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Abstract— Fountain codes are designed so that all input sym-
bols can be recovered from a slightly larger number of coded
symbols, with high probability using an iterative decoder. In y s ‘
this paper we investigate the number of input symbols that can |- unknown optimal distributions |
be recovered by the same decoder, but when the number of for this region T
coded symbols available idess than the total number of input
symbols. Of course recovery of all inputs is not possible, and the
fraction that can be recovered will depend on the output degree
distribution of the code.

In this paper we (a) outer bound the fraction of inputs that
can be recovered forany output degree distribution of the code,
and (b) design degree distributions which meet/perform close to
this bound. Our results are of interest for real-time systems using
rateless codes, and for Raptor-type two-stage designs.
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Fountain codes [1, 2] are random linear codes designed | N PU)=1 \P(Z):l ]
communication over erasure channels. Given a block of ing

symbols, a fountain encoder generates a potentially iefin %70, o3 o2 o5 o8 o7 o8 oo 1
sequence of output symbols, each of which is generatc. r = # received coded symbols /# input symbols
identically and independently. This process of generatton 1
designed so that it is possible to recover all input symhoisf

any sligtly larger set of output symbols, with high probéiil 095
when the total number of intput symbols is large enough. Tt
implies that fountain codes are universally capacity aéhge
Further, this recovery property can be achieved via a simg
iterative decoder of low complexity.

The construction of fountain codes makes them appealig |
for myriad applications. In general, fountain codes arenseZ
to perform well for scenarios where the erasure probabf oss
ity/pattern is not known, and in multicast/broadcast agpli
tions where the encoder outputs onto a shared medium ¢
cannot tune its transmissions to individual receivers.

The design of fountain codes has been optimized so tt
the low-complexity decoder can recover all inputs proviited ‘ ‘ ‘ ‘
starts with slightly more outputs than inputs. In this paper °67s 08 085 09 095 1
investigate thentermediate performance, i.e. the case when r = # received coded symbols / # input symbols
the_ number of received OUtpu_t symbolsess.thgn the ”“mper Fig. 1. Depiction of main results.Each figure plots the (asymptotic) fraction
of input symbols. Of course in this case it is not possible t9of recoverable inputs as a function of the normalized numbef received
fully recover all input symbols. We investigate the fragtiof outputs. The bold line in the top figure represents a poirtvaater (i.e.
input symbols that can be recoveredby-the same iteative _2PPen bound o = s uncton offo sy cutput degre cisibuton see
decoder — as a function of the number of received outpup 3 145 3), and the corresponding optimal degree distributions are edark
symbols and the randomized method by which the codes &kgond this region optimal distributions are not known. Tleeosd figure
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generated is this unknown region of the first figure expanded, with théeotoound as
L .. . . . marked. For this region we develop a series of degree disiitsIP,., one
The motivations for this investigation are two fold: for eachr. The “inner bound” represents the poir(ts z-) where z,. is the

; _ ; _ carrespondingz achieved byP, at r. It can be seen that our distributions
- Codes can be deSIQned as done in [2] SO thatpié[:form close to (but below) the outer bound.

is sufficient to decode only a large enough fraction of
the inputs, instead of all inputs. The implications of our



results for the design of such codes are discussed tivat input is then cancelled out of all other outputs it is & pa
Section V. of. Decoding stops when there are no degree-ones left.

o There may be real-world scenarios where users do notThe degree distribution is a crucial component of the
receive sufficient output symbols, and scenarios wheiguntain code design above. Clearly, for any code, the dscod
it is sufficient to recover a large enough fraction of theeedsn > k to recover all input bits. LT Codes [1], the first
inputs instead of all inputs. fountain codes, were designed with the objective of engurin

As an example, consider a scenario where a data strearthigt all & input bits are recovered with high probability from

to be transmitted to multiple users over a shared medium. Thits when is not much larger than In [1] anideal soliton
stream needs to be decoded in real time, or near-real tinhe wdistribution I, is identified as being the unique distribution
a finite amount of buffering. If fountain codes are to be usdbat will, in expectation, enable efficient decoding witre th
for the transmission, the stream would have to be broken iriterative decoder. This distribution performs poorly doghe
blocks of symbols, and each block would have to be encodeghdom fluctuations, and is thus modified intoohust soliton
seperately. These output symbols would then be transmitw@igtribution P,ER) that works well in practice. In the limit as
over the shared medium. If such a transmission strategykis— oo, both I andP,ER) converge pointwise to the following
employed, the output symbols from any given block of inputdistribution

will only be transmitted for a finite amount of time, beforeth 1) = {0 ifi=1 )
encoder moves on to the next block of inputs. if i >2

If the user channel qualities are very disparate, it is fdssi _ ) o o
that some user may not receive the requisite number of autplf!iS £ 1S unique: any sequence of degree distributions that
hieve capacity with iterative decoding will haveas the

for some input block. It is reasonable to assume that mafif"" cORe

real-time applications, if suitably pre-coded, can beatdii limiting d|str|but|o_n. . .

played back from a large enough fraction of the inputs. Thus Recall that the iterative decoder requires deg(rge-oneutmtp

it is of interest to understand the intermediate perforreanc © Start decoding. While for each finite both £, and I

how many inputs can be recovered by the decoder from Wl result in some degree-one parities being generateel, th

insufficent number of output symbols. above limiting distribution has no degree-one output it
As it turns out, any fountain code designed to achievEiS thus illustrates that given a limiting degree disttion

capacity will have poor intermediate performance: eveméf t With some predicted prformance, it is possible to modifyoit f

number of outputs is very close to (but not exactly) sufficienfinite & so as to actually achieve the predicted performance.

the_ fractipn of inputs that can be _decod_ed _wiII be negligible 1. PROBLEM STATEMENT: INTERMEDIATE

Th|§ fragile perf(.)rman.ce of capacity acr_nevmg fountaml PERFORMANCE

motivates us to investigate other fountain codes. In padgic

_1
iGi—1)

each fountain code is associated wittlegree distribution, and n genera[, the (distribution of) the numbgr of mp.u.t bits
recovered will depend on the number of received parities, th

we i_nvestigate and_bound_ th? performan_ce of al distripmjo %egree distribution used for generating the fountain coaled
not just the capacity-achieving ones. Figure 1 describes tthe total numberk of input bits. In this paper we will be

main results of this paper. concerned with asymptotic performance, i.e. we for the case
In the following, we first give a brief background on ymp P '

fountain codes in Section Il and then develop our investigat wheni is large. In particular, given a sequen(ce, } of degree

of intermediate performance in Section Ill. The main re};uIfjlsmbuuonS that converge pointwise to a distributith we

are derived in Section IV, followed by a discussion in Sen:tiovw.II be concern_ed only with t_he performanp_e Bt Towards
this end we define the following two quantities

V.
no. of received parity bits
[l. BACKGROUND: FOUNTAIN CODES TR = - -
. i ) . ) no. of input bitsk
In this section we briefly describe how fountain codes no. of decoded input bits
are encoded and decoded. A more thorough explanation and 2k =

: ) _ no. of input bitsk
treatment can be found in [1]. Throughout this paper, we will

assume for simplicity that the input and output symbols a}¥e Will be interested in the relation betweerand z ask —
bitsL oo. Towards this end we defingr, P) to be the limiting value
_ 2

Encoding: Given k input symbols and a probability distri- f 2 for 7x = and B, — P. _ _ _
bution P over [k], encoder generates each output as follows; AS @ simple illustrative example, consider again the solito
(a) it chooses a random degrekaccording toP, and (b) distribution of [1].. In terms of the notation in this .pa_pdn,et
chooses a set of inputs uniformly at random and XORs'esult of [1] implies thatz(1,7) = 1. Note that this is the
them to get the output. same as saying thdtis a capacity achieving distribution.

Decoding: Givenn output symbols, the decoder selects one AS Pointed out in [4], recent results in random hypergraphs

of degree one. The value of the corresponding input is selt, &% Parling and Norris [3] can be used to study the asymptotic
performance of the iterative decoder for the limiting degre

LIn practice each symbol is a packet — a vector of bits — and teeatipns
described below are carried out in parallel for each pasitibthe vector. 2[3] shows that these limits are well defined.



distribution of the fountain code. To do so we will need some there exists &, such thaty < é, implies thats(ﬁ, Q) <
additional notation. s(r,P) +e.

First, for any degree distributio®, we define its generat- Also, there exists); so that for all§ < J3 we have that
ing function P(¢t) = Y~,., P(i)t" and its derivativeP’(t). property (3) is satisfied by™s andQ. For any suctd we have
Further, for any real number > 0 we define the term that 2(55,Q) = s(775,Q) from Theorem 1. Thus setting
) , d1 = min{ds, I3} proves the lemma. [ ]
s(r,P) = inf{t €[0,1):rP(t)+log(1—1) <O} A1 (2) In light of the above lemma, for the remaining portion of

We now restate Theorem 2.1 of [3] in the notation developd@® Paper we will be interested studying and boundifig )
in our papet. as the degree distributioR is allowed to vary.

Theorem 1 (Darling and Norris [3]): Let real number > IV. RESULTS

0 and the limit d distributio® b h that : .
and the fimit degree distributiol be stich tha The quantitys(r, P) exists for all P, and hence we can

rP'(t) +log(1 —t) >0 for 0 <t < s(r,P) (3) easily find out the (approximate, asymptotic) relation tew
) ) o the number of decoded inputs and the number of received
Then, ask — oo, if the number of received parity bits iS:  parities for any particular fountain code degree distidout
thenzy — s(r, P). _ P. In this section we take this as the starting point in

The above theorem gives a way to calculate the quantiy investigation of the intermediate performance of faimt
z(r, P) of interest : modulo the poisson approximation, it sayspdes. Lemma 1 in the last section justifies this approach.
that for limiting distriutions that satisfy the condition$ the As an illustrative first step, we investigate the performeanc
theorem we have that(r, P) = s(r, P). of the limiting soliton distributionI specified by (1). The

Note that for the ideal soliton ditributiod we have that corresponding generating functionZ4(t) = —log(1 — t). It
s(1,I) = 1. However the above theorem, as stated, duits js easy to see that there is a discontinuity at 1: s(1,1) = 1
apply to the limiting soliton distributiory. This is because gt s(r,I) = 0 for every0 < r < 1. This means that while
7'(0) = 0 and so for anyr we will violate the condition the soliton achieves capacity, its performance is fragiléne
rZ’(0) + log(1 — 0) > 0. In fact, forr = 1 we have that gense that even if the number of received parities is sfightl
Z'(t) + log(1 —t) = 0 for all 0 < ¢ < 1. Thus the above |egs than required the fration of recovered inputs will beyve
theorem cannot be directly used to show thét, 7) = 1. small.

The above problem with the soliton distribution illustte \we are interested in distirbutions with optimal interméelia
why it may be hard to use the above theorem directly {garformance. Towards this end we define the following terms:
evaluate the performance of otherwise interesting degi®e Gor each) < r < 1 let P be sit.s(r, Py) > s(r, P) for all
tributions. As a stepping stone to obtaining interestirgi8  p e will be interested in finding, for each the distribution
using the above ideas, we first define a perturbation as fsilovya(r) and corresponding valug(r, P,)). For the purpose of
given a sequence of degree distributidfls — P and a real analysis, it is convenient to define for eagh< » < 1 the

numberd > 0, let Q. be the distribution defined by equivalent terms
Qr(l) = 6+ (1 -0)P(1) r(z,P) = inf{r: s(r,P) >z}
Qk(l) = (1 - 5)Pk(7') for i > 2 P(Z) S.t. T(Z,P(Z)) < 7"(2’, P) for all P

In the above we have moved a small amount of mass from the,) is the optimal distribution forz: it will enable the
higher degrees of” to degree one. Note that no@, — @ decoding of a fraction of the inputs from the smallest number
whose generating function i©(t) = (1 — 6)P(t) + 6t. We of received output symbols. Characterizing/boundihg and
now use the above theorem to show that the performancecefresponding value(z, P,)) for eachz is equivalent to a
the perturbed? will be close to that predicted by(r, P), characterization in terms of, and we will find this more
even if the originalP does not satisfy the conditions (3).  convenient.

Lemma 1: Given e > 0 there existss; > 0 so that for ~ The above objective is achieved exactly foE [0, 2]. For
0 < 41 and the corresponding perturb€l as defined above, the remaining values we do not know an exact characterizatio
s(r,P) < 2 1%6,@) < s(r,P) +e so we do two things for eache (2,1):
Remark: The above lemma says that, with a slightly higher 1) Use linear programming duality to lower (i.e. outer)
value ofr, the d-perturbed distribution has the actual fraction bound ther(z, P.)).
= of recovered inputs close to thér, P) predicted for? and  2) Design distirbutions”,., that perform close to this outer
. bound.
Proof: Note that*;Q'(t) = rP'(t) + 25 from which it Note that a lower bound of (z, P(.)) represents an outer
follows thats(Z5,Q) = s(r, P). It also follows that, given phoyng, i.e. it is a quantity that may not be achievable by any

, _ _ ~ fountain code degree distribution.

In their paper they assume the number of received parities is | the task of findingP(Z) the following lemma provides an

Poisson(rK), but the results do not change in this case. This is just the . e -
Poisson approximation. Important simplification.




Lemma 2: Given z < 1, if integer m > 1 is such that A(t)+log(l—t) >0 for0<t<z (4)

z < - then it has to be thaP)(i) = 0 for all i > m + 1.

Alternatively, if m is such that: = 5 then there exists an
optimal P,y with P(,)(m + 1) = 0.

This optimization problem is now linear, but with infinite
dimensional constraints. Nevertheless, it falls withia #tan-
dard theory of such linear programs. Clearly, the problem is

Proof: . )

Recall thatP! (1) = 221 P(i)it=1. Now, if ¢ < m_ then feasible. Also, we can write down the dual problem
for everyn > m+1 we have thatn —1)t"~2 > nt" 1. Thus, min E[-log(1 — X)] sit.
in particular, we have thant™~! > nt" 1, f(@)

Now, supposeF,., is such thaty . P.(i) > 0. Then

, 1
i—1 K
cosntruct a new?,., as follows: X €02 and X<~ fori<i<m (5)

ﬁ(z)(i) = Puy(i) for1<i<m-—1 where the optimization has to be carried out over all distrib
~ ) tions f(x) of the random variableX that have support only
Pey(m) = Y Py in [0, ].

tzm The dual linear programs above will have no duality gap.

Then, it follows that the corresponding generating funddio Thus, we can prove optimality of a particular candidateridist

will satisfy ﬁ{z)(t) > P,(t) forall 0 < ¢t < ;%5 and bution by evaluating the corresponding value of the primal

ﬁéz)(t) > 7){2)(75) for ¢ = . objective functi_on, and the constructing a d_ual S(_)Iu_t_ion of
For = < —™_ this means thatr( 13( ) < r(z Py equal value. This allows us to calculate the optimal distidn
m-+1 ) z ) z ) H
contradicing the choice aP,). Thus for such & it has to be f(sz) and corresponding value(z, 1)) for a further range of
that Zl m P(Z)(i) =0. ) . . C .
For Z>: 47 the above means tha(z,ﬁ(z)) >r(z, Py) givl_eer:ng?g Tg; z: 16 a[gégt]flleﬂ::irrzzgrgséir?;i”t])?um;nzls
and sinceP,.) is optimal this will be equality. This means™ ., _%) () ' @)

that the alternate distributioﬁ’(z) is also optimal forz. The 2z
. Proof:
lemma is thus proved. | —log(1—z

i i — ) A
As an immediate corollary of the above lemma we have thatConSIder the _soluuon@) g 27 anda(z)-f[() for all
for all 0 < = < 1 the optimal distribution isP,,(1) = 1 and 1 # 2 for the primal. This satisfies the constraint!(0) = 0

1 2

the corresponding(z, P(,)) = —log(l1 — z) for 0 < z < 1. and
i — - —log(1 — log(1 —t¢
In terms ofr, this means thaP)(1) = 1 and2(r. P)) = A/(4) 4 log(1 — ) — 2t< og(1 — 2) N og( ))
1—¢e " for 0 <r <log2. 2z 2t
Moving on to higher values of andr, Lemma 2 means > 0 forO<t<z

that for an 1 if m is such that™=1 < » < —m_ _ . —Jop(1—
yz < i mo = 2= gl t\6/here the last inequality follows from the fact thall%

then without loss of generality we can restrict attention : : ; . o
IS a strictly increasing function af Thus the above solution is

degree distributions that have support pn]. However, it , , . —dog(1-2)
does not immediately provide an exact answer for what tl){élIId for_ the primal problem and yields a value 2z
Consider the dual solution

optimal distributionsP,y or P, are. So we now use linear
programming duality to provide a bound efz, P,.)). _ (1 1 5 ig _
Given a fixedz < 1, the optimalr(z, P(.)) is the solution f(@) 2z (z) + 2z (z—-2)

of the following optimization problem: . . -
gop P which puts mas% on the pointz and the remaining mass

min r St at the origin. This satisfies the constraints becai$&] =

P z(5-) = 3. Thus it is valid solution, and yields a value of

rP'(t) +log(1—t) >0 for0<t <z —160=2) for the dual. This is seen to be equal to the value

f our guess for the primal, and thus by weak duality we have

—log(1—2)

The problem is stated above is not linear since the constrai )
P that both are optimal and thatz, P.)) = —5—. [ ]

are not linear. However, it can be easily converted into edin tated in t i the ab | 2z that f
program by a change of variables. Specifically, let sequenlceRQeS<a e <|n3 lerrgs 0 ’h € ?h OtV(tah emnt1_a Siag.st 'bat' or
a be defined bya(i) = rP(i) and its generating function be.°8< = ' = jlogs We have that the optimal distribution

D =3 (i)t Clearlyr = S a(i) andP(t) = A1), 1S Fn(2)=1.
f;l(in)tege;ﬁlai(sz)such tha%lé ;;”9 m :fzz(n)the éégve Unfortunately, we have not been able to extend the above

problem can then be rewritten so thdt, P.)) is the solution ideas of linear programming du2allty to exactly characeffgg
of or r(z, P(,)) for values ofz > z. Nevertheless, we can use
min a(1) + ... +a(m) st linear programming to provide outer bounds. . _
a Specifically, note that the value of any feasible solution of
4 . o o the dual problem (5) will be a lower bound of the value of
Thus means that if the objective of communication is only thewery

of at least half of the inputs, then it is optimal to not employ @oding at the primal prOb_Iem' and thus 0(2’ P(Z})' The dual prot_)lem
all ! can be approximately solved numerically by assuming that



the optimal f(z) has support only on a uniform grid ofSo,aﬁ(Z)(t) + log(1 —¢) > 0if and only if ¢ > 0 and
fine granularity overt € [0,z]. Under this assumption the ;
dual problem becomes a standard linear program with finite a > - 1 + 1 Z -
numbers of variables and constraints. Its value will be a tru m mtm= i>m

lower bound onr(z, P)). This outer bound with a grid Note that in the above expression the RHS is a strictly

spacing of 0.001 is shown in Figure 1. . ing f : hat th | e :
The outer bounds as computed above serve as a benchn%%?keasmg unction of, and that the value of — (given in (6)

. . ) L — IS exactly the RHS of the above expressiort at z. Hence
_to evaluate the m2er|t of any particular candm!ate dlstrdlruf the above expression is true, proving the lemma. The fatt tha
in the rangez € (3, 1) where the corresponding exalégz) is

not known. I the following we develop, for eache (2.1 s(a,ﬁ(z)) = z follows from the above and the definition (2).
. ) N L) - "%7 .l .
a corresponding”..). The performance of these distributions |, light of the above lemma, we can now see for eatfow

is plotted in Figure 1, and we see that it is close to that of tlgﬁe corresponding(z, 13(2)) — a as defined by (6) compares to
outer bound. the numerically computed outer bound for thabtbtained by

_The intution behind the design2 is as follows. Recall thafis retizing the dual. This comparison is made in the second
with the optimal Py for z € [0, ], the constraint of the subfigure of Figure 1

'3
primal problem (4) is tight only at points= 0 andt = z. °

However, forz € (%, 1) the constraints may be tight at other V. DIscuUssION
points besides 0 and® Nevertheless, we can design tRe,) Note that the approximate distributiorfs.,) presented in
so that the constraints of the primal (4) are tight only at0  Lemma 4 are pretty close to the ideal solitbrin particular, as
andt = z. We do so in the following lemma. z — 1, P,)) — I. It can thus be thought of as an approrpiate
Lemma 4: Given a fixedz € (3,1), let integerm be such truncation and rescaling of the ideal solitén
that%‘1 <z < %5, and letF,) be defined by A different truncation and rescaling df is given in the
N 1 paper on Raptor codes [2, Sec. 6]: for> 0 they define
Piy(i) = W=D for2<i<m-—1 D = [4(1 +¢€)/€] and . = €¢/2 + (¢/2)% and a probability
R m— 9 distribution whose generating function is
P, = -
(= (m) a(m —1) (s 1 . D 1t P+l
Py(i) = 0 for all otheri o(t) = 1+ Jr; i(i—1) D
where m—1 1 i It is shown that this distribution can recover= 1 — § from
a = +— Z hil (6) r=1+¢ and thus can get withing of capacity. Our results
m mEm s sm ! suggest that using the distributiaR, s as developed in 4

This ﬁ(z) represents a probability distribution, and we hav\é\?'" gﬁ’e better_performance, because 'tz\”” enable recyve
that z__1—5W|thr< 1 as opposed to = 1 + € as is the
case in [2].

While the above distinction is small for smalland ¢, it
So the asymptotic fraction of decoded inputs will satisfyill be significant for moderate values. This may be of insere

aﬁ(z)(t) +log(l—t) >0 for0<t<z

s(a, Pr.y) = z. This is the same as sayingz, F.)) = a. if the pre-code in [2] is of small length and not too close to
Proof: _ . . 3 S capacity achieving, and thus requires a larger
We first verify that theF.) is a probability distribution.  Solving for the exact optimal distribution in thee (2, 1)
Note thatP,)(i) > 0 for all a > =2, and further that region remains of interest.
m—1
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and thus) _, ]3(2)(1') = 1. So it is a probability distribution for
any a > 2—:? We now prove the second property. It is eas
to verify that
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5In terms of the dual (5), this means that the optirf@t) will have support
only on the pointse = 0 andz = z.

SIndeed, numerical simulations seem to indicate that therealwvays a
finite number of support points, but that this number increases — 1.
This is consistent with the fact that fer= 1 the optimal soliton distribution
I will result in the optimal dual having support on the enfide1] interval.



