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Optimal Power Allocation for a Time-Varying
Wireless Channel under Heavy-Traffic
Approximation
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Abstract— This paper studies the problem of minimizing the For a given data-arrival rate, the minimum power required
queueing delay for a time-varying channel with a single quee, to stabilize the queue can be computed directly from the
subject to constraints on the average and peak power. First, capacity of the channel. However, with this minimum power,

by separating the time-scales of the arrival process, the amnel it i Il K f ina th that th iated
process and the queueing dynamics it derives a heavy-trafflanit It1s well known irom queueing theory that theé associate

for the queue length in the form of a reflected diffusion procss. dueueing delay is unbounded. The authors in [3] allocate an
Given a monotone function of the queue-length process that excess powerAP and study the associated mean queuing

serves as a penalty, and constraints on the average and peakdelay D. They show that the optimal power control policy
available power, it shows that the optimal power allocationpolicy which takes both the channel state and the queue length into

is a channel-state based threshold policy. For each channslate t Its i delay tradéaff t
j there corresponds a threshold value of the queue length, aniti account results in an excess—pO\{ver Versus deiay tra

is optimal to transmit at peak power if the queue length exceds behaves asymptotically a§P oc 55z Further, they show that
this threshold, and not transmit otherwise. a single queue-length based threshold type policy achitees

Numerical results compare the optimal policy for the original  same decay rate as the optimal policy (however, they do not
Markovian dynamics to the threshold policy which is optimal show optimality of the threshold policy).

for the heavy-traffic approximation, to conclude that that latter ) . .
performs very well even outside the heavy-traffic operating In recent years, the heavy-traffic apprOXI_matlon has been
regime. successfully applied to performance evaluation and cbofro
Index Terms— llocation. h traffi trolled dif- communication networks. By heavy-traffic, we mean that the
power allocation, neavy-traftic, controlie: | . . . .
fusion, fading channel average fraction of time that the server is free is small, or
equivalently, the traffic intensity of the server approache
Largely due to this ‘small idle time’ assumption, the scaled
gueueing process can be well approximated by a reflected
With the widespread deployment of wireless and ad-hegffusion process. In [4], Buche and Kushner apply the heavy
networks, the energy-efficiency of wireless transmissiom i traffic approximation to model the multi-user power alléoat
fading channel has attracted much attention. It is now Wqﬂob|em in time varying channels, and design an optimal
understood that a transmission scheme that takes advani@grol in the heavy-traffic region. They consider the sciena
of the time-varying character of a channel can significantiyhere a fixed amount of power is available at each time
improve the use of scarce energy resources. As an extresist, and this power needs to be allocated to multiple users
case, the policy that transmits only when the channel is &tcording to their queue length and current channel states.

the best state can achieve the best energy efficiency whylgey show that the optimal policy is a switching curve.
resulting in arbitrary long delay. Thus, there is clearlyade-

off between energy efficiency and delay constraints. . o

The problem of energy-efficient scheduling over a fading: Main Contributions
wireless channel has been studied under different delay conin this paper, we study a single queue with a time-varying
straints in the recent past [1]-[3]. In [1], [2], the authem- channel having a finite number of channel states indexed by
sider scheduling under a hard delay constraint, and magimizc {1,2,..., N}. We impose both a peak power constraint
the throughput given energy and timing constraints. In [2}.., as well as an average power constrginfor power
a finite horizon stochastic control formulation is used and alocation. We work with the heavy-traffic limit for such a
closed form solution to the dynamic programming equation §ystem under a fast channel variation assumption [4]-[6],
derived in some simplified cases. Berry and Gallager considghose dynamics are governed by a reflected It stochastic
power control with delay constraints in an asymptotic sensgkfferential equation.
[3]. They consider a single queue served by a fading channelwe consider the problem of minimizing the long-term

: . _ average value of a functiaf{z) which depends on the heavy-
This research was supported in part by the Office of Naval &ebehrough ffi | h bi h k and
the Electric Ship Research and Development Consortium,airt py the traffic queue- ?ngt pI‘OCGSS,_, subject to_t € peak and average
National Science Foundation under Grants ECS-0218207-0805644 and power constraints. We consider a continuous cost funeiioh

CNS-0325788, and in part by a grant from Samsung Electrdbarporation. (wherea: corresponds to the heavy-traffic queue Iength), that
The authors are with the Wireless Networking and CommuioicatGroup,

Department of Electrical and Computer Engineering, Thevehsity of Texas S.‘Tme'eS EIthe(I) C(I) 1S strlgtly Increasing and bounded, or
at Austin, Austin, TX 78712, USA. (i) ¢(z) grows unbounded (i.eq(xz) — oo, asz — o). For
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example,c(x) = x corresponds to minimizing the average  ton Jacobi Bellman (HJB) equation. The solution to the
gueue length (or equivalently, from Little's law, the mean  original problem is then obtained by a straightforward
delay). The main contributions of this paper are: application of Lagrange duality. We exhibit the structure

of the optimal policy, and also establish that optimality

(i) We show that whenc is monotone, then the optimal holds over all non-anticipative policies, and not only over

(i) An interpretation of the heavy-traffic limit is the faiv-

(i) For a system not in heavy-traffic, we numerically com®™ = (1,0,

(iv)

control that minimizes the long-term average cost subject the stationary ones.
to the power constraints ischannel state based threshold

policy. Specifically, associated with each channel sfateB. paper Organization
there is a queue-threshofd;,, such that at any time,
the optimal policy transmits apeak powerpmax over
channel statej, if the queue lengthe(t) > %;, and
does not transmit otherwise. Further, using Lagran
duality and exploiting the monotonicity property afwe
reduce the problem of determining the queue-threshol

{25, — 1,2,..., N} to that of soIV|.ng a set .Of algebraic heory and characterize the ergodic control problem reddt
equations. Throughout _the ar_1aIyS|s we strive not 10 rey, Lagrangian via the HIB equation. We also show that the
as much on the (_)n_e-d|men5|0nal (one gueue) charac6 timal policy has a multi-threshold structure. In Sectbwe
of the prOb'eT“’ aiming to _present an approach that C% esent an analytical solution of the HIB equation. In order
scale up to higher dimensions. to demonstrate the approach, we specialize to the problem
,of minimizing the mean delay, i.eg(z) = z, and derive
closed form expressions for one and two-state channels. In
§?ction VI, we evaluate the performance of the optimal golic
f3r the heavy-traffic model by applying it to a system which
es not operate in the heavy-traffic region. Conclusions
fid some discussion on future directions are presented in
ection VII.

The paper is organized as follows. Section Il presents
the Markovian model and the heavy-traffic model for the
time-varying channel. In Section Il we describe the optima
Lntrol problem and prove the existence of an optimal pol-
icy among stationary ones. In Section IV we introduce the
gé/uivalent unconstrained problem using Lagrange mugtipli

ing: Given a data arrival rate, sufficient “equilibrium’
power is first allocated such that the capacity of th
channel matches the arrival rate. Then, an amount
excess poweis allocated based on the channel state a
queue length. With such an interpretation, a special ¢
of our result when the equilibrium power is allocate
according to channel state dependent water-filling [

(and is strictly positive in each channel state), results in THE SYSTEM MODEL AND THE HEAVY-TRAFFIC L IMIT
the queue-length threshold being channel state invariant,

In other words, for any monotone cost functiefr), We consider a queuing system that consists of a transmitter

we havei; = #, independent of channel staje Thus, operating over a fading channel (see Figure 1). Time is
by applying the cost function(z) = x, in this special assumed to be divided into discrete slots, and the channel

case, our results indicate that the single-threshold onngtate process is an irreducible, aperiodic, finite statekidar
derived in [3] is in fact asymptotically optimal. chain L(¢t) with N states having a stationary distribution
7mn). The channel gain is denoted lgy when

pute the optimal policy using dynamic programming, anfi® channel statd.(1) = j, and the power? allocated at
compare this with the threshold policy that is optimal itime ¢ determines the service rateP, j) of the queue. For
the heavy-traffic limit. These numerical results indicatg*@mple, given the powe?, bandwidthV” and channel gain

that the threshold policy performs close to the optimd¥i: 7(£:7) = Wlog,(1 + Pg;) is the Shannon capacity, the
policy even when the system is not in heavy-traffic. ~ UPP€r bound of the channel transmission rate. The service

From a technical standpoint, this problem falls undes t € 7(P,j) can take different forms for practical systems
domain of ergodic control of diffusions with constraintsdePending on the details of modulation and coding.
and we adopt the convex analytic approach of [8], [9]-
The approach in [9] requireBoth the cost function as
well as the constraint function (due to power constraints A% r(P.j)
to satisfy anear-monotoneondition (see (17)). However, —* @ /’7/’,,
the constraint function isot near-monotone in our prob- Y
lem. Hence, since the results in [9] cannot be quotec,
we first establish the existence of an optimal contr . . .y

- . ig. 1. A transmitter sends packets to a receiver throughme-tiarying
within the class of stationary feedback controls. Nexfirdess channel.
using classical Lagrange multiplier theory, we show that
the constrained problem is equivalent to an unconstrainedAs is common in heavy-traffic analysis, we construct a
one, namely minimizing the ergodic cost of the associatsgquence of queueing systems indexedrhysuch that as
Lagrangian. We accomplish this by establishing that the— oo, the transmitter idle time goes to zero in an appropriate
near-monotone condition is satisfied for the Lagrangiananner (see (1) below). In the heavy-traffic approximation,
(this result uses only the near-monotonicity of the coshere are two time scales: one is the time scale the real
function), and proceed to characterize the optimal poligystem works on; the other is the diffusion time scale, which
for the unconstrained problem via the associated Hamié a slower scale. A small time periad¢ in the diffusion

—— K —»
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time scale contains a large number of arrivals and departuris satisfied. The mean arrival rate for theh system is defined
which is of orderO(nAt). For a wireless channel with time-as A = 1/¢» and the limiting arrival rate\* is defined as
varying characteristics, there is yet another time scade, the A\* = 1/5.

time scale of channel variation. We consider the fast cHanneFor the queue indexed by, the service rate is controlled
variation model [5], [6], which assumes that the channély the transmission powe?,. Under the heavy-traffic approx-
variation has a time scale faster than the diffusion timéescaimation, we suppose that mean arrival rate converges to the
but slower than the arrival process time scale, as shownsarvice rate under the scaling,

Figure 2. Thus, for the-scaled queueing system, the channel .

process isL(n~"t), wherex € (0,1). As a result, over an Jim ()\Z —E[T(Pn)])nT = constant (1)
interval of time nAt, the number of channel transitions is ]

O(n'~*At), and the number of arrivalsithin each channel for somes € (0,1). Assuming (1) holds, we decompose the
state(i.e, between any pair of channel transitionsig.” A¢). Power allocationP(q, j) for buffer sizeq, and channel statg
Thus, the total number of arrivals over the time interval¢  INtO

is O(nAt). Pu(q.§) = Po(j) + 1~ T uy(q).
A The “equilibrium” powerP;(j) is allocated in such a manner
that
Diffusion ti le O a N
iffusion time scale O(nt) A\ — ZT(PO(j)vj)ﬂ—j : )
o(n't j=1
Channel process Remark 2.1:Note that the optimal allocation of the equi-
______ librium power gives rise to a static optimization problem,
namely, minimize the average powEfP| given the service
Arrival Process rate E[r(P)] > A%, whereE[-] is taken over the channel
distribution. For a fading channel with additive white Gsias
noise (AWGN), water-filling is the optimal way for allocagjn
— » power subject to (2) in an information theoretic sense [i]. |
eal time

general, the equilibrium allocation can be computed numeri
Fig. 2. The three time scales of the heavy-traffic model uttuefast channel cally. . o
variation assumption. In this paper, we assume that the equilibrium power has
been allocated, either by water-filling or by numericallyate
Practically, this scaling fits into the scenario that thercted  mining the optimal allocation, and we address the problem of
changes slowly compared to the packet arrival rate, i.e.,optimally allocating the residual power. Optimality heseir
slowly fading channel such as an indoor wireless enviroimegan asymptotic sense, i.e., pertains to the limiting systadeu

or a low-mobile-velocity outdoor wireless environment J.10 heavy-traffic conditions. By expanding the service re(te, §)
For instance, with 1XEV-DO (the 3G wireless data service),skoundP = Py(j), using Taylor's series, we obtain

scheduling time-slot is 1.667 msec, which correspondséo th
arrival time-scale. For a mobile user with velocity 6 mpte th r(P,7) = r(Py(4),7) + ?{h Q(Po(j),j) + O(TLJ’T””).
channel coherence time, which corresponds to the timescal n—= OP
of channel changes, is about 50 msec. Thus, the scaling v
use in this paper seems applicable in these practical regime or
We consider a sequence of queueing systems indexeg by ro(j) = r(Po(y),J), ;o= ﬁ(Po(j),j) .
with the queue length™(¢), arrival processA™(¢) and depar-
ture proces9"(t), which can be controlled by transmissionf hen -
power. For the queueing system indexedibyve denote thé r(P,j) =ro(j) +n” "= vju;. (3)
th inter-arrival time by(;*, and assume it satisfies the followingT u
assumption [11]. hus, A
Assumption 2.1The inter-arrival intervals{¢]’, [ € N
satisfy the following: N
1) {I¢I?, I,n € N} is uniformly i_ntegrable. b(u) = vauj )
2) For eachn, {¢', | € N} are independent. Moreover, =
there exist constants?, ¢, o2, such that

= >_,=170(j)m;, and the incremental service rate

} gained from the residual amount of poweris n’%b(u),
where

) Remark 2.2:We observe that if the equilibrium power
E[¢P] = (" Z, lim E{l _ gj} - {Po(j)}_ _is aIIocateo_I according to ghannel-state Fjependent
n water-filling [7], and if such an allocation results Ry (j) > 0

3) The inter-arrivals are independent of the channel prfar all channel stateg, then%f)%‘ for all 4, j.
cess. Next, definingz™(t) := n~" 2 ¢(nt) and using the tech-
Note that if either¢]* are identically distributed with finite niques in [4], we show in Appendix | that”(¢) converges

variance, or* are deterministic but periodic, Assumption 2..veakly to a limiting queueing system as — oo. The

n—oo n—oo
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dynamics of the limiting queueing system are governed by The standard probabilistic framework for (5) is as follows.
the equation Let (2,P,F) be a complete probability space aqd;} be

+ a right-continuous filtration ofr-algebras such thaf, is

z(t) = z(0) — / b(u(s)) ds + oW (t) + z(t), (4) complete with respect to the measiteThe Wiener process

0 is §,-adapted, and for any, h > 0 the random variable
wherex(t) is the queue-length procesd/(t) is the standard W (t + h) — W (t) and o-algebrag; are independent. Also,
Wiener processy is a positive constant;(¢) is a nonincreas- the initial conditionz(0) is an§,-measurable random variable
ing process and grows only at those poinfer whichz(t) = and has a finite second moment.
0, andx(t) > 0, for all t > 0. The process(t), which ensures  Definition 3.1: The minimization in (6) is over all con-
that the queue-length(¢) remains non-negative, is uniquelytrol processes.(t) which are progressively measurable with
defined. For further details see [12, pp. 128, Theorem 6rHspect to thes-algebras{F.}. Such a process is called
and [13, pg. 178]. The corresponding Itd stochastic diffiéial an admissible controbind the class of admissible controls is
equation describing the heavy-traffic dynamics takes the fodenoted byil. An admissible control which takes the form
u(t) = v(z(t)), for some measurable function: R — U is

da(t) = —b(u(t))dt + odW (t) + dz(t). ®)  called astationary(Markov) control, and we denote this class
by Ls.
[Il. THE OPTIMAL CONTROL PROBLEM FOR THE Given a measurable function: R, — U, the stochastic
HEAVY-TRAFFIC MODEL differential equation in (5) under the contro(t) = v(z(t))

The optimization problem of interest for the non-scalei@s & unique strong solution, which is a Feller-Markov pssce
queueing system is to minimize (pathwise, a.s.) the longrteLet E; denote the expectation operator on the path space of
average queueing length (and thus, from Little’s law, thamethe process, with initial condition(0) = z, andT}’ denote the

delay) Markov semigroup acting on the space of bounded continuous
. 1 (/7 functionsC,(R+), defined byTy f(z) = EL[f(z(t))], f €
h;n_)s;p T/O q(t)dt, Cy(R+). It is known thatT}” has infinitesimal generatat”(*)

. (see [14, pg. 366-367], [15]), where
or more generally, to minimize the long-term average value o

some penalty functioe: Ry — R, i.e., Lo .— G_Qd_g _ b(u)i wel
. "2 da? dx’ '
lim sup l/ c(q(t)) dt, The boundary a0, imposes restrictions on the domain £f
T—o0 0 (see [14, pg. 366-367]).

subject to a constraint on the average available power of theThe generatof can be readily used to compute functionals
form of the process. As asserted in [15, pg. 80]fifs a bounded

17 measurable function oR theno(z,t) = EL[f(xz(t))] is a
] \ _ < X ) ; + 90 9 x
fim sup T /0 P(a(t), L(1)) dt < Pavg generalized solution of the problem

T—o0
It is well known from queueing theory, that if only the basic [ s
power P, is allocated, which matches the service rate to the ot (@,1) = Lo(@,t), z€(0,00), >0, @
arrival rate, then the resulting traffic intensity is equal tand o(2,0) = f(z) %(0 ) =0
the queueing delay diverges. However, choosing the control ’ ’ or '

term u appropriately can result in a bounded average quea®o, Itd’'s formula can be applied as follows [16, pg. 500,
length. In the heavy-traffic model described in Sectiontic® Lemma 4], [17]: If ¢ € W?P(R,) is a bounded function
the channel model is provided,is fixed, and only the excess(hereW stands for the Sobolev space) satisfyi%@(o) =0,
power v can be used to control the queue. Thus the originglen fort > 0,

optimization problem transforms to an analogous problem in

t
the limiting system, namely, Ey[o(z(t)] — (z) =E; {/ Lo (x(t)) dt] . (8)
0
T
minimize lim sup l/ c(a:(t)) dt, a.s. (6a) Definition 3.2: A control v € s is called stable if the
T—oo 1T Jo resulting z(¢) is positive recurrent. We denote the class of

_ . 1 (T B stable controls byss. A controlv € s is calledbang-bang
subjectto  limsup T/ h(u(t))dt <p, as. (6b) orextremeif v(z) € {0, pmag?, for almost allz € R, We
T—o00 0 .
refer to the class of extreme controlstiigs as stable extreme

where N controls and denote it bylse
h(u) = h(ug, ... ,uy) = Z”ﬂ’“j' Let P(_R+) denote the set of probablllty_measures on the
o Borel o-field of R;. Recall that a probability measuge €

P(R4) is said to be invariant for process(t) under the
The control variable: takes values iU := [O,pmax]N, with  controlv € Us, if [T fdp = [ fdu,forall f € Cy(Ry), and
pmax denoting the (excess) peak power, gndlenoting the ¢ > 0. It is the case that if € Llss, then the controlled process
(excess) average power. Naturally, for the constraintb) (6 «(¢) has a unique invariant probability measyrg which is
be feasiblep < pmax- absolutely continuous with respect to the Lebesgue measure
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TABLE |

Let C°(0, o0) denote the class of smooth functions(in o) TABLE OF SYMBOLS

with compact support. We make frequent use of the following
characterization. A necessary and sufficient conditiongor ~sympol | Definition [ First Appearance

probability measure. € P(R.) to be an invariant p_robablllty TN admissible (stationary) controls Def 31
measure of the controlled procesg) underv € s is es (e) || Stable stationary (extreme) controls Def 3.2
P(X) probability measures oX Sec. Il
v _ o0
R, £ g(x) ,u(dx) =0, VgelF(0,00). ©) G set of ergodic occupation measurgs  Sec. llI-A
. . . L " set of invariant probability measures Sec. llI-A
Necessity of (9) is a straightforward application of (8) and o) subset ofG with power boundp RE)

the definition of an invariant measure. Borkar establishes
sufficiency for diffusions without reflection, by employing
the uniqueness of the Cauchy problem for the forward Kol-

mogorov equation [18, pg. 144, Lemma 1.2]. The boundal ptimal policies. Second, we show that this control is optim

complicates matters for this approach, so we employ the f . : .
lowing result, which we state in thédimensional setting. Let among aII_ controls irsl, _An ana_lyncal solu_t|on of the H‘]B.
equation is presented in Section V. A list of symbols is

D c R% be a domain and a second order uniformly elliptic luded in Table. | f ick ref
operator with bounded measurable coefficient®inand with included in table. 1 1or quick reterence.

the second order coefficients Lipschitz continuousu Iis a

finite Borel measure ol satisfying [, Lg(x) u(dx) =0, for - A Existence of Optimal Stationary Controls

all g € C*(D), theny is absolutely continuous with respect ) _ ] S

to the Lebesgue measure, i.e., has density [19, Theorem 2_11n this subsection, we show that if the optimization problem
Thus, if u satisfies (9), thenu(dz) = f,(z)dz, and hence in (6) is restricted to stationary controls, then there tsxisc

0 tasks. First, it enables us to study the structure of the

using the adjoint operatqiZ¥)* we have Use which is optimal.
Due to the presence of the constraint in (6b), the study
/ g(x) (L) fo(x)dx =0, Vg€ C(0,00), of the optimization problem in (6) is more amenable by
Ry convex analytic arguments. We follow the approach in [8], [9

which is equivalent to£?)* f, = 0. Following the proof of However, we take advantage of the fact that the set of power

[20, pg. 87, Proposition 8.2] and utilizing (7), we deducatthlevelsU is convex and avoid transforming the problem to the
f. is indeed the density of an invariant probability distribnt ~ relaxed control framework. Instead, we vidW as the space
It follows from the preceding discussion that is the density ©f product probability measures df, pmax} ™. This is simply
of an invariant probability measure, if and only if it is a Stating that for eacly, u; may be represented as a convex
solution of the Fokker-Planck equation combination of the 0 power-level and the peak powax.
2y In other words,U is viewed as a space of relaxed controls
(£Y)" folz) = 4 (G_ﬁ(x) —i—b(v(x))fv(x)) =0. (10) relative to the discrete control input spaée, pmax} Y. This
de \ 2 dz has the following advantage: by showing that optimality is

Moreover, solving (10), we deduce that il is stable if and attained in the set of precise controls, we assert the existe

only if of a control intlse which is optimal.
o o o Let M C P(R;) denote the set of all invariant probability
A, ;:/ exp (__2/ b(v(y)) dy> dz < o0, measures., of the process:(t) under the controle € Uss
0 0% Jo Let U := {0,pmax}y. The generic element off takes the
in which case the solution of (10) takes the form form @ = (@1,...,an), with @; € {0, pmax}, ¢ = 1,..., N.
9 [ There is a natural isomorphism betweéh and the space
folz) = A  exp (——2/ b(v(y)) dy) . (11) of product probability measures dii which we denote by
o Jo R, (U). This is viewed as follows. Leb, denote the Dirac

We work under the assumption thathas the following probability measure concentratedzate R.. Foru € U, we
monotone property: associate the probability measujg € P, (U) defined by

Assumption 3.1The functionc is continuous and either it
is asymptotically unbounded, i.diminf, ., ¢(z) = oo, Or o U; - u; -
if ¢ is bounded then it is strictly increasing. In the latter case 7«(®) = X Kl - pmax) do (i) + Exépmax(ui) ;
we define =1

N

Coo += )ngo c(x). for @ € U. Similarly, givenv € ss we definen, : R, —
The analysis and solution of the optimization problen%(ﬁ) and andv, € P(Ry x (7) by
proceeds as follows: We first show that optimality is achieve
for (6) relative to the class of stationary controls. Next, N (2, dit) 1= Ty (z) (dih)
in Section IV using the theory of Lagrange multipliers we vy (da, di) == p (da)n, (z, dit) ,
formulate an equivalent unconstrained optimization peobl
We show that an optimal control for the unconstrained problewhere 1, € M is the invariant probability measure of
can be characterized via the HIB equation. This accompglisitee process under the control € i The set ofergodic
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occupationmeasures is defined & := {v, : v € Uss}. It Thus, the optimization problem in (6) when restricted to
follows by (9) thatr € G if and only if stationary, stable controls is equivalent to

/ Li(x)v(dz,di) =0, YgeC(0,00). (12) minimize overv € H(p) : / _c(z)v(de,da). (15)
Ry Ry xU

Due to the linearity ofu — h(u), we have the following e @lso define
identity (which we choose to express as an integral ratrer th J*(p) == inf / cdy (16)
a sum, despite the fact that is a finite space): " veH(p) Ry xU '

. . We proceed as follows. It is well known thgtand M are

h(v(x)) - /ﬁh(u)n”(x’ da), v € s, convex and that their extreme poirgs and M, correspond
to controls inlge It is shown in [8], [9] that, under a near-

monotone assumption on both the running costnd /i the
infimum in (16) is attained inH(p). This near-monotone

As a point of clarification, 2’ inside this integral is interpreted
as the restriction of on U. The analogous identity holds for

b(u). "
. . . dit ts t

_In this manner we have defined a model whose input spa%oen on amounts to

U is discrete, and for which the original input spate liminf ¢(z) > J*(p) (17a)

provides an appropriate convexification. Note however that o - _

U ~ TR,(U) is not the input space corresponding to the :Ielfﬁ h(@) > p. (17b)

relaxed controls based ofi. The latter isP(U), which IS cjearly (17b) does not hold, and hence the results in [8], [9]

isomorphic to a2"-simplex in R*" ~*, whereas?, (U) iS  cannot be quoted to assert existence. So we show directly in

isomorphic to a cube iRY. We selectR, (U) as the input Theorem 3.3 that (15) attains a minimum&A(5), and more

space mainly because it is isomorphic o Since there is specifically that this minimum is attained i

a one to one correspondence between the extreme points afoncerning the extreme points 6f the following lemma

7, (U) andP(U), had we chosen to use the latter, the analysis a variation of [8, Lemma 3.5].

and results would have remained unchanged. Even though We¢emma 3.1:Let A C R, be a bounded Borel set of positive

are not using the standard relaxed control setting, SR¢&’) Lebesgue measure. Suppose thiat” € sl differ a.e. onA

is closed under convex combinations and limits, the theogyd agree oni¢, and that for somey € iiss and measurable

goes through without any essential modifications. r: Ry — [0,1], which satisfies () € (0,1), for almost all
Forp € (0, pma, let z € A, we have

vo(x) = r(@)v' (z) + (1 — r(z))v" (). (18)

Then, there exist’, " € isswhich differ a.e. on4d and agree
on A€, such that

H(p):= {I/ €g: /R . h(u) v(dz,du) < 13} . (13)

Then H(p) is a closed, convex subset 6f It is easy to see
that it is also nonempty, providegl> 0. Indeed, letr’ € R Voo = 5 (Vs + Vi) .

and consider the policy,, defined by _ ) )
In particularv,, is not an extreme point of.

0, < . Since, everyv € g\ ise can be decomposed as in
(var)i = (18) satisfying the hypotheses of Lemma 3.1, we obtain the
following corollary.
Under this policy, the diffusion process in (5) is positive Corollary 3.2: If v, € G. thenv € Yse

recurrent and its invariant probability measure has a #ensi The main result of this section is contained in the following

/
Pmax, I>I,

J+ which is a solution of (10). Let theorem whose proof can be found in Appendix II.
k Theorem 3.3:Under Assumption 3.1, for any € (0, pmax
ap = 21;—'2"“va, k=1,...,N. (14) Ehe;e existsv* € ilse such thatv,- attains the minimum in
— 15).
i=1

The solution of (10) takes the form IV. LAGRANGE MULTIPLIERS AND THE HJB EQUATION

In order to study the stationary optimal policies for (15§ w
14+ ayx’ introduce a parameterized family of unconstrained optmiz
tion problems that is equivalent to the problem in (6) in the
sense that stationary optimal policies for the former ase al
/ h(v(x))fm/(x) dp — —Pmax ’ optjmal for the latter anq vice-versa. We show f[hat optimal
R, 1+ aya’ policies for the unconstrained problem can be derived fioen t
associated HJB equation. Hence, by studying the HIB equatio
we characterize the stationary optimal policies (15). Wewsh
1 (pmax 1) that these are of a multi-threshold type and this enables us

/
Tz ay \ P to reduce the optimal control problem to that of solving a

ozNe*O‘N(””*””/)+

faor(z) =

where (y)* := max(y,0). Then

and it follows thatv, , € H(p), provided
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system of N + 1 algebraic equations. Furthermore, we showver v € G, both attain the same minimum valug (py) =
that optimality is achieved over the class of all admissiblé* (5o, Ay, ), at somevy € H (o). In particular,
policiesi, and not only ovetls.
With A € R, playing the role of a Lagrange multiplier, we / _ h(@) vo(dx, du) = po .
Ry xU

define Characterizing the optimal policy via the HJB equation

L(z,u,p, \) == c(z) + A(h(u) — p) associated with the unconstrained problem in (20), is made

1T possible by first showing that under Assumption 3.1 the cost

J(v,p, \) := limsup —/ L(z(t),v(t),p,A)dt (19) L(x,u,p,\) is near-monotone (see (22) below), and then
T—os T Jo employing the results in [18]. It is not difficult to show that

J*(p,A) = Jnf J(v,p,\). under Assumption 3.1
The choice of the optimization problem in (19) is motivated lim, J(p) = lim c(z). (21)

by the fact that/*(p), defined in (16) is a convex, decreasing B
function of p. This is rather simple to establish. Lgt 5 ¢ Indeed, forp € (0, pmay, supposev & iss such thatv, €
(0, pmay and denote byv/, v the corresponding ergodic?(P). Letting ymax := max; {:}, and using (11) we obtain

occupation measures that achieve the minimum in (15). Then, oo
if & € [0,1], o == &/ + (1 — &) satisfies [ hdvy = p> / h(v(@)) fola) da
dp'+(1-6)p”, and sincey, is suboptimal for the optimization 0 oo
problem in (15) with power constraiap’+(1—4)p”, we have > Yomax b(v()) fola) do
20
765+ (1= 0 < [ edv =87°(0) + (1 57 (0"). __o
29maxAy

A separating hyperplane which is tangent to the the graph pherefore
the function.J*(-) at a point(po, J*(po)), With py € (0, pmax

takes the form /OO c(x) fo(x)de > n>11111 {c(z)} b fo(z)dx
0 x> —= 1
{(B,7) T + Xy (B = Po) = J"(Po) } T
. = min {c(x)}(l — ”_)
for some);, € Ry (see Figure 3). > VP
> min {c(z)} (1 — 2%;‘3)(\/_)

Hence,

J* 45000

J*(p) = min {c()} (1_ 27;;”\/];)

ST )
optimal 7 —J*(p) curve is convex x> o5

and (21) follows. We need the following lemma, whose proof
is contained in Appendix .

Lemma 4.2:Let Assumption 3.1 hold and supposeis
bounded. Then for any € (0, pmay, We have

J(B) < %(J*@) + Cs0) -
We are now ready to establish the near-monotone property
of L. First, we introduce some new notation. Fo€ (0, pmax,
let

average cost: J

J X (0 —p0) =T (R

0 average pover P Ap) = {AeRy T @) 2 T (0) + D -1,

VZ_)/ € (Ovpmax]}
Fig. 3. Convexity ofp — J*(p) and the separating hyperplane throughand
(Po, J*(Po))- 1 U A)
= p).
Standard Lagrange multiplier theory yields the following PE(0,pmad
(see [21, pg. 217, Thm. 1]): _ Remark 4.1:It follows from the definition ofA(p) that
Theorem 4.1:Let py € (0, pmay. There exists\z, € Ry,
such that the minimization problem in (15), ovE&f(py) as inf / [c(z) + AR(@)] v(dx, dd) = J*(p) + A\p,
well as the problem ve9 JRr, xU

L o . for all A € A(p). Also, it is rather straightforward to show that
minimize: /R G L(z,%, po, Ap, ) v(de, d) (20) A —[0,X) for someX € R U {oo}.
+ X
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Lemma 4.3:Let Assumption 3.1 hold. Then, for aji € Following the approach in [18, Chapter IV.1], utilizing the
(0, pmay @nd X € A, near-monotone property asserted in Lemma 4.3 and the char-
acterization ofG in (12), we first deduce that any subsequence
T—0o geit {tn}, tn — oo, contains a further subsequent&, } along
Proof: If ¢ is asymptotically unbounded, (22) alwaysvhich ¢}, converges weakly, as — oo, to somev € G.
follows. Otherwise, fixp € (0,pmad and A € A. Let € Thus
(0, pmay be such that € A(p’). By convexity

liminf inf L(z,a,p,\) > J*(5,\). (22)

t
lim sup %/ L(z(s),v(s),p, Ap) ds
0

() = ) + A% e
Thus, using Lemma 4.2, we obtain z /RMO L(x,1,p, \p) v(dx, di)
THP) + AP < oo - (23) > J* (B, Ap),  as. (26)
Hence, by (21) and (23), Then, (25)—(26) imply that under the poliey
. . ~ _ = Tim | 1 t 5
liminf inf L(z,d,p,A) + Ap = lim inf c(z) limsup 7 / c(a(s))ds > T (. Ag) = J*(p), as. (27)
> T (p) + N ot
U N Optimality of v* € s then follows by (25) and (27), and we
=J(D,A) + Ap,

have the following theorem.

and the proof is complete. ] Theorem 4.5:Under Assumption 3.1, for any € (0, pmax,
there existv* € Uge Which attains the minimum in (6) over
all controls inil.

. . . If A(p) and J*(p) were known, then one could solve (24)
Using the theory in [18, Chapter IV.3], we can characterizg,y gerive the optimal policy. Since this is not the case, we

optimality via the HJB equation. This is summarized 3Smbark on a different approach. We write (24) as
follows:

A. The Structure of the Optimal Policy

Theorem 4.4:Let Assumption 3.1 hold. Fi € (0, pmax me%l [£7V () + c(z) + \ph(@)] = B+ XD (28)
and)\; € A(p). Then there exists a unique solution p@it 3), “
with V € C%(R,,R) and3 € R, to the HIB By Theorem 4.4,J*(p) is the smallest value gf for which
. . o there exists a solution pafi’, 3) to (24), satisfying (b). This
melrﬁl [L9V (x) + L(z,a,p, \p)] = 5, (24a) yields the following corollary:
Corollary 4.6: Let Assumption 3.1 hold. Fok € A, con-
subject to the boundary condition sider the HJB equation
ccil_V 0) =0, (24b) iy [L%V () + c(z) + h(@)] = o, (29a)
X
and also satisfying subject to the boundary condition
(&) V(0)=0 v
(b) infrer, V(z) > —o0 =) =0, (29b)
(©) B < J* (5, Ap). de

Moreover, ifv* is a measurable selector of the minimizer ind define

(24a), them™ € Use C Uss, andv™ is an optimal policy for . .

(20), or equivalently, for (15). Alsog = J*(p, \5) = J*(P) A= {(V’ 0) solves (29) andzlean+ Viz) > _OO} (302)

(the secqnd equality follows by Theorem 4.1). _ ox:=min {o: (V,0) € Q»}. (30b)
Following [18, Chapter 1V.1] we can show that the station-

ary policyv* in Theorem 4.4 is optimal among all admissibldhen

controlsil, and hence is a minimizer for (6). This is done as . ~ R
follows: For a controb € 1 define the procespy , ¢t > 0} of ox = min /R _[e(@) + An(@)] vy (dz,da).  (31)
empirical measures as”AR ;. x U)-valued process satisfying, +xU
for all g € Cy(Ry x U), Furthermore, ifp is a point in (0, pmay such thath € A(p),
. then oy = J*(p) + Ap, and if v} is a measurable selector of
©'(A,B) = l/ La(z(5))no (2(s), B) ds . the minimizer in (29a) witho = ¢,, thenvy is a stationary
tJo optimal policy for (20).
Suppose thab € 4 is such that, fop € (0, pmax, The minimizer in (29a) satisfies

t . _.av - . av.,
lim sup l/ h(v(s))ds <p, as. (25) min [_b(“)E + M(@)] = min Z()\ - V.ja)ﬂjuj .
0 j

acU acU
t—o0
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Thus the optimal controb} takes the following simple form: Moreover, if \q attains the maximum itk — oy — Ap then
fori=1,...,N andz € R, 0x, = J*(P) + Aop, Which implies that\q € A(p).

, av Remark 4.2:Lemma 4.9 furnishes a method for solving
0, i %) <A (32) (15). This can be done as follows: With viewed as a
Pmax, %%(x) >\ parameter, we first solve fos, which is defined in (30b).
Then, givenp, we obtain the corresponding value of the
Lagrange multiplier via the maximization in (34). The opaim
control can then be evaluated using (32), with=A;.
Section V-A contains an example demonstrating this method.

(vX)i() = {

Thus, provided‘é—‘; is monotone, the optimal controk is of
multi-threshold type, i.e., for each channel statéhere is a
gueue-threshold;, such that at any time the optimal policy
transmits at peak powek,.x over channel statg, if the queue
lengthz(t) > Z;, and does not transmit otherwise.

Further, from Remark 2.2, it follows that if the equilibrium V. SOLUTION OF THE HJB EQUATION
power {Py(j)} is allocated according to channel-state de-
pendent water-filling with strictly positive equilibriumoper
allocations for each channel state, the multi-thresholétyo
collapses to asingle-thresholdpolicy (sincey; = ~;, for
all 4, 7). In other words, there is a state-independent que
threshold z, such that at any time, the optimal policy
transmits at peak powemay, if the queue lengthe(t) > %,
and does not transmit otherwise.

The following lemma asserts the monotonicity—%, under
the additional assumption thatis non-decreasing.

In this section we present an analytical solution of the HIB
equation (29). We deal only with the case where the cost
function ¢ is non-decreasing and asymptotically unbounded.
lJg(_)wever, the only reason for doing so is in the interest of
simplicity and clarity. If ¢ is bounded the optimal policy
may have less thav threshold points, but other than the
need to introduce some extra notation, the solution weratli
below for unbounded:, holds virtually unchanged for the
bounded case. Also, without loss of generality, we assume

- i - thaty; >--- >y > 0.
Lemma 4._7.Supposec satisfies Assumption 3.1_, gnd IS \We parameterize the policies in (32) by a collection of
non-decreasing oft), o). Then every(V, o) € Q, satisfies

i . points {&1,...,Zx} in Ry. In other words, ifV is the
(@) ‘Z is non-decreasing; solution (33), thent; is the least positive number such that
(b) If ¢ is unbounded, the% is unbounded. (zii_z(:'i.i) > %_—1_ Thus, if we define
Proof: Equation (29a) takes the form . . . . .
2 py XN::{I:(Il,...,IN)GRf:xl<~--<:CN},
o

dv +
7W(x) - ijpmax[%'ﬂ(x) - )‘] +teo—c@), 33 then for eachi € XN, there corresponds a multi-threshold
J policy vz of the form
where the initial condition is given by (29b). Sineds non-
decreasing, then by (31) > ¢(0). Suppose that for some

(v3):(x) pmax, 1 >3 1<i<QN (35)
2 . V3 )i\ L) = STSs .

x; € Ry, L5 (2/) = —e < 0. Letz” = inf {z > o/ : 0, otherwise.

4V (z) > 0}. Since by Theorem 4.4-% is continuous,

it must holdz” > «/. Supposer” < oco. Since (li;‘z{ <0 To facilitate expressing the solution of (33), we need to

on [+/,#") and o — ¢(z) is non-increasing, (33) implies thatmtroduce some new notation. Foe= 1,..., N, define
2 2 . .
43 (z") < 2% (2') < 0. Thus we are led to a contradiction, i i .
. 2 ~ ~ Vi -
and it follows that4Y(z) < —e < 0, for all z € [2/,00), T = E Ty Y= E Ty, 1= v i -
implying that V' is not bounded below. It is clear from (33) j=1 j=1 ¢

. d2v a2V H . . .
that sincezz > 0, then {7z (x) — o0, asz — oo, provided Nt that from (14), we obtain the identity
¢ is not bounded. [ ]

2Ppmax.
= Gn;axvi, i=1,...,N.

The proof of Lemma 4.7 shows that (i¥/, o) solves (29), oy
then V' is bounded below, if and only i%(x) > 0, for
all x € Ry. Thus Q, defined in (30a), has an alternatd-or x,z € R, with z < z, we define the functions
characterization given in the following corollary.

Corollary 4.8: Supposer satisfies Assumption 3.1, and is Fy(o,z) = ox —/ c(y) dy,
non-decreasing oft), co). Then, for allA € 4, 0
and fori=1,..., N,
dx?
Comparing (29) and (28), a classical application of La- Fi(o,2,2) = [Q-i-/\pmaxﬂ'](l _eoci(zfm))
grange duality (see [21, pg. 224, Thm. 1]) yields the follogyi

o) = {(M 0) solves (29) andl¥ > 0, onR, ¢.

Lemma 4.9:If ¢ satisfies Assumption 3.1, and is non- _O‘i/ em(z_y)c(y) dy,
decreasing or0, co), then, for anyp € (0, pmay and Az € e
A(p), we have: Gi(o,7,2) = 0+ Apmaxli — ai/ e Ve(y) dy

0x; — ApP = TaX {on = 2p} =T (). (34) — e e()
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Using the conventiod 1 =

(33) as

dv 2 .

%(CC):?F()(Q,I), O§I<I17 (363)
and forz € [&;,Z41),i=1,..., N,

dv 2 - A

= ile=#) [, B) + . 36b

dr —(z) = 0-2(17;8 i(0,m, 2i) + - ( )

In addition, the following boundary conditions are satidfie
. Py
Fo(o,21) — Eyone 0, (37a)
1

and fori=1,...,N —1,

em(frmn(%ﬂ _ vl) . (37b)

Fi(0, Zit1, %) = A\PmaxVi

Also, fori=1,..

2V > A
W(x) = ge il I)Gi(g,l',l'i),

., N, we have
x € (Ty, Tig1) -
Sincec is monotone, the map

T oy /z e EVe(y) dy 4 e F) () (38)

is non-decreasing. Moreover, using the fact thas either

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, APRIL 2006 (TO APPAR)

oo, we write the solution of which simplifies to

Vi

C(‘%H'l) —o+ )\pmaxﬁi > )\pmax (43)
Yi+1
Since - .
i — T = Yit1 — g1 =Lyq1,
Yi+1 Yi+1
(43) yields
o+ )\pmaXFiJrl < C('i:iJrl) . (44)

Using the monotonicity of — G41 (g, x, Z,41) together with
(44), we getGiH(g,x,:ﬁiH) <0, forall z € [ji-i-la‘%i-‘rQ]!
and iterating this argument, we conclude tbat (o, z, Zn) <
0, for all z € (Zn, ), thus contradicting (40). ]

Combining Corollary 4.8 with Lemma 5.1, yields the fol-
lowing.

Corollary 5.2: Suppos€V, o) satisfies (36)—(37), for some
# € XN and\ € A. Then(V,0) € Q,, if and only if (40)
holds.

For A € A, define

Rxr:={0€R;:(V,0) € Qr}.

For eachp € R, equations (37) define a map— &, which
we denote byi(p).

Lemma 5.3:Let A € A and suppose, € Ry. With g, as

asymptotically unbounded (or strictly monotone incregsindefined in (30b), and denoting the left-hand side of (40) by

when bounded), an easy calculation yields

Gi(o,x,2) > lim Gi(o,x,2). (39)
Supposet € XV, are the threshold points of a solutiow, o)
of (33). It follows from (39) thaflim, .. Gy (0,2, Zn) > 0
is a necessary and sufficient condition @1?21(:1:) >0, for all
x € (£n,00). This condition translates to

0+ Mpmaxy — ay / NNV e(y)dy > 0. (40)

TN

The arguments in the

(40) is sufficient for 4%

to be non-negative ofiR,. We

sharpen this result by showing in Lemma 5.1 below that (40)

d>v
dz?

implies that

is strictly positive onR .

Lemma 5.1:Supposet € XV satisfies (37). If (40) holds,

then o > ¢(2;) and G;(o,z,2;) > 0, for all z € [Z;, £i41],
i=0,...,N—1.
Proof: We argue by contradiction.

|fQ < C(il)

then G1(o, #;,%;) < 0, hence it is enough to assume thaF RNJrl _ RN

Gi(o,x, &;) <0, for somex € [i;,4#;41] andi € {1,..., N —
1}. Then, since (38) is non-decreasing,
Gi(o, Ti11,%;) <0. (41)
Therefore, since
Fi(0,2,d:) = G0, x,d:) + e @~ De(x)
— [0+ Apmaxile @) (42)

combining (37b) and (41)-(42), we obtain

. N 1
(&it1) — 0 — A\pmax s > /\%( - —) ,
Yi+1 Yi

roof of Lemma 4.7 actually show that

Gn(0,00,Zn), the following hold:

(@) If o > o, theng' € Ry and Gy (¢, 00, (0')) > 0.

(b) If GN(QQ, OO,Z%(Q())) > 0, thengg > 0,.

(€) Ra = [oxr,00), and g, is the only point inR, which

satisfiesGy (ox, 00, Z(0x)) = 0.
Proof: Part (a) follows easily from (33). Denoting by

Vo and V' the solutions of (33) corresponding tg and ¢/,
respectively, a standard argument shows that

(V' -V,
(TQO)(I)ZQ/—QO>O, Vz € Ry,
implying . .
(1) > d; (z), VzeR,. (45)

Hence, since by the definition aP,, V4 is bounded below,
the same holds fo¥’’, in turn implying that(V’, o) € Q,.
By (45), #(¢') < #(0o), and sincein — Gn(p,00,Zn) iS
non-increasing and’ > oy, we obtainGN(g’ 00 :%(g’)) > 0.

Concerning (b), we write (37) in the forti(o, &) = 0, with
The mapF is continuously differentiable
and as a result of Lemma 5.1 its JacobiapF' with respect
to & has full rank at(go,:fc(go)). By the Implicit Function
Theorem, there exists an open neighborhd®do,) and a
continuous mag : W(gy) — R4, such thatﬁ(g,:k(g)) =0,
for all ¢ € W{(go). Using the continuity ofGy, we may
restrict W (o) further so thatGy (o, 00,2(0)) > 0, for all
0 € W(oo). HenceW (gg) C Ry, implying thatgy > ox.

Part (c) follows directly from (a) and (b). [ ]

Combining Corollary 4.6 and Lemma 5.1, we obtain the

following characterization of the solution to the HIB eqoiat
(29).
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Theorem 5.4:Let ¢ be non-decreasing and asymptotlcall)Slnce

unbounded. Then, the threshold poirtfs, ..., 2x) € &Y

of the stationary optimal policy in (35) and the optimal valu

ox > 0, are the (unique) solution of the set &f+ 1 algebraic

( 1) = 1, we obtain by (51a),

equations which is comprised of the equations in (37) afy (51c), &Y (x) > 0, for all z > &5, if and only if

Gn (ox,00,2(0x)) =0.

A. Example: Minimizing the Mean Delay

We specialize the optimization problem to the ca&e) =
x, which corresponds to minimizing the mean delay.

First consider the cas® = 1, lettinga = oy andi = ;.
Solving (29) we obtain

av
E(UC) =

20 22

gl' g, l’gi’,

with

2 _ Ao
5

T=0—y/fo (46)

Also, forz > z,

R 2
B =0—/0? - 2=, (52)
. 1 Y1~ 2
0 — T2 — — + Apmaxm1 >0.
Q2 Y2
Also, since4’ (i;) = 2, we obtain from (51b),
1 - ) 11
s 2y - (L)
a; 2 ‘2 m

We apply Theorem 5.4 to compute the optimal policy. Define
#1(0) by (52) and

~ ~ 2
1'2(9) = CCl(@) +1/0% — )\'YLI - 0%2 + Apmaxm =12

Then g, is the solution of

( 02 — Ay_iz _ (%])6042(5?2(9)*21(9)) + (QL] _ L) =0.

Qs

dv 2e (=) 1 2 1 i i i
W = e (g 4 _) +—a (Q APmax+ 7 + — ) In Figure 4 we plot the opt|m_al thr_eshold points for a two
dx ogte @ (opte! state channel ¥ = 2) as a function ofp. The parameters are
Therefore, forz > z, selected as = (0.5, 0.5), v = (2, 1), 0 = 1 and pmax = 1.
>V 2 2
2= Zp— 45— Z)eale—2) L 2
dx? (z) 02 ( v )e + ola (47) 0.93
It follows from (47) that 0s ]
1 |
o=+ —. (48) 0.7 1
«
By (46) and (48), s 1
x 0.5F% % N
— /A 4 Ad® £
o=yt (49) S o4 21 threshold x, 1
Let p € (0,pmax be given. Applying Lemma 4.9, we obtain sl ¥ threshold x, i
from (49) +++**‘++/
__ Pmax 1 021 Ty ey, . 1
P 20[]32 20[pmax ' 0.1F ++++ + * + + +4 il
and 1 _ o ‘ ‘ ‘ ‘ ‘ ‘ ‘
J* (]5) =5 (pniax + L) . ° ! : : buffer Iingth:x ° ° ! s
2\ p Pmax
Moreover, the threshold point of the optimal policy is giveRig 4. optimal threshold points as a function jf
by
1
@:_(@_1). (50)
ar P VI. NUMERICAL RESULTS
Now consider the cas&/ = 2. We obtain: We have considered the optimal power allocation problem in
dV( )= 20 x_2 <4 (51a) a time-varying channel under the heavy-traffic approxiorati
dr TRt T Ten In the heavy-traffic region, the queueing process is modasged
dV 92 R 1 ar(e—21) a controlled diffusion process. The policy which minimities
2 (%)= 2o (Q — & - oz_l) [ecrtem) —1] delay subject to a long-term average power constraint igimul
2zr —#1) A threshold and can be computed by the procedure outlined in
t =g, to hise<i, (51b) Theorem 5.4. In this section, we compare the performance
! n of the optimal policy under the heavy-traffic approximation
and forx > o, with the optimal policy for the original non-scaled system.
qv 5 1 _ The latter is computed numerically in [3].
—(z) = = (Q — Z9 — — + A\PmaxT1 n 72) In [3], under the Poisson assumption on the arrival process,
dx 072 a2 R the power allocation problem is formulated as a discratesti
< | az(z—iz) 1] + 2(z — o) + A (51c) Markov decision process (MDP) with the state variabte g),
o2an 2 where X is the buffer stateg is the channel state, and the
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action P(X, g) is the transmitting power. Witkl(¢) denoting — optimal power allocation
the arrival process, the queueing process is described by " minimm power alocation

minimum power allocation

X(t) = min {max {X(t — 1) + A(t) — D(t),0}, L},

10

where L is the buffer size, and the departure procexs) is
controlled by the power allocatioR(X, g).

In our simulations, we consider the power allocation in ¢
two-state Markov channel with stationary distributian =
[0.8,0.2] and corresponding channel gains= [0.9,0.3]. The
arrival process is a Poisson process with expectatios: 5,
and the service rate depends on the power allocatiaf 85
according tor(P, g) = 10In(1 + £2).

Importantly, we comment here that the threshold base @
policy does notnecessarily need a Poisson assumption fc
the proof of asymptotic optimality. For any sequence o 7s; 5 = 2
arrival processes which converges to a Wiener process in ti. Queue length
hea_lvy-traffic limit, the threshold-based policy is a_syrm'pml_y Fig. 5. Power-delay trade-off curve comparison.
optimal. However, we do not know what the optimal policy is
in the non-asymptotic regime with general arrivals. Thas, i

ohur S|m.ula'?|on.7_, we g"mpa{;‘? thg thrc_e.:,]hslq-based pohlch Wikng power efficiency. Under a fast channel variation assump-
the optimal policy (obtained in [3]) with Poisson arrivals. tion, i.e., if the channel state changes much faster than the

T_hef nqlr_neritéaécomplgatié)n of ';\heaoptimz;l pO”Cyl_Of I\t/ltDP irhueueing dynamics, we consider the heavy-traffic limit and
[3](;5 ‘T:' |t§\te oy stan arh met 10 SI sulc as p(élcydigem associate a monotone cost function with the limiting queue-
and value iteration [22]. The optimal policies under d length process. We first show the existence of the optimal

power Iconsthra(ijnts, are s;]mula'tlgdd I.to yield_ different aver?]%tationary Markov policy, and then show that this is a chénne
qhueue _englt I_rawn a(\js t i S%' Ine |rf1f_F|gure 5'_ NoFe t_@fate based threshold policy. In other words, for each atlann
t e_optlma policy under the e_avy-tra Ic approximation _'§tatej, there is a queue-length threshold. The optimal policy
a single-threshold one. The optimal threshold as a func“%nsmits at peak power over channel statly if the queue

of .the average power c_o_nstraint can be. obtaingd by (50). %ﬁgth exceeds the threshold, and does not transmit otberwi
using the threshold policies corresponding to differenti@o Implementing the optimal policy requires knowing the

constraints, a simulated power - queue length curve isqulott_ . - . .
- T ? arrival rate and channel statistics. A possible extensibn o
in Figure 5 with cross marks. The dotted line at the botto P

in Figure 5 is the minimum powerHy, = 7.7) required for work is to study adaptive schemes, which can adjust

. . the parameter settings based on the service rate and current
the arrival rate to match the service rate (see (2)). By tf& ar?nel state 9

affine relation between mean delay and mean queue leng he tools developed here could also be applied to stud
through Little’s law with the constant of proportionalitging pea PPl . y
V\(l)éher resource allocation and control problems in wireless

the arrival rate, Figure 5 can be interpreted as a delay-po : ) .
9 P yp é’}_etworks. For example, one could investigate the optimal

tradeoff curve. As can be seen in Figure 5, the two pow heduler f lti-cl d itiol ith
delay trade-off curves are very close, and they get evereclo cheduler for a multi-class queue and muitiple Servers wi
Ime-varying channels.

as the average queue length approaches, or equivalently, . , . )
as the average power approachg,, i.e., the heavy-traffic Extending the _resm_JIt_s to mul'uple queues is hard_ly st_r_a|ght
forward. The main difficulty is that the reflection directin

regime. - i . ;
In terms of computational effort, in order to obtain th&©t f|xe_d _but_depends on the cont_rol po!lcy. This com_phcates
optimal policy of the discrete-time Markov decision prosesthe optimization p“?*?'em- C_oncernmg eX|sten_ce of an iraver )
measure and explicit solutions for the density for the multi

in [3] by value iteration or policy iteration, the complexit " )
grows in proportion to the buffer sizk, the number of channel dimensional problem see [23], [24]. These problems areunde

states, the number of power levels, and the iteration stépgdfent investigation.
needed, whereas the algorithm in Theorem 5.4 has complexity
proportional to the number of channel states. With limited
performance degradation, the multi-threshold policy hasim
simpler structure and lower computational complexity ttramn
optimal control, and this makes it very promising for preati e apply the methodology in [4, Section Ill], with a
deployment. slightly different scaling, and obtain the heavy-traffiii. We
consider a sequence of single-queue systems with timengary
VIlI. CONCLUSION channel process”(t) = L(n~"t) and define the scaled queue

951
3
H
S
a

9

APPENDIX |
THE HEAVY-TRAFFIC LIMIT

We studied the optimal power allocation of a single queLFéZe by .
with a time-varying channel concerning both queueing delay 2"(t) =n""=2 q(nt).
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Let which can be viewed as the scaled number of bits in the queue
A (t) = =5 number of arrival bits by time:t that could have been transmitted with the power allocation
- Y Po(j). By (53)~(57).

D"(t) :==n" " x number of bits transmitted by timet . 1-n d d
D"(t) = X'n"2 t+ M*"(t) + B“"(t) — 2"(t) .

Thus,
2"(t) = 2(0) + (A\*n =t + M@"(1))
— (ATt M () + B () — 27 (1))
= 2(0) — BE™(t) + M@ ()

Then the queue dynamics can be described by
a"(t) = 2"(0) + A™(t) — D"(t),

where the service proced3™(t) is coupled with the power
allocation and the channel process. Using (3), we obtain

n 1 S . d,n n
D" (t) = == /O > Iipn(9=iy7(Pos ) an(s) >0} ds - ME"(t) +2"(t), (58)
=1 Note thatz"(t) is also thereflection termof the process™ ()
1 " & N Y (e.g., see [11)), satisfying,
= nl;m 0 TO(]) + HTn
=t 2"(t) = max {0, - m<in [™(0) — B%"(s)
X I n=rs)=j3{an(5) >0 ds o<t )
ni—r N a,n _ n
- < L ) + MO (s) = MO ()] | (59)
By the weak convergence aff " (t), M<"(t) to their con-

tinuous limits on the right side of (59}™(¢) thus converges

XILs’:’ImnSI Ods/' (53)
{L(s7)=7}H{an(s")>0} weakly to z(t), where

Let

MO0 = /OMMZNZI{L@»—.;-}TO(J') as <(0) = e {0, i 2(0) = [ b(uts') 2
- +ut(s) - u(s)] }.

n-2
Thus (58) converges weakly to (4) by the preceding discassio
whereo? = o2 + 02,

— X', (54)

By (2), we have
1 k N
MEMt) = 7/ Z[I{L(s) 7}—79]7"0( ) ds’ . APPENDIX I
PROOFS OFTHEOREM 3.3AND LEMMA 4.2

By Donsker’s theorem [25]M %" converges weakly to a We start with some preliminary discussion. [Rf = RyU
Wiener processw? with a finite variances?, asn — oo. {oo} denote the one point compactification®f, and letg

At the same t|me the centered process of arrivdls™ (t) :== denote the closure of in P(R, x U). SinceP(Ry x U)
A™(t) — “2"t also converges weakly to a Wiener process compact, so igj, and hence any sequence of probability
w® with varlanceoa Furthermore, by Assumption 2.1;Y measuresv; : k € N} in G contains a subsequence which
andw® are independent. Let converges weakly ig. Furthermore, using the criterion in (9)
il N one can show (see [18]) that amyc G can be decomposed

B (t) = 11 / ZI{L(S/ _iyyujds' . (55) @S follows: there existd < [0,1] and probability measures
ner ' v' e Gandv” € P({oo} x U) such that for any Borel set
B C R+ X U;

Then,
v(B) =6V (BNRyxU))+(1-8)v" (BN({oo}xU)) . (60)
d, n
b= oo Z”?Wuﬂ We also make use of the following lemma.
¢ Lemma 2.1:Let Ms(R, x U) denote the space of finite
= / b(u(s))ds, a.s, signed measures dh, xU, and letH, ..., H, be half spaces
0 of the form
by functional law of large numbers (FLLN) [12]. The scaled _
idle time for the queue with channel statds H; = {’/ € Ms(Ry x U): /gi dv < /fz} ;
o ~ :
T"(j,t) = T/ Itpn )=y L{an (s)=0} ds . (56) wheregl : Ry x U — Ry are continuous, and; € Ry,
n-z Jo i = ,k. SupposeH; # &, fort = 1,...,k, and let
Thus, we define H= Hl ‘N Hy. Then(GN H). C Ge.
The proof of Lemma 2.1 is contained in [9], [26], and relies
ZTO it (57) on the following: It is shown in [26] that the convex sgf

when viewed as a subset f(R,. x U), does not have any
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finite dimensional faces other than its extreme points.&Hhic associated withh’ and f; be the corresponding density of the
is the intersection of a finite collection of closed half-sps invariant probability measure. Lét<€ R, have the value

in Ms(R,. x U), it has finite co-dimension iMs(R, x U). )

Hence, there are no extreme pointsdm H, other than the r = W,

ones ingG.. . , Y
An application of Choguet's Theorem (see [18]), togeth@"dv" € tss defined by

with Corollary 3.2 and Lemma 2.1 yield the following. . 0, if o<
Lemma 2.2:Let v € G N H(p). Then there exist® € ise vi(z) = o(x — &), otherwise.

such that, € H(p) and The corresponding density is

/ c(x) vy (de, di) < / c(x)v(de,da) . df5(0), if e <&
RJrXﬁ RJrXﬁ fv*(x): N .
We now prove Theorem 3.3 and Lemma 4.2. dfs(x — ), otherwise.

Proof of Theorem 3.3: First supposec is unbounded. Fix By (62),
P € (0, pmay and let{v;} be a sequence if/ (p) such that oo
e / h(v*(2)) for () do = 5/ h(v*(2)) f3(z — &) dz
R, 2

klim _cdvy, — J(D). (61)
T RexU =4 hdi’
Sincec was assumed asymptotically unbounded, it follows that Ry xU
the sequencéuy } is tight in P(R ;. x U) and hence converges <p-

weakly to somev* in P(Ry x U). Clearly, in view of (60), By constructionf,(z) > éf;(z), for all z € R,. Hence,
v* € G. On the other hand, sindeis continuous and bounded,

andv, — v*, weakly, we obtain / c(@)[for(x) = 6f5(2)] dz < (1 = 6)e . (64)
R+
/ hdv* = lim hdvg <p. By (63)-(64),
R+><[7 k—oo R+><[7
v (x)dr <6 s(x)d 1—-90)eeo
Hence,v* € H(p). Since the maps — [cdv is lower- /]R+ (@) for (@) do < R, c(@)fo(w)do + ( e
semicontinuous o, we have — J*(p).
/ cdv* < lim inf / cduy Therefore,v* € iss is optimal for (15). By Lemma 2.2y*
Ry xU T k—oo JR, xT may be selected ifige. [ |
=J*(p), Proof of Lemma 4.2:For 5 € (0, pmax, let v(?) € H(p) be

. - : an optimal ergodic measure, i.e.,
and thusv* attains the infimum in (15). P 9

Now supposec is bounded. As before, lefv,} be a / cdv® = J*(p).
sequence i satisfying (61) and le# be a limit point of{v } Ry xU
in G. Dropping to a subsequence if necessary, we SUPPQ$&note byo® € $les

. 2 ; X the associated optimal control, and let
without changing the notation that, — 7 in G,

and we ¢ ' stand for the density of the invariant probability measure.

decomposé as in (60), i.e., Seti = [f, (0)]', and defines* € $lss by
v=00"+(1-206)", 0, if 2 <2
~ /U*(‘r = (*) A - .
with 7 € G, " € P({oo} x U), andé € [0,1]. Then, on the v'P(z — 1), otherwise.
one hand We compute the density of the invariant probability measure
as
) hdy" < liminf hdvy, <p,  (62) £ (0) o<
R+><[7 k—oo R+><[7 f*(:C)* 2 mrsx
. . . — ! ) LoD therwise
while on the other, since has a continuous extension &1 -2 wise.

(this is a simple consequence of the fact thai, ... c(x) Then,
exists, and the definition of the topology of the one-point / h(v* d
compactification [27]), - (v" () fo- (z) dz

[Nl S ]

Observe thatf,-(z) > 3f,m (z), for all z € Ry. Hence,

Tp) = klglolo Ry xT cdvi (63) sincec(z) < ¢, for all z € R4, we obtain
=4 CcdiV + (1 —6)coo - J(B) -1 (p) < / (@) [ for (2) = 3 fom (2)] da
R+><U R+
1
Note that since by Assumption 3¢is not a constant/*(p) < < 5C00

Cso, @nd hence, by (63} > 0. Let & € il be the control which yields the desired result. [ ]
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