Asymptotic Evaluation of Delay in the SRPT

Scheduler

Chang Woo Yang and Sanjay Shakkottai

Abstract

In this paper, we consider the Shortest-Remaining-Processing-Time (SRPT) scheduling algorithm.
We consider the SRPT scheduling rule for a discrete-time queueing system that is accessed by a large
number of flows (a many flows regime). In such an asymptotic regime (large capacity and large number
of flows), we derive expressions for the packet delay distributions for batch arrival processes, and with
bounded packet sizes.

Using these results, we compare the delay asymptote (i.e., for any finite delay, and asymptotic in
the number of flows) of the SRPT scheduler with that of a FIFO (First-In-First-Out) scheduler, when
there is a mix of packet sizes. Our analysis holds for any finite mix of packet sizes. We apply the result
to a system accessed by packets which are one of two sizes: 1 or M, and the arrival process is i.i.d.
across flows. We show that thiiifferencein rate function of the delay asymptote between SRPT and
FIFO for the size M packedecays a@(ﬁ) for any 0 < y < 1 andM sufficiently large. Thusfor large
packets, the delay distributions under FIFO and SRPT look simiar.the other hand, for theize
1 packet,the delay rate function under SRPT imvariant with M. However for FIFO, the delay rate
function for thesize 1 packet decays Q{ﬁ) for any0 < y< 1 andM large. This shows that for size
1 packets, SRPT performs increasingly better as the range in packet size increases. Thus, these results
indicate that SRPT is a good policy to implement for web-servers, where empirical evidence suggests
a large variability in packet sizes.
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. INTRODUCTION

With web services becoming increasingly popular, today’s web servers handle loads that could

range from hundreds to thousands of simultaneous connections. These connections request file
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transfers that range from a small download of a few kilobytes to very large downloads (tens of
megabytes), and exhibit heavy tail behavior [1]. These requests are served by the web server by
means of a scheduler, which “prioritizes” the requests, possibly based on request arrival times
as well as request sizes.

There have been many scheduling policies that have been proposed and implemented. Among
these policies, it has been long known that Shortest-Remaining-Processing-Time (SRPT) exhibits
the minimum mean delay. Despite this advantage, most of the existing scheduling policies opt
toward simpler policies such as First-In-First-Out (FIFO), or fairness oriented schedulers where
the resources are equally shared among all connections. The main reason behind the lack of
attention to SRPT is that it is believed that in the process of optimizing the mean delay, fairness
among files requestf different sizes might suffer. More specifically, it is believed that larger
file requests will “starve” under the SRPT scheduling policy [16]. Intuitively this looks obvious
— by giving priority to smaller file requests, the delay experienced by larger file requests will
increase, thus leading to unfairness.

However, recent results have shown that this intuition is not necessarily correct. In [2], the
authors show that under arrivals with heavy-tailed properties, the unfairness is quite small. The
authors compare SRPT with the Processor-Sharing (PS) scheduling policy. Using an M/G/1
gueuing model and heavy tail arrival characteristics, the authors have shown that regardless of
the load, at most% of the packets have bigger expected response time under SRPT than under
PS. Further, the authors provide an upper bound on how much worse the SRPT performs in the
context of expected response time when compared to the PS scheduling discipline. Motivated
by these results, the authors have implemented an SRPT scheduler for web servers [10].

Such observations show that SRPT with its optimal mean delay characteristics is a promising
alternative to the prevalent scheduling policies. To realize its full potential, delay analysis for
packets will be necessary in order to characterize the behavior of this policy. In this paper,
we focus on a probabilistic approach which captures statistical multiplexing effects as well.
More specifically, we will be looking at probabilities of the packet delay to exceed some

threshold, when the web server is accessed by a large number of requests, using a large deviations

Lin this paper, we use the words ‘file requests’ and ‘packets’ interchangeably, the reason being that file requests correspond

to ‘packets’ in a queue with the SRPT discipline.



formulation.

A large deviations framework provides asymptotic results on delays distributions. These asymp-
totes have been based on either the large buffer framework [3], [7], [13], or the many sources
framework [5], [6], [12]. Thdarge bufferframework deals with a single queue and single arrival,
and the overflow probability is derived as the buffer size goes to infinity. On the other thand,
many sources regimappropriately scales the service capacity with the number of arrivals. The
asymptote is formulated as the scaling factor goes to infinity. Thus, a many sources asymptote
can be used to study the probability that the delay exceeds any fixed value, in the regime where
the number of flows are large. Given the number of requests for current web servers, many
sources large deviations seems to be an appropriate regime to study the SRPT scheduler.

Related works includes [4] where SRPT system is analyzed in the large buffer regime, and
[11] where it has been shown that various scheduling policies including SRPT and PS have the
sameexpectedslowdowr? for the largest sized packets. However, there does not seem to be
any corresponding work in the many sources regime. This paper focuses on the many sources

regime, and compares the SRPT scheduler with a FIFO scheduler.

A. Main Contributions

(i) In Section IV, we derive the packet delay asymptotes of SRPT in the large number of flows
regime.

(i) Using these results, we compare the delay asymptote (i.e., for any finite delay, and asymp-
totic in the number of flows) of the SRPT scheduler with that of a FIFO (First In First
Out) scheduler, when there is a mix of packet sizes. Our analysis holds for any finite mix
of packet sizes. Next, we apply the analysis to a system accessed by packets which are
one of two sizes: 1 or M, with mutually independent arrival processes. We show that the
differencein rate function of the delay asymptote between SRPT and FIFQh®rsize
M packetdecays a@(ﬁ) for any 0 < y< 1 and M large. Thusfor large packets, the
delay distributions under FIFO and SRPT look simil@n the other hand, for theize 1
packet,the delay rate function under SRPT irsvariant with M. However for FIFO, the

delay distributions for theize 1 packet decays @(%) for some0 < y< 1 andM large.

25lowdown is defined as delay divided by the packet size.



This indicates that for size 1 packets, SRPT performs increasingly better as the range in
packet size increases. Thus, our results complement the findings in [2], and indicate that
SRPT is a good policy to implement for web-servers where empirical evidence suggests a

large variability in packet sizes [1].

[I. SYSTEM DESCRIPTION

Let us consider a queueing system with a single queue and a single server. The system
operates in discrete time, i.e., batch of packets arrive at the beginning of each time slot and
packets are serviced at the end of the slot. The queue state is measured immediately after the
service, and just before the arrivals of the next time-slot. The server services the packets with the
least remaining-processing-time first. Thus, in each time-slot, a batch of packets are served, and
partially served packets (if a packet cannot be completely served within a time-slot) are stored
to be served in future time-slots. We comment that a partially served packet does not necessarily
receive service in the next consecutive time-slot. This is because smaller sized packets could
arrive in the next time-slot, thus preempting the partially served packet. Finally, we also assume
that the size of the packets are restricted to multiples of a unit size and the set of possible packet
sizes is.# ={1,2,3,.....M.

For each packet siz& € .7, we assume thalN independent and identically distributed
stationary, ergodic arrival processes access the queue. Thus, packet arrivals from a single stream
of any given size can be correlated across time-slots. However, packets arrivals of different
sizes form independent arrival processes. Equivalently, this model can represent a packet arrival
process that can be decomposed into independent arrival processes according to the packet size.
We defineAN(a,b) as the total volume of arrivals by all thé arrival processes in the time-
interval (a,b). We defineAl(a,b) as the total volume of packets of sikethat arrive in the

queue during time-intervala, b) 4. Thus, we have

AN(avb) = kglA’lzl(aa b) 1)

3The notation(a,b) corresponds to the time-slofs,a+1,...,b}.

4In other WordsAi’z‘(a, b) corresponds td times the number of sizk arrivals.



Since we operate in many sources framework, we assume that the capacity of the server is scaled
in proportion to the load, and at maSiC unit data can be service at any time slot. We assume
that the queueing system is stable, iE[AN(0,0)] < NC.

The virtual delayV (0) that will be the focus of this paper is the delay seen by a fictitious
packet that arrives at the end of a burst which arrives -at0, with the assumption that the
system started dat= —c. The event{V(0) > m} corresponds to the situation where a fictitious
packet that arrives at the end of the batch of arrivals at time slot O did not depart the system

until mth time slot. We define the rate function of the virtual delay as
. 1
ly(m) = |\||Im —Nlog PrV(0) > m).

Similar to [15], we can relate the virtual delay to the actual delay, but we skip the details here

for simplicity.

I11. L ARGE DEVIATION

In this section we briefly describe the framework of large deviations, and state the assumption
made in the paper. Large deviation quantifies the probability of a rare event occurring under
some traffic mix and traffic resource restrictions. This paper develops the probability of delay
exceeding some value when multiple arrival process access a single queue. In such a situation,
the large deviation result state that under general conditions, the probability of a rare event (delay
exceeding some valum) decays a@(e"\“(m)) in the largeN regime. The probability of delay
exceeding some value decays exponentially in the asymptotic sense. The exponential “trend” of
the probability, i.e.|(m), is the rate function.

Formally, for any sequence of everitd', we define
1 N
JH) = ’\Ilanw—Nlog Pr(H™). 2
We consider the rate function [14] of the random varialfla§ (—T,0)}, which is defined as
follows. For eachd € #, and fork € {1,2,...,M}, let us define
AT(8) = m logE(e”(T0), ©)
IAk7T (X) = sgp(Qx—AN7T(9)). (4)

We assume the following about the event concerning arrival processes & sige ...,M}

packets, see also [15].



Assumption 1:Fix any € > 0, such thatE[sM; AN(0,0)] < N(C—¢), and define
k—1
HE =3 AT M)+ AL=T,0) > N(C—e)(T +m-1)] 5)
i=

We defineT* = arg infrJ(H%). The existence of * comes from the stability condition and we

assume that it is unique. Furthermore, assuie$) satisfies the following condition.
. J(H§
liminf ( T>:a)>0 (6)
T—o logT
HZ is the event that the sum of the total arrivals (of all sizek) over the time interval

(—T,0) and the arrivals due to sizd4,...,k— 1} packets over the intervdll, m) exceeds the
service capacity of a system with capadiyC — €) per time slot. The eventi% corresponds

a possible “mode” by which a packet of size k can be delayed by more than a time-interval

IV. DELAY ASYMPTOTE OFSRPT

In this section, we derive the virtual delay asymptote of the SRPT system. The system in
consideration is the system described in section Il. We derive the virtual delay asymptote of the
event that queueing delay exceeds the vaifer packet sizek, wherek € {1,... ,M}. First, we
make the following observations which identifies an equivalent model to SRPT.

Consider a priority queueing system, where packets of different size are queued separately,
and queues are assigned based on the packet size. Queues that are assigned to smaller sized
packets have higher priority, while the queues that are assigned to larger sized packets have
lower priority. For example, the queue that corresponds tolspaekets (henceforth referred to
as queud) has priorityl, where queue-1 has the highest priority.

We make the observation that the operation of SRPT is equivalent to that of priority queueing
system described above but with switching of packets during time slots. The essential operation of
SRPT scheduling policy grants packets with less remaining service time higher priority compared
to packets with larger remaining service time. Packets that have not been completely serviced
in a time-slot will receive higher priority in future time-slot depending on the residual file size.
Thus, the SRPT discipline can be interpreted as a priority queueing system, where the queue are
not assigned by the packet size but the residual packet size. SRPT is equivalent to the priority
gueueing systems, but with partially served packets changing priority levels at the end of the

time-slot. Note that an important difference from the priority queueing system from SRPT is



that, in the priority queueing discipline a partially served packet continues to remain in the same
gueue that it was originally in, and its priority levébes not changen future time-slots.

DefineEE(a, b) as the volume of potential service (i.e., k times the number of packets that
can be served) that the packets in queue-k can receive in intfen@l under SRPT. Potential
service corresponds to the maximum amount of service that can be received if the corresponding
gueue is not empty. Note that sikegpackets in the queue is the result of arrivals of packets of
sizek packets that have not yet received any service, and the partially serviced packets (with an
original size> k) that have remaining packet size kof

Based on this observation, we next show that the rate function for SRPT is bounded by the
corresponding rate functions of priority queues, and use results on priority queues from [15] to
complete the proof.

Define I\L/k)(m) as the rate function of the virtual delay of a sizgacket under SRPT with
total service rat&NC. Similarly, Ietl\(,t)(m) denote the rate function of the virtual delay of a size
k packet with the priority queueing system, and with total service Kate

Theorem 1:Fix any € > 0. Then, for ke {1,...,M} we have

N (m) < 1590(m), )
Wm < 1\ (m). (8)

Proof: First, we derive (7). Observe that if the virtual delay exceetrlshen we have that the
queue length at time zero (i.€(0)) over the time interval (1,m) is not served by time>. In
other words{V(0) > m} C {Qx(0) > EE(L m)}, and consequently

Pr(V(0) > m) < P(Q«(0) > By (1,m)). 9)
From Loyne’s formula, we have

PH(Qk(0) > By (—T,m)) = Pr(SuplAY(~T,0) + S (~T,0)— By (~T,m)] > 0), (10)

Whereg;‘(—T,O) is the volume of arrivals to queuedue to partially served packets arriving

from lower priority queues in intervgl—T,0).

5The unit of the queue length is the volume of data. Thus, for qke@®{0) denotesk times the number of sizk packets

in the queue.



Let —T* be the first time in the past such th@i(—T* —1) = 0. Without loss of generality,
we can show tha@ (—T*—1) =0, for all | <k. (the proof is provided in Theorem 4.1 in [15]
in the context of priority queues) Hence, we have

Pr(sup[A{}‘(—T 0)+ S (~T,0) —EN(—T m)] > 0)

T>O
= PIAN(=T*,0) + S (~T%,0 ~T*,m) >0). (11)
Since all queuesd,... .k} are empty at time slot-T* — 1, the service available to quelke-
in the interval(—T*,m) is lower bounded by the residual service after all arrivals to queues-
{1,...,k—1} and arrivals to queues with priority higher th&ngenerated by partially served

packets are served in the same interval, i.e.,

Bi (—T*,m) > NC(T* +m+1) — l_(zllA,N(—T*, m) — (T*+m+1)(k—1). (12)

Note that in (12), the terniT*+m+ 1)(k— 1) accounts for the worst case scenario where at
every time slot in(—T*,m), a partially served packet arrives at qudle-1) from queues with
higher priority thank.

From (9), (10), (11), (12), and the fact thé}(—T*,O) <K(T*+1), we have

PV(0) >m) < PrA} +§3 ~T*,0 —T*,m) > 0]
< P[Ak( T*,0) + A( ) NC(T*+m+1)
+(T*+1)k+ (T*kjrlmqt 1)(k—1) > 0]

< PIAN(-T*,0)+ ZA,-N(—T*,m)—NC(T*+m+1)+2(T*+m+1)k> 0]
< PHAY(-T*,0 +;A, —T*,m) — N(C—%()(T*+m+1)>0]
2k
< ~T,0) + T, C— ) (T+m+1)>0
TLZJO ZA m) —N(C—)(T +m+1) > 0)]
< gopr[Ak(—T,0)+i;AiN(—T7m)—N(C—%()(T+m+1)>0]. (13)

Fix any € > 0. Observe that foN large enough, we havg — %‘) > (C—¢€). Hence

PrV(0) >m) < 12 PAAY(—T,0) + ZA,-N(—T,m)—N(C—e)(TernL 1)>0]. (14)
>0 i=



Note that (14) is the same expression for the rate function ofkspackets in priority queues
but for capacityC — €. (see [8], [12]) Using similar techniques as in [8], [12], it follows that the
lower bound of the rate function &r(Q(0) > EE(L m)) is I@E{e(m).

Specifically, by applying the contraction principle, the closed form expressidxﬁig(m) 5

inf inf
T>0 a(T+m+1)<x<(C—e—B)(T+mH1)
k—1
inf { Zl Ip,T4m(Z) +1a T(C—€)(T+m+1)—x)}],  (15)
{Z]_,ZZ,...,Zk_l:zik;iLZi:X} |:

wherea = E(3-1A(0,0)) and 8 = E(A(0,0)).

Next, we derive (8). Since a lower bound on the probability is an upper bound of rate function,
we concentrate on finding a lower bound on the probability of virtual delay of lsigackets
exceedingm. We do so by constructing a priority queueing based system which lower bounds
the delay experienced in the SRPT system.

As a basis for comparison, we define the system PRI-0 to be a priority queueing system with
capacityNC. This system consists d¥l queues, with packets of side arriving to queuek.
Partially served packets in this system continue to reside in the same queue, i.e., no switching
of packets occur.

Next, we consider a priority queueing system PRI-1, with capadi®y whereall partially
served packets completely leave the sysiastead of residing in the same queue or switching
to a higher priority queue. By construction, this system has fewer arrivals to each queue, and
at least as many departures from each queue as compared to the SRPT system. Thus, PRI-1
provides a lower bound on the delay experienced by a packet compared to the SRPT system.

Next, we fix ane > 0, and consider the system PRI-2, which is a priority queueing system
with capacityN(C + €). Thus, the operation of PRI-2 is identical to that of PRI-O, but with
additional service capacity dde.

First, we compare PRI-1 and PRI-0. In any time slot, at most only one packet can be partially
served. This implies that the maximum additional potential service that dueaa-receive in
PRI-1 compared to PRI-0 i&k— 1). On the other hand, for arly > M /¢, the system PRI-2 will
provide an additional service die > M > k, compared to PRI-0. Thus, PRI-2 provides more
potential service to queueeompared to PRI-1. Further, note that PRI-2 has the same number of

external arrivals as PRI-1. Thus, PRI-2 provides a lower bound on the virtual delay of a packet



compared to PRI-1, and consequently compared to that in the SRPT system.
We now describe the above argument in greater detail. Consider the case where there are
two queues: size 1 and size k. Let the queues for PRI-Q(ﬁe(t) and Qﬁl)(t), and the queues
for PRI-2 beQ(lz) (t) and Ql((z) (t). As described above, the arrival processes to PRI-1 and PRI-2
systems are the same. However, the potential service recei\@ﬁhy) andQl((z) (t) are different.
For PRI-1, we have that the potential service at tinte queuek is upper bounded by the sum
of (NC—Q(ll)(t)) and (possibly) the partially serviced sikgpacket. Thus, the upper bound on
the potential service fle((l)(t) is (NC—Q(ll)(t) +Kk). On the other handQl((z)(t) (in system
PRI-2) has potential service oNC—Q(lz)(t)JrNs). Further, we have thaD(lz)(t) < Q(ll)(t).
This is due to the following three facts: (i) the external arrivalﬂgg) (t) and Q(ll) (t) are the
same, (ii) packets of size 1 are fully served (i.e., there is no partially served size 1 packet), and
(i) PRI-2 has larger capacity than PRI-1. Combining the fact l@%ﬁ(t) < Q(ll)(t), and that
Ne > M >k, we have that the potential service provided by PRI-1 is no more than PRI-2. This
argument can be directly extended to case of multiple queues.
Thus, the delay experienced by a packet in a priority queueing system with calN&City¢)
is a lower bound on the packet delay in PRI-1, and consequently a lower bound on the virtual
delay in SRPT. In other words, we have th%@(m) < I\(,gs(m). Thus, the result follows. O
Following similar procedure, the delay asymptote for sizeackets can be derived. We need
to take into account that there is no queue with higher priority. Thus, in evaluating the lower
bound, we do not consider the worst case partial packet arrival to queug}( We have the

delay asymptote for siz& packets given by

1§ (m) = Inf 1a, 7 (C(T +m+1))]. (16)

and the delay asymptote of packet size k is given by

I(m) = inf] inf
T>0 a(T+m-1)<x<(C—B)(T+m+1)
k—1
N, 3 @) Har T me) )] (7
{(n.20, 213K a=x} (S

V. COMPARISON OFSRPTAND FIFO: UPPER BOUNDS AND THEIRDIFFERENCE

In this section, we compare SRPT with the FIFO discipline in an asymptotic sense by

comparing the difference of their rate functions. A FIFO (First in First out) queueing system



consists of a single server and queue, and packets are processed in the order they arrived. Using

standard large deviation techniques, the rate function of packet delay for a FIFO queue is given
by

ly(m) = inf] inf
T>0 0 (T+1)<x<C(T+m+1)—B(T+1)
k-1
[ inf {leAhT(zi)'i-lAk,T(C(T—i'm'i' 1) =)}l (18)
{(n.20, 213K =X} (S

We comment that the rate function is invariant to the size of the packet. In other words, the
virtual delay seem by a size | packet is the same as any other.

We next derive an upper bound on the rate functions of SRPT and FIFO. The upper bound
of the rate function of SRPT for the delay asymptote for size k packets is given by selecting

specific values in the infimizing set,
K .
(M) < inflla7((C—a)(T +m+1))] < Iao((C—a)(m+1)). (19)
Using the same technique, the upper bound of the rate function of FIFO for the delay asymptote
for size k packets is given by
|\"/(m) < |Ak70(C(m+ 1) —a). (20)
From (19) and (20), and the fact that the rate functions are non-negative, it follows that
157 (m) = 1y ()] < max{la, o((C — @)(M+1)), I o(C(M+1) — a)}. (21)

To explicitly compute the bounds described in (19) and (20), we make the following assump-
tion. Lets denote’,(0,0) to be the volume of arrivals of sizepackets in a single flow in time
slot 0.

Assumption 2:We assume thaiy(0,0) has the following property.

0 with probability pk)
A0,0) = %2
k  with probability qk) = 1-p(K),

whereq(k) satisfiesfor anyn < 1 there exists constam, > 1, K, > 1 such that for allk > K,

(andk <M, whereM is the largest packet size)

ke’ > A, (23)



Arrival process described in Assumption 2 include arrivals with truncated heavy-tail properties.
Since (23) implies a sub-exponential decay in the arrival process and since we consider finite
sized packets we have the truncation of heavy tail. For example, gfi¢h= 1/k (which has
the property that the average volume of arrivals per time-slot for different sized arrivals are
the same) is truncated heavy-tailed and satisfies the assumption. Other more general examples
includeq(k) = z{‘zlci/ki, for somen. Under such assumptions, we next derive an upper bound
of Ia 0(X).

Theorem 2:Fix any 0 < y < 1, andx > E(A(0,0)). Then there exist&(x) such that

Ia 0(X) < w Wk > K(X) (24)

Proof: From (3) and the i.i.d. assumption across flows, we hawgo(8) = logE(e?(00),
By (4), Ia.0(X) = sUpcr (X0 —Ap 0(8)), where we denoté; as the supremizing value which
depends ork. It is well known [9] thatAa, o(8) is convex, withAa, o(0) =0 (see Figure 1(a)).
Further, sincex > E(A(0,0)), we can restrict the supremizing set®fto {6 > 0}.

We definefy(0) as follows. For som@ < y < 1,

0 0< 6 <1/k
fi((0) = Vk > max(Ky_y, 2(x+ 1)) (25)

(x+1)6 6>1/k¥
The function f(6) is constructed such that for al > max(Ki_y,2(x+ 1)) it is a lower-
bound ofAa, 0(8). (see Figure 1(a)) To show this, first observe that forGadf 1/k¥, we have
0= f(8) <Aa 0(0). Further, for6 = 1/k¥, we have
dAa0(0) _ ke L

[ ]e:i 1-y = 1
doe kY 14+ q(k)ek 1+W

Vv
=~

> x+1, vk > max(Ky_, 2(x+ 1)) (26)

where (26) follows from Assumption 2.

As Ap 0(0) is convex, it follows thatw >x+1forall 8 >1/K". Further, asfk(1/k¥) <
Na0(1/KY), it follows that fi(6) < Ap 0(8) for all 6 > 0.

We define 6 as the value that satisfie® = Aa.0(6), and ¢ as the value that satisfies

x0 = fx(6). Note that6, and 6, depends ork. Sincex6 is affine andAa, o(8) is convex, we



haveg; < 6. Furthermore, as depicted in Figure 1(a), sifigfd) < Aa,0(6) for all 8 >0, we
have that6 < 6.
Thus, an upper bound dp, o(x) is given by

Ia 0(X) = X6 — Aa 0(6) < X6 < xB < xb. (27)
Computing6,, we havef, = % Consequently
2 _
Ia (X) < % Wk > max(Ky_y, 2(x+ 1)) = K(x)0 (28)

As a corollary of the above theorem, we derive the upper bound of the difference in rate
functions of delay asymptote for size k packets in SRPT and FIFO.

Corollary 1: With arrival process that satisfy Assumption 2, the upper bound of the difference
between the rate function of size k packets for SRPT and FIFO have the following characteristic

for k sufficiently large. For any < y < 1, there existK(m) such that

13 (m) — 1y (m)| = 0(%) vk > K(m) (29)
Proof: Combining Theorem 2 and the general upper bound of size k packets in SRPT and
FIFO, given in (19) and (20), we have the following upper bound on the rate functions. Denote
¢1=(C—-a)(m+1), cc=C(m+1)—a and note thaty,c; > B, where 8 = E[A(0,0)]. For
some fixed0 < y < 1 there existy(m) and Ko(m) such that

012(01 + 1)

_ 2
g0 (m) < 222 k> Ka(m) - and lg(m) < c2(ce+1)

KY

Applying (21), we have that the upper bound on the difference between the rate functions for

vk > Ka(m). (30)

k sized packets of delay asymptote for SRPT and FIFO is

2 2 — — ~
109 (m) — 1 (m)] < max{ 2, 2E vk maxKy(m), Ko(m)} = K(m)  (31)

which proves the corollary. 0J
Remark Suppose that the arrival process consists of only 2 sizes: size 1 dvisiabere M is
chosen large enough such thdt> K(m). Then, we have}l\i/M)(m) — 1y (m)| = O(y), for size
M packet, andl\ﬁll)(m) —ly(m)| =0O(1) for size 1 packet.

Above result implies thathe difference of rate functions for SRPT and FIFO decays at least
as fast asO(1/MY) for M large. Thus, even though the size of the packet is increasing, the

delay performance of SRPT approaches that of FIFO.
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Figure 1(a) Bounds o6*. Figure 1(b) Rate functions of size 1 aMl packets.

On the other hand, for theize 1 packetthe difference of rate functions remains constant.
This is due to the fact that the delay distributions under SRHAmvigriant with k. However for
FIFO, the delay distributions for the&ze 1 packetlecays a@(kiy) for k large. Thus, these results
indicate that SRPT is a good policy to implement for web-servers, where empirical evidence

suggests a large variability in packet sizes [1].

VI. NUMERICAL RESULTS

In this section we compare the delay asymptotes of SRPT and FIFO by actual calculation
of each rate function in a more specific scenario. We consider the system where the arrival
process is assumed to be composed of independent ON-OFF processes which are one of two
types: one that transmits size 1 packet with probabpitand one that transmits sidé packets
with a proportionally smaller probabilitp/M. The quantitative evaluation of the rate function is
calculated foIC = 0.9, p= 0.4,m= 2 using the closed expressions (16) and (17). The simulation
results comparing the siZzeand sizeM packets were obtained and are shown in Figure 1(b).

Figure 1(b) reinforces the result of Corollary 1 which shows that the difference of the rate
function of sizeM packets decay &g increase. We conclude that even in extreme scenarios, the
effect of increased delay for of the larger packets in SRPT compared to FIFO becomes smaller
in the asymptotic sense. In comparison, the rate function forIsjz&ckets of SRPT is superior
of that of FIFO by at least factor dfOQ



As shown, the difference in the delay asymptote between SRPT and FIFO indicates that the
rate function approaches that of FIFO for increasingly larger packets while the delay perfor-
mance for smaller packets remains much better than FIFO. It has been shown that web server
requests exhibit heavy tail characteristics [1]. The two classes traffic model that we have studied
approximates such a heavy traffic behavior for lak$jeThus, the results indicate that SRPT is

a promising scheduling policy which can be readily employed in web-servers.
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