 sec. A job of Class
1 has cost C;(d) = d? for a delay of d seconds. We use the gradient of C;(-) to obtain ¢;(-), i.e.,

2
¢i(t) = Ci(t) — Ci(t — 1). Similarly, a job of Class 2 has cost C»(d) = (1;"'5) . Therefore, Class 1 users
are more sensitive to delays than Class 2 users. For Class 1 traffic the cost increases steeply after

a delay of one second, whereas the Class 2 traffic can tolerate delays upto 1.5 seconds. We shall
compare our scheme with the following three policies:

(1) Size-Aware Whittle’s Index Policy (SW): This is a BR policy which considers the optimization
of weighted mean delay in dynamic systems. It is a special case of ODIP which minimizes a
weighted function of mean delays. The weight could be different for each user. This approach
does not consider the non-linearity of user experience with respect to delay. In the sequel we
will show that even if we optimize the weights for SW scheduling such that it has the least
cost among all SW policies for a given set of arrival rates, the costs due to this policy are still
higher than the costs under ODIP.

(2) Proportional Fair (PF): This is a commonly used rate-based policy in wireless networks in
which at any time we schedule a user with the highest ratio of its current rate to the average
rate allocated to the user previously. When the service rate is constant for each user, then
this policy reduces to Processor Sharing. In a dynamic system with time-varying service
rates, it has been shown in [16] that PF is maximally stable. We will compare our scheme
with a weighted version of the PF algorithm where we assign a higher weight to the more
delay sensitive class. We shall optimize the weight for each arrival rate vector so that the
cost is least among all weighted Proportional Fair schedulers. We will show that even with
optimized weights this policy cannot achieve good QoE.

(3) Priority Based Policy: We consider a simple priority based policy where we give absolute
preemptive priority to the more delay sensitive Class 1 jobs over Class 2 jobs and within
each class we will schedule users according to SW discipline with unit weights for all jobs.
However, this policy is not a maximally stable and hence, we can compare with this policy
only for smaller range of arrival rates.

In all the simulation scenarios considered, we shall generate jobs having Pareto file size distribution
with c.c.df G(x) = (ﬁ)s, where the size is measured in Mbits. This distribution has a mean of
1 Mbit. For practical systems, these parameters can be scaled appropriately. We now discuss the
simulation results for two different settings based on the service rate model: fixed and time-variant

service rates.

6.1 Fixed Service Rate

In this section we shall assume that all jobs can be processed at a constant rate of 1 Mbps. If we
fix the arrival rate of a class and sweep the arrival rate of the other class, we will get two sets of
simulation results. In Fig. 4, we compare the average cost of all the policies when 4, is fixed at 0.5
arrivals/sec. and A; is swept. Similarly in Fig. 5, we have fixed A; at 0.5 arrivals/sec. and have swept
A1. In both the scenarios, ODIP performs better than the other policies. Note that we have optimized
the weights of SWA and weighted PF for each data point. ODIP performs better than other policies
because it takes into the non-linearity of cost functions. To understand this better, we have plotted
the average cost per class when we sweep A; and A, in Figures 6 and 7, respectively. We have only
plotted the comparisons with SW as it is the second best policy in terms of the average cost. In both
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Fig. 4. Average cost as a function of A5 (A1 = 0.5 arrivals/sec.) in the system with fixed service rates for jobs
(1 Mbps).

the scenarios, as the overall system load increases, ODIP protects the delay sensitive Class 1 at the
expense of other class. SW which considers the minimization of weighted linear functions of delays
does not have the required flexibility to make trade-offs as it can only give a higher weight to the
more delay sensitive Class 1 jobs without considering the time spent by the jobs in the system. The
priority scheme fully prioritizes Class 1 traffic and hence, jobs of Class 2 traffic have poor delay
responses, which has resulted in higher overall cost.

6.2 Time-varying Service Rate

Next we compare ODIP with other policies in a system where users have time-varying service
rates. We consider a two-state service rate for all jobs which is i.i.d. across time and users. The
maximum rate is 1 Mbps and the minimum rate is 0.5 Mbps, and probability of being in the best
possible rate is 0.5 for both the classes.

As in the fixed service case, we compare the average cost under different policies. Note that the
priority based scheme is not maximally stable and hence, we cannot simulate it for the full range of
arrival rates in the stability region. Figures 8and 9 exhibit the average cost versus A, and 1; sweeps,
respectively. In both scenarios, ODIP performs better than other policies. The priority scheme
performs poorly because it does not fully exploit the opportunism in the system and becomes
unstable. The weighted PF does not take into account the delay of jobs while scheduling. Therefore,
it has a poor cost performance. SW and ODIP have similar costs at low loads, however, as load
increases, ODIP performs better than SW. We have also compared the average cost per class in
Fig 10 and 11. As the load increases, ODIP is able to balance the delays experienced by both the
classes, wheres, SW can only give a higher weight to the more delay sensitive Class 1 at the expense
of Class 2. This results in a better performance for Class 1, but the delays experienced by Class 2
traffic easily exceeds 1.5 seconds and hence, results in a larger cost.

7 CONCLUSIONS

In this paper we have explored the three inter-related problems in scheduling for wireless systems:
1) non-linear relationships between a user’s QoE and flow delays; 2) managing load dependent
QOoE trade-offs among heterogeneous application classes; and 3) striking a good balance between
opportunistic scheduling and greedy QoE optimization. We have used Whittle’s relaxation to
develop our proposed scheme ODIP and to study its structural properties. Simulations confirm the
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effectiveness of ODIP in achieving the complex QoE trade-offs among different traffic classes for a
range of system loads.
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APPENDIX
A PROOF OF THEOREM 3.2

We will use the following definitions to explain the proofs:

v, i, b -V, i—1,tv), ifj>1,
NGty = e U =V UL 9
V,U,t;v), ifj=1,
v j, b3 -V, i—1,tv), ifj>1,
Ny Gotov) i= {osp BBV = Vip U= LYY, L (30)
> Vi,ﬁ(],t;v), if j=1.

We use the following two important lemmas which are proved in Sec. B to prove Thm. 4.1.

LEmMA A.1. For any useri, j € {1,2,...,ji},t 2 0, andv > 0, we have that A} (j, t,v) > —~

Hitin®
LEMMA A.2. For any useri, j € {1,2,...,j;}, and t > 0, we have that

(1) A% (j, t,v) is an non-decreasing concave function of v and the following equation has a fixed
point:

wiri N Got,v)=v 1€{2,3,...,L} (31)
(2) A2 (.1,0) > 0,

Forr € {ri,l, Tiseoes ri,L}, and a fixed j and ¢, let us look at the fixed point of y;rA} (j,t,v), ie.,
the solution to the following equation:

v=pirA; (j,t,v). (32)

By Lemma A.1 and the fact that A} (j, t,v) is continuous in v, there does not exist a fixed point, i.e.,
solution to y;rA} (j,t,v) = v when r = r; ; and for any finite v we have that v < y;r; 1A} (j, £, v).
From Bellman equation (7), this is implies that it is always optimal to transmit when r = r; ; for
any v < oo. Hence, v} (j, ri,1,t) = o.

Property 1 in Lemma A.2 shows that there exists a fixed point for y;7A] (j, t,v) whenr = r;,
[ =2,3,...,L. Let us choose any such fixed point as the Whittle’s index denoted by v} (j, ril, t).
For v < v} (j, Til, t), from properties 1 and 2 in Lemma A.2, y;r; jA] (j, t,v) > v. Therefore, from
the Bellman equations (7) it is optimal to transmit in (j, r; 7, ¢). Similarly, for v > v} (j, r; 1, 1), it
is optimal not to transmit in (j, r; 1, £). Thus we conclude that the problem is indexable for the
multi-level i.i.d. service rate model.

B PROOF OF LEMMAS
B.1 Proof of Lemma A.1
We will prove this inequality by contradiction. Suppose that the inequality is not true. From

the Bellman equations (7), this would imply that it is not optimal to transmit in states (j,r; 1, )
l'e{1,2,...,L}. From this we get the following:

V(. tv)=ci(t) +V,; (, t + 1;v). (33)

By Assumption 2.1 that for any ¢, there exists a ¢’ such that t’ > t and ¢;(¢") > 0, it can be easily
—x —
shown that V; (j, t;v) < V; (j, t + 1;v). However, (33) implies a contradiction. Hence, the inequality

A} (j.t,v) > -~ must be true.
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B.2 Proof of LemmaA.2

We will use the following two intermediate lemmas proved in Sec. C to prove Lemma A.2.

LEMMA B.1. Let the truncated holding cost function for user i is defined as follows:

K, Jei@), if t<Kk
@) {ci(k), if t>k. (34)

(k) . . . . .
LetV, ® (j, t; v) be the corresponding averaged optimal value function under the cost function cgk)('),
then for all j, t, and v we have that

lim VO G0 =V (o). (35)

LEmMA B.2. Ifthe cost function of user i is constant in time, i.e., ¢;(t) = c, then under the multi-state
channel model we have that A} (j, t,v) is independent of j and t and is a concave, non-decreasing,
piecewise linear function of v.

The proof of Lemma A.2 is as follows. First we shall prove the non-decreasing property of
A% (j, t, v) with respect to v.
1) Non-decreasing: First we shall prove the non-decreasing property of A (j, t, v). To that end

we will approximate c(t) with a sequence of truncated holding cost functions {cgk)(t), k=1,2,3,...}
(k)

* —x,(k .

as defined in (34). Let us define Ai’(k) U, t,v) =V, ® U, t;v) =V, (G- 1,8 v). We will show that
A?’(k) (J, t,v) is a non-decreasing function of v and use Lemma B.1 to conclude that A} (j, t,v) is
also a non-decreasing function of v.

cgk)(-) is a ‘truncated’ approximation of the holding cost function, in which the holding cost has
a constant value of c;(k) after time k. Since the holding cost function is fixed after time k, the policy

—, (k . .

in the state (j, r, t’) for any ¢’ > k is the same. Also, V; ) (j, t; v) depends only on the actions in
other states (jl, r, t’) such that j' < jandt > t. Because of this we have to consider a finite number
of feasible policies and the decisions that have to be made over time interval [0, k].

Let * (cgk)(-), v) be the optimal policy when the price is v and the holding cost function is cg.k)(-).
If we fix a policy 7, then the overall average cumulative holding cost from the state (j, 7, ¢), denoted

=,k . . . —*,(k . ..
by V? (j, t; v) is a linear function of v. Therefore, to find V; ) (J, t; v), we are taking a minimum
over a finite number of linear functions in v when the cost functions is cg.k) (+). This implies that

—x,(k
V()

a neighborhood Ns(v) where the policy 7* (cgk)(-), v) is optimal. When we say neighborhood, we

i (J,t;v) is a piece-wise linear function in v and is concave. Therefore, for any v, there exists

mean any of the three sets: (v — §,v], (v = 8,v + ), or [v,v + §), where § > 0. Next we state an
important lemma which is proved in Sec. C.

(k) /. . . . .
Lemma B.3. A (j, t,v) is non-decreasing function of v in N5(v).

Since A?’(k) (j, t,v) is continuous in v and piece-wise linear function, the above lemma implies
that A?’(k) (j, t, v) is a non-decreasing function of v. Therefore, limy_, A:.“Uc) U, t,v) = A7 (j,t,v)is
also a non-decreasing function of v.

Concavity: Next we shall prove the concavity of A} (j, ¢, v). We shall use truncated holding
. . #,(k) /. . . .
cost functions to prove this property. We shall prove that A" (j, ¢, v) is concave in v. Using the

fact that concavity is preserved on taking the limit limg_,q A’;’(k) (j, t,v) we will conclude that
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A7 (j, t,v) is concave in v. We shall use prove the concavity of Af’(k) (J, t,v) by induction. Let us
assume that t < k.

Base Case: For t’ > k, we have that A;.F’(M (j,t’,v) is a concave function of v V i and j. This is
proved in Lemma B.2.

Induction Hypothesis: Let us assume that for any user i, Aj’(k) (j,t’,v) is a concave function v
fort+1<t' <k

We have to prove that Af’(k) (j,t,v) is a concave function of v V j and k. We can re-write

A;f’(k) (j, t,v) as follows:
(k) [ (k) [ . (k) /.
Al.’( )(], t,v) = Al.’( )(I,t +1L,v)+E [mm {0, v — ,ul-RiAl.’( ) (,t+1, V)H
-E [min {0, v — piRl-A;"(k) G-1,t+1, V)H , (36)
where the expectation is computed with respect to R; which is a r.v. with the same distribution as

R;(t). Define
[ := max {l :v < ,uiri,lAj’(k) G, t+1, V)} .

From Lemma A.1, [ > 1. Therefore, the first two terms in the RH.S. of (36) sum upto v +
(1 — L Z§=1 q,-,lrl-,l) A?’(k) (j,t + 1, v), which is a concave function of v from the induction hy-
pothesis. Similarly one can argue that the third term in the RH.S. of (36) is also a concave function

of v. Since sum of concave functions is a concave function, A;f’(k) (j, t, v) is also a concave function.
Therefore, from Lemma B.1, A} (j, t, v) is also concave in v.

To prove that (32) has a fixed point, we will have to show that curves p;r; ;A7 (j, t, v) as a function
of v and the linear function v intersect when I # 1. For this we derive an upper bound on A] (j, ¢, v).
If we use the optimal policy when starting with j — 1 stages at time ¢ for the first j — 1 phases when
starting with j phases at time ¢, we will get an upper bound for ‘_/j (j, t; v) which is given below:

V6.6 SB[V (LT =1t - 15| + 7, G- 1.6w), (37)

where E [VT (1L, TG-1,t,j—-1;v); v)] is the average cumulative cost to finish one remaining phase
if the time taken to finish the first j — 1 phases is T (j — 1, ¢,j — 1; v). Using this we can re-write
A (j, t,v) as follows:
AGotv) =V, (utsv) =V, (= 1,15 v) (38)
sE[Vj(l,m—l,t,j—l;v);v)]. (39)
We can bound the term the R.H.S. of the above equation with the average cumulative cost under
the policy in which we transmit only when R;(t) = r; ;. We get the following:
v

Hili1

—x ; S ¥ .
BIViTG-1tj- 1| <E[H G.TG- 16— 1) + (40)
where H;f (j, t) is the cumulative average holding cost under the policy which transmits only when
R;(t) = r;,1. Under this policy, the probability of success of completing a phase given that the user i
transmits is given by p;r; ;. Hence, the average transmission cost is given by H_‘r’_ - The expectations
in the above expression are all with the respect to the r.v. T (j — 1,t,j — 1;v). So we have that

AL Gotv) <E[H G T G- 1,8 = )| + ——. (4)

Hili1
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Let Tl.T (j — 1) be ar.v. denoting the time taken to finish j—1 stages under the policy in which transmits
.t

only when R;(¢) = r; ;. Since it is optimal to transmit R;(t) = r; 1, we have that T; (G-1 s

T(G—1,t,j—1;v).Since E [HlT 3, t)] is a non-decreasing function of ¢, we have a further bound

on A} (j, t,v) and is given below:

8} Gtv) < B[H] (1.1] G- 1) | + (42)

Hili,1

Therefore, A} (j, t,v) is a concave, non-decreasing function of v which is upper bounded by an
affine function of v with slope 1/p;r; 1. This implies that for [ # 1, y;r; ;A% (j, t, v) is upper bounded
by a function of v with slope strictly less than one since Z “tl < 1. Hence, p;ri;1A} (j, t,v) should
intersect with v and therefore, there exists a fixed point. Hence this part of the lemma is proved.

2) When v = 0, it is optimal to transmit in all states. Therefore, the average cumulative cost
includes only the holding cost component. A} (j,,0) = H} (j, ,0) — H} (j — 1,t,0). The average
cumulative cost to finish j phases is more than the cost to finish j — 1 phases if we transmit in all
states, and hence, A7 (j, t,0) > 0.

C PROOF OF AUXILIARY LEMMAS: INDEXIBILTY

C.1 Proof of Lemma B.1

Let us consider |V?(k) (G, t;v) — V? G, t; v)). Let us also consider ¢ < k. This is not a restrictive
assumption as we would be taking the limit k — oo for a fixed ¢ in the sequel. First we will find an
upper bound on the term ‘V?(k) G, t;v) — t_/';k 3, t; v)‘ Let * (c;(-), v) be the optimal policy when the

cost function is ¢;(-). Similarly, 7* (cgk)(-), V) be the optimal policy when the cost function is cg.k)(-).
To get an upper bound we shall use the following hybrid policy which combines both z* (¢;(+), v)
and 7* (cgk)('), v)

e Fort < k, use 7% (¢;(+), v).
e Fort > k,use 7* (cgk)(.), v).

This policy is clearly sub-optimal for cgk)(-) and hence, the average cumulative holding cost under

this hybrid policy will be an upper bound on V?(k) (J, t; v). Let the total cost under this policy be
denoted by Vih’(k) 3G, t;v).

We shall use a coupling argument next. Let us consider two systems, one which uses the hybrid
policy with holding cost function cgk)(-) and the other with z* (¢;(), v) and holding cost function
c;(+). Let us couple the job size random variables and the channel state process. Let us consider two
mutually exclusive and exhaustive events 1) user i is served to completion before slot k 2) user i
is served to completion after slot k. Conditioned on event 1, for any sample path, the difference
between the cumulative cost of both the systems is zero. This is because, the policies are same
and the holding are also the same for ¢ < k. Let us look at event 2. From lemma A.1 and Bellman
equations (7), it is always to optimal to transmit when R;(t) = r; 1 V t. Event 2 happens only if
there less than j phases are successfully completed in k — t slots. Therefore, probability of event

2 is upper bounded by Z] ( Y (qi1pirs, 1)j (1- qi,l,uiri,l)k_t_j . If event 2 occurs, then there
will be non-zero re51dua1 phases that has to be served after slot k. We can bound this cost by

taking max;» _; Vlh (k) (i’ k;v) =V, (j”, k; v). From the above discussion we have the following
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inequalities:
Vi G =7 Gt < VO Gt - G (43)
Lofk—1\ .y ~ k—t-j
<> |6y a-p (44)
o\
X maX[ o) (j",k; v) -V; (j",k; v)] : (45)
J<

where p; := q; 14;7;,1- Since we have assumed that the holding cost functions are upper bounded by
polynomials, the term V,»h’(k) (j”, k;v) — V? ( i k; v) is a polynomial function of k. This is because

the under cgk)(-), holding cost is a constant c¢;(k) for t > k, and the average holding cost to complete
any phase is just scaling an appropriate geometric random variable with c;(k). Note that this term
is multiplied by an exponentially decaying function of k in (44). Therefore, on taking the limit
k — oo, the R. H. S. goes to zero. Hence, we have shown that the upper bound goes to zero. We

can derive a lower bound for V?w U, t;v) — VT (J, t; v) in a similar manner by interchanging the
roles of 7* (¢;(+), v) and x* (cgk)(-), v) in the construction of hybrid policy and then using that to
upper bound l_/j (j, t; v). We shall skip the details in the interest of space. Therefore, we have that
hmk%OV?MUJJO—Vﬁjtvﬂza

C.2 Proof of Lemma B.2

Suppose if we have that Vt ¢;(t) = c, then it should be clear that A (j, t, v) is independent of ¢. To
study the effect of j, from the definition of A (j, t, v) we can write the following equation:

A; (. t,v)=A; (Gt +1,v)+E [min {O, v— uiRiA; (ot + 1, v)}]
-E [min {O, v— RN (-1, + 1, v)}] , (46)
where R; is a r.v. denoting the random service rate in a typical slot. Since A (j, t, v) is independent

of t under constant holding cost assumption, we shall suppress the argument ¢ in the sequel. Then
the above equation simplifies to the following:

E [min {0, v — iR A} (, v)}] =E [min {0, v—uiRiA; (G- 1, v)}] . (47)

Since the above equation holds for any service rate distribution, we have that A} (j;v) must be
independent of j. Therefore, we can re-write A} (j; v) in the following manner:

A:(ov) = A (Lv) = Vi (1;0). (48)
From Bellman equations (7), if it is optimal to transmit in R;(t) = r;, then it is also optimal to
transmit when R;(t) = r; » for I’ < I. We shall restrict ourselves to such policies. Let 7 be a policy
where we transmit when R;(t) = r;  for I’ = 1,2, ..., 1. The average cumulative cost under such a
policy is given by:
¢ + v Zf’:l qir
Hi Z;:l qi,rri,r  Hi Z;:l qi,vri, v

This is because of probability of transmitting in a slot is y; Zﬁ’:l qi.rrir, and therefore the number
1

1
Hi lezl qi, T,

Vi (1;v) =

(49)

of slots required to complete a phase on an average is . Given that one transmits,

1
szl qi, i,

. This is
25/:1 qi,

probability of succeeding in completing a phase in a given slot is given by
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Hi Z;/zl LINGINY
Zl/:l qi,r
for any v, to determine the optimal cost to go, we need only to take a minimum over a finite
number of policies parametrized by [ = 1,2, ..., L. For each policy, the average cumulative cost is a
non-decreasing linear function of v. Therefore, from (48) A} (j, v) is a non-decreasing, piecewise

linear, concave function of v.

because the average rate conditioned on the fact that user i transmits is . Therefore,

C.3 Proof of Lemma B.3

Let Yl.*’(k) (t) be an r.v. denoting the residual number of phases of user i at time ¢. We can write
V: (j, t; v) as follows:

7ok * o 0
vV ( )U, t;v) = Hl_’(k) G t,v) + VE” (cl (),V)

i ANy O = jl : (50)

t'=t

where H; (k) (J, t, v) is the average cumulative holding cost starting with j phases at time ¢ and the

second term is the average cumulative transmission cost incurred due to transmissions under the
. (k) p #, (k) (. .

policy 7* (cl. ), v). Therefore, we can re-write A, (j, t, v) as follows:

o )
s(k) _ (R (k) (R, v
A t,v) =H. Y (j, t,v) - H, (1—1,t,v)+v(]E ( )

i A = jl

t'=t

DAy Oy = ji- 1]) . 6D

t'=t

gl

Since the optimal policy is same for all v € N (v), the term H:’(k) G, t,v) — H:’(k) (G-1,t,v)is
independent of v for v € Ns (v). If we can show that the slope of second term with respect to v
is greater than zero, then we can prove this lemma. To that end let us define T (j, t, k; v) to be the
random variable denoting the time to complete first k phases starting with j phases at time ¢, when
the price is v, under the optimal policy.

s.t.
First we show that T (j,t,j — 1;v) < T(j—1,t,j— 1;v), ie, the time to complete the first j — 1
phases when starting with j phases at time ¢ is stochastically less than the time to complete j — 1

—, k .
phases when starting with j — 1 phases at time ¢. To see this, we can re-write V;F ) (j,t;v) as

(k)

V" (j, t; v) = Average cumulative cost to finish first j — 1 phases

+ Average cumulative cost to finish the last phase. (52)

Individually each of the two terms on the R.H.S. above consists of a part due to the holding
cost and a part due to the transmission cost v. Also, note the two terms in the R.H.S. are not
independent of each other. If the time to complete to first j — 1 phases is longer, then the average
cumulative holding cost in completing the last phase is also higher because the transmission of the
last phase starts at a later time and the holding cost function is non-deceasing function of time.

.t
IfT(,t,j—1;v) ST (j—1,t,j — 1;v), then we can replace the policy for the first j — 1 phases
when starting with j phases with the optimal policy for j — 1 stages when starting with j — 1 stages

s.t.
and therefore, we can obtain a better policy. Hence, T (j, t,j — 1;v) < T(j—1,t,j—1;v).

Next observe that the average cumulative cost in completing j—1 phases starting with j—1 phases
initially has to be less than the average cumulative cost in completing j—1 phases when starting with

jphases. T (j, t,j— 1;v) sit "T(—-1,t,j—-1;v) would imply that the average cumulative holding
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cost in completing the first j — 1 phases when starting with j phases is less than the average
cumulative holding cost in completing j — 1 phases when starting with j — 1 phases. The only way
that the average cumulative cost to complete the j — 1 phases when starting with j phases is more
than the average cumulative cost in completing j — 1 phases when starting with j — 1 phases is by
having a larger average cumulative transmission cost. This would imply that the slope of the R.H.S.
of (51) is positive with respect to v. Hence, the Lemma B.3 is proven.

D PROOF OF THEOREM 4.1

In order to find the Whittle’s index for any state (j, r, t), we have to find the fixed point of the
following equation:

v =pirA; (j,t,v). (53)
We have already shown in the Appendix A that when r = r; ; there does not exist a finite fixed

point for the above equation and the v (j,r;1,t) = 0. We have also shown that there exists a finite
fixed point when r # r; 1, and therefore, for [ # 1, v} (j, Tils t) < oo . Hence, proved.

E SECONDARY INDEX
E.1 Proof of Theorem 4.3

Consider the discounted sub-problem S Pf} . From the definition of Whittle’s index for the discounted
case, to find v;‘ ) ( JiTit t), we have to find the supremum of the fixed points of the following equation

v = ,uir,-,lﬁA;f’ﬁ (,t,v). (54)
The supremum of the fixed points of the above equation is finite because of the following reasons
(1) When v = 0, it is optimal to transmit in all states and A;.‘,ﬁ (j,t,0) > 0.
(2) When v — oo, it is optimal not to transmit in any of the states, and lim, A;‘,ﬁ (,t,v) =
0. This is because if it is not optimal to transmit in any of the states, then only average
cumulative discounted holding cost is incurred. Therefore, l_/j ; U.tsv) = Xees ci(k)Bk, for
any j € {1,2,...,j;}. By our assumption that ¢;(t) < 5t¢, we get that DI ci(k)pF < co.
(3) We also know that Vj’ p U, £;v) is a continuous function of v.

From the above observations and Intermediate Value Theorem, we can conclude that there exists
at least a fixed point for (54), and we can find a supremum of the fixed points.
We know that limg_,, Vzﬂ (j, ri1, t) = (j, Ti1 t) = co. To the find the asymptote of Vzﬁ (j, Tits t)

as f — 1, we can use (54), since v;‘ﬁ (j.ri1,¢) is a fixed point of (54). To that end we will first
study the characteristics of 17? 5 (. t;v) evaluated at v = Vi 5 (j.ri,1,£) as B — 1, which we denote
by Vjﬁ (j, t; V;ﬁ (j, Ti1s t)) We will show that the asymptote ofo,ﬁ (j, t; V;,ﬁ (j, Ti, t)) is same as
that of a policy in which transmissions are always performed when r = r; ; and never performed

otherwise. For any v we can split the average cumulative cost into two, the average cumulative
holding and transmission costs. Let H; 5 (j, t,v) be the average cumulative holding cost under

optimal policy starting from the phase j at time. Similarly, let the N; 5 (j, t, v) be the cumulative

discounted average number of transmissions under the optimal policy, i.e., E [Zfzt ﬁk”A*lf ﬁ(k)] ,
where A} ﬁ(k) = 1 if the optimal decision is to transmit in slot k and 0 otherwise. Therefore, the
average cumulative cost is given by:

Vi,ﬁ(i’t;v):Hzﬂ(j’t’v)+VNzﬁ(j’t’v)' (55)
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Similarly we can define NiT 5 (j,t) and HiT 5 (j, t) for the policy in which transmission are done

only if r = r; ; for all j and t. Note that NiT 5 (j,t) and H;f ) (j, t) are independent of v as the policy is
fixed and does not change with v. The average cumulative cost associated with this policy is thus
given by:

Vz",ﬁ (G, t;v) = HIﬁ G, 1) + VNZﬁ G, b). (56)

The main result connecting the optimal policy for SP;(v) and the policy with transmissions
only in 7; 1 is given next. Proof of this lemma is given in Sec. F.1.

LEmMmA E.1. Let V:’ﬂ (j, t; v) be the average cumulative cost starting from j and t for the policy in
which transmissions are performed only when the channel is in the best possible state. We have that
hmﬁ—»l Hl*,ﬁ (]7 t, Vl*,ﬁ (J’ ri,h t))

=1, (57)
limg 1 H, )

hmﬂ—>1 N:ﬁ (.]v £ V:ﬁ (]’ ri,l’t))

: =1 (58)
hmﬁ_ﬂ Ni,ﬁ (i, t)

The above lemma proves thatlimg_,; V:’ﬁ (j, t; V;'k,ﬁ (orins t)) andlimg_,; 1_/:2/; (j, t; Vzﬁ (orins t))
have same asymptotes, and hence, we can use the latter to find the asymptote of
V?,ﬁ (j, t; v;.“ﬂ (. rins t)) For V,T’ﬁ (j, t; vjﬁ (. rins t)) we can find closed form expressions as we
know the structure of the policy.

First we will find an expression for v; ) (j,ri1,£). Substituting (55) in (54) and noting that

Vig (j,ri1, t) is a fixed point for (54), we get the following expression for Vi (orin, £):

Wil lﬂ[ (],t+1 v ﬁ(j,ri,l, )) H*ﬁ( Lt+1,v ﬂ(j,ri,l,t))]

1= pirsaf [Nep (10 + 100 G 1)) = N2 (= 1+ 1,02 (i) |

Vl*,ﬁ (J’ ri,lvt) = . (59)

Next we multiply both sides of (59) with 1 — f and take the limit # — 1 on both the sides. Using
Lemma E.1, we can the replace the average cumulative costs related to the optimal policy with that
of the policy in which transmissions are done only in r = r; ;. Note that N, i L p (J, t) depends only on
Jj and not on t. We have used this notation to maintain consistency. Further it can be shown that

(1=pN/, (1) , |
T:1_ﬂiri,lﬁ(NZﬂ(],t)—Nzﬁ(]—Lt))' (60)

Substituting (60) in (59), re-arranging the terms, and using the fact that limg_,; N (] ) =
we get that

:ulrll’

qi,1 (Iliri,1)2

o, o,
: [Hi’l(],t+1)—Hi’1(]—1,t+1) (61

§1* (j’ri,ht) = élinl (1 _ﬁ) Vl*,ﬁ (j’ri,ht) =

Due to Assumption 2.1 on ¢;(+), it is bounded by a polynomial function of ¢. Therefore, the above
expression is finite.
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Fig. 12. Increasing 8 while setting v = v;ﬂ (j.ri,1. ) is illustrated here.

F PROOF OF AUXILIARY LEMMAS: SECONDARY INDEX
F.1 Proof of LemmaE.1

We have to the find the optimal policy when f — 1 while we set v = v:‘ ) (j.ri,1, t). This procedure
is shown in the Fig. 12. In this proof, we shall show the following two properties of the optimal
policy as B — 1, while v = Vzﬁ (orinst):
(1) It is not optimal to transmit in r = r; ; when [ # 1 for any j and t.
(2) It is always optimal to transmit in r = r;; for j* and ’ such that (j’, r; 1, t’) is reachable from
(jori1.1)
First we have the following result. Proof of the following lemma is given in Appendix F.2.

LeEmMa F.1. For a givenv, i, j, and t, A’;’ﬁ (j, t, v) is a non-decreasing function p.

This would imply that vz ) (j,ri.1,t) is a non-decreasing function of . Hence, for any § € [0, 1]

and [ # 1, we have

Vi*,ﬁ (orin,t) < Vi (rigst) < oo. (62)
From the indexability property, if the price v > v ; (j, i1, 1), itis not optimal to transmit in (j, r; 7, ).
Let us take the limit § — 1 while v = Vzﬁ (j, Tits t). Weknowas f — 1, v = vl.*’ﬂ (j, Ti1, t) — 0.
We also know thatas f — 1, Vi*,ﬁ (j,ri,1,t) < co. This implies that for any j and ¢ there exists some
B’ (j, Tils t) such that for g > f’ (j, ril, t), it is optimal not to transmit in (j, Tils t).

Now we have to show that it is optimal to transmit in when r = r; ; in all states reachable from
(j. 71,1, ). We say that a state is reachable from (j, r; 1, t) if there exists a policy 7 such that there is a
strictly positive probability of making a transition into that state in the future. The reachable states
from (j, r; 1, t) is shown in the Fig. 3. Note that the transition probabilities permit only transition
into states where t > t’, j* < j, and if it is in the region shown in the figure. This is because
we can get only at most one successful transmission in a slot. The following lemma will help us
characterize the optimal policy when f is increased to 1, such that v = vz ) (7,1, t). Proof of this

lemma is given in the Appendix F.3.

Lemma F.2. For large enough B, if it is optimal to transmit in (j, i1, t), then it is optimal to transmit
in all states (j’, Tii, t') such that (j’, Tis t') is reachable from (j, Ti, t).
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The above lemma tells that if it is optimal to transmit when r = r; ; in any given time, then it is
optimal to transmit in r = r; ; in all future times. If we choose v = v 5 ( Jiri1s t), we know that it is

optimal to transmit in (j, r; 1, £). Hence, it is optimal to transmit in all states in the future where
r = r;1. Therefore, as f — 1 while v = v;ﬁ (j, Tit, t), it is optimal to transmit when r = r; ; and
not optimal to transmit when r # r; 1. This completes the proof of this lemma.

F.2 Proof of LemmaF.1
We will show that this property holds for any cgk)(-) and hence, in the limiting case too due to
lemma B.1. We will first prove that Az’(ﬁk) (J, t, v) is a non-decreasing function of S.

To prove the result for c§k>(-), we will use induction over time which proceeds backwards from

time k to t.
Base Case : We will first prove that A?’(ﬁk) (j, t, v) is non-decreasing function of f for t > k. From

the Bellman equations 7, we can re-write the value function as follows:

Vi Gty = <O+ BV Gt + 1) +E[mm{0 y— ,u,Rﬁ[A*(k)(/ F1, v)]”, (63)
where R; has the same distribution as R;(t). Using the above form of V,-’ p U, 3 v), we can re-write
A’;’(ﬁk) (j, t,v) as follows:

*(k)(] t,v) = ﬂA*(k)(] t+1, v)+]E[m1n{0 V- y,RﬂA*(k)(] t+1, v)”
-E [min {o, v — yiRiﬂAj’g‘) G-1,t+1, v)}] . (64)

We know that when the holding cost function cgk)(-) has a constant value of c;(k) for t > k.
Therefore, Aj’;}k) G, t,v) = Aj’;}k) (j, k,v) once t > k. Hence, substituting this in (64), we get that

- BN Gkv) - B [mm{o v = wR AT ok, v)}]
“E [min {o, v = miRPATE (- 1k, v)}] . (65)

Using the above equation, we can argue that A?’;k) U, k, v) is an non—decreasing function of 8. This

* k
is done via induction over j. If j = 1, then Ai’;k) G, k,v) = (1 k;v). V ( )

decreasing function of f because for any policy 7, the average cumulatlve cost to complete (average

cumulative holding cost + transmission cost) is a non-decreasing function of § and therefore,
k
V* o) (1, k; v), which is obtained by computing infemum of the cost under all policies, is also a

(1,k;v) is an non-

non—decreasmg function of . If we assume the induction hypothesis that A;f (ﬁk) (j, k, v) is a non-
decreasing function of f till j — 1, then from (65), it can be easily shown that Aj’;k) (G, k,v)isa

non-decreasing function of . Hence we have proved that Af’(ﬁk) (j, k, v) is a non-decreasing function

of f.

Induction Hypothesis: Assume that A?’(ﬁk) (j, ', v) is a non-decreasing of § for any j and ¢’ >
P+ 1.

We have to show that Aj’;k) (j, t,v) is a non-decreasing function of . Consider (64). Its R.H.S.

is a non-decreasing function of f because of our induction assumption that A?’(ﬁk) (G-1t+1,v)
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Fig. 13. llustration of the induction procedure
and A:;k) (j— 1,t + 1, v) are non-decreasing functions of . Therefore, A’Z’ék) (j, t, v) is also a non-

decreasing function of . Hence, we have proved that A?’;k) (j, t, v) is a non-decreasing function of

B when the holding cost function is cgk)(-). Therefore, on taking the limit as k — oo, we get the
result for ¢;(+).

F.3 Proof of LemmaF.2

We will show that for large enough f, if it is optimal to transmit in ( JsTits t), then it is optimal to
transmit in the states (j, rig, b+ 1) and (j —-1,ri,t+ 1). This is enough to show that it is optimal
to transmit in all states reachable from ( JsTi1s t) because we can iteratively use this result on the
states (j,r;1,t + 1) and (j — 1,751, ¢ + 1) and its neighboring states and so on. We will prove this
result for any cgk)(-).

We have already argued that for large enough f (say f > f’), it is optimal not to transmit in
ri,; I # 1in all states reachable from (j, Ti1, t) if the price is scaled such that v = V;F,ﬂ (j, Tid, t). Let
us assume that f is large enough that it is optimal not to transmit in r; ; for all states reachable
from (j, r;,1, t). Note that if we transmit in (j, r; 1, ¢), then it must be optimal to transmit in either
(jori1st + 1) or (j—1,r;1,t + 1). Else, it is optimal not to transmit in (j, ; 1, 1), and instead transmit
in the state (j, r;,1,t + 1) incurring only the discounted cost fv. Next we have to show that it is
optimal to transmit in both (j,r; 1, + 1) and (j — 1,71, £ + 1). We will prove this as two separate
cases. The induction process is illustrated in the Fig. 13.

Base Case: We have to prove that if it is optimal to transmit in the state ( JsTi1s k), then it is
optimal to transmit in the states (j, ri1 k+ 1) and (j -1, t+ 1). If it is optimal to transmit in
(j.7:,1, k), then from Bellman equations, we know the following:

v < uiri,l/m’;g‘) G k+1,v). (66)

We know that A?’;k) G, k+1,v) = Aj’;ik) (J,k + 2,v) as the holding cost function has a constant

value for t > k. Therefore, v < p;r; 4 ﬁAf’;k) (J, k + 2,v). From Bellman equations, this would imply

that it is optimal to transmit in ( J.ri. k+ 1). Hence, base case is proved.

Proc. ACM Meas. Anal. Comput. Syst., Vol. 2, No. 1, Article 15. Publication date: March 2018.



15:34 Arjun Anand and Gustavo de Veciana

Induction Hypothesis: We shall assume that if t + 1 < t’ < k and if it is optimal to transmit in
(j.ri,1.1’), then it is optimal to transmit in (j, r;,1, ' + 1) and (j — 1,r; 1, "+ 1).

Using the induction hypothesis we will have to show that if it is optimal to transmit in (j, 7 1, ),
then it is optimal to transmit in (j, r;,1,¢ + 1) and (j — 1,r;,1, ¢ + 1). We will consider two separate
cases:

(1) If it is optimal to transmit in (j,r;1,¢) and (j,r;1, ¢ + 1), then it is optimal to transmit in

(-1riLt+1).
(2) If it is optimal to transmit in (j, r;,1,¢) and (j — 1,7;1, ¢ + 1), then it is optimal to transmit in
(j, ri1,t+ l).
We will prove the above two cases separately via proof by contradiction.

Case 1. Suppose it is optimal to transmit in (j, r; 1, ¢) and (j, 71, ¢ + 1), and it is not optimal to
transmit in ( j—1ri,t+ 1). Let us also assume that j > 2. From our induction hypothesis and
Bellman equations the following is true for t + 1 < t' < k:

—x, (k , —x, (k) . , —x, (k) . , —% . ,
Vi Gt =V G- 1,50 <V =10 + 5 =V G =2t + L), (67)

The above equation is true because of the induction hypothesis that if it is optimal to transmit in
(j, Tis t'), then it is optimal to transmit in (j -1,ri,t + 1). First observe that if it is optimal to
transmit in (j, 7;1, ¢), then from Bellman equations we get the following:

—x,(k —x,(k
v < piraf (vi,; "Gt =T G-t 1;1/)) . (68)
Since we have assumed that it is optimal to transmit in ( JoTitst+ 1), we have the following:

=(k) . k — (k)
Vi,ﬁ (_], r+1; V) = CE, )(t + 1) +qi1V+ (l - ,uiql-’lri,l) ﬁVl-,ﬁ (_], r+ 2;V)
— (k) .
+,u,-qi,1r,-,1/3Vi’ﬂ (]- 1,t+2;V). (69)
Similary, since it is not optimal to transmit in (j — 1,71, ¢ + 1), then we have that

. o (k
Vl.’/(g)(j—1,t+1;v)=cgk)(t+1)+ﬁvi,;)(]'_lat"'z?v)' (70)

Substituting (69) and (70) in (68), we get the following inequality:
< B (1= piqiari)
T 11— igiarin
Now let us look at the state ( j—1,ri,t+ 1). Since it is not optimal to transmit in this state, from
Bellman equations, we will get the following inequality:

—x, (k —x,(k
v i (Vg G- L+ 20 = Vi G- 2.t +2v). (72)

We will expand the terms in the R.H.S. of the above inequality. From our induction hypothesis, the
states in which it is optimal transmit is shown in the Fig. 14. This includes all states reachable from
(j.ri1, t + 1). This would imply that it is optimal to transmit in (j — 1,7; 1, ¢ + 2). This will give us
the following equation:

—5(k) . =5 (k) .
|wiriaB (Vi Gt 20 =705 G-+ 2m) . (71)

=5 (k) . k (k)
Vig (-Lt+2v)= cg )(t +1)+qi1v+ (1 —piqi,lri,l)ﬁVi’ﬁ -1,t+3v)

(k) .
+pigiariifVip (-2t +3v) (73)

Also, it has to be true that it is optimal not to transmit in ( j—2,ri1,t+ 2). This is because
if it is optimal to transmit in both (j, rig,t+ 1) and (j —-2,ri1,t+ 2), then it must be optimal to
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Optimal to transmit due
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Optimal not to transmit /-2 |/ § “
due to the assumptions - i
for case 1 ! o ‘
oo
* o

t t+1 t+2t+4 t+5 t+6

Fig. 14. lllustration of the induction steps

transmit in ( j—1,ri,t+ 1). This is obtained directly from the Bellman equations and our induction
hypothesis. Therefore, we have the following equation:

(k)(]—Zt+2v)—c(k)(t+1)+,3Vlﬂ (—2,t+3;v) (74)

Substituting (73) and (74) in (72), we will get the following:

1—piqiqr; k k
B ( ”qll)[,,lﬂ( (k) —, (k)

> 1,t+3; 2,t+3; )] 75
v 1= fiqiarin ,ﬁ (] v) ,ﬁ (] V) ( )

Using (71) and (75), we will get the following inequality:

—x, (k k
Vi =1t 430 -V =2t +30) <Viy Gt +20)=Vig G-Lt+2v).  (76)

However, this cannot be true due to (67). Therefore, we have proved the result via contradiction.

Case 2. Let us assume that it is optimal to transmit in both (j, r;1,¢) and (j — 1,r;1,¢ + 1) and
not optimal to transmit in (j, ;1. ¢ + 1). We will prove that this is not possible by contradiction.

From our induction hypothesis if it is optimal to transmit in (j — 1, r; 1, ¢ + 1), then it is optimal
to transmit in the states shown in the Fig. 14. This would imply that if it is optimal not to transmit
in (j,ri1,t + 1), then it is optimal not to transmit in any (j,r;,1,¢’),VYt’ > t + 2. This is because
if it was true for some ¢”/, then using the fact that it is also optimal to transmit in ( j—1,ri1, t”),
we can iteratively show that it is optimal to transmit in (j,r;1,¢), Vt' > t + 1. Therefore, if
the transmission does not succeed in ( JsTi1s t), then there are no future transmissions. To derive
analytic expressions for this property, let us first define the following term:

Hy(t) = i Ot + mypm. (77)
m=0

H 5(t) is the average cumulative cost if no transmission is performed after time ¢. This summation
is guaranteed to be finite because of our assumption that c;(t) < 5t¢ for large t. Therefore, in this

. . . . o=n(k) = . ..
setting, from our previous discussion Vf(ﬁ ) (.t + 1;v) = Hg(t). Since we have assumed that it is
optimal to transmit in (j, r;,1, t), from Bellman equations, we have the following inequality:

-~ —x, (k
v < (Hpt+ )=V G- 10+ 150). (78)
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Since it is not optimal to transmit in (j, 71, £ + 1), we can similarly write the following inequality:
~ —a (k)
V> piriif (Hﬂ(t +2) -V -1+ 2;v)) . (79)

—~ —x, (k . .
Let us look at the term Hp(t + 1) — Vi’(ﬂ ) (j — 1,t + 1;v). We can re-write this term as follows:

Hp(t+1) -V, (- 1Lt+1v)=E > VB | = NG =1t +1v) (80)

V=t+2+T(j—1,t+1,j—1;v)

— (k
The above equation is obtained by re-writing Vl-,;; ) (j—1,t + 1;v) as follows:
f t+1+T(-1,t4+1,j-1;v)
Vi G-1t+10) =B > B[+ N G- L+ L) (8D
r=t+1

~ —x, (k
Similarly, we can re-write Hg(t + 2) — Vi:;; ) (j—1,t+ 2;v) as follows:

7 —*(k S ’ 4 * .
Hy(t+2) -V, (-1, t+2v) =E > OB | =N G- Lt +2.7). (82)
t'=t+3+T(j—1,t+2,j—1;v)
By our induction hypothesis and the fact that we are only transmitting when r = r; 1,
TG-1,t+1,j—1L;v)and T (j—1,t + 2,j — 1;v) are statistically identical. We also have that

Nl.’fﬁ(j—l,t+l,v):NZﬁ(j—l,t+2,v). (83)
Therefore, using the non-decreasing property of cg.k)(t), we get the following inequality:

—~ —x,(k ~ —x,(k
Hyt+2) -V G-t +2v) > Byt + )=V, (-1t +1Lv). (84)

Therefore, a lower bound for v is greater than its upper bound, which is a contradiction. Hence,
proved.

G QUALITATIVE RESULTS
G.1 Proof of Theorem 4.5

First we will prove the following lemma which is useful to prove this theorem.

LemMA G.1. Ifit is optimal to transmit in the state (j, r; 2, t), then it is optimal to transmit in any
state (j',ri2,t') such thatj > jandt' > t.

Proor. We will show that this holds for the cost function cgk)('). For this we will use induction
starting from time k and proceeding backwards to ¢ as shown in Fig. 13.

Base Case: Note that for t > k the holding cost function is a constant. For constant holding cost
functions, A?’(k) (j, t,v) is independent of j, see Proposition 1 in [4]. Therefore if it is optimal to
transmit in (j, r; 2, ¢), then it is optimal to transmit in (j’, r; 2, t) such that j* > j.

Induction Hypothesis: If it is optimal to transmit in (j, r; 2, ') for any j and t’ > ¢ + 1, then it
is optimal to transmit in (j’, 7 2, ¢”") for any j* > jand t” > t'.

Using the induction hypothesis, we will prove the result for any j at time ¢. First note that
if it is optimal to transmit in (j, r; 2, t), then it is optimal to transmit in either (j,r; 2, ¢ + 1) or
( J—Lrist+ 1). This can be proved using contradiction, i.e., we shall assume that it is optimal
to transmit in (j,r;2,¢) and it is not optimal to transmit in (j,r; 2.t + 1) and (j—1,r;2, ¢ +1).
Now consider another policy in which we do not transmit in (j, r; 2, £) and we transmit in both
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(j.ri2, t+1) and (j — 1,r; 2, t + 1), while leaving the remaining actions unchanged with respect
to an optimal policy. Starting with phase j at time ¢, the average cumulative cost with this policy
is same as the average cumulative cost with the optimal policy, which is a contradiction as we
had assumed that it is not optimal to transmit in (j, rig,t+ 1) and (j —1,ri2t+ 1). Therefore, it is
optimal to transmit in either (j,r; 2, + 1) or (j— 1,r;2, ¢ + 1).

From induction hypothesis, if it is optimal to transmit in (j, i, b+ 1) or (j —1,ri2t+ 1), it is
also optimal to transmit in (j, i, b+ 1) and (j +1,ri9,t+ 1). If it is optimal to transmit in both
(j, rig, b+ 1) and (j + 1,72t + 1), then it is optimal to transmit in (j + 1,72, t). To see this, let us
re-write A} (j + 1,,v) as follows:

(k) /. —n(k) —n (k)
AV G+LEv) =V G+ L+ Lv) =V G+ 1), (85)

= (1- pirs) (Aj’(k) G+1,t+1, v)) + i (Aj’(k) Gt +1, v)) (86)

Note that in writing (86), we have used the fact that is optimal to transmit in (j, rio, b+ 1),

(+1rizt+1), (jrist+1),and (j+ 1,71, ¢ + 1). Since it is optimal to transmit in (j, r; 2, £ + 1)
and (j + 1,r; 2, ¢ + 1), from Bellman equations, we have that

Iﬁ < AP G141, (87)

ili,

H':'z < AP Gre1). (88)
ili,

From (86), this would imply that Aj’(k) (j+ 1,t,v) = v/u;ri 2. This would mean that it is optimal

to transmit in (j + 1, 7; 2, t). Since this was proved for any cgk)(-), from lemma B.1 it holds for ¢;(t)
too. O

The above lemma would imply that v} (j, ri 2, t) < v} (j,ri2,t’). Since j, j’, t,and t’ are arbitrarily
chosen, this would imply that v ( J. ¥i2, t) is a non-decreasing function of j and t. To extend this
result to the entire shaded region as shown in Fig. 2, from (64), one could show that if it is optimal
to transmit in (j, r; 2, ¢ + 1) and (j — 1,7;2, ¢ + 1), then it is also optimal to transmit in (j, r; 2, £). If
we use this property and the above lemma iteratively, then it can be shown that if it is optimal
to transmit in (j, r; 2, t), then it is optimal to transmit in any state (j’, r; 1, ') such that j/ > j and
JHt = j+t.

G.2 Proof of Theorem 4.7

We have already proved in Lemma F.2 that for large enough f if it is optimal to transmit in (j, 7; 1, £),
then it is optimal to transmit in all states reachable from (j, r; 1, ¢). This would also imply that it is
optimal to transmit in all states (j,r; 1,t’) such that ¢’ > t. Hence, V;k,ﬁ (jori1.t) < v:"ﬁ (ori1.t').
This would imply that

éi_}ml (1 =P)vi g (sriast) < }}i_}ml(l =P g Uirint). (89)
Hence, the result is proved.

G.3 Proof of Theorem 4.4

We will show that this property holds for truncated holding cost functions cgk)(-) and cgk)(-). To
prove this result for any k, we will use induction.
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Base Case: By the definition of ¢;(t) and ¢;(t), we have that cgk)(t) < cgk)(t). This would also imply
that ¢;(k) < ¢;(k). Using the result from [4] for constant holding costs, when the cost functions are

cgk)(-) and cgk)(-), we get that Af’(k) (J,k,v) < A;’(k) (j, k, v). Hence, base case is true.

Induction Hypothesis: Assume that A;f’<k) (G, t’,v) < A}k’(k) (,t/,v)forallt+1 <t <k.

We will show that Aj’<k) (j,t,v) < A?’(k) (j, t, v). Note that from (64) (with § = 1), A?’(k) (U, t,v)
is an increasing function of Aif’(k) (j,t+1,v) and Aj’(k) (j—1,t + 1,v). Then from our induction

hypothesis it follows that A?’(k) G, t,v) < A?(k) (j, t,v). Since we have proved it for truncated
holding cost functions, from Lemma B.1 it follows that the result holds for ¢;(-) and ¢;(-).

H QUANTITATIVE RESULTS
H.1 Proof of Theorem 5.1
This is a special case with g;; = 1 and y; = 1. We have already proved that v} (j,7;,t) = oo, Vt

and j. In the proof of Theorem 4.3, we have given a constructive proof to study the asymptote
of v} 5 (j, ri, t) (with respect to f) in which we have shown that the optimal policy and the policy

in which transmission is done only in r; ; have the same asymptote when we set v = v 8 U, rist).

In this setting, we have p;r; = 1, i.e., all transmissions are successful in completing a phase with
probability one. Substituting this in (61), we get

& (o runt) = ﬁci(t +)). (90)

Note that in writing the above equation, we have used the following expression for H IT 1 U, 1), which
was obtained because p;r; = 1:
t+j

Hf (D) = ) ailt)). (91)
v=t
H.2 Proof of Theorem 5.2

From Thm. 4.5, if it is optimal to transmit in (1, 7; 2, t), then it is optimal to transmit in (1, r; 5, 1’)
Yt’ > t. From Bellman equations, if it is optimal to transmit in (1,7; 2, t’), then it is also optimal
to transmit in (1, rig,t’ ) Therefore, if it is optimal to transmit in (1, T2, t), then it is optimal to
transmit in all states in future. To find v (1, Ti, t), we have to solve the following equation in v:

V= y,—r,-,zvzﬁ (L,t+ L;v). (92)

Since it is optimal to transmit in all future states we can re-write V: (1,t + 1;v) as follows:

00

Vit Ln) = Y et + ) (- pry ™+ — (93)
= Hiti

Substituting in (92), we get the expression for v} (1,7;1,1).

H.3 Proof of Theorem 5.3

Primary indices: It is difficult to find an exact expression for the primary index when R(t) # r; 1
in a multi-state i.i.d. service rate setting with phase-type distribution for jobs sizes. In any state
(J, r, t) we know from the Bellman equations (7) that if it is optimal to transmit in r = r; ;, then it is
optimal to transmit when r =r; p, I’ = 1,2,...,1 — 1. However, we do not know if it is optimal to
transmit it when R;(t) = r; ; for the future states.
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We shall approximate v} ( Ji il t) with a lower bound. Observe that if it is optimal to transmit
in state (1,7;,¢ + j — 1), then it is also optimal to transmit in state (j, ; 7, ). This directly follows
from Thm. 4.5'. Therefore, v} (1,r;;,t + j — 1) is a lower bound for v} (j,r; 1, ).

Next we shall discuss computation of v} (1,r;;,t + j — 1). For j = 1, we have that

A (L,t,v) = Vi (L,55v) = Hi (1,1,v) + vN; | (1,£,v). (94)

If it is optimal to transmit in (1, ril, t), then it is optimal to transmit when the rate is greater than or
equal to r; ; in all future states from Lemma G.1. However, we cannot say if it is optimal to transmit
in future states with service rates strictly lower that r; ;. Therefore, we shall find a lower bound for
V;F (1,t +j — 1;v) and use to find the fixed point of,ul-r,-,lv; (1,t +j — 1; v). This fixed point using
the lower bound ofV? (1,t + j — 1;v) will be a lower bound for v} (1,r;, ¢ + j — 1). First we shall
derive a lower bound for H; (1, ¢, v). For any policy, the average holding cost is lower bounded by
the cost under the policy in which transmission is always performed irrespective of the channel
state. Therefore, we have that

(o) L m
Hi(L,t+j-1v) 2> Zci(t+j—1+m) (1—piZq,~,nr,~,n) . (95)

m=0 n=1
Since we know that it is optimal to transmit when the rate is greater than or equal to r; ; , we can
lower bound the term N, (1,t,v) as follows:

1
Zl’:l qi,l’
; .
Hi erzl qi,rri,r
Solving the following equation in v gives the required expression:

0 L m VZI qir
. /= L,
vzpiri,l(z cit+j—1+m) (1—;1,-Zq,~,nri,n) +l—1). (97)

m=0 n=1 Hi Zf/zl qi,rtir
Secondary indices: We have computed the expression for secondary indices for i.i.d. multi-state
channel in (61). This gives (21). If we transmit only when R;(t) = r; 1, then probability of completing
a phase in any given slot is g; 144;7;,1. Using this and the definition of HZI (j, t) one could derive
equations (22)—(25).

N (Lt v) > (96)

1One can easily extend the derivation for the two state i.i.d. channel to a multi-state i.i.d. channel setting and we state the
result without proof.
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