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Abstract—Much of the research on network modeling and given higher priority, and the remaining network resources

analysis has focused on the design of end controllers and meirk  unused by the real-time sources are allocated to the ndn-rea
algorithms with the objective of stability and convergence of time sources.

the transmission rate. However, a network is typically compsed . . - . .
of a mixture of both controlled elastic flows and uncontrollel One of the simple architectures for providing differeret

real-time flows. In this paper, we study the effects of markig S€rvices in the integrated network with controlled and umco
elasticity (which characterizes how aggressively the maikg trolled flows is that users can belong to one of two classes,
function responds to congestion) on queue overflow probality and routers in the network treat (schedule) packets from two
for uncontrolled real-time flows. classes in a differentiated manner by adopting “prioritgsed

First, we derive lower and upper bounds on the queue overflow heduli lgorith Ei 1 f |
probability at a router of a single bottleneck system. Usingthis, scheduling algorithms (see Figure 1-(a) for an example).

we quantify the trade-off between stability for controlled flows
Uncontrolled Uncontrolled

and queue overflow probability for uncontrolled real-time flows L h -

as a function of marking elasticity. Next, we compare the cagcity Ege\llstlm :I ‘ E%f,l\l,;'me\ ‘
required at a router with only FIFO scheduling versus a router Controlle Controlled™"

with priority scheduling (priority given to the real-time fl ows) for Elows :I Elows

supporting a given queue overflow probability. We quantify the (a) Priority Scheduler (b) FIFO Scheduler

“scheduling-gain” of priority scheduling over FIFO scheduling,
as a function of marking elasticity. We show that this schedling
gain decreases with more elastic marking functions.

Key words: Congestion Control, Stochastic Processes, Queu
ing Theory

Fig. 1. Priority and FIFO Scheduling Disciplines

In this paper, we consider a network where resources
are shared by uncontrolled real-time and controlled elasti
flows, and packets in the router are scheduled in a first-
I. INTRODUCTION come-first-serve manner (i.e., no differentiation) (segufé 1-

There has been extensive research on the modeling é_p)). Over such a network, the behavior of uncontrolled-real
analysis of the controlled elastic flows in networks by adapt tme and controlled flows are coupled together, and the QOP
differential equation based models of source controllers a€xperienced by uncontrolled real-time flows will be affecte
AQM (Active Queue Management) algorithms. Much of thi®y the behavior qf con.trolled flows (due to the flows sharin_g a
work has focused on the design of end host controllers af@mmon link). With this setup, it seems reasonable to believ
control algorithms (marking functions) at the intermediatthat by appropriately designing an AQM mechanism (marking
routers for (global and local) stable end-to-end operatioer function)_ at intermediate routers, we can p_otentiall_y [olev
the Internet by using control theoretic tools (see [1] anel tthe required QOP to the uncontrolled real-time flowighout

references therein). any differentiation between real-time and non-real-tinusvi
However, a network typically carries a mixture of traffic@t the routers. _ ) o _
ranging from controlled non-real-time elastic data traffian- ~_ 1he intuition is the following: an “aggressive” marking

controlled real-time traffic (e.g., voice and multimediaffic). function will mark a larger ngmber of controlled_ flow pf_;u_:kets
Uncontrolled real-time flows do not react to network feedbadVhen a burst of packets (which causes congestion) arrive. Th
and require guarantee of queue overflow probability (QOP”)’" cause the controlled flows to back—off., _thus po?enyall
as its QoS (Quality of Service), where the QOP requireme‘?\?crgas'”g the deIay_ or packet loss probability experidbye
stipulates that the probability of packet (from uncongdll réal-time flows. In this paper, we study the trade-off betwee
real-time flows) loss should not exceed some threshold. Fré{@cket marking [2] for controlled flows and the effect of this
the perspective of network control and management, regiarking on the QOP of uncontrolled real-time flows. _
time flows are admitted into the network only if there are We first characterize the “aggressiveness” of a marking
“sufficient” resources to satisfy their QOP requirementa. dunction by itselasticity _ _
the other hand, non-real-time sources are always admitted | _D€finition 1.1: Given any two marking functions(z) and
the network on a best-effort basis, i.e., real-time souszes 4(?); We say thaty(z) is more elasticthan p(z) if for any
z > z*, we have

Y. Yi is with the Department of Electrical Engineering, Rmton Uni- . .

versity (e-mail: yyi@princeton.edu). S. Shakkottai is twihe Department q(z*) = p(z*), q(z) = p(z),

of Electrical and Computer Engineering, The University ekds at Austin . e
(email: shakkott@ece.utexas.edu). This research waglpagupported by where z* is the equilibrium data rate at the rout&hus, the

NSF Grants ACI-0305644, CNS-0325788, and CNS-0347400. elasticity of a marking function corresponds to how aggres-



sively the marking value changes as the arrival data rateparate the effect of other parameters and to focus only on
exceeds the equilibrium rafsee Figure 2). However, note thathe elasticity of marking functions [3], [4]. In Section IWe

the marking values at the equilibrium rate are equivaleti wiextend the discussion to a weighted proportional fair culer

both marking functions, i.ethe link utilization at equilibrium [5] with more complex temporal dynamics.

is the same

A. Main Contributions and Organization

Marking q(z
Probabilit The main contributions of this paper are the following:
p(2) (i) Using the instant adaptation model for source dynamics,
| we derive lower and upper bounds of the QOP at a
| router, where a single buffer is shared by controlled
| i ' and uncontrolled real-time flows. Using these bounds,
z  Arrival Rate (2) we quantify the trade-off between stability for controlled

flows and QOP-guarantee for uncontrolled real-time flows
as a function of the elasticity of the marking function.
The results indicate that some marking functions may be

Fig. 2. Elasticity of Marking Functions

In this paper, we study and quantify the following two trade-  “yniformly” better than others. In particular, among the
offs: marking functions that we have compared, our bounds

Stability-elasticity trade-off.This refers to the trade-off indicate that a rate based version of REM [6] seems to
between QOP for uncontrolled real-time flows and stability f provide the largest local-stability region f@my given
controlled flows. The key trade-off we quantitatively arzy QOP requirement.

is that the more elastic the marking function is, the beser (i) We next compare the capacity required at a router
th_e QOP of uncontrolled real-_time flows guaranteed. prever with only FIFO scheduling versus a router with priority
this also leads to the negative property of less stability fo  scheduling for supporting a given QOP requirement. We

controlled flows. quantify “scheduling-gain” of priority scheduling over
Scheduling-elasticity trade-off. This refers to the trade- FIFO scheduling, as a function marking elasticity. We

off between the scheduling algorithm at the router and the show that this scheduling gain decreases with more elastic

elasticity of the marking function, with the performancetrite marking functions. This indicates that by appropriately

being the QOP achieved for real-time flows. This trade-off is  choosing the marking function and by using only a FIFO
quantified by means of the following: Given the requiremdnto  queue at the router, we can satisfy the QOP requirement

(a) long-term throughput (equilibrium rate) of controligalvs of real-time flows without much over-provisioning.

and (b) QOP for uncontrolled real-time flows, we compute th{#i) We extend the results to the case with a weighted propor-

required link capacity at the router to support (a) and (b). tional fair controller at the source, and study the trade-
To satisfy the long-term rate (for controlled flows) conistra off between stability and marking elasticity. Finally, we

(a), it is sufficient that the link capacity exceeds the surthef validate our analytical results using simulations.

mean rates of uncontrolled flows and the equilibrium rates of |y the rest of this paper, we begin with a description of

controlled flows (as long as the scheduling algorithm is worlg,e system model, parameterization of marking elastiaity a
conserving). However, the magnitude of the excess capag{¢ problem statement in Section II. Next, in Section I, we
depends on the given QOP (b) for real-time flows, the markiRgrive an upper and lower bound on the QOP, from which we
function elasticity, as well as the scheduling algorithmpar-  anajytically show stability-elasticity trade-off and sctuling-
ticular, by giving absolute priority to the real-time flowise(, g|asticity trade-off with the instant adaptation algamithin
priority scheduling), this excess capacity can be minimhizegection IV, we discuss the stability-elasticity trade-wfth

as controlled flows do not affect the QOP for the uncontrollqgeighted proportional fair controllers. In Section V, weopr

flows. On the other hand, FIFO scheduling has the advantagge numerical results and simulation to validate our asialy
of simple implementation (no per-class scheduling real)ire 3nd conclude in Section VI.

but at a cost of larger required link capacity. In this study,

we quantify the “scheduling-gain” (i.e., the differencetire

link capacity required with priority scheduling versustthith B Related Work

FIFO scheduling) of priority scheduling over FIFO schedgli ~ The problem of determining the queue overflow probability

as a function of the marking elasticity. has been studied extensively for queues [7]-[11] in theexdnt
The parameters that impact the source dynamics forof“open-loop” flows (i.e., there are no controlled flows)ofRr

controlled flow are the round-trip delay, the elasticity bét a technical viewpoint, our research differs in that we use a

marking function, and the rate of adaptation at the coredbll sample path large deviations framework to analyze a system,

source. In this paper, we first model the dynamics of cortdoll where the flows react to the link conditions via the congestio

flows by means of an instant adaptation algorithm, wheo®ntroller dynamics.

the sources react to network feedback with no delay andThere has been much recent work on understanding the

adapt immediately to the equilibrium rate for a given networdynamics of Internet congestion controllers in the presasfc

configuration. The instant adaptation scheme enables usutwertainty (e.g., due to short flows, random flow initiaion



and terminations, and real-time flows). The current litemat
can be categorized by thane-scalesve investigate.

First, from the viewpoint of theouter, as the number of
flows and capacity increase, the time-scale of queue becomes
faster. In other words, the queueing dynamics become iacrea
ingly faster (equivalently, the busy-period duration bees
increasingly smaller) as the system scale size increasésisl
regime, by appropriately “slowing-down tm_1e at the royter —
it has been shown that the uncontrolled arrival processes ca .
be modeled by a Poisson process [12] (formally, using the () convotea prows () unonrotied Fiows
Poisson limit of renewal processes [13]), and there has been
much work [14]-[16] in understanding the queueing dynamigég'
(for instance, in the context of buffer sizing) at this tirmeale
at the router. We refer to this regime as the “fast time-scale
regime,” as this regime captures the time-scale of the rou@nd the diffusion approximation of the queue, however, @& th
dynamics. context of a closed-loop system), afijJ the time-scale of the

The second important time-scale to consider is that ofrauter queue (see Section 4 in [22]).
end-user. This time-scale istimes “slower” than that of the
router dynamics, where is scaling parameter that determines Il. SYSTEM MODEL AND PROBLEM STATEMENT
the number of flows, and the link capacity scaling. The reasan system Model

for this “slow-down” is that for every packet transmitted by Consider the system shown in Figure 3. We considsngle

an end-user, there arepackets that arrive at the Ir]termed'at%liscrete time queue with two types of flows: controlled flows

router (as there are flows in the system). From the VIEWPOINt, 4 yncontrolled flows. We use the terminologgntrolled

ﬂgttt;?:afer:j(;-USre]g (?;/r?rviaerx tfr']);ed utérgs'gée;\/?ﬁlnLf;if‘l’e)t('é?eo\'/ﬁowsto refer to flows of data traffic which react and adapt their
' 9 pe Fhnsmission rates to feedback from the netwahkcontrolled
a large number of random (open-loop) flows, leading to

L ) . ﬂ%WSI refer to data flows that do not react to network feedback.
deterministic limit in the large-number of flows regime. s

essentially the regime that has been studied in [17], wheze F S:&pliessfgg iﬁhi:gxseér:j(:elz?? d;eﬂzl(;gwye d\ins(':reil())llj?:gl(()(.)vgrle
authors have analyzed the fluid limit of the system from t

. : o ows) stationary, ergodic uncontrolled flows, with eachs{di
viewpoint of the. controlled_ flows. In this I|m|t,_ the openejp crete time) flow being a bounded process, andilmpntrolled
flows (the real-time flows in the context of this paper) appe bws (determined by a congestion control algorithm desdtib
as a constant rate process (with the rate equal to the exbecf

value of the uncontrolled arrival process), and the cldseg- ?er). The buffer size is scaled with and the link capacity

S e of the corresponding queue is suitably scaled witko that
ggzgggid flows appear as a deterministic delay-diffeatnt the queue is stable. Thus, theth system has a buffer of size

The third time-scale is due to that of flow-level arrival 0B, and a capacity ohC. For queue stability, we assume

and departures. In this time-scale, the major 'nterest'ﬁes%hat ' = a7 +y" < € wherea™ s the equilibrium rate of
partures. In this ! Jor | | a controlled flow, and,* is the mean rate of an uncontrolled
understanding the impact of real-time flows on elastic flo

by looking at the system dynamics at the flow-level timv%ff?gvaZ:g;Zer’ we assume that each flow experiences a round

scale and considering dynamic flow arrivals/departure$-{18 From the controlled flows’ point of view, the system we

[21]. A primary research opj_ectiye at thi.s_time-scale. s iHave described above can be thought of as a closed loop
characterizing flow-level stability (i.e., conditions werdvhich system (with delay) and feedback control is applied at the

thfﬁgwggeirnOtfhzlfggvzogfni)@amr:,'vt?k i this paper Carouter based omggregate arrivals A popular modeling and
; ! ' . Paper | Qnalysis methodology for such closed-loop systems in the
be viewed as trying to model the behavior of a real-tim

fiternet context has been through functional differental
(open-loop) end-user, at the time-scale of the end-user, (i 9 e

the second time-scale discussed above). However, unlike [flfference) equations basédid modelq23], [24].

S . ! -~ The router is modeled bymarking functior(see Section II-
yvherg a deterministic flu!d model has been studied (Wh'% which signals congestion by marking flows, and receivers
is of interest when studying the long-term throughput for

trolled fl der the tail brobability f fetect the marks and inform the respective flow sources to
;:Ion rofie thOW), V\]fe consiaer te' alh pro 'atlhl y for oparop ﬂincrease or decrease their transmission rate. We model flows
(r)c\;\(:)sa;bé'al'st oef gig{rpﬁgcﬁome fic here IS the queue over %X‘/ discrete time fluid processes. We denote the fluid rates of
P F'naIII ! yrelated o;k alsowﬁcl des [22], where the a thc)individual flows by{x[i],k = 1,...,n}, wherex[:] denotes

nary. W heiudes W € aUNOtRe number of arrivabsof controlled flowk at times. In this
characterize queue fluctuations using a Central Limit Theo-
rem (CLT) based approximation. This can be interpreted asThroughout this paper, we use the term “uncontrolled flowsd &real-
understandingi) the variance properties of the router queule flows interchangeably. . o

d to tail behavior (i.e.. the analog of the diff n We use the terms number of arrivals” and “arrivals |nteqngeably.

as opposed 1o tal J ( s g Further, the term “arrival rate” corresponds to the numbkramivals per
between the large-deviations behavior of an “open-loo@lmu time-slot.

3. System Model



TABLE |

aper, we consider two source rate adaptation algorith e
p p p g rgs ( EXAMPLES OF MARKING FUNCTIONS

[4], [17]), described as follows:

: : : ; T M R C E v

(i) Weighted proportional fair controller. - yPe N e
oz O(&) |o=tzas| (& —m) - (==

iCk[i + 1] . xk[z] _ m,m|[[0,C] 0,C [CnC(1/a+n)| 0,00 aC, co

m(w — zgli — d]p(zgvj[i —d+ Zyj[z - d],nC)), Q)
j=1 7=t In Table I, TypeM has the interpretation of the queue
wherey,[i] denotes the number of arrivals due to an uncotength exceedingyx in an M/M/1 queue with arrival rate
trolled flow & at timei. x andw are positive constants which[25]. Type R can be used as a rate based model for REM
determine the rate at which each flow increases or decread@@ndom Exponential Marking [6]) for a suitable choice of

its transmission rate, and the equilibrium point. o [26]. TypelL is a simple linear marking function. Type
(ii) Instant adaptation. is a rate based exponential marking. Finally, typehas the
N . interpretation of the fraction of fluid lost when the arrivate
_ . s T1il.nC). 2 exceeds a certain level, called the “virtual capacity” [27]
w xk[l]]?(; (i + ;ya [i],n ) 2) Then, from Assumption 2.1, we present the individual flow

) ) . ) dynamics at time by
In the instant adaptation algorithm, congestion contrslle N

adapt to the fixed point of the difference equation in (1) with A xk[i]p(zn:x-[z‘] n Zy'[ﬂ nC)
J J )
j=1

no delay [3], [4]. In this scheme, as the rate of the uncoledol
flow varies with time, the corresponding equilibrium rate 1 1
varies appropriately (as determined by the elasticity prtgs xk[z‘]p(— Z xi[i] + — Z y;lil, C). (4)
of p(+)). The instant adaptation scheme tracks this variation of s s

the quilibrium rate. This allows us to fgcus purely on thgy summing over the flow indek, we then have
properties of the marking function and to ignore the effefts

k andd. w = z[i]p(x[d] + yli]), (5)

J=1

where z[i] and y[i] are the average arrivals (over flowst

B. Marking Function timed, i.e., xfi] = £ >0, x;[i], andy[i] = £ >0, y,[i].

The marking functionp(z, C)) represents the fraction of ~Similarly, with weighted proportional fair controller,
flow to be marked when the total arrivals to the associated. , , . ,
router with capacityC' is z. In this paper, we study rate- i+ 1] =2l = K(w — ali = djp(ali — d] +yli - d]))' ©
based marking functions, where the router marks incoming
packets based on the aggregate instantaneous arrival reteElasticity of Marking Function: Warping
Another class of widely studied marking functions are those In this section, we describe how to parameterize the elastic
that mark the packets based on the queue length (queue-bagesf marking functions by adopting “warped” marking func-
marking functions, e.g., RED [2]). Further, in [14], [15het tions. A warped marking function has a parameter (denoted by
authors show that under appropriate assumptions, a quegg-which determines the elasticity of the marking functions
based marking function can be approximated by an equivalemie family of warped marking functions enables us to alter th
rate-based marking function. In this paper, we restrict oefasticity of the marking function without altering the atg-
attention to rate-based marking functions. state utilization.Prior to describing warping, we first make

We consider the following form of marking functions:  the following additional assumption on the marking funatio
considered in this paper.

(_) ff zsm, B Assumption 2.21/p(z, C) is convex inz over (m, o).
p(2,C) = p(z,C) ifm<z<m, () The typical marking functions in Table | satisfy Assump-
1 if z>m, tion 2.2.

Given any marking functiorp(z, C') satisfying Assump-
tion 2.1 and 2.2, we construct a family of marking functions
terized by th [ t defined
Assumption 2.1We assume thap(z,C) is a increasing, parameterized by the warping constats € (0, oc), define

by:
Lipschitz continuous, differentiable function in the intal 4
[m,m) with range(0, 1], that satisfieg(z, C') = p(z/C.1). ps(2,C) 2 p(ﬂz —(B—1)z", O),
Assumption 2.1 states that the fraction of packets marked . o _ _
depends only on the ratio of the total arrival rate and thie lirwhere z* is the equilibrium rate at the router with capacity
capacity, which is satisfied by typical marking functionsisu C. Equivalently,y = z*/C corresponds to the equilibrium

as those in Table | (see [17], [25] for more detdils) utilization at the router, for some fixed value ofe (0,1).
Note that

wherem € [0,C),m € (0,00), and m < . p(z,C) is
assumed to satisfy the following condition.

3For notational simplicity, we will omit the second paraneféthroughout
this paper unless explicitly needed. pa(z*,C) =p(z*,C),



T , The steady-state behavior of the congestion controllezs (i
| routers accessed by a mixture of controlled and unconttolle
T flows) has been studied under fluid models [17], [28], and
= stability condition has been established [4], [17]. Howeve
T our focus here is the transient behavior which leads to queue
NP ] / overflow, and the impacts of marking elasticity on the QOP of
R R R ——————— real-time flows. Thus, in this paper, our objective is to cotep
(8) TypeE: p(z) =1 —e (b) TypeR: p(2) = c=§%572 the QOP as a function of the time-scale of the transient
Fig. 4. Examples of Warped Marking Functions: — 10, w — 3, and Phenomenon as well as the marking function elasticity. We
2*=09. assume that for a fixed finit&;, the system is stable before
—Ty, i.e., z[i] = = and y[i] = y* for Vi < —T7; and
thus, the queue over flow probability is a function Bf,
which ensures that for each fixed nominal marking functidhe marking function, and scheduling policy. By the queue
p(z) * and the corresponding family of warped markingtability assumption (i.ez* + y* < C), the queue length at
functions, {ps(2)}, B € (0,00), the steady-state utilization timei € [—oo, —T7) is 0. Therefore, it suffices to consider the
of the system is independent@fThen, forz > z*, we have arrival processes only at the time interval oyefl’,0).
pp(z) > p(z), if B> 1,andpg(z) <p(z) if 0 < B < 1. For a fixed T}, consider a following non-negativecaled
In other words{ps(z)} corresponds to a family of marking (deterministic) arrival vector over the intervd-T7,0):
functions whose elasticity is varying with respect to th&[—77,0) = (v[-Ti],v[-T7 + 1],...,v[-1]). Then, from
nominal marking functionp(z). If 3 > 1, pg(z) is more Loyne's formula on the queue length process, the queuetengt
elastic and if 3 < 1, ps(2) is less elastidrom Definition 1.1. at time0 corresponding to an arrival vectaf—17,0) can be
We can easily check that for eagh> 0, ps(z) also satisfies defined as:

Marking Probability
&1
Marking Probability

Fixed Point

T
°
2

T

Rt
I

frL

Ry

°
T
I

—az/C

Assumption 2.1 and 2.2. Figure 4 shows the warped marking —1 n

functions of TypeE and TypeR for different values of5. Q(ﬁ[—TI,O)) = [ sup ( Z vi] — CT)} (M)
0<T<Ty T

D. Problem Statement Thus, the queue overflows probabilities of priority and FIFO

Our objective is to study the effect of the marking elasficitdueueing are given by:
(using the warped marking functions) on the queue overflow P 1.,
probability (QOP) requirement of uncontrolled flows (i.te Pr(Qy > nB) = Pr{Q(gY (=1, O)) = B}
bound on probability that the queue length exceeds a fixed _ Pr[ sup (lyn[_T 0) — CT) > B 8)
threshold). It is clear that the QOP for uncontrolled réalet 0<T<T, \ 10 ’ -
flows will be the “smallest” if such flows are always given F 1 _,
strict priority access at the routers (i.e., priority schlety at Pr(Qo 2 nB) = Pr{Q(ﬁZ (=11, O)) Z B}
the router with priority for uncontrolled real-time flowsjve — Pr[ sup (lzn[_T’ 0) — OT) > B}. (9)
will later use priority scheduling as a reference model geas 0<T<T; \
the performanpe of FIFQ scheduling (gsed .in .Sectionl H-C 104 the largen regime, we derive asymptotic expressions
study scheduling-elasticity trade-off). With priorityfsluling, ¢, the queue overflow probabilities using large deviation
we assume that two separate queues are used.to store data {é%rﬁhiques, which requires the application of tumtraction
the controlled and uncontrolle_d flows, respectively. principle [29]. Intuitively, the contraction principle facilitates

We denote the sum of _arrlvz_slls of un'controlled. gndn computation of queue overflow proability by considering the
COQUO"e?_IIOWS over the 'qme '”te“’%"” ?len i, ) = gueue length at timé as a function of the uncontrolled arrival
2k=1 2 =i Yuls] and X[ g) = 35, Doy Xkls], e~ yrocess. For applicability of contraction principle, theege
spectively. We let 2"[i, j) = Y"[i, j) + X"[i, j), 10 denote jop i at timeo should be continuous with respect to the
the total sum of controlled and uncontrolled arrivals ove t |\~ oiied arrival process, which we will prove later.

same time intervali, j) in the n-th system. With the instant adaptation, we define the queue length at
We consider a discrete time framework, where we SUPPOS%e 0 for the uncontrolled arrival{— 17, 0) by:
that the current time is 0, and the arrival process startinat t ’ '

—o0. Thus, at the current time, the system is in steady state. R -1
We denote the queue length at tiavith FIFO and priority Q( #1717, 0)) =] sup ( > (@l +ylil) - CT)
schedulers by){” (for a queue of uncontrolled real-time flows) O<T=Tr
andQg’, respectively. where #[—1T7,0) is determined by (5). Similarly, we use
‘When g8 = 1, we usepg(-, C) and p(-, C) interchangeably throughout the nOt?tlonQ to refer to the. queue Iength 3t time O .Wlth
this paper. Further, for simplicity, we omit the second peeterC in p(z,C) the weighted proportional fair controller, i.&[-T7,0) is
andps(z, ), unless explicitly needed. determined by (6).
5Thus, X, [s] denotes the random variable corresponding to the number of In Section Ill, with the instant adaptation, we first provatth

arrivals from thek!" controlled flow at times, and a similar definition holds ~ Ty . . d itabl | hich
for Y}, [s]. Finally, we use upper-case letters and lower-case lettecemnote @ : R'" — R is continuous under a suitable topology (whic

random variables and deterministic quantities, respelgtiv allows the application of a LDP (large deviation principde)d

+
; (10)

i=—



the contraction principle) in Theorem 3.1. Next, by compgti B. Computation of Bounds on the Rate Function

Q¥ as a function of marking elasticity, we will investigate This section focuses on computation of lower and upper
and quantifystability-elasticity and schedul_ing-elaiﬂitraqle- bound on Ir(B), leading to upper and lower bound on
off. In ;ecnon .IV, we extend_the analysis to the We,'ghtegsymptotic queue overflow probability, respectively (SEB),
gropo;tmnal fair controller (using the queue length fumet rirs; \ve add an additional assumption that the unconttolle
Q: R —R). flows are independent and identically distributeder time

for computational simplicity. The computation éf(B) for

[1l. INSTANT ADAPTATION CONTROLLER . . : L .
o non-i.i.d arrivals is left as future work. This i.i.d assutiop
A. Continuity of Queue Length and Queue Overflow Probgnsyres [29] that for any fixed, we have

bility
~ —1

We first prove the continuity of) (with respect to the _, . ;
uncontrolled arrival process) that enables the applinatib IH=1.0) = Z Tyl (13)
the large deviation results and the contraction principle.

We present a useful lemma, which is used to derive theherel(y) £ sup, (y0 — log E(e?*1[=1)) , andY;[—1] is the
gueue overflow probability and to prove that the queue lengthndom variable denoting the number of arrivals from flow ‘1’
at time0 is continuous with respect to the uncontrolled arrivadt time slot *-1'.

i=—T

process. Withw and p(-) in (5), let us define a functioh : ~ From Theorem 3.1 and (13), the rate function is given by:
[z,00) — RT U {0}, where
w Ir(B) = inf IL(B), (14)
hz) & z-— p(z)’ zp(z) = w. 0<T<T;
z
g where

Sincep(z) > 0, we havez > m from (3) onp(z). Thus,
h(z) is defined ovefz, co). Also, from the definition ofu(z), T _ . ;
h(z) = 0 and h(z) > 0 whenz > z. Intuitively, z is the Ip(B) = g[_}l}g)eA ‘_Z:TI(WD’
total average arrival rate over flows (i.e., the sum of averag A — la-To0 lfi ST 0N > B
uncontrolled and controlled arrivals over flows) at timeind - {a[_ ,0): Q(a[-T.0)) = }
h(z) is the corresponding uncontrolled arrival rate at tiine Then, we have the following result on the upper and lower
(SGI}_eer%SrL)z;\ 3.1:Suppose that we have a marking function Ot?ound onlr(B).
R . ) Th 3.2 U dl bound):
the form (3) satisfying Assumption 2.1 and 2.2. Thénis eorem (Upper and lower bound)

invertible and concave. Further, by definipg® h~!, g is a B w 1 (T-1)
convex function satisfying ot TI C+T_T(p(B+C)+ (0 ) <Ir(B)
B w
(9(yli]) = yli))p(9(yli)) = w. < inf TI(C+——7
Proof: Observe thatg(u) is the average total sum 0<T<T T p(C+B/T)

of uncontrolled and controlled arrivals with respect to the \ys first describe three useful lemmas. Lemmas 3.2 and 3.3
uncontrolled arrivalu. Note that sinceh(:) is continuous, ;nq Lemma 3.4 are used for the upper bound and the Ioweé
g(-) is also continuous. The formal proof is presented in g, nq in Theorem 3.2, respectively. The proofs of all these

Apper)d.b.(. . ! _~ ® Jemmas are presented in Appendix.
Definition 3.1 (Uniform Norm):We define the uniform First, we show that we do not need to optimize over the

norm [30] for a vectord[-T7,0) as follows: entire trajectories in the spacd. Instead, it is enough to

R S wld) optimize over the trajectories ovet A, defined by
T-T5,0)l. & sup |==L .
[0[=T71,0)| oS T »
We now prove the following result: _ A= {6[—T70) : Z g(ali]) > B + CT, ali] > a,
Theorem 3.1:The queue length function (at tim® Q :

i=—T
RTr s R is continuous with respect to the uncontrolled

arrival processy[—T7,0) € R™ in the topology endowed
with uniform norm. Further, we have

Vie [T, 1], g(a) :c}. (15)

Recall thatg(u) is the average total sum of uncontrolled and
lim 1 log Pr (Q(EZ"[—TI, 0)) > B) = —Ip(B), (11) controlled arrivals with respect to the uncontrolled ativ.
n

n—oon Lemma 3.2:With A defined as (15),
where
P . L .
fr(B) 0<11P£T117[—T,o>:élé[f—:r,o»;gl(y[ 7)) inf inf > I(yli])
I(71-T0)) £ sup (@g[—T,O)—logEee'Y[_T’O)). (12) 0<T<Trgl=T0)eA =
0eRT -1
Note that " is the inner product of two vectors. = inf inf " I(y[d).

T 0<T<Tr z_ i
The proof is presented in the Appendix. 0TI g-T.0)e A,



Next, let us define the spade given by: C. Stability-Elasticity Trade-off

1 Using the lower and upper bounds on the rate function
B_ {d[—T, 0): 1 RE 971(5 + 0)7 afi] >a, (e Ir(B)) derived in the previous section with the instant
T T adaptation source controller, we study the effect of adagti
of marking functions on the stability (for controlled flonesd
)= C} (16) QOP (for uncontrolled flows), and their trade-off.
Consider a fixed nominal marking functigr(z), and the
By showing that the spacé C A, we derive an upper boundcorresponding family of marking functiongps(z), 3 €

i=—

Vi e [_Ta _1]7 g(d

of I%.(B), described in the following lemma. (0,00)}. Recall that with respect to a nominal marking func-

Lemma 3.3:8 C A. Thus, tion, 3 > 1 corresponds to a more elastic marking function,
and 3 < 1 corresponds to a less elastic marking function.

inf Z I(y < Z I(y We adopt the following procedure to study the effect of

F-T,0)eA TO)GB the marking elasticity on the system stability of the closed

i=—T
Lemma 3.4:Suppose that we have the foIIowmg optimizalOOD controlled sources and on the QOP of the open-loop
tion problem: uncontrolled real-time sources:

(i) For a fixeds, we compute thesmallestQOP that can

. . be achieved for the uncontrolled real-time sources by

2[,1Trf£)€cf Z F(zla), assuming that the controlled source adapts and backs-
= off instantly in response to congestion, i.e., the instant

adaptation controller is used for QOP analysis. Note that

with the instant adaptation scheme, the upper bound on

the rate function from Theorem 3.2 provides a lower

Also, suppose thaff is increasing and concave. Then, the  bound on the QOP. In other words, for a fixed value of

C= {a[—T,O) .S ali] = B+CT, ali] > c}. (17)

i=—T

vector2*[-T,0) = (B + C,C,...,C) is an optimizer. @ and the corresponding marking functipg(z), we can
Proof of Theorem 3.2: getno less QORhan that given by Theorem 3.2.
(i) Upper bound:From Lemma 3.2 and Lemma 3.3, (i) Using known local stability results for a weighed pro-
portional fair controller from [4], for a fixed3, we
—1 compute themaximum delayhat can be tolerated before
Ip(B) =  inf inf " I(yli) the controlled sources go into local (and hence, global)
<T<Tr g[—T,0)cA S . .
i . instability.
< inf inf I(l Z y[,’])_ While (i) and(ii) use different controllers (instant adaptation
0<T<T: g[-T.0)e8 \T and proportional fair controller, respectively), our atijee

here is to illustrate the effect of the marking elasticityot(n
Sincel(z) is increasing and convex, far > a, and from the gpecific controller mechanisms) on the QOP for the uncon-
definition OfB (Wthh is a convex Set) we have the Optlmumo||ed real-time source. ThU$l) Corresponds to the “best-
whenyl[i] = g~*(B/T +C) for =T < i < 0. Then, the result case” scenario for the QOP of the uncontrolled real-time
immediately follows. sources (due to the fact that the controlled flowsijnback-
(i) Lower bound:Since I(x) is monotone-increasing overoff instantly). With any other controller, there will be agla
[a, 00) and from Jensen’s inequality, we have associated with the back-off of controlled flows, thus reésgl
in larger QOP for uncontrolled real-time flows than that

— with the instant adaptation controller (see Section IV foe t

Ir(B) = o<1cF£ng[—%rI,1of)eA,Z I(yli) corresponding results when the weighted proportionalifair
= = used for both(i) QOP analysis andii) stability analysis,
> inf inf TT (— > y[i]) respectively).
o<T<Ti gi-T0)eA AT .2 7 To discuss the stability analysis i), we use the local
] stability condition for a weighted proportional fair cooifer.
= 0<1%1£T,TI( r}nof)eAT Z ) For each marking functiops(z), we determine thenaximum

round-trip propagation delayl that the system can tolerate
il = g(li]) (ie., h(z[i]) = y[il from Lemma 3.1). Pefore goinginto local instability (and thus, global irsitay).

Let z[i
Then, we have the following problem transformation: This is given by [4]:

™
k(pp(z*) +2*p'5(2")) < sin <7> . (18)
2(2d+1
”}Fnof)eAT Z %an)eCT Z (2d+1)
Further, by definition ofs(x), we have
where(C is defined as (17). Then, from Lemma 3.4 and the
definition of i, the result followsm ps(z) = fla(z")p'(z") = Bp'(2).



Thus, for each value gf, the stability condition (18) reduces (i) For a fixed marking elasticity, we first determine the

to per-flow link capacities needed with priority and FIFO
. W scheduling (denoted bg'r andCr(3), respectively) for
k(p(2*) + B2"p' (%)) < sin (m) . (19 supporting a fixed QOP.
(i) Using the analysis ii) we define the following “normal-
The trade-off between the QOP for the real-time flows and ized scheduling-gain” of priority scheduling over FIFO
the stability for the controlled flows is parameterized by scheduling.
the elasticity of the marking function. The more elastic the Definition 3.2 (Scheduling Gain):
marking function is, the worse is the stability behavior (as Cr(B) - C
£ becomes larger in (19)). On the other hand, increaging Ac(B) £ %. (20)

improvesthe QOP behavior for the real-time uncontrolled Intuitively, Ac(8) quantifies thePtrade-off between the

flows. This can be explained by applying theslastic marking penalty of choosing “sub-optimal” scheduling algorithm

function ps(-) to the lower and upper bound of the rate ;e FIFO scheduling) in terms of QOP-guarantee and
function in Theorem 3.2, and by observing that(B + C), the elasticity of the marking function (i.e3). We will

ps(C), andps(C + B/T) are increasing with respect (6. investigate the behavior ah(3) as the marking elas-
For this reason, we refer to this study sisbility-elasticity ticity parameter3, changes.

trade-off.

From a network provider's viewpoint, the operator would To discuss the analysis with priority scheduling(ih (i.e.,

: . S . computation of the bound of’p), we use well-known large
choose a nominal operating load (equilibrium point) and” .. -
eviation results [8]. In the large number of flows regime,

a desired QOP bound. Now, by choosing the approprig %finingzié —Lloge, the system would allow the QOP less
warping, the operator can choose the desired trade—offe!mtwthane it T (B)”< 5 \;vhere

QOP for real-time flows and performance of controlled flows P -
(i.e., the amount of variability in the controlled flow rataed o . B
to delay). To study this trade-off, we fix an nominal load Ir(B) = o<1%1£TI TI(CP + T)'

z*, and study various marking functions with and withougpserye that this also leads to affective bandwidttthar-
warping. In Section V, we illustrate the results for varioug terization for a single server queue accessed by only un-
valu_es of the nominal loagl, marking functions, and network -, nirolled flows [7], [8], where a sufficient condition for
environments. _ 3 Ip(B) > 6 (equivalently, to support a QOP of at mast™®)

We comment that this loss of local stability phenomenon has
been studied in [31], [32]. However, our work differs in that A(G/B)
explicitly consider the QOP of real-time flows and quantifies < Cp, (21)
its impact on the local stability region of elastic flows usa /B
mixture of control theoretic tools and large deviation pijie.  whereA (9) is the log-moment generating function of a random
uncontrolled arrival at a particular time-slot, i.e\(8) =
log E[e?Y1[=1]].

Next, for the analysis with FIFO scheduling (i.e., computa-

In this section, we derive bounds on the link capacitiqgyn of Cr(B)) in (i), we have the following proposition:
needed with priority and FIFO scheduling to support a QOP proposition 3.1:With FIFO scheduling and with a fixed

requirement for the real-time uncontrolled flows, whictpsti marking elasticity3, a sufficient condition for/z(B) > &
ulates that the QOP should not exceed seme (i.e., to support the QOP) is:

It is clear that the link capacity required for supporting a
fixed QOP with priority scheduling is the smallest (over all A(6/B) < Cp(B) — v
scheduling policies), since absolute priority is given hege _0/B . ps(Cr(B))
real-time flows, i.e., the controlled flows do not affect tht--:l-he proof is presented in the Ap_p_endlx.
gueue dynamics for the uncontrolled flows (see Figure 1 'We_ now apply (21)and PrOpOS'F'On 3'.“0 stugly_the effect of
Thus, the required capacity with priority scheduling doe ark|_ng elaSt'C.'tY on th? .SChedUI"lg gain of p”ovf“y scoed
not depends on the marking elasticity. On the other haﬂa,g (discussed "0','))_' Deﬂnmgg@) - C’F(ﬁ)—m,vye
with FIFO scheduling, the behavior of uncontrolled flows angPserve thay(f) is increasing in3, sincep,(z) is increasing
controlled flows are coupled together, and thus, the reduir® 2 for z > z*, and Cr(8) > z*. This implies that we
link capacity for supporting the given QOP asfunction of N€ed progressively lesSy(j3) (to support a given QOP for
marking elasticityand it will be larger than that with priority ("€ uncontrolled real-time flows and queue stability) with
scheduling. increasing values of. o _ _

With this observation, our objective is to quantitatively Further, from the definition of warped marking function

study the “scheduling-gain” (see Definition 3.2) of prigrit discussed in Section II-C, for a fixed > 2*, we have
scheduling over FIFO scheduling, as a function of marki (2) — p(z7), as § — 0, and ps(z) — 1, @sf — oc.
elasticity, and we show that this gain could be significanig‘us' from (22), we have

reduced by increasing marking elasticity. B0 A(6/B) w

To do so, we adopt the following approach: 5/B + p(z*)’

D. Scheduling-Elasticity Trade-off

(22)

Cr(B)




Cr(B) Booo A(8/B) +w. (23) A. Continuity of Queue Length and Queue Overflow Proba-
6/B bility
Note that% is the minimum required per-flow link \We have the following theorem to show that the queue
capacity with priority scheduling for supporting the giv@®P  |ength at time0 is continuous with weighted proportional fair
e (which follows from (21)). Then, the results in (23) implycontroller and round-trip propagation deldy
that by increasing the marking elasticity, the schedulisdhg Theorem 4.1:The queue length function (at tim@ Q :
can be significantly reduced. We illustrate this by meansof &7 . R is continuous with respect to the uncontrolled ar-

example. rival processgj[—1T7, 0) in the topology endowed with uniform
Example 3.1:Consider a single bottleneck network acnorm. Thus, we have

cessed by 100 uncontrolled and controlled flows (ie.+=

100). Also, let the equilibrium rate for a controlled flow and [jm; 1 log Pr (Q(EZ”[—TI,O)) > B> = —1.(B),

the mean rate of an uncontrolled flow to be 640 kbps and—> " n

120 kbps, respectively. Assuming that each packet is ofymere

fixed size with 1000 bytes, the equilibrium rate of a con&dll

flow is 2* = 80 pkts/sec, and the mean rate of uncontrolled Iz (B) £ 0<iq{1£T ) inf I(7-T,0)). (24)
flow is y* = 15 pkis/sec. We model each uncontrolled arrival 1y,q proof is 5relsygr1€é0é:?r1(y,[&|§h(gr%ﬁ<.

process by a ON-OFF process with ‘ON’ probability of 0.1,

and ‘ON’ rate of 150 pkts/sec. The queue buffer size is 800

kbytes, which corresponds to 100 pkts (i.B.,= 1). We set B. Stability-Elasticity Trade-off

the equilibrium marking probability to be 0.03 (i.e(=*) = In the previous section, we have shown the continuity of
p(95) = 0.03). The QOP bOU?d for uncontrolled flows is seueue length with respect to the uncontrolled arrival pssce
to bee = 107° (i.e., 0 = —35log107% = 0.1382). Then, This enables us to apply the contraction principle as in

the required per-flow link capacity with priority sched@irs  Section 111-B. In this section, we briefly study the stalyilit

AE)(,)+8822/11) = 133.3 pkts/sec. From the equilibrium analysiselasticity trade-off by deriving an upper bound on the rate
of the congestion controller, we hawe = z* x p(z*) = function in the system with a “one-step” delay. Controllers
80 x 0.03 = 2.4. Then, with FIFO scheduling, to support thewith delay and the scheduling-elasticity trade-off will be
same QOR, we need the per-flow link capaci1)33.3+% = studied in Section V using simulations.

213.3 pkts/sec fors = 0. On the other hand, fof — oo, we In our analysis, we assume that the controller gainis
need only133.3 + 2.4 = 135.7 pkts/sec. small enough to prevent the transmission rate of a controlle

In terms of queue management and implementation, FIF@w from becoming negative (note that with a one-step delay,
scheduling is much simpler than priority scheduling. On the « is large, the controller will be unstable irrespective of th
other hand, it is clear that priority scheduling providessle marking elasticity).

QOP to the uncontrolled real-time flows. However, the rasult Theorem 4.2 (Upper boundBuppose thatp(C+B) < 1.

in this section imply that the scheduling gain due to prjoritThen, we have

scheduling may not become significant in the large scale

networks by adjusting the marking elasticity. In other wsyrd ) B Low

the difference in the required capacities with FIFO andisio IF(B)§0<1Tn£TI Z I(O+T_ (I _M)

scheduling for a fixed QOP can be significantly reduced by o=t

increasing the marking elasticity. For this reason, werrede (1—kﬁ(T))i+T+1—L),

this asscheduling-elasticity trade-off B(T)
This trade-off is graphically illustrated in Figure 6 in wherep(T) = p(C + B/T).

—1

Section V, where we numerically present the trade-off. Proof: First, from Theorem 4.1, we have
V. WEIGHTED PROPORTIONAL FAIR CONTROLLER —1
In this section, we consider the weighted proportional fair 1p(B) = _inf inf Z Iyl (25)

. ] . . . 0<T<Ty Fl—T,0):Q(§[—-T,0))>B .
controller described in (1). As in Section Ill, we again assu TETOREETOZE 7

that the uncontrolled arrivals are independent over tin@vH Next, since for a fixedl', {¢[-T,0) | z[i] + y[i] = C +
ever, the analysis with the weighted proportional fair colier  B/T, i € [-T,—0)} c {7][-T,0) | Q(7]-T,0)) > B}, we
is more complicated than that with the instant adaptatiom dhave

to temporal coupling of the arrival process introduced by th 1
dynamics of each congestion controller, i.e., the totabals I.(B) < inof inf Z I(yli)). (26)
to the router are not independent over tineven if the F T O<T<Ty §[-T,0):V5€[~T,0), .

uncontrolled arrivals are. We begin this section with theopr vlil+alil=C+B/T =T
of continuity of queue length (at tim@) function (i.e.,Q(-)) Then, from (6), the fact thay[i] + z[i] = C + B/T, Vi €
with respect to the uncontrolled arrival process in theesyst [—7,0) implies thatzZ[—T, 0) is deterministically fixed by the
with controlled flows governed by weighted proportionar faifollowing form of difference equation:

controller, and using this, derive an upper-bound on the rat

function to study the stability-elasticity trade-off. ali +1] — zfi] = H(w - x[i]f)(T)), i€[-T,0), (27)
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where the initial condition:[-T — 1] = x*. Then, by solving %sfé w dectasings ety 5%350 decreasing ek
the difference equation (27), and by usinf] + y[i] = C + %8 TypeM| g € 300 Type M
X 5 100 e —TypeR|| 59 250 | — Type R
B/T,Vi € [-T,0) we have £8 g0 S eVl 857 s = Type v
5 Usl - ChNg ’
_ . w R i+T+1 w §§ 60 s %% 150 fgesiih
il = (o= ) (1= m0@) T+ 5 e te's
SE 20 S 50
=
yli] = C+ E —(z* — v (1 —Iﬁﬁ(T))H_T'*_l _ v . 0501 00001 1e-06 1e:08 1e-1(J 0001 00001 1e-06 1e08 1e-L
T ﬁ(T) ﬁ(T) Queue Overflow Probability Queue Overflow Probability
] (@n =500, w =1,C =100, (bB)n = 100, w = 1, C = 100,
The assumption thatp(C + B) < 1 ensures that < 1 — k= 0.5, y* = 50, 2" = 45, k= 0.2, y* = 40, z* = 50,
and ON-OFF500, 0.1) ON-OFF200, 0.2)

kp(T) < 1, which eliminates the case whetji] could be
Fig. 5. Stability-elasticity trade-off with instant adapon. ON-OFF (two

neggnve and has to be Set.ﬂo . state Markov) uncontrolled arrivals, where ON-GEFp) means that the ON
Finally, from (26),1(B) is upper-bounded by: rate isa with probability p and the OFF rate is 0 with probability — p.

-1
B w - w
inf I C __(x*__) 1—I€AT Z+T+l__ 17 3
oag,i; ( T o)) DT)) R o gl BEe s
2 140 | «x FIFO (8 = 10) 2 u e
B 5, 8 /W
To understand the stability-elasticity trade-off, let pply the 8, 3 // CoFIFO = 0.1
marking elasticity parametet to the upper bound on the rate § 4 g & << FIFO @ =10)
function. Then, we observe that for a fix&d o i
R©) & 0 B (o Y k(e e oy Bty % T SR SSR SRy
£ C+m— (2" ——— ) (1—kp —— i 5 . 5
T pp(T) g pa(T) (2) ON-OFRG0, 5/6) (b) ON-OFR 140, 5/14)

- L . . - . . Fig. 6. Scheduling-Elasticity Trade-ofiv = 5, k = 0.2, n = 100, z* =
is increasing ing, sincepg(7) is increasing with respect 19, 48? andy* = 50. 9 v " " ’

for a fixedT. Thus, from Theorem 4.2, we observe that as we

have an increasingly elastic marking function at the rquter

get the larger rate function (and thus, a less QOP). However, | _ ) ) _
from (19), increasing? causes the maximum allowable delag;uncthn behavior fqr arrival rates exceeding the per-ﬂ(_wkl.
for stability to decrease. The above result points towardcgpac't,yc' In pamcular,_the vaIu_e of the rate fupctlon IS
stability-elasticity trade-off (however, note that thelsitity- proportional to the marking function value for arrival aite

elasticity trade-off is based on an upper bound as opposeoef(é:eedingc (ie. Ir() x p(z), z > C). From Figure 4, we
the exact values) with the weighted proportional faimess, observe that among the example marking functions congidere

a qualitatively similar form to that observed in (19) witheth In Table I (which are normalized to have the same fixed point
instant adaptation controller. properties), the rate-based REM marking function seems to

have the maximum slope far > z*, which in turn implies
a larger marking function value (as all the example marking
functions have the samg(z*)). To analytically construct
A. Instant Adaptation uniformly optimal marking functions is an interesting plern
Stability-Elasticity Trade-offwe first illustrate the stability- for future research.
elasticity trade-off with the instant adaptation algamithin Scheduling-Elasticity Trade-offo illustrate the scheduling-
Figure 5. For each marking function in Table I, we ploelasticity trade-off, Figure 6 shows the required per-flavk |
the trade-off between the largest allowable round-tripaglel capacity with FIFO and priority scheduling to support a give
for stability and (the lower bound on) QOP (computed bQOP, for different burstiness of real-time flows with theexp
the upper bound of the rate function in Theorem 3.2) asnaarking function. As discussed in Section IlI-D, the reegdir
parametric plot ofg. link capacities for any QOP requirement should sattgfigue
Figure 5 clearly illustrates the trade-off between the Q®P stability condition i.e., the link capacities should be large
real-time flows and stability of controlled flows for diffeve enough such that the queue length is always finite. Thus,
values of system parameters such as the total number, Bigure 6 plots the maximum over the capacities governed by
relative volume of each type of flows, and the burstiness tffe QOP and queue stability condition.
real-time flows. We observe that for a small valyg the difference between
The results indicate that some marking functions mdhe capacities with FIFO and priority queueing is large for
be “uniformly” better than others. In particular, among thall QOP values. This is due to the fact that the controlled
marking functions that we have compared, our bounds inglicdlows back-off sluggishly. On the other hand, for more etasti
that a rate based version of REM (TyB@ [6], [14] seems to marking functions, the required capacities with both scihed
provide the largest local-stability region fany given QOP ing algorithms are very close.
requirement. For a less bursty uncontrolled arrivals (Figure 6-(a)), in
An intuitive explanation for this is the following: From priority scheduling, the queue stability condition (i.€p <
Theorem 3.2, it is clear that the QOP for the uncontrollegt = 98) dominates the QOP condition (i.e., (22)), while
real-time flows with FIFO scheduling depends on the markirfgr a more bursty arrivals (Figure 6-(b)), the QOP condition

V. NUMERICAL RESULTS AND SIMULATION
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) - o ) ] ] ) two values of3, the average remains the same. However, there is a trade-off
Fig. 7.  Stability-elasticity trade-off with Weighted Prartional Fair Con-  petween QOP and delay as observed in (a).
troller

TABLE Il
SCHEDULING-ELASTICITY TRADE-OFF. REQUIRED PER-FLOW LINK

is stronger than the queue stability condition. In both sase CAPACITY FOR 10~5 QOP

we observe that the required capacity with FIFO can be

c i ; Priority FIFO
agr;;:‘lctant_lt);] deprgf\sedh(tg ? vaILtJ)e t.hat is .alm(t'j)hst the lj_ame Niarking Functions . Wre ET Type LT Type v
as that with priority sche uling) by increasing the marking 3 = 0001 o o5 [ 10E | 115
elasticity. B=1 95 1184 | 1172 | 1168

8 =20 95 110 110 1085

B. Weighted Proportional Fair Controller

Numerical ExamplesNow, we study the trade-offs with the
weighted proportional fair controller using numerical eygdes transmission rate variance is less than 10 pkts/sec. &g
as well as simulation results. First, as numerical exampléa), we observe that the stability region becomes smalter, a
Figure 7 illustrates the stability-elasticity trade-ofithvthe we increase marking elasticity. However, increasing nmayki
weighted proportional fair controller. We observe thatlana elasticity implies lower QOP with larger marking elastjcit
gous to the instant adaptation case, as the QOP requirememext, Table Il shows the scheduling-elasticity trade-oithw
becomes more strict (i.e., less QOP), the stability reg#®n the weighted proportional fair controller. In this simudet,
reduced. Also, importantly, we still observe that the typg:*, y*) are set to bg70,25) pkts/sec, respectively. To see
R marking function appears “uniformly better” than othethe scheduling-elasticity effect, for a fixed QOR(®), we
marking functions we have considered. experimentally determine the required per-flow link capaci
Simulation Results.To study the trade-offs with theto satisfy the given QOP. With priority scheduling, it is
weighted proportional fair controller in a more practicaks observed that the queue stability condition is dominanisth
nario, we use thens-2 [33] packet simulator to validate ourthe required capacities for differerft values are all equal
analysis. The network topology used in the simulation isesarto 95 pkts/sec. With FIFO scheduling, we observe that the
as that discussed in the analysis (see Figure 3). The numéifierence in the required link capacity betwegr- 0.001 and
of uncontrolled and controlled flows (i.en) are set to be 3 = 20 is about 10 pkts/sec with all three types of marking
100 throughout all the simulation results. The per-flow linkunctions. Further, the extra capacity that we need withCFIF
capacity of the bottle-neck link is 100 pkts/sec (i.e., ltotacheduling to support the given QOP is shown to be about 15
capacity is 100x 100 pkts/sec). The buffer size of the bottlepkts/sec. This validates the analytical result that theiireq
neck link is 100 pkts. We use the fixed size of packets (10Giak capacity decreases with increasing valuegof
bytes). Uncontrolled flows are modeled by discrete ON-OFF
processes, where the burst-time and the idle-time are $e&t to
100 msec and 900 msec. The transmission rate in ON period
is appropriately set such that the specified mean uncoettoll In this paper, we first have quantified the trade-off between
rate is achieved in different simulations. The parametand stability for controlled flows and guarantee of queue over-
w with the weighted proportional fair controller are set to blow probability (QOP) for uncontrolled real-time flows as a
1 and 5, respectively. function of marking elasticity. The results indicate thahe
First, Figure 8 shows the stability-elasticity trade-offr f marking functions may be “uniformly” better than others,
the Type V marking function. The equilibrium ratez{) where, in particular, among the marking functions that we
of a controlled arrival process, the mean raig)(of an have compared, our bounds indicate that a rate based version
uncontrolled arrival process are set to be 70 pkts/sec and Gf(REM seems to provide the largest local-stability region f
pkts/sec, respectively. Figure 8-(b) shows the trajeesonf anygiven QOP requirement.
average transmission rates with two different markingtelas  Next, we have compared the capacity required at a router
ities, from which we clearly observe that as we have largaith only FIFO scheduling versus a router with priority
# (more elastic marking function), the trajectory becomescheduling (priority given to the real-time flows) for sup-
more fluctuating, thus resulting in less stable behavior. Fporting a given QOP requirement. We have quantified the
the plots in Figure 8-(a), we denote a flow to be stable if tHscheduling-gain” of priority scheduling over FIFO schédu

VI. CONCLUDING REMARKS
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ing, as a function of marking elasticity, We show that thi§y[—77,0) — ¢.[-T7,0)||. < € and the definition of uniform
scheduling gain decreases with more elastic marking fansti norm, we have
In this paper, we have considered only the weighted pro-
portional fair source controller. However, the dominanirse sup
controller in the Internet is TCP (Transmission ControltBro 0<T<T;
col). We conclude this paper by discussing possible extessi
of our results to TCP controllers. It is widely kn_own tha%onstantK' (which is a function ofT}), such that|y[i] —
various types of the source controllers addressed in fiteza . , ;
: Y PR yelt]| < K'e, for all i € [-T7,---,—1].

can be modeled in the utility maximization framework [34];

., Now, observe that
where the TCP controller corresponds to thé/x utility
function (with an appropriate setting efandw). In orderto _
extend our study to TCP controllers, we need to averaGEP 121=T10)=Z[=Tr0)[[u= sup

S (i) - yelil)
T

‘<e.

Then, the finiteness df;, there exists a finite non-negative

S p (il z[i) |

. : i 0<T<T; T
flows to get a one-dimensional averaged equation (analogous =1 RN
to (6) based on which a large deviations problem can be < 2[i]—zeJi]|= g(yli)—g(ye[i])
formulated. This seems possible for a collection of TCP flows _i;ﬁ i—X—;}’ '
(modeled using the-1/« utility function) in steady-state and <T; max |g(yli)—g(yeli])|. (28)
with a common round trip delay. Using the results in [25], in i=—Tp,,—1" " ‘

steady state, the controlled flows (in this case, TCP flows) CaSinceg(y) is continuous with respect tg from Lemma 3.1,

be represented only by an averaged equation. This will for@gy js arhitrarily small for an arbitrary small This completes

the initial condition (i.e., at time-T7), and we can then study e nroof, Then, the resulting rate functidn(B) immediately
transient behavior using a large deviations formulationnas ¢,)1ows from [30, Theorem 9Jm

this paper. We plan to study this in the future. Proof of Lemma 3.2:Let us choosej*|—T*,0) € A.

Suppose thay(y*[k]) < C, for a k € [-T*,0). It suffices

APPENDIX to show that we can find a new trajectoy—1",0) of no

Proof of Lemma 3.1First, we proveh(z) is strictly in- larger cost (rate function) thayf[—T™*,0) such thaty(j[i]) >
creasing (thus, invertible) by showing thatz +6) — h(z) > C, Vi, =T < i < 0.

0,Vz > z,¥6 > 0. Sincep(z) is non-zero increasing when Define a new trajectory%[—T, 0), T =T*—1 as follows.

- AT - Z | l ) I

h(z+6) —h(z) = 5+w(i— g i—1] if ie[-T+1,k

p(z)  p(z+9)
= Then, welhave construct?d a new trajectory with cost as fol-
In addition, h(z) is the sum of two concave functions sincdoWs: >+ I(g[i]) < >°"7. I(y*[i]), and Qr(y[-T'0)) >
—w/p(z) is concave from Assumption 2.2. Thus(z) is a B. Inaddition, ifg(y*[k]) < C, for ki, ks, ... € [-T™,0), we

concave function. can inductively remové;, k2, . .., and finally construct a new
Let us defingg 2 b= : RT U {0} — [z, 00). Then, trajectoryy[—T,0) € A, with no larger costl
w Proof of Lemma 3.3:It suffices to show that for any
#lil = (5l =~ ) = ot d(~T,0) € B, dT,0) € A. We first have

—1 —1
Applying this to (5), we havég(yli]) — y[i])p(g(y[i])) = w. 1 15 —1(B 1 N B
The convexity ofg follows immediately from the concavity T ,_X_:Ta[l] =9 (T + C) = g(T Z am) = T +C

i=—

of h. m

Proof of Theorem 3.1We note that the authors in [30], [35]AlsO, since g is convex, we have
have proved that)(z]—17,0)) is continuous with respect to 1 1
Z]-Tr,0) € R™ in the topology endowed with uniform norm. g(i Z a[i]) < 1 Z g(ali).
Note thatz[—T7,0) (= y[—T71,0) + Z[—T71,0)) is the function T =, T =,

(denoted byH) of y[—1T7,0), sinceZ[—1T7,0) is determined s . .
L ) ) .. from Jensen’s inequality. This completes the praf.
by §]—T7,0) in the FIFO scheduling. Thus, from the definition Proof of Lemm?;\ 3A¥'First i ispclear thatpwe get the
of Q, it suffices to show that the functioH : R™" — Rt . -1, . . .
) ; ; . . ptimum when)".— .. z[i]| = B+ CT, since f is increasing.
is continuous (in the topology endowed with uniform norm . , .
~ : . econd, we claim tha€ < z[i] < B+ C, i € J, where
to prove that?) is continuous with respect to the uncontrolled, ™ (—T,—T+1 _1}. Suppose that[j] > B + C for
arrival y[—T7,0). We will prove that for any givere > 0, Lo T - Supp J
) somej € J. Then, We should have[k] < C for somek € J,
and for two uncontrolled arrival processef—7;,0) and . : . it
- S 2 which contradicts the given condition.
Ge[~T7,0), such that|jgl=T7,0) = ge[~T1, 0)l[u < € there T\ S v 7] — B4 ¢ 2 [-T + 1] = = [-T + 2] =
exists a functionf 0such that||Z[—T7,0) — Z.[-T7,0)||, < — 2*[~1] = C. SinceC - il < B+C,icJ,we can
f(e), wheref(e) —'0. L represent|i] by the following linear combination of*[i].
First, note that at each time z[i|(= x[i] + y[i]) depends on
only y[i]. Then, for a givere > 0, from the assumption that  z2[—i]=(1—-;)C +;(B+C), Vi=1,..., T, (29)
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Wherezi_:l_T a; =1and0 < o; <1 fori e J From (29)
and concavity off,

Then, from [17, Lemma 3.2] and (33) (we can verify that the
assumptions needed for [17, Lemma 3.2] to hold are satisfied
in a manner identical to that in [17, Theorem 4.1]), we have

-1
1
T Z fEl]) = = Z f( (1- al)C—l—az(B—i-C)) sup |z[i] — z[i]] < sup |x(t) — ()]
i=—T T = —T7<i<0 —Tr<t<0
—1 —1 < 2LTrefTTKe. (34)
> C 11—y B+C 4
= S )i;T( i) Hf(B+ >1_X;TO< Then, from (32) and (34), we have
i=—1
= (T-DI(C)+](B+C)= Z I L0 =2 T0) = sup |Z==r G
1_7T _ 0<T<T| T
This completes the prool < sup S (el —a[i)) + sup S r(ylil=yeli)
Proof of Proposition 3.1:From Theorem 3.2, and the o<T<T; T 0<T<Ty T
increasing property opg(z) with respect toz, we have the <2LTe! T K e+ K'e.

following lower bound onlx(B):

Ir(B) > OﬁngTf(B +Cr(B)
w 1 (T-1)
T (pﬁ(BJrCF(ﬁ)) +pﬁ(CF(ﬁ)))> [1]
B
> nf T ( TCr(A)- @ (ﬁ))) G0y
We let

o Cr(B)—w & 8
CO=ier@ 7B

(4

Suppose that (22) is true, i. eL < C(B). Then, we have

C(B)—A(E)>0 = (

=

Qe
=
+
&
0|qz
2
]
vV
S
&
<C
8
vV
o
o

inf

z€{B,B/2,...}
Thus,Ir(B) > ¢ from (30) and (31)m

Proof of Theorem 4.Similar to Theorem 3.1Z[—T7,0)
is a function of§{—77,0) (denoted byH), and it suffices to
show that the functiorf : R7* — R’ is continuous in the (8]
topology endowed with uniform norm. To do so, we prove
that for any two uncontrolled arrival processgs;77,0) and  [9]
YJe[—T1,0), such that||y[—T7,0) — §[—T7,0)|l. < e, there

(7]

exists a functionf such that||2[-17,0) — Z[~T7,0)|l. < [10]
f(e), where f(e) ‘=" 0.
First, similar to the proof of Theorem 3.1,[11]
||§]=Tr1,0) — §7c[-T1,0)|l. < e implies that 3K’ > 0,
s.t,
[12]
wli] —yelill < K'e, Vie[-Tp,0).  (32)

[13]

We now embed the discrete time trajectory @if-77,0)
and #Z[—T7,0) in “continuous time,” i.e., fort € Z, we let
z(t) = z[t], y(t) = y[t] and use a straight-line approximation
to interpolate between the times= i, i € Z. Thus, we have
the following differential equation to represent the cotied
flows dynamics in the continuous time:

i(t) =k (w-a(lt—d))p(=(lt-d))+y([t-d))) )
ie(t)=r(w-r(t-d)p(z(lt-d)+y(lt=d)) ). (33) g

wheresup_r, <, 0(t) < K'e.

[14]

[16]

[17]

Recall that L is the Lipschitz parameter of the marking
function. By letting f(¢) = 2LTe""" K'e + K'e, the result
follows, sincee is arbitrary.m
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