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Abstract

Offloading and Managing Change in Cloud-Assisted Machine

Learning Systems

Hasan Burhan Beytur, PhD
The University of Texas at Austin, 2026

SUPERVISOR: Gustavo de Veciana

As machine learning systems become more capable, the applications that rely

on them are growing in scale and complexity across industries and everyday life. This

expanding reliance on machine learning systems has led to rapidly growing demand for

inference, making the design of efficient and scalable systems increasingly important.

This dissertation investigates resource allocation and decision-making problems that

arise in the operation and maintenance of large-scale deployments of machine learning

systems. In particular, it focuses on the coordination of client-side and server-side

resources to improve inference efficiency, monitor the performance of deployed models,

and support model updating under resource constraints.

First, we study congestion-aware inference task offloading in machine learning

systems in which lightweight models deployed on clients are supported by a more

accurate server-side model. We propose Lyapunov-EXP4, a distributed online learn-

ing algorithm that learns offloading policies to maximize system-level accuracy while

satisfying a resource utilization constraint in the presence of heterogeneous offloading

costs and task distributions across clients. Our analysis provides near-optimal per-

formance guarantees and characterizes the resulting tradeoffs among accuracy, delay,
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and fairness across heterogeneous clients.

Second, the dissertation addresses performance monitoring and concept drift

detection in large-scale deployments where collecting feedback from clients is costly.

In contrast to existing work that focuses on detecting the earliest degradation at any

individual client, this part of the dissertation formulates a more operationally relevant

problem of detecting significant performance degradations affecting a significant frac-

tion of the client population. To solve this problem, it proposes two complementary

algorithms, Greedy Partial Sum-CUSUM, which focuses on client-level performance,

and Adaptive Global-CUSUM, which focuses on population-level performance. By

analyzing their detection delay and false alarm characteristics, the dissertation identi-

fies the regimes in which each approach is most effective and shows how performance

depends on the population size, as well as the magnitude and spread of performance

degradation across clients.

Third, the dissertation studies the optimization of cyclic maintenance pro-

cesses of model training and deployment under concept drift. It addresses when to

train, how much to train, and when to deploy updated models in order to maxi-

mize the long-term average performance of the system under resource constraints.

It formulates training resource allocation as a continuous-time optimal control prob-

lem and highlights the relationship between the structure of optimal policies and the

statistical properties of the concept drift process. Within the same framework, it

studies deployment scheduling from the perspective of client-side performance and

develops randomized deployment policies that achieve target deployment rates while

maintaining near-optimal performance.

Together, these results provide a theoretical foundation for designing efficient

and scalable machine learning systems that jointly leverage client-side and server-

side resources. By developing analytical formulations and algorithms with provable

guarantees for inference serving, performance monitoring, retraining, and redeploy-

ment, this dissertation offers insights for the scalable operation and maintenance of
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large-scale deployments of machine learning systems.
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Chapter 1: Introduction

1.1 Motivation

Over the past several decades, sustained advances in machine learning (ML)

have transformed it from a specialized research area into a foundational technology for

optimization and automation in modern engineering systems. Early breakthroughs

in deep learning for visual modalities [57], followed more recently by transformer-

based architectures for language, multimodal reasoning, and generative modeling [101]

have accelerated the integration of ML across industries, enabling new classes of

applications while also replacing many heuristic and manually designed pipelines with

data-driven systems.

As ML capabilities improve and adoption widens, computational demand is

no longer solely driven by model training, but also by the need to serve inference

demand at scale. For many applications, cloud-based deployment has been the dom-

inant strategy because centralized infrastructure can pool demand across users, host

large models, exploit specialized accelerators, and simplify maintenance, performance

monitoring, and model updates. However, applications with stringent latency re-

quirements, limited or intermittent connectivity, or privacy-sensitive inputs may not

be suitable for cloud-based deployment and instead require inference to be performed

closer to where data are generated. Even when inference can be served from the cloud,

the rapid growth in demand places increasing pressure on data-center capacity, energy

infrastructure, hardware refresh cycles, and operational costs, raising questions about

the long-term feasibility and scalability of centralized deployment strategies [90, 1].

In parallel, there has been substantial momentum and market push to make

end-user devices more capable of performing ML inference locally. Advancements in

power-efficient hardware, especially in low-precision and sparsity-optimized ML accel-

erators, together with advancements in model compression, quantization and memory-
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efficient ML architectures have made on-device inference practical for a growing range

of applications [60, 105]. This gives rise to two distinct deployment strategies for ML

inference, each with its own advantages and limitations. While on-device inference en-

ables privacy-preserving and low-latency applications, the range of applications and

predictive performance are typically constrained by the limited computational re-

sources of individual devices. Alternatively, cloud-based inference can support more

computationally intensive and accurate models, but serving inference demand at scale

with consistently high performance can introduce latency and require substantial in-

vestment in building and operating additional data-center capacity. These feasibility

concerns have increased interest in hybrid deployment strategies that can leverage

both client-side and server-side resources and combine the advantages of both on-

device and cloud-based inference.

1.1.1 Hierarchical Inference

Hierarchical inference [3, 77] has been proposed as an edge computing paradigm

for ML inference that jointly leverages client-side and server-side resources to support

privacy-preserving and scalable deployment. In a typical hierarchical inference sys-

tem, each client runs a lightweight model optimized for low-latency inference, while

a higher-capacity and more accurate model is hosted on a server. For each inference

task, the client first produces a local prediction using a lightweight local model. De-

pending on its confidence in the local prediction and the application requirements,

it either uses the local prediction or offloads the task to the server for a more accu-

rate prediction. By invoking the server only for selected tasks, hierarchical inference

trades predictive performance against offloading costs such as communication latency,

bandwidth usage, energy consumption, and computational load.

This cooperation between client-side and server-side models introduces new

challenges in system design and optimization. The most immediate challenge is to

design offloading policies that decide whether tasks should be handled locally at

clients or sent to a server, while accounting for heterogeneous task distributions and

17



Figure 1.1: Hierarchical inference system with client-side and server-side models.

communication delays across clients. Beyond offloading, hierarchical inference also

complicates the maintenance operations that ML systems require to mitigate per-

formance degradation due to distributional shifts. This is particularly important in

large-scale deployments, where clients may experience different levels of performance

degradation at different times. The system needs to monitor the performance expe-

rienced by clients without intruding on their privacy or creating excessive load on

the server, and then take appropriate actions to mitigate the degradation, such as

retraining and updating the local models under operational constraints. Although

these challenges have been studied in related contexts, their treatment in hierarchical

inference systems remains relatively limited.

1.2 Scope of the Dissertation

This dissertation studies resource allocation and decision-making problems

that arise from coordination between clients and the server in ML inference systems

that jointly leverage client-side and server-side resources. From the perspective of an

ML service provider responsible for operating and maintaining an inference service

for a large population of clients, the dissertation provides a unified treatment of the

process, covering not only offloading policies that enable cost-effective hierarchical

inference but also the repeated core operations in the Machine Learning Operations

(MLOps) cycle [55], including monitoring, training, and deployment, that are neces-
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sary to sustain performance over time. The remainder of this section summarizes the

main problems studied in the dissertation and the key contributions in each area.

1.2.1 Congestion-Aware Offloading Policies

The core function of a hierarchical inference system is to decide whether a task

should be offloaded to the server, and this offloading policy determines how effectively

client-side and server-side resources are utilized. Ideally, a client should offload a task

only when the local prediction is incorrect, thereby avoiding unnecessary offloading

costs due to communication overheads or increased server load. However, by the na-

ture of the problem, clients typically have at best a noisy signal of the correctness of

the local prediction, such as a confidence score, which can serve as a proxy for whether

the anticipated accuracy gain from server-side inference justifies the offloading cost.

The offloading mechanism becomes even more complex in large systems where many

clients with heterogeneous task distributions and nontrivial offloading costs share lim-

ited communication resources or server compute resources, especially when decisions

must be made in a distributed manner without centralized coordination.

Contributions. Chapter 2 studies the design of offloading policies that maximize

the system’s inference accuracy under a shared resource utilization constraint. The re-

sulting constrained online learning problem is addressed through a proposed Lyapunov-

EXP4 (Ly-EXP4) algorithm, which combines Lyapunov drift minimization with the

bandits with expert advice framework and is applicable beyond hierarchical inference

to a broader class of constrained contextual bandit problems. The chapter provides

theoretical guarantees for the convergence of the proposed algorithm and explores the

associated accuracy, delay, and fairness tradeoffs in hierarchical inference.
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Figure 1.2: The core maintenance operations in an MLOps cycle.

1.2.2 Performance Monitoring in Large-Scale Deployments

When ML models are released into production environments, their perfor-

mance may differ from what was observed during development because production

data may not match the training data or may change over time, a phenomenon known

as concept drift [34, 68]. Maintaining reliable performance therefore requires moni-

toring model behavior on production data and taking corrective action when degra-

dation is detected. This is difficult in large-scale deployments that rely on on-device

or hierarchical inference, since performance monitoring typically requires collecting

data from clients and obtaining annotations from human experts or a more powerful

server-side model. At scale, this feedback collection can create excessive workload and

communication overhead, and it may conflict with the privacy motivation for keeping

inference close to the clients. Moreover, when clients with heterogeneous data distri-

butions experience asynchronous performance degradation, the relevant operational

objective is often not to detect the earliest occurrence of degradation at any client,

but rather to detect when degradation has become sufficiently widespread across the

population of clients to justify a system-wide intervention.

Contributions. Based on the sequential hypothesis testing framework, Chapter 3

formulates the problem of detecting concept drift that affects a sufficiently large
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fraction of clients by a significant amount under partial feedback, where feedback is

available sequentially from only one selected client at a time. The resulting composite

hypothesis testing problem is addressed through two proposed policies: Greedy Par-

tial Sum-CUSUM (Greedy-PSC), which is based on a generalized likelihood ratio test

and uses a deterministic client-sampling policy, yielding an individual-statistics-based

approach; and, Adaptive Global-CUSUM (Adaptive-GC), which uses a mixture-based

statistic with a uniformly randomized client-sampling policy, yielding a population-

statistics-based approach. Chapter 3 analyzes the detection delay and false alarm

characteristics of these policies and identifies the operating regimes in which they are

most effective, including their scalability and sensitivity to different drift patterns.

1.2.3 Model Training and Deployment Optimization under Concept Drift

Deployed ML models often require periodic retraining and updating because

their performance can degrade under shifts in the data distribution, such as when

training data become stale and no longer reflect the latest information, or when user

queries evolve over time. However, as ML models become larger and more complex,

the amount of data and computational resources required for retraining can grow sub-

stantially, and retraining and delivering the resulting performance improvements to a

large population of clients in a timely manner becomes a costly operation. Therefore,

under limited resources and concept drift, the decisions of when and how quickly

to train ML models, and the scheduling of model updates to clients, must be made

strategically to maximize the long-term performance of the system.

Contributions. From the perspective of an ML service provider responsible for

maintaining the performance of models deployed at clients, Chapter 4 studies how

to allocate resources for training the model at the server, where resources may cor-

respond to compute capacity in supervised learning or to the data generation rate in

online learning, and how to schedule the deployment of refined models to clients in

order to maximize long-term average system performance under concept drift. The
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training resource allocation problem is formulated as a continuous-time optimal con-

trol problem under an average training budget constraint. The analysis shows that

the structure of the optimal allocation policy depends on the aging statistics of the

concept drift process. In particular, it is determined by whether the expected re-

maining time until the detection of the next drift event increases or decreases over

time.

The deployment scheduling problem focuses on the long-term performance ex-

perienced by clients using deployed models. Under a communication budget that

limits the deployment rate, the resulting scheduling problem is generally non-convex.

Chapter 4 addresses this difficulty through a randomized policy built from deployment

schedules that solve a relaxed version of the original problem, allowing the system

to meet a target deployment rate while maintaining near-optimal performance. To-

gether, the analysis characterizes how different drift dynamics shape optimal training

and deployment policies and provides insights for designing resilient and resource-

efficient ML systems.

Together, the three chapters develop a unified perspective on resource alloca-

tion and decision-making in large-scale deployments of ML systems. The dissertation

studies how such systems can efficiently serve inference requests, monitor perfor-

mance degradation across many clients, and allocate resources for training and de-

ployment. Across these problems, the proposed methods characterize fundamental

tradeoffs among accuracy, latency and operational costs, providing analytical tools

for the reliable operation of ML systems at scale.

1.3 Publications

The chapters of this dissertation are based on prior publications and ongoing

submissions. Chapter 2 is based on work published at IEEE INFOCOM 2024 [9].

Chapter 3 is based on a manuscript under submission to ACM SIGMETRICS 2027

at the time of this writing. Chapter 4 is based on work published at IEEE ICMLCN
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2026 [10] and currently under submission to the ACM Transactions on Modeling and

Performance Evaluation of Computing Systems (ToMPECS).
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Chapter 2: Optimization of Offloading Policies for

Accuracy-Delay Tradeoffs in Hierarchical Inference

2.1 Introduction

Machine learning (ML) applications and services are evolving to enable finding

solutions to increasingly more challenging problems by deploying computationally

intense models [14, 91]. This presents a challenge to their widespread deployment,

especially on platforms with limited power and computational capabilities such as

smartphones and IoT devices.

At one extreme, commonly seen in many real-world ML based applications

[21], the entire ML model is executed on a server with sufficient computational power

allowing devices to draw on minimal local computation. Although this approach

relieves the computational burden on the users’ devices, it leads to increased commu-

nication costs, reduced responsiveness, and may bring up privacy concerns.

At the other extreme, one can run ML based applications solely on users’ de-

vices. To facilitate this, there has been significant research on techniques for compress-

ing complex ML models, resulting in what is commonly referred to as tinyML [86].

While this allows running models with small computational and memory footprints,

they often come at the cost of sacrificing performance and accuracy as compared to

the larger complex ML models typically run at the edge/cloud.

Given this trade-off a possible approach is to partition ML compute between

devices and servers while minimizing communication overheads to improve the sys-

tems responsiveness– this is sometimes referred to as DNN Partitioning. To benefit

from the fact that the output of the intermediate layers of DNN models can be sig-

nificantly smaller than the input data, after the first couple of layers of a DNN model

are computed locally, the rest of the layers can be processed by the server by only

receiving the output of the part computed on the user device [50]. This technique can
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achieve (1) better responsiveness by reducing the overhead of transmitting data to

the server and balancing computation between user and server, and (2) a more secure

and private system by keeping the actual input data on the user side. However, DNN

partitioning needs to be engineered based on the system parameters, such as the com-

putational power of the user device and the server and communication channel, and

may not be as flexible or adaptive to change as one would like.

Between these extremes is Hierarchical Inference, a framework aiming to enable

combining execution of ML tasks on users’ devices with computational offloading to

a server [76, 82, 19, 31]. In particular, users’ devices employ a low-complexity ML

model (L-ML) while the server hosts a more powerful high-complexity ML model

(H-ML). A task is first processed by L-ML on the user’s device. If the result requires

further investigation or is deemed to have low confidence, the task is offloaded to

the server to be processed by H-ML. Unlike DNN Partitioning [50, 46], Hierarchical

Inference does not (partially) offload every task to the server, which helps improve

the system’s responsiveness. Although a hierarchical inference system can be built

based on any pair of L-ML and H-ML, or with an ML model allowing early exit

[100], it requires an offloading policy based on the output of the L-ML decides if

offloading is needed. Furthermore, such decisions might depend on congestion of the

communication resources.

This chapter is focused on hierarchical inference systems with multiple user

devices and random offloading costs. We propose an online algorithm that learns how

to manage offloading in such settings while being oblivious to the statistics of ML

models, input task and offloading cost distributions. The proposed algorithm utilizes

a multi-armed bandit with expert advice framework [58] to maximize system’s infer-

ence accuracy while deploying a novel loss structure based on Lyapunov optimization

theory to meet a constraint on resource utilization or, more generally, on offloading

costs. The algorithm converges to an optimal threshold policy applied to the inference

confidence seen on the L-ML model.
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2.1.1 Related Work

Hierarchical Inference

Recently, hierarchical inference systems have attracted significant attention

from the research community [76, 82, 19, 31]. An important line of this research

focuses on designing metrics that capture the confidence of the local inference without

knowing the correctness of the result. Examples include [82], where a confidence

metric based on the variance of the local classifier’s output is proposed, and [19],

where the confidence of a prediction is assessed by applying a radial function kernel

to the entropy of the local classifier’s output. Ultimately, confidence metrics are

meant to aid in designing offloading algorithms for hierarchical inference systems such

as the one in [31], which deploys multiple local ML models on devices and a more

complex/accurate ML model on a server. Given the different accuracy, processing and

computation times of the models, the accuracy maximization problem under a time

constraint is formulated as an integer linear program. An online learning approach

proposed in [76] seeks a threshold policy on the confidence of L-ML that maximizes

the accuracy under a fixed offloading cost. Although the approach developed in this

chapter has a similar goal as [76], it is distinct as it focuses on multiple users under

a shared utilization constraint and the distributed online offloading algorithm.

Lyapunov Optimization

The long-term stochastic optimization problems encountered in various com-

putation offloading problem, are studied using Lyapunov optimization techniques,

specifically Drift-plus-Penalty algorithm [81]. The Drift-plus-Penalty formulation is

used in [73, 108] to solve offloading problems, where [73] investigates a mobile-edge

computing system with energy harvesting devices under a hard execution delay dead-

line, and [108] formalizes the joint service caching and task offloading problem for

minimizing computation latency under a long-term energy consumption constraint.

Similarly, in [36, 63] authors present long-term optimization problems as two-step

26



optimization problems and leverage Drift-plus-Penalty algorithm to solve one of the

steps. In all these works, the Lyapunov formulation involves an integer problem and

the solution requires knowing the system parameters at each slot.

Constrained Bandit Optimization

In another line of related recent work, Lyapunov optimization techniques have

been combined with online learning mechanisms to develop algorithms addressing

constrained bandit optimization problems [66, 65, 18, 17, 5, 2]. Specifically, [66, 65],

utilize Lyapunov-drift minimization methods for constrained online-dispatching via

the UCB algorithm. In [18], a generic constrained bandit problem which incorporates

random costs of actions, a knapsack constraint, and a stochastic feasibility constraint

was studied; there, a Lyapunov-drift minimization technique was utilized to design a

low-complexity bandit algorithm based on UCB. This chapter addresses constrained

contextual bandit problems by combining Lyapunov drift minimization techniques

with EXP4 algorithm.

2.1.2 Contributions

The contributions of this chapter are summarized as follows.

• For a hierarchical inference system supporting multiple clients, we formulate an

accuracy maximization problem under a shared resource utilization constraint

and explore the associated accuracy-delay trade-offs. We combine Lyapunov

drift minimization techniques and bandits with expert advice framework to pro-

pose a low-complexity online offloading algorithm that we refer to as Lyapunov-

EXP4 (Ly-EXP4). Ly-EXP4 converges to a near-optimal thresholding policy on

the local inference confidence while satisfying the utilization constraint without

prior knowledge of the statistics of tasks, confidence metric, and service times

across clients. We prove that for finite horizon N and M discretized thresholds,

Ly-EXP4 has a regret bound of O(
√

2Nζ log(M)) and an optimality-gap of
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O( 1
V

) + ϵ0, where V is a parameter controlling tradeoff between accuracy and

constraint violation. To the best of our knowledge, this chapter is the first to

study in the literature discussing a hierarchical inference problem with multiple

clients under a utilization constraint.

• We show that Ly-EXP4 can be used as a distributed online offloading algo-

rithm maximizing the total accuracy of a system under a resource utilization

constraint. In such settings, each client or a group of clients simultaneously

learns an individual thresholding policy.

• Ly-EXP4 is not limited to the hierarchical inference problem; instead, it can

be used in a more general class of constrained contextual bandit problems – a

potentially valuable contribution in itself.

• We provide extensive simulation results using both real and synthetic ML mod-

els and datasets, demonstrating the performance of Ly-EXP4 in terms of con-

vergence, delay and fairness. Additionally, we explore the accuracy-fairness

trade-off in settings with multiple thresholds which allow Ly-EXP4 to achieve

higher accuracy at the expense of fairness across clients.

2.1.3 Organization

The remainder of the chapter first introduces the system model and problem

formulation in Section 2.2, then develops Ly-EXP4 and its multi-threshold extension

in Section 2.3, and closes with simulation results in Section 2.4 and concluding remarks

in Section 2.5.

2.2 System Model for the Hierarchical Inference

We consider a hierarchical inference system with a set K of clients k ∈ K

connected to a server over a shared communication resource, executing classification

tasks using a neural network based classifier. The classification tasks that the clients
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face are first processed locally using a small ML model with low complexity and low

accuracy (L-ML); in addition to the prediction, L-ML quantifies the confidence in its

decision. After comparing the confidence with a threshold, the client decides whether

to offload the task to a server to be processed with a more complex ML classifier with

higher accuracy (H-ML). However, shared communication resources limit the number

of tasks that the clients can offload.

We assume that classification tasks arrive to a client according to a Poisson

process. Let λk denote the arrival rate of tasks to client k, and let λ =
∑

k∈K λk.

The nth task arriving to the system is received by client Kn at time Tn. Let us

denote the true class of task n and the class predicted by the local L-ML by Cn

and Ĉn, respectively. We assume that the true class of a task received by client

k is independent and identically distributed according to an unknown client-specific

distribution, i.e., αk = (αk(c) : c ∈ C), where αk(c) denotes the probability that a task

arriving to client k is of class c, and C is the set of classes. Since true class distributions

of tasks differ from one client to another, and the clients deploy potentially different

L-ML models, the predicted class distributions generally vary across the clients.

An L-ML model locally processing classification task n provides predicted class

Ĉn and confidence measure Zn. Given Cn and Ĉn, Zn is assumed to be independent

and identically distributed on a bounded support ΩZ . As with Cn and Ĉn, we do not

assume a specific distribution for Zn.

Since in our hierarchical inference system the offloading decisions are based

on the local inference confidence, the quality of confidence metric is essential. As

mentioned in Section 2.1.1, various metrics characterizing confidence of inference

exist; essentially, such metrics are potentially erroneous estimates of the confidence. A

“good” metric should take on a high value when the classification is correct and a low

value when potentially incorrect. Nevertheless, the offloading algorithm introduces in

Section 2.3 converges to an optimal threshold policy without prior knowledge of the

distribution of Zn, regardless of the choice of metric.
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When L-ML is a neural network used for classification, a simple choice for the

confidence metric is the largest output of the last soft-max layer; such a quantity must

be at least 1/|C| (when all class outputs are equal), and cannot exceed 1. Without loss

of generality, in this chapter, we will use this confidence metric when it is necessary,

so Zn ∈ [1/|C|, 1] = ΩZ .

Next, we define the stationary threshold policy for the hierarchical inference.

Definition 2.1 (Stationary Threshold Policy). The offloading decision under a thresh-

old policy πθ with a threshold θ ∈ ΩZ is given by

Iπθn = I{Zn < θ}, θ ∈ ΩZ , (2.1)

where Iπθn = 1 indicates offload of task n.

Offloading a task incurs resource expenditures, e.g., extra load on the com-

munication channel or an operational cost of using the server. The offloading cost of

task n is modelled by a random variable Xn; the offloading costs of the tasks received

by client k are assumed to be independent and identically distributed according to

an unknown client-specific distribution with a bounded support (without a loss of

generality, [0,1]) and mean µ−1
k = E[Xn|Kn = k]. We consider the case where the

clients share a pool of resources, e.g., wireless access to a BS/server. The constraint

on resource utilization is given by ∑
k∈K

λ̂πθk µ
−1
k ≤ γ, (2.2)

where λ̂πθk is the offloading rate of client k under the stationary threshold policy πθ.

In practical systems with shared resources, the offloading cost can be thought of as

the monetary value of using computational resources at the server, where γ can be

interpreted as the budget per unit operational time. When it comes to communica-

tions, the mean offloading cost µ−1
k can be thought of as the mean service time of

client k, with γ being a utilization constraint which indirectly controls the average
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delay in the system. The latter interpretation of γ is due to an observation that in a

network where a scheduling policy controls how multiple clients share communication

resources, utilization can be treated as a proxy for average delay as the two quantities

are monotonically related to each other.

Although our model and algorithm can be used in more general settings, in

the remainder of this chapter we focus on the accuracy-delay tradeoff in hierarchical

inference systems where the task offloading follows a scheduling policy. Since the

offloading rates λ̂πθk are well-defined under the stationary threshold policy πθ, we have

that

λ̂πθk = lim
N→∞

1

TN

∑
n∈[N ]:Kn=k

E[Iπθn ] (2.3)

= lim
N→∞

λ

N

∑
n∈[N ]:Kn=k

E[Iπθn ]. (2.4)

In the sequel, we will use (2.4) to formulate the optimization problem in terms

of long-term time averages.

Once task n is received by client Kn at time Tn, the client processes the task

using its L-ML model. Based on the confidence Zn of the L-ML prediction, the client

decides whether to send the task to the server to be classified by the H-ML model. We

assume that the H-ML classifies the tasks perfectly, i.e., has 100% inference accuracy,

and that the computation time by the client and the server is negligible compared

to the communication time needed to offload the task. In addition, we assume that

there is a feedback channel between the server and the clients, which is used to

transmit parameters required by the algorithm (e.g., inference results and bandit loss

of an offload, formally defined later in Section 2.3.2). Since the transmitted data is

relatively small, we assume that the delay on the feedback channel is negligible.

31



2.2.1 Problem Formulation

Given the shared communication resource and the hierarchical inference mech-

anism, we want to find an offloading policy that maximizes the overall inference ac-

curacy of the system while satisfying the utilization constraint. By substituting (2.4)

in (2.2), we write the inference accuracy maximization problem as the minimization

min
θ∈ΩZ

lim
N→∞

1

N

N∑
n=1

E[Yn(1− Iπθn )] (2.5)

s.t. lim
N→∞

1

N

N∑
n=1

E[Iπθn Xn] ≤ γ

λ
, (2.6)

where Yn = I{Cn ̸= Ĉn}, e.g., the indicator of an incorrect local classification. If

Xn and Yn were available at each time step before taking the offloading decision, the

constrained optimization problem in (2.5) could be solved using the Lyapunov drift

minimization technique referred to as the drift-plus-penalty algorithm [81]. However,

due to the structure of the hierarchical inference system, Xn and Yn are only revealed

if task n is offloaded. Since they are observed in hindsight, we need a methodology

that allows efficient exploration/exploitation of the system’s unknown statistics. To

this end, we adopt a constrained bandit framework.

Next, we introduce an algorithm based on Lyapunov-EXP4 that makes offload-

ing decision based on a single threshold. In Section 2.3.3, this algorithm is extended

to the multiple thresholds case, enabling its distributed implementation.

2.3 Threshold Offloading Policy using Lyapunov-EXP4 (Ly-
EXP4)

As discussed in Chapter 4.5 in [81], optimization problems with time average

expectation objective and constraints can be solved in a sequential manner using a

so called drift-plus-penalty algorithm. Although (2.5) is a long-term optimization

problem with time average expectations, since Xn and Yn are observed after the
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offloading decisions, one cannot use drift-plus-penalty algorithm directly to solve the

optimization problem (2.5). Instead, to solve this optimization problem, we propose a

computationally efficient online learning algorithm Lyapunov-EXP4 (Ly-EXP4) based

on the contextual bandits framework. Ly-EXP4 makes decisions using a loss structure

that employs the Lyapunov drift minimization technique, maximizing accuracy while

satisfying a long-term average expectation constraint.

In the next subsections, we first introduce virtual queue process capturing

the utilization constraint and drift-plus-penalty ratio, and then the Lyapunov-EXP4

algorithm for a constrained bandit problem with expert advice.

2.3.1 Virtual Queue and Drift-plus-Penalty Ratio

In this subsection, we introduce a virtual queue capturing the constraint (2.6)

and a drift-plus-penalty ratio motivated by [81], which are then utilized to specify

the bandit loss. To start, we define the causal policy space for our problem.

Definition 2.2 (Causal Policy). Let π be a policy that yields a sequence of offloading

decisions {Iπn ∈ {0, 1} : N ≥ n ≥ 1}. Under π, the history until time n is the filtration

Fπn = σ ({Zt+1, I
π
t , XtI

π
t , YtI

π
t : 1 ≤ t ≤ n}) , (2.7)

where σ(·) denotes the sigma-field, and Xt and Yt are observed only if task t is of-

floaded (as implied by the terms XtI
π
t and YtI

π
t ). A policy π is said to be causal if π

is non-anticipating, i.e., {Iπn = a} ∈ Fπn−1 for all a, n.

2.3.1.1 Virtual queue

We define the virtual queue under casual policy π as

Qπ
n+1 = max[Qπ

n + IπnXn −
γ

λ
, 0], (2.8)

where Qπ
1 = 0. The time average expectation constraint (2.6) can be viewed as a mean

rate stability constraint of a virtual queue [81] under causal policy π. To see how the
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mean rate stability of Qπ
n enforces (2.6), note that by the telescoping argument

Qπ
N+1

N
− Qπ

1

N
≥ 1

N

N∑
n=1

IπnXn −
γ

λ
. (2.9)

Taking expectations and letting N →∞ one can show that

lim
N→∞

E[Qπ
N+1]

N
≥ lim

N→∞

1

N

N∑
n=1

E[IπnXn]− γ

λ
. (2.10)

If Qπ
n is mean rate stable, i.e., limN→∞

E[Qπ
N+1]

N
= 0, then the constraint (2.6) is

satisfied.

2.3.1.2 Drift-plus-penalty ratio

With a Lyapunov function L(Qn) = 1
2
Q2
n, for any causal policy π we have

L(Qπ
n+1)− L(Qπ

n)

=
1

2

(
max[Qπ

n + IπnXn −
γ

λ
, 0]
)2
− 1

2
Qπ
n
2 (2.11)

=
1

2
((IπnXn)2 + (

γ

λ
)2) +Qπ

nI
π
nXn −Qπ

n

γ

λ
(2.12)

≤ B +Qπ
nI

π
nXn −Qπ

n

γ

λ
, (2.13)

where B = 1
2
(1 + (γ

λ
)2).

Let En[·] = E[·|Fπn] denote the conditional expectation given the history up to

time n. Denote the Lyapunov drift by ∆(Qπ
n) = En−1[L(Qπ

n+1)−L(Qπ
n)], where Qπ

n is

measurable with respect to Fπn−1 for all n (π is causal). At each slot, the drift-plus-

penalty algorithm opportunistically minimizes an upper bound on the drift (2.13)

summed with the one-slot penalty, which in our setting leads to

∆(Qπ
n) + V En−1[Yn(1− Iπn )]

≤B +Qπ
nEn−1[I

π
nXn] + V En−1[Yn(1− Iπn )]−Qπ

n

γ

λ
, (2.14)
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where V > 0 is the parameter controlling the trade-off between penalty and drift.

Note that if Xn and Yn were observed before the offloading decision of task n, i.e.,

if Xn, Yn ∈ Fπn−1, the one-slot optimization problem the drift-plus-penalty algorithm

tackles would become

min
Iπn∈{0,1}

Qπ
nI

π
nXn/V + Yn(1− Iπn ). (2.15)

The aforementioned bandit algorithm Ly-EXP4, formally presented in the next sub-

section, deploys (2.15) as the loss at time n and exhibits convergence to a near-optimal

solution of (2.5).

2.3.2 Ly-EXP4: A Bandit with Expert Advice

In the bandits with expert advice framework, instead of learning an arm selec-

tion policy, the agent learns a way of combining experts’ predictions that minimizes

the regret. One common algorithm to tackle this problem is the EXP4 [58], which

randomly selects arms according to a distribution computed by a soft-max operation

on the cumulative loss each expert received.

In this subsection we introduce Ly-EXP4, which is an extension to EXP4 for

constrained bandit problems. We show that by using a loss structure based on Lya-

punov drift minimizing techniques Ly-EXP4 solves the hierarchical inference problem

defined in (2.5).

We formulate hierarchical inference as a multi-arm-bandit problem with expert

advice; the offloading decisions are denoted by a ∈ {0, 1}, where a = 0 corresponds

to “not offloading” while a = 1 corresponds to “offloading”. In addition, we assume

that there are M experts, each corresponding to a threshold policy as in (2.1) with

a threshold θm ∈ M, m ∈ [1, . . . ,M ], where the set M is created by discretizing the

support of the confidence metric ΩZ . where M is a set of discretized thresholds on the

support of the confidence metric ΩZ . Note that discretizing the thresholds induces

a discretization error; while we do not assume a specific discretization scheme, we
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assume that the optimality gap between the best threshold in M and the optimal

(continuous) solution to (2.5) is negligible.

Assumption 2.3. Let AN(π) denote the accuracy at time N under policy π, i.e.,

AN(π) =
1

N

N∑
n=1

E[Yn(1− Iπn )]. (2.16)

Given a set of discretized thresholds M, there exists at least one threshold θm ∈ M

such that

lim
N→∞

AN(πθm)− AN(πθ∗) ≤ ϵ0, (2.17)

where θ∗ ∈ ΩZ is the optimal threshold for problem (2.5).

A simple discretization scheme would be to select uniform discretization inter-

vals, which ensures ϵ0 ≤ 1
M

. Note that Assumption 2.3 enforces not only a condition

on the discretization scheme but also a smoothness property on the distribution of

the confidence metric Zn.

Next, we define bandit loss based on (2.15); for task n, let ln,a denote the loss

corresponding to decision a ∈ {0, 1},

ln,a =

Yn a = 0 (do not offload),

QnXn

V
a = 1 (offload).

(2.18)

Note that such a loss is a combination of the minimization objective and the utilization

constraint. Based on (2.18), the loss associated with the offloading decisions taken by

the algorithm, Ln, and the loss associated with the mth expert, Ln,m, can be written

as

Ln = ln,In , Ln,m = ln,In,m , ∀n,m, (2.19)

where In,m = I{θm > Zn} is the offloading decision of expert m for the task n. Since

the virtual queue process Qn is driven by the decisions Ly-EXP4 makes, expert loss
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Ln,m depends not only on the expert’s own decisions In,m but also on the previous

decisions of Ly-EXP4.

The regret that we want to minimize is defined relative to the best expert in

hindsight,

RN = E

[
N∑
n=1

Ln − min
m∈M

N∑
n=1

Ln,m

]
. (2.20)

The regret RN , loss Ln and expert loss Ln,m are all incurred under the Ly-EXP4

policy. However, for notational simplicity, we drop superscript πLyEXP4 from these

expressions.

Ly-EXP4 acts in this bandit setting similarly to EXP4. Depending on Zn, each

expert incurs a loss due to either incorrect local inference or offloading cost. Based on

the experts’ cumulative loss, Ly-EXP4 computes normalized weight for each expert

via soft-max, where a weight represents “contribution” of an expert to the stochastic

offloading decision.

Since Xn and Yn are observed only if a task is offloaded, experts’ losses are

not always known. To overcome this problem, we employ an importance-weighted

estimator of the experts’ loss, L̂n,m, as defined below. Let Ŝn,m =
∑n

t=1 L̂t,m denote

the cumulative estimated loss for expert m until time n. The normalized weight of

expert m at time n is defined as

ωn,m =
exp (−ηŜn−1,m)∑
m∈M exp (−ηŜn−1,m)

. (2.21)

It follows from (2.21) that an expert with a higher loss will be assigned a smaller

weight. At time n, Ly-EXP4 takes a random offloading decision with probability

pn equal to the sum of the weights of the experts advising to offload based on the

observed confidence Zn,

pn =
∑

m:θm>Zn

ωn,m. (2.22)

Note that this procedure is effectively as same as sampling an expert m at random

from distribution ωn = (ωn,m : m ∈ M) and following the offloading decision of the
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selected expert, where the experts with lower cumulative loss have higher probability

of being chosen. Since pn depends on the losses received until time (n− 1), we define

the importance-weighted loss estimate as

L̂n,m =


0, In = 0

Yn

pn
, In = 1 and In,m = 0

QnXn

V pn
, In = 1 and In,m = 1

, ∀n,m. (2.23)

If task n is offloaded, the experts incur a loss according to their own offloading de-

cisions In,m; if task n is not offloaded, experts incur zero loss. The next lemma

establishes that L̂n,m is an unbiased estimator of ln,In,m .

Lemma 2.4. Since En−1[I{In = 1}] = pn and pn is Fn−1-measurable, Ln,m is an

unbiased estimator of ln,In,m, i.e.,

En−1[L̂n,m] = ln,In,m . (2.24)

The proof of Lemma 2.4 is given in Appendix 2.A.1.

In contrast to EXP4, the offloading decisions in Ly-EXP4 affect the loss in

subsequent steps through the virtual queue Qn, representing the constraint violation.

As a consequence of the adopted loss function, when the resource utilization grows

the weights of the experts in favor of offloading become smaller. Similarly, when

the resource utilization is low, the algorithm tends to offload more due to decreased

offloading loss. Ly-EXP4 is formalized as Algorithm 1. In what follows, we prove

finite-horizon regret bounds for Ly-EXP4.

Proposition 2.5 (Ly-EXP4 Regret Analysis). Given the number of expertsM , learn-

ing rate η > 0, and V > 0, the regret under Ly-EXP4 satisfies

RN ≤ RN,m ≤
log(M)

η
+
ηN

2
ζ, ∀m ∈M, (2.25)

where ζ > 2. Specifically, for η =
√

2 log(M)
Nζ

the regret is

RN = O
(√

2Nζ log(M)
)
. (2.26)
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Algorithm 1 Lyapunov - EXP4 (Ly-EXP4)

1: Input: N, γ, λ, V , M, η
2: Initialize Q1 = 0, Ŝ0,m = 0,∀m
3: for n = 1, · · · , N do
4: Observe Zn,

5: pn =

∑
m:θm>Zn

e−ηŜn−1,m∑
m∈M

e−ηŜn−1,m
, ∀m

6: Choose the offloading decision In ∼ pn,
7: Compute estimates of expert losses L̂n,m, ∀m
8: Ŝn,m = Ŝn−1,m + L̂n,m, ∀m
9: Qn+1 = max[Qn + InXn − γ

λ
, 0]

The proof is outlined in Appendix 2.A.2.

Note that Ly-EXP4 converges to the threshold minimizing the regret based

on the loss formed as a combination of the objective and the problem constraint.

Therefore, the best expert’s policy Ly-EXP4 converges is not necessarily the opti-

mal threshold policy for problem (2.5). In the next theorem, we prove Ly-EXP4 is

asymptotically near-optimal.

Theorem 2.6 (Optimality of Ly-EXP4). Let π and πθ∗ denote the policy of Ly-EXP4

and the optimal threshold policy, respectively. By Assumption 2.3, the regret bound

in Proposition 2.5, and for B = 1
2
(1 + (γ

λ
)2),

AN(π)− AN(πθ∗) ≤ B

V
+
RN,m‘

N
+ ϵ0, (2.27)

where m′ is the expert with threshold θm′ ∈M that yields the best solution to problem

(2.5). For η =
√

2 log(M)
Nζ

and as N → ∞, the optimality gap between Ly-EXP4 and

the optimal threshold policy is

lim
N→∞

[AN(π)− AN(πθ∗)] = O(
1

V
) + ϵ0. (2.28)

The proof is provided in Appendix 2.A.3.
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As seen from Proposition 2.5, the regret achieved by Ly-EXP4 differs by only

a constant factor from EXP4. This means that by Theorem 2.6, Ly-EXP4 solves

constrained bandit problems at a convergence rate similar to that of EXP4. Note that

increasing M and/or V will decrease the sub-optimality error, but M increases the

complexity of the algorithm while V increases the sensitivity to constraint violation

and decreases convergence speed.

2.3.3 Extension to Multiple Thresholds

In Section 2.3.2, we provide a regret and discuss an optimality analysis for the

setting where a single instance of Ly-EXP4 is used to find a single threshold policy

applied by all clients. However, by treating different groups of clients as different

“contexts”, one can deploy separate instances of Ly-EXP4 for each group of clients

to learn a multi-threshold policy for the offloading problem (2.5). At one extreme,

each client can use a separate instance of Ly-EXP4 to find an individual threshold

policy, which eventually allows our algorithm to be used in a distributed manner.

In what follows, we show the regret for the multi-threshold case based on the

principles outlined in Chapter 18.1 of [58]. Let g ∈ G denote the set of disjoint groups

of clients, and Gn denote the group task n belongs. By Proposition 2.5, the regret of

the Ly-EXP4 instance executed for group g ∈ G is

R
(g)
N ≤

√√√√2
N∑
n=1

I{Gn = g}ζ log(M), (2.29)

where the sum under the square root counts the number of tasks that belong to group

g ∈ G. Since the number of tasks received by the clients in a group is not known

in advance, we use the changing learning rate encountered in the anytime version of

EXP4,

η(g)n =

√
log(M)

ζ
∑n

t=1 I{Gt = g}
. (2.30)
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Defining RN as the sum of individual regrets across all groups, the regret for multi-

threshold case can be bounded as

RN ≤
∑
g∈G

R
(g)
N (2.31)

≤
∑
g∈G

√√√√2
N∑
n=1

I{Gn = g}ζ log(M) (2.32)

≤
√

2N |G|ζ log(M), (2.33)

where (2.33) is the worst-case regret corresponding to the setting where each group

receives same number of tasks.

As seen from (2.33), the regret bound for multiple threshold case scales up

with the square root of the number of client groups. As discussed in Section 2.4,

although Ly-EXP4 learns a multiple threshold policy slower than a single threshold

policy, it achieves significantly better accuracy with a multiple threshold policy by

exploiting the heterogeneity in service time and confidence metric distributions across

client groups.

2.4 Simulation Results

We conducted extensive simulations running Ly-EXP4 in both single and mul-

tiple thresholds settings on real and synthetic models. Specifically, we consider a

hierarchical inference system with 4 client groups – with 25 clients each, each expe-

riencing different service times due to various factors including distance to the server

and channel quality. For this system, we report results that demonstrate convergence

of Ly-EXP4 as well as delay-accuracy and fairness-accuracy tradeoffs.

In the synthetic model, client k ∈ K(g) receives tasks according to a Poisson

process with rate λk, where K(g) denotes the set of clients in client group g ∈ G. The

true class Cn is assigned to each task according to a client-specific class distribution

αk, where the arrival rates λk, and the class probabilities αk(c), c ∈ C are sampled
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Figure 2.1: Sample accuracy and utilization over tasks for (a) the synthetic model, (b)
CIFAR-10, and (c) FMNIST. The dotted horizontal line marks utilization constraint
γ. The learning rate η follows Theorem 2.6 and (2.30); in all cases V = 30, γ = 0.1
and λ = 1.

from a uniform distribution with a support [0, 1] and normalized so that total arrival

rate λ =
∑

g∈G
∑

k∈K(g) λk = 1 and
∑

c∈C αk(c) = 1. A synthetic classifier model

for L-ML is characterized by a confusion matrix, denoted by H, where each element

represents the likelihood of the L-ML model predicting class c′ given that the true

class is c, i.e., Hc,c′ = P(Ĉn = c′|Cn = c). The elements of H are generated uniformly

at random from [0, 1], and the diagonal elements are adjusted such that the model is

typically most confident about the true class. Each row is then normalized so that∑
c′∈CHc,c′ = 1, ∀c ∈ C.
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In addition to the above, confidence Zn is sampled from a distribution depend-

ing on the correctness of the inference,

Zn ∼

{
Uniform(0.1, 0.9), if Cn ̸= Ĉn,

Uniform(0.5, 1), if Cn = Ĉn.
(2.34)

In the case of real datasets and models, the tasks are assigned to the clients

with probability λk/λ regardless of the true class of a task; confidence Zn is observed

as the maximum of the last soft-max layer of the classifier model. We utilize relatively

small models that are deployable on IoT devices, including a simple neural network

with a single dense layer applied to FMNIST dataset [106], and a LeNet-5 model [59]

applied to CIFAR-10 dataset [56].

The clients in a client group experience random service times with group-

specific distributions. We assign equally-separated mean service times [0.2, 0.4, 0.6, 0.8]

to the client groups. The service times of a client in group g are distributed accord-

ing to a beta distribution with mean µ−1
g and variance 0.01. The service times for

synthetic and real dataset/model cases are generated the same way.

To our knowledge, this chapter presents the first study focusing on the hierar-

chical inference under utilization constraint. To benchmark the proposed Ly-EXP4

algorithm, we compared it with the optimal threshold policies and a simple token

bucket policy. When running Ly-EXP4, confidence support ΩZ is uniformly dis-

cretized using M = 1000 thresholds. To characterize upper performance limits, we

introduce a genie algorithm: a non-causal offline algorithm with access to the ground

truth, capable of offloading the maximum number of incorrectly classified tasks at the

lowest cost within the constraint. We also compute the optimal single and multiple

threshold policies using an exhaustive search over [1/C, 1]|G|. The aforementioned to-

ken bucket policy makes greedy offloading decisions based on the service times of the

tasks and the token bucket increments by γ
λ

at each task arrival. It offloads task n if

the token bucket has more tokens than the service time Xn. When task n is offloaded,
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Xn gets deducted from the token bucket. Therefore, it is aware of the service times

before offloading.

2.4.1 Convergence of Ly-EXP4

Figure 2.1 shows the average accuracy and utilization achieved by Ly-EXP4

and the benchmarks on both synthetic and real datasets/models. The service times,

arrival rates and utilization constraint parameter γ are kept constant across the sim-

ulations; however, inference confidences, L-ML accuracy of the models, and task class

distributions αk depend on the dataset and model used. From these graphs, it is ev-

ident that both versions of the Ly-EXP4 algorithm successfully converge to their re-

spective optimal solutions within the specified constraint. Additionally, it is observed

that Ly-EXP4 achieves higher accuracy with a slightly slower convergence speed by

exploiting heterogeneity across clients while meeting the utilization constraint.

Note that in some scenarios the token bucket algorithm achieves accuracy sim-

ilar to Ly-EXP4 with multiple thresholds (see Figure 2.1a), while in other scenarios

it performs worse than Ly-EXP4 with single threshold (see Figure 2.1c). This incon-

sistent performance of the token bucket algorithm is due to its greedy policy that

prioritizes the clients with small service times. If those clients’ L-ML have low local

accuracy, token bucket achieves very good performance; otherwise, it offloads many

correctly classified task and thus uses the resources inefficiently. Ly-EXP4 avoids this

by making decisions based on the inference confidence.

2.4.2 Delay-Accuracy Tradeoff

We further investigate the accuracy-delay trade-off relying on the monotonic

relation between utilization and average delay that is typical of scheduling policies.

We simulate a network scenario where at most one task from each client can be

offloaded using a shared communication channel under a processor sharing scheduling.

If a client has an ongoing offload, any new tasks received by the client wait in a client-
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specific FCFS queue. If a task is offloaded, the delay includes the waiting time in the

client’s FCFS queue and the transmission time on the processor sharing channel; if

a task is not offloaded, its delay is zero. The communication time of task n depends

not only on the random service time Xn but also on other tasks simultaneously being

offloaded.

The level of communication between clients and the server depends on whether

the algorithm is used in distributed or centralized settings. In a centralized setting

the server makes offloading decisions and thus the clients need to send confidence of

each task to the server. In a distributed setting, separate instances of the algorithm

run on each client and thus the server needs to send the bandit loss and the true class

of offloaded tasks to the corresponding clients. Clearly, distributed framework is a

more scalable solution.

Ly-EXP4 updates its weights based on the loss it receives after each offload,

which is acceptable for scheduling policies where offloads are performed sequentially

(e.g., FCFS). However, this poses a problem for scheduling policies allowing simulta-

neous offloads such as ours, since some offloading decisions may be taken based on

outdated parameters. It was shown in [12] that delayed feedback in EXP3 causes an

increase in the regret bound which scales with the number of decisions based on out-

dated parameters. However, the effect of delayed feedback in our settings is negligible

since the offloading decisions for the upcoming tasks are made only after the ongoing

offload is completed.

For increasing utilization constraint, corresponding average delay and accuracy

results are illustrated together in Figure 2.2. One can observe diminishing returns

in accuracy with respect to delay. Moreover, the accuracy improvements obtained

by utilizing multiple thresholds is more significant when the utilization constraint is

low, implying that using multiple thresholds is more beneficial when the resources are

scarce and thus more efficient offloading decisions are needed.
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Figure 2.2: Average delay vs. accuracy under increasing utilization constraint for Ly-
EXP4 with single and multiple thresholds (solid), together with the corresponding
optimal threshold benchmarks (dashed). The red dotted curve is computed as the
percentage accuracy gain of the multiple-threshold Ly-EXP4 policy over the single-
threshold policy, i.e., (Amulti − Asingle)/Asingle × 100%.

2.4.3 Fairness-Accuracy Tradeoff

As the results show, Ly-EXP4 with multiple thresholds generally achieves

higher accuracy than the single threshold strategy. This is accomplished by exploiting

the heterogeneity in service time, and task and class distributions across clients. We

complement those results by characterizing fairness as quantified by the Jain’s index

J(A
(1)
N , A

(2)
N , . . . , A

(K)
N ) =

(
∑K

k=1A
(k)
N )2

K
∑K

k=1A
(k)
N

2 , (2.35)

where A
(k)
N = 1

Nk

∑N
n=1 Yn(1 − In)I{Kn = k} is the sample accuracy of client k and

Nk is the number of tasks it receives.

Figure 2.3 shows that Ly-EXP4 with a single threshold is almost perfectly

fair across clients, which also means that a single instance of Ly-EXP4 is fair to

the clients within a group. As the number of client groups grows, one observes an

improvement in the overall accuracy at the expense of fairness. This allows flexibility
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Figure 2.3: Accuracy vs. fairness, measured by Jain’s index of the per-client sample
accuracies, for single-threshold Ly-EXP4, multiple-threshold Ly-EXP4 with two and
four client groups, the corresponding optimal threshold policies, and the token bucket
baseline.

when utilizing Ly-EXP4 in different settings. By comparison, the token bucket policy

achieves fairness similar to Ly-EXP4 with 4 groups. However, token bucket cannot

provide an option of trading fairness for accuracy the way Ly-EXP4 can.

2.5 Conclusion

In this chapter, we proposed a low-complexity online offloading algorithm that

we refer to as Lyapunov-EXP4 (Ly-EXP4). Ly-EXP4 combines Lyapunov drift mini-

mization techniques and the bandits with expert advice framework to maximize accu-

racy in a hierarchical system with multiple clients, converging to an optimal thresh-

old policy within the utilization constraint. We proved a sublinear regret bound and

near-optimality of Ly-EXP4; the proposed framework and presented analysis may be

relevant to a broader class of constrained bandit problems. The convergence of Ly-

EXP4 and the delay-accuracy-fairness tradeoffs achievable in hierarchical inference

systems are demonstrated via simulations on real and synthetic datasets and models.
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Future research directions include settings with multiple servers having varying com-

munication capacities and model accuracy, as well as offloading policies that exploit

heterogeneity across task classes in addition to clients. Fairness-performance tradeoffs

in such systems provide another potentially interesting direction.
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2.A Appendix

2.A.1 Proof of Lemma 2.4

The loss estimate (2.23) can be re-written as

L̂n,m =
ln,In,mI{In = 1}

pn
, ∀n,m. (2.36)

Since En−1[I{In = 1}] = pn,

En−1[L̂n,m] = En−1

[
ln,In,mI{In = 1}

pn

]
(2.37)

=
ln,In,m

pn
En−1 [I{In = 1}] (2.38)

= ln,In,m , (2.39)

which shows L̂n,m is indeed an unbiased estimate of ln,In,m .

2.A.2 Proof of Proposition 2.5

Lemma 2.7 (Bounded first and second moment of Qn). For V > 0 and a lower bound

on service times xmin ≤ Xn, ∀n, the virtual queue process under Ly-EXP4 policy has

bounded first and second moment

E[Qn] = O( V
xmin

),

E[Q2
n] = O(( V

xmin
)2).

(2.40)

Proof Sketch. This proof is inspired by [39] and the extensions in [18] which allow us

to bound the moment generating function of Qn. We refer the reader to Lemma 7 in

[18] for the intermediate steps of the proof.

From (2.8), for some l∗ > γ
λ
, β∗ < γ

λ
and ϵ > 0, we obtain

En−1[Qn+1 −QnI{Qn ≥ l∗, pn < β∗}] ≤ −ϵ. (2.41)

By using the Taylor expansion on En−1[e
η0(Qn+1−Qn)], the negative drift (2.41),

and due to the fact |Qn+1 − Qn| < 1 because Xn is bounded and Yn is in (0, 1], for
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some η0 < 1 and ρ0 = 1− ϵη0 + η20(e− 2) it holds that

En−1

[
eη0(Qn+1−Qn)I{Qn ≥ l∗, pn < β∗}

]
≤ ρ0 < 1, (2.42)

En−1

[
eη0(Qn+1−Qn)I {Qn < l∗}

]
≤eη0 . (2.43)

Let xmin denote a lower bound on Xn, i.e., Xn ≥ xmin > 0, ∀n. Defining

l∗ = V
xmin

, we argue that {Qn ≥ l∗, pn ≥ β∗} is a low-probability event, i.e.,

P{Qn ≥ l∗, pn ≥ β∗} ≤ δ0. (2.44)

Let Ln,ma be the loss of any expert m with offloading decision In,m = a. The low-

probability event argument stems from the fact that by the definition of the expert

weights and expert losses, if Qn ≥ V
xmin

, then Ln,m1 ≥ Ln,m0 for all m, and the weight

distribution ωn shifts towards smaller values, making the algorithm less likely to

offload.

Following the steps in [18], and using (2.42), (2.43) and (2.44), leads us to the

inequality

E0

[
eη0Qn+1

]
≤ ρE0

[
eη0Qn

]
+ eη0(l

∗+1), (2.45)

where ρ = ρ0 +
√
δ0(

1
1−ψ + 1) < 1 and ψ = 1

4
(e3η0−eη0). Taking telescoping sum over

n yields

E0

[
eη0Qn

]
≤ ρneη0Q1 +

1− ρn

1− ρ
eη0(l

∗+1). (2.46)

Applying the Chernoff bound, we obtain a bound on the cumulative CDF of Qn,

P [Qn ≥ q] ≤ ρneη0Q1−q +
1− ρn

1− ρ
eη0(l

∗+1−q). (2.47)

Since Qn is non-negative for all n and Q1 = 0, for η0 = 2
l∗
< 1 we obtain a bound on

the second moment

E[Q2
n] = 2

∫ ∞

0

qP [Qn ≥ q] dq (2.48)

≤ 2

η20
(ρn +

1− ρn

1− ρ
)eη0(l

∗+1) (2.49)

= O(l∗2). (2.50)
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Setting l∗ = V
xmin

completes the proof. The proof for the first moment follows similar

procedure.

Proof of the Regret Bound. Let us define the expected regret relative to expert m as

RN,m = E

[
N∑
n=1

Ln −
N∑
n=1

ln,In,m

]
. (2.51)

To prove the claim, we will bound Rn,m for all m, including the best expert.

Let Ŝn,m =
∑n

t=1 L̂t,m denote the cumulative estimated loss for expert m. For the

sake of convenience and brevity, we introduce pn,a = P{In = a}, ∀a ∈ {0, 1}, where

pn,1 = pn and pn,0 = 1 − pn. Let L̂n,ma be the loss estimate of any expert m with

offloading decision In,m = a. From Lemma 2.4,

E[Ŝn,m] =
n∑
t=1

lt,It,m , (2.52)

En−1[Ln] =
∑

a∈{0,1}

pn,aln,a =
∑

a∈{0,1}

pn,aEn−1[L̂n,ma ]. (2.53)

By the tower rule for conditional expectations and (2.53),

RN,m = E[
N∑
n=1

∑
a∈{0,1}

pn,aEn−1[L̂n,ma ]]− E[ŜN,m] (2.54)

= E[
N∑
n=1

∑
a∈{0,1}

pn,aL̂n,ma ]− E[ŜN,m] (2.55)

= E[ŜN − ŜN,m]. (2.56)

Let us introduce Wn =
∑M

m=1 exp (−ηŜn,m) and note that for all experts Ŝ0,m = 0.

Due to Ŝn,m ≥ 0, ∀m,n,

exp (−ηŜN,m) ≤
M∑
m=1

exp (−ηŜN,m) = WN

= M
N∏
n=1

Wn

Wn−1

(2.57)
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The ratio in the product above can be written in terms of pn,a,

Wn

Wn−1

=
M∑
m=1

exp (−ηŜn−1,m)

Wn−1

exp (−ηL̂n,m) (2.58)

=
∑

a∈{0,1}

pn,a exp (−ηL̂n,ma) (2.59)

By using the fact that 1− x ≤ exp(−x) ≤ 1− x+ x2

2
, where the lower bound is valid

∀x ∈ R and the upper bound is valid ∀x ≥ 0,

Wn

Wn−1

(a)

≤
∑

a∈{0,1}

pn,a(1− ηL̂n,ma +
η2

2
L̂2
n,ma

) (2.60)

(b)

≤ exp(−η
∑

a∈{0,1}

pn,aL̂n,ma +
η2

2

∑
a∈{0,1}

pn,aL̂
2
n,ma

), (2.61)

where in (a) the upper bound and in (b) the lower bound of exp(−x) are used. When

we substitute (2.60) in (2.57), we obtain

e−ηŜN,m ≤M exp(−η
N∑
n=1

∑
a∈{0,1}

pn,aL̂n,ma

+
η2

2

N∑
t=1

∑
a∈{0,1}

pn,aL̂
2
n,ma

) (2.62)

=M exp(−ηŜN +
η2

2

N∑
t=1

∑
a∈{0,1}

pn,aL̂
2
n,ma

) (2.63)

By taking the logarithm of both sides and rearranging the terms, it follows that

ŜN − ŜN,m ≤
log(M)

η
+
η

2

N∑
n=1

∑
a∈{0,1}

pn,aL̂
2
n,ma

. (2.64)

Taking the expectation gives us a bound on regret relative to any expert,

RN,m ≤
log(M)

η
+
η

2
E[

N∑
n=1

∑
a∈{0,1}

pn,aL̂
2
n,ma

]. (2.65)
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Finally, we need to bound the last term on the right side. Since En−1[L̂n,m] = lt,In,m ,

E[
N∑
n=1

∑
a∈{0,1}

pn,aL̂
2
n,ma

] = E[
N∑
n=1

∑
a∈{0,1}

pn,aEn−1[L̂
2
n,ma

]]

= E[
N∑
n=1

(pn,0l
2
n,0 + pn,1l

2
n,1)]

≤ N +
N∑
n=1

E[pn,1(
QnXn

V
)2]

≤ N +
1

V 2

N∑
n=1

E[Q2
n]

≤ Nζ, (2.66)

where the last inequality follows from Lemma (2.7) and ζ = O( 1
xmin

)+1 is a constant.

Substituting (2.66) in (2.65) completes the proof.

2.A.3 Proof of Suboptimality of Ly-EXP4

Let π denote the Ly-EXP4 policy. From (2.14),

∆(Qπ
n) + V En−1[Yn(1− Iπn )]

≤ B +Qπ
nEn−1[I

π
nXn] + V En−1[Yn(1− Iπn )]−Qπ

n

γ

λ
(2.67)

= B + En−1[Ln]−Qπ
n

γ

λ
, (2.68)

where the last equation stems from the definition of Ln. By the telescoping argument

and taking the expectation we obtain

E[L(Qπ
N)]+V

N∑
n=1

E[Yn(1− Iπn )]

≤NB + V E[SN ]− γ

λ

N∑
n=1

E [Qπ
n]. (2.69)

Let θm′ ∈M denote the best discretized threshold for the optimization problem (2.5).

For brevity, we denote threshold policy πθ by (θ). Using the regret bound relative to
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θm′ in (2.69) yields

E[L(Qπ
N)] + V

N∑
n=1

E[Yn(1− Iπn )]

≤NB + V E[SN,m′ ] + V RN,m′ − γ

λ

N∑
n=1

E [Qπ
n] (2.70)

=NB +
N∑
n=1

E[Qπ
n]E[I(θm′ )

n Xn] + V
N∑
n=1

E[Yn(1− I(θm′ )
n )]

+ V RN,m′ − γ

λ

N∑
n=1

E [Qπ
n] (2.71)

≤NB + V
N∑
n=1

E[Yn(1− I(θm′ )
n )] + V RN,m′ , (2.72)

where in the last inequality we use the fact that θm′ satisfies the utilization constraint

(2.6). Since L(Qπ
N) ≥ 0 and by Assumption 2.3, rearranging the terms and dividing

both sides by NV leads to

AN(π)− AN(θ∗) ≤ B

V
+
RN,m′

N
+ ϵ0, (2.73)

where AN(π) and AN(θ∗) are the average accuracy at time N under Ly-EXP4 and

the optimal threshold policy, respectively. According to Proposition 2.5, Ly-EXP4

converges to a threshold policy corresponding to the best expert in the bandit setting.

Therefore, the limit limN→∞AN(π) exists, which completes the proof.

54



Chapter 3: Population-Level Concept Drift

Detection in Large Scale Deployment under

Resource-Constrained Feedback

3.1 Introduction

A fundamental challenge in deploying machine learning (ML) models is that

the underlying data distribution may change over time, gradually degrading post-

deployment performance. This phenomenon, commonly referred to as concept drift,

has received sustained attention over the past two decades [34, 68, 43] and moti-

vates monitoring mechanisms that can detect performance degradation and initiate

corrective action.

Recent advances in power-efficient hardware for on-device inference and com-

putationally efficient ML architectures [93, 42] have enabled ML applications to be

deployed across large populations of edge clients. At the same time, large-scale de-

ployments introduce challenges for concept drift detection that are not adequately

captured by the commonly studied single-stream settings [112]. When an ML model

is deployed across a heterogeneous population, clients may experience performance

degradation asynchronously. Consequently, the relevant operational question is often

not whether drift has occurred somewhere in the system, but whether degradation

has become sufficiently widespread to justify a system-level intervention. Since global

model updates, retraining, or redeployment may incur nontrivial operational costs,

one may wish to trigger such actions only after a sufficiently large number of clients

have experienced significant degradation, unless safety or security considerations re-

quire an immediate response.

Moreover, many drift detection methods require labeled production data. Such

data can be costly, slow, and difficult to obtain at scale, particularly when annota-

tion is performed by human experts. Model-based annotation methods have therefore
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been proposed as a scalable alternative, in which a larger and more reliable ML model

that is highly accurate and robust to concept drift is used to generate surrogate labels

for newly observed data [95]. This perspective is particularly natural in Hierarchical

Inference Systems [9, 61, 78, 4], where clients perform inference using a small local

model, often derived from a larger server-side model through techniques such as quan-

tization, distillation, or pruning, while selectively offloading tasks to the server for

more accurate predictions. Although such systems are proposed as scalable deploy-

ment architectures that trade off accuracy against offloading cost, the same offloading

mechanism can also be used to provide feedback for monitoring the client-side models.

Regardless of whether feedback is obtained through model-based annotation or hu-

man annotation, monitoring remains constrained by the cost of collecting feedback at

scale, including the associated communication, computation, and latency overheads.

Together, these considerations make concept drift detection in large popu-

lations a challenging problem in which the statistical objective, the data-collection

policy, and the detection mechanism are inherently coupled. Thus, a monitoring

policy must account for distributional heterogeneity and asynchronous degradation

across clients while allocating limited data-collection and annotation resources in a

sample-efficient and scalable manner.

In this chapter, we study the problem of detecting concept drift that causes

a reduction in accuracy greater than an operational tolerance across a sufficiently

large fraction of a heterogeneous population, which we refer to as fractional change

detection. We consider a setting in which feedback about the performance of a

lightweight classifier deployed across clients is collected sequentially, one selected

client at a time, by having a large server-side model evaluate the selected clients’

local classification tasks. This formulation leads to two complementary classes of

monitoring policies: individual-statistics-based detectors, which track client-level ev-

idence, and population-statistics-based detectors, which aggregate observations to

infer population-level degradation.
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3.1.1 Contributions

Our contributions are summarized as follows:

• Based on the classical change point detection framework, we formulate the

fractional change detection problem, where the aim is to detect concept drift

affecting a significant fraction of a population by a significant amount under

limited observability, i.e., when the feedback is available sequentially only for

one selected client at a time.

• We propose an individual-statistics-based policy, Greedy Partial Sum-CUSUM,

which maintains client-specific statistics and uses a greedy client-sampling pol-

icy that probes the client closest to the decision boundary at each time step.

Our analysis shows that this policy is effective for detecting isolated and sparse

changes, but scales poorly for large populations due to the dependence of its

average detection delay on the population size.

• We also propose a population-statistics-based policy, Adaptive Global-CUSUM,

which tracks a single population-level statistic updated using a mixture model

under a uniform client-sampling policy. Our analysis shows that this policy is

especially suitable for detecting widespread degradations in large-scale systems.

• Finally, we provide simulation results under a range of realistic and synthetic

concept drift scenarios, which support the theoretical analysis and validate the

applicability of the proposed policies.

3.1.2 Related Work

Hierarchical Inference

Hierarchical inference has been proposed as an edge computing paradigm for

machine learning deployments [77] that leverages client-side compute resources to

reduce inference workload on datacenters. Recent work has explored selective task
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offloading based on the confidence of local predictions in order to balance accuracy

against offloading costs, including latency, energy, and computation [9, 61, 78, 4].

In contrast, this chapter focuses on exploiting limited offloading capacity for drift

detection, a complementary use case in hierarchical inference systems that, to the

best of our knowledge, has not been studied previously.

Concept Drift Detection in Multi-stream Settings

Recent work has studied concept drift detection in multi-stream settings across

several contexts [49, 112, 72, 16, 114, 111]. Early efforts arose in federated learning

[72, 16], where local drift detectors at each client identify drift that may harm the

global model. More recent studies consider drift detection as part of adaptation in

graph learning and multi-stream mixture of experts models [114, 111]. Although these

works exploit inter-stream correlations, they neither provide a principled framework

for multi-stream drift detection nor address limited data collection and scalability.

The closest related work is [112], but it assumes continuous access to annotated

data and full observability of all streams, which limits its applicability to large-scale

systems.

Change Point Detection with Sampling Constraints

The classical change point detection problem, formulated within the sequen-

tial hypothesis testing framework, has been extended to multi-stream settings under

heterogeneous distributions and asynchronous change points, both when the pre- and

post-change distributions are known [74, 99, 20, 28] and when the post-change distri-

bution is unknown [107, 98]. More recent work has considered change point detection

under sampling constraints [102, 22, 109, 110]. However, these studies focus on de-

tecting the earliest change in the population. The closest related work is [117], which

studied the problem of detecting changes affecting a large fraction of nodes in a net-

work, but without sampling constraints. To the best of our knowledge, this chapter is
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the first to study fractional change detection with active sampling control. Although

we motivate it through concept drift detection in hierarchical inference systems, the

formulation applies more broadly.

3.1.3 Organization

The rest of this chapter proceeds as follows. Section 4.2 presents the system

model and formulates the fractional change detection problem. Sections 3.3 and 3.4

introduce and compare the proposed monitoring policies. Finally, Section 3.5 evalu-

ates the policies through simulations, and Section 3.6 concludes the chapter.

3.2 System Model and Problem Formulation

We consider a hierarchical inference system with a set of N clients, denoted

N = {1, . . . , N}. Each client i ∈ N runs a lightweight ML model to classify a stream

of incoming tasks locally, and the underlying data distributions may differ across

clients. Accordingly, the deployed client models have heterogeneous initial accuracies,

i.e., probability of making a correct inference on their local distributions, denoted by

(pi)i∈N, which are assumed to be known at deployment.

We adopt the standard change-detection framework given by a slotted-time

model, where concept drift causes the accuracy of client i to undergo degradation at

an unknown deterministic time τi ≥ 0. Specifically, after time τi, the accuracy drops

by ∆ and becomes1 qi = pi −∆ for each i ∈ N. While performance may in practice

degrade gradually and by varying magnitudes, a standard approach is to test against

a small prescribed variation; here, ∆ represents the tolerated accuracy loss which

should trigger detection.

Definition 3.1 (Population Drift Dynamics). A population drift is synchronous if all

1The analysis of Greedy Partial Sum CUSUM applies to any known (pi, qi) pairs, whereas Adap-
tive Global CUSUM relies on an additive formulation with a common ∆ across clients.
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affected clients share the same change point, i.e., τi = τ , and asynchronous otherwise.

The drift is said to be homogeneous if all affected clients share the same degradation

magnitude, i.e., ∆i = pi − qi = ∆, and non-homogeneous otherwise. In this chapter,

we model asynchronous change points with homogeneous degradation ∆.

Conditioned on τi, the correctness of task outcomes for client i are modeled

as i.i.d. across time. Let X
(i)
t ∈ {0, 1} denotes the correctness of the local inference

at time t, with X
(i)
t = 1 indicating a correct classification, and

X
(i)
t ∼

{
p
(i)
0 (·), t ≤ τi,

p
(i)
1 (·), otherwise,

(3.1)

where p
(i)
0 and p

(i)
1 denote Bernoulli PMFs with parameters pi and qi, respectively.

In the absence of ground-truth labels, clients cannot directly observe the pro-

cesses (X
(i)
t )t≥0 and are therefore unaware of performance degradations. To enable

monitoring of the clients inference accuracies, clients communicate with a server host-

ing a larger ML model, assumed to be substantially more accurate and more robust

to concept drift than the lightweight client-based models. We use the server’s infer-

ence outputs on offloaded tasks as reference labels for monitoring client performance.

Since offloading incurs communication and computation overheads, it is resource-

constrained. For simplicity, we model this constraint by allowing at most one task to

be offloaded system-wide at each time slot for monitoring purposes.

3.2.1 Fractional Change Detection Problem

In this hierarchical inference system, our objective is to monitor performance

and determine when the client-side model should be updated. Since model updates

are costly in terms of communication, computation, and possible service disruption,

unless there is any urgent problem, isolated degradations affecting only a few clients

often do not justify an update. Instead, an update is triggered only when the fraction

of significantly underperforming clients exceeds a prescribed threshold.
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To formalize this criterion, we define the set of affected clients at time t as

At ≜ {i ∈ N : t > τi}, (3.2)

and let ρt ≜ |At|/N be the corresponding affected fraction. Given a target fraction

ρ∗ ∈ (0, 1), or equivalently a target number of affected clients K∗ = ⌊ρ∗N⌋, we define

the first time at which the affected fraction exceeds ρ∗ as

ν ≜ inf
t
{t : ρt > ρ∗} = inf

t
{t : |At| > K∗}, (3.3)

and refer to ν as the time fractional change happens.

Definition 3.2 (Fractional Change Detection). Fractional change detection is the

problem of identifying the first time at which a prespecified fraction ρ∗ of clients in a

population see a performance loss of at least ∆.

Detecting the fractional change point can therefore be formulated as a sequen-

tial test of the composite hypotheses

H0 : ρt ≤ ρ∗,

H1 : ρt > ρ∗,
(3.4)

where H0 denotes the null hypothesis, corresponding to the case in which the affected

fraction has not yet exceeded the target level, and H1 denotes the alternative hypoth-

esis, corresponding to the case in which the affected fraction has exceeded the target

level. The test is carried out sequentially until H0 is rejected.

A monitoring procedure is specified by a policy π, consisting of a (possibly

randomized) client sampling rule that selects which client to probe at each time and

a stopping rule that declares when a fractional change is deemed to have occurred.

Formally, at time t, policy π selects a client index Iπt ∈ N for which a task is offloaded,

and observes the corresponding binary outcome Y π
t = X

(Iπt )
t ∈ {0, 1}, i.e., whether

the lightweight model makes a mistake based on the large model’s output. The

information available to the policy up to time t ≥ 1 is captured by the filtration

Fπt ≜ σ (Iπ1 , Y
π
1 , . . . , I

π
t , Y

π
t ) , with Fπ0 trivial. (3.5)
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Restricting attention to causal policies, the sampling decision Iπt at time t must be

measurable with respect to Fπt−1, and the stopping rule T π must be an Fπt -stopping

time, i.e., {T π ≤ t} ∈ Fπt for all t.

We use PA
τ (A) and EA

τ (A) to denote the probability measure and corresponding

expectation governing the client processes, where A ≜ A∞ is the set of clients that

are eventually affected and τ (A) = {τi : τi <∞, i ∈ A} corresponds to their change-

point configuration. A realization falls under the alternative hypothesis if the fraction

of eventually affected clients exceeds ρ∗; otherwise, it falls under the null hypothesis.

Following Pollak’s minimax formulation [84], our goal is to design a causal

monitoring procedure π, consisting of a client sampling policy (Iπt )t≥0 and an associ-

ated stopping time T π, that detects the fractional change point as quickly as possible

while controlling false alarms. For a given affected subset A with |A| > K∗, the

Worst-case Average Detection Delay (WADD) is defined as

WADD(T π;A) ≜ sup
τ (A)

EA
τ (A) [T π − ν|T π > ν] , (3.6)

where the supremum is taken over all change-point configurations for a given set A

of affected clients. This is a measure of how responsive the policy π is at detecting

change. To measure false alarm performance, we define the Worst-case Average Run

Length (WARL) by

WARL(T π) ≜ inf
A′:|A′|≤K∗

inf
τ (A′)

EA′

τ (A′) [T π] , (3.7)

where the infimum is taken over all affected subsets and associated change-point

configurations that fall under the null hypothesis. This is a uniform bound on how

quickly a false alarm will take to be observed under policy π. Our objective is to

choose a policy that minimizes the worst-case average detection delay for the affected

subset A while ensuring that the worst-case average run length is at least γ:

min
π

WADD(T π;A) s.t. WARL(T π) ≥ γ. (3.8)
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Although the optimization problem in (3.8) may not admit an exact solution,

the following sections show that uniformly optimal procedures can still be character-

ized up to a first-order asymptotic approximation.

3.3 Proposed Approaches

Fractional change detection naturally admits two broad classes of monitor-

ing policies. The first class, Individual Statistics-based Detectors (ISDs), maintain

client-specific statistics to individually detect which clients may have experienced

degradation and declare a fractional change once sufficiently many affected clients

have been identified. The second class, Population Statistics-based Detectors (PSDs),

aggregate observations at the system level and performs a single aggregate-based se-

quential test—typically based on a mixture model—aimed at detecting the fractional

change point directly, without individually tracking the affected clients.

These two approaches offer complementary trade-offs. An ISD declares a frac-

tional change after identifying at least K∗ + 1 affected clients for a given target

threshold ρ∗. As a result, when N grows (and hence K∗ = ⌊ρ∗N⌋ grows), the re-

quired number of clients that need to be detected increases, and the overall detection

delay typically scales approximately linearly with N , which limits the scalability of

the approach for large populations. By contrast, PSDs can achieve detection delays

that do not necessarily increase with N , since they leverage pooled evidence from the

entire population. However, as we shall see, PSDs generally may not provide client-

level change detection, which can be valuable in certain applications (e.g., selectively

updating or prioritizing clients).

This chapter proposes two fractional change detection policies: Greedy Partial

Sum-CUSUM, an ISD policy that leverages client-specific statistics, and Adaptive

Global-CUSUM, a PSD policy based on an aggregated system-wide statistic. The

following section presents the details of these policies.
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3.3.1 Greedy Partial Sum-CUSUM

In this section, we introduce the Greedy Partial Sum-CUSUM (G-PSC) pol-

icy by formulating the fractional change detection problem as a Generalized Likeli-

hood Ratio (GLR) test conditioned on the affected client subsets and their associated

change points under the null and alternative hypotheses. We first derive the test

statistic and then specify the sampling rule and stopping rule that together define

the G-PSC policy.

Let Y π
t0:t1

≜ (Y π
t0
, . . . , Y π

t1
) denote the sequence of observations collected under

policy π over the time interval [t0, t1].

The likelihood of Y π
t0:t1

under a candidate change-point configuration τ̃ (A) =

(τ̃i)i∈A is given by

PA
τ̃ (A)(Y

π
t0:t1

) =

t1∏
k=t0

p
(Iπk )
1 (Y π

k )
I{Iπk ∈Ak}

p
(Iπk )
0 (Y π

k )
I{Iπk /∈Ak}

=

 t1∏
k=t0

(
p
(Iπk )
1 (Y π

k )

p
(Iπk )
0 (Y π

k )

)I{Iπk ∈Ak}
( t1∏

k′=t0

p
(Iπ

k′ )

0 (Y π
k′ )

)
, (3.9)

where Ak is defined in (3.2), and the term
∏t1

k′=t0
p
(Iπ

k′ )

0 (Y π
k′ ) does not depend on τ̃ (A).

The GLR statistic at time t is defined as the log-ratio of the likelihood max-

imized over all affected subsets and change-point configurations admissible under

the alternative hypothesis to the likelihood maximized over all affected subsets and

change-point configurations admissible under the null hypothesis, hence,

Gt = log

 max
A:|A|>K∗

max
τ̃ (A)

PA
τ̃ (A)(Y

π
1:t)

max
A′:|A′|≤K∗

max
τ̃ (A′)

PA′
τ̃ (A′)(Y

π
1:t)

 . (3.10)

As written in (3.10), a naive implementation of the GLR statistic at time t

would require the entire sample history, while the maximization in both the numerator

and the denominator would entail a computationally expensive search over all possible

change-point configurations.

64



Fortunately, the GLR statistic in (3.10) admits a computationally simple re-

cursive representation. Using (3.9), we obtain

Gt = max
A: |A|>K∗,

τ̃ (A)

t∑
k=1

I{k > τ̃Iπk } log

(
p
(Iπk )
1 (Y π

k )

p
(Iπk )
0 (Y π

k )

)

− max
A′: |A′|≤K∗,

τ̃ (A′)

t∑
k=1

I{k > τ̃ ′Iπk } log

(
p
(Iπk )
1 (Y π

k )

p
(Iπk )
0 (Y π

k )

)
(3.11)

= max
A: |A|>K∗,

τ̃ (A)

∑
i∈A

L
(i)
τ̃i+1:t − max

A′: |A′|≤K∗,
τ̃ (A′)

∑
i∈A′

L
(i)

τ̃ ′i+1:t. (3.12)

where the terms
∏t

k=1 p
(Iπk )
0 (Y π

k ) coming from (3.9) and in the numerator and denom-

inator of (3.10) cancel to obtain (3.11), and L
(i)
τ̃+1:t denotes the log-likelihood ratio

(LLR) accumulated from client i over [τ̃ + 1, t]:

L
(i)
τ̃+1:t ≜

t∑
k=τ̃+1

I (Iπk = i) log
p
(i)
1 (Y π

k )

p
(i)
0 (Y π

k )
. (3.13)

For client i, we define the CUSUM statistic at time t by

W
(i)
t ≜ max

τ̃i:τ̃i≤t
L
(i)
τ̃i+1:t, (3.14)

which admits the standard recursion

W
(i)
t = max

[
0,W

(i)
t−1 + I{Iπt = i} log

p
(i)
1 (Y π

t )

p
(i)
0 (Y π

t )

]
, (3.15)

with initialization W
(i)
0 = 0. We refer to [97, Section 8.2] for the derivation of the

CUSUM procedure.

Because the maximization over change points is separable across clients, (3.12)

can be rewritten using (3.14) as

Gt ≜ max
A:|A|>K∗

∑
i∈A

max
τ̃i:τ̃i≤t

L
(i)
τ̃i+1:t − max

A′:|A′|≤K∗

∑
i∈A′

max
τ̃ ′i :τ̃

′
i≤t

L
(i)

τ̃ ′i+1:t

= max
A:|A|>K∗

∑
i∈A

W
(i)
t − max

A′:|A′|≤K∗

∑
i∈A′

W
(i)
t , (3.16)
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For each time t, let σt(·) denote a permutation of client indices 1, 2, . . . , N such

that

W
(σt(1))
t ≥ W

(σt(2))
t ≥ · · · ≥ W

(σt(N))
t ≥ 0, (3.17)

where ties are broken arbitrarily. Since W
(i)
t ≥ 0 for all i and t, the first maximization

in (3.16) is attained by selecting the set with all clients, whereas the second is attained

by selecting the K∗ clients with the largest CUSUM values. Therefore, Gt reduces to

the partial sum of the CUSUM statistics excluding the K∗ clients with the highest

CUSUM:

Gt =
N∑

j=K∗+1

W
(σt(j))
t . (3.18)

It remains to specify the sampling policy that determines the selected client

Iπt at each time step. The partial-sum structure of (3.18) creates an exploration–

exploitation trade-off that differs from standard policies for detecting the earliest

change in a population. A policy that always samples the client with the largest

CUSUM statistic would keep refining evidence for one of the top K∗ clients; these

statistics, however, are excluded from Gt and therefore do not directly advance the

stopping rule. We therefore propose a greedy deterministic sampling rule that selects

the client with the largest CUSUM statistic still included in Gt, namely the client

ranked (K∗ + 1):

IGreedy-PSC
t ≜ σt−1(K∗ + 1). (3.19)

This rule is exploitative because it samples the client closest to contributing to the

test statistic yet it also induces exploration, as the sampled statistic either rises into

the top K∗ positions or resets to zero, the ordering and tie-breaking mechanism move

the policy to another client. In this way, the policy gradually promotes affected clients

toward the leading K∗+1 ranks and eventually settles on a fixed set of affected clients.

Together with the sampling rule in (3.19), the Greedy-PSC stopping rule is

TG-PSC(h) ≜ inf
t
{t : Gt ≥ h}, (3.20)
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Algorithm 2 Greedy Partial Sum-CUSUM (G-PSC)

Input: threshold h, target count K∗, initial accuracies pi, ∀i ∈ N, tolerance ∆
Initialize: G← 0, W (i) ← 0 for all i ∈ N, and an arbitrary ordering σ

1: while G < h do
2: Select Iπ ← σ(K∗ + 1) as in (3.19) and observe Y π = X(Iπ)

3: Update W (Iπ) by (3.15), using qIπ = pIπ −∆
4: if W (Iπ) = 0 then
5: Move Iπ to the end of the ordering σ
6: else
7: Update σ in descending order of W (i)

8: Set G←
∑N

j=K∗+1W
(σ(j)) as in (3.18)

where the threshold h is chosen to satisfy the WARL constraint in (3.7).

Algorithm 2 summarizes the resulting Greedy-PSC policy.

3.3.1.1 Performance Analysis

For the Greedy-PSC policy defined by the sampling rule in (3.19) and the

stopping rule in (3.20), the following lemma establishes a structural property that

plays a key role in the analysis.

Lemma 3.3. Under the Greedy-PSC policy, for every time t ≥ 0, all CUSUM statis-

tics ranked below the (K∗ + 1)-st position are zero; that is,

W
(σt(j))
t = 0, for j > K∗ + 1, t ≥ 0. (3.21)

Proof of Lemma 3.3. We prove the lemma by induction. At time t = 0, the CUSUM

statistics of all clients are initialized at zero, so the claim holds trivially. Now assume

that the claim holds at time t−1. By the definition of Greedy-PSC, only the CUSUM

statistic of the sampled client It = σt−1(K∗+1) is updated at time t. Hence, all clients

ranked below K∗ + 1 at time t − 1 remain at zero at time t. After reordering the

CUSUM statistics, every rank below K∗ + 1 is therefore still occupied by a zero

statistic, which proves the claim.
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The next theorem summarizes the main performance guarantees of Greedy-

PSC.

Theorem 3.4. For the fractional change detection problem defined in Definition 3.2,

with target fraction ρ∗ ∈ (0, 1) and corresponding target count K∗ = ⌊ρ∗N⌋, under the
asynchronous homogeneous population-drift defined in Definition 3.1 with common

degradation ∆, where pi − ∆ > 0 for all i ∈ N , consider the Greedy Partial Sum-

CUSUM detector with stopping time TG-PSC(h) defined by (3.20) and greedy sampling

policy (3.19). Then, for any threshold h > 0, its worst-case average run length

(WARL) satisfies

WARL(TG-PSC(h)) ≥ eh. (3.22)

Moreover, for any affected subset A with |A| = K∗+1, the worst-case average detection

delay satisfies, as h→∞,

WADD(TG-PSC(h);A) ≤

(∑
i∈A

1

βi

)
h+

∑
i∈A

1

1− αi

∑
j /∈A

ηj +O(1), (3.23)

where

βi = DKL

(
p
(i)
1

∥∥∥ p
(i)
0

)
, ∀i ∈ A,

and where βi denotes the Kullback-Leibler (KL) divergence between the post- and pre-

change distributions of client i. Here, αi is the probability that CUSUM statistic of an

affected client i ∈ A, initialized at zero, returns to zero before reaching the threshold

h as h→∞, which satisfies ∆ ≤ 1− αi ≤ ∆/pi by Lemma 3.8, and ηj is defined in

(3.83).

Theorem 3.4 shows that the worst-case average run length grows at least expo-

nentially in the threshold h under the composite null hypothesis, while the worst-case

average detection delay grows linearly in h and in the number of affected clients in

the asymptotic regime h→∞, since |A| = K∗ + 1 and (
∑

i∈A
1
βi

) ∝ |A|.

The proof of (3.22) and (3.23) hinges on constructing auxiliary statistics that

upper- and lower-bound Gt pointwise for all t ≥ 0 and are then used in domina-

tion arguments to obtain the desired inequalities. For the WARL lower bound, we
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compare Gt with the sum of the CUSUM statistics of the unaffected clients, which

is then controlled by a Shiryaev-Roberts (SR)-type statistic [97, Lemma 8.2.1]. For

the WADD upper bound, we bound the number of samples needed for the CUSUM

statistics of the affected clients to jointly cross the threshold h, together with the

additional samples allocated to unaffected clients during the rare events in which the

affected clients’ CUSUM statistics return to zero. A proof of the results is given in

Appendix 3.A.2.

As expected for an ISD type policy, the leading term in the WADD bound of

Greedy PSC (3.23) depends linearly on the number of affected clients, resulting in

poor scalability for systems with large client populations. To address this limitation,

we next investigate a PSD type policy that offers improved scalability.

3.3.2 Adaptive Global-CUSUM

We propose a PSD approach for fractional change detection based on a mix-

ture model, called Adaptive Global-CUSUM (A-GC). Unlike the ISD approach in

Section 3.3.1, which relies on a GLR statistic over composite hypotheses, the design

of A-GC is based on monitoring a mixture distribution parametrized by the fraction

ρ of affected clients and estimates the true affected fraction to resolve the composite

hypothesis testing problem.

We begin by formulating the mixture distribution for a given affected fraction

parameter and then introduce the estimation of the true affected fraction to construct

the Adaptive Global-CUSUM policy.

3.3.2.1 Mixture Model

Let us state a key modeling assumption underlying the mixture formulation.

Assumption 3.5. For time t, where the affected fraction is ρt, each client is affected

with the same prior probability, i.e.,

P(A
(i)
t ; ρt) = ρt, ∀i ∈ N, (3.24)
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where A
(i)
t denotes the event that client i is affected at time t.2

Under Assumption 3.5, the distribution of the observation Y π
t , after marginal-

izing over whether the sampled client Iπt is affected, is a mixture of the pre- and

post-change distributions. In particular, under the prior probability of being affected

given by ρt and conditioned on the selected client index Iπt , we have the probability

of observations as a mixture of pre- and post-change PMFs parametrized by ρt, such

that

P(Y π
t = y | Iπt = i; ρt) = ρtp

(i)
1 (Y π

t = y) + (1− ρt)p(i)
0 (Y π

t = y), y ∈ {0, 1}. (3.25)

Consequently, the likelihood of the sample at time t based on the mixture model can

be written as

L (Y π
t = y; ρt) ≜ P (Y π

t = y; ρt)

=
∑
i∈N

P (Y π
t = y | Iπt = i; ρt) · P (Iπt = i; ρt)

=
∑
i∈N

[
ρtp

(i)
1 (Y π

t = y) + (1− ρt)p(i)
0 (Y π

t = y)
]
· P (Iπt = i; ρt) , (3.26)

where P(Iπt = i; ρt) captures the client sampling probabilities under policy π. To

make sure the probability distribution of the observations matches with the likelihood

function (3.26) defined based on mixture model, we use a uniform sampling policy,

i.e., P (Iπt = i; ρt) = 1/N for all i ∈ N, which is shown in the next lemma.

Lemma 3.6. Under uniform sampling, for any affected subset A with change point

configuration τ (A) and any t ≥ 1, the marginal PMF of Y π
t under PA

τ (A) coincides

with the mixture likelihood evaluated at the true affected fraction ρt = |At|/N ,

PA
τ (A)(Y

π
t = y) = L(Y π

t = y; ρt), ∀ y ∈ {0, 1}. (3.27)

In particular, whenever ρt = ρ remains constant over a time interval, the observations

(Y π
t )t≥0 are i.i.d. with PMF L(· ; ρ) over that interval.

2This assumption corresponds to a symmetry condition, where all client subsets of size Nρt are
equally likely to be the affected subset.
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Although the original formulation involves the composite hypotheses in (3.4),

the mixture model suggests an alternative way to build a likelihood-ratio statistic.

Under the null hypothesis, the affected fraction satisfies ρt ≤ ρ∗. Among all such null

cases, the value ρ = ρ∗ is closest to the alternative regime ρt > ρ∗; hence controlling

false alarms when the mixture distribution is evaluated at ρ = ρ∗ also provides the

relevant conservative reference point for smaller affected fractions. We therefore first

consider a simple CUSUM test that compares the mixture distribution at ρ = ρ∗ with

the mixture distribution at a chosen post-change fraction ρ1 > ρ∗:

H0 : ρ = ρ∗, (3.28)

H1 : ρ = ρ1. (3.29)

where ρ1 is a post-change fraction used to construct the likelihood ratio.

For a fixed anticipated fraction ρ1 > ρ∗, the Global-CUSUM statistic is defined

recursively as

WGC
t = max

[
0,WGC

t−1 + Lt(ρ1, ρ∗)
]
, with WGC

0 = 0, (3.30)

where Lt(ρ1, ρ∗) = log
L(Y π

t ;ρ1)

L(Y π
t ;ρ∗)

denotes the log-likelihood ratio at time t. The corre-

sponding stopping rule is

TGC(h) ≜ inf
t
{t : WGC

t ≥ h}. (3.31)

3.3.2.2 Adaptive Statistic

Note that the drift of the Global-CUSUM statistic under a fixed post-change

fraction ρt > ρ∗ is maximized when the parameter of the alternative hypothesis

matches the underlying distribution, i.e., ρ1 = ρt. Moreover, a positive drift is not

guaranteed when ρt lies between the boundary and the anticipated fraction, i.e.,

ρ∗ < ρt < ρ1. This mismatch can degrade detection performance when the post-

change fraction is unknown. To mitigate such sensitivity, variants of CUSUM that
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adaptively estimate post-change parameters from past observations have been studied

(e.g., [67, 109]).

Motivated by this line of work, we propose an adaptive version that replaces

ρ1 with a running estimate ρ̂t:

WA-GC
t = max

[
0,WA-GC

t−1 + Lt(ρ̂t, ρ∗)
]
. (3.32)

Let

U(t) ≜ sup
k
{k ≤ t : WA-GC

k = 0} (3.33)

denote the most recent reset time of the statistic. Using observations since U(t), we

form the sample-mean estimator

ρ̂t =

 1

t− U(t)

t−1∑
k=U(t)

Y π
k − pIπk
qIπk − pIπk

1

ρ∗+ϵ

, (3.34)

where [x]ul ≜ max[min[x, u], l] clips the estimate to [ρ∗ + ϵ, 1] and ϵ > 0 is a small

constant ensuring the estimator remains strictly above the boundary.

The stopping rule for Adaptive Global-CUSUM is

TA-GC(h) ≜ inf
t
{t : WA-GC

t ≥ h}. (3.35)

As in Global-CUSUM, we accompany Adaptive Global-CUSUM with uniform sam-

pling.

Algorithm 3 summarizes the resulting Adaptive Global-CUSUM policy.

Theorem 3.7. For the fractional change detection problem defined in Definition 3.2,

with target fraction ρ∗ ∈ (0, 1), under the asynchronous homogeneous population-drift

defined in Definition 3.1 with common degradation ∆, where pi−∆ > 0 for all i ∈ N,

consider the Adaptive Global-CUSUM detector with stopping time TA-GC(h) defined

in (3.35) and i.i.d. uniform sampling policy P(Iπt = i) = 1/N for all i ∈ N and t ≥ 1.

Then, for any threshold h > 0, the worst-case average run length (WARL) satisfies

WARL(TA-GC(h)) ≥ eh. (3.36)
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Algorithm 3 Adaptive Global-CUSUM (A-GC)

Input: threshold h, target fraction ρ∗, initial accuracies pi, ∀i ∈ N, tolerance ∆,
margin ϵ
Initialize: WA-GC ← 0, S ← 0, m← 0, and ρ̂← ρ∗ + ϵ

1: while WA-GC < h do
2: Sample Iπ uniformly and observe Y π = X(Iπ)

3: Update WA-GC by (3.32)
4: if WA-GC = 0 then
5: Set S ← 0, m← 0, ρ̂← ρ∗ + ϵ
6: else
7: Update estimation state: S ← S + (pIπ − Y π)/∆, m← m+ 1
8: Set ρ̂← [S/m]1ρ∗+ϵ, as in (3.34)

Moreover, for any affected subset A with |A| = K∗+1, the worst-case average detection

delay satisfies, as h→∞,

WADD(TA-GC(h);A) =
h

β(ρ, ρ∗)

(
1 + o(1)

)
, (3.37)

where ρ = (K∗ + 1)/N and β(ρ, ρ∗) = DKL (L ( · ; ρ) ∥L ( · ; ρ∗)) denotes the Kullback-

Leibler (KL) divergence between the mixture distributions parametrized by the affected

fractions ρ and ρ∗ under uniform sampling.

As Theorem 3.7 shows, the leading term in the worst-case average detection

delay of Adaptive Global-CUSUM is governed by the mixture KL divergence β(ρ, ρ∗),

rather than by the number of clients that must be individually identified, as in an

ISD policy, making it suitable for large-scale settings.

The proof proceeds in two parts. For (3.36), we construct an SR-type statistic

that dominates exp(WA-GC
t ) when the null is evaluated at the limiting case ρ = ρ∗;

its centered version is a supermartingale, so optional stopping gives the eh run-length

lower bound. For (3.37), after ν the sampled observations are i.i.d. from L(·; ρ).

Applying the optional stopping theorem to the oracle log-likelihood sum gives the

delay as (h+ x1 + x2)/β(ρ, ρ∗), where x1 is the crossing overshoot and x2 is the error

from using ρ̂t instead of ρ. Bounded increments give x1 = O(1), while a crude O(h)
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delay bound and an O(log h) cumulative estimation-error bound imply x2 = o(h). A

full proof is given in Appendix 3.A.3.

3.4 Comparison of Proposed Policies

Theorems 3.4 and 3.7 reveal that the Greedy-PSC and Adaptive Global-

CUSUM policies exhibit fundamentally different detection delay characteristics. To

facilitate a systematic comparison, we introduce the Oracle Global CUSUM (O-GC),

a benchmark policy that has access to the true affected fraction ρt and therefore does

not require an estimation step.

Furthermore, we consider a homogeneous setting where pi = p and qi = q for

all i, with a fixed post-change fraction ρt = ρ > ρ∗ for all t ≥ 1. Using a second-

order Taylor approximation of the KL divergence, and for the stopping rule threshold

satisfying the same WARL constraint in (3.8), i.e. h = log(γ) by (3.22) and (3.36),

the leading terms of the WADD for Greedy-PSC and Oracle Global CUSUM can be

approximated as

WADD(TG-PSC(log(γ))) ≈ Nρ∗ log(γ)

DKL (Ber(p−∆) ∥Ber(p))

≈ Nρ∗ log(γ)
2p(1− p)

∆2
, (3.38)

WADD(TO-GC(log(γ))) ≈ log(γ)

DKL (Ber(p− ρ∆) ∥Ber(p− ρ∗∆))

≈ log(γ)
2p(1− p)

(ρ− ρ∗)2∆2
. (3.39)

where Ber(p) denotes the Bernoulli distribution with parameter p.

According to (3.38) and (3.39), for a fixed target fraction ρ∗, the WADD of

Greedy-PSC scales linearly with the population size N and is independent of the true

affected fraction ρ, whereas the WADD of Oracle Global CUSUM scales inversely

with (ρ − ρ∗)
2. Comparing the two approximations yields that Greedy-PSC has a
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smaller approximate WADD when

Nρ∗ <
1

(ρ− ρ∗)2
, (3.40)

whereas Oracle Global CUSUM has a smaller approximate WADD when

Nρ∗ >
1

(ρ− ρ∗)2
, (3.41)

Thus, in the worst-case scenario investigated in Theorem 3.7, where (ρ − ρ∗) = 1
N

,

Greedy-PSC achieves a smaller WADD than Oracle Global CUSUM. However, when

the true affected fraction ρ is sufficiently larger than ρ∗, or when N is sufficiently

large, Oracle Global CUSUM outperforms Greedy-PSC.

To analyze the performance gap between Adaptive Global-CUSUM and Oracle

Global-CUSUM, we examine the parameter n0 in (3.91), which represents the number

of samples needed for the estimator ρ̂t to concentrate sufficiently around the true

fraction ρ. By Hoeffding’s inequality, n0 can be approximated as

n0 ≈
1

2δ20∆2
log

(
2

δ20∆2

)
,

≈
(

2L̄2

β(ρ, ρ∗)2∆2

)
log

(
8L̄2

β(ρ, ρ∗)2∆2

)
, (3.42)

where L̄ is the Lipschitz constant from property (R2) of Lemma 3.11 for the log-

likelihood ratio Lt(·, ρ∗) = log
L(Y π

t ;·)
L(Y π

t ;ρ∗)
. The parameter δ0 denotes the concentration

radius in the Hoeffding bound (3.91); in the second approximation in (3.42), we

use δ0 = β(ρ, ρ∗)/(2L̄). Also, note that, the KL divergence between the mixture

distributions parametrized by ρ and ρ∗ admits the approximation

β(ρ, ρ∗) ≈
(ρ− ρ∗)2∆2

2p(1− p)
. (3.43)

Therefore, the approximations in (3.42) and (3.43) show that the performance

gap between Adaptive-GC and Oracle-GC due to estimation error depends strongly

on ∆ and (ρ− ρ∗), and diminishes as either quantity increases.
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In summary, the two proposed policies occupy complementary operating regimes.

Greedy-PSC is the preferred choice for detecting surgical changes affecting few clients

in small populations, as its client-level tracking provides fine-grained sensitivity in this

regime. Adaptive Global-CUSUM, on the other hand, is better suited for large-scale

systems and detecting substantial changes affecting a large fraction, since its detec-

tion delay depends on the population-level KL divergence rather than on the number

of affected clients that must be individually identified. When neither regime clearly

dominates, the crude boundaries defined in (3.40) and (3.41) together with the esti-

mation overhead characterized by (3.42) can guide the choice between the two policies

for a given deployment.

3.5 Simulation Results

In this section, we evaluate the detection policies under both fully synthetic

and data-driven settings. In the synthetic experiments, (X
(i)
t )t for each client i is

generated from Bernoulli processes with parameter pi before the client’s change point

and qi afterward. In the data-driven experiments, the sample paths are generated

using real datasets and trained ML models.

In addition to Greedy Partial Sum-CUSUM (Section 3.3.1), Adaptive Global-

CUSUM (Section 3.3.2), and Oracle Global-CUSUM (Section 3.4), we include two

additional benchmark policies: Greedy Round-Robin (Greedy-RR) and Score Global-

CUSUM (Score-GC).

Greedy Round-Robin (Greedy-RR) is an individual statistics-based detector

(ISD) adapted from the Myopic Sampling Policy (MSP) of [110], which was originally

proposed for detecting the earliest change in a population under a sampling constraint.

Greedy-RR visits clients in a round-robin order and continues sampling the current

client until its CUSUM either resets to zero or crosses the threshold h. If the CUSUM

resets to zero, the client is returned to the end of the queue and the policy moves to

the next client. If the CUSUM crosses h, the client is removed from the queue and the
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number of detected clients is incremented by one. Greedy-RR declares a fractional

change once it has detected K∗ + 1 affected clients.

Score Global-CUSUM (Score-GC) is a population statistics-based detector

(PSD) based on a CUSUM variant of the Rao score test [13, 29]. Instead of esti-

mating the post-change affected fraction, Score-GC uses the derivative of the mixture

log-likelihood in (3.26) with respect to ρ, evaluated at the boundary value ρ = ρ∗, as

its CUSUM increment:

W S-GC
t = max

[
0,W S-GC

t−1 + Sρ∗(Y π
t )
]
, Sρ∗ (Y π

t ) =
∂

∂ρ
logL (Y π

t ; ρ)

∣∣∣∣
ρ=ρ∗

, (3.44)

with the corresponding stopping rule T S-GC(h) = inft{t : W S-GC
t ≥ h}.

3.5.1 Synthetic Simulations

Figure 3.1 reports the results for the fully synthetic setting. In Figures 3.1a

and 3.1b, over a range of threshold values, we plot the average run length (ARL)

under the worst-case null ρ = ρ∗ = 0.1 on the x-axis against the average detection

delay (ADD) under the alternative hypotheses ρ = 0.2 and ρ = 0.5 on the y-axis. The

population has N = 50 clients, with initial accuracies drawn as pi ∼ U(0.85, 0.95) for

all i ∈ N. Under the alternative hypotheses, affected clients experience a common

degradation ∆ = 0.1 at time t = 0.

The two ISD policies, Greedy-PSC and Greedy-RR, perform nearly identically

in these simulations. When ρ − ρ∗ = 0.1 (Figure 3.1a), the ISD policies achieve the

smallest ADD, while Adaptive-GC exhibits a significant performance gap relative to

Oracle-GC. When ρ−ρ∗ = 0.4 (Figure 3.1b), this gap decreases substantially, and the

population-level detectors outperform Greedy-PSC and Greedy-RR. This behavior is

consistent with the discussion in Section 3.4: as the separation between ρ and ρ∗

increases, the estimation overhead of Adaptive-GC becomes less significant, while

the ADD of Oracle-GC also decreases. The same figures also show that Score-GC

does not achieve an exponential upper bound on ARL under the worst-case null. At
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ρ = ρ∗, the Score-GC has zero-mean increments, leading instead to a quadratic upper

bound (see [33, Chapter 7.5.3]).

Figures 3.1c and 3.1d examine the dependence on the number of clients. For

each value of N , the thresholds are chosen to yield an ARL of 105 under the boundary

null ρ = ρ∗. The resulting ADD is reported for ρ = 0.2 and ρ = 0.5, respectively.

In both regimes, the ADD of the ISD policies grows approximately linearly with N ,

whereas the ADD of the PSD policies is largely insensitive to N .

Taken together, the four panels in Figure 3.1 support the findings of Sec-

tion 3.4. PSD policies benefit strongly from a larger affected fraction because the

aggregate population-level signal becomes more pronounced, and their ADD is largely

independent of the population size in this setting, where the target and affected frac-

tions are fixed as N varies. By contrast, ISD policies must individually identify K∗+1

affected clients, so their delay grows with N . Thus, PSDs are better suited for de-

tecting widespread drifts in large-scale systems, while ISDs are attractive when the

drift is sparse and client-level identification is also desired.

3.5.2 Realistic Simulations

Unlike the synthetic experiments in Section 3.5.1, where the null and alterna-

tive hypotheses are simulated in separate controlled runs, the realistic experiments

use a single time-evolving drift trajectory. In each experiment, the system remains in

the null regime before the drift begins at t = 105. The right panel of each figure shows

the corresponding trajectory of the affected-client fraction, defined as the fraction of

clients whose accuracy loss exceeds the prescribed tolerance ∆ = 0.1. The left panel

reports the mean detection delay of true detections at a 5% false-alarm rate (FAR),

together with the interquartile range (IQR), i.e., the range between the 25th and 75th

percentiles.

Figure 3.2 considers a network intrusion detection scenario in which lightweight

ML models run on router devices to detect attacks in real time. The local model is
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(a) ADD (ρ = 0.2) vs ARL (ρ = ρ∗ = 0.1) (b) ADD (ρ = 0.5) vs ARL (ρ = ρ∗ = 0.1)

(c) ADD vs number of clients (ρ = 0.2, ARL
= 105)

(d) ADD vs number of clients (ρ = 0.5, ARL
= 105)

Figure 3.1: Synthetic simulations with pi ∼ U(0.85, 0.95) for all i ∈ N, target fraction
ρ∗ = 0.1, and degradation magnitude ∆ = 0.1. The top panels show ADD as a
function of ARL, plotted on a logarithmic scale, under the worst-case null ρ = ρ∗
for N = 50 clients and affected fractions ρ = 0.2 and ρ = 0.5. The bottom panels
show ADD as a function of the number of clients for the same affected fractions, with
thresholds chosen to yield ARL = 105. All panels compare Greedy-PSC, Greedy-RR,
Score-GC, Adaptive-GC, and Oracle-GC.

trained on known attack patterns, and a subset of routers later suffers an accuracy

degradation when exposed to new attack techniques. Following [37], we train an

MLP with two hidden layers of 100 hidden units each on the CIC-IDS 2017 dataset

[89]. The trained model achieves 99.93% test accuracy on the original distribution,

representing the performance of unaffected routers. For affected routers, we evaluate

the model on a mixture of CIC-IDS 2017 and CSE-CIC-IDS 2018 traffic [89], which

produces an accuracy drop of approximately 30% with client-to-client variation.
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Figure 3.2: Network intrusion detection under sudden synchronous drift for N = 100
clients and target fraction ρ∗ = 0.1. A lightweight MLP trained on CIC-IDS 2017
is evaluated after drift on mixed CIC-IDS 2017 and CSE-CIC-IDS 2018 traffic. The
left panel reports the mean detection delay at a 5% false-alarm rate (FAR), with the
interquartile range (IQR), for Greedy-RR, Greedy-PSC, Adaptive-GC, and Score-GC
under two initial conditions: clean start (ρ0 = 0) and preaffected boundary (ρ0 = 0.1).
The right panel shows the affected-client fraction trajectory, where a sudden drift at
t = 105 raises the affected fraction to ρ∞ = 0.5.

We compare two initial conditions in Figure 3.2: a clean start with no initially

affected clients, ρ0 = 0, and a preaffected boundary case with ρ0 = ρ∗ = 0.1. In both

cases, the sudden drift at t = 105 raises the affected fraction to ρ∞ = 0.5. Under

the clean start, Greedy-PSC and Greedy-RR perform similarly. Under the preaffected

boundary case, Greedy-RR achieves the smallest delay because it can accumulate and

retain client-level evidence for preaffected clients before the fractional change point, so

fewer additional clients need to be detected afterward. In contrast, the PSD policies

incur larger delays when calibrated to maintain the same FAR under the boundary

null. This effect is most pronounced for Score-GC: its score statistic has zero drift at

ρ = ρ∗, making it more susceptible to false alarms and leading to substantially larger

delay and variability.

Figure 3.3 considers a more challenging gradual-drift scenario motivated by

camera deployments. We simulate N = 100 cameras running a lightweight image

classifier, where affected cameras gradually become dirty and therefore experience

asynchronous, multistep, and asymmetric accuracy degradation. Similar to Use Case
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8 in [35], heterogeneous client streams are generated from STL-10 [25], with client-

specific class distributions sampled from a symmetric Dirichlet distribution, and pre-

dictions are obtained from MobileNetV3-Small [45]. Drift is induced by six increasing

levels of Gaussian blur, with σ ∈ (0, 5), producing average accuracy levels ranging

from 93.90% to 56.95%. For each affected camera, the transition times between

consecutive blur levels are drawn independently, so both the onset and severity of

degradation vary across clients.

In Figure 3.3, we consider two final affected fractions, ρ∞ = 0.15 and ρ∞ = 0.5,

with target fraction ρ∗ = 0.1. To obtain the displayed gradual trajectories, the inter-

level durations are sampled from U(0, 40000) for ρ∞ = 0.15 and from U(0, 70000) for

ρ∞ = 0.5.

Compared with the sudden-drift setting, all policies incur larger delays be-

cause evidence accumulates slowly and unevenly across clients. The PSD policies

improve when ρ∞ increases from 0.15 to 0.5, consistent with their reliance on ag-

gregate population-level evidence: a larger final affected fraction creates a stronger

global signal as the drift progresses. In contrast, the ISD policies have larger mean

delay and IQR in the ρ∞ = 0.5 case. The slower but more widespread propagation of

drift moves the fractional change point earlier, when many affected clients have only

weak degradation above ∆. Since ISDs rely on individual client statistics, these weak

and gradual degradations cause the corresponding CUSUM statistics to grow more

slowly. This increases both the mean detection delay and the variability across runs,

especially because degradation speeds differ across clients. Comparing the two ISD

policies, Greedy-PSC is more stable than Greedy-RR in both regimes, as reflected by

its smaller IQR, because Greedy-RR commits to clients one at a time and therefore

produces more variable detection times, whereas Greedy-PSC lets all clients compete

in parallel for the top-(K∗+1) ranks allowing clients with higher degradations to take

over.
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Figure 3.3: Gradual asynchronous drift in a camera-based image classification system
with N = 100 clients and target fraction ρ∗ = 0.1. Heterogeneous STL-10 streams are
evaluated using MobileNetV3-Small, and drift is induced by client-specific transitions
through increasing Gaussian blur levels. The left panel reports the mean detection
delay at a 5% false-alarm rate (FAR), with the interquartile range (IQR), for Greedy-
RR, Greedy-PSC, Adaptive-GC, and Score-GC under final affected fractions ρ∞ =
0.15 and ρ∞ = 0.5. The right panel shows the corresponding affected-client fraction
trajectories.

3.6 Conclusion

This chapter studied concept drift monitoring in hierarchical inference sys-

tems, where lightweight client-side models are observed through limited offloaded

samples and the goal is to detect when drift has degraded a significant fraction of the

population by a significant amount. We formulated this task as fractional change de-

tection, a sequential monitoring problem in which the relevant change point depends

not only on individual degradation events, but also on how drift propagates through

the population. In particular, detector performance is shaped by the drift propagation

speed, the drift style, including synchronous versus asynchronous and symmetric ver-

sus asymmetric degradation. These effects are intrinsic to fractional change detection

and do not arise in the same form in classical earliest-change formulations.

We developed two complementary detectors for this setting: Greedy Partial

Sum-CUSUM, which maintains client-level statistics and can identify affected clients,

and Adaptive Global-CUSUM, which uses a mixture model to aggregate population-

level evidence. Our theoretical analysis characterizes their false-alarm and delay
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behavior, and the simulations demonstrate the resulting trade-offs across synthetic

and realistic concept drift scenarios. Overall, the results show that fractional concept

drift detection is not merely a variant of multi-stream quickest detection, but a dis-

tinct monitoring problem whose performance is shaped by the interaction between

sampling, population scale, and drift dynamics.
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3.A Appendix

Lemma 3.8 (Return Probability of a CUSUM Excursion). Let 0 < q < p < 1 and

∆ = p − q. Under the post-change law P1, let (Xn)n≥1 be i.i.d. Bernoulli random

variables with P1(Xn = 1) = q, and define the log-likelihood ratio increments

Ln =

{
a ≜ log 1−q

1−p > 0, Xn = 0,

−b ≜ log q
p
< 0, Xn = 1.

(3.45)

Let W0 = 0 and Wn = max{0,Wn−1 +Ln} be the corresponding CUSUM process. For

h > 0, define the excursion stopping time

T (h) = inf{n ≥ 1 : Wn = 0 or Wn ≥ h}, (3.46)

and write

α(h) ≜ P1(WT (h) = 0). (3.47)

Assume that α = limh→∞ α(h) exists. Then

∆ ≤ 1− α ≤ ∆

p
. (3.48)

Proof. Fix h > a. The first step of an excursion from zero is negative with probability

q, in which case the CUSUM immediately returns to zero. With probability 1−q, the

first step is positive and the CUSUM moves to a. We therefore analyze the unreflected

random walk that starts from a:

S
(a)
0 = a, S(a)

n = a+
n∑
k=1

Lk, n ≥ 1, (3.49)

with stopping time

T (a)(h) = inf{n ≥ 1 : S(a)
n ≤ 0 or S(a)

n ≥ h}. (3.50)

Let α(a)(h) ≜ P1(S
(a)

T (a)(h)
≤ 0).

Under P1, E1[e
−Ln ] = 1, so (e−S

(a)
n )n≥0 is a martingale. Moreover, the stopped

process is bounded because S
(a)

T (a)(h)∧n ∈ [−b, h+ a]. Applying the Optional Stopping

Theorem to T (a)(h) in (3.50) gives

E1[e
−S(a)

T (a)(h) ] = e−a. (3.51)
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By the law of total expectation and (3.51),

E1[e
−S(a)

T (a)(h) ] = α(a)(h)E1[e
−S(a)

T (a)(h) | S(a)

T (a)(h)
≤ 0]

+ (1− α(a)(h))E1[e
−S(a)

T (a)(h) | S(a)

T (a)(h)
≥ h]

=e−a. (3.52)

The overshoots are bounded by one jump: on the upper exit, S
(a)

T (a)(h)
∈ [h, h + a],

while on the lower exit, S
(a)

T (a)(h)
∈ [−b, 0]. Hence

E1[e
−S(a)

T (a)(h) | S(a)

T (a)(h)
≥ h] ∈ [e−(h+a), e−h],

E1[e
−S(a)

T (a)(h) | S(a)

T (a)(h)
≤ 0] ∈ [1, eb].

(3.53)

Substituting (3.53) into (3.52) yields

e−a − e−h

eb − e−(h+a)
≤ α(a)(h) ≤ e−a − e−(h+a)

1− e−h
. (3.54)

Decomposing according to the first step of the excursion,

α(h) = q + (1− q)α(a)(h). (3.55)

With α ≜ limh→∞ α(h), taking h→∞ in (3.54) and using (3.55) gives

q + (1− q)e−(a+b) ≤ α ≤ q + (1− q)e−a. (3.56)

Since e−a = (1− p)/(1− q) and e−(a+b) = q(1− p)/(p(1− q)), this becomes

q

p
≤ α ≤ 1−∆. (3.57)

Equivalently, ∆ ≤ 1− α ≤ ∆/p.

Lemma 3.9 (Intermittent SR Average Run-Length Bound). Define a Shiryaev-

Roberts (SR)-type statistic [97, Section 7.6] for client i with intermittent samples

controlled by a sampling process (Iπt )t:

R
(i)
t =

{
R

(i)
t−1, Iπt ̸= i,(
1 +R

(i)
t−1

)
Λ

(i)
t , Iπt = i,

, t > 0, R
(i)
0 = 0, ∀i (3.58)
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where Λ
(i)
t is the intermittent likelihood ratio defined as

Λ
(i)
t = I{Iπt ̸= i}+ I{Iπt = i}p

(i)
1 (Y π

t )

p
(i)
0 (Y π

t )
, (3.59)

and a stopping time T (i)(h) = inft

{
t ≥ 1 : R

(i)
t ≥ eh

}
.

Let A∗ be any affected subset with |A∗| = K∗, and suppose client i ∈ Ac
∗

satisfies EA∗
τ (A∗)

[Λ
(i)
t | Ft−1] = 1 for all t ≥ 1. Then, for all thresholds h,

EA∗
τ (A∗)

[T (i)(h)] ≥ eh. (3.60)

Proof. The statistic in (3.58) can be written as

R
(i)
t =

(
1 +R

(i)
t−1

)
Λ

(i)
t − I {Iπt ̸= i} , t ≥ 1, (3.61)

with R
(i)
0 = 0. Using the recursion and the fact that EA∗

τ (A∗)
[Λ

(i)
t | Ft−1] = 1 for all

t ≥ 1,

EA∗
τ (A∗)

[R
(i)
t | Ft−1] = (1 +R

(i)
t−1)E

A∗
τ (A∗)

[Λ
(i)
t | Ft−1]− I {Iπt ̸= i}

= R
(i)
t−1 + I {Iπt = i} (3.62)

≤ R
(i)
t−1 + 1,

so (R
(i)
t − t)t≥0 is a PA∗

τ (A∗)
-supermartingale.

For each m ∈ N, define the bounded stopping time T
(i)
m = T (i)(h)∧m. By the

Optional Stopping Theorem for supermartingales,

EA∗
τ (A∗)

[T (i)
m ] ≥ EA∗

τ (A∗)

[
R

(i)

T
(i)
m

]
.

On the event {T (i)(h) ≤ m}, we have R
(i)

T
(i)
m

= R
(i)

T (i)(h)
≥ eh by the definition of T (i)(h),

and since R
(i)

T
(i)
m

≥ 0 always. We have,

EA∗
τ (A∗)

[
R

(i)

T (i)(h)∧m

]
≥ ehPA∗

τ (A∗)

(
T (i)(h) ≤ m

)
.
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Lettingm→∞ and applying the Monotone Convergence Theorem yields EA∗
τ (A∗)

[T
(i)
m ]→

E∞[T (i)(h)] and suppose EA∗
∞
[
T (i)(h)

]
<∞ (otherwise the statement of the lemma is

trivial), PA
∞(T (i)(h) ≤ m)→ 1, and therefore

EA∗
τ (A∗)

[T (i)(h)] ≥ EA∗
τ (A∗)

[
R

(i)

T (i)(h)

]
≥ eh,

which completes the proof.

3.A.1 Proof of Lemma 3.6

Proof. Fix t ≥ 1 and y ∈ {0, 1}. Under uniform sampling, P(Iπt = i) = 1/N for every

i ∈ N, so marginalizing over the sampled client gives

PA
τ (A)(Y

π
t = y) =

1

N

∑
i∈N

[
I{i ∈ At} p

(i)
1 (y) + I{i /∈ At} p

(i)
0 (y)

]
=

1

N

∑
i∈N

p
(i)
0 (y) +

1

N

∑
i∈At

[
p
(i)
1 (y)− p

(i)
0 (y)

]
. (3.63)

Since qi = pi −∆ for every client i ∈ At, the difference δ(y) ≜ p
(i)
1 (y) − p

(i)
0 (y) does

not depend on i. Therefore, we have
∑

i∈At
[p

(i)
1 (y) − p

(i)
0 (y)] = |At| δ(y), and (3.63)

becomes

PA
τ (A)(Y

π
t = y) =

1

N

∑
i∈N

p
(i)
0 (y) + ρt δ(y). (3.64)

On the other hand, the mixture likelihood (3.26) under uniform sampling evaluates

to

L(y; ρt) =
1

N

∑
i∈N

[
ρt p

(i)
1 (y) + (1− ρt) p

(i)
0 (y)

]
=

1

N

∑
i∈N

p
(i)
0 (y) + ρt ·

1

N

∑
i∈N

[
p
(i)
1 (y)− p

(i)
0 (y)

]
=

1

N

∑
i∈N

p
(i)
0 (y) + ρt δ(y), (3.65)

which coincides with (3.64). The i.i.d. property when ρt is constant follows because,

under uniform sampling, the indices (Iπt )t≥1 are i.i.d. uniform on N and Y π
t is condi-
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tionally independent of all other observations given Iπt and the cardinality of the set

of affected clients.

3.A.2 Proof of Theorem 3.4

We first prove the lower bound in (3.22).

Proof of the lower bound on WARL. The proof compares Gt with an

auxiliary Shiryaev-Roberts-type statistic built from the unaffected clients and then

shows that the centered auxiliary process is a supermartingale, which yields the de-

sired lower bound via the arguments used in Lemma 3.9.

By the definition of WARL in (3.7), the least favorable null configuration

occurs at the boundary, namely when exactly K∗ clients are affected. Thus, let A∗

be any fixed affected subset with |A∗| = K∗ and corresponding change-point vector

τ (A∗). Then, by the definition of the test statistic in (3.18) and Lemma 3.3, and since

the highest CUSUM among N −K∗ unaffected clients is at least ranked (K∗ + 1), for

any time t we have

Gt = W
(σt(K∗+1))
t ≤ max

i∈Ac
∗
W

(i)
t , (3.66)

where Ac
∗ denotes the set of unaffected clients.

As introduced in (3.58), define intermittent Shiryaev-Roberts (SR) statistics

R
(i)
t for each unaffected client i ∈ Ac

∗ with intermittent samples Λ
(i)
t , where

Λ
(i)
t = I{Iπt ̸= i}+ I{Iπt = i}p

(i)
1 (Y π

t )

p
(i)
0 (Y π

t )
, (3.67)

and let RΣ
t =

∑
i∈Ac

∗
R

(i)
t denote the sum of intermittent SR statistics of unaffected

clients.

We first compare each unaffected client’s CUSUM with its corresponding in-

termittent SR statistic. Under {Iπt ̸= i}, both R
(i)
t = R

(i)
t−1 and W

(i)
t = W

(i)
t−1 remain

unchanged. For the set of sampling times of client i, S
(i)
k:t = {s ∈ {k, . . . , t} : Iπs = i},
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we have

exp
(
W

(i)
t

)
= max

ℓ∈S(i)
1:t

∏
k∈S(i)

ℓ:t

Λ
(i)
k

≤
∑
ℓ∈S(i)

1:t

∏
k∈S(i)

ℓ:t

Λ
(i)
k

= R
(i)
t . (3.68)

where the inequality follows because the summands are nonnegative, and the equali-

ties follow from the definitions of the CUSUM and intermittent SR statistics. There-

fore, for all t ≥ 0,

max
i∈Ac

∗
exp(W

(i)
t ) ≤

∑
i∈Ac

∗

exp(W
(i)
t )

≤
∑
i∈Ac

∗

R
(i)
t

= RΣ
t . (3.69)

Combining (3.69) with (3.66), we have

{Gt ≥ h} ⊆
{

max
i∈Ac

∗
W

(i)
t ≥ h

}
Z ⊆

{
RΣ
t ≥ eh

}
. (3.70)

Therefore, by (3.66) and (3.69), we have

EA∗
τ (A∗)

[TΣ(h)] ≤ EA∗
τ (A∗)

[TG-PSC(h)], (3.71)

where TΣ(h) = inf{t ≥ 1 : RΣ
t ≥ eh} and TG-PSC(h) is as defined in (3.20).

Under PA∗
τ (A∗)

, since Iπt is Ft−1-measurable by (3.19), for each t ≥ 1 and i ∈ Ac
∗,

conditioning on Ft−1 yields

EA∗
τ (A∗)

[
Λ

(i)
t

∣∣Ft−1

]
= I{Iπt ̸= i}

+ I{Iπt = i}EA∗
τ (A∗)

[
p
(i)
1 (Y π

t )

p
(i)
0 (Y π

t )

∣∣∣∣∣Ft−1, I
π
t = i

]
= I{Iπt ̸= i}+ I{Iπt = i}

= 1. (3.72)
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Here we use that, for i ∈ Ac
∗, the observation Y π

t is distributed according to p
(i)
0

whenever Iπt = i, and hence conditioned on the filtration, Λ
(i)
t has mean one for each

unaffected client i ∈ Ac
∗. Therefore, by (3.72) and (3.62),

EA∗
τ (A∗)

[
RΣ
t

∣∣Ft−1

]
=
∑
i∈Ac

∗

EA∗
τ (A∗)

[
R

(i)
t

∣∣Ft−1

]
=
∑
i∈Ac

∗

(
R

(i)
t−1 + I{Iπt = i}

)
=RΣ

t−1 + I{Iπt ∈ Ac
∗}

≤RΣ
t−1 + 1 (3.73)

Thus, (RΣ
t − t)t≥0 is an Ft-supermartingale under PA∗

τ (A∗)
, and applying the same

optional-stopping argument as in Lemma 3.9, together with (3.71), yields, for any A∗

of size K∗ and any τ (A∗),

EA∗
τ (A∗)

[TG-PSC(h)] ≥ EA∗
τ (A∗)

[TΣ(h)] ≥ eh, (3.74)

which completes the proof.

Next, we analyze the upper bound in (3.23).

Proof of the upper-bound on WADD. The proof is obtained by first

showing that the stopping event dominates the case where the CUSUM statistics of

all affected clients in A exceed the threshold, and bounding the number of samples

used on unaffected clients based on the dynamics of the greedy sampling policy.

Let A be any fixed set of affected clients with |A| = K∗ + 1. Since ν =

maxi∈A τi, any client that changes before ν may have already accumulated nonnegative

CUSUM evidence by the fractional change point. Such accumulated evidence can only

decrease the remaining time needed for all affected CUSUM statistics to reach level

h. Thus, for the purpose of an upper bound, it suffices to consider the least favorable

initialization at the fractional change point, in which all affected CUSUM statistics

start from zero. By time homogeneity, this case can be represented by setting τi = 0
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for all i ∈ A. Therefore,

sup
τi:i∈A

EA
τ (A)

[
TG-PSC(h)− ν

∣∣TG-PSC(h) > ν
]
≤ EA

0

[
TG-PSC(h)

]
, (3.75)

where EA
0 denotes expectation when τ (A) = 0.

By Lemma 3.3 and the fact that |A| = K∗ + 1, for any t ≥ 0, the test statistic

satisfies

Gt =
N∑

j=K∗+1

W
(σt(j))
t

= W
(σt(K∗+1))
t

≥ min
i∈A

W
(i)
t . (3.76)

Define a stopping time when CUSUM statistics of all affected clients exceed

the threshold h, i.e., T ′(h) = inft{t ≥ 1 : W
(i)
t ≥ h, ∀i ∈ A}. At this stopping time

T ′(h), every client i ∈ A satisfies W
(i)
T ′(h) ≥ h. By (3.76), at time T ′(h), the stopping

condition of Greedy-PSC is also satisfied, i.e., GT ′(h) ≥ h. Since TG-PSC(h) is the first

time the condition is met,

TG-PSC(h) ≤ T ′(h), (3.77)

thus it suffices to bound EA
0 [T ′(h)]. We decompose the total time up to T ′(h) as

T ′(h) = Ca(T
′(h)) + Cu(T

′(h)), (3.78)

where Ca(T
′(h)) =

∑T ′(h)
t=1 I{IG-PSC

t ∈ A} counts the samples from affected clients and

Cu(T
′(h)) =

∑T ′(h)
t=1 I{IG-PSC

t /∈ A} counts the samples from unaffected clients. Next,

we will bound EA
0 [Ca(T

′(h))] and EA
0 [Cu(T

′(h))].

Remark 3.10. Under the Greedy-PSC policy, once the CUSUM of client i ∈ N

exceeds the threshold h at some t, i.e., W
(i)
t ≥ h, client i is not sampled again before

the stopping time.
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Let N
(i)
t =

∑t
k=1 I{IG-PSC

k = i} denote the number of times client i is sampled

by the time t, and let W̃
(i)
n denote the CUSUM of client i after n samples, where

W̃
(i)

N
(i)
t

= W
(i)
t . Define T (i)(h) = inf{n ≥ 1 : W̃

(i)
n ≥ h}.

For an affected client i ∈ A, the LLR increments of the sampled CUSUM

process (W̃
(i)
n )n≥0 are i.i.d. under the post-change distribution with positive mean

EA
0

[
log

p
(i)
1 (X

(i)
t )

p
(i)
0 (X

(i)
t )

]
= DKL(p

(i)
1 || p

(i)
0 ) ≜ βi > 0, ∀i ∈ A, t > 0.

Thus, as h→∞, by Wald’s Identity, we have

EA
0 [T (i)(h)] =

h

βi
+O(1), (3.79)

where the O(1) term accounts for the expected overshoot. By Remark 3.10, no

affected client is sampled again after its CUSUM first reaches h before T ′(h), so the

total number of affected-client samples up to T ′(h) is the sum of these per-client

hitting times:

EA
0 [Ca(T

′(h))] =
∑
i∈A

EA
0

[
T (i)(h)

]
≤

(∑
i∈A

1

βi

)
h+O(1). (3.80)

To bound the expected number of samples from unaffected clients, we use the

fact that the greedy rule continues sampling the same client until its CUSUM either

exceeds the CUSUM of the K∗-th client or returns to zero. Thus, before an affected

client’s CUSUM reaches the threshold h, the Greedy-PSC policy samples that client

intermittently. From the perspective of (W̃
(i)
n )n≥0, the round-robin tie-breaking rule

lets us bound the samples spent on unaffected clients after an affected-client excursion

returns to zero by one full round-robin excursion cycle over all unaffected clients.

For each affected client i ∈ A, let αi denote the limiting probability that an

excursion of its sampled post-change CUSUM process returns to zero. By Lemma 3.8,
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applied with p = pi and q = qi = pi −∆,

∆ ≤ 1− αi ≤
∆

pi
. (3.81)

Each return of (W̃
(i)
n )n≥0 to zero is a renewal event, and each new excursion inde-

pendently either crosses the threshold h or returns to zero. Hence, as h → ∞, the

number of returning excursions before the first excursion that crosses h, denoted by

Mi ∈ {0, 1, 2, . . . }, is geometric with success probability 1− αi. Thus,

E[Mi] =
αi

1− αi
. (3.82)

For each unaffected client j ∈ Ac, let ηj denote the expected number of samples

collected from client j during an excursion that returns to zero. Under the pre-change

law of client j, the LLR increments have negative mean

EA
0

[
log

p
(j)
1 (X

(j)
t )

p
(j)
0 (X

(j)
t )

]
= −DKL(p

(j)
0 || p

(j)
1 ) ∀j ∈ Ac.

We decompose the excursion according to its first sample. If the first increment

is negative, which occurs with probability pj, the CUSUM immediately resets to zero

and the excursion length is one. If the first increment is positive, which occurs with

probability 1 − pj, the CUSUM starts from log
1−qj
1−pj and then evolves as a random

walk with negative drift until it returns to zero. Applying Wald’s Identity to this

return time, and upper-bounding the undershoot below zero by the largest negative

jump log
pj
qj

, yields

ηj ≤ 1 + (1− pj) ·
log

pj(1−qj)
qj(1−pj)

DKL(p
(j)
0 || p

(j)
1 )

=
log

pj
qj

DKL(p
(j)
0 || p

(j)
1 )

. (3.83)

The last equality follows from expanding DKL(p
(j)
0 || p

(j)
1 ) = pj log

pj
qj

+(1−pj) log
1−pj
1−qj .
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Combining (3.82) and (3.83), we obtain

EA
0 [Cu(T

′(h))] ≤
∑
i∈A

E[Mi + 1]
∑
j∈Ac

ηj

=
∑
i∈A

1

1− αi

∑
j∈Ac

ηj (3.84)

3.A.3 Proof of Theorem 3.7

We first prove (3.36).

Proof of the lower bound on WARL

Let A∗ be any fixed affected subset of size K∗ = ⌊ρ∗N⌋, corresponding change-

point vector τ (A∗), and (ρ̂t)t≥1 be any sequence such that ρ̂t is Ft−1-measurable.

Define a new stopping time based on a Shiryaev-Roberts (SR)-type statistic:

T⊥(h) = inf

{
t ≥ 1 : R⊥

t =
t∑

ℓ=1

t∏
k=ℓ

Λ̂k ≥ eh

}
,

where Λ̂k =
L(Y π

k ;ρ̂k)

L(Y π
k ;ρ∗)

. Moreover, for all t,

R⊥
t =

t∑
ℓ=1

t∏
k=ℓ

Λ̂k

≥ max
1≤ℓ≤t

t∏
k=ℓ

Λ̂k

= exp
(
WA-GC
t

)
,

and therefore EA∗
τ (A∗)

[T⊥(h)] ≤ EA∗
τ (A∗)

[TA-GC(h)] for every threshold h, where TA-GC(h)

is defined in (3.35).

Under PA∗
τ (A∗)

and uniform sampling, Y π
t has likelihood L(Y π

t ; ρt), and since

ρt ≤ ρ∗ < ρ̂t for all t ≥ 1, EA∗
τ (A∗)

[Λ̂t | Ft−1] ≤ 1. Therefore, (R⊥
t − t)t≥0 is an
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Ft-supermartingale, and by the same argument in Lemma 3.9 for any A∗,

EA∗
τ (A∗)

[
TA-GC(h)

]
≥ EA∗

τ (A∗)
[T⊥(h)]

= EA∗
τ (A∗)

[
R⊥
T⊥(h)

]
≥ eh,

which establishes (3.36).

Proof of the upper-bound on WADD. Next, we prove (3.37). The argu-

ment is structured around five lemmas.

Let A be any affected subset with |A| = K∗ + 1, let τ (A) be an arbitrary

change-point configuration, and write ρ = (K∗ + 1)/N . The fractional change point

is ν = maxi∈A τi, so that ρt = ρ for all t > ν. Write T ≜ TA-GC(h) and β(ρ, ρ∗) =

DKL(L(·; ρ)∥L(·; ρ∗)) > 0.

We first record the regularity properties used in the analysis. The only model

regularity required is that the Bernoulli parameters are nondegenerate, 0 < qi < pi <

1, and that the clipping interval is nonempty, i.e., 0 < ϵ < 1− ρ∗.

Lemma 3.11 (Regularity Properties of the Adaptive Global-CUSUM). Let

Lt(r, ρ∗) = log
L(Y π

t ; r)

L(Y π
t ; ρ∗)

.

Under the system model and uniform sampling, the following properties hold.

(R1) The increment is uniformly bounded: There exists Lmax <∞ such that |Lt(r, ρ∗)| ≤

Lmax a.s. for all t ≥ 1 and r ∈ [ρ∗ + ϵ, 1].

(R2) The increment is Lipschitz in r: There exists L̄ < ∞ such that |Lt(r, ρ∗) −

Lt(s, ρ∗)| ≤ L̄ |r − s| a.s. for all r, s ∈ [ρ∗ + ϵ, 1].

(R3) The transformed variables Zs = (Y π
s − pIπs )/(qIπs − pIπs ) satisfy E[Zs] = ρ and

Var(Zs) ≤ σ2
Z <∞ for s > ν.
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Proof. For y ∈ {0, 1}, the mixture likelihood L(y; r) is affine in r and strictly positive

on the compact set r ∈ [ρ∗ + ϵ, 1] under the nondegenerate Bernoulli parameters.

Hence Lt(r, ρ∗) is bounded on {0, 1} × [ρ∗ + ϵ, 1], proving (R1). The same explicit

finite-state expression is continuously differentiable in r on this compact set, so its

derivative is bounded; the mean-value theorem gives (R2).

For (R3), when s > ν the affected fraction is ρ and, by Lemma 3.6, uniform

sampling makes the sampled client an unbiased draw from the population. Condi-

tional on Iπs = i, the transformed variable has mean one if client i is affected and zero

otherwise, since

E
[
Y π
s − pi
qi − pi

∣∣∣∣ Iπs = i

]
=

{
1, i is affected,

0, i is unaffected.

Averaging over the uniformly sampled client gives E[Zs] = ρ. Finally, Zs is bounded

because Y π
s ∈ {0, 1} and qi − pi = −∆ ̸= 0, so Var(Zs) ≤ σ2

Z < ∞ for some finite

constant σ2
Z .

For m ∈ N, define the bounded stopping time Tm = T∧(ν+m); we let m→∞

at the end.

Step 1: Martingale decomposition. Under PA
τ (A), for t > ν the observations Y π

t

are i.i.d. with PMF L(·; ρ) (Lemma 3.6), so the oracle increments Lt(ρ, ρ∗) are i.i.d.

with mean β(ρ, ρ∗). The centered partial sums

Mn =
n∑

t=ν+1

(Lt(ρ, ρ∗)− β(ρ, ρ∗))

form a zero-mean martingale. The optional stopping theorem applied to Tm gives

EA
τ (A)

[
Tm∑

t=ν+1

Lt(ρ, ρ∗)
∣∣∣ T > ν

]
= β(ρ, ρ∗) · EA

τ (A)[Tm − ν | T > ν]. (3.85)
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Splitting the oracle sum into the adaptive part based on the estimated ρ̂t and a

residual,

Tm∑
t=ν+1

Lt(ρ, ρ∗) =
Tm∑

t=ν+1

Lt(ρ̂t, ρ∗) +
Tm∑

t=ν+1

(
Lt(ρ, ρ∗)− Lt(ρ̂t, ρ∗)

)
, (3.86)

and substituting into (3.85) yields

EA
τ (A)[Tm − ν | T > ν] =

1

β(ρ, ρ∗)

(
h+ x1(h, ν,m) + x2(h, ν,m)

)
, (3.87)

where

x1(h, ν,m) = EA
τ (A)

[
Tm∑

t=ν+1

Lt(ρ̂t, ρ∗)− h
∣∣∣ T > ν

]
,

x2(h, ν,m) = EA
τ (A)

[
Tm∑

t=ν+1

(
Lt(ρ, ρ∗)− Lt(ρ̂t, ρ∗)

) ∣∣∣ T > ν

]
.

The proof is completed by establishing the following four results:

• Lemma 3.12: x1(h, ν,m) = O(1),

• Lemma 3.13: supν E[T − ν | T > ν] ≤ CTh for large h (the crude detection

delay bound),

• Lemma 3.14: that the cumulative squared estimation error is O(log h),

• Lemma 3.15: x2(h, ν,m) = o(h).

Step 2: Overshoot bound.

Lemma 3.12 (Overshoot bound). Under (R1),

sup
ν≥0

lim sup
m→∞

x1(h, ν,m) ≤ Lmax.
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Proof. Let Z = U(T ) + 1 be the start of the final excursion. Within this excursion

the statistic accumulates from zero: WA-GC
T =

∑T
s=Z Ls(ρ̂s, ρ∗), and WA-GC

T−1 < h ≤
WA-GC
T , so the overshoot satisfies 0 ≤ WA-GC

T − h ≤ LT (ρ̂T , ρ∗) ≤ Lmax.

Since Z is the start of the excursion that crosses h, the running partial sums∑t
s=Z Ls(ρ̂s, ρ∗) > 0 for all Z ≤ t ≤ T , including Z ≤ ν. Therefore,

Tm∑
t=ν+1

Lt(ρ̂t, ρ∗) ≤
T∑
t=Z

Lt(ρ̂t, ρ∗)

= WA-GC
T

≤ h+ Lmax.

When Z > ν, we have
∑Z−1

t=ν+1 Lt(ρ̂t, ρ∗) ≤ 0 because the CUSUM reset to zero

at time Z − 1 (i.e., WA-GC
Z−1 = 0), and any preceding excursions in [ν + 1, Z − 1] ended

with the statistic at zero or below. Hence the same bound holds. Taking conditional

expectations and letting m→∞ gives x1(h, ν,m) ≤ Lmax.

Step 3: Crude linear delay bound. We show that the expected detection delay

grows at most linearly in h. The proof decomposes the post-ν trajectory into CUSUM

excursions and analyzes each type separately.

Lemma 3.13 (Crude delay bound). There exist constants CT <∞ and h0 > 0 such

that for all h ≥ h0,

sup
τ (A)

EA
τ (A)[T − ν | T > ν] ≤ CT h. (3.88)

Proof. After ν, the observations Y π
t are i.i.d. with PMF L(·; ρ) (Lemma 3.6). We

decompose the post-ν trajectory into excursions defined by the successive reset times

of the CUSUM.

(a) Excursion structure.

Define the post-ν successive reset times U0 < U1 < U2 < · · · , with U0 =

inf{t ≥ ν : WA-GC
t = 0}, and Uj = inf{t > Uj−1 : WA-GC

t = 0} for j ≥ 1. We
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call (ν, U0] the ongoing excursion; for j ≥ 1, each excursion (Uj−1, Uj] is failed if it

resets before hitting h, and the first excursion that hits h is successful. If M indexes

the successful excursion, then the delay is the sum of the ongoing part, the failed

excursions, and the successful excursion:

T − ν = (U0 − ν)︸ ︷︷ ︸
ongoing excursion

+
M−1∑
j=1

(Uj − Uj−1)︸ ︷︷ ︸
failed excursions

+ (T − UM−1)︸ ︷︷ ︸
successful excursion

. (3.89)

We bound the expected value of each term.

(b) The ongoing excursion contributes O(h).

On {T > ν}, if WA-GC
ν > 0 then the detector is already in an ongoing ex-

cursion. This excursion ends when the CUSUM either crosses h or resets to zero.

Since increments are bounded by Lmax ((R1)), the conditional expected increment

Eρ[Lt(r, ρ∗)] for any fixed r ∈ [ρ∗ + ϵ, 1] satisfies

Eρ[Lt(r, ρ∗)] = β(ρ, ρ∗)−DKL(L(·; ρ)∥L(·; r))

≥ Imin,

where Imin ≜ β(ρ, ρ∗) − maxr∈[ρ∗+ϵ,1]DKL(L(·; ρ)∥L(·; r)) is a finite constant, Eρ de-

notes the expectation for the case when the affected fraction is ρ. Since ρ̂t ∈ [ρ∗+ϵ, 1],

the drift at each step is at least Imin.

If Imin ≥ 0, the excursion reaches h in O(h) expected time by Wald’s identity.

If Imin < 0, the negative drift drives the statistic back to zero in O(h) expected time

because the CUSUM starts below h and each step decreases the value by at least

|Imin| on average. Hence E[U0 − ν | T > ν] = O(h).

(c) Fresh excursions cross h with positive probability. Consider a fresh excursion

starting at reset time Uj ≥ ν (so WA-GC
Uj

= 0). Within this excursion, the estimator

ρ̂t is computed entirely from post-change observations drawn i.i.d. from L(·; ρ). We

show there exists ζ > 0, independent of h, such that the excursion crosses h before

resetting with probability at least ζ.
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Fix δ0 ∈ (0, β(ρ, ρ∗)/(2L̄)) and define the event

ξj ≜

{∣∣∣ 1
n

n∑
k=1

ZUj+k − ρ
∣∣∣ < δ0 for all n ≥ n0

}
, (3.90)

where Zs are i.i.d. with mean ρ and variance σ2
Z . Since Zs is bounded in an interval

of length 1
∆

, by Hoeffding’s inequality applied to each n followed by a union bound

over n ≥ n0,

P(ξcj) ≤
∞∑

k=n0

2 exp

(
− 2kδ20

(1/∆)2

)
≤ C1e

−C2n0 .

(3.91)

for constants C1, C2 > 0. Choosing n0 large enough ensures P(ξj) ≥ 1/2.

On the event ξj, for all n ≥ n0 the estimator satisfies |ρ̂Uj+n − ρ| ≤ δ0, so

by (R2) the adaptive increment satisfies

Lt(ρ̂t, ρ∗) ≥ Lt(ρ, ρ∗)− L̄δ0, t ≥ Uj + n0.

In particular, within this excursion the CUSUM after time Uj +n0 grows with a drift

Eρ[Lt(ρ̂t, ρ∗)] ≥ β(ρ, ρ∗)− L̄δ0

> β(ρ, ρ∗)/2.
(3.92)

It remains to lower-bound the probability of surviving the first n0 steps without

a reset. Define the probability that the CUSUM does not reset during the first n0

steps of the excursion as

ζ0 ≜ Pρ
(

min
1≤m≤n0

m∑
k=1

LUj+k(ρ̂Uj+k, ρ∗) ≥ 0
)
> 0.

Since n0 is a fixed constant, ζ0 depends only on the joint distribution of the first n0

post-change increments and is independent of h.

Combining, each fresh excursion crosses h with probability at least ζ ≜ ζ0 ·

P(ξj) > 0.
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(d) Failed excursions have bounded expected length. By part (c), the number of excur-

sions until crossing, M̃ , is stochastically dominated by a geometric random variable

with success probability ζ, so E[M̃ ] ≤ 1/ζ.

For a failed excursion (one that resets to zero without crossing h), we need to

bound the return time to zero, given that the excursion eventually returns. By the

drift bound established in (3.92), from time Uj+n0 onward the excursion behaves like

a bounded random walk with positive drift. A standard result for such walks says

that, conditional on eventual return to zero, the return time has an exponentially

decaying tail; see, e.g., [38, 30]. Therefore, if τ0 denotes the return time to zero in a

failed excursion, then there exist constants C3, C4 > 0 such that

P(τ0 > n | τ0 <∞) ≤ C3e
−C4n,

n ≥ 1,

and therefore E[τ0 | τ0 <∞] ≤ C5 <∞ for some constant C5.

(e) The successful excursion takes O(h) steps. In the excursion that crosses h, the

CUSUM accumulates from zero to at least h. By the argument in part (c), once n ≥ n0

the adaptive CUSUM has drift at least β(ρ, ρ∗)/2 > 0 with bounded increments. By

Wald’s identity applied to the random walk
∑n

k=n0+1 LUM̃−1
+k(ρ̂U

M̃−1
+k, ρ∗) stopped

at level h, the expected crossing time satisfies

E[T − UM̃−1] ≤ n0 +
h

β(ρ, ρ∗)/2
+O(1)

≤ C6h.

for a constant C6 <∞ and all h large enough.

(f) Combining. Taking expectations in (3.89),

E[T − ν | T > ν] ≤ O(h)︸ ︷︷ ︸
ongoing

+ (1/ζ) · C5︸ ︷︷ ︸
failed

+ C6 h︸︷︷︸
successful

≤ CT h

for h ≥ h0 with CT = C6 + 1 (absorbing the constant C5/ζ for large h).
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Step 4: Cumulative estimation error.

Lemma 3.14 (Cumulative squared estimation error). For any integer d ≥ 2,

sup
τ (A)

EA
τ (A)

[
ν+d∑
t=ν+1

(ρ̂t − ρ)2

]
≤ σ2

Z(1 + log d) + Cpre,

where Cpre <∞ is a constant that accounts for pre-change observations entering the

estimator.

Proof. Fix t > ν. If U(t) ≥ ν, all observations entering ρ̂t are post-change, hence

i.i.d. with mean ρ and variance at most σ2
Z . Conditionally on U(t), ρ̄t is an average

of t − U(t) such terms, so E[(ρ̄t − ρ)2 | U(t)] ≤ σ2
Z/(t − U(t)). Since the clipping

operator is a projection onto a convex set containing ρ, it is nonexpansive, giving

E[(ρ̂t − ρ)2 | U(t)] ≤ σ2
Z/(t− U(t)).

If U(t) < ν, some pre-change observations enter ρ̂t. Since ρ̂t, ρ ∈ [ρ∗ + ϵ, 1], we

have (ρ̂t−ρ)2 ≤ 1 deterministically. This can only occur during the ongoing excursion

(the one that spans the change point), which contributes at most U0 − ν such terms,

where U0 is the first reset after ν.

Splitting the sum at U0,

ν+d∑
t=ν+1

(ρ̂t − ρ)2 ≤ (U0 − ν) + σ2
Z

ν+d∑
t=U0+1

1

t− U(t)
.

Along any stretch of length d, the excursion counter t−U(t) takes each value 1, 2, . . .

at most once per excursion, so
∑ν+d

t=U0+1
1

t−U(t)
≤
∑d

n=1
1
n
≤ 1 + log d. Taking expec-

tations and noting E[U0 − ν | T > ν] ≤ Cpre <∞ completes the proof.

Step 5: Discrepancy due to estimation error is o(h).

Lemma 3.15 (Mismatch bound). Under (R2) and the conclusions of Lemmas 3.13

and 3.14,

sup
ν≥0

lim sup
m→∞

|x2(h, ν,m)|
h

= 0 as h→∞.
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Proof. By (R2), |x2| is bounded by L̄ times the expected sum of |ρ̂t−ρ|. Applying the

Cauchy–Schwarz inequality twice (first inside the expectation to separate the sum,

then to the resulting product of expectations) gives

|x2(h, ν,m)| ≤ L̄EA
τ (A)

[
Tm∑

t=ν+1

|ρ̂t − ρ|
∣∣∣ T > ν

]

= L̄EA
τ (A)

[
Tm∑

t=ν+1

1 · |ρ̂t − ρ|
∣∣∣ T > ν

]

≤ L̄EA
τ (A)

√Tm − ν

√√√√ Tm∑
t=ν+1

(ρ̂t − ρ)2
∣∣∣ T > ν


≤ L̄EA

τ (A)[Tm − ν | T > ν]1/2 · EA
τ (A)

[
Tm∑

t=ν+1

(ρ̂t − ρ)2
∣∣∣ T > ν

]1/2
.

The first factor is O(
√
h) uniformly in ν by (3.88) and Tm ≤ T . Since {T > ν} ∈ Fν ,

conditioning on T > ν only fixes the pre-ν history; the post-change observations

after ν remain governed by the same law. Therefore, Lemma 3.14 applies under this

conditional measure, and for the second factor it yields

EA
τ (A)

[
Tm∑

t=ν+1

(ρ̂t − ρ)2
∣∣∣ T > ν

]
≤σ2

Z

(
1 + EA

τ (A)[log(Tm − ν) | T > ν]
)

+ Cpre.

By Jensen’s inequality and (3.88),

EA
τ (A)[log(Tm − ν) | T > ν] ≤ logEA

τ (A)[Tm − ν | T > ν]

≤ log(CTh),

so the second factor is O(
√

log h). Combining,

|x2(h, ν,m)|
h

≤ C

√
log h

h
−−−→
h→∞

0,

uniformly in ν, and the bound is preserved as m→∞.
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Substituting the bounds from Lemmas 3.12 and 3.15 into the decomposi-

tion (3.87) and letting m→∞ gives, for every ν ≥ 0,

EA
τ (A)[T − ν | T > ν] =

h+O(1) + o(h)

β(ρ, ρ∗)

=
h

β(ρ, ρ∗)

(
1 + o(1)

)
.

Taking the supremum over all change-point configurations τ (A) establishes (3.37).
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Chapter 4: Optimal Resource Allocation for ML

Model Training and Deployment under Concept

Drift

4.1 Introduction

The rapid advancement of machine learning (ML), particularly in genera-

tive models such as image generation and large language models (LLMs), is driving

widespread adoption across sectors and transforming how we perform both profes-

sional and personal tasks [64, 52, 48]. As these models grow more sophisticated,

their training and inference have scaled significantly, requiring vast data and sub-

stantial computational power, making their development increasingly expensive and

resource-intensive. While the growing demand for advanced models and the necessary

compute power has largely been addressed through centralized cloud infrastructure,

there is a notable shift toward localized inference on end-user devices. This shift

enhances scalability by reducing reliance on centralized resources and promotes user

privacy [83, 115, 23]. However, despite the benefits of on-device inference, training

remains predominantly cloud-dependent due to its intensive compute, storage, and

coordination requirements that are beyond the reach of end-user devices.

In many real-world applications, the performance of ML models degrades over

time due to shifts in the underlying data distributions. These shifts, collectively

referred to as concept drift, can arise from changes in the relationship between input

features and target variables, evolving class distributions, or the emergence of new,

out-of-distribution data. For instance, a rental price prediction model might lose

accuracy as market conditions evolve; a medical diagnosis model could be impacted by

demographic shifts such as population aging; and a large language model (LLM) may

provide incorrect responses to questions about recent events. In all cases, performance

degradation stems from a growing mismatch between the training data and the data
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encountered during deployment [34, 41, 68].

To sustain performance in the presence of concept drift, ML systems require

continuous monitoring, periodic retraining, and redeployment – an operational chal-

lenge addressed by the field of MLOps [55, 96, 80]. These processes introduce sub-

stantial overhead, compounding the already high costs of model development and

training. As ML applications proliferate across diverse domains, the demand for

large, powerful ML models is expected to grow. Consequently, operational costs will

rise alongside increasing model complexity and user demand, making efficient resource

allocation within MLOps workflows increasingly critical for scalable and sustainable

deployment.

We consider an ML system in which a service provider delivers trained models

to multiple clients, who run inference on their devices. While client devices can

support inference, they typically lack the computational and data resources required

for retraining. Thus, the burden of maintaining model accuracy in the presence of

concept drift falls on the provider, who must allocate limited resources to retraining

and redeployment as performance deteriorates. We focus on the setting of sudden,

discrete concept drift, and introduce a model-agnostic framework that captures how

the model performance is affected by both the amount of allocated training resources

and the occurrence of drift events. Since the quality of service experienced by clients

depends directly on model performance, we further study drift-aware deployment

strategies that aim to optimize long-term average performance across clients. The

results in this chapter offer practical guidance for designing resilient, cost-efficient

ML systems that adapt to evolving data.

4.1.1 Related Work

Scaling Laws and Resource-Aware Training

Extensive empirical studies have investigated the trade-offs among compute,

model size, and data volume in ML training. A foundational study in this area [51]
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demonstrated that the cross-entropy loss of autoregressive language models follows

power-law relationships with model size, dataset size, and total compute. These scal-

ing laws, observed across several orders of magnitude, provide simple prescriptions

for allocating fixed compute budgets to achieve target performance levels. Building

on this, [44] showed that language models are most compute-efficient when model pa-

rameters and training tokens are scaled proportionally. This insight led to the devel-

opment of Chinchilla (70B parameters, 1.4T tokens), which outperforms much larger

models under the same compute constraints. Complementing this work, another line

of research focuses on characterizing learning curves to enable cost-effective training

strategies [27, 103, 62]. For instance, [27] proposed a probabilistic model for extrap-

olating learning curves, allowing early termination of unpromising hyperparameter

configurations. Similarly, [62] provided empirical evidence that budget-aware learn-

ing rate schedules can improve training efficiency under resource constraints. Inspired

by such insights into learning dynamics, this chapter extends this body of research

to account for deployment-time considerations in nonstationary settings. Specifically,

we analyze the trade-offs between training resource allocation and model performance

when deployment is subject to sudden concept drift, a setting that has received lim-

ited attention in prior scaling and resource-aware studies.

Concept Drift and Non-Stationary Learning

Concept drift poses a fundamental challenge to the assumption of stationary

data distributions in model training. Seminal surveys classify drift into gradual (in-

cremental) and sudden (abrupt) shifts in data distribution [34, 68]. Gradual drift,

which leads to a slow and predictable decline in model performance, is often ad-

dressed through continuous learning techniques such as sliding-window retraining or

instance reweighting [54]. Beyond heuristics, time-varying optimization offers a for-

mal framework for understanding and mitigating gradual drift [75, 94]. For example,

[94] introduces a two-stage online algorithm that tracks an evolving optimal solution

over time, providing theoretical insights into the number of optimization steps – and,
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by extension, training resources – required to maintain performance under drift.

In contrast, sudden concept drift, characterized by its unpredictable and often

disruptive nature, often necessitates immediate model replacement or ensemble resets

triggered by change-point detection methods [11, 15, 79, 70, 116, 87]. While several

recent studies [70, 116, 87] have explored the trade-offs between model staleness and

retraining costs, they primarily focus on drift detection and updating strategies tai-

lored to specific models or domains. These approaches rarely account for how the

statistical properties of drift events affect elastic compute allocation or deployment

scheduling, and offer limited guidance for designing resource-aware policies that gen-

eralize across deployment scenarios or model classes.

MLOps

Finally, the problem considered in this chapter lies within the emerging realm

of MLOps – the practice of reliably developing, deploying, and maintaining machine

learning systems at scale [55, 80, 96]. While MLOps primarily aims to establish best

practices for ML system operation, the increasing complexity and rising operational

costs of modern ML pipelines [26] have spurred interest in cost-aware and compute-

efficient retraining and deployment strategies [113, 69, 92, 104, 85].

By introducing a model-agnostic framework that jointly captures the effects

of elastic resource allocation and sudden concept drift, this chapter provides founda-

tional insights into how to sustain long-term model performance in resource-constrained

settings. This perspective is essential for guiding the development of cost-effective

and adaptive training principles that generalize across deployment scenarios.

4.1.2 Contributions

Motivated by the need to sustain performance in distributed ML systems op-

erating under resource constraints and non-stationary data conditions, we develop a

model-agnostic framework that captures the interplay between elastic resource allo-
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cation and sudden concept drift. Our main contributions are:

1. We propose a model-agnostic analytical framework that characterizes the per-

formance of both client-side and server-side models, capturing the effects of

training resource allocation, sudden concept drift, and deployment policy. The

proposed framework enables formal analysis of how these factors jointly influ-

ence model performance.

2. We show that optimal training resource allocation policies—those that maxi-

mize the long-term performance of server-side models—are of the bang-bang

control type, i.e., they switch between extreme values. We prove that a single-

switch front-loading policy is optimal if and only if concept durations follow

a Decreasing Mean Residual Life (DMRL) distribution. We further demon-

strate that intuitive allocation heuristics are sub-optimal under Increasing Mean

Residual Life (IMRL) concept duration distributions.

3. We analyze the deployment scheduling problem under communication con-

straints and establish quasi-convexity of the performance objective under mild

conditions. We derive necessary optimality conditions and introduce a random-

ized deployment policy that achieves target deployment rates with theoretical

performance guarantees.

Together, these contributions establish theoretical foundations and algorithmic

principles for designing resource-aware training and deployment policies in large-scale,

real-world ML systems.

4.1.3 Organization

The remainder of this chapter is organized as follows. Section 4.2 formalizes

the system model, including concept drift dynamics and performance metrics. Sec-

tion 4.3 analyzes optimal training resource allocation under budget constraints and
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characterizes how different aging properties of concept durations affect the resulting

policies. Section 4.4 studies deployment scheduling under communication constraints

and develops near-optimal, drift-aware strategies. Section 4.5 concludes the chapter.

4.2 A Framework for Resource Allocation under Sudden Con-
cept Drift

This section introduces a framework to model and analyze the impact of re-

source allocation strategies for model training and deployment on the performance of

a distributed machine learning (ML) system under sudden concept drift. The system

consists of a central server, referred to as the ML service provider, which possesses

substantial computational resources and access to large-scale datasets, and multiple

client devices with limited computational capabilities and data availability. Due to

their limited capabilities, clients can only perform inference tasks using a locally de-

ployed version of the model and cannot retrain or update the model on their own. In

contrast, the server is both capable of and responsible for training and maintaining

the ML model in the face of performance degradations caused by abrupt distribu-

tional changes, which affect both the server-side model and its deployed versions at

the clients.

4.2.1 Model for Sudden Concept Drift

Gradual and sudden concept drifts are the two main categories of shifts in the

underlying data distribution happening over time. Gradual concept drift unfolds over

extended periods, causing a slow decline in model performance and is generally more

predictable. In contrast, sudden concept drift results in abrupt changes to the data

distribution, leading to immediate and significant performance degradation. Given

their distinct characteristics, different strategies have been developed to address these

two types of drift [41, 68]. Therefore, in this chapter, we specifically focus on modeling

and managing the effects of sudden concept drift.
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A model’s performance is influenced by factors such as its complexity, the

quality and quantity of training data, and the computational resources allocated

to training. As training progresses and model parameters are iteratively updated,

the model performance typically improves. Common metrics for evaluating model

performance (e.g., accuracy, F1-score, loss value) computed on an evaluation dataset

exhibit fluctuations during training. These fluctuations arise partly from the use of

stochastic optimization algorithms (like SGD variants) that process data in mini-

batches, and partly because any finite evaluation dataset is only an empirical sample

of the true underlying data distribution. Consequently, a performance score calculated

on an evaluation set can be viewed as a noisy realization conditioned on the model

state and the current data distribution. Evaluating performance consistently under

concept drift, where the underlying distribution itself changes, presents additional

challenges, motivating a more robust performance measure. To address this, our

framework utilizes an idealized metric termed expected concept loss, which represents

the model’s performance in expectation over the true data distribution associated with

the current concept. We assume the expected concept loss decreases monotonically

as the model improves during training. The rate and pattern of this decrease depend

on factors like the model architecture, optimization algorithm, data characteristics,

and allocated training resources.

Under sudden concept drift, the evolution of expected concept loss varies across

different concepts due to abrupt distributional changes. Let Ti denote the time at

which the ith concept begins, and let Yi be the random variable representing the

duration of concept i, such that Ti+1 − Ti = Yi and E[Y ] < ∞. We assume the

evolution of expected concept loss in concept i is captured by a random function

Gi(·) : R+ → R+, drawn from a countable set G of decreasing convex functions.

Here, Gi(0) represents the expected loss level immediately after concept i emerges at

time Ti, and Gi(t) models the decay of the expected concept loss over time under a

unit resource allocation. The overall concept dynamics are captured by the stochastic

process ((Yi, Gi(·)) : i ∈ N), where the pairs (Yi, Gi(·)) are assumed to be independent
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and identically distributed (i.i.d).

4.2.2 Elastic Resource Allocation

As previously noted, the resources allocated to training influence the training

speed and, consequently, the model’s performance at any given time. In supervised

learning, training involves iterative parameter updates over a fixed dataset, with more

computational resources enabling faster iterations. In online learning, parameters are

updated as new data becomes available, with training speed potentially constrained

by the data arrival rate. In some applications, this rate can be increased—for exam-

ple, by increasing a sensor’s sampling frequency [47, 24] or acquiring more labeled

data through crowdsourcing platforms like Amazon Mechanical Turk [71, 6]. Our

framework accommodates both scenarios, referring to them collectively as training

resource allocation.

We consider systems where training resources can be dynamically adjusted.

Let ei(t) : [0, yi) → [0,M ] represent the resource allocation during concept i, where

M is the maximum permissible resource level, and yi is a realization of Yi. We assume

that the effective training speed-up is linearly proportional to the allocated resources

ei(t). We incorporate this dynamic in our framework by applying a horizontal scaling

transformation to Gi(·) controlled by the the resource allocation function ei(·).

The evolution of the expected concept loss at the server, L(t), considering

both the sudden concept drift characterized by the stochastic process (Yi, Gi(·)) and

the resource allocation function ei(·), is then formalized as:

L(t) = GI(t)

(∫ t−TI(t)

0

eI(t)(τ)dτ

)
, (4.1)

where I(t) = max{i ∈ N : Ti ≤ t} identifies the index of the concept active at time

t. Note that L(t) is random, since at time t, both concept I(t) and expected concept

loss curve GI(t) are random.

While L(t) captures the expected concept loss of the model currently being
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Figure 4.1: The upper figure shows the allocated training resources, denoted by ei(t).
The lower figure depicts the change in a sample path of the expected concept loss
of the server-side model, represented as L(t) (see (4.1)) and in a sample path of

the client-side model, represented as L̂(t) (see (4.2)). The fluctuations around these
curves are sample paths for loss based on the evaluation dataset. Here, Ti indicates
the time concept i arrives, and Di,j denotes the deployment instances.

trained or held at the server, client devices rely on previously deployed versions. Since

deployment may not occur continuously, the model version on client devices often

lags behind the server’s version. Therefore, the expected concept loss experienced

by clients, denoted L̂(t), may differ from the expected concept loss at the server-side

L(t).

We shall let Di,j denote the time of the jth model deployment within concept

i, with the first deployment done at the start time of the concept, Di,0 = Ti. The

expected concept loss of the model deployed to clients at time t is determined by the

state of the server model at the time of the most recent deployment before or at t.

The expected concept loss of the deployed model at time t, L̂(t), is then:

L̂(t) = GI(t)

(∫ DI(t),J(t)−TI(t)

0

eI(t)(τ)dτ

)
, (4.2)

where DI(t),J(t) = max{Di,j : Di,j ≤ t} indicates the latest deployment time prior to

time t.
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Figure 4.1 illustrates the evolution of the expected concept loss for given train-

ing resource allocation. The upper plot shows the allocated resources, which influence

the speed of training. In the lower plot, the expected concept loss of the server-side

model, represented by the blue curve, exhibits a sudden increase when a new concept

arrives. In concept i, the expected concept loss decreases at a constant rate specified

by the resource allocation function ei(t). In concept i + 1, the amount of allocated

resources changes over time. Therefore, the rate expected concept loss decreases

changes during concept duration. Furthermore, the expected concept loss of the de-

ployed model, shown by the orange curve, aligns with the server-side model at the

deployment instances. The fluctuations around the expected concept loss curves in

the figure represent a realization of loss calculated on an evaluation dataset sampled

from the data distribution at each specific time.

The above framework captures how training and deployment resource allo-

cations influence both server-side and client-side performance under sudden concept

drift. The key assumptions are summarized as follows:

• The expected concept loss remains constant during periods when no training

resources are allocated.

• Upon a concept change, data from the new distribution becomes immediately

available, allowing training to begin without delay if resources are allocated.

• Each concept persists for an i.i.d random duration Yi with bounded expectation,

E[Y ] <∞.

• The expected loss decay for concept i is modeled by a decreasing convex function

gi(·) : R+ → R+, which is a realization of Gi(·).

• Training resources are continuously adjustable over time.

• Allocated resources ei(t) ∈ [0,M ] scale the training speed linearly.
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• At each concept change, the expected concept loss of both the deployed and

server-side models resets to a common initial level.

Next, we investigate two key questions: (1) Training resource allocation: Given

a constraint on total training resources, how should they be allocated over time to

mitigate the effects of sudden concept drift and optimize server-side model perfor-

mance? (Section 4.3) (2) Deployment scheduling: Under a constraint on deployment

frequency, what constitutes the optimal deployment policy that maximizes client-side

performance under concept drift? (Section 4.4)

The next section formalizes the training resource allocation problem and de-

rives optimal allocation strategies under sudden concept drift.

4.3 Optimizing Resource Allocation for Training under Con-
cept Drift

In this section, we investigate resource allocation policies for optimizing the

time average performance of the server-side model under a time average budget con-

straint in the presence of sudden concept drift, as outlined in the framework intro-

duced in Section 4.2. Since our focus here is on the server-side model, we omit the

deployment scheduling problem, which pertains primarily to the client-side model

and will be addressed separately.

4.3.1 Problem Formulation

Compute budget constraint on training resources. As previously noted,

the model service provider can dynamically adjust training resources over time. We

assume a pay-as-you-go pricing model, where resources are billed at a fixed rate σe per

unit of time and resource, and the provider has a fixed average cost budget constraint,

denoted by B.

Given the resource allocation functions ei(t) : [0,∞) → [0,M ] over the dura-
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tion of each concept i the time-average budget constraint is given by:

lim sup
t→∞

σe
t

∫ t

τ=0

eI(τ)(τ − TI(τ))dτ ≤ B, (4.3)

where I(τ) denotes the index of the current concept at time τ , and TI(τ) is the time

at which that concept begins.

Server-side time-average expected loss. Subject to the cost budget con-

straint (4.3), our objective is to determine a resource allocation policy that minimizes

the time-average expected loss of server-side model, expressed as:

lim sup
t→∞

1

t

∫ t

τ=0

L(τ)dτ = lim sup
t→∞

1

t

∫ t

τ=0

GI(τ)

(∫ τ−TI(τ)

u=0

eI(τ)(u)du

)
dτ (4.4)

= lim sup
t→∞

1

t

I(t)−1∑
i=1

∫ Yi

τ=0

Gi(

∫ τ

0

ei(u)du)dτ

 , (4.5)

where Gi(·) denotes the random expected concept loss function associated with con-

cept i, and Yi = Ti+1 − Ti is the duration of that concept. The equality follows by

decomposing the time-average loss into a sequence of cycles corresponding to concept

durations and their associated losses.

As evident from the objective function in (4.5), the optimal training resource

allocation ei(t) may depend on both the expected loss function gi(·) and the duration

yi of concept i. Determining such an optimal policy would generally require accurate

knowledge of both gi(·) and yi, which is often infeasible in real-world settings. To

develop a more practical and analytically tractable formulation, we consider station-

ary static training resource allocation policies, wherein the same allocation function

is applied across all concept periods, independent of concept-specific characteristics

gi(·) and yi.

Definition 4.1 (Static Training Resource Allocation Policy). A set of resource al-

location functions {ei(·) : i ∈ N} defines a training resource allocation policy. A

training resource allocation policy is said to be static–and therefore stationary and
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causal–if, for all concepts i ∈ N,

ei(t) = e(t), t ∈ [0,∞], (4.6)

where e(t) is independent of both the concept duration yi and the expected concept loss

curve gi(·).

We assume a static training resource allocation policy e(·), and that the pairs

((Yi, Gi(·)) : i ∈ N), where each Yi denotes the concept duration and Gi(·) the corre-

sponding expected concept loss function, are independent and identically distributed.

Under these assumptions, the limits in (4.5) and (4.3) exist. By the Renewal-reward

Theorem [32, Section 3.4], the server-side time-average expected loss is given by

lim sup
t→∞

1

t

∫ t

τ=0

L(τ)dτ =
E[
∫ Yi
τ=0

Gi(
∫ τ
0
e(u)du)dτ ]

E[Yi]
(4.7)

=
E[
∫ Yi
τ=0

E[Gi(
∫ τ
0
e(u)du)|Yi]dτ ]

E[Yi]
(4.8)

=
E[
∫ Y
τ=0

ḡ(
∫ τ
0
e(u)du)dτ ]

E[Y ]
, (4.9)

where the equality follows from the independence of Gi and Yi
1. We define ḡ(·) =

E[Gi(·)|Yi] = E[Gi(·)] as the expected loss function, representing the average expected

concept loss across different concepts. Since each gi(·) is assumed convex and decreas-

ing, their expectation ḡ(·) inherits these properties2. The corresponding time-average

budget constraint then becomes

lim sup
t→∞

σe
t

∫ t

τ=0

eI(τ)(τ − TI(τ))dτ = σe
E[
∫ Y
0
e(t)dt]

E[Y ]
≤ B. (4.10)

1Although the time-averages in (4.9) are derived under the assumption that Gi and Yi are in-
dependent, the result extends to more general cases in which the limit exists with a continuous,
convex, decreasing function ḡ : [0,∞)→ R+, not necessarily equal to the mean E[Gi(·)].

2The convexity assumption on individual expected concept loss functions gi(·) can be relaxed,
since our analysis only requires the convexity of the aggregated expected loss curve ḡ(·) under static
training resource allocation.
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To determine the optimal static resource allocation policy minimizing the time-

average expected loss in (4.5) while satisfying the budget constraint in (4.3), we

formulate an infinite-horizon continuous-time optimal control problem.

We assume the resource allocation function e(t) belongs to the space of mea-

surable and bounded functions on [0,∞) and lies within the admissible set E = {e :

e(t) ∈ [0,M ], ∀t ≥ 0}. For any e ∈ E, we define the state variable x(t) =
∫ t
0
e(τ)dτ ,

which is absolutely continuous.

We formulate an infinite-horizon optimal control problem based on the objec-

tive function (4.5) and the budget constraint (4.3), both of which are rewritten using

Fubini’s Theorem. The problem is expressed as follows:

min
e(·)

J(e) =

∫ ∞

0

ḡ(x(t))F̄Y (t)dt (4.11)

s.t. x′(t) = e(t), x(0) = 0, 0 ≤ e(t) ≤M, ∀t ∈ [0,∞) (4.12)

C(e) =

∫ ∞

0

e(t)F̄Y (t)dt ≤ B1, where B1 =
B · E[Y ]

σe
. (4.13)

Here, F̄Y (t) = P(Y > t) denotes the survival function (i.e., the complementary

cumulative distribution function) of the concept duration Y . The optimization is

taken over static resource allocation functions e(t) that are measurable and bounded

on [0,∞), lying in the admissible set E = {e : e(t) ∈ [0,M ], ∀t ≥ 0}. For any e ∈ E,

we define the state variable x(t) =
∫ t
0
e(τ) dτ , which is absolutely continuous.

Lemma 4.2 (Existence of an optimal solution for Problem (4.11)). Let ḡ : [0,∞)→

R+ be continuously differentiable, convex, and non-increasing. Then the functional

optimization problem (4.11) is convex and admits at least one optimal solution. In

particular, the functional J(e) defined in (4.11) and the feasible set of resource allo-

cations

EC =

{
e ∈ E

∣∣∣∣ ∫ ∞

0

e(t) F̄Y (t) dt ≤ B1

}
are both convex over the domain E = {e : e(τ) ∈ [0,M ], ∀τ ≥ 0}.
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The proof of Lemma 4.2 follows from the linearity of the state function x(t) =∫ t
0
e(τ) dτ , the convexity of ḡ(x), and the non-negativity of the survival function F̄Y (t).

Complete proof details are provided in Appendix 4.A.1.

Lemma 4.2 establishes the existence of an optimal solution to Problem (4.11).

Furthermore, by Arrow’s Sufficiency Theorem [88, Theorem 3.1], it follows that the

necessary conditions provided by Pontryagin’s Maximum Principle (PMP) are also

sufficient for global optimality in this setting.

4.3.2 Application of Pontryagin’s Maximum Principle to Problem 4.11

To analyze the structure of the optimal solution to the problem in (4.11), we

apply Pontryagin’s Maximum Principle (PMP). We define the Hamiltonian function

H(t, x, e, p, ν), which combines the integrand from the objective (4.11), a constant

Lagrange multiplier ν ≥ 0 associated with the isoperimetric constraint (4.13), and

the costate variable p(t) corresponding to the state dynamics as

H(t, x, e, p, ν) = ḡ(x(t))F̄Y (t) + (p(t) + νF̄Y (t))e(t). (4.14)

The necessary and sufficient conditions (by Lemma 4.2) given by Pontryagin’s Max-

imum Principle (PMP) for the infinite-horizon optimal control problem with free

terminal state are as follows [88, Sec. 3.6]:

x′(t) =
∂H

∂p
= e(t), x(0) = 0 (4.15)

p′(t) = −∂H
∂x

= −ḡ′(x(t))F̄Y (t) (4.16)

e∗(t) = argmin
e∈E

H(t, x, e, p, ν) = argmin
e∈E

(p(t) + νF̄Y (t))e(t) (4.17)

lim
t→∞

p(t) = 0 (4.18)

ν ≥ 0, ν

(∫ ∞

0

e∗(t)F̄Y (t)dt−B1

)
= 0. (4.19)

The transversality condition (4.18) follows from the boundedness of the resource al-

location function, e(t) ∈ [0,M ], and the finiteness of the expected concept duration,
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E[Y ] < ∞. Since the Hamiltonian is linear in the control variable e(t), the optimal

resource allocation policy must take the form of a bang-bang or singular control. We

define the corresponding switching function as ϕ(t) := p(t) + ν F̄Y (t). From (4.17),

the optimal resource allocation policy is given by

e∗(t) =


0 if ϕ(t) > 0

M if ϕ(t) < 0

es(t) ∈ [0,M ] if ϕ(t) = 0 over an interval (singular control).

(4.20)

By the transversality condition (4.18) and integration of the costate equation (4.16),

we obtain p(t) =
∫∞
t
ḡ′(x(s))F̄Y (s)ds. Substituting this expression into the switching

function yields

ϕ(t) =

∫ ∞

t

ḡ′(x(s))F̄Y (s)ds+ νF̄Y (t). (4.21)

Furthermore, using (4.16) and the identity F̄ ′
Y (t) = −hY (t)F̄Y (t), the derivative of

the switching function becomes

ϕ′(t) = p′(t) + νF̄ ′
Y (t) = F̄Y (t)[−ḡ′(x(t))− νhY (t)]. (4.22)

These expressions form the basis for analyzing the monotonicity of the switching

function. In many control problems with monotonic dynamics, the optimal policy

often exhibits a single switching time, transitioning from one extreme control value

to another. In our setting, this behavior arises under specific structural assumptions

about the concept duration distribution Y , particularly when it exhibits monotonic

aging characteristics such as Decreasing Mean Residual Life (DMRL) or Increasing

Mean Residual Life (IMRL).

As we shall see, the characteristics of the concept duration distribution deter-

mine whether the optimal policy exhibits a single switching time. We discuss these

characteristics below.

Definition 4.3 (Mean Residual Life (MRL)). The mean residual life (MRL) func-

tion mY (t) of a nonnegative random variable Y is defined as the expected remaining
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lifetime given survival up to time t:

mY (t) := E[Y − t|Y > t] =

∫∞
t
F̄Y (u)du

F̄Y (t)
, for F̄Y (t) > 0. (4.23)

A well-known relationship (see [7]) links the derivative of the MRL function and the

hazard rate m′
Y (t) = hY (t)mY (t)−1, where hY (t) := fY (t)

F̄Y (t)
, for F̄Y (t) > 0. Accordingly,

the random variable Y is said to have

Decreasing Mean Residual Life (DMRL) if mY (t) is non-increasing, i.e.,

hY (t)mY (t) ≤ 1.

Increasing Mean Residual Life (IMRL) if mY (t) is non-decreasing, i.e.,

hY (t)mY (t) ≥ 1.

Many real-world processes naturally exhibit these aging characteristics. DMRL

behavior is commonly observed in systems that degrade over time, such as mechani-

cal components, electronic devices, or biological organisms, where aging applies intu-

itively. In contrast, IMRL behavior characterizes processes in which survival implies

increased robustness or reliability, such as the lifecycles of businesses or startups,

social and political trends, and the adoption of new technologies or products. Ac-

cordingly, depending on the application, the aging properties of concept durations

can often be assumed or empirically verified using sample-efficient statistical meth-

ods [8, 40, 53].

Next, we analyze the optimality of single-switch policies given the MRL prop-

erties of the concept duration distribution. A single-switch resource allocation policy

can take one of two forms: (i) Front-Loading policy, where e(t) = M for t ∈ [0, t∗]

and e(t) = 0 for t > t∗; or (ii) Back-Loading policy, where e(t) = 0 for t ∈ [0, t∗] and

e(t) = M for t > t∗. Here, t∗ denotes the switching time. For such policies to be

optimal, the switch at time t∗ must satisfy ϕ(t∗) = 0, and the sign of the switching

function should be opposite on the intervals before and after the switch, while remain-

ing constant within each interval. The following theorems characterize the conditions
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under which the front-loading or back-loading policy is optimal, depending on the

aging characteristics (DMRL or IMRL) of the concept duration distribution.

Theorem 4.4 (Optimality of the Front-Loading Policy). For any convex, decreasing

expected loss function ḡ : [0,∞) → R+ and any resource budget B > 0, the optimal

resource allocation is a single-switch control of the form

e∗(t) =

{
M t < t∗DMRL

0 t ≥ t∗DMRL,
(4.24)

if and only if the concept duration Y has a decreasing mean residual life (DMRL). The

switching time t∗DMRL is uniquely determined by the budget constraint
∫ t∗DMRL

0
F̄Y (y)dy =

E[Y ]B
Mσe

, provided that B < Mσe, and t
∗
DMRL =∞, otherwise.

The proof of Theorem 4.4 relies on analyzing the behavior of the switching

function ϕ(t) under DMRL concept duration distributions. By leveraging the con-

vexity of the expected loss function ḡ(·) and the monotonic aging property of Y ,

we show that ϕ(t) crosses zero at most once, and that its sign pattern aligns with

the optimality structure specified in (4.20). The complete proof is provided in Ap-

pendix 4.A.2.

Note that Theorem 4.4 states that if Y is DMRL, the optimal policy is front-

loading, and conversely, if the optimal policy is front-loading for all budgets, then Y

must be DMRL. While such policies may appear intuitive, this result formally rules

out the optimality of commonly used heuristics such as fixed or periodic training

schedules. Moreover, it implies that if Y is not DMRL, a front-loading policy need

not be optimal for all budget levels. The next result, proved in Appendix 4.A.3,

shows that when Y is IMRL, the optimal policy exhibits delayed (i.e., idling) resource

allocation at the start of each concept duration.

Theorem 4.5 (Optimality of the Back-Loading Policy). For any convex, decreasing

expected loss function ḡ : [0,∞) → R+, if the concept duration Y has an increasing
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mean residual life (IMRL) and the budget satisfies B < Mσe, the optimal resource

allocation exhibits an initial idling period before training begins,

e∗(t) = 0, for t < t∗IMRL, (4.25)

where t∗IMRL > 0 denotes the time at which resource allocation starts.

Similar to Theorem 4.4, the proof of Theorem 4.5 leverages the optimality

of the bang-bang control for Problem (4.11) and the monotonic aging property of

concept duration distribution. A complete proof is provided in Appendix 4.A.3.

Although the IMRL case may represent an edge scenario, Theorem 4.5 charac-

terizes the conditions under which the back-loading policy is optimal. The following

corollary provides sufficient conditions for the optimality of such a resource allocation

policy.

Corollary 4.6 (Optimality of the Back-Loading Policy). For any convex, decreasing

expected loss function ḡ : [0,∞] → R+ with constant derivative ḡ′(t) = −β, and

any concept duration Y with an increasing mean residual life (IMRL), the optimal

resource allocation is a single-switch control given by

e∗(t) =

{
0 t ≤ t∗IMRL

M t > t∗IMRL

(4.26)

where the switching time t∗IMRL is uniquely determined by the budget constraint∫ ∞

t∗IMRL

F̄Y (y)dy =
E[Y ]B

Mσe
,

provided that B < Mσe, and t
∗
IMRL = 0 otherwise.

The proof of Corollary 4.6 follows directly from Theorem 4.5 and the fact that

a linearly decreasing ḡ(·) ensures that the switching function crosses zero at most

once. The complete proof is provided in Appendix 4.A.4.

Notably, the strength of Theorems 4.4 and 4.5 lies in their generality: their

conclusions do not depend on the specific functional form of ḡ(·), but only on its
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monotonicity and convexity. These results also demonstrate that training policies

that ignore the aging behavior of concept durations are provably suboptimal. The

DMRL/IMRL distinction further clarifies how drift dynamics shape the structure of

optimal resource allocation policies. Even without precise distributional information,

our analysis indicates when front-loading (DMRL) or deferral (IMRL) strategies are

most effective. As such, these results provide broadly applicable guidance for de-

signing training resource allocation policies based on the statistical characteristics of

training cycles driven by sudden concept changes.

4.3.3 Simulation Results

In Figures 4.2a and 4.2b, we present simulation results illustrating the bene-

fits of optimal training resource allocation and validating the relationship between the

aging properties of concept durations and the structure of optimal allocation policies.

In Figure 4.2a, we compare the time-average expected loss under two policies: the op-

timal resource allocation (specifically, the front-loading policy derived from Theorem

4.A.2) and a fixed resource allocation. In this experiment, concept durations follow

an exponential distribution, corresponding to the DMRL case, and the expected loss

function decays exponentially. The fixed policy assigns a constant resource level such

that the budget constraint is exactly met, i.e., efixed(t) = B/σe ∀t. The results show

that, for the same resource budget, the optimal policy reduces the time-average ex-

pected loss by up to 71.80% compared to the fixed allocation policy. As the budget

B approaches the upper limit Mσe, the switching time t∗DMRL increases and the per-

formance gap between the two policies narrows. Additional simulation results using

alternative expected loss functions are provided in Appendix 4.A.9.

In Figure 4.2b, we examine the effect of delayed block resource allocation for

concept duration distributions with different aging properties. These experiments

also use an exponentially decaying expected loss function, and the parameters are

chosen such that the budget constraint is binding. Under a delayed block allocation

policy, resources are withheld until a delay z, after which the full capacity is applied
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(a) Comparison between constraint-binding optimal and fixed resource allocation
policies. Y ∼ Exp(1), ḡ(t) = e−t, σe = 1, M = 20. The optimal (front-loading)
policy achieves up to 71.8% lower time-average expected loss.

(b) Constraint-binding delayed block allocation with varying delays under different
concept duration distributions. ḡ(t) = e−t, B = 0.1, σe = 1, M = 20. IMRL dis-
tributions (e.g., Gamma, Weibull with k < 1) benefit from delay, whereas DMRL
distributions degrade.

Figure 4.2: Comparison of optimal, fixed and delayed resource allocation policies
under sudden concept drift. All simulations were executed on a MacBook Air M3
with 16 GB of RAM.
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until the budget is depleted. Formally, the allocation is defined as

eblock(t) =

{
M z ≤ t < T (z)

0 otherwise
, where

∫ T (z)

z

F̄Y (t)dt =
BE[Y ]

Mσe
. (4.27)

Consistent with Theorem 4.4 and 4.5, the results confirm that concept duration dis-

tributions with IMRL benefit from delayed resource allocation up to an optimal de-

lay, whereas for DMRL distributions, introducing delay consistently degrades per-

formance. Overall, these findings demonstrate that the aging properties of training

cycles driven by sudden concept drift have a significant impact on the structure of

optimal training resource allocation strategies. Optimizing training operations based

on the characteristics of concept drift yields substantial performance improvements,

particularly under budget-constrained scenarios.

4.4 Deployment Optimization under Concept Drift

As discussed in Section 4.2, although improved versions of an ML model may

exist on the server side, the performance experienced by clients depends on the ver-

sion of the model that has been deployed to them. In this section, we study the

deployment scheduling problem, aiming to optimize the long-term performance of

client-side models subject to a constraint on the deployment rate, which may serve

as a proxy for communication costs.

4.4.1 Problem Formulation

To understand the dynamics governing deployment decisions, we analyze de-

ployment policies in a setting where the server-side model is trained under a fixed

allocation of training resources. Following the approach in Section 4.3, we restrict

our attention to static deployment schedulers, defined as follows:

Definition 4.7 (Static Deployment Scheduler). Let Di,j − Ti denote the deployment

time offset relative to concept arrival time Ti, where Di,j is the j-th deployment time
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during concept i. A deployment scheduler is said to be static – and hence stationary

and causal – if, for all concepts i ∈ N,

Di,j − Ti = δj, almost surely ∀i, j ∈ N,

where δ0 = 0 < δ1 < · · · so that the set {δj : j ∈ N} defines a static deployment

scheduler.

Let Ni = max{j : δj < Yi} denote the random variable representing the

number of deployments occurring during concept i under a static deployment sched-

uler. Assuming a fixed unit training resource allocation for the server-side model,

i.e., ei(t) = 1, ∀t ≥ 0, the time-average expected loss experienced by clients under a

static deployment scheduler is given by

lim sup
t→∞

1

t

∫ t

τ=0

L̂(τ)dτ = lim sup
t→∞

1

t

∫ t

τ=0

GI(t)

(
DI(t),J(t) − TI(t)

)
(4.28)

= lim sup
t→∞

1

t

[
I(t)−1∑
i=1

Ni−1∑
j=0

Gi(δj)(δj+1 − δj)

+Gi(δNi
)(Yi − δNi

)

]
(4.29)

=
E[
∑Ni−1

j=0 Gi(δj)(δj+1 − δj) +Gi(δNi
)(Yi − δNi

)]

E[Y ]
(4.30)

=
E[
∑N−1

j=0 ḡ(δj)(δj+1 − δj) + ḡ(δN)(Y − δN)]

E[Y ]
(4.31)

=
1

E[Y ]

∞∑
j=0

ḡ(δj)

∫ δj+1

δj

F̄Y (t)dt, (4.32)

where ḡ(·) = E[Gi(·)] denotes the expected loss function, and Ni are i.i.d. random

variables representing the number of deployments within each concept durations, with
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N ∼ Ni. Similarly, the time-average deployment rate constraint can be expressed as

lim sup
t→∞

1

t

I(t)∑
i=1

Ni =
E[N ]

E[Y ]
(4.33)

=
E[
∑∞

j=1 I{δj < Y }]
E[Y ]

(4.34)

=

∑∞
j=1 P (δj < Y )

E[Y ]
(4.35)

=

∑∞
j=1 F̄Y (δj)

E[Y ]
(4.36)

≤ rD, (4.37)

where rD denotes the maximum allowable deployment rate. The optimization problem

minimizing the time-average expected loss experienced by clients, subject to the time-

average deployment rate constraint, is then given by

min
{∆j}∞j=1

∞∑
j=0

ḡ(δj)

∫ δj+1

δj

F̄Y (t)dt (4.38)

s.t. ∆j = δj − δj−1 ≥ 0, ∀j ∈ N+ δ0 = 0, (4.39)

∞∑
j=1

F̄Y (δj) ≤ B2, where B2 = rD · E[Y ]. (4.40)

Here {∆j}∞j=1 denotes the set of inter-deployment durations. Note that the optimiza-

tion problem (4.38) is not necessarily convex. However, under suitable conditions, it

can be shown to be quasi-convex, as formalized in the following lemma.

Lemma 4.8 (Quasi-convexity of Problem (4.38)). If ḡ is a non-negative, convex,

and decreasing function, and F̄Y is strictly decreasing, then the objective function in

(4.38) is quasi-convex in {∆j ≥ 0}j∈N. Moreover, if F̄Y is also convex, then Problem

(4.38) is quasi-convex.

A detailed proof of Lemma 4.8 is provided in Appendix 4.A.5. As discussed

there, the Karush–Kuhn– Tucker (KKT) conditions are sufficient for global optimality
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when the feasible set defined by the deployment rate constraint (4.40) is convex.

However, even under this condition, a numerical procedure is typically required to

obtain the optimal deployment schedule.

Applying the KKT conditions, for a Lagrange multiplier ν ¿ 0, the optimal

deployment scheduler {δ∗k}∞k=0 satisfies the following necessary condition:

ḡ′(δ∗k)

∫ δ∗k+1

δ∗k

F̄Y (t)dt = F̄Y (δ∗k)[ḡ(δ∗k)− ḡ(δ∗k−1)] + νfY (δ∗k). (4.41)

A numerical approach such as the bisection method can be employed to com-

pute the optimal deployment times, typically by starting from the final deployment

and proceeding backward, under an assumed upper bound on the total number of

deployments. Motivated by the structure of this solution, we next propose a ran-

domized deployment policy derived from a modified version of Problem (4.38), which

remains applicable even when the concept duration distribution exhibits a non-convex

survival function.

In this modified problem, the deployment rate constraint is replaced by a fixed,

deterministic number of deployments, denoted by ND. The resulting optimization

problem is given by

min
{∆j}

ND
j=1

ND−1∑
j=0

ḡ(δj)

∫ δj+1

δj

F̄Y (t)dt+ ḡ(δND
)

∫ ∞

δND

F̄Y (t)dt (4.42)

s.t. ∆j = δj − δj−1 ≥ 0, ∀j ∈ [1, ND] δ0 = 0. (4.43)

Since the rate constraint has been removed, Lemma 4.8 guarantees that Problem

(4.42) remains quasi-convex.

Theorem 4.9 (Optimal Solution for Problem (4.42)). Let ḡ be a non-negative,

convex, and decreasing function, and let Y be a nonnegative random variable with

F̄Y (t) > 0 for all t ∈ [0,∞). Then the optimal deployment scheduler {δ∗k}
ND
k=0 satisfies

ḡ(δ∗k−1)− ḡ(δ∗k)

−ḡ′(δ∗k)
=

mY (d∗ND
), k = ND∫ δ∗k+1

δ∗
k

F̄Y (t)dt

F̄Y (δ∗k)
, k ∈ [1, ND − 1],

(4.44)
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where mY (·) denotes the mean residual life (MRL) function of the concept duration

Y . Furthermore, the effective deployment rate achieved by the optimal scheduler,

defined as re({δ∗k}
ND
k=0) =

∑ND

j=1 F̄Y (δj), is monotonically increasing in the number of

deployments ND.

The proof of Theorem 4.9 follows directly from the quasi-convexity of Prob-

lem (4.42) and the monotonicity of the survival function F̄Y (t). Full derivations are

provided in Appendix 4.A.6.

In a special case where concept durations follow an exponential distribution

and the expected loss decays exponentially, Theorem 4.9 admits a closed-form, chain-

structured solution that can be determined iteratively.

Corollary 4.10 (Exponentially distributed concept durations and Exponential De-

caying ḡ). Assume the expected loss function is given by ḡ(t) = αe−βt, with α, β > 0,

and that the concept durations Y are exponentially distributed with rate parameter λ,

i.e., F̄Y (t) = e−λt. Then, the optimal inter-deployment durations ∆∗
k = δ∗k − δ∗k−1 for

the problem with a deterministic number of deployment ND are given by

∆∗
k =

{
1
β

ln(β
λ

+ 1) k = ND,
1
β

ln(β
λ
(1− e−λ∆∗

k+1)) k ∈ [1, ND − 1],
(4.45)

with δ0 = 0 and k ∈ [1, ND].

The derivation of Corollary 4.10 is provided in Appendix 4.A.7. As shown in

Equation (4.45), the final inter-deployment duration is constant, while the preceding

durations are determined recursively in a backward fashion, resulting in a chain-

structured solution. This structure implies that as the number of deployments ND

increases, the optimal deployment times adjust to accommodate the additional de-

ployments, while previously determined inter-deployment intervals remain unchanged.
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4.4.2 Randomized Deployment Scheduler

We now introduce a randomized deployment scheduling policy to address the

deployment optimization problem under the rate constraint (4.38). The proposed ap-

proach leverages the optimal deterministic schedulers obtained from Problem (4.42)

for different deployment counts. The randomized policy operates over the convex hull

of these optimal schedulers with consecutive numbers of deployments, assigning prob-

abilities such that the resulting expected effective deployment rate exactly matches

the allotted deployment rate limit.

Theorem 4.11 (Randomized Deployment Scheduler). Let {δ∗k}∞k=0 denote the op-

timal deployment scheduler for Problem (4.38), and let {δ∗k}
ND
k=0 denote the optimal

deployment scheduler for Problem (4.42) with a deterministic number of deployments

ND. Assume that the expected loss function ḡ(·) is non-negative, convex, and de-

creasing, and that the concept duration Y has survival function F̄Y (t) > 0 for all

t ∈ [0,∞). Then, for any optimal scheduler {δ∗k}∞k=0, there exists a deployment count

N∗
D ∈ N+ and a scalar parameter γ ∈ [0, 1] such that a convex combination of the ef-

fective deployment rates corresponding to the optimal schedulers with N∗
D and N∗

D + 1

deployments exactly matches the allotted deployment rate limit, i.e.,

γ · re({δ∗k}
N∗

D
k=0) + (1− γ) · re({δ∗k}

N∗
D+1

k=0 ) = re({δ∗k}∞k=0) = rDE[Y ], (4.46)

where rD denotes the allotted deployment rate limit.

A randomized deployment policy that, at the beginning of each concept, uses

the scheduler {δ∗k}
N∗

D
k=0 with probability γ and {δ∗k}

N∗
D+1

k=0 with probability 1− γ achieves

an expected effective deployment rate exactly equal to the deployment rate constraint.

A detailed proof of Theorem 4.11 is presented in Appendix 4.A.8.

The randomized deployment scheduler provides an approximate solution to

the constrained deployment optimization problem (4.38), which is inherently non-

convex. It guarantees full utilization of the allotted deployment budget and does not
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rely on the convexity of the survival function of the concept duration distribution.

Although the method requires knowledge of the expected loss curve and the probabil-

ity distribution of concept duration, it offers a computationally efficient alternative to

high-dimensional grid search or unstable non-convex optimization techniques. While

the randomized policy assumes that both the expected loss curve and concept dura-

tion distribution can be estimated – an assumption that is feasible in many practical

scenarios – an alternative approach is to use a parametric scheduler that emulates the

key structural property of the optimal solution, namely, decreasing inter-deployment

durations. In this context, the randomized policy serves as a computationally efficient

baseline for testing and tuning such parametric algorithms.

4.4.3 Simulation Results

Our simulation results further demonstrate that the performance of the ran-

domized scheduler closely approximates that of the optimal (non-randomized) policy,

making it an effective and computationally efficient choice for deployment under con-

cept drift. Figure 4.3 presents simulation results highlighting the performance gains

achieved by optimal deployment policies relative to a periodic deployment baseline

and demonstrates the near-optimality of the randomized deployment policy across

different concept duration distributions. In all experiments, the expected loss follows

an exponential decay, and distribution parameters are chosen such that E[Y ] = 1. Ex-

cept for the Exponential case, where a closed-form solution is available, the optimal

deployment policies are computed numerically. For Exponential and Weibull(k = 2)

distributions, the optimal policy reduces the client-side time-average expected loss by

up to 43.30% and 39.25%, respectively, compared to the periodic policy under the

same effective deployment rate. In these settings, the randomized policy, constructed

as a convex combination of optimal solutions for adjacent deployment counts ND,

achieves performance nearly indistinguishable from the optimal policy. In contrast,

for the Erlang-2 distribution, the performance gap between optimal and periodic poli-

cies narrows, owing both to the distribution’s reduced variability (which limits the

132



Figure 4.3: Comparison of periodic, optimal, and randomized deployment policies
under different concept duration distributions (Exponential, Weibull(k = 2), and
Erlang-2), with E[Y ] = 1 and exponentially decaying expected loss ḡ(t) = e−βt.
Simulations were run on a MacBook Air M3 (16 GB RAM).

policy’s leverage) and to the smaller decay rate β of the loss function, which slows

the decline of expected penalties. Under these conditions, the randomized policy no

longer matches the optimal performance, providing a concrete example where the

optimal policy strictly outperforms its randomized counterpart.

4.5 Conclusion

We have presented a formal framework for studying training resource alloca-

tion and model deployment in distributed machine learning systems operating under
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persistent, discrete concept drift. In scenarios where training resources are elastic,

i.e., available on demand but incurring computational and communication costs, a

provider must optimize when to allocate resources and when to deploy updated mod-

els. Our analysis shows that the structure of optimal policies depends fundamentally

on the statistical properties of concept durations and loss functions. As machine learn-

ing systems become increasingly ubiquitous, the monitoring-retraining-redeployment

cycle will represent a growing component of their operational costs. The results of

this chapter lay the foundation for principled, cost-efficient training and deployment

strategies that adapt to non-stationary environments.
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4.A Technical Appendices

4.A.1 Proof of Lemma 4.2

Proof. Consider any e1, e2 ∈ E and any λ ∈ [0, 1]. It holds that

J(λe1 + (1− λ)e2) =

∫ ∞

0

ḡ

(∫ t

0

(λe1(τ) + (1− λ)e2(τ))dτ

)
F̄Y (t)dt (4.47)

≤
∫ ∞

0

(
λḡ

(∫ t

0

e1(τ)dτ

)

+ (1− λ)ḡ

(∫ t

0

e2(τ)dτ

))
F̄Y (t)dt (4.48)

=λJ(e1) + (1− λ)J(e2), (4.49)

where the inequality (4.48) follows from the fact that ḡ(·) is a convex function. There-

fore, J(e) is a convex functional on the domain E. Similarly, the functional C(e) is

affine since

C(λe1 + (1− λ)e2) =

∫ ∞

0

(λe1(t) + (1− λ)e2(t)) F̄Y (t)dt (4.50)

= λC(e1) + (1− λ)C(e2), (4.51)

which completes the proof.

4.A.2 Proof of Theorem 4.4

Proof. For the front-loading policy to be optimal, we need to show that the switching

function crosses zero at most once from negative to positive. Suppose 0 < B < Mσe.

Here, t∗ is uniquely determined by the budget constraint (4.13), with 0 < t∗ < ∞.

Since the budget constraint is binding, by the complementary slackness (4.19), we

expect ν > 0. Given the policy (4.24), the state and costate trajectories are

x∗(t) =

{
Mt t < t∗

Mt∗ t ≥ t∗
(4.52)

p∗(t) =

{∫ t∗
t
ḡ′(Ms)F̄Y (s)ds+ ḡ′(Mt∗)mY (t∗)F̄Y (t∗) t < t∗

ḡ′(Mt∗)mY (t)F̄Y (t) t ≥ t∗
(4.53)
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At the switch point t∗, we require ϕ(t∗) = 0, i.e.,

ϕ(t∗) = p∗(t∗) + νF̄Y (t∗) = F̄Y (t∗)(ḡ′(Mt∗)mY (t∗) + ν) = 0. (4.54)

Since F̄Y (t) > 0 and ḡ′(t) < 0, for 0 < t <∞, we have ν > 0 and

ν = −ḡ′(Mt∗)mY (t∗), (4.55)

which is consistent with (4.19).

Now, we verify (4.17) by showing ϕ(t) > 0 for t ∈ (t∗,∞), and ϕ(t) < 0 for

t ∈ [0, t∗). For t ∈ (t∗,∞), where e∗(t) = 0, the switching function becomes

ϕ(t) = p∗(t) + νF̄Y (t) = ḡ′(Mt∗)mY (t)F̄Y (t) + (−ḡ′(Mt∗)mY (t∗))F̄Y (t) (4.56)

= F̄Y (t)ḡ′(Mt∗)[mY (t)−mY (t∗)]. (4.57)

Since F̄Y (t) ≥ 0 and ḡ′(Mt∗) < 0, for ϕ(t) > 0 we need mY (t) < mY (t∗). Since t > t∗,

the condition mY (t) < mY (t∗) holds if mY (t) is decreasing for t > t∗.

For t ∈ [0, t∗), where e∗(t) = M , the first derivative of the switching function

is

ϕ′(t) = F̄Y (t)[−ḡ′(x∗(t))− νhY (t)]

= F̄Y (t)[−ḡ′(Mt) + ḡ′(Mt∗)mY (t∗)hY (t)]. (4.58)

Since ḡ′(Mt) < ḡ′(Mt∗) for t < t∗,

−ḡ′(Mt) + ḡ′(Mt∗)mY (t∗)hY (t) > −ḡ′(Mt∗)(1−mY (t∗)hY (t)). (4.59)

If mY (t) > mY (t∗) for t < t∗, then

1−mY (t∗)hY (t) > 1−mY (t)hY (t) > 0,

which since F̄Y (t) > 0 means ϕ′(t) > 0 for t ∈ [0, t∗). Given that ϕ(t∗) = 0, this

implies ϕ(t) < 0 for t ∈ [0, t∗).
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For the case B ≥ Mσe, since the budget constraint is not binding, by (4.19),

ν = 0. Since e∗(t) = M for t ∈ [0,∞), the state function satisfies x∗(t) = Mt, the

switching function ϕ(t) = p(t), and the derivative of the costate p′(t) = −ḡ′(Mt)F̄Y (t).

Since ḡ′(t) < 0 and F̄Y (t) > 0, p′(t) > 0 for t ∈ [0,∞). Since by the transversality

condition (4.18) limt→∞ p(t) = 0 and p(t) is increasing, we conclude ϕ(t) = p(t) <

0.

4.A.3 Proof of Theorem 4.5

Proof. Suppose there is an optimal resource allocation policy that idles until time t∗,

i.e., e∗(t) = 0, ∀t ∈ [0, t∗], and thus x(t) = 0, ∀t ∈ [0, t∗].

At the switch point t∗ we require ϕ(t∗) = 0,

ϕ(t∗) = p∗(t∗) + νF̄Y (t∗) = 0. (4.60)

Since the resource budget is binding, i.e., B < Mσe, by (4.60) and Mean Value

Theorem there exists x0 such that 0 ≤ x0 <∞, which yields

ν = − p∗(t∗)

F̄Y (t∗)
(4.61)

= −
∫∞
t∗
ḡ′(x∗(s))F̄Y (s)ds

F̄Y (t∗)
(4.62)

= −
ḡ′(x0)

∫∞
t∗
F̄Y (s)ds

F̄Y (t∗)
(4.63)

= −ḡ′(x0)mY (t∗) (4.64)

> 0, (4.65)

where (4.19) is satisfied since ḡ′(t) < 0.

By (4.17) and (4.20), for t ∈ [0, t∗) we have ϕ(t) > 0. Since ϕ(t∗) = 0, the first

derivative of the switching function for t ∈ [0, t∗) should be positive, i.e.,

ϕ′(t) = F̄Y (t)[−ḡ′(x∗(t))− νhY (t)]

= F̄Y (t)[−ḡ′(0) + ḡ′(x0)mY (t∗)hY (t)] > 0. (4.66)
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Since ḡ′(0) ≤ ḡ′(x0) for 0 ≤ x1 <∞,

−ḡ′(0) + ḡ′(x0)mY (t∗)hY (t) ≥ −ḡ′(x0)(1−mY (t∗)hY (t)). (4.67)

If mY (t) > mY (t∗) for t < t∗, then

1−mY (t∗)hY (t) > 1−mY (t)hY (t) > 0,

where the last inequality follows from the IMRL property. Thus, since F̄Y (t) > 0, if

Y has IMRL, then ϕ′(t) > 0 for t ∈ [0, t∗).

4.A.4 Proof of Corollary 4.6

Proof. For the back-loading policy to be optimal, we need to show that the switching

function crosses zero at most once from positive to negative. Suppose 0 < B < Mσe.

Here, t∗ is uniquely determined by the budget constraint (4.13), with 0 < t∗ < ∞.

Since the budget constraint is binding, by the complementary slackness (4.19), we

expect ν > 0. Given the policy (4.26), the state and costate trajectories are

x∗(t) =

{
0 t < t∗

M(t− t∗) t ≥ t∗
(4.68)

p∗(t) =

{∫∞
t∗
ḡ′(M(s− t∗))F̄Y (s)ds t < t∗∫∞

t
ḡ′(M(s− t∗))F̄Y (s)ds t ≥ t∗.

(4.69)

At the switch point t∗ we require ϕ(t∗) = 0,

ϕ(t∗) = p∗(t∗) + νF̄Y (t∗) = 0. (4.70)
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By (4.70) and Mean Value Theorem, there exists x1 such that 0 ≤ x1 < ∞ which

yields

ν = − p∗(t∗)

F̄Y (t∗)
(4.71)

= −
∫∞
t∗
ḡ′(M(s− t∗))F̄Y (s)ds

F̄Y (t∗)
(4.72)

= −
ḡ′(x1)

∫∞
t∗
F̄Y (s)ds

F̄Y (t∗)
(4.73)

= −ḡ′(x1)mY (t∗) (4.74)

> 0, (4.75)

where (4.19) is satisfied since ḡ′(t) < 0.

Now, we verify (4.17) by showing ϕ(t) > 0 for t ∈ [0, t∗), and ϕ(t) < 0 for

t ∈ (t∗,∞). For t ∈ [0, t∗), where e∗(t) = 0, the first derivative of the switching

function is

ϕ′(t) = F̄Y (t)[−ḡ′(x∗(t))− νhY (t)]

= F̄Y (t)[−ḡ′(0) + ḡ′(x1)mY (t∗)hY (t)]. (4.76)

Since ḡ′(0) ≤ ḡ′(x1) for 0 ≤ x1 <∞,

−ḡ′(0) + ḡ′(x1)mY (t∗)hY (t) ≥ −ḡ′(x1)(1−mY (t∗)hY (t)). (4.77)

If mY (t) > mY (t∗) for t < t∗, then

1−mY (t∗)hY (t) > 1−mY (t)hY (t) > 0,

which since F̄Y (t) > 0 means ϕ′(t) > 0 for t ∈ [0, t∗), and the last inequality follows

from the IMRL property. Given that ϕ(t∗) = 0, this implies ϕ(t) < 0 for t ∈ [0, t∗).

For t ∈ (t∗,∞), where e∗(t) = M , the switching function becomes

ϕ(t) =

∫ ∞

t

ḡ′(M(s− t∗))F̄Y (s)ds−
∫∞
t∗
ḡ′(M(s− t∗))F̄Y (s)ds

F̄Y (t∗)
F̄Y (t). (4.78)
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The condition ϕ(t) < 0 for t ∈ (t∗,∞) is satisfied if the following inequality holds for

t ∈ (t∗,∞): ∫∞
t
ḡ′(M(s− t∗))F̄Y (s)ds

F̄Y (t)
<

∫∞
t∗
ḡ′(M(s− t∗))F̄Y (s)ds

F̄Y (t∗)
. (4.79)

For the expected loss function with constant negative first derivative, i.e., ḡ′(t) =

−β, β > 0, Equation (4.79) becomes

mY (t) > mY (t∗), ∀t ∈ (t∗,∞). (4.80)

For the case B ≥ Mσe, since the budget constraint is not binding, by (4.19),

ν = 0. Since e∗(t) = M for t ∈ [0,∞), the state function is x∗(t) = Mt, the switching

function is ϕ(t) = p(t), and the derivative of the costate is p′(t) = −ḡ′(Mt)F̄Y (t).

Since ḡ′(t) < 0 and F̄Y (t) > 0, p′(t) > 0 for t ∈ [0,∞). Since due to the transversality

condition (4.18) limt→∞ p(t) = 0 and p(t) is increasing, ϕ(t) = p(t) < 0.

4.A.5 Proof of Lemma 4.8

Proof. Let us define a step function s : [0,∞) → R associated with the deployment

offsets {δj}Kj=0 as

s(t) =

{
δj if t ∈ [δj, δj+1) for j = 0, . . . , K − 1,

δK if t ∈ [δK ,∞),
(4.81)

where K = sup{k : k ∈ N}, δK+1 = ∞ and δ0 = 0. Due to (4.81), the objective

function (4.38) can be written as a single integral,

h({δj}Kj=1) =

∫ ∞

0

ḡ(s(t))F̄Y (t)dt. (4.82)

Let {δ(1)j }Kj=1 and {δ(2)j }Kj=1 be two different set of offsets, and zj = λδ
(1)
j + (1 −

λ)δ
(2)
j , λ ∈ [0, 1] be the component-wise convex combination. Then {zj}Kj=1 also

satisfies the ordering constraint and is feasible. Let s(1)(t), s(2)(t), s(z)(t) be the

corresponding step functions.
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Let i(1), i(2) be such that t ∈ [δ
(1)

i(1)
, δ

(1)

i(1)+1
) and t ∈ [δ

(2)

i(2)
, δ

(2)

i(2)+1
), respectively.

Let m = min{i(1), i(2)}. Since δ
(1)
m , δ

(2)
m ≤ t, their convex combination zm ≤ t. Hence,

the left endpoint of the interval in which t falls under {zj}Kj=1 is at most t, implying

that s(z)(t) ≥ zm ≥ min{δ(1)m , δ
(2)
m }. Thus,

s(z)(t) ≥ min{s(1)(t), s(2)(t)}. (4.83)

Since ḡ is non-increasing, F̄Y (t) ≥ 0, ∀t, and by (4.83) it follows that for any fixed t

ḡ(s(z)(t))FY (t) ≤ ḡ(min{s(1)(t), s(2)(t)})FY (t) (4.84)

≤ max{ḡ(s(1)(t))FY (t), ḡ(s(2)(t))FY (t)}. (4.85)

Thus, the function {δj}Kj=0 7→ ḡ(s(t))FY (t) is quasi-convex in {δj}Kj=0 for any fixed

t ∈ [0,∞).

Under the assumption that the offset sets {δ(1)j }Kj=1 and {δ(2)j }Kj=1 are component-

wise greater or equal, i.e., δ
(1)
j ≥ δ

(2)
j , ∀j, since the pointwise dominance of either of

the offset preserved for all t, it follows that∫ ∞

0

ḡ(s(z)(t))FY (t)dt ≤ max
{∫ ∞

0

ḡ(s(1)(t))FY (t)dt,

∫ ∞

0

ḡ(s(2)(t))FY (t)dt
}
. (4.86)

4.A.6 Proof of Theorem 4.9

Proof. Given the objective function (4.42),

h({δj}ND
j=1) :=

ND−1∑
j=0

ḡ(δj)

∫ δj+1

δj

F̄Y (t)dt+ ḡ(δND
)

∫ ∞

δND

F̄Y (t)dt. (4.87)

By the first order optimality conditions, we have

∂h

∂δND

∣∣∣∣
{δ∗j }

ND
j=1

=ḡ(δ∗ND−1)F̄Y (δ∗ND
) + ḡ′(δ∗ND

)

∫ ∞

δ∗ND

F̄Y (t)dt− ḡ(δ∗ND
)F̄Y (δ∗ND

) = 0, (4.88)

141



and for j = 1, . . . ND − 1 it holds that

∂h

∂δj

∣∣∣∣
{δ∗j }

ND
j=1

=ḡ(δ∗j−1)F̄Y (δ∗j ) + ḡ′(δ∗j )

∫ δ∗j

δ∗j−1

F̄Y (t)dt− ḡ(δ∗j )F̄Y (δ∗j ) = 0. (4.89)

Rearranging these terms yields (4.44).

To prove that the effective rate is increasing in ND, let δ∗j (ND) denote the

j-th optimal deployment offset where ND is the total number of deployments. By the

convexity of ḡ, the monotonicity of F̄Y , and the KKT conditions, one can show that

δ∗j (ND + 1) < δ∗j (ND), for j = 1, · · · , ND. (4.90)

Since F̄Y is decreasing, (4.90) implies that

F̄Y (δ∗j (ND + 1)) > F̄Y (δ∗j (ND)), for j = 1, · · · , ND. (4.91)

Therefore, the difference between re({δ∗j}
ND+1
j=0 ) and re({δ∗j}

ND
j=0) is positive, i.e.,

re({δ∗j}
ND+1
j=0 )− re({δ∗j}

ND
j=0) =

ND+1∑
j=1

F̄Y (δ∗j (ND + 1))−
ND∑
j=1

F̄Y (δ∗j (ND)) (4.92)

=F̄Y (δ∗ND+1(ND + 1)) +

ND∑
j=1

F̄Y (δ∗j (ND + 1)) (4.93)

− F̄Y (δ∗j (ND)) > 0. (4.94)

4.A.7 Proof of Corollary 4.10

Proof. For ḡ(t) = αe−βt and F̄Y (t) = e−λt, by Theorem 4.9 it holds that

1

β
eβ∆

∗
k(1− e−β∆∗

k) =

{
1 k = ND

1
λ
(1− e−λ∆∗

k+1) k = 1, · · · , ND − 1.
(4.95)

Rearranging the terms yields (4.45).
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4.A.8 Proof of Theorem 4.11

Proof. Under the randomized policy described in Theorem 4.11, the number of de-

ployments within concept durations depends on whether the deployment schedule in

concept i is πi = {δ∗k}
N∗

D
k=0 or πi = {δ∗k}

ND+1∗

k=0 . Therefore, the time-average deployment

rate under randomized deployment policy can be written as

lim sup
t→∞

1

t

I(t)∑
i=1

Ni =
E[N · I{π = {δ∗k}

N∗
D

k=0}] + E[N · I{π = {δ∗k}
ND+1∗

k=0 }]
E[Y ]

(4.96)

=
1

E[Y ]

(
P(π = {δ∗k}

N∗
D

k=0)

N∗
D∑

j=1

F̄Y (δj)

+ P(π = {δ∗k}
ND+1∗

k=0 )

ND+1∗∑
j=1

F̄Y (δj)

)
(4.97)

=
γre({δ∗k}

N∗
D

k=0) + (1− γ)re({δ∗k}
ND+1∗

k=0 )

E[Y ]
, (4.98)

where (4.97) follows from the independence of the number of deployments and the

fixed deployment policy selections in each concept.

As shown in Theorem 4.9, since the effective deployment rate achieved by

the optimal scheduler re({δ∗k}
ND
k=0) =

∑ND

j=1 F̄Y (δj) is monotonically increasing in the

number of deployments ND within the range [0,∞), there exists N∗
D ∈ N and γ ∈ [0, 1]

which ensure that the time-average deployment rate in (4.98) matches the deployment

rate limit rD.

4.A.9 Additional Simulation Results with Alternative Expected Loss Curves

Note that our analysis of the optimal policies applies to any convex decreasing

expected loss curve. However, the improvements over intuitive deployment heuristics

depend on the probability distribution of concept duration, functional form of the

expected loss function, and additional system parameters. In the figures below, we

provide additional simulation results for the training resource allocation problem with

different expected loss curves.
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Figure 4.4: Comparison between constraint-binding optimal and fixed resource allo-
cation policies. Y ∼ Exp(1), ḡ(t) = 1/

√
1 + t, σe = 1,M = 20.

The simulation results demonstrate that the improvement over fixed resource

allocation is greater when the expected loss curve decreases more rapidly in the ini-

tial phase, as front-loading policy effectively utilizes resources at the beginning of a

concept.

We emphasize that the observed performance gains depend critically on the

available resource budget. When the budget for model updates is very limited, im-

provements are naturally constrained, whereas wit h an abundant budget the different

deployment policies converge to similar performance. The results shown in the fig-

ures correspond to intermediate budgets, where gains are most pronounced. These

findings – both qualitative and quantitative – offer valuable guidance for selecting

training and deployment strategies according to the provider’s cost sensitivity and

available computational resources.
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Figure 4.5: Comparison between constraint-binding optimal and fixed resource allo-
cation policies. Y ∼ Exp(1), ḡ(t) = 1/(1 + t), σe = 1,M = 20.

Figure 4.6: Comparison between constraint-binding optimal and fixed resource allo-
cation policies. Y ∼ Exp(1), ḡ(t) = t−0.3, σe = 1,M = 20.
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Figure 4.7: Comparison between constraint-binding optimal and fixed resource allo-
cation policies. Y ∼ Exp(1), ḡ(t) = t−0.7, σe = 1,M = 20.
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Chapter 5: Conclusion

In this dissertation, we investigated resource allocation and decision-making

problems that arise in the operation and maintenance of large-scale deployments

of machine learning systems. A central focus was on settings in which client-side

and server-side resources are coordinated to improve inference efficiency, monitor

the performance of deployed models, and support model updating under resource

constraints.

To provide a comprehensive treatment of the operational challenges that arise

in such systems, this dissertation examined three closely related problem domains:

congestion-aware inference task offloading, performance monitoring and concept drift

detection, and resource allocation for model training and deployment. Together, these

problems capture key stages in the lifecycle of distributed machine learning systems,

including serving inference requests, detecting degradation in deployed models, and

taking remedial actions through retraining and model updates.

Addressing this broad set of challenges required a diverse set of theoretical tools

from online learning, queueing theory, sequential hypothesis testing, optimal control

and renewal theory. These tools allowed us to develop formal problem formulations

and algorithms with provable performance guarantees, complementing the heuristic-

driven methods that are often used in practical system design.

We conclude this dissertation by highlighting the salient contributions of the

preceding chapters and outlining several promising directions for future research.

5.1 Congestion-Aware Inference Task Offloading

In Chapter 2, we studied the problem of congestion-aware inference task of-

floading in hierarchical inference systems. To address this problem, we proposed a

novel multi-armed bandit algorithm, which we call Lyapunov-EXP4 (Ly-EXP4). This
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algorithm combines the EXP4 framework for adversarial contextual bandits with Lya-

punov optimization techniques, allowing it to minimize expected regret while ensuring

that a time-average constraint is satisfied. We then used Ly-EXP4 to guide offloading

decisions in a hierarchical inference system where clients have heterogeneous task dis-

tributions and offloading costs. In this setting, the goal was to maximize system-level

accuracy subject to a resource utilization constraint. Through this approach, which

admits provable near-optimal performance guarantees and can be implemented in a

distributed manner, we characterized the delay-accuracy-fairness trade-offs achievable

in hierarchical inference systems.

While the hierarchical inference system considered in Chapter 2 consists of a

single server, several natural extensions remain open for future work. One important

direction is to consider systems with multiple servers that have heterogeneous com-

munication and computation capacities and may be organized either in parallel or in

a cascading manner. Such extensions would allow the framework to capture a broader

class of practical deployment scenarios. Another promising direction is the design of

client clustering schemes that can better balance system performance and fairness

by grouping clients according to their task distributions, resource requirements, or

offloading costs. More broadly, the Lyapunov optimization perspective developed

in this chapter provides a principled way to incorporate long-term constraints into

online learning algorithms. This suggests that similar ideas may be useful beyond

contextual bandits, including in reinforcement learning and other constrained online

decision-making problems.

5.2 Performance Monitoring in Large-Scale Deployments

Performance monitoring for concept drift detection is one of the core mech-

anisms needed for maintaining machine learning systems in production environments.

Designing such mechanisms becomes particularly challenging in large-scale, distributed

deployments where clients rely on on-device inference and the central server has lim-
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ited access to the clients’ data and feedback. In such settings, the data collection

and detection mechanisms must be designed jointly to meet the detection objective

in a sample-efficient and timely manner. Traditional change point detection prob-

lems often focus on detecting the earliest change in a single data stream or across

multiple streams. Chapter 3 instead studied an alternative formulation with greater

operational relevance for large-scale deployments, that is detecting the times when

a significant fraction of the clients experience significant performance degradations.

To address this problem, we proposed Greedy Partial Sum CUSUM and Adaptive

Global CUSUM, which belong to two complementary classes of algorithms with differ-

ent strengths and limitations, namely individual-statistics based and global-statistics

based detectors. Through the analysis of detection delay and false alarm characteris-

tics, we identified the regimes in which each algorithm is most effective, including how

their behavior depends on the population size, as well as the spread and magnitude

of the performance degradations across clients.

In Chapter 3, we considered the problem of change point detection in a popula-

tion under limited feedback, with a fairness aspect naturally induced by the detection

objective. Even this relatively simple formulation makes clear that the policies gov-

erning where to collect information and how to aggregate it play a nontrivial role

in detection performance and hints at a connection between resource allocation and

change point detection problems. A unified treatment of fairness in change point

detection with adaptive sampling-driven policies therefore represents a promising di-

rection for future work.

5.3 Resource Allocation for Model Training and Deployment

As machine learning systems become increasingly widespread, and models

grow more complex and data-hungry, periodic maintenance operations like retraining

and redeployment in response to performance degradation represent a growing share

of operational cost. Consequently, deciding when to train, how much to train, and
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when to deploy updated models is central to the cost-efficient operation of ML sys-

tems. Despite their practical importance, however, the design and optimization of

these processes are often treated through heuristic-based approaches, both in practice

and in the existing literature.

In Chapter 4, we proposed a formal framework for studying training resource

allocation and deployment scheduling under resource constraints to analyze how the

characteristics of concept drift processes and the structure of loss functions affect

the form of optimal policies. In particular, we showed that the aging properties of

concept drift processes, especially their mean residual life, play a fundamental role in

determining the structure of optimal training resource allocation. The main insight

from this analysis is that the optimal training resource allocation policy does not

depend directly on the evolution of the loss function, and it is not always optimal to

train the model immediately after drift is detected. This is especially true when the

concept drift process has increasing mean residual life, since in such cases delaying

training may save resources that would otherwise be spent on concepts that are likely

to be short-lived.

In contrast, optimal model deployment policies do depend on both the evo-

lution of the loss function and the distribution of concept durations. Our analysis

showed that optimal deployment schedules typically have increasing inter-deployment

times, thereby prioritizing early deployments when they are most beneficial. While

Chapter 4 treated training resource allocation and deployment scheduling separately,

the joint optimization of these two processes represents a promising direction for

future work.

Taken together, this dissertation has studied several core processes involved

in the operation and maintenance of large-scale deployments of ML systems. By de-

veloping analytical formulations and algorithms with provable guarantees, it provides

theoretical foundations for improving the efficiency and scalability of inference serv-

ing, performance monitoring, training, and deployment under resource constraints.
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